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π(h) =

∫

Ω

h(x)π(x) µ(dx) ,

�\RUW�tgW
µ
oJc"}¼VXW�}Ocf�UtuW�knm

Ω
§
π
}¼�dW�m�cfopexa }nm��

h
}

π
¬®VXW�}ncg�Ut�}w�UzJW�qª��m�j{euopkOm kOm euRUW¡cg}nVXW
cgW�e

Ω
¥ ²³m ~�}wtgego�j��Uz�}wti§

euRUWhqªkbj���c¢kwqCV"}nm�a¡cfeg���UopWico�cegk�tgWi�d��j�W�euRUWZ¯�}ntgo�}wm�j�W�knqCW�cfegoJV"}�egkOtuckwq
π(h)

§©�\RUW�egRUW�tzJkdj�}wzJzJan§3egR�}�e&oJc�§3qªknt&}LlOop¯OW�m
VXkd�dW�z'}wm��
}XlOop¯OW�m�qª�Um�j�egoJknm©§�knt\lnzJkn��}wzJzpaO§�}nc\oJm�qªkntyoJm�cfeu}nm�j�W�|y}nk����z�}nj�b�£W�zJzpo�cu}�egoJknmÇ§�j�knm�egtuknz©}nm��¡}wm�egopegR�W�ego�j&¯�}wtuoJ}wegW
kOt ����}ncgo¨¬®t�}wm��dkOV egWij�RUmUo*�O��W�c��<cfW�Wn§OWn¥ l�¥J§n|\�U�UoJm�cfegW�opm�§U�����U��§O|ykn�GW�tge\}nm��.Y£}ncgW�zJzJ}b§b�w�O�����{¥ » m"opzJzp��cxeutu}wegoJknmXkwqGegRUo�c0qªkdj���c
o�cy~Utuk�¯boJ�UW���opm�VX}wegRUW�V"}�ego�j�}nz��'opm�}wm�j�W��baLeuRUW�mb�UVXW�tukn��cyopVX~Utuk�¯nW�VhW�m�euc\�Utukn��lnR�ey�U~Gknm
egR�WZj�kOVX~U�deu}wegoJknm
kwq8kO~degoJknm
~Utuo�j�W�c��<cfW�Wn§UWO¥ l�¥p§ � }w~GW�abtuW¢W�ey}wz;¥p§©�i�n���b§�]¢zJ}OcgcgW�tuV"}wmä§��w�O��
b§���}nj�OW�zª§G�w�n�����{¥

²³m�egR�W�~�}wtgego�j��Uz�}wt\j�}ncgWknq'oJVX~�kOtfe�}wm�j�W&cu}wVX~UzJoJmUlXW�cfegoJVX}wegkOtuc�§�egR�}weyoJc�§

π̂IS
g,N (h) = N−1

N∑

i=1

h(xi)π(xi)/g(xi) , x1, . . . , xN � � �∼ g ,
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g
[
(hπ/g − π(h))2

]
/N ,
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g?(x) = |h(x)|π(x)

/∫
|h(y)|π(y) µ(dy)
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g?,N = π(h)
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g? j�}wm�mUkwe�GW&��cfWi�LoJmL~�tu}Oj{ego�j�W¢�GW�j�}n��cgWopey�dW�~GW�m���cSknm�euRUW&opm�euW�lnt�}wz ∫ |h(y)|π(y) µ(dy)
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π̂SNIS
g,N (h) =

N∑

i=1

h(xi)π(xi)/g(xi)

/ N∑

i=1

π(xi)/g(xi) . x1, . . . , xN � � �∼ g ,
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g
(
(1 + h2)(π/g)2

)
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π̂SNIS

g,N (h)
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π
[
(h − π(h))2π/g
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g](x) = |h(x) − π(h)|π(x)

/∫
|h(y) − π(h)|π(y) µ(dy)
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π̂SNIS
g,N (h)
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π(h)
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§SkOtZaOW�e

euR�}�eXegR�WLe�}woJzJchkwq
g
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e�}wtulnW�e |h(x)|π(x)
§�euRUWXqª�Um�j�egoJknm

h
�GW�oJmUl¡kwq£egRUW�cg~GW�j�o ½ jXt�}wtuWXW�¯nW�m�e�cgR�}n~�W

h(x) = I(S(x) ≤ γ)
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�dWicfoJlnm�opmUl!}n�U}n~degoJ¯nW� �Y£ ¼Y%}nzplOkntuo¨euRUV"c�¥S«kn��j¢W�eK}nz<¥ �<�n�n�O���ycfRUk��£W���oJm�}n���do¨euopkOm�egR�}weKegR�kOcgW�sC �YE}wzJlnkOtgopegR�VXcKj�}wm
}Oj�j�kOVXkb��}�egW�}�~UtgkOlntuW�cucfoJ¯nW&}n��}w~deuopkOm
egkL}"lOop¯OW�m�eu}ntglOW�eK�do�cfegtuop�U�UegoJknm.�\opegR.}��UopVXoJmUoJcgRUoJmUl 1&�UzJzJ��}nj�
�doJ¯nW�tulnW�m�j�WO¥��¼W
mUk�� W�¤d~Uz�}woJm!�\Rba"euRUo�c\oJcK}wz�cfkZegRUW�j�}ncgW¢qªkntS¯�}wtuoJ}nm�j�W��doJVXopmb�deuopkOm
}nm��!kn~deuopV"}wzäoJVX~�kOtfe�}wm�j�W¢qª�Um�j{euopkOm¡}w~U~Utuk�¤dopV"}wegoJknm©¥

²³mL_bWij{euopkOm"�U§n�£WytuW�j�}nzpzbeuRUWyV"}woJmXqªW�}weg�UtuW�c8kwqGegRUWsC �Y }wzJlnkOtgopegRUV
§woJm�j�zp���UopmUl�egRUWyW�¤d~UtgWicgcgoJknm�c'qªkOt0egRUW}ncga�VX~deukweuoJj
¯�}wtuo�}wm�j�W�c�kwqUeuRUWS�UmUmUkOtgV"}wzJo�cfWi��}wm��ZcfW�z¨qÏ¬®mUkOtgV"}wzJo�cfWi�&¯nW�t�cgopkOm�cÇknqUegR�W�sC ¼Y W�cfegoJV"}�euknti¥Ç²³mh_dW�j{euopkOm 
�§���W£W�cfeu}n�Uzpo�cgR�egR�}�e
kO�UtK�U~3�U}wegoJmUlLcuj�RUW�VXW�qªkOtyegR�W�VXo¨¤beu�UtgW���W�oplOROe�c\oJm¡egRUW�sC �YE}wzJlnkOtgopegR�V �dkbW�cKopm��d��j�Wh}��dWij�tuW�}ncgW�oJm
egRUWh}ncga�VX~deukweuoJj
¯�}wtuo�}wm�j�Wy}�e�Wi}nj�R"cfegW�~Ç¥0_dW�j{euopkOm'��~Utuk�¯boJ�dWic8}wm�}O�U�dopegoJknm�}nz�oJVX~Utgk�¯OW�VXW�m�e0euRUtgkO�UlnRXeuRUWj��UV���zJ}wegW��XWicxeuopV"}wegoJknm"kwq

π(h)
¥

²³m _bWij{egoJknm �b§���WhopzJzJ��cxeutu}wegWhegR�W"¯�}ntgo�}wm�j�W�tuW��U��j{euopkOm�qªkOt�}�euk�a.W�¤U}wVX~UzJWX��W�qªkntuWZz�}w��m�j�RUoJmUl
opm�egk�euRUWXW�¯�}wzJ��}�euopkOm�knq£}
±8��tgkO~�Wi}wm
kn~deuopkOm!~�tgo�j�W¢qªkntSeuRUWZY�k�¤b¬;²³m�lnW�t�cgknzJz¨¬³|\kOcuc0VXkd�dW�z;¥

� # ���
�!���&������� �����Z��� )+�������

����� �����������! #"%$&�(')�*���,+&�.-

�¼W�cf��~U~�k�cfWheuR�}�e�euRUWheu}wtulnW�e��doJcfegtuoJ�U�degoJknm
π
oJc 3C5&14= 3-�D5¢bmUk��\m���~�euk.}!m�kntuVX}nzpo) �oJmUl�j�knm�cxe�}wm�e�§

π(x) ∝ π̃(x)
�\o¨euR

π̃
bmUk��\m©¥ �UkOtyeuRUW�oJVh~Gkntgeu}nm�j�WZcg}nVh~�zpoJmUl"W�cfegoJV"}�euopkOm¡kwq

π(h)
§GegR�W ����}wzJopexaLkwq0�GkweuR¡egRUWZ�UmUmUkOtgV"}nzpo�cfWi�
}wm���euRUW�cgW�zpqÏ¬

mUkOtgV"}nzpo�cfWi�L}n~U~Utuk�¤boJV"}�euopkOm�c0euk
π(h)

cfegtuknmUlOzpa"�dW�~�W�m��UcSknmLegRUW�j�RUkOoJj�Wknq©egR�W¢~�tgkO~�k�cg}nzG�do�cfegtuop�U�UegoJknm
g
§d}hj�RUkno�j�WegR�}we

o�c ���UopegW��dW�zpo�j�}wegW¢qªkntyj�knVX~UzJW�¤!�do�cfegtuop�U�UegoJknm�cSzJopOW&egRUk�cfW¢euR�}�eykdj�j��UtSopm
RUoJlnR¡�doJVXW�m�cgoJknm�}nzä~UtgkO�UzJW�V"c�¥
�¼W ½ tucfe£tuW�j�}wzJzGegR�}weScu}wVX~UzJopm�lZoJVX~�kOtfe�}wm�j�WKtuW�cu}wVX~UzJopmUl �<_b²x| � �r|\�U��opm©§ä�i���b�O§G�i��������j�}wm!��W¢��cgW��"eukXtgWicfW�e£}ZlnoJ¯nW�m

�£W�oJlnR�egWi�
cg}nVh~�zpW&qªtuknV
g
egk!}"cg}nVh~�zpW&qªtuknV egRUW�e�}wtulnW�eK�doJcfegtuoJ�U�degoJknm

π
¥y[m�j�W�egRUW�oJVX~�kOtfe�}wm�j�W���W�oplOR�euc\}wtuW��dW�tgoJ¯nWi�ä§

ωi ∝ π(xi)/g(xi)
§n}%�ªmUkOmd¬®opo�����cg}nVh~�zpW�qªtgkOV

π
§
x̃1, . . . , x̃M

j�}wmZ��W\�dW�tgoJ¯nWi�&qªtgkOV egRUWSoJm�cfegtu�UVXW�m�eu}nzbcu}wVX~UzJW
x1, . . . , xN�baLtuW�cu}wVX~UzJoJmUlZ��cfoJmUlhegRUW�oJVX~�kOtfe�}wm�j�W&��W�oplOROe�cSopm {x1, . . . , xN} §begR�}weyoJc�§

x̃i = xJi
, 1 ≤ i ≤ M ,

�\RUW�tgW¢euRUW�tu}nm��dkOV ¯�}wtuoJ}n�UzpWic
J1, . . . , JM

}wtuW&�UoJcfegtuop���degWi��}Oc

P [Jl = i|x1, . . . , xN ] =




N∑

j=1

π(xj)

g(xj)




−1

π(xi)

g(xi)

�<cfW�Wn§UWO¥ l�¥p§U|\kO��W�tfey}nm��
Y£}OcfW�zpz�}d§��n�n���d§�_bW�j�egoJknm �$��¥ 
�¥ ���{¥� ¡�UzpegoJmUknVXo�}wz©cu}wVX~UzJopmUlXo�c\}h~�k�cgcgop��zpW&oJVh~�zpW�VhW�m�eu}�euopkOm!knq�euRUW
_b²x| VXW�euRUkd�dknzJknlOa¡�U�de�VXkntuWXW/�j�oJW�m�e�}wzpegW�tgm�}�egoJ¯nWicegR�}we�tgWi�d��j�WheuRUW"¯�}wtuoJ}nm�j�Whkwq�egRUW"tuW�cg�UzpegoJmUl
W�cfegoJVX}wegkOtuc&}wtuWX}wz�cfk
}�¯�}woJz�}w�UzJWn¥10yk��£W�¯OW�ti§äegk�nW�W�~ egRUW��dW�cuj�tuoJ~degoJknm kwqSeuRUW!}nzplOkntuo¨euRUV"c�}nc�cgoJVh~�zpWL}Oc�~GkOcucfoJ�UzJWn§'��WL�\opzJzC��cgW�VZ�Uz¨euopm�knVXoJ}nz
cu}wVX~UzJopm�lhoJm�egRUW&qªkOzpzJk��\oJmUl�¥

QSRUW + -�. /21%3�5�67-�8 9;-�8<5>= ? 3�BD14-��ªsC �Y �0VhW�egRUkd�XoJm�egtukb�U��j�Wi��oJm!Y£}w~U~ �&W�eK}nz<¥��;�w�O������oJm�egtuopm�cgo�j�}wzJzJa�oJcC}¢qªkntuV+kwq3opegW�tg¬
}wegW��Xcu}wVX~UzJopm�l¢oJVX~�kOtfe�}wm�j�WStgWicg}nVh~�zpoJmUl¢�\o¨euRX�Ua�m�}wVXoJj�}wzJzpaZ}n�U}n~degWi��oJVX~�kOtfe�}wm�j�W�qª��m�j{euopkOm�c�¥#�¼W\tgW�qªW�t�euk�Y£}n~U~ ��W�ey}wz;¥
�;�w�n�����{§\}nm�� egk |\kO��W�tfey}nm��.Y£}ncgW�zJzJ} �<�n�n����§SY�R�}w~©¥�$�	��qªkOtL�dW�e�}woJzJc�knm egR�W¡VhknegoJ¯�}�egoJknm�c�}wm�� qªkO�Um��U}wegoJknm�c�kwq¢egRUo�c
VXW�euRUkd�ä§C}nm�� �£WLcfoJVX~UzJa¼tuW�j�}wzJzCeuRUWLWicgcgW�m�euoJ}nz8qªW�}weg�UtuWLknq\egRUW!VXW�egR�kb� * » eZopegW�tu}wegoJknm

t
kwq\euRUW�sC �Y }nzplOkntuo¨euRUV
§

N¯�}wzJ�UWicC}wtuWKcgopVZ�Uz�}�egWi�hqªtgkOV }&~�tgkO~�k�cg}nz��do�cxeutgoJ�U�deuopkOmL}wm��heuRUo�c8~Utukn~GkOcu}wz��UoJcfegtuop���degoJknm"o�cC��}ncgW��hknm"euRUW
N × (t−1)

~�}ncfe
tuW�}nzpo) �}wegoJknm�c�§b�\o¨euR���}ncgoJj�}wzJzpa 80-'� -�8�� 5�B!3C6 8<5äknm�euRUW&qªkntuV kwq��dW�~GW�m��dW�m�j�W�knm�egR�W�~�}ncfe�¥

²®q���W��dW ½ mUW�B!= 8 -CB � 3C1 6�2�=43&opVX~Gkntgeu}nm�j�W&�£W�oJlnR�eucS}ncucgkbj�oJ}wegWi�L�\opegR
�£W�oJlnR�euc ωj,t (1 ≤ j ≤ N)
}nc

ωi,t = ωi,t

/ N∑

j=1

ωj,t ,

euRUW�lnW�mUW�tuoJj¢sC ¼Y }nzplOkntuo¨euRUV tgWi}n�Uc\}Oc£qªknzJzpk��yc"*
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� � µ��'µ ���<��� '	� ��(�
 ¹ ���r���� ����������������
����� �! "�!# � �$� (xi,0)1≤i≤N % % &∼ g0

�  �')(+*,�.-0/�$� ωi,0 = π(xi,0)/g0(xi,0) 1
2 ��� �! "�!# � �$� (Ji,0)1≤i≤N % % &∼ M(1, (ωi,0)1≤i≤N ) �  3'546�7� x̃i,0 = xJi,0,0 (1 ≤ i ≤ N) 8

�����������
1 ≤ t ≤ T

����9 *, 3':� ��� *, �0;<; = *� >- � 46� xi,j ? 4 �  3' x̃i,j ? 4"�A@B�� ���# � �$�C�� 3'B��-��� 3'B�� "� ; = xi,t ∼ gi,t
�  3'D(+*,�.-0/�$�

ωi,t =
π(xi,t)/gi,t(xi,t) 1

2 ��� �! "�!# � �$� (Ji,t)1≤i≤N % % &∼ M(1, (ωi,t)1≤i≤N ) �  �'54E�7� x̃i,t = xJi,t,t (1 ≤ i ≤ N) 8

[�b¯bopkO��cgzpaO§begRUW����}Ocfop¬<eukwe�}wzGqªtgW�W��dkOV oJm�egRUW�j�knm�cfegtu��j{euopkOm!knq�euRUW�}n��k�¯OW
gi,t

� c\R�}nc\�dt�}��\��}nj�dc�§bm�}wVXW�zJa�euR�}�eKcgknVXW
~Utukn~GkOcu}wz�c"�dk mUkne�mUW�j�W�cucg}ntgoJzJa zpWi}n� egk oJVX~Utuk�¯nW�VXW�mOe�cXopm euW�tuV"c"kwq&¯�}wtuoJ}nm�j�W
tuW��d��j�egoJknm knt�eu}wtulnW�e�}w~U~Utuk�¤dopV"}wegoJknm©¥
QSRUW�tgW�qªkntuWn§\�£W�mUk�� tuW�cfegtuoJj�e�egR�W.qr}wVXoJzpa knq�~UtgkO~�k�cg}nzJc"qªtgkOV��\R�oJj�R euk cgW�zJW�j{e!egRUW�mUW��

gi,t
� cLegk VXo¨¤beg��tgW.knq ½ ¤dW��

~Utukn~GkOcu}wz�cy}nm��¡�£W�W�cfeu}n�UzJoJcgR¡opm�egRUWZmUW�¤be&cfWij{egoJknm.egR�}we¯�}wtuoJ}nm�j�W�opVX~Utuk�¯nW�VhW�m�eK�dkbW�ckbj�j��Ut�\o¨euRUoJm.egR�oJcKqr}wVXoJzpaO¥QSRUo�c
~�}ntfeuoJj��Uz�}wt\exab~GW�kwq8}nzplOkntuo¨euRUV �S}nc}wzJtgWi}n�daLcgRUk��\m¡oJm�«kn��j¢W�eK}nz<¥ �<�n�n�O���\egk�zJW�}O��egk�}"tgWi�d��j�egoJknm
opm.egRUWh}ncga�VX~deukweuoJj
1&�UzJzJ��}nj��¬ � W�oJ�UzJW�t\�do�cxe�}wm�j�W&��W�ex��W�W�m�egRUW&e�}wtulnW�eS}nm��!egRUW&~Utukn~GkOcu}wz;§bqªknty}Xj�kOtgtuW�j�e£��~G�U}wegW�oJm�egRUW�VXop¤�eu�UtuW¢�£W�oJlnR�e�c�¥
��� �

D F�G � "%�.� $IH � �

�¼W�}ncucf��VhWqªtuknV mUk�� kOmLeuR�}�e\�£W&��cfW¢oJm�~�}wt�}wzJzpW�z
D
½ ¤dW��!nW�tgmUW�zJc

Qd(·, ·)
�\opegR
�dW�m�cgo¨euopWic

qd
}wm���egR�}we£euRUW�~Utukn~GkOcu}wz

o�cy}hVXo¨¤beg��tgW&kwq'egR�kOcgW¢OW�tumUW�z�c

gi,t(x) =

D∑

d=1

αt,N
d qd(x̃i,t−1, x) ,

∑

d

αt,N
d = 1 ,

�\RUW�tgWSeuRUW\�£W�oJlnR�euc
αt,N

d > 0
j�}wmX��W\VXkd�do ½ W��X}we8W�}nj�RhopegW�t�}�euopkOm©¥�QSRUWy}wVXkn��mOe0knq3}O�U}w~deuop¯bopexa��£Wy}wzJzpk�� oJmXegR�oJc0¯OW�t�cfoJknm

knqSs� �YBoJc�egRb��c�tuW�cfegtuo�j{egWi�¼egk.}¡~GkOcucgop�UzJW"VXkd�do ½ j�}�euopkOm kwqSegR�W���W�oplOR�euc
αt,N

d

¥¡QSRUWLopVX~Gkntgeu}wm�j�W"�£W�oJlnR�eZ}ncucgkbj�oJ}wegWi�
�\opegR�egR�oJc\VXop¤beg�UtuW�~Utukn~GkOcu}wz3oJc

π(xi,t)

/ D∑

d=1

αt,N
d qd(x̃i,t−1, xi,t)

�\RUoJzJW�cfoJV���zJ}wegoJknm�qªtgkOV
gi,t

j�}wm
�GW��dW�j�knVX~GkOcgW���opm�euRUW�ex�£k"��cf��}wz©VXop¤�eu�UtuW�cxeuW�~�c"* ½ t�cfeK~Uo�j��egR�W�j�kOVh~Gknm�W�m�e
d
egR�W�m

cgopVZ�Uz�}�egW¢qªtuknV egRUW�j�kntutgWicf~Gknm��UopmUlZnW�tgmUW�z
Qd

*

� � µ��'µ ���<� D
·EJGµ � �'µ (K� '	� ��(�
 ¹ �3�r���� ����������������L-�#M*:'�/�(+�N�PO"�Q4 � �I- ; � (x̃i,0, Ji,0)1≤i≤N

�  3'546�+� α1,N
d = 1/D R *�# �0;<; 1 ≤ d ≤ D 8�����������

1 ≤ t ≤ T
����9 *, 3':� ��� *, �0;<; = *� ��PO"� αt,N

d ? 4�,@!�� ���# � �$�
(Ki,t)1≤i≤N % % &∼ M(1, (αt,N

d )1≤d≤D)

2 ��9 *, 3':� ��� *, �0;<; = *� (x̃i,t−1, Ki,t)1≤i≤N
�:@B�� ���# � �$�I�� �'B��-��! �'B�� "� ; =
(xi,t)1≤i≤N ∼ QKi,t

(x̃i,t−1, ·)

�  3'546�+� ωi,t = π(xi,t)

/ D∑

d=1

αt,N
d qd(x̃i,t−1, xi,t) 1
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( ��9 *, 3':� ��� *, �0;<; = *� (x̃i,t−1, Ki,t, xi,t)1≤i≤N
�:@!�! "�!# � �$�

(Ji,t)1≤i≤N % % &∼ M(1, (ωi,t)1≤i≤N )

�  3'546�+��� 1 ≤ i ≤ N
�
1 ≤ d ≤ D �

x̃i,t = xJi,t,t , αt+1,N
d = Ψd ((x̃i,t−1, xi,t, Ki,t)1≤i≤N )

4+/�(�O��PO � � ∑D
d=1 αt+1,N

d = 1 8

²³m
euRUW�}w�Gk�¯nW�}nzplOkntuo¨euRUV
§
Ψd (1 ≤ d ≤ D)

�dW�mUkweuW�cK}nm
�U~G��}�egW�qª�Um�j{euopkOm
egR�}we�dW�~�W�m��Ucy��~�kOm
egRUW�~�}ncfeyo¨euW�t�}�egoJknmÇ¥
�¼W�}ncucf��VhW¢euR�}�e\euRUW�opm��dop¯bo��d��}nz©nW�tgmUW�z3opVX~Gkntgeu}wm�j�W&��W�oplOR�euc\}wtuW&}wzJVhk�cxeycg�UtuW�zJa ½ mUopegWO§degR�}weyoJc�§

∀d ∈ {1, . . . , D}, π {qd(x, x′) = 0} = 0, (A1)

�\RUW�tgW
π = π ⊗ π

¥��ym��UW�t�� ���	� §�«kn��j¢W�eK}wz;¥ �<�w�O�O����~Utuk�¯nWi�XegR�}weSegRUW��U~3�U}wegW�c
Ψd

knqÇeuRUW&Vhop¤beg�UtuW&��W�oplOR�euc�lnoJ¯nW�m!�ba

αt+1,N
d =

N∑

i=1

ωi,tId(Ki,t)

l�}wt�}wm�egW�W�}"cfadcfegW�V"}wego�j��dW�j�tgWi}ncgW�kwq�egR�W 1&�UzJzp��}nj��¬ � W�oJ�UzJW�ty�do�cxe�}wm�j�W��GW�ex�£W�W�m
euRUW�e�}wtulnW�e¢}wm���euRUW
D
¬®nW�tgmUW�z©VXo¨¤beu�UtgWO§

}¼zJknmUln¬<euW�tuV	tg�Um kwqegRUW.}nzplOkntuo¨euRUV	~Utuk�¯boJ�doJmUl�egRUW
VXop¤�eu�UtuW!euR�}�e�o�c,�ªW�m�egtukn~ba�¬ �Zj�zJkOcgW�cfeZeuk egRUW�e�}wtulnW�ei¥  .kntuW�k�¯nW�t�§
QSRUW�kntuW�V �U¥p�hkwq�«kn��j&W�ey}wz;¥ �<�n�n�O���zJW�}O�Ucegk
} � � � �ªoJm�euRUWXmb�UV��GW�t&kwq£cfoJV��Uz�}�euopkOm�c&}�e�}LlOop¯OW�m�o¨euW�t�}�egoJknm��\qªkOteuRUW
kO�deg~U�Ueykwq'egRUW�lOW�mUW�tgo�j

D
¬;OW�tumUW�zäsC ¼Y }nzplOkntuo¨euRUV
¥


 � µb¹ � µ � �������� 8 3)=�B�������������-�B 3�8�0�� /28�� 5 67-C8
h
6 8

L1
π

3�8 3���-�B�3�1 1
t ≥ 0

� 	 -C5�� 5��<=:/28<8 -CB � 3C1 6 � =43 3C8 3 5��<=
� = 1 �(.>8 -CB � 3C1 6�2�= 3�+ 9 ? = �D5 6 � 3�5>-�B(� 3�B�= � -�8 � = B � =�8,5��

π̂PMC
t,N (h) =

1

N

N∑

i=1

ωi,th(xi,t)
N→∞−→P π(h)

3�8 3
π̂SPMC

t,N (h) =

N∑

i=1

ωi,th(xi,t)
N→∞−→P π(h) .

» cSmUkweuW���W�}ntgzJopW�t�§�euRUW��UmUmUkOtgV"}nzpo�cfWi��sC ¼Y WicxeuopV"}�eukntyj�}wm�knmUzJa��GW¢��cfWi�!�\R�W�m
π
o�cyj�kOVX~UzpW�egW�zpa�bmUk��\m�}wm���W�¯nW�m

oJm�egRUk�cfW&oJm�cxe�}wm�j�W�cSopeyoJcymUkwe\mUWij�W�cucu}wtuopzJa"opVX~Utuk�¯bopm�lZ�U~Gknm�euRUW�cfW�z¨qÏ¬®mUkOtgV"}wzJo) �W��LsC �Y%W�cfegoJV"}�euknti¥
» Y � Q j�}wm
}wz�cgkh�GW�W�cfeu}n�UzJoJcgRUW��!oJm!euRUo�cycfW�efeuopmUl�§d�Um��dW�t\egR�W�}n�U�dopegoJknm�}wz3qªknzJzJk��\opmUlhoJmOeuW�lOtu}n�UopzJopexa�j�knm��do¨euopkOm

π

{
(1 + h2(x′))

π(x′)

qd(x, x′)

}
< ∞ qªknty}

d ∈ {1, . . . , D}. � � �!�

�KkwegW�egR�}weyegRUo�cyj�knm��dopegoJknm¡VZ��cfeyRUknz��
knmUzJa�qªkOt -�80=
1 ≤ d ≤ D

t�}�euRUW�tSeuR�}wm
qªkOt 3�1 1
d
� c�¥SQSRUW�kOtgW�V��d¥Ò�hkwq0«kn��j&W�ey}wz;¥

�;�w�n������egR�W�m
~Utuk�¯�o��dWic£}�Y � Q qªkntSegR�W�lnW�m�W�tuoJj
D
¬®nW�tgmUW�z3sC �Y%}wzJlnkntuopegRUV
¥


 � µb¹ � µ �"��#��$� 8 3)=�B%�����&� 3�8 3����(')��� 6 ����-CB 3�1 1
t ≥ 1

�

∀1 ≤ d ≤ D, αt,N
d

N→∞−→P αt
d > 0 ,

5*��= 8 	 -�5*�
√

N

(
N∑

i=1

ωi,th(xi,t) − π(h)

)
3C8 3 √

N

(
1

N

N∑

i=1

ωi,th(xi,t) − π(h)

) �f� �
� -�8 � = B � = 6 8!3�6 �D5�BD6 	�/25�67-�8 3-�

n
�)-�= � 5>-�6 8,+ 8,6 5 0�5>-�8 -CB � 3C1�3C6 � 5�BD6 	 /25 67-C8!�.-A6 5�� � 3CBD673�8 ��= �

σ2
1,t = π

(
(h(x′) − π(h))2

π(x′)
∑D

d=1 αt
dqd(x, x′)

)
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3C8 3

σ2
2,t = π





(
π(x′)

∑D
d=1 αt

dqd(x, x′)
h(x′) − π(h)

)2 ∑D
d=1 αt

dqd(x, x′)

π(x′)



 .

QSRUW&}n���do¨euopkOm�}wzäj�knm��dopegoJknm�oJm�QSRUW�kntuW�V �d¥Ò��oJcSmUWij�Wicgcu}wtua�eukXW�m�cg�UtuW¢}hcxe�}w�UoJzJoJcu}�euopkOmLkwqÇegRUW&�£W�oJlnR�eucS}nc�euRUWmb�UVZ��W�t
knqCcfoJV��Uz�}�euopkOm�cyoJm�j�tgWi}ncgW�c�¥y²®eo�cKl�}wt�}wm�egW�W���oJm�j�}OcfWicyzJopOW�egR�kOcgW�kwqC«kn��jW�eK}wz;¥ �;�w�O�O���K�U~G��}�egoJmUl�cgj�RUW�VXW�}wm��.��WZ�\opzJz
cgRUk��%�GW�zJk�� euR�}�eyopey}wz�cfkhRUknz��Uc£qªkOt\kn�UtS�U~3�U}�euopm�lXcuj�RUW�VhWO¥8QSRUW ����}wm�egopegoJW�c

σ2
1,t

}wm��
σ2

2,t

W�¤bR�op�UopegWi��opm!egRUo�cStuW�cg�Uz¨ey}ntgW
euR���cy}ncucfkdj�oJ}wegW��L�\o¨euR�egRUW�zJopVXopegoJmUl�cgW�eykwq'��W�oplOR�euc

(αt
1, . . . , α

t
D)
§��dW ½ m�W���knm!egRUW�cgoJVh~�zpW�¤�cgW�e\kwq

R
D §

SD =

{
α = (α1, . . . , αD); ∀d ∈ {1, . . . , D}, αd ≥ 0

}wm�� D∑

d=1

αd = 1

}
.

�¼W�mUk��%~�tgkdj�W�W��Legk"W�¤bR�op�UopeK}wm��U~3�U}�euopm�l�cgj�RUW�VXW¢kOm�egRUW��£W�oJlnR�euc
αt

d

cg��j�R!egR�}we\egRUW�}OcfabVX~degknego�j¢¯�}ntgo�}wm�j�W�c
σ2

1,t

}wm��
σ2

2,t

}wtuW&�UW�j�tuW�}OcfoJmUlX}�e\W�}Oj�R!opegW�tu}wegoJknm�kwq�egRUW�«K¬;OW�tumUW�zäs� �Y }nzplOkntuo¨euRUV
¥

� #�� ) ��� ����������������������!�C������� �Ç�����y� �

����� ��� $�� F � � "��( $&+��*�
	DH � � � '
� +��( � � "

��kntäeuRUW8W�cfegoJV"}�euknt ∑N
i=1 ωi,th(xi,t)

§��£W ½ t�cxe©oJm�egtukb�U��j�W0mUkneu}wegoJknm�c3euR�}�e'cfoJVX~UzpopqªaegRUWCcfeg���daKknqbopeucÇ}ncga�VX~deukweuoJj�¯�}wtuo�}wm�j�Wn¥
²®q

νh
�dW�mUkweuW�c£euRUW�VXW�}ncg�UtuW&knm

Ω × Ω
�dW ½ mUWi�!�ba

νh(dx, dx′) = π(x′) (h(x′) − π(h))
2
π(dx)π(dx′) ,

�;���
�\RUo�j�R
m�}�eu�Ut�}wzJzpa�}n~U~�Wi}wt�cSopm

σ2
1,t

§U�£W��dW ½ m�W&ex��khqª�Um�j�egoJknm�c
σ2

1

}wm��
F1

kOm
SD

cf��j�R!egR�}�e

σ2
1(α) = νh

(
1

/ D∑

d=1

αdqd(x, x′)

)
}nm��

F1(α) =

(
νh

(
αdqd(x, x′)

(
∑D

l=1 αlql(x, x′))2

)
/
σ2

1(α)

)

1≤d≤D

Y�zJW�}ntgzJan§
σ2

1

o�cyeuRUW�m
euRUWZ}OcfabVX~degknego�j�¯�}wtuoJ}nm�j�W�}Ocgcgkdj�o�}�euW����\o¨euR�}"lOop¯OW�m.cgW�eKknq��£W�oJlnR�e�c�§��\RUopzJW
F1

e�}wOW�c\opeuc¯�}wzJ�UW�cKopm
SD

}nm��
o�cSegRb��cy}"egt�}wm�cfqªkntuV �ªkOty�U~3�U}�euW �Sknq�euRUW��£W�oJlnR�euc�¥�QSR�W�j�W�mOeutu}nzätgWicf��z¨eyknq'euRUo�cy~�}n~�W�tyoJc\egR�}weyegRUo�cy~�}wtgego�j��Uz�}wt
j�RUkOoJj�W&kwq��U~G��}�egW�oJm��d��j�W�c\}htuW��d��j{egoJknm�kwq'egR�W�}ncga�VX~deukweuoJj¢¯�}wtuoJ}nm�j�W&}�eyWi}nj�R�cxeuW�~
kwq'egRUW�s� �Y }nzplOkntuo¨euRUV2*
�&� ¹�C¹ �"�ª�"� ¹ ��� �����$� 8 3)=�B �����&���!��-CB 3�1 1

α ∈ SD
��- =��<3 � =

σ2
1(F1(α)) ≤ σ2

1(α) .

+ B�- -���� �¼W�R�}�¯nW

σ2
1(F1(α)) = νh


 1
∑D

d=1 αdqd(y, y′)νh

(
qd(x,x′)

(
P

D
l=1 αlql(x,x′))2

)


σ2

1(α)

= νh


 1
∑D

l=1 αlql(y, y′)

1
∑D

d=1
αdqd(y,y′)

P

D
l=1 αlql(y,y′)

νh

(
qd(x,x′)

(
P

D
l=1 αlql(x,x′))2

)


σ2

1(α)

≤ νh


 1
∑D

l=1 αlql(y, y′)

D∑

d=1

αdqd(y, y′)
∑D

l=1 αlql(y, y′)

1

νh

(
qd(x,x′)

(
P

D
l=1 αlql(x,x′))2

)


σ2

1(α)

=

D∑

d=1

αdνh


 qd(y, y′)/(

∑D
l=1 αlql(y, y′))2

νh

(
qd(x, x′)/(

∑D
l=1 αlql(x, x′))2

)


σ2

1(α) = σ2
1(α) ,

euRUW�opm�W ����}wzJopexa"qªknzJzpk��\oJmUlhqªtuknV �OW�m�cgW�m � cSoJmUW ����}nzpopexan¥
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� � -�/������ /26 1 1 6 8�� 9;3CBD6 8����&-
	�= BD5

�¼W�euR���c\eu}nnW�}O�d¯�}wm�eu}nlnW&kwq0euRUW��doJVXopmb�deuopkOm.kwq�euRUWZ}OcfabVX~degknego�j�¯�}wtuoJ}nm�j�W&eukLj�kOm�cfegtu��j{e}LcfW��O��W�m�j�W�knm
SD

cf��j�R
euR�}�e

{
α1,1 = (1/D, . . . , 1/D)

α1,t+1 = F1(α
1,t)

qªknt
t ≥ 1 .

� 
��

» e�Wi}nj�R cfegW�~ knqKeuRUW¡sC �Y }wzJlnkOtgopegRUV
§0euRUW¡}ncgabVh~UegkweuoJj�¯�}wtuo�}wm�j�W!o�chegRUW�tgW�qªkntuW��UW�j�tuW�}OcfoJmUl�¥ _boJm�j�W
σ2

1

o�c"} j�knmb¯OW�¤
qª�Um�j{egoJknm
kOm!euRUW�j�kOmUmUWij{egWi�!j�knVX~�}Oj{eycfW�e

SD
§UopeK}n�UVhopeuc\}h�Um�o%���UW�VXoJmUopVZ�UV
¥0²®q'�£W��dW�mUkweuW¢�ba

α1,min = arg min
α∈SD

σ2
1(α)

euRUoJc!VXopm�opVZ�UV
§y��W.egRUW�m R�}�¯nW
euRUW�j�knmb¯nW�tglOW�m�j�W
tgWicf�Uzpe�qªkOt"egRUo�c!�U~G��}�egoJmUl VhWij�R�}wm�oJcgV �r�\RUkOcgW.~Utukbkwq�oJcLlnoJ¯nW�m opm
» ~U~�W�m��dop¤
��¥p� �{¥
�&� ¹�C¹ �"�ª�"� ¹ ��� �#��$� 8 3)=�B �����&���

lim
t→∞

α1,t = α1,min.

s8tukn~GkOcgopegoJknm�c+
�¥p��}nm�� 
U¥Ò�!egkOlnW�egRUW�t�W�cfeu}n�Uzpo�cgR egRUWLj�knmb¯nW�tglOW�m�j�W�euk¡egR�WLVXopm�opV"}wz�¯�}wtuoJ}nm�j�W�cgknzJ�degoJknm knq£euRUW�o��dW�}nz
}nzplOkntuo¨euRUV
§�euR�}�ehoJc�§'egRUW!knmUW!��cgopmUl.egRUW!�U~G��}�egW!VXW�j�R�}nmUoJcgV

α1,t+1 = F1(α
1,t)

¥�Q�k�j�kOVh~�zpW�egW�euRUWL¯�}nzpo��U}�euopkOm kwqK}
~Ut�}nj�ego�j�}nz£}nzplOkntuo¨euRUV
§'�£WLm�k�� R�}�¯nW"euk�tuW�~�zJ}Oj�W"euRUW!o��dWi}wz£�U~G��}�egoJmUl¼�\o¨euR }�~Utu}Oj{euoJj�}wzC��~G�U}wegoJmUl }wm�� euk�cgRUk�� egR�}�e
euRUWZcg�U��cfegopeg�deuopkOm��dkbW�cmUkne8vxW�kO~�}wt��do) �W�j�knmb¯nW�tglOW�m�j�Wn¥£²³m.kweuRUW�t��kOtu�Uc�§��£W�mUW�W��
euk�W�cfeu}n�UzJoJcgR
egRUWhj�kOm�¯OW�tulnW�m�j�W&kwq0euRUW
VXop¤�eu�UtuW¢�£W�oJlnR�e�c8eukZeuRUW

α1,t � cS}nm���euRUo�c�o�c\cg� �j�oJW�m�e�qªkOt\QSRUW�kOtgW�V �d¥Ò��eukh}n~U~UzJan§bo<¥ Wn¥J§bqªknt£euRUW�}ncga�VX~deukweuoJj¯�}wtuoJ}nm�j�WKegk
�GW�}h¯�}nzpo��
}ncucfWicgcgVXW�m�eSkwq�kn�Uty}nzplOkntuo¨euRUV
¥

�¼W&egRb��c\�dW ½ mUWO§�}nc\}Xcg�U��cfegopeg�deuW�egk
F1
§beuRUW&qªknzJzpk��\oJmUlX�U~3�U}�euW�kwq�egRUW�VXop¤�eu�UtuW���W�oplOROe�c

αt+1,N
d =

N∑

i=1

ω2
i,t


h(xi,t) −

N∑

j=1

ωj,th(xj,t)




2

Id(Ki,t)

N∑

i=1

ω2
i,t


h(xi,t) −

N∑

j=1

ωj,th(xj,t)




2 ,
� �	�

�\RUo�j�R }nzJcgk R�knz��Uc��\RUW�m
ω2

i,t

o�c�tgW�~UzJ}Oj�Wi� �\opegR
ω2

i,t

oJmE��knegR euRUW mb�UVXW�t�}�egkOt!}nm�� euRUW¼�UW�mUkOVhoJm�}wegknt
}wm�� o�cLeuRb��c
oJm��dW�~�W�m��dW�m�e�knqKegR�W¡mUkntuV"}wzJoJcgopm�l�j�kOm�cfeu}wm�eXegk cgknVXW�W�¤begW�mOei¥ QSRUW¡j�knmb¯OW�tulnW�m�j�W�knqKegR�oJc"��~G�U}wegoJmUl cgj�R�W�VXW
oJcheuRUW�m
W�m�cf��tgWi�L�ba�euRUW&qªknzJzJk��\opmUlhtuW�cg�Uz¨ei§d�\RUkOcgW&~Utuk�knq�o�cy�dW�qªW�tuW��Legk » ~�~�W�m��dop¤��U¥Ò�
�&� ¹�C¹ �"�ª�"� ¹ ��� � � �$� 8 3)=�B �����&���!��-CB 3�1 1

t ≥ 1
3�8 3 ∀1 ≤ d ≤ D

�

αt,N
d

N→∞−→P αt
d

�;���
- �<=�B!= 5*��=

αt,N
d �

� 3�B!= 3 = + 80=43 	$0@=�� /<3�5�67-�8 � � � 3C8 3�5*��=
αt

d �
� 3CB!= � 6 � =�8 6 8 � 
�� �

�KkwegW¢euR�}�eyoJm�egRUW�~Utukbkwq'kwq�s8tgkO~�k�cfopegoJknm 
U¥Ò� �rcgW�W » ~�~�W�m��dop¤��U¥Ò����§U��W&R�}�¯OW�cfRUk��\mLegR�}we

σ̂2
1,t = N

N∑

i=1

ω2
i,t


h(xi,t) −

N∑

j=1

ωj,th(xj,t)




2

�<���

o�cy}Xj�kOm�cfo�cfegW�m�e\W�cfegoJV"}�euknt\kwq
σ2

1,t(α
t)
¥

��� � � �.� ��"��( #$�+&')�
	 H!� � � '
�,+��( �� � "

QSRUW�cu}wVXW�cgW ���UW�m�j�W&kwq'tgWicf�UzpeucSR�knz��Uc£qªkntSeuRUW�W�cfegoJV"}�egkOt 1
N

∑N
i=1 ωi,th(xi,t)

¥ �¼W ½ t�cxey�dW ½ mUW¢egRUW�VXWi}ncg�UtgW&kOm
Ω × Ω

ρh(dx, dx′) = π(x′) h(x′)2π(dx)π(dx′) ,
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�\RUo�j�R
tgW�zJ}wegWicCeuk
σ2

2,t

cgopm�j�W

σ2
2,t = π

(
h2(x′)

π(x′)
∑D

d=1 αt
dqd(x, x′)

)
− 2π(h) + π(h)2 .

�¼W�}wz�cfk"j�knm�cgoJ�UW�t£ex��khqª�Um�j{egoJknm�c
σ2

2

}wm��
F2

knm
SD

}nc

σ2
2(α) = ρh

(
1

/ D∑

d=1

αdqd(x, x′)

)
− 2π(h) + π(h)2

}nm��

F2(α) =

{
ρh

(
αdqd(x, x′)

(
∑D

l=1 αlql(x, x′))2

)
/
σ2

2(α)

}

1≤d≤D

.

QSRUW�m ��W�j�}wm¼��cfWXeuRUW�cu}wVXW"cxeuW�~�c�}Oc&opm _bWij{euopkOm#
�¥p�"}nm�� �dW�tuop¯OW"j�knmb¯OW�tulnW�m�j�W�qªtuknV°egRUW�tuW�cg�Uzpeuc¢euRUW�tuWn¥'�'oJtucfe�§'}nc�}
j�kntuknzJzJ}ntgahegk"sCtgkO~�k�cfopegoJknm2
U¥J�w§d�£W�j�}wm
�dW�tgoJ¯nWegRUW��UW�j�tuW�}OcfW¢oJm!euRUW�}ncgabVX~degknego�j¯�}ntgo�}wm�j�W¢qªkntSegR�W�oJ�dWi}wzä�£W�oJlnR�euc"*
�&� ¹�C¹ �"�ª�"� ¹ ��� ��� �$� 8 3)=�B �����&���!��-CB 3�1 1

α ∈ SD
��- =��<3 � =

σ2
2(F2(α)) ≤ σ2

2(α)

_bWij�kOm��ä§dopq'�£W�cfW�e\egRUW�cgW ���UW�m�j�W&kwq�o��dW�}nzä��W�oplOROe�cS}nc
{

α2,1 = (1/D, . . . , 1/D)

α2,t+1 = F2(α
2,t)

qªknt
t ≥ 1

�®���

euRUW�m.�£W��dWi�d��j�W�qªtgkOV s8tukn~GkOcgopegoJknm,
U¥Ò�hegR�}�eyeuRUoJcKoJ�UW�}wz'cfW����UW�m�j�W�j�kOm�¯OW�tulnWic£egk"euRUW�kn~UegoJVX}nz�cgW�eKknq0��W�oplOROe�cycgopm�j�Wn§G}nc
σ2

2

o�c\j�kOmb¯nW�¤�kOm
SD

§dope\egRb��cy}O�dVXo¨e�cy}h�UmUo*�O��W�VhoJmUoJV��UV

α2,min = arg min
α∈SD

σ2
2(α) .

�&� ¹�C¹ �"�ª�"� ¹ ��� ����$� 8 3)=�B �����&���
lim

t→∞
α2,t = α2,min.

QSRUoJt��ä§O�£WymUk�� W�¤bR�op�UopeCeuRUWKW�VX~Uoptuo�j�}wz�¯nW�tucgopkOmXkwq3egRUW�U~3�U}�euopmUlhcgj�R�W�VXWy�\RUo�j�R"W�m�cg�UtuW�c8egR�}we8egRUW~Ut�}nj{euoJj�}wz�¯nW�t�cgopkOm
knq8egRUW"}nzplOkntuo¨euRUV }wz�cfk�j�knmb¯OW�tulnW�c�§��ba¡¯boJtfeu�UWZknq�QSRUW�kntuW�V°�d¥Ò��}nm��.s8tukn~GkOcgopegoJknm�c 
U¥ �!}nm�� 
�¥ �d¥�²³m�euRUWZ��mUmUkntuV"}wzJoJcgW��
j�}ncgWn§dopeyoJc\m�k�� lnoJ¯nW�m!�ba

αt+1,N
d =

N∑

i=1

ω2
i,th

2(xi,t)Id(Ki,t)

/ N∑

i=1

ω2
i,th

2(xi,t) .
� ���

�'oJm�}wzJzpaO§�}nc\}Xj�kntuknzJzJ}ntgahegkXs8tukn~GkOcgopegoJknm2
U¥ 
d§U�£WeuRUW�m
R�}�¯OW¢egRUW�k�¯OW�t�}wzJzGj�knmb¯nW�tglOW�m�j�WKln��}wt�}wm�egW�W�*
�&� ¹�C¹ �"�ª�"� ¹ ��� ��� �$� 8 3)=�B �����&���!��-CB 3�1 1

t ≥ 1
3�8 3 ∀1 ≤ d ≤ D

�

αt,N
d

N→∞−→P αt
d

�<���
- �<=�B!= 5*��=

αt,N
d �

� 3�8 3�5*��=
αt

d �
� 3�B!= 3 = + 80=43 	$0@=�� /<3�5�67-�8����	��
@3�8 3����
 � B!= ��.�=(� 5 6 � =�1 0 �

�KkwegW�}nzJcgkhegR�}we
1

N

N∑

i=1


ωi,th(xi,t) − N−1

N∑

j=1

ωj,th(xj,t)




2

o�cy}Xj�kOm�cfo�cfegW�m�e\W�cfegoJV"}�euknt\kwq
σ2

2,t

¥

À�À Æ�4�5/6/7/7



�i� � -�/������ /26 1 1 6 8�� 9;3CBD6 8����&-
	�= BD5

� � �£�
�	�!���&�����(�\�©����� �&�'���
� RUoJzJWWi}nj�R�opegW�tu}wegoJknm�knq©egRUW¢sC �Y }wzJlnkntuopegRUV zpWi}n�UcCegkX}��UW�j�tuW�}OcfWKopmLegRUW¢¯�}wtuoJ}nm�j�Wyknq©egR�WsC ¼Y W�cfegoJV"}�egkOt�j�knVX~�}wtuW��
�\opegRhegR�W\~UtgW�¯bopkO��c�o¨euW�t�}�euopkOm�W�cfegoJV"}�euknti§w~Utuk�¯�o��dWi���U~3�U}�euW�c � �	�'kOt � ����}ntgWS��cgW��ä§nW�}wzJoJW�t0opegW�t�}�euopkOm�c�j�}nm�qª�UtgegR�W�t8�GWSeu}nnW�m
oJm�egk�}nj�j�kO�Um�eS�ba�j�knm�cxeutg��j�egoJmUl"}X��W�oplOR�egW���j���V��Uz�}�euW���W�cfegoJV"}�egkOt\kwq'egRUW�s� �Y%W�cfegoJVX}wegkOtucSk�¯OW�tSo¨euW�t�}�euopkOm�c�¥C_dopm�j�Wn§G}nc
mUknegWi��oJmhQSR�W�kntuW�V �d¥Ò�b§wW�}Oj�R�sC ¼Y cu}wVX~UzJW�o�c0}ncgabVX~degknego�j�}wzJzJa�opm��UW�~GW�m��dW�m�e�knq�euRUW\kweuRUW�t�c�§�euRUW\}ncgabVh~UegkweuoJj£¯�}wtuo�}wm�j�WCkwq
euRUWK�£W�oJlnR�egWi�hW�cfegoJVX}wegkOtCo�cCcgopVX~UzJa�euRUWcg�UV kwq3egR�Wj���V��Uz�}�euW��X�£W�oJlnR�egWi�Z¯�}ntgo�}wm�j�Wy}wm��heuRUWK�£W�oJlnR�e�c0opm�egRUo�cCj��UV��Uz�}�euW��
WicxeuopV"}�eukntyj�}wm!egRb��c\�GW��doJtgWij{egzJa�kO~degoJVXoJcgW��ä¥

� �UopegW&m�}weg�Ut�}wzJzJan§begR�W�j��UVZ�UzJ}wegWi��cgW�zpqÏ¬®mUkntuV"}wzJo  �W���s� �Y WicxeuopV"}wegknti§
π̂CSN

β (h)
§Uknq

π(h)
o�c\j�RUkOcgW�m
}nc

π̂CSN
β (h) =
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� opegR¡tuW�cg~�Wij{eSegkheuRUoJcK}ncga�VX~deukweuoJj¢¯�}wtuoJ}nm�j�WO§d��W�j�}wm!egRUW�m
�UW�tuop¯OWeuRUW�kn~UegoJVX}nz©j�RUkno�j�W&knq
β
§Um�}wVXW�zJa

(1 ≤ t ≤ T )

βmin
t = σ−2

1,t

/
(

T∑
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h(x) = x
§
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g∗(x) ∝ |x| exp−x2/2
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t π̂PMC
t,N (x) αt+1,N
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√

2π = 0.7979
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drt = (η − krt)dt + σ
√

rtdWt ,
�x�O� �

�\RUW�tgW
(Wt)[0,T ]

o�c} �£tgk��\m�oJ}nm¡VhknegoJknm��Um��dW�teuRUWhtgo�cf
mUW��degt�}wz�VXW�}Ocf��tgW
P
¥�²³m.egR�W ½ m�}wm�j�oJ}nz'}n~U~UzJoJj�}�euopkOm©§

(rt)[0,T ]tuW�~UtuW�cgW�m�e�cyeuRUW"cfRUkOtfe¢egW�tgV t�}�euWZk�¯OW�tKegRUWXVXW�}Ocf�UtuW�VXW�mOe&~GW�tuopkd�ä¥ » ����}nmOeuo¨exa
knq�oJmOeuW�tuW�cfe¢o�cegRUW"cgkw¬³j�}nzpzJW���� /2B!-�.<= 3�8
� 3�.014= 5Çkn~UegoJknm©§d�\RUo�j�R
oJc\}nm
kn~deuopkOm!�\tuo¨egegW�m�kOmLeuRUW�oJmOeuW�tuW�cfe\tu}wegW&�\o¨euR
egRUW&qªkOzpzJk��\oJmUlZ~�}�ankw¦¡qª��m�j{euopkOm
}wey�dW�}O�dzpoJmUW'�rknt
V"}�eu�Utuo¨exa!�

T
*

M max(rT − K, 0) ,
�\RUW�tgW

K
o�c¢j�}wzJzJW��
euRUWhcfegtuoJnW�t�}�euWZ}nm��

M
euRUWZm�knVXopm�W�WZ}nVXkn�Um�e�¥�QSRUWh}nj�eg��}nzpo�cfWi�¡~UtuoJj�W�knq8egRUWXj�}n~UzJW�e¢}weeuopVXW

0
o�c

euRUW�tuW�qªkOtgW&lnoJ¯nW�m!�ba

EP

[
exp

(
−
∫ T

0

rtdt

)
M max(rT − K, 0)

]
.

�x�����
QSRUW"W�¤d~Uzpo�j�opeZj�}wz�j��Uz�}�euopkOm�knq �f�i���&o�c�kO��¯boJkn��cgzJa¡opm�egt�}nj�eu}n�UzpWXW�¯nW�m¼euRUkn�UlOR¼egRUWXeutu}nm�cfopegoJknm �dW�m�cgo¨exa.knqSegRUW��dop¦3��cfoJknm o�c
}�¯�}woJz�}w�UzJW&�;Y�k�¤�W�eK}nz<¥J§©�i���O����¥

QSRUWXcfeu}wm��U}wt��.}w~�~Utgk�}nj�R
euk!~Utukdj�Wicgcgopm�l!�dop¦G��cfoJknm�c¢o�cegk���cfWX}!±8�UzJW�t�}w~U~�tgk�¤doJVX}wegoJknm.cuj�RUW�VXWO§ä�\RUoJj�R¼j�kOm�cfo�cfeucopm
�do�cuj�tuW�ego�cgopmUlheuRUW¢egoJVhW�oJm�egW�tg¯�}wz

[0, T ]
oJm�egk

n
cfegW�~�cy}nm��LoJm
cxeu���dabopm�lhoJm�cfegWi}n�LegRUW��do�cuj�tuW�egWegoJVXW�~Utukbj�W�cuc

(rn
pT/n)0≤p≤n�\opegR

rn
0 = r0

}wm��

rn
(p+1)T/n = rn

pT/n + (η − krn
pT/n)

T

n
+ σ

√
rn
pT/n

(
W(p+1)T/n − WpT/n

)
,

�x� 
��
cgopm�j�W¢egRUW��Uo¨¦3W�tuW�m�j�W�c

W(p+1)T/n −WpT/n
}wtuW&opo�� N (0, T/n)

¥�QSR�W ����}nm�egopexa�kwq'opm�egW�tgWicxe+�f�i���Co�c£egR�W�m¡}w~U~�tgk�¤doJVX}wegWi�
�ba

P = E

[
exp

{
−(T/n)

(
(rn

0 + rn
N )/2 +

n−2∑

i=1

rn
(p+1)T/n

)}
M max(rn

T − K, 0)

]
,

�x�"�	�

�\RUW�tgW
rn
(p+1)T/n ∼ N

(
rn
pT/n + (T/n)(η − krn

pT/n), (T/n)σ2rn
pT/n

) ¥y«KW�eu}woJz�cKkOm
egRUWZ±8�UzJW�t}n~U~Utuk�¤dopV"}�euopkOm¡j�}wm¡�GW
qªkO�Um��
oJm¡]¢z�}ncucgW�tuVX}nm �;�w�O��
��{§��O}Oj�nW�z �;�w�O�O���S}Oc\��W�zpz�}nc\Q'}wz�}�a�}wm��
Q��U��}wtuk,�x�i�n�n���y}wm��2�S}wzJzpa!}wm���Q�}nzJ}�a �x���O�n�O}b§ � ��¥
�;_bW�W¢}wz�cfk+�£W�cgnk�c£W�eK}wz;¥J§��w�O�O�qªkOt�}�mUk�¯OW�z�}n~U~UtukO}Oj�RhkOmXegRUWKegtu�UWK�do�cfegtuop�U�UegoJknm�knq
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 # �'�"� 
��

����� H!",��� � � � H ",�  ��')+ �,+ ��� ��� �
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α ∈ SD, α 6= α1,min \ +	�]1��,+^!&���,+_���C.`�-�����T���
�Ta: "!b��!�.K1��$ "c6�Rd����������RL

Vα

���
α
!&%�>?�P���C.��� (�

αt0 ∈ Vα

�����T1
(αt)t≥t0

'"�,.,SH�$!
Vα

+� (���� *1W.KeC1� (���@�� "/0�69#�	���T1 \ dRJ8>T�61��� "1:%� (�fJ8���
σ2

1(α) \ �����T���g�Ta: "!b��! ε > 0
!&%�>O�W���C.`�

−εσ2
1(α) ≥ σ2

1(α
1,min) − σ2

1(α) = νh

 

1
PD

d=1 α1,min
d qd(x, x′)

−
1

PD

d=1 αdqd(x, x′)

!

≥ νh

 

PD

d=1(αd − α1,min

d )qd(x, x′)

(
PD

d=1 αdqd(x, x′))2

!

=
D
X

d=1

α1,min
d

"

σ2
1(α) − νh

 

qd(x, x′)

(
PD

l=1 αlql(x, x′))2

!#

�	�R%�! \ �����T���g�Ta: "!b��! 1 ≤ d ≤ D
!&%�>?�P���C.��

νh

 

qd(x, x′)

(
PD

l=1 αlql(x, x′))2

!

≥ (1 + ε)σ2
1(α)

+��� ">O�U */0��'" *�T![����.��
[F1(α)]d ≥ (1 + ε)αd

9�h: "1�>$�
0 ≤ αd ≤ 1 \  (���i�6'"'"�,+�!@���C.`�� (� αt0 ∈ Vα

�����$1
(αt)t≥t0 = (F t−t0

1 (αt0))t≥t0+� "'*'4'"�,.,SH�
Vα

+� (���� "1U.Ke�1� (���@�� "/0�69Z�	���g�:�������5 "!�>$��/0��'"�T���,L�9

��� � H!",��� � � � H ",�  ��')+ �,+ ��� ��� �
�	����>,.�!&�

t = 1
 "!��6dRSR *��%�!$9[j@�,+ \ .�!&!&%�/0�8BEGHI����6'*L�![�)���<!&�6/0� t ≥ 1

9�k��T>,.�'"'l����.��
νh

 "!<L:�TeC1��,Lm "1nBEDHI?9�op�]1��,+q�����`SH�g���C.`�
�����<�i�6'"'"�`+� "1�cP>T�61RSH�T��c��$1�>$�����$!&%�'(��!

1

N

N
X

i=1

ω2
i,t

 

h(xi,t) −
N
X

j=1

ωj,th(xj,t)

!2

Id(Ki,t)
N→∞
−→P νh

 

αt
dqd(x, x′)

(
PD

l=1 αt
lql(x, x′))2

!

,
Bbr`s�I

1

N

N
X

i=1

ω2
i,t

 

h(xi,t) −
N
X

j=1

ωj,th(xj,t)

!2

N→∞
−→P σ2

1(α
t).

Bbr,t6I

u 1�'(J8�����<e���!b��>$�61RSH�T��c��$1�>T�g1��$�,L:!-d��g>$�61�!& *L��T���,Lv!& *1�>$�<�����g'*.`�&���T�[>,.�1md��g�$.�!& "'(JmL:�,L�%�>$�,LP�����6/w�����<�)����/0�?��d�J8!&%�/0/0 *1�cK�`SH�?�
d
92�l�M�����`SH�<x2QC9�Bbr`s6I \ +��<+� "'*'4!&���,+^���C.��

1

N

N
X

i=1

ω2
i,tH(xi,t)Id(Ki,t)

N→∞
−→P νH

 

αt
dqd(x, x′)

(
PD

l=1 αt
lql(x, x′))2

!

�)���<.�1RJ8�i%�1�>?�� *��1
H
!�.��� "!b��J� "1�c

π(H) = 0
.�1CL

π
˘

(1 + H(x′))π(x′)/qd(x, x′)
¯

< ∞
�)����!&��/0�

d ∈ {1, . . . , D}.
Bbr$yHI

op�].�����'(Jv�	���T�����$/{z]9*r<���5=<��%�>g�T�[.�'A9XBED�F�FHGHI�+� (���

GN = σ
“

(x̃i,t−1)1≤i≤N , (αt,N

d )1≤d≤D

” .�1CL
UN,i = N−1ω2

i,tH(xi,t)Id(Ki,t).

| �61�L� (�� "�61C.�'"'"JW�61
GN

\ (Ki,t, xi,t)1≤i≤N

.����] "1CL:�$���$1�L��$1���.�1CLP�i����.�'"'
(d, A)

 "1
{1, . . . , D} × A \

P (Ki,t = d, xi,t ∈ A| GN ) = αt,N

d Qd(x̃i,t−1, A)
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E

 

N
X

i=1

ω2
i,tH(xi,t)Id(Ki,t)

N
I{ω2

i,t
H(xi,t)Id(Ki,t)>C}

˛

˛

˛

˛

˛

GN

!

≤
D
X

j=1

1

N

N
X

i=1

Z

π(dx)
π(x)H(x)αt,N

d qd(x̃i,t−1, x)

(
PD

l=1 αt,N

l ql(x̃i,t−1, x))2
I(

π(x)2H(x)

D−2q2
j
(x̃i,t−1,x)

>C

)

≤
D
X

j=1

1

N

N
X

i=1

Z

π(dx)
π(x)H(x)

αt,N

d
qd(x̃i,t−1, x)

I(

π(x)2H(x)

D−2q2
j
(x̃i,t−1 ,x)

>C

)

N→∞
−→P

D
X

j=1

Z

π(dx′)π(dx)
π(x)H(x)

αt

d
qd(x

′, x)
I(

π(x)2H(x)

D−2q2
j
(x′,x)

>C

)

d�J�����������j !b�O.����,LK *1M�	���$�����$/ DR9"r�.�1�LK!& "1�>$�-�����	 "1CL�%�>T�� "�610.�!&!&%�/0�:�� *��1V "/0��'" "�$!#���C.`�
αt,N

d

N→∞
−→P αt

d

+��� ">O�M "!2����!& "�� "SH�-d�J]�����
%���L�.��� "1�c��)����/K%�'*.K���

αt
d

9Z�	���@����!->$�61RSH�?��c6�$!-���MFV.�!
C
c6�T��!-���K *1:eC1� "� J8%�!& "1�cWBbr,y�I	.�1CL

π{H(x′) = ∞
���

qj(x, x′) = 0} = 1
9

�	�R%�! \ �	���$�����$/ z�9"r<���#=<�6%�><�T��.�'A9XBED�F6F6GHI	.�����'" "�$!@.�1CL

1

N

N
X

i=1

ω2
i,tH(xi,t)Id(Ki,t) − E

 

1

N

N
X

i=1

ω2
i,tH(xi,t)Id(Ki,t)

˛

˛

˛

˛

˛

GN

!

N→∞
−→P 0.

�l�M>$��/0��'"�T���@�����<��������� \  "�����$/8.� "1�!-���V!&���`+^���C.`�

E

 

1

N

N
X

i=1

ω2
i,tH(xi,t)Id(Ki,t)

˛

˛

˛

˛

˛

GN

!

=
1

N

N
X

i=1

Z

π(dx)
π(x)H(x)αt,N

d qd(x̃i,t−1, x)

(
PD

l=1 αt,N

l ql(x̃i,t−1, x))2
N→∞
−→P νH

 

αt
dqd(x, x′)

(
PD

l=1 αt
lql(x, x′))2

!

BED�F6I
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1

N

N∑

i=1

∫
π(dx)

π(x)H(x)αt
dqd(x̃i,t−1, x)

(
∑D

l=1 αt
lql(x̃i,t−1, x))2

N→∞−→P νH

(
αt

dqd(x, x′)

(
∑D

l=1 αt
lql(x, x′))2

) �<�U� �
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0
oJm"~Utukn��}n�UopzJopexan¥

Q�k�cfW�W&egRUo�c�§ ½ t�cxeym�kwegW�egR�}we\qªkntK}nzpz
t ≥ 1

§UqªkntK}nzpz
d
opm {1, . . . , D} § αt

d > 0
}wm��!egRb��c�§��baLegRUW�oJm��d��j{egoJknm.}Ocgcg�UVX~deuopkOm©§

qªkOty}wzJz
d
oJm {1, . . . , D} § αt,N

d
−αt

d

αt
d

N→∞−→P 0
¥0²®eyR�}OcS��W�W�m¡cfR�k��\mLoJm
«kn��j&W�eK}wz;¥ �<�n�n������egR�}we

∣∣∣∣∣
αt,N

d qd(x̃i,t−1, x)
∑D

l=1 αt,N
l ql(x̃i,t−1, x)

− αt
dqd(x̃i,t−1, x)

∑D
l=1 αt

lql(x̃i,t−1, x)

∣∣∣∣∣ ≤ 2 sup
l∈{1,...,D}

∣∣∣∣∣
αt,N

l − αt
l

αt
l

∣∣∣∣∣ .

Y�kOV��UoJmUoJmUlX�\o¨euR ∣∣ A
B2 − C

D2

∣∣ ≤
∣∣A
B

∣∣ ∣∣D−B
BD

∣∣+
∣∣ 1
D

∣∣ ∣∣A
B − C

D

∣∣ aboJW�z��UcS�ba!cfegt�}woJlnR�efqªkOtg�S}wt��"}wzJlnW��Ut�}U§
∣∣∣∣∣

αt,N
d qd(x̃i,t−1, x)

(
∑D

l=1 αt,N
l ql(x̃i,t−1, x))2

− αt
dqd(x̃i,t−1, x)

(
∑D

l=1 αt
lql(x̃i,t−1, x))2

∣∣∣∣∣

≤ 1
∑D

l=1 αt,N
l ql(x̃i,t−1, x)

(
sup

l∈{1,...,D}

∣∣∣∣∣
αt,N

l − αt
l

αt
l

∣∣∣∣∣

)

+
1

∑D
l=1 αt

lql(x̃i,t−1, x)

(
2 sup

l∈{1,...,D}

∣∣∣∣∣
αt,N

d − αt
d

αt
d

∣∣∣∣∣

)

≤
(

1

αt,N

d

+
2

αt
d

)
1

qd(x̃i,t−1, x)

(
sup

l∈{1,...,D}

∣∣∣∣∣
αt,N

l − αt
l

αt
l

∣∣∣∣∣

)
.
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−αt

d

αt
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1

N

N∑

i=1

∫
π(dx)

π(x)H(x)

qd(x̃i,t−1, x))

N→∞−→P π

{
H(x′)π(x′)

qd(x, x′)

}
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