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Abstract: We address the numerical simulation of fluid-structure systems involving an
incompressible viscous fluid. This issue is particularly difficult to face when the fluid added-
mass acting on the structure is strong, as it happens in hemodynamics for example. Indeed,
several works have shown that, in such situations, implicit coupling seems to be necessary in
order to avoid numerical instabilities. Although significant improvements have been achieved
during the last years, solving implicit coupling often exhibits a prohibitive computational
cost. In this work, we introduce a semi-implicit coupling scheme which remains stable for
a reasonable range of the discretization parameters. The first idea consists in treating im-
plicitly the added-mass effect, whereas the other contributions (geometrical non-linearities,
viscous and convective effects) are treated explicitly. The second idea, relies on the fact that
this kind of explicit-implicit splitting can be naturally performed using a Chorin-Temam
projection scheme in the fluid. We prove (conditional) stability of the scheme for a fully
discrete formulation. Several numerical experiments point out the efficiency of the present
scheme compared to several implicit approaches.
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Un schéma de projection semi-implicite pour le
couplage d’une structure élastique avec un fluide
incompressible

Résumé : On s’intéresse ici a la simulation numérique de phénomenes d’interaction fluide-
structure dans le cas ou le fluide est visqueux incompressible. Dans de telles situations, et
lorsque les effets de masse ajoutée sur la structure sont grands (comme c’est le cas pour
les écoulements sanguins), il semblait, jusqu’a présent, nécessaire de mettre en ceuvre des
stratégies de couplage implicite et ce afin d’éviter 'apparition d’instabilités numériques.
Cependant, malgré les progres significatifs réalisés ces derniéres années afin de mettre en
place des schémas implicites performants, la résolution implicite reste tres cotiteuse. Dans cet
article, nous proposons un schéma semi-implicite, stable pour un large choix de parametres.
Il repose sur deux idées simples : les effets de masse ajoutée sont traités implicitement
alors que les autres contributions (non-linéarités géométriques, dissipation, convection) sont
traités explicitement, et ce schéma implicite-explicite peut étre réalisé grace a l'utilisation
d’un méthode de projection dans le fluide. On montre sur un probléeme linéaire discrétisé
en temps et en espace que le schéma est conditionnellement stable. De plus, plusieurs tests
numériques illustrent la grande efficacité de 'algorithme proposé.

Mots-clés : interaction fluide-structure, couplage semi-implicite, effet de masse ajoutée,
schéma de projection, écoulements sanguins.
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1 INTRODUCTION

We propose in this article a new method to solve fluid-structure interaction problems in-
volving an incompressible viscous fluid. This coupling may be delicate when the so-called
added-mass effect is strong. Indeed, in such situations, implicit coupling schemes (also
known as strongly coupled), i.e. preserving energy balance, seems to be necessary to avoid
numerical instabilities. This leads to very expensive simulations since, at each time step, a
lot of resolutions of the fluid and the structure problems have to be performed. Nevertheless,
in other situations, e.g. when dealing with compressible fluids or with a low added-mass
effect, explicit coupling schemes (also known as loosely or weakly coupled), i.e. typically re-
quiring only one fluid and structure resolution per time step, prove to be stable. The purpose
of this paper is to propose and analyze a partially explicit (or semi-implicit) scheme, which
remains stable in test cases for which only fully implicit schemes were known to be stable
(to the best of our knowledge). The proposed algorithm, based on the classical Chorin-
Temam projection scheme for incompressible flows [B, |6, 46], is much more efficient than
any strongly coupled scheme we are aware of. Moreover, its stability properties, observed in
various complex numerical simulations, are confirmed by a theoretical analysis carried out
in a simplified configuration.

2 MOTIVATIONS AND MAIN IDEAS

To explain and motivate the proposed algorithm, a few notations are needed. Let (¢) be
a time-dependent domain in R? (d =2 or 3), see Figure [ We assume, for all time ¢, that
Q(t) = QF (1) UQs(t) and QF (t) N Q3(t) = 0, where Q/(¢) is occupied by an incompressible
viscous fluid and Q°(t) by an elastic solid. The fluid-structure interface is denoted by
X(t) = QF (1) N Qs(¢).

Q(t)

Figure 1: The current configuration Q(t).

The velocity and the Cauchy stress tensor are respectively denoted by w and o/ in the
fluid and by 1 and o in the structure. Before discretization, the fluid-structure coupling is
defined through the transmission conditions

u=n, ol -nf+06° n°=0 on %, (1)

RR n° 5700



4 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

where n/ (resp. n*) denote the outward normal on 9Qf (resp. 99°).

From the computational viewpoint, a straightforward way to satisfy the discrete coun-
terpart of ([l) is to simultaneously solve the fluid and the structure problems in a unique
solver. This results in the so-called monolithic or direct methods. Examples of such an ap-
proach are too numerous to be reviewed extensively: for instance, we can cite recent works
using an Arbitrary Lagrangian Euler formulation [45] 1], a fictitious domain method [, [I]
or transpiration interface boundary conditions [23]. By construction, a monolithic method
enforces the transmission relation ([l): one says that it is strongly coupled. As a consequence,
a monolithic method is generally stable in the energy norm. But this approach needs ad
hoc software development and typically results in a global solver which is less modular than
two distinct fluid and structure solvers. In particular it is difficult to devise efficient global
preconditionners, and to maintain state-of-the-art schemes in each solver.

With the so-called partitioned procedures, the fluid and the structure are solved with
two different codes. This allows the use of “legacy software”, and increases the capabilities
of evolution and optimization of each code. In fluid-structure problems this idea goes back,
at least, to the work by K.C. Park. One of the historical motivations of his Staggered
Solution Procedure is recalled by C.A. Felippa in [[7]: in 1975, the US Office of Naval
Research awarded a contract for the development of a 3D “underwater shock” code with
the constraint, set by submarine-builders, of using NASTRAN. But this code had become a
proprietary program and the source code was no more accessible. Thus, the use of monolithic
methods was ruled out. Of course, code accessibility is not the only motivation for the
staggered procedures: an attractive feature of this strategy is also the possibility of using
for each sub-problem the methods the most adapted to its specific mathematical properties.
Nevertheless, it soon appeared that too naive staggered schemes are limited by a very small
time step. Much work has then been dedicated to the improvement of this basic idea. For
example, tricky predictors to improve accuracy [E3, 2], or the augmentation concept to
relax time step constraints (e.g. [I8]).

Among the partitioned schemes, we have to distinguish the weakly coupled ones from
the strongly coupled. A scheme is said to be weakly (or loosely) coupled when () is not
exactly satisfied at each time step, or in other words, when a spurious numerical power
may appear on the fluid-structure interface. Let us emphasize that a partitioned scheme
is not necessarily weakly coupled: when sub-iterations are performed at each time step,
the transmission conditions () can be enforced with a high accuracy even though two
different solvers are used. Nevertheless, partitioned procedures are often used to implement
weakly coupled schemes. Indeed, many fluid-structure interaction problems, in particular in
aeroelasticity, can be solved in practice without enforcing exactly (). We will not address
here those situations which have been widely studied in the literature. We refer for example
to [16] for a state-of-the-art presentation of such approaches.

In the present work, we are interested in those cases where the classical weakly coupled
schemes are apparently unstable, as observed in various numerical studies (for instance [38,
32, [0, 26]). This typically occurs in the internal flow of an incompressible fluid whose density
is close to the structure density. Blood flows provide an example of such a situation. A few
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A semi-implicit scheme for fluid-structure interaction 5

papers have proposed partial theoretical explanations of this fact. The role of the added-
mass effect has been pointed out in [32]. A stability criterion, involving the density ratio and
a geometrical parameter, has been established in [3]. It is worth noticing that this theoretical
criterion is independent of the time step, which confirms empirical observations: reducing
the time step does not cure these instabilities. Let us mention that the incompressibility of
the fluid seems to play an important role in the observed instabilities. This may be related
to the fact that, in the case of an incompressible fluid, the partitioned algorithm is applied
to a system of differential algebraic equations, as pointed out in [34, 35].

To our knowledge, strongly coupled schemes have been, up to now, the only way of
avoiding those numerical instabilities. To enforce transmission conditions ([l) in a partitioned
approach, many sub-iterations have to be performed, at each time step, which often leads
to prohibitive computational costs. This explains why, these last years, so many works
have been devoted to the development of efficient methods for the solution of the non-linear
problems arising in implicit coupling.

A number of fixed point strategies have been proposed: in [32] a steepest-descent algo-
rithm is presented, an Aitken-like acceleration formula in used in [B9, B7] and transpiration
boundary conditions are used in [I1] to avoid the computation of the fluid matrices at each
sub-iteration. In [#4], the authors propose to relax the fluid incompressibility constraint in
order to accelerate the convergence of the fixed-point iterations. The artificial compressibil-
ity is devised to eventually vanish at convergence. This tricky idea outlines the importance
of the divergence-free constraint in the coupled problem.

Further advances on the topic suggested the use of Newton based methods for a fast
convergence towards the solution of the coupled non-linear system. These methods require
the evaluation of the Jacobian associated to the fluid-solid coupled state equations. Inexact
Newton methods are addressed in [33), BB, B7, B1] by using finite difference approximations
of the Jacobian, in @7, B8, 25, 26, B1] by replacing the coupled tangent operator by a
simpler linear operator and, applied to complex geometries in [27]. Exact Newton algorithms,
including differentiation with respect to the fluid domain, are introduced in [20} 21, [T9, 22],
see also [4T].

Acceleration techniques using Krylov spaces have been proposed in [12, 31, B6]. The
heterogeneous domain decomposition point of view adopted in [32], and further developed
in [T0], offers an interesting unified presentation of all these partitioned strongly coupled
schemes. Note, in particular, that most of the coupling algorithms are based on the so-
called Dirichlet-Neumann strategy, which means that the fluid is solved by enforcing the
velocity, and the structure by enforcing the load. A nonlinear extension of the so-called
Neumann-Neumann strategy has been proposed in [9, [0].

Although significant improvements have been achieved over the last years, none of the ex-
isting strategies are able, in the test cases we are interested in and at least to our knowledge,
to circumvent strong coupling without compromising stability.

The method that we propose and analyze in this paper is not strongly coupled, in the
sense that () is not exactly enforced, but it exhibits very good stability properties. It
basically relies upon two ideas. The first one is to couple implicitly the pressure stress to
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6 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

ensure stability. This is suggested in [3] where it is shown that explicit coupling of the added
mass term yields instabilities. The remaining terms of the fluid equations — dissipation, con-
vection and geometrical non-linearities — are explicitly coupled to the structure (of course,
these terms may be implicit within the fluid solver). This drastically reduces the cost of
the coupling without affecting too much the stability. The second idea, relies upon the fact
that this kind of implicit-explicit splitting can be conveniently performed using a Chorin-
Temam projection scheme (see for instance [29]) in the fluid: at each time step we propose
to strongly couple the projection sub-step (carried out in a known fluid domain) with the
structure, so accounting for the added-mass effect in an implicit way, while the expensive
ALE-advection-viscous sub-step is explicitly, i.e. weakly, coupled. The main advantages of
the resulting algorithm are: its simplicity of implementation (specially compared to sophis-
ticated Newton-like methods) and its efficiency compared to any strongly coupled schemes
we are aware of. Obviously, the main drawbacks are: first, it assumes the fluid to be solved
with a projection scheme and, second, the energy is not perfectly balanced, at least from a
theoretical viewpoint. In spite of that, theoretical and numerical evidence show that, for a
wide range of physical and discrete parameters, the scheme is numerically stable.

The remainder of the paper is organized as follows. In the next Section we introduce a
general fluid-structure interaction problem and describe its associated mathematical model.
In Section Bl the resulting system of equations is semi-discretized in time using the new
coupling scheme based on the Chorin-Temam projection method. In Section B we provide
a theoretical stability analysis of our scheme on a simplified linear model problem. The
numerical results are presented in Section B showing the relevance and efficiency of the
proposed scheme. Finally, we give some conclusions and draw some lines for a future work.

3 PROBLEM SETTING

Let Q0 = QF U Q* be a reference configuration of the system, see Figure I We denote the
deformation of the solid medium by

©* : Q° % [0,T] — Q°(2).

We then introduce the corresponding deformation gradient F*°(Z,t) def Vip(Z,t), and its

determinant J*(&, t) 4 Jet F* (Z,t). The displacement of the domain is given by n(z,t)

@*(&,t) — . Within the structure, the velocity of a material point &, 9;¢*®(Z,t) = 9n(Z,t),
is denoted by 7. Within the fluid, u(z, t) stands for the fluid velocity at a point x of the fluid
domain. In addition, we adopt a fluid Arbitrary Lagrangian Eulerian (ALE) formulation by
introducing another mapping,

def

A:Qf < [0,T] — Qf (1),

such that A|ﬁ: = golsﬁ:, but which in general does not follows the material trajectories (see

[13], for instance). We then introduce its corresponding deformation gradient F7(z,t) def

INRIA



A semi-implicit scheme for fluid-structure interaction 7

V:A(#,t), and determinant J/ (2, 1) L Qet F/(i,t). The fluid domain velocity is denoted

7

by w(i, t) < 9,A(,1).

A('vt)
R
2 \_//r
& Q) Qs (t)

Figure 2: Parametrization of the domains Qf(¢) and Q*(¢).

We introduce the first Piola-Kirchhoff tensor in the structure
I (0 0 ") (F*) 7.
The field IT is related to  through an appropriate constitutive law. We assume the fluid to
be incompressible and Newtonian, thus

)<

with p the pressure and
of 1
€(u) def 5(Vu + VuT),

the strain rate tensor.
The fluid-structure problem then reads:

w=Ext(ng), in Q7

pf%—qtl 4ol (u—w) - Vu - 2udiv (e(u)) + Vp =0, in QF(1),
divu =0, in Qf(1),

u=mno(p)t on X(t),
sn

P o
Im-n®=Jo/(u,p)- (F)™T.n* on 3,

—divz(II) =0, in °,

0
where E‘ represents the ALE time derivative and Ext denotes any reasonable extension
xT

operator in the fluid domain. Of course, the above coupled system has to be complemented
with adequate boundary conditions on 9€(t), that will depend on the physical problem
under consideration.

RR n° 5700



8 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

4 A PROJECTION BASED SEMI-IMPLICIT COU-
PLING

We present in this section our semi-implicit coupling scheme. We assume that the incom-
pressible Navier-Stokes equations are solved with the Chorin-Temam projection scheme and
that the structure equations are discretized with the mid-point rule. We denote by dt the
time step, and, for the sake of clarity we present the time semi-discrete version of the algo-
rithm. Assuming that Q", u”, p”, n™ are known at time t", we propose to compute Q"+1!,
untl pntl n*1 according to the following procedure:

e Step 0: Second order extrapolation of the fluid-structure interface:

~n n 3., 1.,._
0"t =n +5t<§n — 30 1)- (4)

e Step 1: Definition of the new domain:

~n+1

n n
BTy T B, 0P =0 st (5)

n
w

e Step 2: ALE-advection-diffusion step (explicit coupling):

f 'El/n+1 _
ot

un

+pf (@ — ) VATt - 2udiv (e(@™t)) = 0, in QFmF

x

p

"t =", on ¥t

e Step 3: Projection step (implicit coupling):

— Step 3.1:
+1 ~n+1
pfun é;u + Vpn+1 =0, in Qf,n+17
diva"t =0, in Q" (7)
+1
u"tl.onf = % -nf, on XL
— Step 3.2:
. n+1 . n n n+1
_ " +II .
ps% — lei (%) = 0, m QS,
nn+1 _ "7n _ ,’-,,n-ﬁ—l +,,;,n 0 Qs (8)
ot B 2 ’
Hn+1 .nS = Jf,nJrl(o,f(,anJrl’anrl) ° An+1)(Ff,n+1)7T . TLS, on 3

INRIA



A semi-implicit scheme for fluid-structure interaction 9

Note that the steps 1 and 2 are performed only once per time step. In a partitioned
procedure, step 3 is solved by sub-iterating between steps 3.1 and 3.2 (using fixed-point
or Newton iterations, for instance) since ! is required in 3.1 while p"*! is required in
3.2. The two sub-problems of steps 3 are therefore solved several times but contrarily to a
fully coupled procedure, the part of the fluid solved during the inner iterations reduces to
a simple Darcy-like problem. In a standard strongly coupled approach, the domain velocity
in step 1 would be defined from the (unknown) solution of the structure problem by

n

1
n+1 — 77n+ -n

w - _ .
P> ot IS

The sub-iterations would therefore include step 1 and step 2 which increases dramatically the
overall computational cost. The main contribution of this work is to show that steps 1 and
2 can indeed be treated “outside” the inner loop of sub-iterations, without compromising
too much the stability.

Remark 1 A variant of the above scheme can be obtained by switching steps 2 and 3, i.e.
using a velocity-correction scheme within the fluid [29].

5 STABILITY ANALYSIS

In this section we analyze the stability of a slightly simplified version of our semi-implicit
coupling scheme, when applied to a linear model problem.

5.1 A simplified coupled problem

We consider a low Reynolds regime and assume that the interface undergoes infinitesimal
displacements. The fluid might then be simply described by the Stokes equations in a
fixed domain Qf C RY, d = 2,3. For the structure we also consider a linear behavior,
described either by the classical linear elastodynamics equations or by equations based on
linear beam/shell models. The reference domain of the solid is denoted by Q° C R?. It will
be either a domain or a surface of R? (in this later case the elastic domain is identified to its

mid-surface). We still denote by X L 905 M 09/ the fluid-structure interface. In the case

the structure is described by beam/shell model we have Qs = ¥, see Figure

RR n° 5700



10 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

Tin of \ ) Tout \
/ F’Ln Qf m - Fout
rd N rd /
O3 \Fd Fd/
(a) Case Q5 # % (b) Case Q5 =%

Figure 3: Examples of geometric configurations.

In particular, when dealing with a d-dimensional linear structure, our simplified coupled
problem reads as follows:

p! Ou — 2pdiv (e(u)) + Vp = 0, in QF,

divu = 0, in Qf, ©
u = 0, on X,

ol (u,p)-n' =0, on Imyurow,

p*O0un —V-o’(n) =0, in Q7

o(n)-n® =o' (u,p) n, on 3, (10)
n=0, on I

Here, o*(n) stands for the linearized Cauchy stress tensor, related to displacement 1 through
an appropriate constitutive law (Hook’s law, for instance).

In the sequel, we will consider the usual Sobolev spaces H™(2), m > 0, for a given
domain Q C R%. In particular, we have L?(Q2) = H°(Q). The scalar product in L?(f) is
denoted by (-, ") and its norm by || - [|o,o.

In order to provide a variational setting for the above coupled problem, we define the
following spaces of test functions:

v {'vf S [Hl(Qf)]d . /=0 on Z},
and in the case of the d-dimensional linearized elasticity
Vel ot e [HYQ)4: v*=0 on I},

Multiplying the fluid equation (@) by v¥ and the solid equations by v*, integrating by
parts and taking into account the boundary conditions, it follows that any regular solution of

INRIA



A semi-implicit scheme for fluid-structure interaction 11

(@-(I0) satisfies the following weak formulation: for all (v/,q) € V¥ x L2(Qf) and v* € V*

p! (B, vT) ), + 2u(e(w), e(v?)) oy — (0, V-0 oy + (4, V- 1), =0,
u=0m, on X, (11)

p*(Oum, v°)as +a’(n, v°) = — (R(w, p), L(v))

where the operator £ represents a continuous extension operator from V'® into the space
Wi ol e [HY(Q))Y: v/ =0 on TUT™},

Here, we used the notation:

a*(n,v°) = (o*(n), e(v*)) .-

Finally, the load on the structure is given by the following duality pair
def
<R(u,p),vf> = (8tu,vf)m + 2u(e(u),e(vf))m - (p,V . vf)m, vol e W/,

This expression represents the residual of the variational fluid sub-problem ([[1l); when tested
with functions that do not vanish on Y. It can be readily checked that, for any solution

(u,p) of ()1, we have

Ru,p). £00")) = [ o' (wp)n’ "
b
However, computing the fluid interface load from the variational fluid residual has the major
advantage of still making sense after discretization in space, and to lead to somewhat more
stable numerical results.

When dealing with beam or shell models the weak formulation takes a similar form, but
with different definitions of a® and V*® depending on the considered structure model. Thus,
in the sequel, a® will stand for a general symmetric bi-linear form, coercive on V?°, which

describes the linear elastic behavior of the solid. Moreover, we assume the space V* to be
continuously embedded in [H!(2*)]9.

Remark 2 By testing [[) with v/ = u — L(0;m), ¢ = p and v* = Oym, (v’ is admissible
thanks to [)2), one readily obtains the following energy equality:
a [yt

P L s
7 | 5 luloe + Sllomlge + 5a*(nm) | +2ulle(w) 50 = 0. (12)

In other words, the variation of the mechanical energy of the system is equal to the power
dissipated by the fluid viscosity.

In the next paragraph we address the time discretization of ([[Il) using a simplified version
of the semi-implicit projection scheme introduced in Section @l

RR n° 5700



12 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

5.2 Time semi-discretization

In order to set up the variational formulation of the projection sub-step, we introduce the
following spaces:

Y€ ol e 2@ vl e 22N}, Y ¥ wiey vl nf=0 on %}

Assuming that @", u™, p" and n™ are known, the time semi-discretized formulation we will
analyze writes: find (@" !, u™t!, pntt ) € [HY(QF))4 x YT x L2(Qf) x V* such that:

e Diffusion step (explicit coupling):

f
P -n n ~n ~ ~
E(u o ,vf)m + 2p(e(a +1),e(’vf))m =0, Vol eV,
(13)
n _ aan—1
artt =11 5;7 . on 3,

e Projection step (implicit coupling)

g_:;(unJrl _ ﬂn“a”f)m _ (p”“, V- vf)m + (q,V . un+1)m =0,

V(v!,q) e Y§ x L2(Q)),

u"tlonf = T,n-kléit_nn -nf, on X, (14)
g;;(nnﬂ ot 4 nnf1,vs)m +at (vt vt) = — <Ru(ﬁn+1)7£(05)>

— <Rp(u”+1,p"“),£(vs)>, Vot e Vg,

with the following definition of the fluid residuals R, and R:

f
<Ru(f‘n+1)’ i’f> = g_]f(f‘n+1 —u”, f)f)Qf + 2“(6('{‘”“)’ e(f’f))ma

f
(Ry(w 1), o) S (vl gy — (V-0 ),

for all o/, v/ e W/,

Remark 3 We have considered here a simplified version of the coupling scheme presented in
Section[g] In particular, the fluid domain being fized, no ALE terms appear in the equations.
Moreover, for the sake of simplicity, we switch off the second order extrapolation step and
assume that the solid equations are discretized in time with a leap-frog scheme. Nevertheless,
the main feature of the coupling scheme is preserved: the diffusion step is explicitly coupled
with the structure.

INRIA



A semi-implicit scheme for fluid-structure interaction 13

The above scheme involves a splitting of the residual R in terms of the residuals R, and
R,p. The former represents the interface fluid viscous stress (explicitly treated), whereas the
later corresponds to the interface fluid pressure stress (implicitly treated).

In the next paragraph we introduce a finite element discretization of ([I3)-(T4).

5.3 Space discretization: fully discrete problem

Let {Thf}o<h§1 ({75 Yo<m<1) a family of triangulations of the domains Q/ (resp. °) sat-
isfying the usual requirements of finite element approximations. For each triangulation the
subscripts h, H € (0, 1] refer to the level of refinement of the triangulation. In particular, h
is defined as ot

h = max hg
KeTy, ’

with hx the diameter of the element K. We define H in an analogous way. In addition, we
assume that both families of triangulations are quasi-uniform. For instance, for {Thf Yo<n<1s
this implies that

hk

— < CRr, hg>Cyh, VKeT, VYhe (0, 1], (15)

PK
where pg stands for the diameter of the largest inscribed ball in K and Cg,Cy > 0 are fixed
constants. In the sequel, C' > 0 is used to denote a generic mesh-independent constant.

We define Q£ as an internal Lagrange finite element approximation of L2(Q7), Vhf as

an internal Lagrange finite element approximation of [H!(27)]4, V5 being an internal finite

element space approximation of V. We set Vhf 0 def Vhf N V7. The space Y/ (resp. Yof )

is approximated by Yhf (resp. Yhf o) such that Vhf C Yhf . For a discussion on the possible
choices of approximation spaces for the projection method we refer to [30].

Remark 4 Solving the projection sub-step as a Darcy-like problem requires an inf-sup con-
dition on the pair (Q{, Vhf). However, this additional assumption does not play any role in
the following stability analysis.

We denote by V5 (X) and Vhf (3) the trace finite element spaces associated to V5 and Vhf ,
respectively. Note that V5 (3) is equal to V}5 whenever Q¥ C R?~L. Finally, 7, : V5(X) —
Vhf (X) stands for a given interface matching operator. For instance, m, can be a linear
interpolation operator (nodal-wise matching) or a projection based operator (see [2]). For a
discussion on the optimality of such choices we refer to [I5], 28].
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14 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

n+1 n+1 n+1 n+1
P ) €

Therefore, the fully discretized problem writes as follows: find (u) A/ 1

Vhf X Yhf X Q£ x Vi such that

f

P (=n n - -
5t (ap ™~ uh’”}{)m +2u(e(uy ™), E(Ui))gf =0, V”}{ € Vh{Ov

. i (16)
uZ‘H =T, (777}1 &7711 ) , on X
p n n n
5t (up ™ — @™, ”}i) —(p V- ”h) +(an, V- up ™), =0,
(vhaqh) € YfO X th

_ aan—1
uZ“ nf =m, (%) nf, on X, (17)
p(n+1_2n+ n—1 s) + (n+1 s)__<R(n+1)£( )>
512 Ny Mg =My >VH)gs Ta Ny V)= h
— (Rp(u) ™, pp ™), L (vy)), Yoy € V.
Here, L, : V5 () — Vhf stands for a given discrete lifting operator satisfying
Eh(bH) = ﬂh(bH), on X.
In particular, in the following, £, will be defined by:
dof
Libr) = Y mubn)())eh, (18)
i=1
zlh ex

with {21}V {0i1N% the sets of nodes and shape functions of Vh This choice is motivated
by the fact that, under appropriate assumptions on 7y, L has suitable mathematical prop-
erties enabling us to prove the stability of ([[H)-([7) (see Lemma [ below). Moreover, from
the numerical point of view, ([[J) is indeed the discrete lifting operator used for computing
the fluid residuals R, and R,.

5.4 Main stability result
The following Theorem provides the conditional stability of the coupling scheme (G- ().

Theorem 1 Assume that the interface matching operator wy, : V(X)) — Vhf(E) is L*-
stable. Then, there exists a constant C' > 0, independent of the physical and discretization
parameters, such that under the condition

h /L5t . def 0, Zf s = 3,
S>C f—+2—), with « = _ 19
p= <p He " “hHe 1, if B4, (19)
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the following discrete energy estimate holds:

n+1 2
My —Mu

ot

1 [pf +12 p’ 2 1
5 ?”“Z ||o,Qf*?||“ZHo,Qf Jr&

pS
2

p° |[ml ="
5t

2
O,Qf‘|

1 n n n n ~ N
+ 557 [as (0 ™) — as(n )] + plle(ag 5 or < 0. (20)

[\

0,07

Therefore, the semi-implicit coupling scheme ([[Q)-(Cd) is stable, in the energy-norm, under
condition ().

Before giving the proof of the previous theorem, some remarks are in order:

e The assumption on the L2-stability of the interface matching operator is satisfied by
the standard finite element interpolation operator, for example, whenever the fluid
interface triangulation is a sub-triangulation of the solid interface triangulation (see
Lemma B in appendix). This includes, in particular, the case of interface matching
meshes. By construction, a mortar based matching operator also fulfills that assump-
tion (see [2]).

e The sufficient condition ([d) can be satisfied by reducing the ratios & and h‘;;a . The
later might be thought as a CFL-like condition.

e In the case Q5 = ¥, i.e. a =0, condition () becomes independent of the solid mesh

size H. In particular, we may set H = h, and stabilize the scheme by simply reducing
h (and 6t).

e In the case Q5 # ¥, i.e. o = 1, the stability of the scheme can be ensured provided
that the fluid mesh size h is small enough compared to the structure mesh size H.
Numerical simulations performed in 2D and 3D, with h = H, showed however that this
condition seems to be not necessary, when dealing with a reasonable range of physical
parameters. Indeed, other sufficient stability conditions can be derived following the
arguments of the proof below (see Remark H).

Further discussions on the stability of the scheme are given at the end of this paragraph as
a series of remarks.

Proof. In order to derive the discrete energy estimate, the first natural idea (see Remark
B) would consist in testing ([[H)-(d) with

gt —nl
Ch HTH7 of =uptt — Luvy), v =uptt = Lu(vy), g =)
However, due to the explicit coupling of the diffusion step, the trace f;£|g is not necessarily

zero. In other words, f;£ is not an admissible test function. This can be overcome by
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16 M.A. Ferndndez, J.-F. Gerbeau, C. Grandmont

subtracting the appropriate correction term, which leads us to the choice:

n+1 n n+1 n n—1
s 77HJr — Mg of = n+1 — Ln(v%) — L (TIHJr —2n% + Ny >

<
I
>

ot ’ ot
of =uptt — Lu(vy), g =)

With this choice, from (IH)- (), one obtains:

,anJrl —u? wrtl — ,&nJrl
ph | L “ZH + 2plle(n n+1)||0 f + pf | ————= “ZH
ot af ot of
e L | Cat (g iyt —ny
5t2 ’ St s " 5t

n+1 n n—1
n Mg — 20y +n
- (et ()

The residual term in the right hand-side of (ZI) comes from the explicit coupling of the
diffusion step ([[@). It corresponds to the discrete counterpart of the artificial interface

power
n+1l _ . n
9 n+1 fofsn+1_ "M oy
/2 pelw™) - ot

Unlike fully explicit coupling (or weak coupling) this artificial term is only viscous power.
Indeed, the fluid pressure is implicitly treated in step (7), so as to keep implicit the main
part of the added mass effect.

Using the identity (a — b,a) = 3[lal|* — 1||8]|> + %|ja — b]|?, the definition of R,, and the
bi-linearity and symmetry of a®, from (ZII), we have

f
P [isn+1 ~n+1 1
o [ 13 s — 3 s + 185 = wi g | + 20lle(@; )3 s
Pf n+1 nt1 n+l _ ~n+l
+ 2= [l 12 o -l 1 60+ Nt = @13
_ 2 _ 2
Lo || - i P |y - L ||t = 2n 4 m
20t St 0.00 ot 0.0 ot 0,00
1 X
+ o7 [ (i) = ot (g mi) + (" — ™ — )]

A ST g =2 !
=—|uy," —uy, L
5t 5t o

n+1 _ n n—1
+2u( (@ "“),e(c (”H 20y ))) |
ot of
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Therefore, using the coercivity of a® and the Cauchy-Schwarz inequality, it follows that

pf n+12 n|2 ! ~n41 n|2
i 18 g = i 3 g | + S 185 = it s

O,QS‘|

20t L'
2 _
s Hn’ﬁ“—n’}{ ’77%—?7?11 +H77’£1“—277}§+?79§1
201 5 oo 5 oo 5t
1 _
+ g7 [0 0 i) = a (i )] + 2ule(@i G o (22)
f f ntl _gon n—1
P’ | ~n+1 n|2 P Ny Ny + Ny
< —|lu —u — ||L
= 26t|| h hHO,Qf + 262«:‘ h( 6t ) 0.0

n n n— 2
. Eh ,r]HJrl _ 27][—] + ,r]H 1
ot 0.0f '

e(ty 5 ar + 1

+ ]
The following lemma (whose proof can be found in appendix), provides an estimation
ntl_gpn 4 on—1y |2 ntl_oomn o on—1 2 .
of ||gy, (Pe——20utny and |le (£, (T2 tmy in terms of h, H and
5t 5t )
0,027 0,0/

n n 1|2

‘ ny t —2nf4ny
At 0.0°

Lemma 1 Under the hypothesis of Theorem [, there exists a constant C > 0, depending
only on the local mesh geometry and on the polynomial order, such that:

Ch
1Ln (bl s < meHHaszs,
B (23)
IVLLbm)I§ or < m”bﬂ 5.0
for allby € Vi, and o given by ([[3).
Thanks to the previous lemma we have
n n n— 2 n n n 2
r ny =20+ <% ny =20+
4 At s He At o
n n n— 2 n n n—
ez, Ny =2+ < C ne =20+
At 0.0r  hH® At O,QS'
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Therefore, from (Z2), we have

f
p -
2 [t 2 gr - ||uh|\om} 2 gt g o
_ 2 _ 2
L Hn’ﬁ“—n?[ _HnH—n?Il +Hn’£[+1—2n’ﬁ+n’§1
20t ot 0,95 ot 0,95 ot 0,98

1 n n S n Tn n
+25 [ (77H+1a77H+1) (nanH)} +2pulle(@ H)”oslf

f h n+1 -9 + n—1
anrtl o Mg + My
= 25tH —uhllo.or (25t e " hHa) H 3t

2

+ plle(ay I ar-

It follows then that

n 112
Mg — Mg

hp_s 5

26t

H n+1

=t
5t

0,0

0,05
2
O,Qf‘|
1 , i
t o5z [0y — ()] + @y G o

ofh o N\t | =2 !
<lc +
26t Ho ' hH®) 201 5t

This last inequality combined with condition ([d) gives the discrete energy inequality (E0),
which completes the proof.[]

0,0

Remark 5 Theorem [ gives a sufficient condition of stability, in the energy norm, for the
semi-implicit scheme ([O)-[Id). Nevertheless, as mentioned above, numerical experiments
show that this condition is not necessary. As a matter of fact, using [BH), the trace theorem,
the coercivity of a® and the continuous embedding V* «— [H'(Q%)]¢, we might derive the
following sufficient stability condition:

s ho ' n
VZO(fwﬁLm) (24)

with v° standing for the coercivity constant of a® in V*. Although this condition prevents h
and &t to tend to zero, typically v° takes large values, which gives a large range of stability.
Notably, this condition ensures that (under a suitable choice of the discrete parameters §t
and h) the semi-implicit coupling scheme is stable irrespectively of the mass ratio p*/p?. As
mentioned in Section [, this property is not featured by explicit coupling schemes, see [5].
Still, by combining (@) and Z4) we might also derive two new sufficient stability conditions:

oL (25)

h
*>Cpl —
P P v hét’

= Ho

| \/
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and 5t y
5> — s> f—. 2
PP 2 Cuserey V02 Cpl =5 (26)
with o defined as in Theorem [

Remark 6 The 1D counterpart of the the stability conditions ([[d) and )-8, with o =
1, can be recovered numerically by explicitly coupling the wave equation (the structure) with
the heat equation (the fluid). Obviously this is not surprising, since the stability conditions
of our semi-implicit scheme are related to the explicit coupling of the diffusion sub-step to
the structure. In this simple case the constants C can be straightforwardly computed. The
1D hyperbolic-parabolic explicit coupling was stable under the above conditions. In addition,
numerical experiments in 1D showed that the combination of these conditions seems to
provide a global necessary stability condition.

Remark 7 Less restrictive stability conditions can be derived by adding a visco-elastic term
to the structure equation. In particular, when dealing with a linear visco-elastic beam (see
Paragraph ), the semi-implicit coupling scheme is stable provided that the time step is
small enough.

6 NUMERICAL EXPERIMENTS

In this section we illustrate the stability and efficiency features of the coupling scheme
introduced in Section Bl

6.1 Backward facing step with an elastic bottom

(0,2) (8,2)

Figure 4: Backward facing step with an elastic bottom.

We consider the backward facing step with an elastic bottom wall ¥ (Figure Hl). The wall
displacement 1 is supposed to be along the Oy axis, and its vertical component, 1, governed
by the following equation

2 2 3

s O 07 n
e T TP Vo = T ey
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where fy, denotes the fluid load (pressure and viscous effects) on %, € stands for the structure
thickness and the coefficients a, 8 and v are given constitutive constants. This model is
purely illustrative and we do not discuss here its mechanical relevance. The values used
in our simulations were o = 16.7, § = 26.7, v = 0.1. The product p°c is either 20 or
30 depending on the test case. The fluid is governed by the incompressible Navier-Stokes
equations (@) with pf =1, u = 0.01. We impose the velocity u = (u,, 0), with

Uz (y,t) = i (1 — cos <%t>) (y—1)(2-y),

on the inlet (z = 0), homogeneous Neumann boundary conditions on the outlet (x = 8), and
a no-slip boundary condition anywhere else. The time step is ¢ = 0.05. The fluid equations
are discretized using Q2/Q; finite elements (1600 velocity nodes), and the structure with Py
finite elements (50 nodes). Figure H shows an example of the velocity and pressure fields at
two different time step.

1=30.000000 +=40.000000

" T "y

1=30.000000 +=40.000000

Figure 5: Velocity and pressure fields at time ¢t = 30 and ¢ = 40.

We compare the projection scheme (B)-([) with a fully implicit coupling (solved through
inexact Newton iterations [26]), and a staggered scheme (with a second order prediction
of the interface position). We monitor the power transmitted through the fluid-structure
interface by the fluid and by the structure at the end of each time step. Figure Bl shows the
sum of these two quantities (which represents a spurious numerical power) versus time in a
semi-log scale. The staggered scheme is stable for pc = 30 (Fig. B Left). But it generates too
much spurious power and is unstable whenever the added-mass effect increases, for example,
for p°c = 20 (Fig. B-Right). For the implicit and semi-implicit schemes, the spurious power is
commensurate to 1077, which is the tolerance used for the iterative algorithms. Fig. [l points
out that the interface powers obtained with the fully implicit and semi-implicit schemes are
very close.
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0.001 T T T T T T 10000

Staggered —— Staggered ——
Implicit ------- Implicit -------
Projection - Projection -

100

Spurious power
ower

Spuri

Time

Figure 6: Left: Spurious interface power (log scale) versus time for p°e = 30. Right: Spu-
rious interface power (log scale) versus time for p°e = 20. The staggered scheme generates
too much spurious power and is unstable in this case, while projection and implicit schemes
remain stable.

T T
Implicit
Projection -------

05

Interface power

05|

Figure 7: Power transmitted across the fluid-structure interface versus time for p°s = 20.
Observe the very good fitting between the projection and implicit schemes.

6.2 Pressure wave in a straight cylindrical vessel

In this paragraph we investigate the efficiency of our semi-implicit coupling scheme on the
benchmark proposed in [24]. The fluid domain is a straight cylinder of radius 0.5 em and
length 5cm. The displacement of wall is described using a non-linear shell model (based
on MITC4 shell elements [A]). The physical parameters are: p = 0.03 poise, pf = 1g/cm?,
p°=12g/ecm3, E =3 x 10%dynes/cm?, v = 0.3. The thickness of the vessel wall is 0.1 cm.
The fluid is initially at rest and a pressure of 1.332 x 10* dynes/cm? (10 mmH g) is imposed
on the inlet boundary during 0.005 s.

We use the semi-implicit scheme ([@)-@) to perform a simulation over 50 time steps of
length 6t = 0.0002 s. The fluid part of the projection sub-step () is treated as a pressure
Poisson problem (see [30]). The fluid equations are discretized in space using Q1/Q; finite
elements. The implicit sub-step ([d)-@) is solved through Newton’s iterations.
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A pressure wave propagation is observed. In Figure B we displayed the pressure at three
different time steps. These results are in agreement with those reported in [24] 26, 22].

Figure 8: Pressure wave propagation in a straight vessel, ¢ = 0.0018,0.0058 and 0.0098 s.

Remark 8 Although the pair Q1/Qq fails to satisfy an inf-sup condition, the numerical
results (Figure @) show that the pressure approzimations are stable. This is due to the
intrinsic stabilizing effect of the pressure Poisson problem, provided that §t is not too small

(see [30)).

In order to point out the efficiency of the semi-implicit coupling, we reproduce the same
simulation using a fully implicit coupled scheme, solved through three different algorithms:

e Aitken’s accelerated fixed-point iterations (FP-Aitken), see [B8, B7],
e Newton iterations using exact Jacobians (Newton), as proposed in [19, 22],
e inexact-Newton iterations (quasi-Newton) based on a reduced linear model, see [26].

The fluid equations are discretized in time using a semi-implicit scheme (coupled velocity-
pressure formulation) and, in space, using Q;/Q; stabilized finite elements.

We furnish in Table [ the elapsed CPU time (in seconds and dimensionless) for either
approach. We can notice that the semi-implicit coupling is 4.7 times faster than the best
implicit coupling (solved through Newton based iterations). This performance rises much
more, a factor of 7.3, in terms of the cost of the fluid solver. Obviously, the overall compu-
tational cost reduction depends on the efficiency of the solid solver.

In general, the computational cost reduction observed in Table [l with the semi-implicit
coupling, is due to: (i) the use of a fractional-step method in the fluid; (ii) the explicit
treatment of the ALE-advection-viscous sub-step and (iii) the use of Newton iterations for
solving the projection sub-step [@-@). Compared to the implicit case, these iterations are
cheap, since they do not require the computation of shape (domain) derivatives (see [22]).
Numerical experiments show that solving the projection sub-step via fixed-point iterations,
might lead to an algorithm which is slower than a implicit coupling solved with Newton.
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CPU CPU CPU CPU TOTAL
COUPLING | ALGORITHM FLUID SOLID TOTAL (dimensionless)
FP-Aitken 9449.43 2396.82 11846.25 24.86
Implicit quasi-Newton 2399.68 485.01 2884.69 6.05
Newton 2092.13 181.39 2273.52 4.77
Semi-Implicit Newton 284.20 192.26 476.46 1

Table 1: Elapsed CPU time (in seconds and dimensionless): straight cylinder, 50 time steps
of length §t = 0.0002 s.

6.3 Pressure wave in a cerebral aneurysm

We now investigate the ability of our algorithm for solving a more complex version of the
previous test case, proposed in [Z7]. The computational domain is a cerebral aneurysm. The
meshes of the fluid and solid domains are displayed in Figure @l and are similar to those used
in [27], as well as for the physical parameters: p = 0.06 poise, pf = 1g/cm?, p* = 1.2 g/em?,
E = 3 x 10%dynes/cm?, v = 0.3. The thickness of the vessel wall is 0.1 cm. The fluid is
initially at rest and a pressure of 10* dynes/cm? is imposed on the inlet boundary during
0.005 s.

Loy
=5
Sk

S

=

I
=

Figure 9: Fluid and solid meshes of a cerebral aneurysm: 69754 tetrahedrons and 5534
quadrilaterals.

We use the semi-implicit scheme [@)-@) to perform a simulation over 20 time steps of
length 6t = 0.001s. The fluid part of the projection sub-step () is treated again as a
pressure Poisson problem. The fluid equations are discretized in space using P;/P; finite
elements. A pressure wave propagation is observed. Figure [[0] shows the pressure at four
different time steps. These results are in agreement with those reported in [27].
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Figure 10: Pressure wave propagation in a cerebral aneurysm, ¢t = 0.001,0.004, 0.007 and
0.014 s.

CPU CPU FLUID
COUPLING FLUID (dimensionless)
Implicit 2765.95 4.70
Semi-Implicit 587.47 1

Table 2: Elapsed CPU time (in seconds and dimensionless): cerebral aneurysm, 20 time
steps of length ¢ = 0.001 s.

Now, in order to point out the net computational gain due to use of the semi-implicit
coupling, we reproduce the same simulation using a fully implicit coupled scheme with
a fractional-step method in the fluid. The incompressibility constraint is again enforced
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through a pressure Poisson equation and we use P /P; finite elements. In Table [l we report
the elapsed CPU time (in seconds and dimensionless) of the fluid solver for either coupling.
We get a computational reduction factor of 4.7.

7 CONCLUSION

In this work we focused on the numerical simulation of fluid-structure systems involving
a viscous fluid and featuring a strong added-mass effect. This arises, for instance, in the
internal flow of an incompressible fluid whose density is close to the structure density. Blood
flows are a typical example. In such situations, explicit coupling schemes appear to be
unstable. Up to now, this drawback was overcome by using fully implicit coupling schemes,
namely, preserving the energy balance but with the payoff of solving a coupled highly non-
linear system at each time step.

The main contribution of this paper consists in introducing and analyzing a semi-implicit
coupling scheme (i.e. partially explicit) which remains stable in test cases for which fully
implicit schemes were the only known to be stable.

In order to ensure stability we couple implicitly the pressure stress to the structure,
whereas the remaining fluid expensive terms (dissipation, convection and geometrical non-
linearities) are explicitly treated (i.e. out of the sub-iterations). The trick is that this kind
of implicit-explicit splitting can be naturally performed using a Chorin-Temam projection
scheme for the fluid. Thus, in short, at each time step we proposed to implicit couple the
projection sub-step (carried out in a known fixed fluid domain) with the structure, while
the expensive ALE-advection-viscous sub-step is explicitly coupled.

The main features of the resulting algorithm are: its simplicity of implementation and
its efficiency compared to any strongly coupled schemes, we are aware of, as shown in the
different numerical experiments. Finally, we provided a rigorous theoretical result ensuring
the conditional stability of the scheme when applied to a linear model problem.

There exist several ways of extending the work presented in this paper. For instance,
we shall perform the convergence analysis on the linear model problem. We may then
address the stability analysis of the scheme in the non-linear case (i.e. with a fluid moving
domain). We shall also investigate the applicability of our idea when dealing with other
kind of fractional-step methods within the fluid.
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APPENDIX

Proof of Lemma [l Firstly, we recall the following classical estimations concerning finite element
shape functions:
K d

IVl |I§ e < CR2,

for all K € ’Thf7 j=1,...,N, where N stands for the number of degrees of freedom of K. Let us
remind as well that V;3(2) and V,/ () stand for the trace finite element spaces associated to V3

(27)

and V;/, respectively. We have the following local inverse inequality (see [T4]):

164 ]13,00, 2 < CR™ " brl6. ks, Vou € Vi (D), (28)
as well as the discrete trace inequality (see [[])
brll.on < CH M lbullsr, You € Vi, VK € Tj. (29)

From the definition of the discrete lifting operator £, ([[8), we have

1Lh®m) 5 0r = Y 1Lalbm)xldx
KeT/
KN #0
2 2 (30)
= > oot t+ D> 1La®r)ixlEk,

KeT/ KeT!

KN #0 KN #0

IKNE|#0 IKNZ|=0

with |K N 3| standing for the (d — 1)-Lebesgue measure of K N 3.

Now we estimate separately the two sums in @0). Let {zX}}_; be the set of local nodes in
K and {d)f(};vzl their corresponding shape functions. For each K € Thf with KNXY # 0 and
|[K NX| #0, using @0): and ). one gets

N 2
1L (br) I = H S o) (@)l
i1 0,K
z;( cx
N
< S b @RI B (31)
j=1
:cJK e

< Ch|mn (ba) 18,00, 05
< Chl|mn(ba) |15, xns-
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Finally, consider the case K € 7,/ with KN # 0 and |K N X[ = 0. As in (&),

N
K K
L) iklie < Y mabr) (@) lles 13
ji=1
:E;( €ex
N
<cht N Jmnba) (@)
j=1
zf( €Ex
Obviously, there exists K7 € Thf with |K7 N Y| # 0 and such that ccf € K. Therefore,

N
ILh ) clio e < ChT D llan(ba)lg o ins- (32)
j=1

K
achZ

Thus, from @), () and B2), we have
L0 I50r <Ch - Y7 mn(Bm)l8,x0s

KeT!
|[KNX|#0
al (33)
d 2
+Ch Z Z ||7Th(bH)||0,oo,sz:~
KeT! i=1
KNS #£0 =zfex
[KNX| =0

The quasi-uniformity ([[H) of the fluid triangulation ensures that the number of elements containing
a node xf( is independent of h. Thus, it follows that

N
> Yo ) erine <C D> Imabm)5 00 ks
KeT/ i=1 KeTS
KNS#0 af X IKNE|#0

< Ch™ ! > ll7h (br) 16, k15

KeT/
KN %0

in the last inequality we used again ([Z8). Therefore, from (B3)), we finally obtain

L@ 50r <Ch - D> lmn(bm) 15 xnss
\KKmezri 0 (34)
= Chlmn (ba)I[5,5-
Since 7, L?-stable in Vi (X), it then follows that

I1£1(bm)5.0r < Chllbr s, (35)
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which gives @)1 for a = 0 (i.e. Q% = %). For the case Q° # %, we combine ([BH) with the discrete
trace inequality (29)). This yields

I1£n(bm)lI5,0r < ChlbaIGs

=Ch > |buldkns
KeTg
KN #0

h
< Cﬁ Z ||bH||(2),K
KeT;
KN #0

h 2
< (C— s
< CHHbHHo,Q )

which provides [£3))1 with a = 1. Finally, (232 follows using a similar argument in combination
with D)2, which completes the proof of the lemma.(]

Lemma 2 Let m, : V(X)) — V}f (X) be the standard Lagrange finite element interpolation opera-
tor, and assume that fluid interface mesh is a sub-triangulation of the solid interface mesh, namely,
for all K € Thf with |K NX| # 0 there exists K' € T such that

KN CcK'nx. (36)
Then, my, is L*-stable in Vi (Z).

Proof. For each by € V§, using @)1 (on the interface elements) and the definition of the
Lagrange finite element interpolation operator, we have

la (br)llo,5 = > l7en (br) 13

0,KN%
KeT
IKNE|#0 (37)
<ch™t >3 ballf e ks
KeT/
KNS #0

In addition, from (BH), the restriction of by to any K N'% (with K € 7,/ and |[K NX| # 0) is a
polynomial function. Thus, the following local inverse inequality holds true:

HbHH?),oo,Kf‘IE < Ch™*! HbHH(Q),KQE'

As a result, from [B2), we have
7 (e 15,5 < Cllallss,

which completes the proof of the lemma.[]
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