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Nets
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	»� 8MOP��B
R B�< S L�JKB�<?;`^ S F � LN_KBlO�JtOP<?H S O\��O\JK_x��LY_KBA;=^ S BAO\_�@�F:_KB��[��F S DAFGJMDAH S=S BAJf<E;=9:;o<mBA@C;A����^ S F:_KHKD�<

×N
�(O\;

_KB��KJKBA_�LNJ
�¶h
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Nets
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@�B�Jf<mLNF\JK;�LNJ LY<m;�LYJf< S F:_KHKD�<mLYFGJ �1^�� r ��<matO#<�<?aKB�B���LN;o<mBAJMDAB�FP�KO�^KHK�Y�NZtO\Db�XDAFGJK;o< S HKD�<?LNFGJ ��F S ;mOP��B R B�< S L:JMB�<m;
atO\;WZ B�BAJ S BA^[F S <?BA_����A�mOP�Y<maMFGHKuGaj<?aKB�9�atO � BIJKF\<WZ B�BAJ OPZK�NB$<mF��NF:D/OP<?B�OPJQ9 S B���B S BAJKD�B"�X� <XLN;�<maKB S B���F S B
HK;?B���HK��<matO#<`��B$< S 9x<mF�^ S F � LY_KB O�_ML S B�D�<�_KB��tJKL�<mLNF\J��
¢ B ^ S F:DAB�BA_ LYJ�;=B � B S O\��;=<?BA^K;��`¢�B$� S ;o<lD�FGJK;?LY_KB S HKJK�NO\Z[BA�NB�_�JMB�<m;��`� <XLY;XO ��BA�N���QJKFs��J �1O\D�<E<?atOP<

<maKB � OPZ B��NLNJMuILN;`B�;?;?B�Jf<mL OP�N�Y9xOC_MBADAF S OP<?LNFGJ�<maKOP<�D/O\J�Z[B S BALYJKDAF S ^ F S OP<?BA_�OP<EJKF�DAFG;o<XLYJ�JKB�<EFG^[B S OP<mLYFGJK;
�1;=BAB#�¶e�	 � p���aKLNDba ��BC_MF�OP<-<maKB B�JK_3F\��<maKB ^tOP^ B S � 8:BADAF\JK_K�Y9\p���B S BAD/OP�N�¡<?atOP< Ox^KHM�N�NZKO\Db��F\^ B S OP<?LNFGJ
D/O\J�Z B�_KB S L � B�_�� S F\@ O�^ S F�_KHMD�< OPJK_ O\J BA£QHtO\�YLN��B S �1;?B�B$� n 	»p�DbatO\^���%W�©h�p�<maK@�� n p�O\JM_&�95�	´p);?BADP��e ���
8�LNJMDAB�O\�N��^ S F:_KHKD�<?;$B���LN;o<�LYJ

Nets
p���BC;?LN@C^K�YLY� 9�<maKB�DAF\JK;=< S HKD�<mLNF\J �1O\JK_ ^ S F:F\��;��lZf9 OP<=<mBA@C^M<?LNJKux<?F

ZKHKLY�N_ B�£:HKO\�NLY�AB S ;Ap���aMLNDba3LN;X<?aKB aKBAO S <-FP��<?aKBID�FGJf< S LYZKHM<?LNFGJ��-¢ B��tJtOP�N�Y9�ufO#<maKB S O\�N��^KLYBADAB�;l<mF�uGL � B O
DAFG@C^ S BAaKB�JK;?L � B$_KB��KJKLY<?LNFGJ�F\��<?aKB-^KHK�Y�NZtO\Db�CF\��� OPZ B��NBA_ R B�< S L�JKB�<m;�pK� S ;o<�LNJx<maMB-uGBAJKB S O\��D/O\;=B\pK<maMBAJ�LNJ
<maKB$;=^ B�DALY�KD DAO\;?B$��aKB S B @�F S ^KaKLY;?@C;`O S B-^KO S <?L O\����HMJKD�<?LNFGJK;��
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, � z*) ¢�B�_KBAJMF\<mB R B�< S LQJKB�<m;)Zf9
N = (P, T,→, P 0)

p S BA^ S BA;=BAJf<mLYJKu S BA;?^[BAD�<mL � BA��9 ^K� O\D�BA;�p#< S O\JK;=LY<?LNFGJK;�p
LNJKL�<mLNO\�N��9l@�O S �PBA_�^K� OPDABA;�O\JK_ <maKB�+tFs� S BA� O#<mLNF\J��, tF S B/O\Dba�^K�NO\DAB

p ∈ P
p\��B�O\;=;?HK@CB

|p•∪•p| ≥ 1
pfOPJK_

��F S B/O\Dba�< S O\JM;?LY<?LNFGJ
t ∈ T

p
|t•| ≥ 1

O\JK_
|•t| ≥ 1

�� tF S �NO\Z[BA�NB�_�JMB�<m;�p\��B�<bOP�\B
N = (P, T,→, P 0, λ,Λ)��aKB S B

λ : T → Λ
LN;(<maMB �NO\Z[BA�NLYJKu���HKJMD�<mLYFGJ��

� � {�- = (1y
�.) � @CF S ^MaKLN;=@
φ : N1 → N2

Z[B�<���BAB�J JMB�<m;
Ni = (Pi, Ti,→i, P

0
i )
LN;WO"^tO\L S

(φP , φT )��aKB S B

6 n �
φT
LN;EO ^tO S <mLNO\� ��HKJMD�<mLYFGJ�� S FG@

T1

<mF
T2

p6O\JK_
φP
O S B�� OP<?LNFGJxZ[B�<���BAB�J

P1

O\JK_
P2

p

6`h��
P 0

2 = φP (P 0
1 )
OPJK_
∀p2 ∈ P 0

2 , ∃!p1 ∈ P 0
1 : p1

φP←→ p2

p

6 r ��LY�
p1

φP←→ p2

<maKB�J�<?aKB S BA;o< S LND�<?LNFGJM;
φT : •p1 →

•p2

O\JK_
φT : p1

• → p2
•
O S B-<mF\<mO\����HKJMD�<mLYFGJK;�p
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t2 = φT (t1)

<maKB�J�<?aKB S B�;=< S LND�<mLNF\JK;
φ
op
P : •t2 → •t1

O\JK_
φ
op
P : t2

• → t1
•
O S B$<?F\<bOP����HKJKD�<mLNF\JK;A�

��aKB S B
φ
op
P

_KB�JKF\<?BA;W<?aKB FG^K^[FG;?L�<mB S B�� OP<?LNFGJ�<mF
φP
� � FP<mLND�B-<matOP<E^[FGLNJf<?; r O\JK_ 8"B�JQ<mO\LN��<?atOP<�<maMB�^tOPL S

(φP , φT )
^ S B�;?B S�� B�; <maKB +KF}� S BA� O#<mLNF\J ��FGJ LY<?;�_KF\@"O\LYJ�F\��_MB��tJKL�<mLYFGJ ��� klZK;?B S�� B�OP�N;?F�<matOP<�^ F\LNJf< r

LN@C^K�NLYBA;�<matOP<�LY�
φP
LY;�_KB��KJKBA_�OP<

p1 ∈ P1

pG<maKB�J
φT
LY;�_KB��tJKBA_"OP<TO\�Y��< S O\JK;=LY<?LNFGJK;

t1 ∈ T1

DAFGJMJKBAD�<mBA_�<mF
p1

�)��J�<maKB�;?BA£QHKB��´p\��B���LY�N�Q;?LY@�^K��9l� S L�<mB
φ
��F S

φP
F S
φT
pGO\JM_

φ(X)
<mFl_KB�JKF\<?B(^K� OPDABA;�LNJ S BA�NOP<mLYFGJ-��LY<?a

OP<$�NBAO\;=<lFGJKB ^K�NO\DABILYJ
X
� � 9

Dom(φ)
p���B S B�^ S B�;?BAJf< <maKB B��NB�@�B�JQ<?;-F\�

N1

�1^M� O\D�BA;-F S < S O\JM;?LY<?LNFGJM;��
��aKB S B

φ
LY;`_KB��KJKBA_�p � � � �

φ−1(P2 ∪ T2)
�

] BA@�O S �[� � F\<?LNDAB�<maKOP<(D�FGJK_KL�<mLNF\J 6`h�Z[BAD�FG@�B�;`O�D�FGJK;=BA£QHKBAJMDAB$F\� 6 r O\JM_ 6 8I��aKBAJ�F\JKBlO\;=;?HK@CBA;
<maKB�B �MLY;=<?BAJKD�BCFP���1OP�\B�LNJKL�<mLNO\��< S OPJK;?L�<mLNF\JK;

ti,0
LNJ BAO\Dba

Ni
p�;?HKDba <matO#<

ti,0
• = P 0

i

O\JK_
t2,0 = φ(t1,0)

�
¢�B�;?atOP�N��HK;?B"<?aKLN;$< S LNDb�3LNJ <maKB�;?B�£:HMBA��<?F ;?LY@�^M�NLY� 9j^ S F:F\��;�����F:DAHK;=LNJKu�FGJ 6 r p!6 8 O\JK_ F\@�L�<?<mLYJKux<mF
DbaKBADb� 6`h � �
8�OP��B R B�< S LMJKB�<m;���L�<ma�<?aKB(O\Z[F � B(_MB��tJKL�<mLYFGJIF\�6@CF S ^MaKLN;=@�;�_KB��KJKB�<maMB(D/OP<?BAuGF S 9

Nets
�" tF S � OPZ B��NBA_

JKB�<?;Apt��B JKOP<mH S O\�N��9"D�FGJK;=LN_KB S �NO\Z[BA��� ^ S B�;?B S�� LNJKu @CF S ^KaKLN;=@�;�p���aKLYDba�9:LYBA�N_M;(<maKB$D/O#<mBAu\F S 9
λNets

�

��� ~ � � - � y�( z)( � & ��� z)= � -�	�  1w�|t~��") 
 B�<
N0,N1,N2

Z BWJKB�<?;ApKOPJK_
fi : Ni →N0

p
i = 1, 2

Z[BXJKB�<
@�F S ^KaKLY;?@C;Ap#;?F

N0

��F S @C;¡OE�QLNJK_IFP�tLNJf<mB S �1O\D�B�Z[B�<���BAB�J
N1

O\JK_
N2

pPF S Z[B�<=<mB S OWD�FG@C@�FGJ DAF\JK;=< S O\LYJQ<�� �
¢�B �NF:FG�C��F S O�<?B S @CLNJKO\��JKB�<

N = (P, T,→, P 0)
p6O\;?;=F�D�L OP<?BA_�<?F�@CF S ^KaKLN;=@�;

gi : N → Ni
p
i = 1, 2

p
;?HKDba�<matO#< � �tuK� n � �

f1 ◦ g1 = f2 ◦ g2

� n �
� 9	� <mB S @�LYJtO\�»p�
���B$@�BAO\J�<maKB-HKJML � B S ;?O\��^ S F\^ B S <�9�F\��<maMB ^MHK�N�YZtO\Db�E����aKBAJKB � B S <?aKB S B B ��LN;=<?;EO\JKF\<?aKB S
< S LN^K�YB

(N3, h1, h2)
;mOP<?LN;=� 9:LYJKu�<?aKB";?O\@CBCD�FG@C@IHM<bO#<mL � B�_KL O\u S O\@�p�<maKB S BCB���LN;o<m;IO�HKJKLY£:HMB�@CF S ^MaKLN;=@

ψ : N3 → N
^ S BA;=B S � LYJKu�<?aKBCDAFG@C@IHM<mOP<mL � L�<�9Gp�JtOP@�B��Y9

hi = gi ◦ ψ
��¢ BC_KBAJKFP<mB�<?aKBC^KHK�N�YZtO\Db� Zf9

N1 ∧
N0 N2

pKF S Zf9
N1 ∧ N2

��F S ;?aMF S <A�

N0

N1 N2

f1 f2

π 1 π 2

g2g1

N3

N

ψ

 )LYuGH S B n �
� ����� ��� � ����� � � ����� ����� ��� ��� ��� �������	��
	�
N = N1 ∧ N2

�

� <�LN;���BA�Y�[�QJKFs��J"<?atOP<�<maKBE^KHK�Y�NZtOPDb� FG^ B S OP<?LNFGJ�DAO\J"Z[BW_MBADAF\@�^[FG;?B�_xLNJf<?F�O$^ S F:_KHKD�</pQ��FG�N�YFs��B�_�Zf9
O\J�BA£QHtOP�NLN�AOP<mLYFGJ�� 6�FGJK;?LY_KB S <?aKBl^ S F�_MHKD�<`JMB�<

N1×N N2

ptO\JM_x<maKB-OP;?;?F:DALNOP<mB�_�D/O\JMFGJKLNDAO\��^ S F#U=B�D�<mLYFGJK;
πi : N1 ×N N2 → Ni

p
i = 1, 2

����J uGB�JKB S O\�´p
N1 ×N N2

O\JK_3<maMB
πi
_KF�JKF\< ;mOP<?LN;o� 9 <maKB�^KHM�N�NZKO\Db�

DAFGJM_KLY<?LNFGJ�p � � � �
f1 ◦ π1 6= f2 ◦ π2

���WFs��B � B S p�Zf9�BA£QHtO\�YLN�ALYJKuj<?aKBA@�pTFGJKBxuGB�<m;I<?aKB�_KBA;=L S BA_ S B�;?HK��</�
(N , e)

BA£QHtOP�NLN��BA;
f1 ◦ π1

OPJK_
f2 ◦ π2

L��
(f1 ◦ π1) ◦ e = (f2 ◦ π2) ◦ e

p[O\JK_���F S OPJQ9�F\<?aKB S DAO\JK_KLY_tOP<mB
(N3, h)

<maKB S B B���LN;o<m;WOCHKJMLN£QHKB
ψ : N3 → N

;=HKDbaj<?atOP<
h = e ◦ ψ

���KuK�[h ����� <XLY;�;=< S O\LNu\aQ<=��F S ��O S _�<?F
DbaKBADb�x<?atOP<

(N , π1 ◦ e, π2 ◦ e)
9�LYBA�Y_K;(<maKB-_MBA;?L S B�_�^MHK�N�YZtO\Db�6�� tF S _KB�<bO\LY�N;Ap:��B S B���B S <?aKB S BAO\_KB S <?F � n 	´p

DbatO\^�� %E�oh�pM<?aK@�� n pKF S <?F#�95�	»pt;?B�D\� e���aKB S B <?aKLN;`D�FGJK;o< S HMD�<mLYFGJ�LN;�O\�Y;?F HK;=BA_��
� �"! ±$#»±=²&%('1³ B #´±o²»¸�¹�µo± )�¾+*�,�,�±?¾�# ¾-# ! ¹.#�¹0/1/K³ B #´±o² ¹�µ #´³32 B ¾)¹ ²´±�µo¹�4�#&*#²»±65$º879# ! ±(³ B #´±o²:%(±;5s³¿¹ ²:7 B ±<# N0 =?>

! ³¿µ ! ³¿¾ B 20#
# ! ±�µo¹�¾1±�· �"! ±@# > 2 B ±A#´¾ N1,N2

%(¹B7W¾�#´³3/1/ ! ¹BC�±�³ B #»±=²´¹�µ #´³32 B ¾D2�*�#´¾»³15s± N0
º87E%(±?¹ B ¾D2�¸K¾&7 B µ ! ²:2 B ³1Fo±65G#´²´¹ B ¾»³H#´³32 B ¾ = ¹�¾³3# > ³3/1/Qº\±I2�º8C/³32J*#¾�³ B # ! ±I4�*�/1/½ºP¹�µLKE5s±AM B ³3#»³12 B ,�³1C�± B ¹0#"# ! ±�± B 592 ¸N# ! ±=¾»± B 2�#»±=¾=·

@A@CBED'F�G�H'H
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N1 N2
x

f2 π2o

f1 π1o

N3

N0N
e

ψ h

 )LNuGH S B$h�� ��� � � � ������ N�
f1 ◦ π1

�  �
f2 ◦ π2

�

� ��� ���$���	�(�(� ���
Nets

6�FGJK;=LN_KB S <���F3JKB�<m;
Ni = (Pi, Ti,→i, P

0
i ), i = 1, 2

S B�� OP<?BA_ Zf9 <���F3@CF S ^MaKLN;=@�;
f, g : N1 → N2

�
¢�B��(O\Jf<-<?FxZKHKLY�N_j<?aKBIBA£QHtOP�NLN��B S

(N , e)
FP�
f
O\JK_

g
p � � � ��O"JKB�<

N
O\JK_3Ox@CF S ^KaMLN;?@

e : N → N1;mOP<?LN;o� 9�LYJKu
f ◦ e = g ◦ e

p�O\JK_x;=HKDbax<matO#<���F S O\Jf9�F\<maKB S DAO\JK_KLY_tOP<?BX^tO\L S
(N3, h)

<maKB S BXB ��LN;=<?;(O�HMJKLN£QHKB
@�F S ^KaKLY;?@

ψ : N3 → N
;mOP<?LN;o� 9�LYJKu

h = e ◦ ψ
���KuK� r ���

N2N1

N3

N

hψ
e

g

f

 )LYuGH S B r ��
 � � ���
(N , e)

� � � � � ������ N�
f
�  �

g
�

��
�� ����������������� ��!�"$#&%'�(��������������� ��!
Sets

¢�B S BAD/OP�N��aKB S B$<���FCDA�NO\;?;=LNDAO\� S B�;?HK��<m;`<maKOP<`��LN�Y��Z[B LYJK;=< S HK@CBAJf<mO\��LNJ�<?aKB$;?BA£QHKB��´�

- ) $ ) $ . / 	�|  �(#1 � {
¢�B DAF\JK;?LY_KB S <maMB�DAOP<mB�uGF S 9xF\��;=B�<m;E��LY<?a � � ������� � ��HKJKD�<mLNF\JK;EO\;�@�F S ^KaKLY;?@C; �1F S BA£QHKL � O\�NB�JQ<?�Y9"^ FGLYJf<mBA_
;?B�<���LY<?aC<?F\<bOP�K��HKJKD�<?LNFGJM;���� 
 B�<

T1, T2

Z[B`<���F�;?B�<m; S BA�NOP<mB�_�Zf9C^tO S <mL OP�M��HKJKD�<mLNF\JK;
f, g : T1 → T2

� � aKB
BA£QHtO\�YLN��B S F\�

f
OPJK_

g
LY;(<maKB$^tO\L S

(T, e)
��aKB S B

T = {t1 ∈ T1 : f(t1) = g(t1)
F S Z FP<ma

f
O\JK_

g
O S B-HKJK_KB��tJKB�_ OP<

t1}
�´h �

O\JK_
e
LY;�<?aKB"DAO\JKFGJKLYD/O\�TLYJ#U=BAD�<mLNF\J�F\�

T
LYJQ<?F

T1

����B � �N��HK;?B"<?aKB";=aKF S <matO\JM_
t1 ∈ T

LYJK;=<?B/O\_�F\�
t ∈

T, t1 = e(t)
���I��J3<maMBC;=B�<=<mLNJMu�F\��^[FGLYJQ<?BA_3;?B�<m;�p���aMB S B���HKJKD�<mLYFGJK;-^[FGLNJf<l<?F�<?aKB ;?^[BAD�L O\� � O\�YHKB

ε
F\��O

;?B�<W<?FC@CB/OPJ ��HKJK_KB��tJKB�_�p�
 �´h ��<bOP�\BA;`<?aKB$;?LN@C^K�YBA;=<`��F S @
f(t1) = g(t1)

�
)-L � BAJ3O\JMF\<maKB S D/O\JM_KLN_tO#<mBI^tOPL S

(T3, h)
p�<maMB HKJKLN£QHKB @CF S ^KaKLN;=@ ��^tO S <mL OP����HKJMD�<mLYFGJ �

ψ : T3 → TLN;`FGZ�<bO\LYJKBA_�Zf9
ψ = e−1 ◦ h

�1L�<�LN;`BAO\;=9x<?F�DbaMBADb�x<maKOP<
Im(h) ⊆ T

� �

- ) $ ) + * ��� / 	�|  �(�1 � {
¢�B�JKFs�*DAFGJM;?LN_MB S <maKB�D/OP<?BAuGF S 9$F\�t;=B�<m;¡��LY<ma � � � � � ��HKJKD�<mLNF\JK;A� � aKB�D�F�B�£QHtO\�NLY�AB S _KLNO\u S O\@�DAF S?S B�;?^[FGJK_K;
<mF`�tuK� r ��L�<ma O\�N�\O S?S Fs��; S B � B S ;=BA_�� 
 B�<

S2, S1

Z B�<���FW;=B�<?; S BA� O#<mBA_$Zf9l<?F\<bO\�P��HKJKD�<?LNFGJM;
F,G : S2 → S1

p
O\JK_�_KBAJMF\<mB$Zf9

(S,E)
<maMB D�F�B�£QHtO\�NLY�AB S F\�

F
O\JK_

G
� � aMB�D�FGJK;=< S HKD�<mLYFGJ�LN;�O�ZKLY<`@CF S B-DAFG@C^K�NB � �
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a=b=c
_ __

d
_

S 2

S

S1 a b c d

E

GF

 )LNuGH S B 8K�
� ��� � � � � ������ N� ��� � ��� � � � ���� "
��0� �  

F

�  �
G
�

VWB��tJKB$<maMB S BA�NOP<mLYFGJ
R
F\J�B��NB�@�B�JQ<?;�F\�

S1

Zf9

p1Rp
′
1 ⇔ ∃p2 ∈ S2, {p1, p

′
1} = {F (p2), G(p2)}

� r �
O\JK_�DAF\JK;?LY_KB S <?aKB`BA£QHKL � OP�NBAJMDAB S BA� O#<mLNF\J

≡
uGB�JKB S OP<mB�_�ZQ9

R
�¡¢ B`_KBAJKFP<mB`Zf9

[p1]
<maMB`DA� OP;?;�F\�

p1

��F S
≡
�

� aKBAJ

S = {[p1] : p1 ∈ S1}
��8 �

O\JK_�<maKB-��HKJMD�<mLYFGJ
E : S1 → S

LY;`;?LY@�^K��9�<?aKB$£QHKF\<mLYBAJf<EFG^[B S O#<mLNF\J�p � � � �
E(p1) = [p1]

�
)-L � BAJ�O\JKF\<?aKB S DAO\JK_KLY_tOP<mB$^tOPL S

(S3, H)
p�<maKB HKJKLY£:HMB @CF S ^KaKLN;=@ ��<?F\<bOP����HKJKD�<mLNF\J �

Ψ : S3 → S
LN;

FGZM<mO\LNJKB�_ Zf9
Ψ = H ◦ E−1

p F S LNJ�F\<maMB S ��F S _K;lZf9
∀[p1] ∈ S,Ψ([p1]) = H(p1)

�X��JM_KBAB�_�p�LY<WLN;EB/OP;=9
<mFCDbaKBADb�x<?atOP<

H
LN;`JKB�DAB�;?;mO S LN��9�DA�NO\;?;`LYJ � O S L OPJQ<A�

��
�� � ��!�"���" ��� � �(� ������� �&��� ��!
Nets


 B�<
(N , e)

_KB�JKF\<?B$<?aKB$_KBA;=L S BA_�BA£QHtO\�YLN�AB S pM��L�<ma
N = (P, T,→, P 0)

O\JK_
e : N → N1

�

� {}| & y�(�z�( � & y ) klJ�< S O\JK;=LY<?LNFGJ�;?B�<?;Ap
f, g : T1 → T2

O S B�^tO S <?L O\�Q��HKJKD�<mLYFGJ�p\;=Fl��B(O\_KFG^M<)_KB��KJKLY<?LNFGJ��´h �
��F S

T
O\JM_

e
FGJ

T
�

�  �|t~ � y ) k-JC^K�NO\DAB`;=B�<m;�p:<?aKB�_KB��KJKLY<?LNFGJ�LN;TO$ZKL�<T@�F S B(DAF\@�^K�YB�� � � aKB�@CF S ^MaKLN;=@ _KB��tJKLY<?LNFGJ�LYJ
NetsO\D�<?HtO\�Y�Y9x;o<bOP<?BA;�LNJ 6 8 <matO#<

φop : •t2 → •t1
O\JK_

φop : t2
• → t1

•
O S Bl<?F\<bO\����HMJKD�<?LNFGJK;�pK��F S

t2 = φ(t1)
p

��aKLNDba�F S LNBAJf<?;EHM;�<?F�DAFP� BA£QHtO\�YLN�AB S ;`LYJ
Sets

��8�F��NB�<
t
Z[B O < S O\JM;?LY<?LNFGJ�FP�

T
pM��L�<ma

t1 = e(t) ∈ T1

�
�W;?;=HK@�B$� S ;=<E<matOP<

f, g
O S B _MB��tJKB�_ OP<

t1
p[O\JK_

f(t1) = g(t1) = t2 ∈ T2

��¢ B <mO\�\B$��F S
eop

LYJ
•t1<maKB D�F�B�£QHtO\�NLY�AB S F\�

f op, gop : •t2 → •t1
� 4 £[� � r �`<maQHK;-_KB��tJKBA;

R
•t1
p�<?aKBIBA£QHKL � O\�NB�JKDAB S BA�NOP<mLYFGJ

≡
•t1O\JK_�^K� OPDAB-DA�NO\;?;=BA;

[p1]
•t1
���WJK_�;=LN@CLN�NO S ��9�LNJx<maMB ^[FG;o<=��;=B�<EF\�

t1
�

¢'aMBAJ
f, g

O S B(Z[F\<ma HMJK_KB��KJKBA_�OP<
t1
p\��B(<bO\�PB(��F S

eop
LYJ

•t1
�1F S

t1
•
��<maMB`DAF:BA£QHtO\�YLN�AB S F\�6��HKJMD�<mLYFGJK;

f op, gop
� S FG@ <?aKB$BA@C^M<�9�;?B�</��8�F

eop
LN;�;?LY@�^K��9�<?aKB$LN_KB�Jf<mLY<�9\�

��J�;?HM@�@�O S 9\p�<?aKB$^K� O\D�B$;?B�<
P
FP�
N
LY;�O ;?HKZK;=B�<WF\�

2P1
uGL � BAJ�ZQ9

P = {[p1]
•t1 : t1 ∈ T, p1 ∈

•t1} ∪ {[p1]
t1

•

: t1 ∈ T, p1 ∈ t1
•}

�´e �
O\JK_ <maMB S BA�NOP<mLYFGJ

e
FGJ�^K� OPDABA;)LN;�;=LN@C^K�Y9 uGL � BAJ�Zf9

p
e
←→ p1

L��
p1 ∈ p

��k-ZM;?B S � B`<maKOP<TOl^K�NO\DAB
p1 ∈ P1JKF\<EDAF\JKJKBAD�<mB�_�<mFCOI< S O\JK;=LY<mLYFGJ�F\�

T
atOP;EJMF�D�FGHKJf<mB S ^tO S <ELNJ

P
�

��� � � | $	� ���
t1, t

′
1 ∈ T

�'
 
	
��N� �
p1, p

′
1 ⊆ t′1

• ∩ •t1 

��� �� 

p1 ≡
t′
1

•

p′1 ⇐⇒ p1 ≡
•t1 p′1

�05!�

@A@CBED'F�G�H'H
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1t

2t’1t’

1p
1p’

2t

2pg

f

 )LNuGH S B e������ �� �0����� ��� � � ����� � � �� "
	��
���� 
	
��	
 �

� { ����� ) �X;=;?HK@CB
p1 6= p′1

O\JK_
p1R

t′
1

•

p′1
� � aKLY;l@CB/O\JK;

f, g
O S BI_KB��tJKB�_�OP<

t1
p
f(t′1) = t′2 = g(t′1)

p
O\JK_j��F S B �KOP@�^K�YB��

∃p2 ∈ t′2
• : p1

f
←→ p2

g
←→ p′1

� 
 B�<
t2 = f(t1) = g(t1)

p6Zf9 6 8�FGJ
f
F S
g
p6FGJKB

atO\;
p2 ∈ •t2

p:��aKB�JKDAB
p1R

•t1 p′1
� � aKLN;�^ S F � BA;

[p1]
t′
1

•

⊆ [p1]
•t1
��klJKBED/OPJx;?aKFs� LNJC<maKBW;mO\@CB��(O/9C<maKB

S B � B S ;?B�LNJKD��NHK;=LNFGJ�p:��aKLNDba�^ S F � BA;�<maKB$�YBA@C@"OM�
2

� OP<mH S O\�Y�Y9GpG<?aKBl�YBA@C@"O$aKFG�Y_K;�OP�N;?F���F S <?aKBlF\<?aKB S O S?S Fs�'F S LYBAJf<bOP<?LNFGJM;Ap � � � ����F S
p1, p

′
1 ⊆ t′1

• ∩ t1•O\JK_���F S
p1, p

′
1 ⊆

•t′1 ∩
•t1
�

%�& ( z)(1|  -  1|t~ � y ) ��J B�£[� �»e ��p���BCO\;?;=HK@�B�<maMBCB ��LN;=<?BAJKD�B�FP��� �1O\�\B
�l< S O\JM;?LY<?LNFGJM;
ti,0

��L�<ma
ti,0

• = P 0
iO\JK_

f(t1,0) = g(t1,0) = t2,0
��8:F�LYJKLY<?L O\�6^K�NO\DAB�;ELYJ

P
O S B-u\L � B�J�Zf9

P 0 = {[p1]
t1,0

•

: p1 ∈ P
0
1 }

�´g �

 tF S
p1 ∈ P1

O\JK_
t1 ∈ T1

pfJKFP<mLND�B(<matO#<�<maKB�BA£QHKL � O\�NB�JKDAB`D�� O\;=;
[p1]

•t1
�1F S B�£:HML � O\�NB�Jf<m�Y9

[p1]
t1

• �)@�O/9
Z FP<maxD�FGJf<bO\LYJx@"O S �\B�_x^K�NO\DAB�;(F\�

P 0
1

O\JK_�HMJK@"O S �\B�_x^K�NO\DAB�;(F\�
P1 \P 0

1

��8�HKDba�O�D�� O\;=;�LN;�JKF\<�<bO\�PBAJ�O\;
O\J�LNJKL�<mL OP� ^K�NO\DAB-FP�

N
��8�BAB-<?aKB$B��MO\@C^K�NB-F\�

p′
LNJ��tuM� 5M�

6�F\J � B S ;?BA��9Gp-OP;?;?HM@�B OPJ B�£QHKL � O\�YBAJKD�B DA�NO\;?;
[p1]

•t1
� ��F S B �KOP@�^K�YB ��;?OP<mLY;=�tB�;

[p1]
•t1 ⊆ P 0

1

� � 9
�NB�@�@�O n p

[p1]
•t1 = [p1]

t0
1

• ��aKLNDba�DAF S?S B�;?^[FGJK_K;`<?F�O\J�LNJKL�<mL OP�[^M� O\D�B-F\�
N
��¢ B-DAFGHM�N_�<maQHK;(<mO\�\B O\;�O\J

O\�Y<?B S JtOP<mB-_MB��tJKL�<mLYFGJ-�

P 0 = {p ∈ P : e(p) ⊆ P 0
1 }

�07!�

�  �:� { �  1|Mz�( � & ) � <�LY;IFGZ � LNFGHK;=�Y9 _KB��KJKBA_ Zf9
p → t

��aKBAJ
e(t) = t1

O\JK_
p = [p1]

•t1
��F S ;?F\@�B

p1 ∈ •t1
� � HM<AptHK;?LYJKu��NBA@C@�O n pK��B DAO\J�_KB S L � B-<?aKB$;?LN@C^K�YB S D S LY<?B S LNFGJ-�

p→ t ⇐⇒ e(p) ⊆ •e(t)
LNJ
N1

�0;!�

¢�B$^ S F�D�BAB�_j;=9:@C@�B�< S LND/OP�N�Y9���F S
t→ p

�

.�� | � -� � )  )LYuK� 5 LN�Y�NHK;o< S OP<mB�;�<maKLY;�DAFGJK;o< S HKD�<?LNFGJ�� klZK;=B S � B�<?atOP<
p1R

t′
1

•

p′1
O\JM_

p1R
•t1p′′1

p���aKLNDba
S B�;?HK��<m;�LNJ�<���F*DA�NO\;?;=BA;
	#^K� O\D�BA;�LNJ

N
p�Z FP<ma S B�� OP<?BA_�<mF

p1

Zf9
e
� � aKB�;?B ^K� O\D�BA;x@�HK;=<�LYJK_KBAB�_'Z B

_KLN;o<mLYJKuGHKLY;?aKB�_-�)Zf9 @CB S u\LNJKu-^K�NO\DAB�;
p′
O\JK_

p
LNJ
N
p � � � ��Zf9�O\u\u S B�ufOP<mLYJKu-DA�NO\;?;=BA;T;?aKO S LYJKu$FGJKB�F S @CF S B

^K� OPDABA;�F\�
P1

pK<maKB S B�;?HK��<mLYJKu
e
��FGHK�Y_KJ�� <WZ[B O @�F S ^KaKLY;?@ �06 r � LYFG� O#<mBA_ ���

��
 � � %������ �(! #�� %�
 ��� � "�����!���� ��%�!

e : N → N1

(»y�| & � z � � {�- = (1y
�.) 6 n aKFG�N_M;-ZQ9j_KB��KJKLY<?LNFGJ�p�O\JK_ ��LY<?a <maKBI< S LNDb��F\���1O\�\B LYJKLY<?L O\�
< S O\JK;?L�<mLYFGJK;Ap 6`h LY;EO�D�FGJK;=BA£QHKBAJMDAB�FP�!6 r O\JK_ 6 8KpM��aKLYDba���B$FGJK�Y9"JKBAB�_�<?FCB �MO\@�LYJKB\�

� �"! ±@2�# ! ±=²D4 2A¾»¾»³½º#³3/¶³H#�7E³¶¾ p1

g
←→ p2

f
←→ p′

1 = º�*�#-# ! ³¿¾D5�2/±=¾ B�� #�¹
�G±=µ<#D# ! ±I4}²:282 ¸�·
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 ;

p’1

p2

t2

t’2

t1

t’1

p1

p"1

f

f

f

g

g

g

g

t

t’

e

e

e
e

e

e
p

p’

 )LNu\H S B 5���� � � � � � � � ��� ���
(N , e) � � �#��������� �  "����


N1 � 
	�� ������� �  �
N2 � ��� ������� � ����� � � � ��� ��� � � � �	�

� ��� 
�� 

f, g

��
 � ��� 
	� ��� � �
t′, t′1, t

′
2


	� ��� � ��� ��� �
� �'� � ��� �� ���0��� ���0���  
������ �  



� � ����� � � � ��� ����� �� �� ��� � ����
	�	


� � ��� � ��� �	��� ��� � �*�

6 8�FGZ � LNFGHK;=�Y9�aKFG�Y_K;EZQ9�D�FGJK;=< S HKD�<mLYFGJ F\��^M� O\D�BA;XFP�
P
�(L��

t1 = e(t)
p <?aKBAJ

eop : •t1 → •t
_KB��tJKB�_

Zf9
eop(p1) = [p1]

•t1
LN;�OI<mF\<mO\����HKJMD�<mLYFGJ���8�LY@�LY� O S �Y9I��F S

eop : t1
• → t•

�
 tF S 6 r p)DAF\JK;?LY_KB S

p → t
LYJ
N
p�;?HKDba <matOP<

p
e
←→ p1

O\JM_
e(t) = t1

�C¢�B���O\Jf<�<?FjDbaKB�Db�3<?atOP<
p1 →1 t1

LNJ
N1

� � 9 _KB��tJKL�<mLNF\J F\��<maKB +tFs� LNJ
N
p�FGJKB�atOP;

p → t
L��
e(p) ⊆ •e(t) = •t1

p�O\JK_
p

e
←→ p1

L �
p1 ∈ p

p�;?F
p1 →1 t1

aMFG�N_K;�� � aKB ;?O\@�B S BAO\;?FGJMLNJKu�^ S F � BA;l<?atOP<
e : •p → •p1

LY;-O\�Y;?FxO
<mF\<mO\����HKJMD�<mLYFGJ��

N
(»y�| yA| � � & � z*) � 9 O�;o<bO\JK_KO S _ O S uGHK@CBAJf<��$;?LYJKDAB

e : N → N1

LN;$O�JKB�<�@CF S ^KaKLN;=@�p�LY<-@�O\^K;
S HKJM;`F\�

N
<?F S HMJK;(F\�

N1

�T8�F L��
N
LY;�JKFP<`;mOP��BPpMFGJMBlF\��LY<?; S HKJx�t�N�Y;�;=FG@CBl^K� OPDABW��L�<max@CF S BW<maKO\J�FGJKB

<mFG�PBAJ�pt��aKLYDba S B � B/O\�Y;EZf9
e
OCJMFGJ�;mOP��B S HMJ�LYJ

N1

pKZ[BADAO\HK;=B
e
LN;�OI<mF\<mO\����HKJMD�<mLYFGJ�FGJ

T
�

(N , e)
y�|Mz)(1y�� � y z)= � ~ � � � 	�zs|Mz)(�� �   (�|��6{#| �.)	� aKLY;ILN; < S HKBxZf9 D�FGJK;=< S HKD�<mLYFGJ ��F S <?aKBx^tO S <mLNO\�

��HKJKD�<mLNF\JK;�FGJ < S O\JM;?LY<?LNFGJM;A� � <"OP�N;?F3aKF\�N_K;��NF:D/OP�N�Y93��F S�S BA� O#<mLNF\JK; FGJ ^K� O\D�BA;�p � � � � O S FGHKJM_ < S LN^M�NBA;�F\�
< S O\JK;?L�<mLYFGJK;

(t, t1, t2)
��L�<ma

t1 = e(t), t2 = f(t1) = g(t1)
��� � aKLN;�O\�Y�NFs��; <?F S B/O\Dba D�FG@�^M�NB�<?BA��9 <maKB

^K� OPDAB S B�� OP<?LNFGJK;
e, f, g

�

��
�� � !���������� ����� � %�� ��� ���
�X;=;?HK@CBI<maKB�^tO\L S

(N3, h)
;?OP<mLY;=�tB�;

f ◦ h = g ◦ h
p���LY<?a

N3 = (P3, T3,→3, P
0
3 )
O\JK_

h : N3 → N1

�
¢�B$�YF�FG�C��F S O �1HKJMLN£QHKB �

ψ : N3 →N
;?OP<mLY;=� 9:LYJKu

h = e ◦ ψ
�

��� � & (�z)( � & ���
ψ
) klJ�< S O\JK;=LY<mLYFGJK;�p

ψ
LN;xHMJKLN£QHKB��Y9 uGL � BAJ Zf9

ψ = e−1 ◦ h
pWOP;�LY<"��O\;�;=BABAJ LNJ

;?B�D�<mLYFGJ r � n � n �
 tF S ^K� O\D�BA;�p�D�FGJK;=LN_KB S Ox< S LN^M�NB

(t3, t, t1) ∈ T3 × T × T1

F\� S B�� OP<?BA_ < S O\JK;=LY<mLYFGJK;��
ψ(t3) = t

O\JM_
h(t3) = t1 = e(t)

��¢ B�;mO/9�<maKOP<l;=HKDba3OC< S LN^M�NB
(t3, t, t1)

��� �0� 
�� �������  N� � � �  S FG@ ;?B�D�<mLYFGJ r � n �¶h�p6��B
�QJKFs��<matO#<

ψop : •t→ •t3
LN;`HKJKLY£QHKBA��9x_KB��tJKBA_�� S FG@

hop : •t1 → •t3
Zf9

∀p1 ∈
•t1, ψop([p1]

•t1) = hop(p1) ∩
•t3

� n q!�

� S BAD/OP�N��<maKOP<
hop

LN;`JMBADAB�;?;?O S LY�Y9�DA�NO\;?;�LYJ � O S L O\Jf<�FGJ
•t1

� ��¢ B$^ S F:DAB�BA_j;=LN@CLN�NO S ��9 <mFC_KB��tJMB
ψop : t• →

t3
•
�

@A@CBED'F�G�H'H



n q ����� � ���	�

ψ
y�|Mz)(1y�� � y z�= � ~ � � � 	�z/|Mz)(�� �   (�|��6{}| �.) � 9*DAFGJM;=< S HKD�<?LNFGJ F\�

ψ
p
h = e ◦ ψ

LN;�FGZ � LNF\HK;�FGJ
< S O\JK;?L�<mLYFGJK;ApEO\JM_ �YF�DAO\�N��9*FGJ ^K�NO\DAB�; � � � � � O S FGHMJK_ < S LNO\JKuG�YBA;�F\�$< S OPJK;?L�<mLNF\JK;�� � � F*;?aKFs�%<matO#<�<maKB
S B�� OP<?LNFGJ�aKFG�Y_K;�uG�NF\ZtO\�N��9"F\J�^K�NO\DAB�;Ap6DAF\JK;?LY_KB S

p3 ∈ P3

� � 9�O\;=;?HK@C^M<mLYFGJ�p
p3

LN;�DAF\JKJKBAD�<mB�_j<mF�OP<E�NBAO\;=<
FGJKBE< S OPJK;?L�<mLNF\J

t3
LNJ
N3

��� �
h
LN;�_KB��tJMBA_�OP<

p3

O\JK_
p3

h
←→ p1

pQ<maMBAJ
h
LY;�O\�Y;?F _KB��KJKBA_�O#<

t3
��Zf9 6 r ��p

h(t3) = t1 ∈ T
O\JM_

p1

LN;�DAFGJMJKBAD�<mBA_�<mF
t1
�(¢�B$<maKB�JjHK;=B

h = e ◦ ψ
O S FGHKJK_�<maKB$< S L O\JKu\�NB

(t3, t, t1)
p

��aKB S B
t = ψ(t3)

�

ψ
(1y�| & � z�� � {�- = (1y
�.) � <(F\Z � LYFGHK;?��9C;mOP<?LN;=�KBA; 6 n pKO\JK_ 6 8 LN;�LN@C^ FG;=BA_�ZQ9C<maMBXDAF\JK;=< S HKD�<mLNF\J�F\�

ψFGJ�^K� O\D�BA;���8�F�F\JK�Y9 6 r atOP;�<?F�Z B-DbaKB�Db�\B�_�p ��aKLYDba�LY;(<maKB$_KL��CDAHK��<�^tO S <�FP�¡<?aKB$^ S F:F\�©�

1p

1t

1t’

3t

3t’

3p

e

h

ψ
p

t

t’

p’

 )LNuGH S B$g�� ��� ����� ��� � �
ψ


�� �0� 
�� �	
 ��� �

 tF S 6 r p D�FGJK;?LY_KB S O�^tO\L S F\�)^K� OPDABA;
(p3, p) ∈ P3 × P

S BA�NOP<mB�_�Zf9
ψ
� � � � �

p3
ψ
←→ p

��O\JK_jO\;?;=HK@�B
p3 → t3

LYJ
N3

� ¢ BI�(OPJQ<-<?F�;?aKFs� <matO#<
ψ
LN;X_KB��tJMBA_ OP<

t3
p�OPJK_

ψ(t3) ∈ p•
LYJ
N
� � 9j_KB��KJKLY<?LNFGJ

F\�
ψ
FGJ�^K�NO\DAB�;ApM<?aKB S B-B���LN;o<m;EO�< S L O\JMuG�NB

(t′3, t
′, t′1) ∈ T3 × T × T1

;?HMDba�<?atOP<(��F S B��MO\@C^K�NB��
t′3 →3 p3

p
t′1 →1 p1

p
t→ p

O\JM_
p = [p1]

t′
1

• ��;?B�B  ¡LNuK�Kg ���
h
LN;X_KB��tJMBA_ OP<

p3

p�<?aQHK; O\�N;=F�OP<
t3
Zf9 6 r ��8�LNJMDAB

f ◦ h = g ◦ h
p�FGJKB atOP;

t1 = h(t3) ∈ T
�I8:F

<maKB S B�B���LN;o<m;
t ∈ T

��L�<ma
e(t) = t1

OPJK_�<?a:HM;W��BIO\� S B/OP_M9��QJKFs� <matO#<
ψ
LN;�_KB��tJKB�_3OP<

t3
�
ψ(t3) = t

�
��J�F\<maMB S ��F S _M;Ap

(t3, t, t1) ∈ T3× T × T1

��F S @C;(O\JMF\<maKB S < S L OPJKuG�NBP��8�LYJKDAB
e
LY;(OI@CF S ^MaKLN;=@�pQ�NB�<

p′
Z B

<maKBWLN@�O\uGB�F\�
p1

Zf9
eop : •t1 →

•t
p:;?F

p′ = [p1]
•t1
� � 9C_KB��tJMLY<mLYFGJCF\�

ψ
LNJC<maKBE^ S B�;?B�<m;(F\��<maKBE< S LNO\JKuG�YB

(t3, t, t1)
p�;?BAB � n q!� pMFGJMBXatO\;

p3
ψ
←→ p′

� � FIDAFGJMDA�NHM_KBX<maMBl^ S F:F\�©pQ��BW<maQHK;`atO � BW<mFI;=aKFs� <?atOP<
p = p′

�
¢�B$B�;?;?B�Jf<mL OP�N�Y9"HK;?B$<maMB$�1OPD�<`<maKOP<

h
LN;�O @CF S ^MaKLN;=@ ;mO#<mLN;o� 9:LNJKu

f ◦ h = g ◦ h
�


 B�<
p′1
Z B�O�^K� O\D�B�FP�

t′1
• ;=HKDba�<?atOP<

p1 ≡t
′

1

•

p′1
��¢ B��QJKFs� <?atOP<

p3
h
←→ p′1

pPZ[BADAO\HK;?B
hop : t′1

• → t′3
•

LN;�D�� O\;=;�LNJ � O S LNO\Jf< �1O$D�FGJK;=BA£QHKBAJMDABEF\�
f ◦h = g◦h

� �, S FG@
p3 →3 t3

LNJ
N3

O\JK_
p3

h
←→ p′1

pG��B`_KB S L � B
Zf9 6 r <matOP<

p′1 →1 t1 = h(t′)
��¢ B�O S B JKFs� B��MO\D�<?�Y9jLNJ <maMB ;?LY<?HtOP<?LNFGJ F\���YBA@C@"O n p�;?F

p1 ≡
•t1 p′1

�
¢�B$atO � B <?a:HM;W^ S F � BA_�<matO#<

[p1]
t′
1

• O\JK_
[p1]

•t1
O S B$LN_MBAJf<mLYD/O\�»pMF S LYJ�FP<maKB S ��F S _K;

p = p̄
�

� 	�
 ��������
��A


¢�B JKFs� S B/O\;=;?BA@�ZK�NB�O\�N��B��NB�@�B�JQ<?;E<?F�^ S F � LN_KB O�_MB��tJKL�<mLYFGJ���F S ^KHK�N�YZtO\Db�Q;EF\��;?OP��B��NO\Z[BA�NB�_�JKB�<?;A� � aKB
JKB��:<�;?BAD�<mLYFGJ S BAD/OP�N�N;$<maMB�^ S F�_MHKD�<�_KB��KJKLY<?LNFGJ �»O\;=;?HK@CLNJMujO�;?LN@C^K�YBC;o9:JKDba S F\JKLN�AOP<mLYFGJ O\�YuGBAZ S O!� p�<?atOP<
��B DAF\@IZKLNJMBl<mF <maKB$B�£:HKO\�NLY�AB S <?F�FGZM<bOPLNJ�<maKB$^KHM�N�NZKO\Db�6�

��
�� *}³1Cb¹0/¶± B #&/17 = > ±�µ<2�*�/15
! ¹BC�±�¹�¾´¾+*�%(±65 # ! ¹.#I# ! ±�²´±A/¿¹.#´±;5 4�/¿¹�µ©±?¾I/¶³½±�³ B # ! ±E4}²»±?¾1±A#´¾���³ B ¾�#´±=¹�5 2�¸ 4�2�¾+#�� ¾»±<#´¾�� 2 ¸�¹

#´²´¹ B ¾1³3#»³12 B #»²´³¿¹ B ,J/½±�·
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 nGn

� 
�� � � %'" ��# �

 B�<
Ni = (Pi, Ti,→i, P

0
i ,Λi, λi), i = 1, 2

Z B�<���Fj� O\Z[BA�YBA_3JKB�<?;A�  tF S JKB�<�^ S F�_MHKD�<?;Ap¡��BxOP;?;?HM@�B�O
;?LY@�^K�YBI;=9:JKDba S FGJKLY�/OP<?LNFGJ O\�YuGBAZ S O(�W<���F�< S OPJK;?L�<mLNF\JK;lD/O S?S 9:LYJKu�<maKB ;?O\@�B �NO\Z[BA�)aKO � BC<?F�;=9:JKDba S FGJKLY�AB\p
��aKLN�YBE< S O\JM;?LY<?LNFGJM;�DAO S?S 9:LNJKu�O�^ S L � OP<mBE� OPZ B�� S BA@�O\LYJ�^ S L � OP<?B\� R�S L � OP<mBE� O\Z[BA�Y;�O S B�<maKF\;?BXLYJ

(Λ1 \Λ2)∪
(Λ2 \Λ1)

� � aKBX^ S F:_KHKD�<
N̄ = N1×N N2

OPJK_"<maMB-O\;?;=F�D�L OP<?BA_x^ S F#U=B�D�<mLYFGJK;
πi : N̄ → Ni

O S BX_KB��tJKB�_
O\;`��FG�N�YFs��;����

n �
P̄ = {(p1, ?) : p1 ∈ P1} ∪ {(?, p2) : p2 ∈ P2}

�T_KLN; U=FGLNJf<`HKJMLNFGJ�F\�¡^K� OPDABA;�p
πi(p1, p2) = pi

LY�
pi 6= ?

O\JM_�LY;`HKJK_KB��tJKBA_�F\<maMB S ��LY;?BPp

h��
P̄ 0 = π−1

1 (P 0
1 ) ∪ π−1

2 (P 0
2 )
p

r �(<maMB$< S O\JM;?LY<?LNFGJ�;=B�<
T̄
LY;�uGL � BAJ�Zf9

T̄ = {(t1, ?) : t1 ∈ T1, λ1(t1) ∈ Λ1 \ Λ2}

∪ {(?, t2) : t2 ∈ T2, λ2(t2) ∈ Λ2 \ Λ1}

∪ {(t1, t2) ∈ T1 × T2 : λ1(t1) = λ2(t2) ∈ Λ1 ∩ Λ2}

πi(t1, t2) = ti
LY�
ti 6= ?

O\JM_�LY;`HKJK_KB��tJKBA_�F\<maMB S ��LY;?BPp

8K�(<maMB +tFs�
→
LY;W_KB��tJKB�_ ZQ9

•t = •π1(t) ∪ •π2(t)
O\JM_

t• = π1(t)
• ∪ π2(t)

• p O\;?;=HK@CLNJKu •πi(t) =
πi(t)

• = ∅
LY�
πi
LY;`HKJK_KB��tJKB�_ FGJ

t
p

e��
Λ̄ = Λ1 ∪ Λ2

O\JK_
λ̄
LN;(<?aKB$HKJKLN£QHKB$�NO\Z B��NLYJKu�^ S BA;=B S�� BA_ Zf9�<?aKB

πi
�

� 
�� � ������� ��#��
�X;=;?HK@CBX<maMB

fi : Ni →N0

O S BX@CF S ^KaMLN;?@C;TF\��� OPZ B��NBA_CJKB�<m;A� � aKBW^KHK�Y�NZtO\Db�
N = N1 ∧N2

LY;�_KB��tJKB�_
O\;`��FG�N�YFs��;ApMZf9�D�FG@IZKLYJKLNJKuI<?aKB-_KB��tJKLY<?LNFGJM;`F\�)^ S F:_KHKD�<WO\JM_�B�£:HKO\�NLY�AB S ��;?B�D�<mLYFGJ�h ���

� {}| & y�(�z�( � & y ) ¢ BI_KLY;=<mLYJKuGHKLY;?a �©;?aKO S B�_ 
�< S O\JM;?LY<?LNFGJM;WLYJ
N1

OPJK_
N2

p � � � �$<?aKFG;=B atO � LYJKu�O\J LY@"OPuGB
LNJ
N0

p�� S FG@ �©^ S L � OP<?B�
�FGJKB�;Ap¡<?aKBCF\<maKB S ;��  tF S ^ S L � OP<mB < S O\JK;=LY<?LNFGJK;�p�<maKBC_KB��tJKLY<?LNFGJ3F\��<maKB�^KHM�N�NZKO\Db�
@�LY@�LYDA;)<?aKBE_KB��tJMLY<mLYFGJ�F\�[<maKBE^ S F:_KHKD�</�  tF S ;=atO S B�_�< S O\JK;=LY<?LNFGJK;�pGFGJK��9 ^tO\L S ;�<maKOP<�@"OP<?DbaC<?a S F\HKuGa�<maKB
fi
O S B ^ S BA;=B S � BA_��

Ts = {(t1, t2) ∈ T1 × T2 : ti ∈ Dom(fi), f1(t1) = f2(t2)}
� nGn �

Tp = {(t1, t2) ∈ T1 × T2 : ti 6∈ Dom(fi), λ1(t1) = λ2(t2)}

∪ {(t1, ?) : t1 ∈ T1, t1 6∈ Dom(f1), λ1(t1) ∈ Λ1 \ Λ2}

∪ {(?, t2) : t2 ∈ T2, t2 6∈ Dom(f2), λ2(t2) ∈ Λ2 \ Λ1}
� n h �

T = Ts ∪ Tp
� nsr �

� F\<?LND�B�<maKOP<W<?aKBI�NO\Z B���DAFGJK_MLY<mLYFGJ�_KF�B�;?J�� <$O\^M^ BAO S LYJ � n\n � �(L�<XD�FG@�B�;lO\;lO�DAF\JK;?B�£:HMBAJKD�BCFP�
f1(t1) =

f2(t2)
pt;=LNJKD�B @CF S ^KaKLN;=@�;�^ S B�;?B S � B�� O\Z[BA�Y;A�

� @ ±;%`¹ ²:K	�f³½¸�2 B ±=¾ > ³¿¾
! ±=¾N#&2 *#¾»±�# ! ± #´²»³¿µLK 2�¸}¸�¹0K�±6³ B ³H#´³¶¹�/ #»² ¹ B ¾»³H#´³32 B ¾ t0i #&2 5s±<M B ± ³ B ³3#»³¿¹0/ %`¹ ²:KA³ B ,A¾ P 0

i
º 7 P 0

i = t0i
•

=
2 B ± ! ¹�¾ #:2`¹�¾´¾+*�%(± # ! ¹.#�±=¹�µ !

Λi
µ<2 B # ¹ ³ B ¾�¹(¾+4\±=µo³¶¹�/?/¶¹�ºP±;/ ε0 ²»±?¾1±=²&C�±;5 #:2 # ! ±@#´²´¹ B ¾»³H#´³32 B t0i

·
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n h ����� � ���	�

�  �|t~ � y ) R �NO\DAB�;EO S B$FGZM<mO\LNJMBA_�Zf9�LNJK;=^ B�D�<?LNJKu < S O\JK;=LY<mLYFGJK;(;=BA�YBAD�<?BA_�LNJ
T
�

6�F\JK;?LY_KB S � S ;=<"O ^ S L � OP<mBx< S O\JM;?LY<?LNFGJ
(t1, t2) ∈ Tp

p���aKB S BjFGJKB �1OP<C@�FG;o< �IF\�W<maKB
ti
DAO\J Z[B

?
�

�X;=;?HK@CB
pi →i ti

��F S BA£QHKL � OP�NBAJf<?�Y9
ti →i pi

�XLNJ
Ni
p���LY<ma

ti 6= ?
��k-ZM;?B S � BC<matOP< JKB�DAB�;?;mO S LN��9

pi 6∈
Dom(fi)

p F\<maKB S ��LY;?B
fi
��FGHK�Y_ Z B�_KB��KJKBA_3OP<

ti
�l8�HKDba3O�^M� O\D�B

pi
LNJK_KHMDABA;lO�;?LYJKuG�YB�<mF\JjBA£QHKL � O\�NB�JKDAB

DA�NO\;?;�LNJ
P
pKBAL�<maKB S

(p1, ?)
pKF S

(?, p2)
��¢ B$_KBAJKFP<mB$Zf9

Pp
O\�N� ;?HKDba �©^ S L � OP<mB0
l^M� O\D�BA;A�

6�F\JK;?LY_KB S JMF}��OI^tO\L S F\��;?aKO S B�_�< S O\JM;?LY<?LNFGJM;
(t1, t2) ∈ Ts

pM��aKB S B
f1(t1) = t0 = f2(t2)

�E6�F\JK;?LY_KB S
��F S B��MO\@C^K�YB$OC^K�NO\DAB

p1 ∈ •t1
�1F S BA£QHKL � O\�YBAJf<m��9

p1 ∈ t•1

pKO\JK_�;=9:@�@�����F S O ^K�NO\DAB
p2 ∈ •t2

•
� �

OM�`� �
p1 6∈ Dom(f1)

p�<?aKBAJ
[(p1, ?)]

•(t1 ,t2)
LN; S B�_KHKDAB�_ <mF

(p1, ?)
p)��aKLYDba*9:LYBA�N_M;IO\JKFP<maKB S ^ S L � OP<mB

^K�NO\DAB-LYJ
Pp
�

Z���� �
p1 ∈ Dom(f1)

p��YB�<
p0 ∈ P0 ∩ •t0

;?OP<mLY;=� 9
p1

f1←→ p0

� � 9 6 8jOP^K^K�NLYBA_ <?F
f2

p�<maKB S B�B���LY;=<m;

p2 ∈ •t2
;?HKDba*<matO#<

p2
f2
←→ p0

pT;?F
(p1, ?)R

•(t1,t2) (?, p2)
LYJ�<maKB�^ S F:_KHKD�<

N1 ×N N2

� � aKB
S B�;?HK��<mLYJKu�BA£QHKL � O\�YBAJKD�B�D�� O\;=;

[(p1, ?)]
•(t1 ,t2)

pK<mO\�\B�;W<?aKB-��F S @
(Q1, Q2)

pt��LY<ma
∅ 6= Qi ⊆ Pi

p6O\JK_
9:LNB��N_K;�O �©;=atO S B�_ 
-^M� O\D�B-LNJ�<maKB$^KHM�N�NZKO\Db�6�

��J�;?HM@�@�O S 9W�

Pp = { (p1, ?) : p1 ∈ P1, p1 6∈ Dom(f1), ∃(t1, ·) ∈ T, p1 ∈
•t1

• }

∪ { (?, p2) : p2 ∈ P2, p2 6∈ Dom(f2), ∃(·, t2) ∈ T, p2 ∈
•t2

• }
� n 8 �

Ps = { (Q1, Q2) : Qi ⊆ Pi, Qi ⊆ Dom(fi),

∃(t1, t2) ∈ Ts, Q1 ]Q2

BA£QHKL � �TD�� O\;=;EFP�
≡

•(t1,t2)
F S FP�

≡(t1 ,t2)• }
� n e �

P = Pp ∪ Ps
� n 5!�

��J � n 8 � pM<maKB$_KFP<WLYJ
(t1, ·)

;=<mO\JK_K;`��F S B�LY<maMB S
t2
F S
?
ptO\JM_�;o9�@C@�����F S <maKB$;=BADAF\JK_j�YLNJKBP�

%�& ( z)(1|  �-  �|t~ � y ) � 9xO\ZKHK;=B-F\��JKF\<bO#<mLNF\J�p��YB�<`HM;`LN_KB�JQ<?LY� 9"OI^ S L � OP<mBl^M� O\D�Bl�NLY�\B
(p1, ?)

<mF
(Q1, Q2) =

({p1}, ∅)
pKO\JK_

(?, p2)
<mF

(Q1, Q2) = (∅, {p2})
��8�F

(Q1, Q2)
_KB�JKF\<?BA;WO�u\BAJKB S O\��^K�NO\DAB$LYJ

P
�

P 0 = {(Q1, Q2) ∈ P : Q1 ⊆ P 0
1 , Q2 ⊆ P 0

2 }
� n g �

�  �:� ) 
 B�<
(Q1, Q2) ∈ P

OPJK_
(t1, t2) ∈ T

����aKB S B FGJKB$F\��<maKB
ti
D/O\J�Z[B

?
��� � aMBAJ

(Q1, Q2)→ (t1, t2) ⇐⇒ Q1 ⊆
•t1
LNJ
N1, Q2 ⊆

•t2
LYJ
N2

� n 7!�

(t1, t2)→ (Q1, Q2) ⇐⇒ Q1 ⊆ t1
•
LNJ
N1, Q2 ⊆ t2

•
LYJ
N2

� n ;!�

��LY<?a�<?aKB$DAFGJ � BAJf<mLYFGJ�<?atOP<
∅ ⊆ •?

OPJK_
∅ ⊆ ?•

aKFG�N_��

� � {�- = (1y
� y
gi
) 
 B�<

(t1, t2)
Z[B O < S O\JK;=LY<mLYFGJ FP�

T
p`FGJMB atO\;

gi(t1, t2) = ti
LY�
ti 6= ?

pWOPJK_ LN;
HKJK_KB��tJKB�_jF\<?aKB S ��LN;?BP� 
 B�<

(Q1, Q2)
Z[B$OIuGBAJKB S O\��^K� O\D�B-LNJ

P
pMFGJMB-atO\;

(Q1, Q2)
gi←→ pi

L��
pi ∈ Qi

�

� 
 � � � �(#������ #�� � �
¢�BWB��MO\@CLNJKBEaKB S BW<?aKBE;?^[BADALNO\�[D/O\;=BW��aKB S BX@CF S ^KaKLN;=@�;

fi : Ni → N0

O S BE^tO S <?L O\�K��HMJKD�<?LNFGJK;�JKF\<�FGJK��9
FGJ"< S O\JK;=LY<?LNFGJK;�p�ZMHM<`O\�Y;?F�FGJx^K�NO\DAB�;��1LYJK;=<?B/O\_"F\��Z[BALNJMu S B�� OP<?LNFGJK;TFGJ"^K� O\D�BA; ��� � aKBl_MB��tJKL�<mLYFGJ"DbatOPJKuGBA;
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 nsr

FGJK��9C��F S
Ps
LYJ � n e � �)��aKB�J�^K� O\D�BX_KHM^K�NLYD/OP<?LNFGJK;�O S BW��F S ZKLN_M_KBAJ�p�BA£QHKL � OP�NBAJMDABXD�� O\;=;?B�;(F\��;?aKO S B�_�^K� O\D�BA;

O S B S BA_KHKD�BA_�<mF <���FCBA�YBA@CBAJf<m;�FGJM�Y9G�

Ps = { (p1, p2) : pi ∈ Pi ∩Dom(fi), f1(p1) = f2(p2) = p0,

∃(t1, t2) ∈ Ts, f1(t1) = f2(t2) = t0, p0 ∈
•t0

• }
�»h\q!�

� aKLN;�_KB��tJMLY<mLYFGJ"D�FGLNJMDALN_MBA;���L�<ma"<?aKBX^ S FG^[FG;?L�<mLYFGJ�FP� �97�	 �»OPJK_�O\�Y;?F�<?F O\JxBAO S ��9 � B S ;?LYFGJ�F\��<maMBX^ S BA;?B�Jf<
JKF\<?BA;�� p[O\^tO S <E� S FG@ <?aKB B��:< S OCD�FGJK_KL�<mLNF\J�<?atOP<E^K�NO\DAB�;ED S BAOP<mB�_jLNJ � n 8 �(O\JK_ �´hPq!�(Z B$DAF\JKJKBAD�<mB�_j<mFCOP<
�NBAO\;=<�FGJMB$< S O\JM;?LY<?LNFGJ�FP�¡<?aKB$^KHK�N�YZtO\Db�6�

�`Db�QJKFs���YBA_KuG@CBAJf<���;?^[BAD�L O\� <matO\JM�:;�<mF �jO S BA� � BA_KJtO S DA��9:�x��F S � S HKL�<?��HK��_KLN;=DAHK;=;?LNF\JK;A�

� �`�P�(�¡��������
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:¹ B ± =
� ¹.#´±A,J2�²´³½±?¾[¸ 2�²"# ! ±�� 2�²:K/³ B ,��$¹0# ! ±;%`¹.#»³¿µ©³¿¹ B = � 4}²´³ B ,�±o² ���t±=²&/¿¹0, = ��� G � ·� H ��� ·���³ B ¾+K�±A/ = 3 B ± >�� ±AM B ³3#»³12 B 2 ¸�� 2�²:4 ! ³¿¾+%(2 B�� ±<#»²´³ 0 ±A#´¾ = 
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 0 � ����� G = 4�4:· H  #� � H � G = ����$ F ·� F ��� ·-��³ B ¾+K�±A/ = 
 C�± B #�¾�#´²&*Pµ #&*#²»±�¾»±A%`¹ B #´³¶µ=¾@2 ¸ �.� � ¹ B 5�²»±;/¶¹0#»±;5 /¿¹ B ,J*#¹0,�±=¾ = 
 0 � �/�� #!
=
����$ H

= ¹0/¿¾+2-¹�¾�²»±;4 2�²+#� ' � � F � = 3 ¹ ² ! *#¾ +AB ³1CG· =
� ± B %`¹ ²:K = 3 4}²´³3/ ����$"& ·
� �%� � · 3 ·	'�±o² B ¹�²´µAFA78K = 
[·�' ±=² B ¹ ²L5s³ B ±A/1/32 = ')· � ¹�³3/1/¶¹�*�5 = � 2�5�*�/¿¹ ² � 7s¾+#»±A% � ±;C�±A/12�4�%�± B # > ³3#

! � *�/1/¶º#¹�µLKs¾ = / � 3 � � 0H !"!�&
= 
 0 � � H � G � = 4�4:· �� "! � ����! = H !�!�& ·� G � � · 3 ·0' ±=² B ¹ ² µ<FA78K = 3 ·1' 2�²:FA7s¾&FAKJ2 > ¾+K/³ = @ · � 2J% /¶¹ =32 ³ B ³H#´± � 2J%�4�/½±A#»± B ±=¾´¾-2 ¸ � ¹0#»±;,�2�²´³¶±=¾"2 ¸ � ±<#´²»³ 0 ±A#´¾ =12 * B 5}¹ �

%(± B #´¹ /�B ¸ 2�²&%`¹0#»³¿µo¹ ± = C�2�/N·  "& = B 2#· � �  = 4�4Q· H � �  "$ = H !�!�! ·� $%� ')·-4 2/± B ³3, = � ¹ ² ¹0/1/½±;/ � 2�% 4 2A¾1³3#»³12 B ¹ B 5 +AB ¸ 2�/ 5s³ B ,92�¸ � ±<#´²»³ 0 ±<#´¾ � /�B µ</1*�5s³ B , � 2J%�± 
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