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L:MON'P�Q�R5SUTWVXR,Y[Z]\^NDP_Q=Z`Z^Y5PbadcCegfih5jkQDZ
l!mncpoqQ�\srUQDcKP�Q�\nm^fit'u

v`uKwkw0cKm^\�xkQUmnQDtyMOQ'mytyMkQ{z0|$}5~H�K��V��p�_Z]QDw[\^QDP�akmnQ��p�K�5}�V��K��wOuK�KQ=Z

�����D�'�H�k�K�K�
��z�u�mnQDt�QDz5\IuKm]\nf�t'egQC�p� Q wOm^Q=Z]QDzC\nQDx_u�Z]jdt't�f�zOt�\!m^QDwkm^Q=Z]QDz5\nuH\nfgcCz�cp�0\^mnfiupzk�Cjke�up\^f�cKzOZ�\nMOuH\@Z^jkwkw0cKm^\nZ

Q'��t�f�Q'z5\�zOu3�,f��CuH\nfgcCz�cKw0Q'myuH\^f�cKzdZ'���`QDm^Q�\^MkfiZ�mnQ'wOm^Q=Z]QDzC\yuH\nfgcCz�fiZ�f�P�wkmncH�KQDx�\nc�upe�e�cH� �¡cCm�Q���t'fgQDzC\
e�c[t'uKe¢jkw0xOuH\^Q=Z:cp��\^MkQ�\nm^fiupzO�KjkeiuH\nfgcCzOZ'�

l!mnQDt'f�Z^Q'e�YK� � Q£Z^MkcH�"MkcH�"u�Z^jOt't'fgzOt�\�m^QDwkmnQDZ^Q'z5\nup\^f�cKz¤cK��u�\nm^fiupzk�CjkeiuH\^f�cKz.��f¥\nM
m
\^mnf�uKzk�Ke�QDZ

tDupz�adQ�P�upf�z5\nuKfgzkQ=x¦jkzdx[Q'm��CQ'm^\^Q�§¦f�zOZ^Q'm^\^f�cKzOZUf�z
O(1)

upP�cCm]\nfg¨DQDx�\nfgP�Q�uKzOx¦jkzdx[Q'm��CQ'm^\^Q�§©xkQ'e�Q�ª
\nfgcCzOZ¬«3QDxk�KQ®­OfgwdZ�fgz

O(lg2 m)
upP�cKm^\^f�¨'Q=x�\nfgP�QK�

¯ jkm�Zq\nm^jOt�\^jkmnQ�uKtyMkf�Q'�CQDZ_\nMkQ�fgzk�¡cKmnP�up\^f�cKz�\^MOQ'cKmnY°a0cKjkzdx¤�¡cCm�\^MOQ©Zq\ncKmyup�CQ��¡cCm�\^MkQ©t'e�uCZ^Z�cK�
\nm^fiupzO�KjkeiuH\nfgcCzOZ`��fg\^M©u�adcCjkzOxkuKm^YC�±m^Q=hCjOfgmnfgzO��uKZ^Y,P_wk\^cp\nf�tDupe�egY

2.17m + o(m)
akfg\nZD�¢upzOx©Z]jkwOwdcCm]\yZ

uCx3o]uKt'Q'zOt'Y�h5jkQDm^f�QDZba0Q�\q� Q'Q'z¤\^mnf�uKzk�Ke�QDZ�fgz
O(1)

\^f�P�Q�²6upz°Q'§,\^myu©upP�cCjkz5\bcp�
O(g lg m)

akfg\nZ�upmnQ
zOQ'QDxkQDx��¡cKm�mnQ'wkmnQDZ^Q'z5\^f�zk�b\^mnf�uKzk�KjOe�up\^f�cKzOZ cp�$�KQDz,jOZ

g
Z]jOm]�³uCt�QDZy´¬�

µ�¶5·±¸n¹�º �H»��K� �CmnuKwkM�Q'zdt�c[x[f�zk�O�kZ^jOt't'fgzdt¬\�x[Y,zOupP�fit®xkup\nu_Zq\nm^jdt¬\^jOm^Q=Z'�5\^mnfiupzk�Cjke�up\^f�cKzOZD�5�KQ'cCP�Q�\^mnfit
xOuH\nu�Z]\^mnjOt¬\njkmnQDZD�
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Ë3Ä6Ãnß6ÈqÐ�Ì^àOá�â¬âyãOä¡å¬å^æ¬æ¬æOç¡èDéqêkç�ãDë¬ènì¬â�í'î]á�ïHéqðyñDí[çiò'ó'ånô�õyöDë¬åy÷3é^è¬è¬í'ø5çúùDî]á'õ'íyò¬ò�í¬ó'ån÷�í'ëyû�ëqüDãDå

∗ Õ¡ý�þ¾ÕúÓ©ÿ±Þ�ÈqÃ¬Ú�ÈqÌ6Ä³¿ÁÐ^Æ�ÆyÉ=Í��,Õ��@Û��dÐqÃ��ÁÈ	�[Ã�� ÎDÌ6ÈqÐÑ½3É3¿�
'Ê3È¬Û
�����������kÆ��ÝÆy¿ÁÀ8È]ÆyÊ
† Õ¡ý�þ¾ÕúÓ©ÿ±Þ�ÈqÃ¬Ú�ÈqÌ6Ä³¿ÁÐ^Æ
‡ �,Õ���Û��OÐqÃ��ÁÈ	�kÃ�� Î'Ì6È]Ð8½3É3¿�
'Ê3È¬Û
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�UupzOZ�jkz�\nmnu3�Hupf�eKm��Dt'Q'z5\D�=zkcCjOZ�u3�CcKzOZ±wkmnQDZ^Q'z5\��!jkzkQ�m^QDwkm��=Z]QDz5\nuH\nfgcCzUZ^jOtDt�f�zC\nQ@x[Q=Z¾\nm^fiupzk�CjkeiuH\^f�cKzdZ

w0Q'mnP�Q�\^\nupz5\IjkzkQ�zdu3�5f��Cup\^f�cKz�����t'uCt�QK���UupzOZIt'Q�\nmnu3�HuKfge[zkcCjOZIu3�KcCzOZ$upP��'e�f�cKm�� t'Q�\]\nQ�m^QDwkm��DZ^Q'z5\nup\^f�cKz
u��Oz£x[Q�wdQDm^P�Q'\]\^mnQ�jkzkQ�P�fiZ]Q��®oqcKjOm�egc[t'uKegQ��'��tDuKt'Q�xkQUeiu_\^mnfiupzk�Cjke�up\^f�cKz¾�

l!e�jOZswkm��=t�fiZ]QDP�Q'z5\D�[zkcCjOZ:P�cKz5\^mncKzdZ�t�cKP�P�Q'z5\`jkzOQ�m^QDwkm��=Z]QDz5\nuH\nfgcCz�Z^jOt't'fgz5\nQ�x�� jkzOQ�\^mnf�uKzk�KjOe�upª
\nfgcCz�u3Y5upz5\

m
\nm^fiupzk�CegQ=Z@w0Q'jk\���\^mnQUP_fiZ^Q��®oqcKjOm QDz�\nQ'P�wOZ:t�cCzOZ]\nupz5\�upwkmnNDZ f�zOZ^Q'm^\^f�cKz�xkQUZ^cKP�P�Q�\yZ'�

Q'\`Q'z�\^QDP_wdZ
O(lg2 m)

uKP�cKm^\^f¢upwkmnNDZ�Z^jkwkwOm^Q=Z^Z^fgcCz�x[Q�Z^cKP�P�Q�\yZ:Q�\�­Of�w�x�� upm���\^Q=Z'�
 !z t'Q¦h5jkfst�cCzOt�QDm^zOQ�e!� Q=Z]wduKt�Q£j[\nfge�fiZ"�C� zOcp\^mnQ�Zq\nm^jdt¬\^jOm^Q¦up\]\^QDfgz5\�e!� QDz5\^mncKwkf�Q�x[Q�e�u�t'e�uCZ^Z^Q�x[QDZ

\nm^fiupzO�KjkeiuH\nfgcCzOZ!u3�KQ=t:jkz�a0cKmyx¢�Cz#�Dt�Q=Z^Z^fg\nupz5\�uCZ]Y,P�w[\ncp\^fih5jkQ'P�QDzC\ x[Q
2.17m+ o(m)

akfg\nZD�CQ'\�w0Q'mnP_Q'\
xkQDZ�mnQDh5j$�'\^QDZsx�� uCx3o]uKt'Q'zOt'Q�Q'z5\^mnQ�\^mnfiupzk�CegQ=Z:Q'z£\^QDP�wOZst'cKzOZ]\nuKzC\�²

O(g lgm)
akfg\nZsZ^jkwkwOe%�DP_QDz5\nupf�mnQDZ

Z^cKz5\�z$�=t�QDZnZnupf�m^Q=Z@w0cKjkmsm^QDwkm��=Z]QDz5\^Q'm:x[Q=Z:\^mnf�uKzk�KjOe�up\^f�cKzOZ:x[Q�Z^jkm]�³uCt�Q=Z�x[Q��KQ'zOm^Q
g
´¬�

& º �=� ¸ �(' � ���*) c[xkup�CQ�x[Q��KmyupwOMkQDZD�[m^QDwkm��DZ^Q'z5\nup\^f�cKzOZ:t�cCP�wOuKt�\^QDZD�[\nm^fiupzk�CjkeiuH\^f�cKzdZ'�kZ]\^mnjOt¬\njkmnQDZ`x[Q
xkcKzkz$�DQDZ:�+�'cKP��'\^mnf�h5jkQ=Z'�
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L:MOQUP�c5Zq\st'cKP�P�cKz£xkuH\yu_Z]\^mnjOt�\^jkmnQDZ:upmnQ�Q�§[wke�f�t'f¥\`w0cKf�z5\^QDm�aOuKZ^QDx�m^QDwkmnQDZ^Q'z5\nup\^f�cKzOZD�-,OcKm�f�zOZq\yupzOt'QK�
uUakf�zOuKm^Y�\nm^QDQ fiZ�\qY,wkfit'upe�e�Y�fgP�wke�Q'P�QDzC\nQDx_jOZ^fgzO�s�¡cCmIQDuKtyM_zkc[x[Q�uUwdcCfgz5\nQ'm$\^c�fg\nZ$e�Q��ú\@uKzOx�mnf��KM5\!Z]cCzOZ/.
O(m)

w0cKf�z5\^Q'myZ$cp�±Z]f�¨'Q
O(lg m)

akfg\nZIuKm^Q:jOZ^QDx�\^c�mnQ'wkmnQDZ^Q'z5\Iu®\^mnQ'Q:��f¥\nM
m
zOc,xkQDZD�$R,f�zOt'Q:\^MkQDm^Q�upmnQ

e�QDZnZ@\^MOuKz
4m x[f(00QDm^QDz5\:Z^jOtyM�\nm^QDQDZD�

2m
akfg\nZ Z^MkcKjkeix�a0QUQ'zkcCjk�KM¾�$L:MkfiZ cKaOZ^Q'mn�HuH\^f�cKz�e�QDuCxkZD�5�Cfg�CQ'z�u

t'e�uCZ^Z Cm
cp��cKa[oqQ=t¬\yZ:cp��Z^f�¨'Q

m
�k\^c_\^MkQ�h5jkQ=Zq\nfgcCz���MkQ'\^MkQDm�\^MOQDZ^QUcCa[oqQDt�\nZ�tDupz�a0Q��Kf��KQDz�u1��
�����	�� ���

���������
	��
"2����"2���/���3�4���#	����O�[\nMOuH\`fiZD�[��MkQ�\nMkQ'm�cCzkQ�t'uKz�x[Q=Z]f��Kz£u�xkuH\yu�Zq\nm^jOt�\^jkmnQK�kZ^jOtyM�\^MOup\5.
6 \^MkQUmnQ'wkmnQDZ^Q'z5\nup\^f�cKz�upe�e�cH�`ZI\^c_upzOZ^� Q'm�h5jkQDm^f�QDZ�uKZnZ]c[t'f�up\^QDx_\nc�\nMkQscCa[oqQDt�\nZ�fgz�t'cKzOZ]\nuKz5\!\^f�P�QK�
6 \^MkQUmnQ'wkmnQDZ^Q'z5\nup\^f�cKz�upe�e�cH�`Z!jkw±xkuH\nQscK�¢\^MkQUcKa[oqQ=t¬\yZ!f�z�w0cKe�Y5e�cK�5upmnf¥\nMkP�f�t \nfgP�QUwdQDm�cCwdQDmnup\^f�cKz¾�
6 \^MkQ�Zq\ncKmyup�CQ�t'cCZ]\�cp�:\^MOQ�m^QDwkmnQDZ^Q'z5\nup\^f�cKz R

cK��uKz cKa[oqQ=t¬\�f�z Cm
P�uH\ytyMkQDZ�uKZ^Y5P�w[\ncp\nf�tDupe�egY

uH\ �OmyZ]\�cCmnxkQ'mU\^MkQ�QDz5\^mncKw,Y¦cp��\^MkQ�t'e�uCZ^Z5.
size(R) = log2 |Cm| · (1 + o(1))

��uCZ
m
�Kc,QDZU\nc

fgz$�Ozkfg\qYK�
L:MOQ �OmyZq\@wOm^cCwdQDm]\qY_Q'zOZ^jkmnQDZ$\nMOuH\�\^MkQsm^QDwkm^Q=Z]QDz5\nuH\nfgcCz�x[QDZ^Q'mn�KQ=Z$\^c�a0Q®t'cKzOZ^fix[Q'mnQDx�uKZ�u�xkup\nu�Z]\^mnjOt¬ª
\njkmnQ��¡cKm�\^MOQ�t�eiuKZnZ'��L:MkQ�Z^QDt'cKzOx�wkmncKw0Q'm^\qY¦�Kf��KQ=Z®\^MkQ7���������
	�����&�uCZ]w0QDt�\�cp�@\nMkQ�mnQ'wkmnQDZ^Q'z5\yuH\^f�cKz��
L:MOQ£\^Mkf�mnx�wkmncKw0Q'm^\qY Y,fgQDe�xOZ�f¥\yZ�Z^jOt't'fgzOt�\^zkQ=Z^Z5.�f�z Z^cKP�Q�t'uCZ]Q=Z'��cKzkQ�t'cKz5\^QDzC\yZ���f¥\nM \^MkQ�� QDu�8KQDm
�����9�����/�#� ������wkmncKw0Q'm^\qY���MkfityM�mnQDuCxkZ

size(R) = O(|Cm|) �: Mkf�e�Q¦\^MOQ'mnQ¦f�Z�u eiupmn�KQ�e�f¥\nQ'myuH\njkm^Q�cCz t�cCP_wduKt¬\�xkuH\yu°Zq\nm^jdt¬\^jOm^Q=Z'�`x[Y,zOuKP�f�t¦Z^jOtDt�f�zOt¬\�xOuH\nu
Z]\^mnjOt�\^jkmnQDZ���QDm^Q�cKzOegY x[QD�KQDegcCwdQ=x m^Q=t�QDzC\negYC�s�¡cCm�Z^cKP�Q�aOuKZ^fit¦�¡jkzdxkupP�Q'z5\yupe�xkuH\yu.Z]\^mnjOt�\^jkmnQDZ£uKZ
xkY5zdupP�f�t�uKm^myu3Y[Z<;Á}>=Ñ�?;(@3��=Ñ�Ox[Y,zOupP�fit�x[f�t�\^f�cKzOuKm^f�QDZ�;A@D��=8�OxkY5zdupP�f�tUakfg\]ªÑ�KQ=t¬\ncKmyZB;A@=�>=8�

¯ jkmsfgz5\^QDm^Q=Zq\®f�Zsfgz��CQ'cKP�Q'\^mnf�t�xkup\nu�Z]\^mnjOt¬\njkmnQDZD�!:�Q�t�cCzOZ^f�x[QDmD�duKZsu_\nQDZ]\®t'uCZ]QC�k\nm^fiupzk�CjkeiuH\^f�cKzdZ
cK��u�Z^jkm]�³uCt�Q®cp�¾�KQDz,jOZ

g
��f¥\nM�u�Z^f�P_wOegQ®adcCjkzOxkuKm^YC�5Z^fgzdt�Q`\nMkfiZ@fiZ!\nMkQUP_c5Zq\:Zq\yupzOxOupmyx_\qY5w0QscK�¾P�QDZ^M

�¡cCjkzOx©fgz�\^MkQ�e�f¥\nQ'myuH\njkm^QC��,kcCege�cH��fgzO��upz�upwkwOm^c5uKtyM�\nMOuH\�wkmncH�KQDx©Z]jOtDt�Q=Z^Z]�¡jke��¡cKm�t�cCP�wkm^Q=Z^Z^f�cKz¾�0��Q
xkf�Z]\^f�zk�KjOf�Z^M.a0Q�\q� Q'QDz�\^MkQ�t�cCP�akf�zOup\^cKmnfiupe:fgzk�¡cKmnP�up\^f�cKz ²ú\nMkQ£\^mnf�uKzk�KjOe�up\^f�cKzd´bupzOx¤\^MOQ��KQ'cCP�Q�\^mnfit
f�z[�¡cCm^P�uH\nfgcCz�²³wdcCfgz5\®t'c,cKmyx[fgzduH\^Q=Zn´��kupzOx£x[mnf��KQ�cKjkm`t'cKzOZ]\^mnjOt�\^f�cKz£uKt't'cKmyx[f�zk�_\^c_\^MkQbt�cKPbakf�zOuH\ncKmnf�uKe
wdupm^\D� ¯ jkm�P�upf�z�mnQDZ^jkeg\`f�Z \nMkQ��¡cKe�e�cH��fgzk�3.
C�D ¶,º � ¶ �FE3G
H I �/"2�9�KJL	M�����N�B"2����"K���/�/�������)	����1�O�!�)"�	����%$�
'&(���#	����P�N���N�B��
'"Q�������R���3STJ%���U$%���3
V�

g W 	�� I�1��	��<��&(�YX���
'� ����"��1
V��	��%$Z�>�����<�������)	�����&�&[�\���?S]"����9��"2���/"
2.17

X�	��#�R����"��#"�	����%$�&(����^U� I 
V���_���4� I 	��V$
� I �_�/���)"2�K� �`�O��� I 	M�
��&A�>���a�O���#"�	����%$�
'&(���)	������/bBc-��"a�1�)"�	����%$�
'&(���#	���� W 	�� I m

�)"�	����V$�&A����� I �����4��"2�/$%�
"K�Kd/
'	�"2���

2.17m + O(g lg m) + o(m)
X�	��#�

,
��
��L�P��"��#	��V$Y���������L��"2�e����f5	g$%���)	����h	��

O(1)
�)	��Y����� �e
��������4�����K����"2���#	����P��	��

• ���_��"��#	(i����j�������������3�k�#	��Y�k����"lf��/"��4�KJm�L����	��)	���� W 	�� I ��
'�
�L�����j���������K��^a���_��"��#	(i����
O(lg m)�)	��Y� W 	�� I �L�����1���������K��^

• O(lg2 m)
���_��"��#	(i����1�#	��Y�]����"kf>�/"����2JZ���/&(�/�#	����h��"��K�5$L�NnN	 �?b

L:MkfiZo����� ���a	���m^Q=Z]jkeg\£Q�§,\^QDzOxkZ£u°wkmnQ'�,f�cKjOZp���4���#	���mnQDZ^jkeg\7;Á�>=�fgz ��MkfityM jkw±xkuH\nQ�cCwdQDmnup\^f�cKzOZ
� Q'mnQ©zOcp\�x[QDuKe¥\£��f¥\nM¾� L�c¤cCjkmZ85zOcH��egQ=x[�KQC��\^MkfiZ�f�Z�\nMkQ �dmnZ]\£xkY5zdupP�f�tDupeU�KQDmnZ^fgcCz cp�_Z]jOtDt�f�zOt¬\
xOuH\nu�Z]\^mnjOt¬\njkmnQDZ_�¡cKm�\nm^fiupzO�KjkeiuH\nfgcCzOZ_cKm�t�cCP�wkegQ'§¤�KmyupwOMOZ�Zq\nm^jdt¬\^jOm^Q=Z/.£mnQ'eiuH\^Q=x¤wOm^QD�5f�cKjdZ�m^Q=Z]jkeg\nZ

þ�þ É�q�r�s�t��
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uKm^Q�Z]\nup\^fit�cKm�zkcCz�Z^jOtDt�f�zOt¬\=��cCm�x[QDuKe!��f¥\nM°Z]f�P�wke�Q'm�Z]\^mnjOt¬\njkmnQDZ�e�f(8CQ�\^mnQ'QDZD�1,OcKm�x[Y,zOuKP�f�t�akf�zOuKm^Y
\nm^QDQDZ���fg\^M

n
zOc,xkQDZD�dupz£cCw[\^f�P�upe�Z^jOtDt�f�zOt¬\smnQ'wOm^Q=Z]QDzC\yuH\nfgcCz�MOuCZ`a0Q'QDz�wkm^cCwdc5Z]Q=xh;(@=�[� @=�>=�uKege�cH��fgzO�

aduKZ^f�t�P�c[x[f%�dt'up\^f�cKzOZ®cKz¦\^MkQbzkc[x[QDZD�±��Mkfge�Q�zdu3�5f��Cup\^f�cKz�cCwdQDmnup\^f�cKzOZ`uKm^Q�wdQDm]�¡cCm^P�QDx¦fgz
O(1)

\^f�P_QC�
�Ñ��Q�§,\nQ'mnzOupe

O(lg n)
aOf¥\yZ�xkuH\yu�upmnQ£uCZ^Z^c[t�fiuH\nQDx¤\^c�zkc[x[QDZD�:uKxkx[f�zk�[«Hx[QDegQ'\^f�zk� u�e�QDup�UcCm�fgzdZ]QDm]\nfgzk�

u°zkc[x[Q©upe�cKzO�°upz QDxk�KQ�mnQDh5jkf�m^Q
O(lg2 n)

upP�cKm^\^f�¨'Q=x¤\nfgP�Q�fgz ;A@D�>=Ñ�{L:MkQ©t'cCZ]\�cp��jkw±xkup\^Q©�:uKZ
eiuH\nQ'm�f�P�wkm^cH�CQDx¤\^c

O((lg lg n)1+ε)
;(@=�>=8� ) cKP�wOuKt�\�m^QDwkmnQDZ^Q'z5\nup\^f�cKzOZb�¡cKm�Z]\nup\^fit£wkeiupzOuKm��KmyupwkMOZ

� Q'mnQ�xkQDZ^fg�CzkQDx ; �k���O�
��=8��t�cCP�akf�zkf�zk�.Z^jOt't'fgzdt¬\£m^QDwkm^Q=Z]QDz5\nuH\nfgcCzOZ��¡cCm�\^mnQ'QDZ���fg\^M t�cKPbakf�zOuH\ncKmnf�uKe
xkQDt�cCP�wdc5Z]fg\^f�cKzOZ�cp�0wkeiupzOuKm��CmnuKwkMOZ�uKZ��¡cKjkm$wOuK�KQ=Z�QDP�a0QDxkxkfgzk�UcKmItDupzkcCzkf�tDupe5cKmyx[Q'mnf�zk�CZD��L:MkfiZ�Y5f�Q'eixkZ
Z^wOuCt�Q�ªÑQ���t'fgQDzC\`Z^cKe�j[\^f�cKzdZ \^MOup\supe�egcH� \^c�w0Q'm^�¡cKmnP e�c,tDupe¢zOu3�,f��Cup\^f�cKz�f�z

O(1)
\^f�P_QC�Oakjk\`\^MkQ�jdZ]Q�cK�

zOcKz�\nm^f��,f�uKe5t'cKP�aOfgzOup\^cCm^fiupe5x[QDt'cKP�wdc5Z]fg\^f�cKzdZ�P�u�8CQDZ�f¥\$MOupmyx�\nc®P�upf�z5\nuKfgz�\nMkQ:Zq\nm^jOt�\^jkmnQ@jOzOx[Q'm$e�c[t'upe
P�c[x[f%�dt'up\^f�cKzOZ$cK�d\nMkQ`�CmnuKwkM¾� : fg\^M�u�xkfg0±Q'mnQ'z5\@upwOwkm^c5uKtyM¾�HaduKZ^QDxbcKz�Z]MOcKm^\IZ^Q'wdupmyuH\^cCmnZD�pu�t�cCP�wOuKt�\
mnQ'wOm^Q=Z]QDzC\yuH\nfgcCz��¡cCm®Z^Q'wOuKmnuKakegQ��CmnuKwkMOZ��:uKZsx[Q'�CQ'e�cKw0QDx£f�zo; ��=�\^MduH\®jdZ]Q=Z

O(n)
akf¥\=�¢Z]jkwOwdcCm]\yZ`e�c,tDupe

zdu3�5f��Cup\^f�cKz�fgz
O(1)

\nfgP�Q�uKzOx��¡cKm���MOf�tyM�jkw±xkuH\nQDZbupwkw0QDuKm�wdc5Z^Z^f�akegQ�f�z wkmyuKt�\^fit�Q�.�MkcH��QD�KQDm�f¥\�fiZ
xkf¥��t�jOe¥\_\^c��Kf��KQ��Cc,c,x°adcCjkzOxkZbcKz \nMkQ£t�cCZ]\bcK�sjkw±xkuH\nQDZbfgz¤\^MkfiZ�upwkwOm^c5uKtyM¾�$up�5upf�z°adQ=t'uKjOZ]Q�\^MkQ
Z^Q'wdupmyuH\^cCmnZ upmnQUMOupmyx�\nc�\^myuKt�8�jkzdx[Q'm�e�c[t'upe¢P�c[x[f%�dt'up\^f�cKzOZD�

¯ jkm�uKwkwkmncCuKtyM�fiZ�Z]f�P�fgeiupmU\nc�\nMkQbMOfgQDmnuKmntyMkfit'uKe���egQD�KQDe$uKwkwkmncCuCtyM�jOZ]Q=x©f�zm;A@D�k� @=��=$�¡cKm�akf�zOuKm^Y
\nm^QDQDZ5.$��Q�x[Q=t�cKP�w0cCZ^Qs\nMkQ�Z]\^mnjOt¬\njkm^QUf�zC\ncl���Y��&�&�mnQ'�Kf�cKzdZ@\nMkQ'P�Z^Q'e��KQ=Z t'j[\`f�zC\ncZ�#	��3�_wOfgQ=t�QDZD�!�`cH�:ª
QD�KQDmD�3\nMkQDZ^Q�� cKmK8[Z�tDupz_jOZ^Q tDupzkcCzkf�tDupeC\^cK\nupe[cCmnxkQ'mnfgzk�5Z�e�fA8KQ�\^MkQ�Z]\nupzdxkupmyx�wkmnQ'cCmnxkQ'm�cCz�\nm^QDQDZD�H��MkfityM
fiZ�mnQ'eiuH\nfg�CQ'e�Y�Zq\yupake�Q�jkzOxkQ'msf�zOZ^Q'm^\^f�cKz0«px[Q'e�Q�\nfgcCz�cK��e�QDu3�CQDZD�@L:MkfiZ:�³upf�eiZ`cKz£�CmnuKwkMOZD�[adQ=t'upjdZ]Q�tDupzkcCzkf¥ª
tDupe±cKmyx[QDmnZ�cKz��KQDm]\nf�t'QDZ upmnQs\qY,wkfit'uKege�Y�wdQDm]\njkmnadQ=x�up\ eiupmn�KQ�x[fiZq\yupzOt'Q®a,Y�e�c[t'upe±P�c[x[f%�dt'up\^f�cKzOZ cp��\^MkQ
�CmnuKwkM .$uKZ:f�ege�jOZ]\^myuH\nQDx�a,Y1,�fg�d�O}[�[\nMkf�Z:fiZ:\nMkQ�P�upf�z�zkQD� xkf¥��t�jOe¥\qY���Q�MOu3�CQs\nc�x[QDuKe¢��f¥\nM¾�

� º�� �'���¡��
���� º�� ¯ jkm�P�upf�z t�cKz5\nm^f�akj[\nfgcCz¾��uCZ�Zq\yuH\^Q=x¤f�z L:MkQ'cCm^QDP @�upa0cH�KQK��f�Z_\nc�wkm^cH�CQ�\nMOuH\
� Q�t'uKz¤\nMkQ'cCm^Q'\^fit'upe�e�Y jkw0xOuH\^Q�uKzOx.\^myu3�KQ'myZ^Q�u�\^mnf�uKzk�KjkeiuH\nfgcCz¤��fg\^M �Kc,c[x�t�cKP�wke�Q�§[fg\qY jOZ^fgzk� uKz
uCZ]Y,P�w[\ncp\^fit'uKege�Y©cCw[\^f�P�upe:Zq\ncKmyup�CQK� :�Q�upeiZ^c©x[fiZ^t'jOZ^Z�\^MkQ£t�c5Zq\bcp�`wkmncH�,f�x[f�zk�¦uCt't�Q=Z^Z�\^c�uH\]\yuKtyMkQ=x
xOuH\nu£²³egfA8KQ��KQDm]\nQ�§�t'c,cKmyx[fgzduH\^Q=Zn´��

l!myuKt�\^fit'uKe�f�P�wkegQDP�Q'z5\nup\^f�cKzOZ
; � =IuKm^Q��³upm®�¡m^cCP"\nMOuH\�upzOx¦jOZ]Q
6m + n

wdcCfgz5\^QDmnZb²¡Q=uKtyM�\nm^fiupzk�CegQ
8,zkcH�`Z�fg\nZ$zkQDfg�CM,adcCmnZ$upzdx�fg\nZIf�zOt�fix[QDzC\I�CQ'm^\^fit�QDZ��pQ=uKtyM��CQ'm^\^Q'§�MOuKZ$uUm^Q'�¡Q'mnQ'zOt'Q@\nc�upz_fgzOt'f�xkQ'z5\$�³uKt�Q3´�.
�¡cCm@\nm^fiupzO�Ke�QsP�QDZ^MkQDZ���fg\^M

n
�KQ'm^\^fit�Q=Z!\nMkfiZ�Y,f�Q'eixkZ fgz�wkmyuKt¬\nf�t'Q

7 · 32 = 224
aOf¥\yZ�w0Q'm \nm^fiupzk�CegQC�CcCm�f�z

\nMkQ'cCm^Y
7 logm

akfg\nZ:w0Q'm \^mnf�uKzk�Ke�QK�
 !�CQ'z�fg��\nMkfiZ�� cKmK8�f�Z:t'egQ=upmnegYb\^MkQDcKmnQ�\nf�tDupe8�5fg\�Z]jk�C�KQ=Zq\yZ@fix[QDuCZ!�¡cCm
P�cCm^Q�wkmyuKt�\^fit'upe0\nmnuCx[Q�ªÑc�0¢Z adQ'\q��QDQ'z�Zq\ncKmyup�CQ®upzdx�uCt't'QDZnZ@\nfgP�QC�

� ��� �:# � 	��
� ���.����� ����&'
���	'���

� Z¾f�z�wkmnQ'�,fgcCjOZ¢� cKmK8scCz�Z]jOtDt�f�zOt¬\�m^QDwkm^Q=Z]QDz5\nuH\nfgcCzOZ ;Á��=5cCjkm�Z]\^mnjOt¬\njkmnQIm^QDegf�QDZ�cKz�u���e�Q'�CQ'eCxkQDZnt�mnfgw[\nfgcCz
cK��\nMkQ�fgzOf¥\nf�uKe¢\^mnf�uKzk�KjOe�up\^f�cKz T �L:MkQ�jkzOx[QDm^e�Y,fgzO�°egQD�KQDe®t�cCzOZ^f�Z]\nZ�cK��u°Z^Q�\�cK��Z]jkakª6\nm^fiupzk�CjkeiuH\^f�cKzdZ�cp��Z^fg¨DQ

Θ(lg m)
\^MOup\�fiZ�u

wdupm^\^fg\^f�cKz�cp�0\^MkQ
m
\^mnfiupzk�CegQ=Z$cp� T .�� Q`��f�egedt'upe�e �)	������)"�	����V$�
'&A���)	����P�¬�,x[Q'zOcp\^Q=x�a,Y Tij

²6upzOx�Z]\^cCm^Q=x
f�z¤L�upake�Q

A
´¬�$\^MOcCZ^Q�Z]jOa[ª6\nm^fiupzO�KjkeiuH\nfgcCzOZ�MOu3�,fgzO�¦adQ'\q��QDQ'z 1

12
lg m

uKzOx 1
4

lg m
\^mnf�uKzk�Ke�QDZD��L:MkQ'f�m

\nfgz,Y�Z^fg¨DQ®QDzOZ^jkm^Q=Z!\nMOuH\�� Q®tDupz�Z]\^cCm^Qs\^MkQ�tDuH\nuKegcC��cp�$upe�edw0cCZnZ^fgake�Q�x[fg0±Q'mnQ'z5\ \^mnf�uKzk�KjOe�up\^f�cKzOZ�MOu3�,fgzO�
jOw�\nc 1

4
lg m

\^mnf�uKzk�Ke�QDZ jOZ^f�zk��u�Z]jkakª8e�fgzOQDupm�uKP_cCjkz5\�cp�IZ]wOuCt�QC�
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 @uCtyM¦\nfgz,Y£\^mnfiupzk�Cjke�up\^f�cKz�fiZ�u�wkeiupzOuKm`\nm^fiupzk�CjkeiuH\^f�cKz©��f¥\nM�u�a0cKjOzOxkupmnY£cp��uKm^aOf¥\nmnuKm^Y£Z]f�¨'Q�²¡zkc
uCZ^Z^jkP�w[\nfgcCzOZ�upmnQ�P�uKxkQ�cCz¤\nMkQ��:u3Y ��Q�wOupm^\^fg\^f�cKz.\^MOQ

m
\^mnf�uKzk�Ke�QDZ_cp� T ´¬� :�Q¦t'uKege��a
'&[�#	 � &(�

f��/"��#	������U\nMkcCZ^Q�adcCjkzOxkuKm^Y��KQ'm^\^fit�Q=Z�\^MOup\supmnQUZ^MOupmnQDx�a,Y�P�cKmnQU\^MOuKz���\nfgz,Y�\nm^fiupzk�CjkeiuH\^f�cKzdZ �
\nMkQDZ^Q�P�jkeg\^f�wke�Q��KQDm]\nf�t'QDZ:t�j[\�\nMkQ�a0cKjkzOxOupmnY�cp��\^f�z,Y�\^mnf�uKzk�KjOe�up\^f�cKzOZ f�z�wOfgQ=t�QDZ�tDupe�egQ=x\��	��L���¬�
L:f�z,Y�\^mnf�uKzk�KjOe�up\^f�cKzOZ$upmnQ:wOuKt�8CQDx�\^cK�CQ�\nMkQ'm�\^c��¡cCm^P akfg�C�KQDm$t'cKzkzOQDt¬\nQDx�\^mnf�uKzk�KjOe�up\^f�cKzOZ�cp�±upa0cKj[\

Θ(lg2 m)
\^mnf�uKzk�Ke�QDZD�kt'uKege�QDxp���_��&�& �)"�	����%$�
'&(���#	�����upzdx�x[QDzkcp\nQDx ST i

� � Z^P�upe�e±\^mnf�uKzk�KjkeiuH\nfgcCz�t'cKz[ª
\yupf�zOZ:a0Q�\q� Q'Q'z 1

3
lg m

uKzOx
lg m

\^f�z5Y�\^mnf�uKzk�KjOe�up\^f�cKzOZD�
L:MkQ�Z^QDt'cKzOx e�Q'�CQ'e:cp�®\^MkQ£Z]\^mnjOt¬\njkm^Q�fiZ_xkQDZ^fg�CzkQDx°\^c�x[QDZnt�mnfga0Q£uKx3o]uCt�Q'zdt�Y mnQ'eiuH\^f�cKzdZ�a0Q�\q� Q'QDz

\nfgz,Y_\^mnfiupzk�Cjke�up\^f�cKzOZ5.¾\nMkfiZ�fiZ x[cKzkQ®a,Ybf�z5\^mnc,xkjOt�f�zk�bu��KmyupwkM
G
��MOcCZ^Qszkc[x[QDZ upzdx�upmyt'Z�t�cKmnmnQDZ^wdcCzOx

\nc£\^f�z,Y©\nm^fiupzk�CjkeiuH\^f�cKzdZ�upzOx�zkQDfg�CM,adcCm^Mkc,c[x�m^QDe�up\^f�cKzOZ^Mkf�wOZ�a0Q�\q� Q'Q'z�\nMkQ'P£�
G
f�Zbu£wke�uKzOupm�P�uKw¾�

��MOcCZ^Q��³uKt�Q=Z`MOu3�CQ�x[Q'�Cm^QDQ�uH\UegQ=uKZ]\
3
upzOx¦MOu3�,fgzk��e�c,cKwOZsupzOx£Pbjke¥\nfgwOegQbQDx[�CQDZ�²6upj[\ncpªÑfgz5\nQ'myZ]Q=t¬\^f�cKzdZ

cK�@a0cKjkzOxOupmnfgQ=Z®uKm^Q_upe�egcH� QDxO´�� � Z^P�upe�e�\nm^fiupzk�CjkeiuH\^f�cKz ST i
P�upwOZ®\^c£u��Cm^cCjkw¦cK��Z]f�¨'Q

Θ(lg m)
cp�

zOc,xkQDZ:cp�
G
�Ox[QDzkcp\nQDx�a,Y

Gi
�

L:MkQbjkwkw0Q'm®egQD�KQ'e�f�ZszkQ'Q=x[QDx�\nc�x[Q=Z^t'm^f�adQbuKx3o]uCt�Q'zdt�Y�m^QDe�up\^f�cKzOZ:a0Q�\q� Q'QDz©Z]P�uKege¢\nm^fiupzO�KjkeiuH\nfgcCzOZ/.
�¡cCm�\^MOf�Z�wkjkmnwdc5Z]Q�� Q�fgz5\nm^c[x[jOt'Q�u£�KmyupwOM

F
�$mnQ'wkmnQDZ^Q'z5\^Q=x©��fg\^M�\nm^jOQ�wdcCfgz5\nQ'myZ�cKz

O(lg m)
akfg\nZD�

��MOf�tyM�egf�zP8[Z`uCx3o]uKt'Q'z5\`Z]P�upe�e±\^mnfiupzk�Cjke�up\^f�cKzOZD�
� ZIx[QDZnt�mnfga0QDxbf�z`;Á��=Ñ�

F
fiZ$m^QDwkmnQDZ^Q'z5\^Q=x�Q�§[wke�f�t'f¥\negY�jOZ]f�zk�

lg m
Z]f�¨'Q wdcCfgz5\nQ'myZ/.�\^MkfiZ$m^Q=h5jkfgmnQDZ

o(m)�¡cCm�\^MOQ�Zq\ncKmyup�CQUZ^fgzdt�Q |F | = O
(

m/lg2 m
) �d��Mkf�tyM£fiZsuCZ]Y,P�w[\^cK\^fit'uKege�Y�zkQD�Ke�fg�Cfgake�QK� � ZscKwkw0cCZ^QDx�\^c

\nMOuH\=�[uKx3o]uCt�Q'zdt�f�QDZ!f�z
G
upmnQ`m^QDwkmnQDZ^Q'z5\^Q=x�a5Y�w0cKf�z5\^Q'myZ�cp��Z^fg¨DQ

lg lg m
\nMOuH\:upmnQse�c,tDuped\^cbQDuKtyM�Z^P�upe�e

mnQ'�CfgcCz
Gi

²³��Mkf�tyM�MOuCZ�Z]f�¨'Q |Gi| = O(lg m)
´¬�!L:MOQUcH�CQ'myupe�e0t'cCZ]\�cp��\nMkQDZ^Q�egc[tDupe±wdcCfgz5\nQ'myZ�upeiZ]c�Z]jOP

jOw�\^c�u�Z^jka[ªÑe�fgzkQ=upm:Zq\ncKmyup�CQK� ,�f�zOuKege�Y_\^MkQ�x[cCP_f�zOuKzC\ egf�zkQ=upm:t�cCZ]\�upmnf�Z^QDZ!�¡m^cCP \^MkQ�Zq\ncKmyup�CQ��¡cKm:QDuCtyM
�CQ'm^\^Q'§�cp�

G
cK��u_wdcCfgz5\nQ'm�\nc�ub\nfgz,Y�\nm^fiupzO�KjkeiuH\nfgcCz�f�z£L�upaOegQ � �

L:MkQ�cH�CQ'myupe�e5Z^jOtDt�f�zOt¬\nzkQDZnZIjkeg\^f�P�uH\^QDegYbt�cKP�Q=Z��¡m^cCP{\^MOQ:�³uKt¬\$\nMOuH\@u®\^f�z,Y�\nm^fiupzk�CjkeiuH\^f�cKz_upwkw0QDuKm]ª
f�zk�©Z^Q'�CQ'myupeI\nfgP�Q=Z�f�z T fiZ�Q�§[wke�fit�fg\^e�Y�Z]\^cCm^Q=x�cKzke�Y�cKzOt'QK�$��f¥\nM¤Z^Q'�KQDmnuKeIzkc[x[QDZ�cp�

G
w0cKf�zC\nfgzO�©uH\

fg\D�

� � #���&'	'�
	�����#�	'���

L:MOQ P�c[x[QDekcp�±t�cKP�wkjk\nuH\nfgcCzb� Q:jOZ^Q fiZ�\^MOQ`Zq\yupzOxkuKmnxbv � T P�uKtyMOfgzkQC�p��fg\^M�uKtDt�QDZnZ$upzOx_upmnfg\^MkP�Q�\nf�t
cCwdQDmnup\^f�cKzOZ$f�z

O(1)
\nfgP�Q`cCz���cCmnxkZ!cp�¾Z]f�¨'Q

lg m
�$��z�wOupm^\^fit�jkeiupm!xkY5zdupP�f�t`P_QDP�cKmnYbupe�e�c,tDuH\nfgcCz�tDupz

xkcKzkQU�¡cKm�aOegc[t�8[Z:cp�
2k t�cKzdZ]Q=t�j[\nfg�CQU� cKmyxkZ f�z�\nfgP�Q O(2k)

�

����� �
	��
�������
�����������������
 !���"�$#
�%�&�'�(���*)�+-,(�.���(���
¯ jOm�wkmnQDZ^Q'z5\���cCm28©Q�§,\^QDzOxkZ�wOm^QD�5f�cKjdZ�m^QDwkmnQDZ^Q'z5\nup\^f�cKz�\^MOup\bupe�egcH� QDx�Q���t'fgQDzC\bzOu3�,fg�5uH\^f�cKz�f�z \^MkQ
\nm^fiupzO�KjkeiuH\nfgcCz .�uKege0zOu3�,fg�5uH\nfgcCz_cCwdQDmnup\^f�cKzOZ!adQ'\q��QDQ'z�\nm^fiupzk�CegQ=Z!wkmncH�,f�xkQDx�f�z\; �>=±uKm^QsuKe�Z^c�Z^jkwkw0cKm^\^Q=x
MOQ'mnQUf�z

O(1)
\nfgP�QC�

��z�uKxkx[fg\^f�cKz°\^c�\^MkQ=Z]Q£Zq\yuH\nf�t�hCjOQ'mnfgQ=Z�� Q�wkmnQDZ^Q'z5\�u©t�cCP�wkegQ'\^Q�Z]Q'\_cK�saOuKZ^fit�cKw0Q'myuH\nfgcCzOZ�\nMOuH\
w0Q'mnP�f¥\�\nc�wdQDm]�¡cCm^P e�c[t'uKe¢P_c[x[f%�dtDuH\^f�cKzdZ:cp��\^MkQ�\nm^fiupzk�CjkeiuH\^f�cKz .
• Insert(4)

.!uCxkxkZ`u�x[QD�KmnQ'Q��b�CQ'm^\^Q'§�fgz�\nm^fiupzk�CegQ 4 �
• Delete(v)

.Ix[Q'e�Q�\nQDZ`u�x[QD�KmnQ'Q��_�KQ'm^\^Q'§¢�
• F lip(4, v)

.�­Of�wOZ:\^MOQ�QDx[�CQUcK� 4 cKwkw0cCZ^f¥\nQ®\nc��KQ'm^\^Q'§
v
�

þ�þ É�q�r�s�t��
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L:MkQ=Z]Q°uKm^Q�\nMkQ¤Z]\nupzdxkupmyx cCwdQDmnup\^f�cKzOZ�cCz \nm^fiupzO�KjkeiuH\nfgcCzOZ£��f¥\nMkcKjk\¦adcCjkzOxkuKm^YC�WL:MkQ f�zOZ]QDm]ª
\nfgcCz0«HxkQ'e�Q�\^f�cKz�cp�:u��KQ'm^\^Q'§©cKz�\^MOQ�adcCjkzOxkuKm^Y¦fiZ�x[Q=upeg\�f�z�\^MkQ�ZnupP�Q�P�upzkzOQ'm�Z^c�\nMOuH\�� Q�x[c£zkcp\
xkf�Znt�jOZnZ:fg\`Q�§[wke�f�t'f¥\nQ'e�YK�

����� � �����*�(� +
 ���� +-, �� +
 ���
C � ¶,¶�� �[�3� �¡��� º � � �
	 G � Z�P�QDzC\nfgcCzkQDx fgz Z^QDt�\^f�cKz � cKjkm�Zq\nm^jOt�\^jkmnQ©fiZ�aOuKZ^QDx cCz u \q� c°e�Q'�KQDe�Z
xkQDt�cCP�wdc5Z]fg\^f�cKz_cp�0\^MkQ�f�zkfg\^fiupe[\nm^fiupzO�KjkeiuH\nfgcCz .��OmyZq\If�z�wkfgQ=t�Q=ZIcp�±Z]f�¨'Q

Θ(lg m)
²ú\^f�z,Y�\nm^fiupzk�CjkeiuH\^f�cKzdZn´

uKzOx�\^MkQDz�mnQ'�Cm^cCjkwkf�zk�CZ�cp�Iupa0cKjk\
Θ(lg m)

\^f�z,Y�wkf�QDt'QDZ�²6Z]P�upe�e±\^mnfiupzk�Cjke�up\^f�cKzOZy´¬�
L���cZ8CQ'Y�wkmnc[t�QDxkjkm^Q=Z®\^MOup\�MOQ'e�w�jOZ�f�z�\^MOup\�x[QDt'cKP�wdc5Z]fg\^f�cKz�upmnQ_xkQDZnt�mnfga0QDx�a,Y�\^MkQ_�¡cCege�cH��fgzO�

e�Q'P�P�uKZD�IL:MkQ��dmnZ]\ cCzkQ®t'cKzOt'Q'mnzOZI\nMkQ�x[QDt'cKP�wdc5Z]fg\^f�cKz�cp�¾akf�zOupmnY_\^mnQ'Q=Z<;A@D�>=¾uKzOx�fg\ ��f�ege±a0Q®jdZ]Q=x�f�z
\nMkQ�t�cCzOZ]\^mnjOt¬\nfgcCz0«3jkw±xkup\^QUcp��\^f�z5Y�\^mnf�uKzk�KjkeiuH\nfgcCzOZD�
��¶ � �°�`E3G
� 	�f��/�`��X/	�����"��k�)"2��� B ���

n
�����������O����� I � �5�L� I �>�9���4$�"K�K�B���-�_�����

3 � �������N�P����	��)	�f��	��3�4�4$%��"9�P��"2���Y�/�4�/"
M
^U	��9	M�<�P���K��	�X/&(�Y������"2����
����_	��

O(n)
�#	��Y�e������"��)	��#	����m�O� B 	��3�4�1��
�X����#"2�����

Bi
^ ��
�� I � I ���N� I ����	(i��a������f��/"��Y��
�X��)"2�����/���)	M�QS!���

3M ≥ ‖Bi‖ ≥ M
b

� x[f(00QDm^QDzC\$mnQDZ^jke¥\N;Á~�=[t'cKzOt'Q'mnzkf�zk�`cKmyx[QDm^Q=xU\^mnQ'QDZ���f�ege5adQ jOZ^Q��¡jke5�¡cCm�t'cKzOZ]\^mnjOt¬\nfgzO�®upzdx�jkw±xkuH\nfgzk�
Z^P�upe�e±\^mnf�uKzk�KjOe�up\^f�cKzOZ5.
��¶ � �°��� G�� �/�N
V�
�K���P��	����/"a��� ��"2���/"2���`�#"K�K� B ���

n
���������a�����l�k���>��	��)	�f>�a	��3�4�4$%��"R�P��"2���Y�����/"

M ≥ 2
b��a�l�K��� �����<��
'���e	��

O(n)
�)	��Y�`�������a	�&[�7�O�a��
�X����#"K�K���e�K��f>�/"�	��%$p� I �l��"�	g$�	�����&!�#"K�K� B ^� I ���9	������/"������/�B���3&[�\���9� I �/	�"_"2�����#�_��� �l�/���)	M�Q���l� I �9����&�&(� W 	��%$ �����P���)"2��	��3���Y���o� I �/	�"a��	(i������e��f��/"��

��
�X����#"K�K� Bi
�/���)	M�QS!��� ‖Bi‖ ≤ 3M − 4

b�c 
'"�� I ��"��Y��"K��^U	 � Bi
�������a�����<�K��������	��o� I �a"2����� W � I ��f��

‖Bi‖ ≥ M
b

� 
��K� � � �K�b» · � �#� �³��»��[�D�©�'�D� 
��p� 
�� ¶ �LG ¯ zkQ®t'm^jOt'f�uKeduCZ]w0QDt�\�f�z�cKjkm Zq\nmnup\^QD�KYb�¡cKm P�uKfgz5\yupf�zkfgzO�
\nMkQ�mnQ'wkmnQDZ^Q'z5\nup\^f�cKz�jkzOx[QDm`jkw±xkuH\nQDZ`t'cKzOt'Q'mnzOZ�\^MkQ�cCm^�5upzkf�¨Dup\^f�cKz�cK��P�QDP_cCm^Y�Zq\ncKmyup�KQC� � 8KQ'Y�\^c,cKe
�¡cCm�P�upzOuK�Kf�zk�bP�QDP_cCm^Y�jOZ]Q=x�MOQ'mnQUfiZ`u�x[Y,zOuKP_fit�xkuH\yu�Zq\nm^jOt�\^jkmnQ�t'uKege�QDx �2JL����� ��	�X/&(�_��"�"2���H�

� z�Q'§5\nQ'zOxkfgake�Q�upmnmnu3Y�t�cCz5\nupf�zOZ
n
Q=hCjdupegªÑZ^fg¨DQsmnQDt'cKmyxkZ®²³��f¥\nM�f�zOx[Q'§�a0Q�\q� Q'Q'z

0
uKzOx

n− 1
´�upzOx

Z^jkwkw0cKm^\nZsZq\yuH\^fit�uKzOx�x[Y,zOupP�fit�cKw0Q'myuH\nfgcCzOZ/. uKtDt�QDZnZ^fgzk��u�mnQDt'cKmyx��Cfg�CQ'z£fg\nZ`f�zOx[Q'§¢�0t'm^Q=uH\^f�zk��u�zkQD�
mnQDt'cKmyx���fg\^M�f�zOx[Q'§

n
²#$�"2� W ´��dx[fiZnt'upmyx[f�zk�_\^MkQ�m^Q=t�cKmyx���f¥\nM�fgzOxkQ�§ n

²O� I "�	����O´¬��L:MkQ�zkcCP_f�zOuKe�Z]f�¨'Q
cK��uKz£uKm^myu3Y���f¥\nM

n
mnQDt�cCmnxOZ�Q=uKtyM�cp�$Z]f�¨'Q

r
f�Z�cK�

nr
aOf¥\yZ'�

: MkQDz°t�cCzOZ]fix[QDm^f�zk�£u�t�cKe�e�QDt¬\nfgcCz�cK� Q'§,\^Q'zdx[fgaOegQ�uKm^myu3Y[Z'�¢� Q�t'uKz�uCxkx�\^MkQ��¡cCege�cH��fgzO�£xkY5zdupP�f�t
cCwdQDmnup\^f�cKzOZ5.

create(ri)
mnQ�\njkm^zdZ!u�zkQD�.Q'§5\nQ'zOxkfgake�QsuKm^myu3Y�MOu3�,fgzO��m^Q=t�cKmyx_Z]f�¨'Q

ri
�
destroy(A)

�¡mnQ'Q=Z
\nMkQ¦P�Q'P�cCm^Y t�cCm^mnQDZ^wdcCzOx[f�zk��\^c \nMkQ�uKm^myu3Y

A
f�z \nMkQ©t�cCege�QDt�\^f�cKz¾� �Ñ��\nMkQ

i
\^M uKm^myu3Y

Ai
f�z \^MkQ

t'cKe�egQ=t¬\nfgcCz_MduKZ
ni
m^Q=t�cCmnxkZD�pQ=uKtyM�cp�¾Z^fg¨DQ

ri
�5��QsZnu3Y�\nMOuH\@\^MkQ®zkcKP�f�zOupe0Z]f�¨'Q`cK�±\^MkQ®Q'z5\^f�m^Q®t�cKe�e�QDt¬\nfgcCz

fiZ ∑

i niri
�

R,cCP�Q���cCm28[Z:f�z5\^mnc,xkjOt�f�zk��Z^wOuKt'Q�ªÑQ���t�f�Q'z5\sZ^cKe�j[\^f�cKzdZ:�¡cKm�\nMkQ�f�P�wke�Q'P�Q'z5\nup\^f�cKz�cK�$x[Y,zOuKP�f�t�uKm]ª
myu3Y[Z�MOu3�CQ�adQDQ'z.wkm^cCwdc5Z]Q=x ²O;Á}>=¡´¬��L:MkQ£x[QDZnt�mnfgwk\^f�cKz cp�®cKjkmbP_QDP�cKmnY�Z]\^cCmnuK�KQ�fiZ�aduKZ^QDx cCz¤Z]cCP�Q
mnQDt'Q'z5\�fgP�wkmncH�KQDP�Q'z5\ wOm^Q=Z]QDzC\nQDx�fgz ;A@D�>=�uKzOx�Q�§[wkmnQDZnZ]Q=x�f�z�\^MkQ��¡cCege�cH��fgzO���¡cCm^PZ.
��¶ � �°��� G�� �/�_
V�\�����P��	����/"h� ����&�&(���/�#	���� �O�

a
�KJL�4�/����	�X�&A�h��"�"2���>� W I �>�/� � ���a	�����&<��	(i��7	M�

s�����Z���/�����4�YX/�
w

� I �
�_�L� I 	���� W ��"2�1��	(i5��b H I �/�h� I �/"2�Y�KJL	M���#�
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'&(���)	������ ~

����&�&(�����)	����Y� I ����
V�/���
s+O(aw+

√
saw)

X/	��#�N�O�]�)�P�L�K�R�����B��
�������"��#��^�	��e��
'"]�Y�5�L��&'�O�U�����<��
'�����)	����P^
uCt't'QDZnZ����P�/"2���#	����P� �)"K�K�L��	��V$ � W "�	��#	��V$ � 	�� O(1)

�#	��Y����� ��t�mnQDuH\nQ�^±�KmncH� ��� ��Z]Mkmnf�zP87�K���/"2���)	������ 	��
O(1)

���_��"��#	(i����1�#	��Y�5b
:�Q Z^MOuKege5zkQ'Q=x�uKz�Q�§,\^myu`cCwdQDmnup\^f�cKz�cCz�Q�§,\nQ'zOx[f�ake�Q�uKm^myu3Y[Z/.0\^MOQ��L��&(�/�)	�����cp�0upz�uKm^akfg\^myupmnYsmnQDt'cKmyx

f�z�uKz�upmnmnu3YC� : MkQ'z�m^Q=t�cCmnx
i
f�Z�x[Q'e�Q�\nQDx�f�z�upz�upmnmnu3Y�cK�¾Z]f�¨'Q

n+1
�CmnQDt'cKmyx

n
fiZ�t'cKwkf�QDx�up\�fg\nZ@wke�uCt�Q

uKzOx¦uZ� I "�	����¦f�Z®wdQDm]�¡cCm^P�Q=x¢�®L:MkfiZ®cKw0Q'myuH\^f�cKz�mnQDh5jkf�mnQDZsuKe�Z^c�\nMkQ�jkw±xkup\^Q_cp�!mnQ��¡Q'mnQ'zdt�QDZ�\^c�mnQDt'cKmyx
n
��L:MkQ�uKP�cKm^\^f�¨'QDx�t�c5Zq\�cp� \^MOQ�t�cKw,YO«HZ^Mkmnfgz�8�cCwdQDmnup\^f�cKzOZUfiZ

O(1)
��uKzOx�fgz�cKjOm�t'uKZ^Q_\^MkQ�jOw0xkup\^Q

t'cCZ]\���fge�e¾a0Q�QDuKZ^Y�\^c�QD�Hupe�jOuH\nQK�

� � 

� ¶ �3�k��� º��©º�� �'���³� � 	 
 '6�[��� º � � R,f�zOt�Q�cCjkm$m^QDwkmnQDZ^Q'z5\nup\^f�cKz�fiZ$aOuKZ^QDxbcKzb\^MOQ cCw[\^f�P�upekt'c,xkfgzk�
cK� uKege�\^MOQ�\^mnf�uKzk�KjkeiuH\nfgcCzOZ®MOu3�,fgzk��jkw�\^c

Θ(lg m)
\nm^fiupzO�Ke�QDZD�¢��Q�t�fg\^Q�upz�Q'z,jkP�QDmnup\^f�cKz©mnQDZ^jkeg\®�¡cCm

\nMkfiZ`t�eiuKZnZ cp�$cKa[oqQ=t¬\nZD�[Q�§[wkmnQDZnZ^QDx�f�z�\^MkQ��¡cCege�cH��f�zk���¡cCm^P�²ú�¡cCm`u_Z28KQ'\ntyM�cp��\^MkQ�wkmnc,cp�$Z]QDQY;(@�=¡´�.
��¶ � �°��� G H I �7�3
'�_X��/" ��� �)"�	����%$�
'&(���#	����P�7�O�7�Z����&[�/$%��� I ��f5	��V$

p
�)"�	����V$�&(����^ W 	�� I 	�������"�	���"

f��/"��#	�������X/
'�]� ���!�

'&[�)	 ��&A�
���/$%���K^!	M��X���
'�������`X��
22.175p b

� � ������&'��%�� ��� ��&�&���	'�b� ��#�	�����%�
�&�����	������ ����� 	���
�������#�� 	�	y�
� ���!����#��

C � �±· �'���³� � 	 
 '6�[��� º � � ��z£cKjkmswkm^QD�,fgcCjOZ�� cKmK8\; ��=8�0L�uKake�Q
A
t�cCzC\yupf�zkQDx 1

4
lg m

wdcCfgz5\^QDmnZ�\^c�L�uHª
aOegQ=Z

Ai
��QDuCtyM�Z]\^cCm^f�zk��\^MkQ�e�fiZq\�cK� upe�e$\^mnfiupzk�Cjke�up\^f�cKzOZUcK�:Z^fg¨DQ

i
�  @egQDP_QDz5\nZ�f�z�L�upaOegQ

Ai
��cCzkQ_�¡cKm

QD�KQDm^Y_\^mnfiupzk�Cjke�up\^f�cKz¾�[uKm^QUwdcCfgz5\nQ'myZ@\nc�upz�Q�§[wke�f�t'f¥\�mnQ'wkmnQDZ^Q'z5\nup\^f�cKz
Aexplicit

i,j

cK��\nMkQ�t�cKmnmnQDZ^wdcCzOx[f�zk�
t'cKPbakfgzduH\^cCm^fiupe¾Z]\^mnjOt�\^jkmnQK� � z,jkP�a0Q'mscp�Ifgzk�¡cKmnP�up\^f�cKzOZ`� uCZ`Zq\ncKmnQDx�\^c�uKege�cH� Q���t�f�Q'z5\szOu3�,f��Cup\^f�cKz
f�z�\^MkQ_\^f�z,Y£\^mnf�uKzk�KjOe�up\^f�cKz¾�¾uCZs\nMkQ�uKx3o]uCt�QDzOt�Y£mnQ'eiuH\^f�cKzdZ®a0Q�\q� Q'QDz¦\nm^fiupzk�CegQ=Z'�bT�cKmnQ'cH�CQ'm=�0uKz

O(i)t'c[x[QU�¡cKm:QDuCtyM�\nm^fiupzk�CjkeiuH\^f�cKz�cp��Z^f�¨'Q
i
fiZ�t�cKP�wkjk\^QDx�upzdx�uCZ^Z^c[t�fiuH\^Q=x�\ncb\nMkQ

Aexplicit
i,j

�,�¡cCege�cH��f�zk�_u
mnQDt'Q'z5\@t�cCP�wOuKt�\!Q'zOt'c,xkfgzk��²

4i−2
akf¥\yZ!Z^j[��t�QK�,Z^Q'Qk;A@�@�=ú´�.�\nMkf�Z�x[c,QDZIw0Q'mnP�f¥\@\^c�f�zOx[Q'§bQ���t'fgQDzC\negY_f�z

\yupake�QDZ
Ai
�±Q'zOZ^jkmnfgzk��u�egf�zkQ=upm®\^f�P_Q_t�c5Zq\`�¡cCms\nMkQbt'cKzOZ]\^mnjOt�\^f�cKz�cp�I\nMkQ�QDz5\^f�m^Qbm^QDwkm^Q=Z]zOQ�\nup\^f�cKz ²³Z^Q'Q

;A@�=¾�¡cCm�P�cKmnQ�xkQ�\nuKfgeiZ�upa0cKjk\�\^MkQ�t'cKzOZ]\^mnjOt¬\nfgcCz�wkMduKZ^Q�t'cCZ]\nZy´¬�
��z�cCmnxkQ'm¢\nc®x[Q=upeK��fg\^M�egc[t'uKeKjkw±xkup\^QDZ�cp�,\nMkQ!\nm^fiupzk�CjkeiuH\^f�cKz��D� Q!Q'zOm^fityM�\^MkQ�wkmnQ'�,fgcCjOZ�xkQDZnt�mnfgw[\nfgcCz

\nc¦cKak\nupf�z u�zkQD� Q'§[wkegfit�fg\�mnQ'wkmnQDZ^Q'z5\yuH\^f�cKz�\^MduH\_uKege�cH�`ZU\^c©wdQDm]�¡cCm^P�egc[tDupe!P�c[x[f%�dt'up\^f�cKzOZ�fgz�\nfgz,Y
\nm^fiupzO�KjkeiuH\nfgcCzOZ'����z�wOupm^\^fit�jkeiupm=�5\^c�f�P_wOegQDP_QDz5\`egc[t'uKe±�KQ'm^\^Q'§�fgzdZ]QDm]\nfgcCzOZ:fgz

O(1)
\^f�P_QC�k� Q�uCxkx�\^MkQ

�¡cCege�cH��f�zk� �dQ'eixkZ:\^c_\nMkQ�Q�§[wke�f�t'f¥\`mnQ'wOm^Q=Z]QDzC\yuH\nfgcCz
Aexplicit

i,j

.
V

Aexplicit
i,j .add 
 vertex

fiZ�u \yupake�Q©t'cKz5\nuKfgzkf�zk�¤uKege®wdc5Z^Z^f�akegQ©\^mnf�uKzk�KjOe�up\^f�cKzOZ�cK��Z]f�¨'Q
i + 2cCa[\nuKfgzOQDx�a,Y�uKxkxkfgzk��u��CQ'm^\^Q'§_\nc�\nMkQUt'jkmnm^QDzC\�\^f�z,Y�\^mnf�uKzk�KjkeiuH\nfgcCz�fgz

Aij
�IL:MkQ

k
\^M�m^Q=t�cKmyx�f�z�\^MOf�Z

\yupake�Q�²³cKzkQb�¡cKmUQDuCtyM�\^mnfiupzk�CegQ�f�z¦\nMkQb\^mnf�uKzk�KjkeiuH\nfgcCzd´`t'cKz5\nuKfgzdZsu
Θ(lg m)

fgzOxkQ�§£\^MOup\Uw0Q'mnP�f¥\yZ®\^c
uCt't'QDZnZ@\nc�\^MkQ�P�c[x[f%�OQDx�\^mnfiupzk�Cjke�up\^f�cKz�fgz

Ai+2,j′

�OcKa[\yupf�zkQDx�uKxkxkfgzk��u��CQ'm^\^Q�§�\nc�\^MkQ
k
\^M��³uKt�QC�

V
Aexplicit

i,j .del 
 vertex
f�Z`u�Z^fgP�f�e�uKm \nupaOegQ��¡cCm`upe�e¢wdc5Z^Z^fgaOegQ�x[QDegQ'\^f�cKzOZ�cK��x[QD�KmnQ'Q��_�KQDm]\nf�t'QDZD�

V
Aexplicit

i,j .f lip 
 edge
fiZ�u�Z]f�P�fgeiupm:\yupake�QU�¡cKmsuKege¢w0cCZnZ^fgake�QU­Of�wOZ'�

��¶ � �°��� GhH I �1���4��"2�/$%�l�O� H ��X/&(�
A
^������7�O�e��&�&!� I �e	�������"��Y���)	���� �>���/�5�/	�������� W 	�� I H ��X/&(���

Ai"K�Kd/
'	�"2���k�������9� �4���#	�����&�&g�
o(m)

X/	��#��b

þ�þ É�q�r�s�t��



� � �����4�/&�&[	��B&A�K��"2��	�� �a��f�	�&�&(�/"������?� I ���
	<�/"

�U"2�5����b � Z egcCzk�_uCZ!\nMkQ�fgzk�¡cKmnP�up\^f�cKz�up\]\yuKtyMkQ=x�\^c�u�\^f�z5Y�\nm^fiupzO�KjkeiuH\nfgcCz�cp�$Z]f�¨'Q
i
m^QDP�uKfgzdZ�w0cKe�Y,zkcpª

P�fiupeCfgz
i
�D\^MkQ@t'cCZ]\�cp�5\^MOQ@Q�§[MOuKjOZ]\^f��KQ!t'up\nuKegcC� mnQ'P�uKfgzOZ�Z]jkaOegf�zkQDuKm�Z^fgzOt'QIf¥\$t�cCzOZ]fiZ]\nZ¢cK�

O(22.17 1

4
lg m)QDz5\^mnfgQ=Z:cp��w0cKe�Y,egcC�CuKm^fg\^MkP�fit®Z^f�¨'QK�

¯ aOZ^Q'mn�KQ¦\^MOup\�\nMkQ �dQ'eix
add 
 vertex

upe�e�cH�`Z�\nc¤w0Q'm^�¡cKmnP \nMkQ�egc[t'uKe®f�zOZ^Q'm^\^f�cKz cK�bu°�CQ'm^\^Q'§
f�z \nfgP�Q

O(1)
�IjOzkegQ=Z^Z�\^MkQ�\^f�z,Y�\nm^fiupzO�KjkeiuH\nfgcCz�a0QDt'cKP�QDZ�\^c,c¦akf��©uKzOx P�jdZq\�a0Q�Z^wke�f¥\=�p,kcCm�wkjOm^Q

�CQ'm^\^Q'§©fgzdZ]QDm]\nfgcCzOZU\^MkfiZ�tDupzkzkcK\�MOupwkw0Q'z�\nc5c�cK�ú\^QDz�uKzOx
O(1)

uKP�cKm^\^f�¨'QDx�t�c5Zq\�fiZ�cKak\nupf�zkQ=x¢��L:MkQ
�dQ'eixkZ

del 
 vertex
uKzOx

flip 
 edge
uKe�Z^c°upe�egcH�

O(1)
\^f�P�Q¦�¡cKm�egc[t'uKescCwdQDmnup\^f�cKzOZ�f�zOZ^f�x[Q�u�\^f�z,Y

\nm^fiupzO�KjkeiuH\nfgcCz�akj[\sup\`u�\nMkQ'cCm^Q'\^fit'uKe0e�Q'�CQ'e±\nMkQ'Y�x[c�zkcp\�MkQDegw£P�jdtyM�a0QDtDupjOZ^QK�kuCZ�� Q�Z]Mdupe�e¾Z]QDQK�[zkcCz
e�c[t'uKe¢cKw0Q'myuH\^f�cKzdZ�P�u3Y�a0Q�mnQDh5jkf�m^Q=x�upmnakfg\^myupmnfge�Y�cp�ú\nQ'z¾�

�_º 
 � »��k� · � �³��� ¶ �p� º �H� L:MkQ£t'up\nupe�cK�©cp�®uKege adcCjkzOxkuKm^Y�akfg\��KQ=t¬\^cCmbt'cKzOZ^f�Z]\nZbcp�UL�uKakegQ=Z
Bpq

�
t'cKz5\nuKfgzOfgzk��uKegedakfg\]ªÑ�KQDt�\^cCmnZIcK��Z]f�¨'Q

p
upzOx�� Q'f��KM5\

q
�¡cKm

p < 1
4

lg m
\ncK�KQ'\^MkQDm!��fg\^M�\nMkQsf�z[�¡cKmnP�uH\nfgcCz

zOQ'QDxkQDx�\^c�upzOZ^� Q'm�mnuKzP8�upzOx_Z^Q'e�QDt¬\!h5jkQDm^f�QDZ�f�z_t'cKzOZ]\nuKzC\�\^f�P�QK� ¯ aOZ^Q'mn�KQ@\^MOup\�\nMkQDZ^Q \nuKakegQ=ZIt�cCzC\yupf�z
O(m

1

4 )
Q'z5\nm^f�QDZ:cK��w0cKe�Y,egcC�Cupmnfg\^MkP�fitUZ^f�¨'Q�.$\nMkQ'Y�t'uKz�a0Q�t�cCzOZ]\^mnjOt¬\nQDx�fgz¦Z^jkake�fgzOQDupm:\nfgP�Q�uKzOx�\^MkQDfgm

Z]\^cCmnuK�KQ:mnQDh5jkf�m^Q=Z!u�zkQD�Ke�fg�Cfgake�Q`upP�cCjkz5\@cp�¾Z^wOuKt'QK����z�wOupm^\^fit�jOe�uKmI\^MkQ=Z]Q®L�uKakegQ=Z@tDupz�adQ®Q'zkMdupzOt'QDx_\^c
Z^jkwkw0cKm^\UuCxkx[f�zk�,«Hm^QDP�cH�5f�zk�[«HtyMOuKzk�Kf�zk�_cKzkQ_akfg\Uf�z¦\nMkQb�CQDt�\^cKmUf�z�t�cCzOZ]\nupz5\®\^f�P_Q�uKZ®�:uKZUx[cKzkQ��¡cKm
L�upaOegQ � ²ú\nMkfiZ`t'uKz�a0Q�jOZ^QDx�\^c�f�P_wOegQDP_QDz5\`Q���t�f�Q'z5\`f�zOZ]QDm]\nfgcCz�cK��a0cKjkzdxkupmnY��KQDm]\nf�t'QDZy´¬�

� � ��� ���.��	'�b�X��#$	�����%�
�&�����	'�����

��z ; �>=:� Q�f�z5\^mnc[x[jOt�Q�u¦P�upw
G
²¡mnQDZ^w¾�

F
´�\nc�x[Q=Z^t'm^f�adQ�\^MkQ£uKxHo]uKt�QDzOt�Y�mnQ'eiuH\nfgcCzOZ�a0Q�\q� Q'QDz°\^f�z,Y

²³m^Q=Z]w��$Z^P�upe�ei´�\nm^fiupzO�KjkeiuH\nfgcCzOZ'�
��z_\^MOf�Z!Z^QDt�\^f�cKz_��Q:wkmncH�,f�xkQ@\nMkQ`x[QDZnt�mnf�w[\^f�cKz_cp�d\^MkQ�P�Q'P�cCm^Y�cCm^�5upzkf�¨Dup\^f�cKz�mnQ'eiuH\nfg�CQ@\ncU\^MkQ`Z^jka[ª

P�uKw
Gi
�±��MkfityM¦t�cCm^mnQDZ^wdcCzOxkZ:\nc�\nMkcCZ^Q�zkc[x[Q=Z`cp�

G
a0Q'e�cKzO�Kf�zk��\^c�\^MkQ_Z^uKP�Q�Z]P�upe�e¾\nm^fiupzO�KjkeiuH\nfgcCz

ST i
�IL:MkQsP�uKw

G
²6uKZ@��QDegeOuCZ

F
´$P�u3Y�MOu3�CQ:P�jkeg\^f�wke�Q®upmyt'Z$cCm!e�c5cCwOZIakjk\�upe�eOfg\nZ$�³uCt�Q=Z!MOu3�CQ:xkQ'�KmnQ'Q

≥ 3
�� @uKtyM�uKmnt`cp�

G
adQ'\q��QDQ'z T T j

upzOx T T j′

t'cKmnm^Q=Z]w0cKzdxkZ$\^cbu�Z]fix[QUZ]MOuKm^Q=x_a5Y T T j
uKzOx T T j′

�

����� � � �$� ��,(��� �*�� � �'�(�*������� ��� ��#*� ��� �����$	 ����)�� �-�	� �.���(���
�sQ'mnQs� Q®�Cfg�CQ®u_x[Q�\yupf�egQ=x�x[Q=Z^t'm^f�w[\nfgcCz�cp�¾\nMkQ�}�t'cKe�egQ=t¬\nfgcCzOZ@cK��Q�§,\nQ'zOx[f�ake�QUuKm^myu3Y[Z'�5uKZnZ]c[t'f�up\^QDx���fg\^M
ubzkc[x[Q

Gi
�,\nMOuH\`Z]\^cCm^Qs\^MkQ�f�z[�¡cKmnP�uH\^f�cKz�m^QDe�up\^f��KQs\^cb\^MkQ�t�cCP�akf�zOup\^cKmnfiupe±Zq\nm^jOt�\^jkmnQK�5\nMkQ�adcCjkzOxkuKm^Y

eiupa0Q'e�e�fgzk��upzOx�\nMkQ�uCx3o]uKt'Q'zOt'Y�m^QDe�up\^f�cKzOZ�cK�supe�e@\nMkQ�\nfgz,Y�\^mnfiupzk�Cjke�up\^f�cKzOZ���f¥\nMkfgz¤\^MkQ�Z^uKP�Q�Z]P�uKege
\nm^fiupzO�KjkeiuH\nfgcCz¾��L:MOQDZ^Q�zkcp\yuH\^f�cKzdZ�Q'§,\^Q'zdx�uKzOx�upmnQ�t'cKMkQDm^QDz5\:��fg\^M�\nMkQ�zkcp\yuH\nfgcCzOZ cp�U; ��=Ñ�

6 � z�Q'§,\^Q'zdx[fgaOegQ upmnmnu3Y Si
fiZ¾jOZ^QDx�\ncsZ]\^cKmnQ!uKxHo]uKt�QDzOt�YUmnQ'eiuH\^f�cKzdZ¢adQ'\q��QDQ'z�Z^P�upe�ep\nm^fiupzk�CjkeiuH\^f�cKzdZ

²¡mnQ'wkmnQDZ^Q'z5\nQDx�a5Y�upmyt'Z fgz�P�upw
F
´�.$\nMkf�Zsupmnmnu3Y�MOuCZ

O(lg2 m)
mnQDt�cCmnxOZ'�,QDuCtyM�cK��Z^fg¨DQ

Θ(lg m)akfg\nZD�kegfiZ]\^f�zk�_\^MkQ�zkQDfg�CM5a0cKmyZ cp��\^MkQ�Z^jka[ªÑP�uKw
Gi
� � eg\^MOcKjk�CM

Si
P�u3Y�MOu3�CQUZ^f�¨'Q

O(lg3 m)
�kf¥\

f�Z`P�jOtyM£Z]P�uKege�Q'm�cCz�u3�CQ'myup�KQ_²³Z^Q'Q�
¾QDP�P�u ��a0Q'e�cH�s´¬�
6 � z�Q�§,\nQ'zOx[f�ake�Q`upmnmnu3Y Ti

fiZIjOZ^QDx�\^c�Z]\^cKmnQ fgz[�¡cCm^P�up\^f�cKzOZ$mnQ'eiuH\nfg�CQ@\nc�QDuKtyMb\^f�z,Y�\^mnfiupzk�Cjke�up\^f�cKz .
\^MkQ�m^Q=t�cKmyx

Ti[j]
�kmnQ'eiuH\^f��KQ�\nc�\^MkQ�\nfgz,Y�\^mnf�uKzk�KjOe�up\^f�cKz T T i,j

t'cKzOZ^fiZq\yZ:cp��\^MkQ
O(lg lg m)

akfg\
t�cCzOt'up\^Q'zduH\^f�cKz�cp��\^MkQ��¡cCege�cH��f�zk� �OQ'eixkZ5.

Õ¡ý�þ¾ÕúÓ
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� Gt
i,j

f�Z:\nMkQ�z,jkP�a0Q'm�cK��\nm^fiupzk�CegQ=Z:fgz T T i,j
�

� Gb
i,j

f�Z:\nMkQ�Z^fg¨DQUcK��\nMkQ�adcCjkzOxkuKm^Y�cp� T T i,j
�

� Gs
i,j

f�Z:\nMkQ�x[QD�KmnQ'QUcp��\^MkQ�zkc[x[Q
Gi,j

f�z�\^MkQ�P�uKw
Gi
�

� GPA
i,j

fiZ`u_m^Q'�¡Q'mnQ'zOt'QU\^c�\^MOQ�m^Q=t�cCmnx¢�,f�z¦upz£upmnmnu3Y�cK��\nMkQ�t�cCege�QDt�\^f�cKz
PAi

adQDegcH���k��MOQ'mnQ
\nMkQ�t�cCP�akf�zOup\^cKmnfiupe$Zq\nm^jOt�\^jkmnQ�cp� T T ij

f�Z�f�P�wkegfit�fg\^e�Y�Z]\^cCm^Q=x�uCZ�u�m^Q'�¡Q'mnQ'zOt'Qbf�z L�uKakegQ
A
�

� GPB
i,j

f�Z`u�mnQ��¡QDm^QDzOt�Q®\^c�\nMkQ�mnQDt�cCmnx¾�[fgz�upz£upmnmyu3Y�cp��\nMkQ�t'cKe�egQ=t¬\^f�cKz
PBi

adQDegcH���k��MOQ'mnQ
\nMkQ�a0cKjkzOxOupmnY�e�uKadQDege�f�zk��cp� T T ij

fiZ�f�P_wOegfit�fg\^e�Y�Z]\^cCm^Q=x�uCZ�ubmnQ��¡QDm^QDzOt�QUf�z£L�upaOegQ
B
�

� GE
i,j

fiZ�u_m^Q'�¡Q'mnQ'zOt'QK�,f�z�uKz�upmnmyu3Y_cK��\nMkQ�t�cKe�e�QDt¬\nfgcCz
PEi

a0Q'e�cH���5\^c_\^MOQUe�fiZq\�cp��MOupeg�³upmyt'Z
f�zOt'f�x[QDz5\�\^c�zkc[x[Q

Gij
�

 @uKtyM�cp�I\nMkQDZ^Q��OQDe�xOZUtDupz¦a0Q_m^QDwkm^Q=Z]QDz5\^QDx£cCz
O(lg lg m)

akfg\nZD�¢Z]f�zOt'Q�P�upw
Gi

MOuKZUuH\UP_c5Zq\
O(lg m)

zkc[x[QDZ�uKzOx
O(lg2 m)

uKmntDZ'�
6 � t'cKe�egQ=t¬\^f�cKz PAi

cK�¾Q�§,\^QDzOZ^fgake�Q®uKm^myu3Y[Z$f�Z�jOZ^QDx�\nc�Z]\^cKmnQ`f�P�wkegfit�fg\^e�Y¦²³uCZ!mnQ��¡QDm^QDzOt�Q=ZI\^cbL�uKakegQ
A
´`\^MkQ�t�cCP�akf�zOup\^cKmnfiupe�Z]\^mnjOt�\^jkmnQDZ®cp�I\nMkQ�\nfgz,Y£\nm^fiupzk�CjkeiuH\^f�cKzdZ`cp�

Gi
��L:MkQbt'cKe�egQ=t¬\nfgcCz

PAit�cCzOZ]fiZ]\nZ:cp�
O(

√
lg m)

Q'§,\^Q'zdx[fgaOegQ�uKm^myu3Y[Z/.�\^MkQ
k
\nM�upmnmnu3Y�f�z�\nMkf�Zst�cKe�e�QDt¬\nfgcCz�MduKZ m^Q=t�cCmnxkZ cK�

Z]f�¨'Q
k
√

lg m
�  @uKtyM�m^Q=t�cCmnx�f�Z�P�Q=upz5\:\^c�t�cCz5\nupf�z�u�wdupf�m cK��\nMkQ��¡cKmnPZ.

�

L:MOQsf�zOx[Q�§�cK�¢u�\^f�z5Y_\nm^fiupzk�CjkeiuH\^f�cKz�f�z�L�upake�Q
A
�$L:MOf�Z�fgzdx[Q�§�MOuCZ@Z^fg¨DQ

2.17r
akfg\nZ�f¥�¾\nMkQ

\nm^fiupzO�KjkeiuH\nfgcCz�MOuCZ�Z]f�¨'Q
r
�

�

�
lg lg n

akf¥\yZ:fgzdx[Q�§�jOZ]Q=x£uKZ aOuKt�8,�:upmyx�w0cKf�z5\^Q'm�f�z�\nuKakegQ
Ti
�

�®up\nubwOupf�myZ@��f�ege±a0Q�uKxkx[Q=x¢�,m^QDP�cH�KQDx�uKzOx�P�c[x[f%�OQDx�fgz
PAi

akj[\�� QUZ^MOuKege0Q'zOZ^jkmnQs\nMOuH\:QDuCtyM
wOupf�m�f�Z�uKeg�:u3Y[Zbu�00Q=t¬\^Q=x \nc�\nMkQ�upmnmnu3Y���fg\^M.Z^P�upe�egQ=Zq\�f�zOx[Q�§

k
upP�cKzO��uKm^myu3Y[Z���f¥\nM.eiupmn�KQ

Q'zkcCjk�KM�mnQDt'cKmyxkZ$�¡cCm@fg\@\^c��k\D�IL:MkQ®��cCmnxkZ!m^QDwkm^Q=Z]QDz5\^f�zk��\^MkQ=Z]QswOupf�mnZD�KQDzOt�c[x[f�zk��f�P�wke�f�t'f¥\nQ'e�Y�u
\^f�z,Y�\nm^fiupzO�KjkeiuH\nfgcCz¾�OupmnQ�wOuCxkx[QDx£cCj[\`\nc�\^MkQbzkQ�§,\sPbjkeg\^f�wkegQbcp� √

lg m
. egQ'\sjOZscKaOZ^Q'mn�KQ�\nMOuH\

\^MkfiZ�wOuCxkx[f�zk��cKw0Q'myuH\nfgcCz�x[c,Q=Z:� uCZq\`uH\�P�cCZ]\ √
lg m

akf¥\yZ�w0Q'm:\^f�z,Y�\nm^fiupzk�CjkeiuH\^f�cKz��
6 � t'cKe�egQ=t¬\^f�cKz PBi

cp�¾Q�§,\nQ'zOZ^fgaOegQsuKm^myu3Y[Z$f�Z�jOZ^QDx�\nc�Z]\^cKmnQ`f�P�wkegfit�fg\^e�Y¦²³uCZ!mnQ��¡QDm^QDzOt�Q=ZI\^cbL�uKakegQ
B
´ \nMkQ�a0cKjkzdxkupmnY�akfg\s�KQ=t¬\ncKmyZ'�@L:MOQ�t�cKe�e�QDt¬\nfgcCz

PBi
fiZ�P�c[x[Q'e�QDx�up�ú\^Q'm

PAi
��fg\^M£\nMkQ�cKzke�Y

x[f(00QDm^QDzOt�Q \^MduH\If¥\!t'cKz5\nuKfgzOZ�f�zOx[fit�Q=Z�cK�da0cKjkzdxkupmnY�akfg\$�CQDt�\^cKmyZ�fgz�L�uKake�Q
B
�pf�zOZq\nQDuCx�cp�0fgzdx[f�t'QDZ

cp�¢\nfgz,Yb\^mnf�uKzk�KjkeiuH\nfgcCzOZD�-,kcCm�u�\nfgz,Y_\^mnfiupzk�Cjke�up\^f�cKz���fg\^M�a0cKjkzdxkupmnYbZ^fg¨DQ
p
uKzOx

q
Z]fix[QDZD�C\^MkQ=Z]Q

m^Q'�¡Q'mnQ'zOt'QDZ:mnQDh5jkf�m^Q
O(q lg p)

akfg\nZD�
6 � t'cKe�egQ=t¬\nfgcCz

PEi
cK�¾Q�§,\^QDzOZ^fgake�Q®uKm^myu3Y[Z$f�Z�jOZ^QDx�\ncbZ]\^cCm^Q�\nMkQ�²³t't'� Z]cCm]\nQDxO´IegfiZq\yZ@cK�¾MOupeg��upmyt'Z

fgzdt�fix[Q'z5\�\^c�\nMkQ�zkc[x[Q=Z
Gi,j

�
,kcCm�QDuKtyM�MOuKe¥�úª�upmytp�5\^MOQ��¡cKe�egcH��f�zk�

O(lg lg m)
aOf¥\ �OQDe�xOZ�upmnQ�Z]\^cCm^Q=x?.

� GT
ij .source

fiZ�u£mnQ��¡QDm^QDzOt�Q�f�z°L�uKake�Q
Ti
\^c£\nMkQ�mnQDt'cKmyx�uCZ^Z^c[t�fiuH\^Q=x©��fg\^M

Gij
²³Z^cKjOmnt'Q

zOc,xkQ�cp��\nMkQ�upmytD´ �
� GT

ij .target
f�Z�ubmnQ��¡Q'mnQ'zdt�QUfgz£L�uKake�Q

Ti
\nc_\^MkQ�mnQDt'cKmyx�uKZnZ]c[t'f�up\^QDx���f¥\nM

Gi′j′

�[��MkfityM�f�Z
w0cKf�z5\^Q=x�a,Y�\nMkQ�MOuKe¥�³uKmnt�²

Gi′j′

f�Z:\nMkQ�\nuKm^�CQ�\:cp��\^MkQ�Mdupeg�³upmytD´ �

þ�þ É�q�r�s�t��



@=� � �����4�/&�&[	��B&A�K��"2��	�� �a��f�	�&�&(�/"������?� I ���
	<�/"

√
lg m bits

2
√

lg m bits

3
√

lg m bits

4
√

lg m bits

lg m bits

k
√

lg m bits . . .

. . .

. . .2.17 r lg lg m O(
√

lg m)

‖tij‖ = r

. . . . . . . . .

. . .

. . .

PAi

backward
pointer

wasted
space

,�f��KjkmnQ�@L. ) cCege�QDt�\^f�cKz
PAi

Z]\^cCm^f�zk��\nMkQsf�P�wke�f�t'f¥\:m^QDwkmnQDZ^Q'z5\nup\^f�cKzOZ@cp�¢\^f�z,Y_\^mnf�uKzk�KjkeiuH\nfgcCzOZ!e�Y,fgzO��f�z
u�Z^P�upe�e±\^mnf�uKzk�KjkeiuH\nfgcCz ST i

� Gij .back
fiZ \^MkQ�f�zOx[Q'§

k′
cp��\^MkQ�Z^f�xkQ�t�cKmnmnQDZ^wdcCzOx[f�zk��\nc�\^MkQ�t�jOm^mnQ'z5\`upmytUfgz�\^MkQ�z,jkP_ª

a0Q'mnf�zk��cp�IZ]fix[QDZ�up\:\^MkQ�cCwkwdc5Z]fg\^Q�zkc[x[Q
Gi′j′

�
� Gij .small

f�Zsu�wdcCfgz5\^QDm�\^c_\nMkQ�Z^P�uKege¾\^mnf�uKzk�KjkeiuH\nfgcCz
Gi′

�kfgz�\nMkQ�e�f�Z]\`cp��\^MkQ�zOQ'f��KM,adcCmnZ
cK�

Gi
f�z�\^MkQ�P�uKfgz�P�upw

F
²³f¥�

Gi′ = Gi
�,\^MkQDz

Gsmall
ij

fiZ�Z]Q'\�\^c
0
´��

� zkc[x[Q
Gi,j

tDupz©Mdu3�KQbxkQ'�KmnQ'QbadQ'\q��QDQ'zj@�upzdx
lg m

�¾Z^c�\nMOuH\�fg\UmnQDh5jkf�m^Q=Zsa0Q�\q� Q'QDz
lg lg mupzOx

lg m lg lg m
akfg\nZD�

L:MkQ�t�cKe�e�QDt¬\nfgcCz
PEi

f�Z@\^M,jOZ@\nu�8KQ'z�cp�
` =

√
lg m lg lg m

uKm^myu3Y[ZI��f¥\nM�mnQDt�cCmnxOZ!cp��Z^f�¨'Q
k`
�¡cCm

k = 1, . . . , `
�� @uKtyM�zOc,xkQsfiZ�Z]\^cCm^Q=x�fgz�u�m^Q=t�cCmnx_cp�¢\nMkQ�upmnmnu3Y���fg\^M�Z]P�uKege�QDZ]\@f�zOx[Q�§

k
Mdu3�5f�zk�

e�uKm^�CQ�Q'zkcCjk�KM�m^Q=t�cCmnxkZD����z�\^MkfiZ��:u3YK�
O(`)

akfg\nZ�w0Q'm�Q=x[�KQ�uKm^Q��:uKZ]\^Q=x¢�¾akj[\�\^MkfiZ�x[c,QDZ�zkcp\
P�uH\]\nQ'msZ^f�zOt�QU\^MOQ�\^cp\yupe¢z,jkPbadQDm�cp�$QDx[�CQDZ:f�z

G
fiZ

O(m/ lg m)
�

����� � �$����� )�� ���*��, 	* &�� 
��¶ � �°��� G H I ��������"2�5$L�a�O���Y�K���

G
�����

F
"2��d�
'	�"2�����>�����9� �4���#	�����&�&[�

2.175m + o(m)
X�	��#�/b

�U"2�5����b 
�Q�\_jOZ��OmnZ]\bmnQDtDupe�e�Z^cKP�Q�aduKZ^f�t�f�x[QDz5\^fg\^f�QDZ_cKz \nMkQ�z5jOP�a0Q'm_cp�supmyt'ZbupzOx°zkc[x[QDZ_f�z°P�upwOZ
G
upzOx

F
� � Z^P�uKege�\nm^fiupzk�CjkeiuH\^f�cKz�t�cCzC\yupf�zOZ�uH\�P�cCZ]\

lg m
\nfgz,Y�\nm^fiupzk�CjkeiuH\^f�cKzdZ'�±MkQDzOt�Q�a0Q�\q� Q'Q'z

1
12

· 1
3

lg2 m
upzOx 1

4
lg2 m

\nm^fiupzk�CegQ=Z'� R,f�zOt'Q©\nMkQ�z,jkPbadQDm£cp��\nfgz,Y \^mnfiupzk�Cjke�up\^f�cKzOZ�zkQ'f��KM,a0cKmnfgzO�
Gij

fiZ
Gs

ij ≤ 1
4

lg m
�@\^MkQ£z,jkPbadQDm_cK�®upmyt'Zbf�z�Z^jka[ªÑP�upw

Gi
f�Z�uH\�P�cCZ]\

O(lg2 m)
��L:MkQ'mnQ£upmnQ

n = Θ(m/ log2 m)
zkc[x[QDZ f�z

G
�kakjk\ \nMkQ�cH�KQDmnuKege0z,jkP�a0Q'm

a
cK��upmyt'Z�fiZ:egf�zkQDuKm:fgz

n
.$fgzOxkQ'QDx

G
MduKZ

cCzke�Y��³uKt'QDZ�cK��x[QD�KmnQ'Q ≥ 3
�OZ]c_\nMOuH\

2a =
∑

f d(f) ≥ 3f
��f¥\nM

f
\nMkQ�z,jkP�a0Q'm`cK���³uCt�Q=Z:cp�

G
�dupzOx¢�

mnQDtDupe�egf�zk�b\^MOup\
G
f�Z�u�P�upw�cp�$�KQDz,jOZ

g
egfA8KQ T �# !jke�Q'm � Z:�¡cCm^PbjkeiubmnQDuCxkZ 3(a + 2) = 3n + 3f + 6g

�
\nMOuH\`fiZD�

a ≤ 3n + 6(g − 1)
²6upz£upzOuKegcC�KcKjdZ@mnQ'eiuH\nfgcCz�MkcCe�xOZ �¡cKm`upmyt'Z:uKzOx�zkc[x[QDZ:f�z£P�uKfgz�P�upw

F
´¬�
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R,f�zOt'Q®\nMkQUz5jOP�a0Q'm:cp��zOc,xkQDZ cp�
G
f�Z:uH\:P�cCZ]\ m

1

12
lg m

�5� QUcKa[\yupf�z�\^MOQs�¡cCege�cH��fgzO��a0cKjkzOx�cKz�\^MkQ
Z^jkP cK��\nMkQ'f�msx[QD�KmnQ'Q=ZU²³��MkfityM�fiZ:\q��fit�QU\^MkQ�z,jkPbadQDm`cp�$upmyt'Zy´�.

2
∑

ij

Gs
ij ≤ 2(3

m
1
12

lg m
+ 6(g − 1))

,OcKm P�uKw
F
ubZ]f�P�fgeiupm m^QDe�up\^f�cKz�MkcCe�xOZ'�[upzdx�m^Q=t'uKege�fgzO��\^MOup\

F
MOuKZ uH\ P_c5Zq\ m

1

12

1

3
lg2 m

zkc[x[Q=Z'�,fg\nZ
z,jkPbadQDm

aF
cK��upmyt'Z�²¡\q��f�t'QU\^MkQ�Z^jkP cK��x[QD�KmnQ'Q=Z:cp��fg\nZ`zkc[x[QDZy´:Z^up\^fiZ �dQDZ5.

aF = 2
∑

i

F s
i ≤ 2(3

m
1
36

lg2 m
+ 6(g − 1))

,OcKmIQDuCtyM�cK�k\^MkQ�Q'§,\^Q'zdx[fgaOegQ�upmnmyu3Y,Z�x[QDZnt�mnf�adQ=x�upa0cH�KQ � Q t'cKP�wkj[\nQ�\nMkQ'f�mIzkcCP_f�zOuKe,Z^f�¨'Q \^cC�KQ�\nMkQ'm
��fg\^M�\nMkQ�upj[§[f�egfiupmnY�Z]\^cKmyup�CQK�5zkQ'Q=x[QDx£uCt't�cCmnxkfgzk�b\^c�e�Q'P�P�u��[�

• L:MkQ�uKP_cCjkz5\Icp�¢Z]wOuCt�Q:zkQDQDx[Q=x�\nc�Zq\ncKmnQ:uKege[w0cKf�z5\^QDmnZ$a0Q�\q� Q'QDz_uCx3o]uKt'Q'z5\!Z]P�upe�e[\nm^fiupzk�CjkeiuH\^f�cKzdZfiZ�zkQD�Ke�fg�CfgaOegQC��Z^fgzOt'Q�\nuKakegQ=Z
Si

²³cKzkQ��¡cCm�QDuCtyM�Z^P�upe�eI\^mnfiupzk�Cjke�up\^f�cKzd´Ut'cKz5\nuKfgz�f�z�cH�CQ'myupe�e
O( m

lg2 m
)mnQDt'cKmyxkZD�5Q=uKtyM�cKz

O(lg m)
akf¥\yZ'�

• 
�Q�\�jOZ�t'cKzOZ^fix[Q'm¢\nMkQ@Q'§,\^Q'zdx[fgaOegQ upmnmnu3Y Ti
.¾QDuCtyM�cp�kfg\nZ¾mnQDt'cKmyxkZ¢MOuCZ�Z^fg¨DQ

O(lg lg m)
�IR,fgzdt�Q@f�z�u

aOegc[t�8�\^MOQ'mnQ:up\�P�c5Zq\
O(lg m)

\^f�z5Y�\^mnf�uKzk�KjkeiuH\nfgcCzOZD�3\^MkQ:zkcCP_f�zOuKe,Z^f�¨'Q:cp�0QDuKtyM
Ti
f�Z

O(lg m lg lg m)\nMkQ'z�� QstDupz�t�cCzOt�e�jOx[Q�\nMOuH\�fgz�cH�CQ'myupe�e5\^MkQUZq\ncKmyup�KQ:cK�¢uKegedupmnmnu3Y[Z
Ti
\nu�8KQ

O( m
lg2 m

lg m lg lg m)) =

o(m)
�

• 
�Q�\@jdZ@t�cCzOZ^f�x[QDmI\^MOQ`fgzk�¡cKmnP�up\^f�cKz�Z]\^cCm^Q=xbf�z�\^MOQst�cCege�QDt�\^f�cKz PAi
�C��MOf�tyM��Cfg�CQDZ$\nMkQsx[cCP_f�zOuKzC\

\nQ'mnP��¡cCm�\^MkQ�Z]\^cCmnuK�KQ_cp�:cKjkm�mnQ'wOm^Q=Z]QDzC\yuH\nfgcCz .®e�Q�\bjOZ�t�cCP�wkj[\^Q�up\��OmnZ]\�fg\nZ�zkcCP�fgzOuKe@Z^fg¨DQ¦²¡��MkQDz
t'cKP�wkj[\nfgzO�®\nMkQ`zkcCP�fgzOuKekZ]f�¨'Q�cK�d\nMkQ`t�cCege�QDt�\^f�cKzOZ

PAi
�5uKZI� Q'e�e,�¡cKmI\nMkQ

PBi
upzOx

PEi
�K� Q�t�cKzdZ]fix[Q'm

uKe�Z^cb\^MkQ�uKP_cCjkz5\^cK��Z^wOuKt'QU�:uKZ]\^Q=x�a,Y�\nMkQ�wOuCxkx[f�zk��wkMOuKZ^Q=´��
 @uCtyM�mnQDt�cCmnx_f�z�upz�upmnmnu3Y�cK�¢\^MkQUt�cCege�QDt�\^f�cKz

PAi
t�cCzC\yupf�zOZ@u�wdcCfgz5\^QDm@\nc�\^MOQ®Q'§,wOegfit�fg\�mnQ'wkmnQDZ^Q'zkª

\yuH\nfgcCz�cK�$ub\^f�z,Y�\^mnfiupzk�Cjke�up\^f�cKz�fgz�\yupake�QDZ
Ai

upzOx£u_aOuKt�8,�:upmyx�mnQ��¡Q'mnQ'zdt�QU\^c�upmnmyu3Y
Ti
�

) cCzOt�QDm^zkf�zk��\nMkQ_Q�§[wke�f�t'f¥\Um^QDwkm^Q=Z]QDz5\nuH\nfgcCz . �¡cKe�egcH��f�zk��e�Q'P�P�u\@C�0\^c�mnQ'wOm^Q=Z]QDzC\Uu�\^f�z,Y�\^mnf�uKzk�Kj[ª
eiuH\nfgcCz�MOu3�,fgzO�

Gt
ij

\^mnf�uKzk�Ke�QDZs��QbzkQ'Q=x
2.17Gt

ij

akfg\nZD�±��Mkf�tyM©fgP�wke�fgQ=Z`\nMOuH\U\^MOQ�zkcCP_f�zOuKe�Z^fg¨DQ
si
cK�

\nMkQ���MkcCegQ�t�cCege�QDt�\^f�cKz
PAi

�¡cCm`ub�Cfg�CQ'z£Z]P�uKege±\nm^fiupzk�CjkeiuH\^f�cKz�fiZ:�Kf��KQ'z�a,Y�\^MOQ�Z]jkPZ.

si =
∑

j

(2.17Gt
ij + lg lg m +

√

lg m) = O(lg2 m)

��Mkf�e�Q�\^MkQ�uKj[§[fge�f�uKm^Y�Z]\^cCmnuK�KQUzkQ'Q=x[QDx¾�kuKZ:Q�§[wkmnQDZnZ^QDx�a5Y�egQDP_P�u��k�Of�Z5.

a lg m +
√

sia lg m =
√

lg m lg m +

√

si

√

lg m lg m =

= O(lg3/2 m) + O(

√

lg2 m lg3/2 m)
L:MkQDz�\nMkQ�Zq\ncKmyup�KQscp��uKeged\^MOQ�t'cKe�egQ=t¬\nfgcCzOZ@cK��Q�§,\nQ'zOx[f�ake�Q�upmnmnu3Y

PAi
�[cKzkQ®�¡cKm:QDuCtyM�Z^P�uKege0\nm^fiupz[ª

�CjkeiuH\^f�cKz ST i
�kfiZ:fgz£cH�CQ'myupe�e

∑

ij

(2.17Gt
ij + lg lg m +

√

lg m) + O(
m

lg2 m

√

lg m lg m)+

þ�þ É�q�r�s�t��



@3� � �����4�/&�&[	��B&A�K��"2��	�� �a��f�	�&�&(�/"������?� I ���
	<�/"

+O(
m

lg2 m

√

lg7/2 m) = 2.17m + O(
m

lg1/4 m
)

• � Z^fgP�f�e�uKm`upmn�KjkP�Q'z5\�MkcCe�xkZ �¡cCm:\^MkQ�t'cKe�egQ=t¬\nfgcCzOZ cp�$Q�§,\^QDzOx[f�akegQ�uKm^myu3Y[Z
PBi

upzdx
PEi

�

� �������
�¾��#�
��@��
�#$��� 
���������	'��%

� Q'�¡cKmnQ�wkmncH�5fix[f�zk�¦u©xkQ�\nuKfge�QDx¤x[QDZnt�mnfgwk\^f�cKz cp��\nMkQ�uKeg�CcKmnf¥\nMkP�Z�\^MduH\�P�uKfgz5\yupf�z�\^MkQ�\^mnf�uKzk�KjkeiuH\nfgcCz
jOzOx[Q'm�e�c[t'uKe¢P_c[x[f%�dtDuH\^f�cKzdZ'�[� Q�wkmnQ��¡Q'm:\nc�x[QDZnt�mnfga0Q�Z]cCP�QUaduKZ^f�t�wkmnc[t�Q=x[jkmnQDZ:x[QDZ^f��KzkQ=x�\nc�wdQDm]�¡cCm^P
jOw0xkup\^Q=Z:cKz�upmnmnu3Y[Z�fgz5\nm^c[x[jOt'QDx�fgz£wkmnQ'�,f�cKjOZ�R,Q=t¬\nfgcCz¾�

,OcKm$QDuCtyM�cp�k\nMkQDZ^Q�upmnmnu3Y[Z¾Z]\^cCm^f�zk�s\^MkQ:f�z[�¡cKmnP�uH\^f�cKz�m^QDe�up\^f��KQ!\ncUuUZ^P�uKege5\nm^fiupzk�CjkeiuH\^f�cKz�� Q �Kf��KQ�u
Z^MkcCm]\!x[Q=Z^t'm^f�w[\^f�cKz�cK�d\nMkQ`jkw±xkuH\nfgzO��cKw0Q'myuH\^f�cKzdZ$��f¥\nM�upz�upzOuKegY[Z^f�Z$cK�d\nMkQ'f�m@mnQ'eiuH\nfg�CQ�t�cKP�wkjk\nuH\nfgcCzOupe
t'cCZ]\D�
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��z¤\^MkfiZ�t'uCZ]Q���Q�cKzOegY MOu3�CQ�\nc�P�c[x[fg�¡Y�\^MkQ£f�P_wOegfit�fg\�m^QDwkm^Q=Z]QDz5\nuH\nfgcCz cp�`\nMkQ�\^f�z,Y�\^mnf�uKzk�KjkeiuH\nfgcCz
t'cKzOt'Q'mnzkQDx .�mnQDt'uKege,\nMOuH\@\^MkQst'cKPbakfgzduH\^cCm^fiupe[Z]\^mnjOt¬\njkmnQK�p\ncK�CQ�\^MOQ'm!��fg\^M�\nMkQ`a0cKjkzOxOupmnY�t�cCegcCm^f�zk�O�CupmnQ
f�P�wke�f�t'f¥\negY�m^QDwkm^Q=Z]QDz5\^QDx�uKZ:mnQ��¡QDm^QDzOt�Q=Z'�kZ]\^cCm^Q=x�f�z£uKm^myu3Y[Z@cK��\nMkQ�t�cCege�QDt�\^f�cKzOZ

PAi
upzOx

PBi
�

��¶ � �°��
?G
� ����	 SN�����)	����P� �O�1� I �l�����_X/	������4��"�	���&N���#"�
��/�#
'"K�`��"`�O�1� I �lX���
'������"��h����&A��"�	��%$o���`�
�)	����_�)"�	����V$�
'&(���#	���� �����7X���	��<��&(�/�Y���3�4���1	��

O(1)
���Y��"��)	(i����e�)	��_��b

�U"2�5����b ¯ zdt�Q�\^MOQ�zkQ'� m^QDwkmnQDZ^Q'z5\nup\^f�cKz�upzOx�mnQ��¡Q'mnQ'zdt�Q�²¡��fg\^M°u�\yupake�Q�egc,cL8CªÑjkw�fgz�\yupake�QDZ
Ai
´�upmnQ

t'cKP�wkj[\nQDx¢����Q��dmnZ]\�tyMkQDt�8©f¥�:\^MOQ'f�m�Z]f�¨'Q �k\�\^MkQ�Z^fg¨DQ�cp�:m^Q=t�cCmnxkZ�Z]\^cCm^f�zk��\^MkQ�cKeix©f�P�wkegfit�fg\�mnQ'wkmnQ�ª
Z^Q'z5\yuH\^f�cKz����Ñ��fg\�f�Z�zOcp\�\^MkQ�tDuKZ^Qb� QbMdu3�KQb\^c�wdQDm]�¡cCm^P \nMkQ_�¡cKe�egcH��f�zk�£Zq\nQ'wOZ®\nc£u3�CcKfix�cp� � uCZq\nfgzO�
jOz5jdZ]Q=x�Z^wOuKt'Q�uH�ú\^QDm:\^MkQ�P�QDP_cCm^Y�m^QDegc[t'up\^f�cKz .

ªsQDmnuCZ]Q_�¡mncKP�upmnmnu3Y
PAi[k]

²6upmnmnu3Y�MOu3�,f�zk�£m^Q=t�cCmnxkZ�cK�:Z^f�¨'Q
k
√

lg m
´®\^MkQ�mnQDt'cKmyx�t'cKz5\nuKfgzOfgzk�

\nMkQ�cKeix�m^Q'�¡Q'mnQ'zOt'Q �
ª@t'm^Q=uH\^Q�ubzkQ'� m^Q=t�cKmyx�f�z�uKz�uKm^myu3Y

PAi[k
′]
²
k′
f�Z�tyMkc5Z]QDz�Z^jOtyM�\nMOuH\:\nMkQ�zkQ'� fgP�wke�f�t'f¥\�mnQ'wkmnQ�ª

Z^Q'z5\yuH\^f�cKz£t'uKz�a0Q�Z]\^cKmnQDx�cKz
k′
√

lg m
aOf¥\yZn´ �

ª �Ozdupe�egY�\nMkQ�Q'P�w[\qY�mnQDt'cKmyx�oqjOZ]\�Q'myuKZ^QDx¢�,��f�ege¢a0Q��Oege�QDx���fg\^M�\^MkQ�eiuKZ]\ mnQDt'cKmyx�f�z
PAi[k]

.$Z^f�zOt�Q
\nMkfiZ�m^Q=t�cCmnx�MOuKZ�P�cH�CQDx�\nc�u�zkQ'� e�c,tDuH\nfgcCz�� Q�jOZ]Q�aduKt�8,� uKmnx�wdcCfgz5\nQ'myZ \^c�\nuKake�Q

Ti
�¡cCm`jkw±xkuH\nfgzk�

\nMkQ�mnQ��¡Q'mnQ'zdt�QDZ�\nMOuH\styMOuKzk�KQ=x¢�
R,f�zOt'Q£uCt't'QDZnZ�cCwdQDmnup\^f�cKzOZ�²¡mnQDuCx[fgzO�,«3��mnfg\^f�zk�5´�cKz¤Q'§,\^Q'zdx[fgaOegQ£upmnmnu3Y[ZbupmnQ�w0Q'm^�¡cKmnP�QDx f�z

O(1)\nfgP�QC�I\^MkQ�t�cCP_wOegQ'§,fg\qY�f�Z_x[cCP_f�zOup\^QDx¤a,Y�\nMkQ�t'cCZ]\bcK�®t�mnQDup\^f�zk�©u¦zOQ'��mnQDt�cCmnx�f�z°\nMkQ£t�cKe�e�QDt¬\nfgcCz
PAi

��MkfityM�\yu�8CQDZ
O(1)

upP�cKm^\^f�¨'Q=x�\^f�P�QK� � z£uKzOupe�cK�CcKjOZ:uKm^�CjkP�Q'z5\ MOcKeixkZ �¡cKm:\nMkQ�jkw±xkuH\nQ�cp��\^MkQ
t'cKe�egQ=t¬\nfgcCz

PBi
�

��¶ � �°��� G�� �1�p�#	��3� �#"�	����%$�
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V��	����7� "2�5������
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O(lg m)
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�Ñ\�Z^j[��t�Q=Z�\^c�cCaOZ]QDm^�CQ@\nMOuH\!f�z_\^MkfiZ!tDuKZ^Q�\nMkQ`P�cCZ]\IQ�§[w0Q'zOZ^fg�CQ�cKw0Q'myuH\nfgcCz�fiZ$\^MkQ`t'cKP�wkj[\yuH\nfgcCz_cK�
\nMkQUzkQ'� f�P�wkegfit�fg\�m^QDwkmnQDZ^Q'z5\nup\^f�cKz�cp�¢\nMkQ®\^f�z5Y�\nm^fiupzO�KjkeiuH\nfgcCzOZ'�C��MkfityM�fiZ@w0Q'm^�¡cKmnP�QDx���fg\^M£u�akf�zOuKm^Y
Z^QDuKmntyM�fgz�\yupake�QDZ

Ai
upzOx

Bpq
uKzOx�\nu�8CQDZ

O(lg m)
\^f�P�QK�

����� � ����� ,(��)���� ��, ��� �
��� � �.�$�����
 ��� )���� �-#
Gi

L:MOQDZ^QIQ'�KQDz5\nZ±c[t't'jkm�uH�ú\nQ'm�u�tDupe�epcp�5\^MOQ@x[QDt'cKP�w0cCZ^f¥\nfgcCzUwOm^c[t�Q=x[jkmnQ$cKm¾uH�ú\nQ'm¾w0Q'm^�¡cKmnP�fgzO�`u ­Ofgw±«3�KQDm]\nQ�§
xkQ'e�Q�\^f�cKz�\^MduH\sx[fiZ^t'cKzkzOQDt¬\:\nfgz,Y�\nm^fiupzO�KjkeiuH\nfgcCzOZ'�

� G � G�E &{º » ���$�K�[� � º�� � � � �=�[�
' ¶
Ti

L:MOQbt�mnQDup\^f�cKz0«px[Q'e�Q�\nfgcCz£cp�I\^f�z,Y�\^mnf�uKzk�KjkeiuH\nfgcCzOZ`mnQDh5jkf�mnQDZ�\nc�uCxkxd«HxkQ'e�Q�\^Q�m^Q=t�cKmyxkZ�f�z¦\yupake�Q
Ti
²¡Q�§,ª

\nQ'zOxkfgake�Q�uKm^myu3Yk´�.$m^Q=t�cCmnx�upmnQ�uKeg�:u3Y[Z�uKxkxkQDx£uH\�\nMkQ�Q'zOx ²6uH�ú\nQ'm�\nMkQ�e�uCZq\`QDegQDP�Q'z5\`fgzdZ]QDm]\nQDxO´��O��Mkf�egQ
xkQ'e�Q�\^f�cKzdZ�mnQDh5jkf�mnQsP�cH�,fgzk�b\^MOQ®eiuKZ]\�m^Q=t�cKmyx�cp�

Ti
up\�\nMkQ�Q'myuKZ^QDx�e�c[t'up\^f�cKz�²6uKZ��¡cKm�t'cKe�egQ=t¬\^f�cKzdZ

PAi
�

\nMkfiZ�cKw0Q'myuH\nfgcCz�fiZ�zkQ'Q=x[QDx�\^c�u3�CcKfix��:uKZ]\^f�zk�_jkz,jOZ]Q=x�P_QDP�cKmnY[´��
T�cH�,f�zk�,«puKxkxkfgzk��m^Q=t�cKmyx£f�z¦\nuKake�Q

Ti
fgP�wke�fgQ=Z®\^c�jkw0xOuH\^Q�upe�e�\^MkQ_mnQ��¡Q'mnQ'zdt�QDZ`\^c�Q'e�Q'P�Q'z5\yZs\nMOuH\

tyMdupzk�CQ�egc[t'up\^f�cKzOZ5.¾\nMkQDZ^Qsf�zOt'egjOxkQsaOuCt�85�:upmyxbwdcCfgz5\^QDmnZ!�¡m^cCP uKm^myu3Y[Z
PAi

�
PBi

uKzOx�P�upf�zke�Y_uKeged\^MkQ
mnQ��¡QDm^QDzOt�Q=Z:Zq\ncKmnQDx�fgz�upmnmyu3Y,Z�cp��\^MkQ�t'cKe�egQ=t¬\nfgcCz

PEi
�

��¶ � �°��� G7H�I �Y	������/"��)	���� � ���/&(�/�#	���� ���_� ��� W "2������"K�Z	��o�4�LX�&A�
Ti

���2$%��� I �/" W 	�� I � I �_
��P�L�����1���
��&�& "2�/&(���#	�f���"K�����/"2�/������������� X��U����"Q����"��_���1	��

O(lg m)
���_��"��#	(i����1�#	��Y�5b

L:MkQ�cCzkegY©fgzOZ^Q'm^\^f�cKz±«Hx[QDegQ'\^f�cKz¦cK� u�m^Q=t�cCmnx�f�z
Ti
\yu�8KQ=Z

O(1)
uKP_cCm]\nfg¨DQDx¦\^f�P_QC���sw0xOuH\^f�zk��upe�e

aduKt�8,� uKmnxbw0cKf�zC\nQ'myZ!upzdx�m^Q'�¡Q'mnQ'zOt'QDZ$f�z�t�cCege�QDt�\^f�cKz
PEi

mnQDh5jkf�mnQDZ
O(lg m)

\nfgP�Q�.IZ^fgzdt�Q:\^MOQ'mnQsupmnQ`uH\
P�c5Zq\

O(lg m)
mnQ��¡QDm^QDzOt�Q=Z!\nMOuH\�tyMOuKzk�KQ_²¡mnQDuKxkfgzk�[«3��mnf¥\nfgzO��cKw0Q'myuH\nfgcCzOZ@uKm^QUw0Q'm^�¡cKm^P�Q=x�fgz£t�cCzOZ]\nupz5\

\nfgP�Q�cCz�Q'§5\nQ'zOxkfgake�Q�upmnmyu3Y,Zy´¬�

� G � G � &{º » ���$�K�[� � º���º�� �[�H�C� º �
Gi
� � � � ' ¶ � ¶ � �=�[��� º � � º � � ¶
	 
 ¶ � � ¶ �

� xOx[fgzO�,« �®Q'e�Q�\nfgzO��upmyt'ZIf�z�P�upw
Gi

wkmnc,xkjOt�Q`P�uKfgzke�Y_\q��ck8,f�zOx�cK�±P�c[x[f%�dt'up\^f�cKz�f�z�\^MOQ®xkup\nu�Z]\^mnjOt¬ª
\njkmnQDZD�

ª9,�fgmyZ]\U� Q�MOu3�CQ�\nc�uCxkxd«3mnQ'P�cH�CQ�m^Q=t�cKmyxkZsfgz�upmnmnu3Y[Z�cK�!\^MOQ_t'cKe�egQ=t¬\^f�cKz
PEi

��MkQ'mnQ�f�z5\^Q'mU\nfgz,Y
\nm^fiupzO�KjkeiuH\nfgcCzOZ®uCx3o]uKt'Q'zOt'Y�m^QDe�up\^f�cKzOZUupmnQ�Zq\ncKmnQDx?.®m^Q=t'upe�e�\^MOup\�MOupeg�³upmyt'Z®fgzdt�fix[Q'z5\�\^c�u�zkc[x[Q

v
upmnQ

Z]\^cCm^Q=x t�cCzOZ]Q=t�j[\nfg�CQ'e�Y�mnQ�­dQDt¬\nfgzO�¦\^MOQ�t't'��cKmnfgQDz5\nuH\nfgcCz°upmncKjkzdx
v
���¡jkm^\^MkQDm^P�cKmnQ�MOuKe¥�³uKmntDZ�uKm^Q�mnQ�ª

�Cm^cCjkw0QDxb�¡cKe�egcH��f�zk�U\^MOQsx[Q'�Cm^QDQ:cp�±\^MkQDfgm t�cCP_P�cCz_f�zOt'f�x[QDz5\@zkc[x[Q�²¾uKz�uKm^myu3Y�cK�d\nMkQst�cCege�QDt�\^f�cKz
PEiZ]\^cCm^Q=Zse�fiZq\�cp��MOupeg�³upmyt'Z®m^QDe�up\^f��KQ�\^c£zkc[x[QDZUcK��upa0cKj[\U\^MOQ�ZnupP�Q�x[Q'�Cm^QDQ=´����Ñ�!\^MOQ�xkQ'�KmnQ'Q_cp� u�zkc[x[Q

v
x[c,QDZ®tyMOupzO�KQ�x[myuKZ]\^fit'uKege�YK�k� Q�Mdu3�KQ�\^c�Q'myuKZ^Q�\^MkQ_t�cKP�wke�Q�\nQ�e�f�Z]\®cK�$fg\nZ®f�zOt�fix[Q'z5\UMOupeg�³upmyt'Z`uKzOx�\^c

P�cH�CQ®fg\`\^c�uKzkcp\nMkQ'm`uKm^myu3Y[Z@f�z�\^MkQ�t'cKe�egQ=t¬\nfgcCz .IuKZ �¡cKmswkm^QD�,fgcCjOZ jkw0xOuH\^Q=Z�cp�$Q�§,\nQ'zOx[f�ake�Q�upmnmnu3Y[Z���Q
Mdu3�KQ®\^c��Oe�e¢Q'myuKZ^QDx�m^Q=t�cCmnxkZy´¬�

ª�R,fgzdt�Q�\nMkQ�x[QD�KmnQ'Q�cK�I\^MkQ�zOc,xkQ
v
xkf�x¦tyMdupzk�CQK�k� Q�MOu3�CQ�upeiZ]c�\nc�jkw±xkuH\nQbupe�e¾\nMkQ�eiupa0Q'e�fgzO�CZ`cK�

Mdupeg�³upmyt'Z�\nMOuH\UMOu3�KQ
v
uCZ`\yupmn�KQ�\�.:fgz�\nMkQ��CQ'zkQDmnuKe�tDuKZ^Q�\^MkQDm^Q_upmnQ

O(lg m)
Z^jOtyM¦eiupa0Q'eiZ`\nc�jkw±xkup\^Q

f�z�u�Z]P�upe�e±\^mnfiupzk�Cjke�up\^f�cKz¾�
��¶ � �°� E�� G � ������& � ����	 SN�K���#	����P��	��Z$�"2��� I

Gi
"K�Kd/
'	�"2�

O(lg m)
���Y��"��)	(i��K�1�)	��_��b

þ�þ É�q�r�s�t��
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,Om^cCP \^MkQ�t'cKP�wkj[\yuH\^f�cKzdupe[w0cKf�zC\IcK�d�,fgQD���KuKxOx[fgzO�,«HxkQ'e�Q�\^f�zk�Um^Q=t�cCmnxkZ�f�z�uKm^myu3Y[Z¾cK�O\^MOQ`t�cKe�e�QDt¬\nfgcCz
PEi

P�u3Y�m^Q=hCjOfgmnQ
O(lg m)

cCwdQDmnup\^f�cKzOZD�,QDuCtyM�w0Q'm^�¡cKmnP�QDx�fgz
O(1)

uKP�cKm^\^f�¨'QDx�\^f�P�QK�
�sw0xkup\^f�zk��eiupa0Q'e�f�zk�CZ@cp�¢MOupeg�³upmyt'Z@x[c,QDZ t�cCZ]\

O(lg m)
mnQDuCx[f�zk�,«H��m^fg\^f�zk��cKw0Q'myuH\^f�cKzdZIcKz�uKm^myu3Y[Z$fgz

\nMkQ�t�cCege�QDt�\^f�cKz
PEi

� � ege�m^Q'�¡Q'mnQ'zOt'QDZ:f�z�\yupake�Q
Ti
upmnQUuKe�Z^c�jkw0xOuH\^Q=x�fgz

O(lg m)
\^f�P�QK�

� � � � ��
���	�&�	���#������:����
 	�#$��
���	������

��z�\nMkf�Z�Z^QDt�\^f�cKz£� Q�xkQDZnt�mnfga0QU\q��c�Z^jka[ªÑm^cCj[\^f�zkQDZ jOZ^QDx�f�z�\^MkQ�jkw±xkuH\nfgzO��cp��\^MkQ�\nm^fiupzk�CjkeiuH\^f�cKz��
,OcKm�\^MkQ�t'uKZ^Q¦cK���KQ'm^\^Q'§�f�zOZ^Q'm^\^f�cKzOZ���Q�MOu3�KQ¦\^c¤tDupe�es\nMkQ'P
cKzOegY fg��\^MkQ�Z]f�¨'Q�cp��Z^cKP�Q�\nfgz,Y

\nm^fiupzO�KjkeiuH\nfgcCz�xkc5Q=Z�tyMOuKzk�KQC�DQ'§kt�Q'Q=x[f�zk��\^MOQ@P�uH§[f�P�jkP Z]f�¨'Q�upe�egcH� QDx®�¡cKm�u��Hupe�f�x�\^f�z5Y®\^mnfiupzk�Cjke�up\^f�cKz .
\nMkfiZ�MOupwOwdQDzOZ�uH�ú\nQ'm

Θ(lg m)
P_c[x[f%�dtDuH\^f�cKzdZ'�,\nMkQ'z�\^MOQ'f�m`t�cCZ]\`t'uKz�a0Q�upP�cCm]\nfg¨DQDx¢�

,OcKmU\^MkQ�tDuKZ^QbcK��QDxk�KQb­OfgwOwkfgzO�£uKzOx¦�CQ'm^\^Q'§©x[Q'e�Q�\nfgcCz¦\^MOQ'mnQ_fiZUzkc£� u3Y�\nc�u3�CcKfix�\^MOQ_jdZ^uK�KQ�cK�
\nMkQDZ^Q�\q� c�Q'§,w0Q'zdZ]f��KQ�wOm^c[t�Q=x[jkmnQDZD�OQD�KQ'z�fg�I\^MOQbe�c[t'upe�Z]f�¨'Q=Z`cK�I\^MkQ�\^f�z5Y�\nm^fiupzk�CjkeiuH\^f�cKzdZ`t�cCzOt�QDm^zkQ=x
xkc_zOcp\styMOuKzk�KQ�Z]f��KzOf �dtDupz5\^e�YK�

� ��� � �-,�� �&�����*) � ����� 	 �$���(���
)�+
,����������
�sQ'mnQ���Q�t'cKzOZ^fix[Q'm`u_8CQ'Y�Z^jka[ªÑm^cCj[\^f�zkQ�x[Q=Z]f��KzOQDx�\^c�w0Q'm^�¡cKmnP�\^MOQ�x[QDt'cKP�w0cCZ^f¥\nfgcCz£uKzOx�\^MkQ�jkw0xOuH\^Q
cK�su�zkcK\b�Hupe�f�x \^f�z5Y�\nm^fiupzO�KjkeiuH\nfgcCz

t
.�\nMkfiZ�c[t't'jkmyZ���MkQDz°fg\nZ_Z]f�¨'Q�Q�§kt�QDQDxkZ�\^MkQ�jkwkw0Q'm�adcCjkzOx cK�

1
4

lg m
\^mnf�uKzk�Ke�QDZD�

��¶ � �°� E�E3G ����&[	��)�#	��V$p�Z�)"�	����V$�
'&A���)	���� I ��f�	��%$hXK�/� W �K�/� 1
4

lg m
����� 3

8
lg m

�)"�	����%$�&(���a	��3�4� � W �f���&g	��e�)	����Y�)"�	����V$�
'&(���#	����P�k"2��d/
'	�"2���
O(lg m)

���_��"��#	(i����1�#	��Y�5b
�U"2�5����b 
�Q�\�jOZ��OmyZq\�x[Q=t�cCP_w0cCZ^Q T T ij

fgz5\nc£\q��c¦Z^jka[ª8\^mnf�uKzk�KjOe�up\^f�cKzOZ T T ij′ , T T ij′′

��Mkc5Z]Q�Z^f�¨'QDZ
uKm^QszkcH� �Hupe�f�x?.$fg\:Z^j[��t�Q=Z�\^cbt'cKP�wkj[\nQUubZ]wdupzkzkf�zk��\^mnQ'QscK�¾\^MOQUx[jdupe0�KmyupwkM�cK�!�[upzOx�\^cbuKwkwke�Y�\^MkQ
wdupm^\^fg\^f�cKz�wkm^c[t'QDx[jkmnQUcp�$egQDP_P�ul@U\^c�\nMkQ�m^Q=Z]jOe¥\nfgzk��akf�zOuKm^Y�\nm^QDQK�

L:MkQ f�zkf¥\nf�uKe
Θ(lg m)

\^mnf�uKzk�Ke�QDZ�upmnQ!zkcH� wOuKm]\nf¥\nfgcCzkQDx�fgz5\nc`\q� c`\^mnfiupzk�Cjke�up\^f�cKzOZ�cp�dup\�P�cCZ]\ 1
4

lg m\nm^fiupzO�Ke�QDZ�Q=uKtyM¾� � e�e�cCe�x£a0cKjOzOxkupmnY�QDx[�CQDZ`x[c�Zq\nfge�e�a0Q'e�cKzO��\^c�\nMkQ�a0cKjkzdxkupmnY�cK� T T ij′

cCm T T ij′′

�
u�t'Q'm^\nupf�z�z,jkPbadQDm�cp��cKeix�f�z5\^Q'mnzOuKe¢QDx[�CQDZ:upmnQ®zOcH� e�Y5f�zk��cKz�\^MkQ�a0cKjOzOxkupmnY�\^MduH\sZ^Q'wOuKmnup\^QDZ T T ij′uKzOx T T ij′′

�
,Ojkm]\nMkQ'mnP�cKmnQ®� Q�t�eiupf�P \^MOup\:cCzke�Y�\q��c_P�jkeg\^f�wke�Q��KQ'm^\^fit�Q=Z�uKm^QUt�mnQDup\^QDx�²³uKzOx�\nM,jOZ cKzke�Y � Z^fix[QDZ

uKm^Q�t'm^Q=uH\^Q=x_cKm!P�c[x[f%�OQDxO´��IL:Mkf�Z@�KjOuKmnuKz5\^Q'Q=Z�\^MOup\@cKzke�Ybu�t'cKzOZ]\nuKz5\!z5jOP�a0Q'm!cK�±zOQ'f��KM,adcCmnZ$cK� T T ijtyMdupzk�CQs\nMkQ'f�msx[QD�KmnQ'QUfgz£P�upw
G
�

��z��CQ'zkQDmnuKe6�k��MOQ'z©u�zkQD� x[QDt'cKP�wdc5Z]fg\^f�cKz£wkmnc[t�Q=x[jkmnQ�f�ZswdQDm]�¡cCm^P�QDx¾�k�¡cKm®QDuCtyM�zOQ'� \^f�z,Y�\nm^fiupz[ª
�CjkeiuH\^f�cKz

t′
cp�IZ^fg¨DQ

r′
��Q�MOu3�CQ®\nc

ª�t�cKP�wkjk\^Q¦u
O(lg m)

akfg\nZ�t�c[x[Q£�¡cCm T T ij′

²ú�¡cKe�e�cH��fgzk��\nMkQ¦e�fgzOQDupm�Q'zOt'c,xkfgzk� wOm^cCwdc5Z]Q=x¤a,Y
l$cCjke�uKegMOcKz£upzOx£R[tyMOuKQ�0±Q'mk;A@�@�=Ñ�kZ]QDQ�Z]Q=t¬\nfgcCz � ´��k��MkfityM£f�Z:jOZ^QDx�\nc � f�zOx[Q�§��kf�z�\nuKakegQ

Ai
�

ª!w0Q'm^�¡cKmnP�ubaOfgzOuKm^Y�Z^QDuKmntyM�f�z�\nupaOegQ
Ar′

.�\^MOQUmnQDZ^jkeg\ cK�¾\^MOf�Z:wkmnc[t�Q=x[jkmnQ®fiZ:u�w0cKf�z5\^Q'm \nMOuH\���f�ege
a0Q�jOZ^QDx�uKZ�uKz�f�P�wkegfit�fg\scCw[\^f�P�upe¢mnQ'wkmnQDZ^Q'z5\nup\^f�cKz��¡cKm:\^MOQ�t�cKPbakf�zOuH\ncKmnf�uKe0Z]\^mnjOt¬\njkmnQUcK� T T ij′

�
ª�w0Q'm^�¡cKmnP u©akf�zOuKm^Y°Z^QDuKmntyM°f�z.\nupaOegQ

Bpk,qk

.�\nMkf�Z_�Cfg�CQDZ�upz.fgP�wke�f�t'f¥\�mnQ'wkmnQDZ^Q'z5\yuH\^f�cKz cK�®fg\nZ
a0cKjOzOxkupmnY�t'cKe�cKmnfgzk��²ú\ncK�KQ'\^MkQDm���f¥\nM�\^MkQ�f�P�wkegQDP�Q'z5\nup\^f�cKz£cp��\^MkQ�t'cKmnm^Q=Z]w0cKzOxkfgzk�_akfg\]ªÑ�KQ=t¬\^cCmy´��

� ege¾wOm^QD�5f�cKjdZ:cKw0Q'myuH\^f�cKzdZ�mnQDh5jkf�mnQ
O(lg m)

\nfgP�QK�

Õ¡ý�þ¾ÕúÓ
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,�f�zOupe�egYC�[��Q®MOu3�KQs\^cbP_c[x[fg�¡Y��CmnuKwkM
Gi

fgz�cKmyx[Q'm�\^c�\nu�8CQUuCt't'cKjkz5\�cK�¾zkQ'� uKx3o]uCt�Q'zdt�Y�m^QDe�up\^f�cKzOZ
a0Q�\q� Q'QDz�\nfgz,Y�\^mnf�uKzk�KjkeiuH\nfgcCzOZD�

) cCzOt�QDm^zkf�zk�_\^MOQ�jkw0xOuH\^Q=Z:cp��\^MkQ�xOuH\nu�Z]\^mnjOt¬\njkmnQDZ:f�z5�CcKe��KQ=x¢�,��Q�MOu3�CQs\nc�.
ª$uKxkx�u�mnQDt'cKmyxbf�z�\nuKake�Q

Ti
t�cCm^mnQDZ^wdcCzOx[f�zk�U\^c�\nMkQszOQ'� t�mnQDup\^QDxb\nfgz,Yb\^mnf�uKzk�KjkeiuH\nfgcCz T T ij′

²³Z^Q'Q

�Q'P�P�u��C´¬�

ª`P�c[x[fg�¡Y©f�z�P�upw
Gi

\^MOQ_e�fiZq\�cp�:upmyt'ZUf�zOt�fix[Q'z5\�\^c
Gij

.�jkw±xkuH\nfgzk��uKm^myu3Y[Z`f�z�t'cKe�egQ=t¬\nfgcCz
PEimnQDh5jkf�mnQDZ�\^c�P�c[x[f¥�¡Y�cKzke�Y

O(lg m)
cCe�x�m^Q'�¡Q'mnQ'zOt'QDZ�²6Z]QDQ 
�Q'P�P�ul@D�K´��

ª!jkw±xkup\^Q®\^MkQ�eiupa0Q'eiZ�cK��\nMkQ�upmyt'Z�cp�
Gi

.I��MkQ'z���QUf�zOZ]QDm]\`ubzkQ'� upmyt
e = (Gi1, Gi2)

f�z
Gi
�,\^MkQ

e�fiZq\yZscK�@e�uKadQDe�Z®cp�@uKege�\^MOQbMOuKe¥�³uKmntDZsf�zOt'f�x[QDz5\s\^c
Gi1

uKzOx
Gi2

Mdu3�KQ�\nc�a0QbjOw0xkup\^Q=x¢��R,fgzdt�Q�cCzke�Y£u
t'cKzOZ]\nuKz5\ z,jkPbadQDm�cp��zOc,xkQDZ�x[c�tyMOuKzk�KQ®\^MkQDfgm`xkQ'�KmnQ'QUf�z�P�upw

Gi
\^MOf�Z�wOMOuKZ^Qs\yu�8CQDZ

O(lg m)
\^f�P_QC�

L:MkQ�eiuKZ]\:\^MkmnQ'Q�Z]\^QDwOZ \nu�8KQ
O(lg m)

upP�cKm^\^f�¨'Q=x�\nfgP�QC�kfgz�uCt't�cCmnx�\^c 
¾QDP�P�uCZ���upzOxh@=�[�

�Ñ�Ou�zOcp\��Hupe�fix�\^f�z,Ys\nm^fiupzk�CjkeiuH\^f�cKz T T ij
fiZ¾cCa[\nuKfgzOQDx�a,Ys\nMkQ!�¡jdZ]f�cKz�cK�

2
cKm

3
\nfgz,YU\^mnfiupzk�Cjke�up\^f�cKzOZ

� Q�t'uKz�Z^wke�f¥\ T T ij
f�zC\nc��3uKegfix�\^f�z,Y�\^mnf�uKzk�KjOe�up\^f�cKzOZ jkw±xkuH\nfgzO��\^MkQ�Z]\^mnjOt¬\njkmnQUf�z

O(lg m)
\^f�P_QC�

�Ñ\@Z^j[��t�Q=Z�\^c�cKaOZ^Q'mn�KQ@\^MOup\!��Q:zkQDQDx�\^c�t'uKege,\nMkQ`Z^wkegfg\]\nfgzO�UwOm^c[t�Q=x[jkmnQ:cKz T T ij
cCzkegYbuUt'cKzOZ]\nuKz5\

z,jkPbadQDm�cp��\^f�P�QDZD�
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K − Ki

�
T¦cH�5f�zk���¡m^cCP

ni
\nc�fg\nZ�uKzOt�Q=Zq\ncKm=�d� Qbeiupa0Q'e�\nMkQ_\^myu3�KQ'myZ^QDx�QDx[�CQ
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nij

\^MkQ�zkc[x[Q�a0Q'e�cKzk�Cfgzk�b\^c B′
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s
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�
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´¬�

�Q�\`jOZ`Z^Q�\:\nc

0
\nMkQ�� Q'f��KM5\�cp��uKege¢fg\nZ`zkc[x[QDZ�²³fgz5\^QDm^zdupe�uKzOx�Q'§,\^Q'mnzOuKei´��
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f�zC\nc���Z]jkakª6\nm^fiupzk�CjkeiuH\^f�cKzdZ

ST ′,ST ′′
.�\^MkQDYbupmnQ:�Hupe�f�x�Z^P�uKege,\nm^fiupzO�KjkeiuH\nfgcCzOZIZ]f�zOt'Q:\^MkQDYbx[Q �OzkQ`u�wOuKm]\nf¥\nfgcCzbcK�d\nMkQ:\^mnf�uKzk�Ke�QDZ$cK�

ST i
� ¯ aOZ^Q'mn�KQ`\^MOup\ ST ′

f�Z u�t'cKzkzkQ=t¬\nQDx�Z^jka[ªÑm^QD�Kf�cKz�cK� ST i
�¡cKm�\^MOQ®�:u3Yb� QsjdZ]Q=x�\^c�x[QDt'cKP�w0cCZ^Q

B2

�
L�c`t�cCzOt�e�jOx[Q$\nMkf�Z�x[QDt'cKP�w0cCZ^f¥\nfgcCzUwOMOuKZ^QI��QIcCaOZ^Q'mn�KQ�\^MOup\�f¥�[cCzkQIcp�5\^MkQ@zkQ'��\^f�z,Ys\nm^fiupzk�CjkeiuH\^f�cKzdZ

t'm^Q=uH\nQDx¢��Znu3Y£�¡cKm�Q�§kupP�wke�Q T T ij′

��MOuKZ�zOcp\��Hupe�f�x�Z^fg¨DQ£²
< 1

12
lg m

\^mnfiupzk�CegQ=Zn´s\^MOQ'z�f¥\�Z^j[��t�Q=ZU\^c
�¡jdZ]f�cKz�f¥\`��fg\^M�uKz£uCx3o]uKt'Q'z5\:\^f�z,Y�\^mnf�uKzk�KjOe�up\^f�cKz���f¥\nMkfgz ST ′

�
L:MkQDfgmUjkzkf�cKz�t�cKjOe�x�t'cKz5\nuKfgz�jkw©\^c

( 1
4

+ 1
12

) lg m ≤ 1
3

lg m
\^mnf�uKzk�Ke�QDZ5. f¥\�Z]j[��t'QDZs\^c�w0Q'm^�¡cKmnP

u\�#	��3�Y�)��&[	��s\^c�cCa[\nuKfgz£\q� c��Hupe�f�x�\^f�z5Y�\^mnfiupzk�Cjke�up\^f�cKzOZ`MOu3�,fgzk��QDuKtyM�a0Q�\q� Q'QDz 1
12

lg m
upzdx 2

9
lg m\nm^fiupzO�Ke�QDZD�

) cCzOt�QDm^zkf�zk�U\^MOQ`jkw±xkuH\nfgzk��cK�0cCjkm@Z]\^mnjOt¬\njkmnQ � Q�MOu3�CQ�\nc�t�mnQDup\^Q \q��c�zOQ'� Z]P�upe�e[\nm^fiupzk�CjkeiuH\^f�cKzdZ
ST ′,ST ′′

��MkcCZ^Q`t�cCzOZq\nm^jdt¬\^f�cKzdZ�\nu�8CQ
O(lg2 m)

uKP_cCm]\nfg¨DQDx�\^f�P�QK�,uKZ�\^MOQsx[Q'e�Q�\nfgcCz�cp�0\^MkQ�cCe�x ST i
�

²6upe�e¾upmnmnu3Y[Z�fgz,�CcKe��KQDx�upmnQ�cp��Z^f�¨'Q
O(lg2 m)

´¬�
¯ jkm`xkQDt�cCP�wdc5Z]fg\^f�cKz�wkMOuCZ]Q�upe�e�cH�`Z@\nc�t�eiupf�P \^MduH\�cKzke�Y�u_zkQD�Ke�fg�Cfgake�Q�z,jkP�a0Q'm�cK��zkQD� Pbjke¥\nfgwOegQ

�CQ'm^\^fit�Q=ZU²6Z]MdupmnQDx�a,Y�Z]QD�KQDmnuKed\nfgz,Y�\^mnf�uKzk�KjkeiuH\nfgcCzOZy´!MOu3�CQ�adQDQ'z�t�mnQDup\^QDx¾�kuKZ�� Q'e�e¾uKZ \nMkQ�z,jkP�a0Q'm`cK�
zOQ'� m^Q'�¡Q'mnQ'zOt'QDZsadQ'\q��QDQ'z¦Z^P�uKege�\^mnf�uKzk�KjOe�up\^f�cKzOZ:\nMOuH\�x[fix�tyMOupzk�CQ�. jkw±xkuH\nfgzk��upe�e¾\nMkQDZ^Q�mnQ��¡Q'mnQ'zdt�QDZ
\yu�8CQDZ:uH\`P�cCZ]\

O(lg m)
\^f�P_QC�

Õ¡ý�þ¾ÕúÓ
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R,f�zOt'Q�cCzkegY
O(1)

Z]fix[Q=Z�cK�`\^f�z,Y�\^mnf�uKzk�KjkeiuH\nfgcCzOZ�xkc�tyMOuKzk�KQC�$jkw0xOuH\^f�zk� upe�e�\^MkQ�m^Q'�¡Q'mnQ'zOt'QDZ�\^c
S′, S′′

t�cKP�f�zk���¡m^cCP uKx3o]uCt�QDzC\_\^f�z,Y \^mnfiupzk�Cjke�up\^f�cKzOZb\yu�8KQ=Z
O(lg2 m)

upP�cCm]\nfg¨DQDx \nfgP�Q ²³up\�P_c5Zq\
O(lg m)

zkc[x[Q=Z:fgz£�CmnuKwkM
G
tyMOupzO�KQ®\^MkQDfgm`x[QD�KmnQ'Q3´¬�

� e�Z^c�jkw±xkup\^f�zk��upe�ed\^MkQ®e�uKadQDegf�zk�CZ@cp��uKmntDZIfgz��KmyupwkM
G
mnQDh5jkf�m^Q=Z@uH\@P�c5Zq\

O(lg2 m)
\^f�P_Qs�¡cKm�\^MkQ

ZnupP�Q�mnQDuKZ^cKz��
,�f�zOupe�egY�jkw0xOuH\^f�zk�UwdcCfgz5\nQ'myZ�f�zb\nupaOegQ=Z

Si
\yu�8CQDZ

O(lg m)
upP�cCm]\nfg¨DQDx�\nfgP�Q�Z^fgzOt'Q�cCzke�Y�u®t'cKzOZ]\nuKzC\

z,jkPbadQDm`cp�$zkQDfg�CM5a0cKmyZ:cp� ST i
x[c�tyMOuKzk�KQ�²³��MkQ'z¦u�P�Q'P�cCm^Y�m^QDegc[t'up\^f�cKz�f�Z`zkQ'Q=x[QDx£f�z¦u_\nuKakegQ

Si
�

cCzke�Y
O(lg m)

m^Q'�¡Q'mnQ'zOt'QDZ:MOu3�CQs\nc_a0Q�jkw±xkuH\nQDx�f�z£uCx3o]uKt'Q'z5\`Z]P�uKege±\nm^fiupzk�CjkeiuH\^f�cKzdZn´��

� � �������������.��������#�	'����%�
�&�����	����

����� � �
 ���$������� ��� � �
��� �����$�$���
L:MOQUf�zOZ^Q'm^\^f�cKz�cp�$ubzOQ'� �KQ'm^\^Q'§�upe�� u3Y[Z:u�0±QDt�\nZ \nMkQ�fgz5\^QDm^f�cKm�cK��ub\^f�z,Y�\^mnfiupzk�Cjke�up\^f�cKz .�\nMkf�Z:P�Q=upzOZ
\nMOuH\:u�e�c,tDupedP_c[x[f%�dtDuH\^f�cKz�cK�¢\^MkQs\^cCwdcCegcC�KYbuKzOx�cK�0\nMkQ®uCx3o]uKt'Q'zOt'YbmnQ'eiuH\nfgcCzOZIfiZ@zOQ'QDxkQDx�cCzkegY_��MkQDz
\nMkQ�Z^fg¨DQUcK��\nMkQ�zkQ'� \^f�z,Y�\nm^fiupzk�CjkeiuH\^f�cKzdZ xkc5Q=Z:zkcp\ �k\`a0Q�\q� Q'QDz 1

12
lg m

uKzOx 1
4

lg m
�

�Ñ�®\^MkQ�Z^fg¨DQK��up�ú\^QDmb\nMkQ�f�zOZ]QDm]\nfgcCz¤cK�®u©zOQ'� �CQ'm^\^Q'§±��x[c,QDZ_zkcp\�Q'§[t'Q'Q=xkZb\^MkQ£jkwkw0Q'm�a0cKjOzOx¤cK�
1
4

lg m
�[\nMkQ'z�\^MOQ�zkQ'� \^mnf�uKzk�KjkeiuH\nfgcCz T T ij′

f�Z�u��HuKegfix�\nfgz,Y�\^mnf�uKzk�KjkeiuH\nfgcCz¾�
�Ñ�!Z^fg¨DQ�x[c,QDZ�f�zOt�mnQDuCZ]QUcH�KQDm:\^MkQ�e�f�P_fg\scK�$u��Hupe�fix�\nfgz,Y�\^mnf�uKzk�KjkeiuH\nfgcCz�� Q�P�jdZq\`w0Q'm^�¡cKmnP"u�e�c[t'upe

xkQDt�cCP�wdc5Z]fg\^f�cKz�P�u�8,f�zk��u�tDupe�e�cK�I\^MkQbwkm^c[t'QDx[jkmnQ_�)��&[	��)�)	��%$ �`�#	��3�1�)"�	����V$�
'&(���#	����O�±��MkfityM�m^Q=h5jkfgmnQDZ
O(lg m)

uKP_cCm]\nfg¨DQDx�\^f�P�QK�
: MkQDz¦\nMkQbf�zOZ^Q'm^\^f�cKz¦cK��u��CQ'm^\^Q'§�xkc5Q=Z®tDupjOZ^Qbu�Z]wOegfg\UcK��u�\nfgz,Y�\^mnfiupzk�Cjke�up\^f�cKz�\nMOuH\�f�zOt�mnQDuCZ]Q=Z

\nMkQ¦Z^fg¨DQ�cK�Uu�Z^P�uKege:\nm^fiupzO�KjkeiuH\nfgcCz¤cH�KQDm_\^MkQ�jkwOwdQDm�adcCjkzOx�upe�egcH� QDx¾�@� Q�Mdu3�KQ�\^c w0Q'm^�¡cKmnP \^MkQ
wOm^c[t�Q=x[jkmnQe�)��&g	��#�)	��%$7�l���_��&�& �#"�	����%$�
'&(���)	����T.U\^MkQ�x[Q=t�cKP�w0cCZ^f¥\nfgcCz©f�z5\^c�\q��c�Z]P�uKege$\nm^fiupzk�CjkeiuH\^f�cKzdZ
uCZ:��QDege±\nMkQ�jkw±xkuH\nQ�cp�$uKx3o]uCt�Q'zdt�Y�mnQ'eiuH\nfgcCzOZ fgz£P�upwOZ

F
upzdx

G
m^Q=hCjOfgmnQ

O(lg2 m)
\nfgP�QK�

R,f�zOt'Q�\^MkQ=Z]QbQ'�CQ'z5\nZ�c[tDt�jkmyZ`uH�ú\nQ'm
Θ(lg m)

²³m^Q=Z]w¾�
Θ(lg2 m)

´��KQ'm^\^Q'§�f�zOZ^Q'm^\^f�cKzOZD�O� Q�t'uKz�Zq\yuH\^Q
\nMkQ��¡cKe�e�cH��fgzk�3.
��¶ � �°� E � G �<�L��	��V$`�`���4$�"K�K���ef��/"��4�KJ`	��\� I ���)"�	����V$�
'&A���)	����h"2��d�
'	�"2���

O(1)
���Y��"��)	(i��K�e�#	��Y��b

����� � � ,(� ������� ��� � �
��)������ �������$�$���
�Ñ�$\nMkQ��CQ'm^\^Q�§£t�cCzOt�QDm^zkQ=x�f�Zszkcp\�u�P�jkeg\^f�wke�Q��KQDm]\nQ�§¢�k\nMkQ�jkw±xkup\^f�zk��wkMduKZ^Q�P_f�mnm^cCmnZ \nMkQ�wkmnc[t�Q=x[jkmnQ
�¡cCm��CQ'm^\^Q'§�f�zOZ^Q'm^\^f�cKz .�Z]f�zOt�Q�\^MOQ'mnQ�upmnQ@zOcp\�\^cKw0cKe�cK�Cf�tDupeCP_c[x[f%�dtDuH\^f�cKzdZ�cK�OP�upwOZ

Gi
�p��Q t'uKege5\^MOQ@\nfgz,Y

Z^wke�f¥\�²³m^Q=Z]w¾�_Z]P�uKege!Z^wke�f¥\¬´swOm^c[t�Q=x[jkmnQDZ®cKzke�Y¦��MkQDz©\nMkQ�Z]f�¨'Q_cp�:u�\^mnf�uKzk�KjkeiuH\nfgcCz©x[c,QDZUQ'§[t'Q'Q=xkZU\^MkQ
P�up§,f�P�jOP�z,jkP�a0Q'm�cp��\^mnf�uKzk�Ke�Q�upe�egcH� QDx¤²¡mnQDZ^w¾��\nMkQ�P�uH§[f�P�jkP�z,jkPbadQDm�cp�@\nfgz,Y�\nm^fiupzO�KjkeiuH\nfgcCzOZ'�
��fg\^MOfgz�u�Z]P�uKege¢cCzkQK�OuKege�cH� QDxO´��

: MkQDz�x[QDuKegf�zk�_��f¥\nM�Pbjke¥\nfgwOegQ��KQDm]\nf�t'QDZD�5\^MkQ��KQDm]\nQ�§�x[QDegQ'\^f�cKz£t�cCjke�x�tyMOupzO�KQ®\^MkQ�uKxHo]uKt�QDzOt�Y�mnQ�ª
eiuH\nfgcCzOZ$a0Q�\q� Q'Q'zb\^MOQ`�UuCx3o]uKt'Q'z5\�\^f�z5Y�\^mnf�uKzk�KjOe�up\^f�cKzOZ5.¾f�zb�CQ'zkQDmnuKeC\nMkQ'mnQ:zkcp\!Q'§[f�Z]\nZ$a0Q�\^\^Q'm�Z]cCegj[\nfgcCz
\nMOupz�Z^fgP�wke�Y�oqcKf�zkf�zk��\^MkQ�\nfgz,Y�\nm^fiupzO�KjkeiuH\nfgcCzOZ�t�cKzdt�Q'mnzkQ=x¢�¢wdQDm]�¡cCm^P�f�zk��\^MkQ��CQ'm^\^Q�§©xkQ'e�Q�\^f�cKz�upzdx
tDupe�egf�zk�_\^MOQ�Z]wke�fg\]\^f�zk��wkmnc[t�QDxkjkm^Q=Z�²³u�t�cCzOZ]\nupz5\�z,jkP�a0Q'm�cK��\nfgP�Q=Zn´��

þ�þ É�q�r�s�t��



�K� � �����4�/&�&[	��B&A�K��"2��	�� �a��f�	�&�&(�/"������?� I ���
	<�/"

,�f��KjkmnQ�}'. L�cCwdcCegcC�Kfit'upe±tyMOuKzk�KQ=Z�f�z£P�upw
Gi

uH�ú\nQ'm`u��KQDm]\nQ�§�x[QDegQ'\^f�cKz£cKm�uKz�Q=x[�KQU­Of�w¾�

��¶ � �°� E �?G �
�/&(�/�#	��V$o�o���4$�"K�K� � f>�/"��4�KJ_��"2��� � I �Z�)"�	����%$�
'&(���#	���� � ���K���
O(lg2 m)

���Y��"��)	(i5���
�)	��Y�5b

��� � � ,��(�-�-���
) ���
)��  
�Ñ��\^MOQ�­Of�w£t'cKzOt'Q'mnzOZ�upz£Q=x[�KQ

(v1, v2)
\nMOuH\`e�fgQ=Z�f�z£\^MkQ�f�z5\^Q'mnf�cKm�cp�Iu_\^f�z,Y�\nm^fiupzk�CjkeiuH\^f�cKz T T ij

��Q
Mdu3�KQ®Z^f�P_wOegY�\ncbjkw±xkup\^QUwdcCfgz5\^QDm

GA
ij

fgz£t�cCege�QDt�\^f�cKz
PAi

�IL:MkQ�t�cCegcCm^f�zk��cK�¾\^MOQ®a0cKjkzdxkupmnY�upzOx�\^MkQ
uCx3o]uKt'Q'zOt'fgQ=Z cp� T T ij

xkc_zOcp\styMOuKzk�KQC�,uKzOx�\^MkQDz��CmnuKwkM
Gi

x[c�zkcp\�zkQDQDx�\^c�a0Q�jkw±xkuH\nQDx¢�
�Ñ�¾\nMkQUQDx[�CQsa0Q'e�cKzk�5Z!\nc�\^MOQ®a0cKjkzdxkupmnYbcK�¾\q� c�\^f�z,Y_\^mnf�uKzk�KjkeiuH\nfgcCzOZ T T ij , T T ij′

f¥\:P�u3Y�c,tDt�jkm
\nMOuH\�\nMkQ�­Of�w�xkc5Q=Z�tyMOupzk�CQ�\nMkQ�\^cCwdcCegcC�KY�cK� u�\^f�z,Y�\^mnf�uKzk�KjOe�up\^f�cKz .®�¡cKm�Q'§[uKP�wkegQC�¾fg�:uKz�f�zOt�fix[QDzC\
\nm^fiupzO�Ke�Q�f�z T T ij

MOuCZ�\q��cUQDx[�CQDZ�\^MduH\@upmnQ:tyMkcKmyxkZD�3­OfgwOwkfgzO�®\nMkQ:QDx[�CQ�Z]MOuKm^Q=x�a,Y T T ij , T T ij′

x[c,QDZ
xkf�Znt�cCzkzkQDt�\ T T ij

f�z5\^c�\q� c�zkcKz£uKx3o]uCt�QDzC\:\nfgz,Y�\nm^fiupzO�KjkeiuH\nfgcCzOZ�²ú\^MOf�ZsQ'�KQDz5\:fiZ�x[QDwkf�t�\^Q=x£fgz ,�fg�CjkmnQ
}K´¬� � Z��¡cCm�\^MOQ��KQDm]\nQ�§ x[Q'e�Q�\nfgcCz¾�$��MkQ'z°\^MkQ�\^cKw0cKe�cK�CY©cCm�\^MOQ�Z^fg¨DQ�x[c©tyMOuKzk�KQC�$f¥\_cKzke�Y�mnQ'P�uKfgzOZ
\nc�P�u�8KQ�u©�¡jOZ^fgcCz¤cK� T T ij , T T ij′

� upzOx°\^c�t'upe�e \^MkQ�wkmnc[t�QDxkjkm^Qp�)��&[	��)�#	��V$m�h�)	����7�#"�	����%$�
'&(���)	����
²6uH�ú\nQ'msw0Q'm^�¡cKmnP�fgzO��\^MkQ�QDx[�CQ�­Of�wd´¬�sL:MOf�Z®Zq\nmnup\^Q'�CY�P�u3Y�m^Q=hCjOfgmnQ

O(lg m)
upP�cKm^\^f�¨'Q=x�\^f�P�Q�fg�$cCzke�Y

\nfgz,Y�\nm^fiupzk�CjkeiuH\^f�cKzdZ!f�z�\nMkQUZnupP�Q�Z]P�uKege0\^mnfiupzk�Cjke�up\^f�cKzOZ�upmnQ®t'cKzOt'Q'mnzkQDx¢� � zOupe�cK�CcKjOZ^egYC�Kfg��\nMkQ®Q=x[�KQ
a0Q'e�cKzO�CZ:\nc�x[fg0±Q'mnQ'z5\®Z^P�upe�e¾\nm^fiupzk�CjkeiuH\^f�cKzdZ ST i,ST i′

� Q�w0Q'm^�¡cKmnP \^MOQ��¡jOZ^fgcCz£cp� ST i
upzOx ST i′uKzOx�\nMkQ�Q=x[�KQ�­Ofgw¤cKz \nMkQ�mnQDZ^jkeg\^f�zk��\nm^fiupzk�CjkeiuH\^f�cKz���\nMkQ'z.��Q�t'upe�e�\^MkQ�wkmnc,t'QDx[jOm^Q �)� &[	����p���Y��&�&

�)"�	����V$�
'&A���)	����O�k\^MOup\`jkw0xOuH\^Q=Z T fgz
O(lg2 m)

upP�cKm^\^f�¨'Q=x�\nfgP�QK�

Õ¡ý�þ¾ÕúÓ
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��¶ � �°� E � G �R�/"Q����"��a	��%$Z��� �K�5$L�!nN	 � 	��p� I ���)"�	����V$�
'&(���#	����p� �K�����
O(lg2 m)

���_��"��#	(i����Y�)	��Y�5b

� � ������&�
���	���% #��`�
��# ���

����� � ���*�()����������"���"�$#
� �$�������*)�+-,(�.���(���
L:MOQ�zOu3�,f��Cup\^f�cKz�wkMOuCZ]Q�P�fgmnm^cCmnZ�\^MkQ�wkmnc,t'QDx[jOm^Q�Q�§[wkeiupf�zkQDx f�z ;Á�>=Ñ�I\nMOuH\���Q�upmnQ��CcKf�zk��\^c�mnQDt'uKege
aOm^f�Q�­OYC�

� \^mnf�uKzk�Ke�Q
t
fiZ�xkQ��OzkQ=x�a,Y���akf�zOupmnY_��cCmnxkZ!\^MOup\�mnQ'wkmnQDZ^Q'z5\@mnQDZ^w0QDt¬\nfg�CQ'e�Ybfg\nZ�z,jkP�a0Q'm f�z�u�\nfgz,Y

\nm^fiupzO�KjkeiuH\nfgcCz¾�0\^MkQ�f�zOx[Q�§¦cK�@\nMkQ�\nfgz,Y�\nm^fiupzO�KjkeiuH\nfgcCz T T ij
\nc���MOf�tyM�f¥\�a0Q'e�cKzk�5Z_²6u�mnQ��¡QDm^QDzOt�Q_f�z

\yupake�Q
Ti
´¬�dupzOx£u_wdcCfgz5\nQ'm:\^c�\nMkQ�Z^P�uKege±\nm^fiupzO�KjkeiuH\nfgcCz ST i

t�cKz5\yupf�zkfgzO�_fg\D�
�®jkmnfgzk��\nMkQ�zOu3�,f��Cup\^f�cKz¾�[fg�I��Q�P�cH�KQ�f�z£\^MkQ�fgz5\^QDm^f�cKm�cK�$u_\nfgz,Y�\^mnf�uKzk�KjkeiuH\nfgcCz T T ij

fg\®Z^fgP�wke�Y
Z^j[��t�Q�\^c�uKtDt�QDZnZ�\^c�Q�§[wke�f�t'f¥\�m^QDwkmnQDZ^Q'z5\nup\^f�cKz cp� T T ij

Z]\^cKmnQDx°fgz¤\nupaOegQ=Z
Ai
�!��MOf�tyM.f�Z�x[cCzkQ�a,Y

mnQDuCx[f�zk��m^Q=t�cKmyxkZ�f�z upmnmnu3Y[Z
Ti

upzOx
PAi

.�\nMkQ¦f�z[�¡cKmnP�uH\nfgcCz Z]\^cCm^Q=x¤f�z \nuKake�QDZ
Ai

w0Q'mnP_fg\�e�c[t'upe
zdu3�5f��Cup\^f�cKz�fgz

O(1)
\^f�P_QC�

�Ñ�U��Q�upmnQ�e�Y,fgzO��cCz¤\nMkQ£adcCjkzOxkuKm^Y�cp��u¦\nfgz,Y \nm^fiupzO�KjkeiuH\nfgcCz T T ij
�@� Q	�OzOx.fgz.\nuKakegQ=Z

PBifg\nZ_a0cKjkzdxkupmnY°t�cCegcCm^f�zk�¤²6Zq\ncKmnQDx¤uCZ_wdcCfgz5\^QDm_\^c�\nupaOegQ=Z
Bpq

´��j:�Q£jOZ^Q�f¥\�\^c�mnQ�\^mnf�Q'�KQ�uKx3o]uCt�QDzOt�Y
f�z[�¡cCm^P�uH\nfgcCz�f�z£P�uKw
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� ¯ zOt'QU� Q�8,zkcH� \^MOQ�t�cKe�cKm:cK��u�Z]fix[Q�cK� T T ij

f¥\sZ^j[��t�Q=Z \^c �OzOx�\^MOQ�upmyt
f�zOt'f�x[QDz5\@\^cbzkc[x[Q

Gij
��fg\^M�\nMkQ®t'cKmnm^Q=Z]w0cKzdx[fgzO��e�uKadQDe6�$L:MkfiZ@wkmncH�,f�xkQDZ@uKz�fgzk�¡cKmnP�up\^f�cKz�t'cKzOt'Q'mnzkfgzO�

\nMkQ�f�zOx[Q'§¦upzOx£\nMkQ_adcCjkzOxkuKm^Y£t�cCegcCm^f�zk��cp�@\^MkQ_uKx3o]uCt�Q'z5\®\^f�z5Y�\nm^fiupzk�CjkeiuH\^f�cKz T T ij′

\^c���MkfityM¦��Q
uKm^QUP�cH�,fgzk�d�,\^cC�KQ�\nMkQ'm���fg\^M�\nMkQ�mnuKzP8�cp��\^MOQ�adcCjkzOxkuKm^Y�\nm^fiupzk�CegQ

t′ ∈ T T ij′

\nmnu3�CQ'myZ]Q=x¢�
,�f�zOupe�egYC�±f¥�!� Q�upmnQ�P�cH�,fgzO��\^c�u�x[f(00QDm^QDzC\�Z]P�uKege ²³upzdx�MkQ'zdt�Q�\nfgz,Yk´:\nm^fiupzO�KjkeiuH\nfgcCz¾�O� QbZ^fgP�wke�Y

mnQ'w0QDup\!\^MOQ`e�uCZq\ Zq\nQ'wOZ@m^Q=t'upe�e�fgzk��\nMOuH\@\^MkQ®fgzOxkQ�§
j′
x[c,QDZ@m^Q'�¡Q'm!zOcH�.\nc�u�\nfgz,Yb\^mnf�uKzk�KjkeiuH\nfgcCz T T i′j′e�Y,fgzO�_f�z�upz£uKx3o]uCt�QDzC\`Z^P�upe�e±\^mnf�uKzk�KjkeiuH\nfgcCz ST i′

�k��Mkc5Z]Q�mnQ��¡Q'mnQ'zdt�Q�f�Z�Z]\^cCm^Q=x�f�z�\nuKakegQ
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�Q�\`jOZ�cCaOZ^Q'mn�KQ®\^MOup\�uKege�m^Q'�¡Q'mnQ'zOt'QDZ:upzOx�w0cKf�z5\^Q'myZ:jOZ^QDx�upmnQ�cKz
O(lg m)

aOf¥\yZ���MkfityM£uKege�cH�`Z�\^c
f�zOx[Q'§bf�z

O(1)
\nfgP�QC�$T¦cKmnQ'cH�KQDm�uKegek\nupaOegQ=ZIjOZ^QDxb\^c�x[Q=Z^t'm^f�a0Q cCjkm!mnQ'wkmnQDZ^Q'z5\yuH\^f�cKzbwdQDm^P�fg\�uKtDt�Q=Z^Z^fgzO�

cCwdQDmnup\^f�cKzOZ f�z
O(1)

\nfgP�QK�

����� � �&�&���'#
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O(lg m)
xkuH\yu�\nc��KQ'm^\^fit�Q=Z cKm

\nm^fiupzO�Ke�QDZD�
L:MkQ�fix[Q=ubfiZ \^c�Z]\^cCm^Q®\^MkfiZ�f�z[�¡cKmnP�uH\nfgcCz�a,Y�uKZnZ^c,t'f�up\^f�zk�_f¥\:\^c�zkc[x[Q=Z�upzOx�upmyt'Z cK��P�upw

Gi
� ,kcKm

\nMkfiZ�wkjkmnwdc5Z]QC�¾fgz�\^MOQ�x[QDZnt�mnfgwk\^f�cKz©cK�@\nMkQ�P_QDP�cKmnY¦cKmn�CuKzkfg¨=uH\nfgcCz�cp� u£Z^P�upe�e$\^mnf�uKzk�KjkeiuH\nfgcCz ST i
�

� Q�fgz5\nm^c[x[jOt'Q�u_t'cKe�egQ=t¬\nfgcCz�cK��Q'§5\nQ'zOxkfgake�Q�upmnmyu3Y,Z
PDi

x[Q��OzOQDx£uKZ �¡cCege�cH�`Z/.
• uKege�mnQDt'cKmyxkZ�fgz�\nMkQ¦t�cCege�QDt�\^f�cKz PDi

upmnQ�cK� �O§,Q=x.Z^f�¨'Q�cKz
O(lg m)

akfg\nZ�upzOx�t�cCzC\yupf�z�\^MkQ
�CQ'cCP_Q'\^mnf�tUxkup\nu_uKZnZ]c[t�fiuH\nQDx�\^c�u_�Kf��KQ'z��KQDm]\nQ�§¢� �®up\nu�uKZnZ]c[t'f�up\^QDx���f¥\nM��CQ'm^\^fit�Q=Z�cK��\nMkQ�Z^uKP_QU\nfgz,Y
\nm^fiupzO�KjkeiuH\nfgcCz T T ij

upmnQ�Z]\^cCm^Q=x�t�cKzdZ]Q=t�j[\nfg�CQ'e�Y£uKzOx¦Z^cKm^\^Q=x�m^Q'­OQDt�\^f�zk��\nMkQbcCmnxkQ'mscCz�\^MOQb�CQ'm^\^fit�QDZ
cK� T T ij

� � Z xkcKzkQ®�¡cKm�\nuKakegQ=Z
PEi

�[mnQDt'cKmyxkZ@uKm^Q®m^QD�KmncKjkw0QDx .�\nMkQ
k
\^M�upmnmnu3Y_fgz�\^MkQ�t'cKe�egQ=t¬\^f�cKz�MOuKZ

�Cm^cCjkwOZ$cK�
k
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lg m
mnQDt'cKmyxkZ'�pt'cKmnm^Q=Z]w0cKzdx[fgzO�s\nc�\^f�z5Y�\^mnf�uKzk�KjOe�up\^f�cKzOZ$MOu3�,f�zk��adQ'\q��QDQ'z
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√

lg muKzOx
k
√
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�CQ'm^\^fit�Q=Z'�
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\nfgcCzd´�uKzOx u©Z^Q'e�QDt�\^f�cKz cK�:a0cKjOzOxkupmnY�wdcCfgz5\nZD�If�z¤Z]jdtyM°u�� u3Y�\^MduH\��CQ'm^\^fit�QDZbZ]MdupmnQDx�a,Y©\q� c�\nfgz,Y
\nm^fiupzO�KjkeiuH\nfgcCzOZ MOu3�KQ®\^MkQDfgm®uKZnZ]c[t�fiuH\nQDx�xkuH\yu_Z]\^cCm^Q=x�cCzke�Y�cKzOt'QK�

¯ zkQ:t�mnjOt'f�uKeCw0cKf�z5\�fiZ$upa0cKj[\$P�jkeg\^f�wke�Q��CQ'm^\^fit�Q=Z�Z^MOupmnQDx�a5Y�Z^Q'�CQ'myupep\nfgz,Y�\nm^fiupzk�CjkeiuH\^f�cKzdZ/.¢� Q�P�u3Y
Z]\^cCm^Q=x¢�±�¡cKm�Q=uKtyM�Z]P�uKege$\nm^fiupzk�CjkeiuH\^f�cKz ST i

�¾\nMkQ�egfiZq\�cK��Pbjke¥\nfgwOegQ��CQ'm^\^fit�QDZU��fg\^M�\^MOQ'f�m��KQ'cCP�Q�\^mnfit
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O(lg2 m)
Z^jOtyM��CQ'm^\^fit�QDZ

f�z ST i
�,\^MkQDY�t'uKz�a0Q�fgzdx[Q�§[QDx���fg\^M£m^Q'�¡Q'mnQ'zOt'QDZ cKz

O(lg lg m)
aOf¥\yZ'�k��MOf�tyM£upmnQUxkfgmnQDt�\^e�Y�Zq\ncKmnQDx�fgz

Mdupeg�³upmyt'Z�cp�0\^MkQ�P�uKw
Gi

.�f�z�cH�KQ'myupe�e5\^MkfiZIuKxOxkZIu�zkQ'�Cegf��Kf�ake�Q�upP�cKjkz5\Icp�0Q�§,\^myu�Zq\ncKmyup�CQK�¾��z�u�Z]f�P�fgeiupm
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T¦uKfgz5\yupf�zkfgzO��\^MkQsuKm^myu3Y[Z�fgz�t'cKe�egQ=t¬\^f�cKz
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fiZ@uKz_Q'§[wdQDzOZ]f��KQ�cCwdQDmnup\^f�cKz¾�CP�cKmnQ�Q�§[wdQDzOZ^fg�CQ:\^MOuKz
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