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F
¤"o²x�c zv��opx��

i
o{~���gMnesPx�gM�

Fi
©�,Tg�x

X
�(g?z£µ}neopx�g£~�g�xy¤"cesL~�g�g�qtg�f£g�nLx�~mzP��g�wMzPqtqpgN��®¸zv��o{zP�}qpgN~�©Mg¯g?zv~�~�|ef£grx�c}zCx

X ∩ F = ∅
©

g¶g���gMnesPx�g��X�
N
x�cegS~�g�xysP¦%n}zCx�|e�&zPqEotnLx�g�u`g��&~�zPn(�

N
∗ ��g�n}sPx�gN~�x�c}g�~�g�xysP¦%µ}n}o²x�g�~�x���otneuL~"sC®vgM�

N
©
� µ}neopx�g?sv�&��gM��gN��x���g�g

t
sC®vgM�mz$~�g�xmsv¦#q{zP�<g�q{~

(F ,X )
ot~rz4¦§|en}w�x�ops`n¦§��svf�z��e��g�µe·X¨¾w�qts`~�gM�³~�g�x

Pos(t) ⊆ N
∗ x�s F ∪X

©}� x�gM��f
t
sC®`g��

F ∪ X
ot~"zSq{zP�<g�qtgM��x���g�g�¤"ces`~�gr��svf!zvopn

Pos(t)
~�zCx�ot~�µ}gN~

x�ceg�¦§svqtqtsC¤"opneu?�e��sv�<g���x�otgM~�
¨
Pos(t)

o{~�nes`n�¨JgMf£��x���zPn(�$�}��g�µe·$w�qts`~�gM�yh
¨4¹esv�"gNzvw&c

p ∈ Pos(t)
ºeo²¦

t(p) ∈ Fn
x�ceg�n

{i | p.i ∈ Pos(t)} = {1, . . . , n}
h

¨4¹esv�"gNzvw&c
p ∈ Pos(t)

ºeo²¦
t(p) ∈ X

x�c}g�n
{i | p.i ∈ Pos(t)} = ∅

©
�#zvw&c�gMqpgMf£g�nLx�sv¦

Pos(t)
ot~�wMzPqtqpgN��zS�(sL~�opx�otsvn$sP¦

t
©�� ¦§��svnLx�otg����<s`~�o²x�ops`n�o{~�zS�<s`~�o²x�ops`n

p
~�|(w&c4x�c(zCx

¦§s`�?zvqpq
α ∈ N

º
p.α /∈ Pos(t)

©:b�ceg±~�g�x£sP¦�¦§��svnLx�otg��?�<s`~�o²x�ops`n}~�sv¦
t
o{~£��g�n}sPx�gN�

FPos(t)
©��[zvw&c

�<s`~�opx�otsvn
p
sP¦
t
~�|}w&c¶x�c}zPx

t(p) ∈ F
o{~�w�zvqpqtgM� z0¦§|en(w�x�otsvn(zPq��<s`~�o²x�ops`n_zPn}�¶o{~���g�n}sPx�gN�

PosF(t)
©

b�c}g�~�g�x�sv¦�x�g���f!~ysC®`g��
(F ,X )

o{~y��gMnesPx�gM�
T (F ,X )

©<��x�g���f
t
o{~yu`��s`|en}�0op¦

t
�esLgN~�nesvxmw�svnLx�zvopn

zvnX�4®CzP��otzv�eqpgN~�© b�ceg�~�g�x"sP¦%uv��sv|en}�4x�gM��f!~"o{~"��g�n}sPx�gN�
T (F)

©
��~�|e��x�g���f

t|p
sP¦
t ∈ T (F ,X )

zCx��<s`~�o²x�ops`n
p
o{~���g�µ}negM�0�X� �

¨
Pos(t|p) = {i | p.i ∈ Pos(t)}

º}zvn}�
¨4¹esv��zvqpq

j ∈ Pos(t|p)
º
t|p(j) = t(p.j)

©
g¶g���gMnesPx�gm�X�

t[s]p
x�cegmx�g���f sv�ex�zPotnegN���X�4��g��eq{zvw�opn}u?otn

t
x�ceg�~�|}��x�gM��f

t|p
�L�

s
©

�ª¦
X
w�s`nLx�zPotn}~

n
g�qtg�f£gMn`x&~Szvn}�»o{~ �ëzv���eopx��&zP��otqp� ��s`����gM��gN� x�c}g�n½z¶w�s`nLx�g�·Xx

C
ot~£zPn½g�qtg�f£g�nLx

sv¦
T (F ,X )

otn¤"ceo{w&czPqtq�g�qtg�f£g�nLx�~�sP¦
X
s�w�w�|}��g�·ez`w�x�qt�0svn}w�gv©8b�ceg�g�·X�}��gN~�~�ops`n

C[t1, . . . , tn]
¦§sv�

t1, . . . , tn ∈ T (F ,X )
��gMnesPx�gM~�x�ceg!x�gM��f otn

T (F ,X )
s`��x�zvopnegN�¯¦§��s`f

C
�X���g��eq{zvw�opn}u$x�ceg

i
¨Jx�c

gMqpgMf£g�nLx"sP¦
X
�X�

ti
¦§sv�"gMz`w&c

1 ≤ i ≤ n
©

¹}sv�"g�®`g�����~�g�x�~
A
zvn}�

B
ºe¤�g��eg�nesvx�gr�X�

Σ(A,B)
x�ceg�~�g�x�sP¦�¦§|en}w�x�ops`n}~�¦§��svf

A
x�s
B
©

�ª¦
σ ∈ Σ(X , B)

zPn(�
B ⊆ T (F ,X )

x�ceg�n0¦§s`��gMz`w&c$x�g���f
t ∈ T (F ,X )

º}¤�gr��g�n}sPx�g��L�
tσ
x�ceg

x�g���f sv�ex�zPotnegN��¦§��svf
t
�X����g��eq{zvw�opn}u�x�cegr®CzP��otzv�eqpg

x
�X�

σ(x)
º}¦§sv�"gMz`w&c

x ∈ X
©

� x�gM��f���g�¤"��o²x�opn}u$~��X~�x�gMf �ëb"�y� ��sC®`g��
T (F ,X )

o{~�z�µ}neopx�g£~�g�xmsv¦[�}zvop�
(l, r)

sv¦
T (F ,X ) ×

T (F ,X )
º(��gMnesPx�gM�

l → r
º8~�|}w&c0x�c}zPx�x�cegS~�g�xysP¦:®CzP��otzv�eqtgM~�s�w�w�|e����otneu£opn

r
o{~�otn}w�qt|}��gN��opn�x�ceg�~�g�x

sv¦[®CzP��otzv�eqtgM~�sP¦
l
©8�«b"�y�³ot~mqtg�¦æx�¨Jqtopn}gMzP�iQ ��gN~��T©<��otuvcLx�¨ªqpotnegNzP�'U�op¦#otn¯gNzvw&c³��|eqtg

l → r
ºEzvqpq%®CzP��o{zP�eqtgM~

s�wMw�|e����otneu?opn
l
Q ��gN~��E©

r
UTs�wMw�|e��zPx�f?sL~�x"s`n}w�g�otn

l
Q ��gN~��T©

r
Uª©

�¾n¶x�c}ot~r�(zP�<g��Nº8x�ceg!g�·X�}��gN~�~�ops`n *T���"� 	 * �#���"	�� 	 * � �4�."�������#������� o{~�|}~�gM�¯x�s±��gMnesPx�g4z0w�svn}�eo²x�ops`n¯s`n
b"���4x�c}zCx"o{~"otn`x�|eopx�ot®vg�qt��w�qpsL~�gN�4x�s£x�cegrnesvx�otsvn0sP¦ *T���"� 	 * �#�!��	����#��$ ©
�¾n0x�c}ot~"�(zP�<g���~�svf£g�g�qtg�f£g�nLx�~"zv��gmµe·�gN���

� R
o{~"z!b"�y��sC®vg��

T (F ,X )
©

� Y = {yl→r,p | l → r ∈ R, p ∈ PosF(r)}
o{~�z�µ}n}o²x�g$~�g�xSsv¦"®¸zv��o{zP�}qpgN~�©yg¶g$z`~�~�|ef£g!x�c}zCx

X ∩ Y = ∅
zvn}�

F ∩ Y = ∅
©

� Q
��g�nesvx�gN~�zPn0opneµ}neopx�grsv�&��gM��gN��~�g�x�¤"cesL~�g�g�qtg�f£gMn`x&~"zP��grw�zPqtqtgM� +"��	�����+ ©
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� ���85�� @�3�F�E�� @ ?25 7 3�F6: 7/=8F�@H<

�¾ne¦§sv��f£zvqpqt�vºvx�cegyuvs`zvq}sv¦<x�cegyn}sv��f£zvqpo{~�zCx�otsvn£o{~:x�ceg�¦§s`qpqtsC¤"opn}u �vop¦Eotn4zrµ}neopx�gyx���g�gyzv|�x�s`f!zCx�s`n
A
svneg

c(zv~
lσ →∗

A q
zPn}�

rσ 6→∗
A q
º(¤�g�zv�}��x�s�x�ceg£~�g�x�sv¦:x��&zPn}~�o²x�ops`n}~�sv¦

A
z£µ}neopx�g£~�g�x�sv¦:x��&zPn}~�opx�otsvn}~

N
º%wMzPqtqpgN� x�c}g0n}sv��f£zvqpo{~�zCx�otsvn»~�g�x£sP¦yx�ceg±~��LfS�(s`qpo{w!x���zvn}~�o²x�ops`n}~

rσ → q
~�|}w&c»x�c}zCx

rσ →∗
N q
©

¹}��s`f z��e�&zvw�x�o{w�zPq:�<svotnLx�sP¦�®XopgM¤rº]x�ceg!¤�z¸��~mx�s�nes`��f!zPqtot¬�g?x�¤#s±~��Xf��<svqtotw?x���zvn}~�opx�otsvn(~
rσ1 → q1zvn}�

rσ2 → q2
�ë��gMqtzPx�gM�¶x�s±x�c}g$~�zPf£g4��|eqpg

l → r
�SzP��g!®vg���� ~�otf£opq{zP�NºEqtgMzv�eopneu³x�s³x�ceg$~��Xf��<svqtotw

n}sv��f£zvqpo{~�zCx�otsvn$nesPx�ops`nE©
�0Æ
	 L �§�'� Ê�L IMJ � +�$�� ,"��* �� ���'	��W+��#�������

(t, y)
� + 	�� �6*T�6�i�6�W� �G� � �8� +6�6�

T (F ,X ∪ Y)× (Y ∪Q)
�

� ���#������� t→ y
� +��W���� �W	��

t = f(y1, . . . , yn)
� �#� � f ∈ F

�>	����
yi ∈ X ∪ Y

�����&�"	4 �
1 ≤ i ≤ n

�

¹}sv��g�·�zvf£�eqpg`º
g(x, y) → q

o{~�zr~��XfS�(s`qpo{w#x��&zPn}~�o²x�ops`n£¤"ceg���g
g ∈ F

zvn}�
x, y ∈ X

©4g¶g�w�s`n}~�o{��gM�
z£~��Xf��<svqtotw�~�x�zCx�grzv~"z?®CzP��otzv�eqpg�otn

Y
©

b�cX|}~Mº]¤#g?�e��sv�<s`~�g?z0~��LfS�(s`qpo{w?nesv��f!zPqtot~�zCx�ops`nzPqtqtsC¤"opneu0z���gM�e|}w�x�ops`n¯sv¦�z�x�g���f�otn
T (F ,X )w�sv����gN~��<svn(��opn}uyx�srx�cegy��otuvcLx�c}zvn}�£~�o{��g

r
sP¦Ez���|eqpg

l → r
sP¦

R
º`g�opx�cegM�:x�s�zr~�x�zPx�g"s`�:x�s�z�~��Xf��<svqtotw

~�x�zPx�g`©
�0Æ
	 L �§�'� Ê�L � J� �����6�

l → r ∈ R
	�� �

q ∈ Q
� � �W�
+�$��-,���* �� �������i	�* � +6	�������� �G�i� �8�k���'	��8+��#�������

r → q
�
� ����*T�

l → r
� + � �8� +6�6�B��� +�$��-,���* ��2���'	��W+"�#�������W+ � � ���#�����6� Norm(r → q, l → r)

� �4��� �!� �
,6$

Norm(r → q, l → r) = {r(p)(zp.1, . . . , zp.n) → αp |

p ∈ PosF(r),

r(p) ∈ F ,

zp.i =







r(p.i) if r(p.i) ∈ X∧
p.i ∈ FPos(r)

yl→r,p.i otherwise,

αp =

{

yl→r,p ∈ Y if p 6= ε,
q otherwise

}.

�ysPx�o{w�gx�c}zPx4x�c}g®CzP��otzv�eqtg
yl→r,p.i

��g��}��gN~�gMn`x&~?x�ceg¶~��XfS�(s`qpo{w³~�x�zCx�gzv~�~�sXw�otzPx�gN� x�s»x�ceg³��|eqpg
l → r

zvn}�_x�ceg$�<s`~�opx�otsvn
p.i
©:b�ceg$¦§svqtqpsC¤"otneu¯g�·ezPf£�eqtg$otqtqp|}~�x��&zCx�gM~ � g�µ}neopx�otsvn hz`~�~�|ef£otneu

r =
g(x, g(f(a), f(z))

¤"ceg���g
a, g, f ∈ F

zPn}�
x, z ∈ X

©

Norm(r → q, l → r) ={f(z) → yl→r,2.2,

a→ yl→r,2.1.1,

f(yl→r,2.1.1) → yl→r,2.1,

g(yl→r,2.1, yl→r,2.2) → yl→r,2,

g(x, yl→r,2) → q}.

v>v Ò�wyx)zZ{)z



j ����� ������������ % �
	������� 	������ ��� ���W�����	��������4�

¹}sv�rotn}~�x�zPn(w�gvº]s`neg£c}zv~
f(z) → yl→r,2.2

~�otn}w�gSx�ceg4~��LfS�(s`q
f �
w�s`����gM~��<svn}��otneu$x�s0x�c}g4~�|e�ex�g���f

f(z) �
ot~"zPx��(sL~�opx�otsvn±h�©ÚhSopn

r
©

,Tg�x
E
�<g�z�~�g�x�sv¦}~��Xf��<svqto{w:x��&zPn(~�opx�otsvn}~M©)g¯g���g�n}sPx�g��X�

Var(E)
x�ceg�~�g�x%sP¦e®CzP��otzv�eqtgM~Es�wMw�|e����otneu

otn0x�ceg�g�qtg�f£g�nLx�~�sP¦
E
ºeoJ© g`©pº

Var(E) = {y ∈ Y | ∃t ∈ T (F ,Y), t → y ∈ E}.
g¶g���gMnesPx�gr�X�

Eσx�ceg�~�g�x
{tσ → yσ | t→ y ∈ E}

sP¦�x��&zPn}~�opx�otsvn}~M©
�0Æ
	 L �§�'� Ê�L "yJ ���i	"343����657�#�i	�������� �"����6�������

γ
� +>	 �"����6��� ���

γ : R×Σ(Q,X )×Q 7→ {Σ(Q,W) |
W ⊆ Y}

+��W���� �W	��
γ(l → r, σ, q) ∈ Σ(Q,Var(Norm(r → q, l → r)))

�

¹}sv��g�·ezPf£�eqtgvº]w�svn}~�ot�eg��
r = g(x, g(f(a), f(z))

©]¹es`��gMzvw&c
σ
zvn}�gNzvw&c

q
º
γ(l → r, σ, q)

ot~�z
¦§|}n}w�x�ops`n$¦§��svf

{x, z, yl→r,2.1.1, yl→r,2.1, yl→r,2.2, yl→r,2}
x�s

Q
©

�0Æ
	 L �§�'� Ê�L �qJ�� �6�
γ
,��
	��R	�343!�'�657�#�
	��������k�"���!��������2�

∆
	k+6���D��� ���'	��8+��#�������8+ �

l → r ∈ R
	����

σ ∈ Σ(X ,Q)
+��W ��� �W	��

lσ →∗
∆ q

��� �8�
γ
	 �!�����
	�* � +6	�������� �G�i� �8�
+"$��-,"��* ��k���'	��W+"�#�������

rσ → q
�

� ���#������� Normγ(rσ → q, l → r)
�H� + �4��� �!� � ,�$

Normγ(rσ → q, l → r) = [Norm(r → q, l → r)σ] γ(l → r, σ, q).

¹}sv�:g�·�zvf£�eqpg`ºCqpg�x�|}~�w�svn}~�ot�eg��
r = g(x, g(f(a), f(z))

¤"opx�c
σ(x) = q1

º
σ(z) = q2

ºvzvn}�
γ = γ(l →

r, σ, q)
©:��~�~�|ef£g4x�c}zCx

γ(yl→r,2.1.1) = q1
º
γ(yl→r,2.1) = q3

º
γ(yl→r,2.2) = q

º
γ(yl→r,2) = q1

©
b�c}g�n

Normγ(rσ → q, l → r) ={f(q2) → q,

a→ q1,

f(q1) → q3,

g(q3, q) → q1,

g(q1, q1) → q}.

# Æ � �»  I�J�� ���
γ
,"� 	�� 	�343!�'�657�#�
	��������b�"���!��������2�

∆
	 +��6� �G� ���'	��W+"�#�������W+ �

l → r ∈ R
	����

σ ∈ Σ(X ,Q)
+��W �\� �8	��

lσ →∗
∆ q

��� �!� �W	P+

rσ →∗
∆∪Normγ(rσ→q,l→r) q.

% �'�Z��� �m���X®Xotsv|}~?�X� � g�µ}neopx�otsvn h¶zPn}�½�<gMw�zv|}~�g0z ~�|e�}~�x�opx�|�x�ops`n w�sC®vg��&~�x�ceg³~��Xf��<svqtotw0~�x&zCx�g�~�g�x
w�sv����gN~��<svn(��opn}u�x�s£x�cegr��|eqpg

l → r
©

� � @ 5
	 3 1 =8FG@><�� 3�H@ ?WF�=�� 5 7 <DA�� 1���=����&F�<8147 ?MF�= �

a��?��g�µ}n}o²x�ops`nEº`z�x�gM��f
t
w�zPn£�<g���g�¤"��o²x�x�g�n£otnLx�s�zmx�gM��f

s
�X�Sz���|eqtg

l → r
op¦8x�cegM��g"g�·�ot~�x[z��(sL~�opx�otsvn

p
sv¦
t
zvn}�¶z0~�|e�}~�x�opx�|ex�otsvn

µ
sv¦[x�c}g!®¸zv��o{zP�}qpgN~�sv¦

t
�X� 0�������� ���(�6��� + ~�|}w&c¯x�c(zCx

t = tp[lµ]
zPn(�

s = tp[rµ]
©�b�ceg$o{��gNz³sP¦�x�ceg�nesv��f!zPqtot~�zCx�ops`n_ot~Sx�s¶~�|e�}~�x�opx�|�x�g$®Czv��o{zP�eqtgM~S�X� +��(	��(��+ opn½sv�&��g��Sx�s

w�svf£�e|�x�g4zvwMw�gM~�~�op�eqtg?x�gM��f!~�¦§��svf ��gMuv|eq{zP��x���gMg!qtzvneuv|}zvuvg?�X�¯z±b"�y�8©�°y~�opn}u³~�x&zCx�g4~�|e�}~�x�opx�|ex�otsvn}~
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�&zCx�ceg���x�c}zPn�x�g���f ~�|e�}~�x�opx�|�x�ops`n}~�o{~yw�sv����gNw�x"op¦:zPx�gMz`w&c�~�x�gM��sP¦%x�cegSw�svf£�e|ex�zCx�ops`n0x�ceg�zv|�x�s`f!zCx�s`n
Ai

�ë¤"o²x�c4x�c}gynesvx�zCx�ops`n4sP¦���gMw�x�ops`n$h�©XS ��zPn}�
R
~�zPx�o{~�¦§�Sx�ceg�¦§svqtqtsC¤"opneuSw�svn(��o²x�ops`n!��� ��� �"	4 �\����*T� ���

R
�
l → r

���"	7��.+"��	����
q
�G�

Ai

�>	����k�"	4 ��+"�2,�+����#�����������
µ
�G� � �W� ��	�����	 ,�*T��+&�G�

l
,�$
���6��� + � � �

lµ→∗
Ai
q

� �8�6� � �8�6�'�2�'57� +���+ 	 +"�2,�+����#�����������
σ
�G� � �W� ��	�����	 ,�*T��+&�G�

l
,�$i+���	�����+ +��W �\� �W	��

lµ→∗
Ai
lσ →∗

Ai
q.
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Z ⊆ X
�
F ⊆ F0

� 	����
f ∈ F1

� � ���
A
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γ
,"�
	�� 	�343!�'�657�#�
	��������k�"���!�������� ��� �&+6	�$\� �W	�� � �8�D3W	��#�

(A, γ)
� +

(F,Z , f)−
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�
	
∀A ∈ F

� � �8�6�'�2�'57� +���+ 	 ���W���6�W� +���	����&���
Q
� �7���!����� �

qA
� +��W �.� �8	��

A →∆ qA
� � �W�H�"���!��������

F 7→ Q
� � �8�6�'� A 7→ qA

� � + �#��6��6�����P����	����
QF,Z,f(A) = {qA | A ∈ F}

�
��	

∀t → q ∈ ∆
� � �

t = h(q1, . . . , qn)
	����

∃i ∈ [1, . . . , n]
+"�W � � �W	��

qi ∈ QF,Z,f (A)
� � �W���

n = i = 1
	�� �

h = f
�

��	
∀t→ q ∈ ∆

� � �
q ∈ QF,Z,f (A)

� �8�6�
t ∈ F

�
��	

∀t→ q ∈ ∆
� � �

t = f(q′)
� �8�6�

q′ ∈ QF,Z,f (A)
�

�
	
∀l → r ∈ R, ∀p ∈ Pos(l)

�
l(p) ∈ Z∪F ⇐⇒ ∃p′ ∈ Pos(l)

+��W �2� �8	��
p = p′.1

	�� �
l(p′) = f

�

v>v Ò�wyx)zZ{)z
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� 	
∀l → r ∈ R,∀p ∈ Pos(r)

�
r(p) ∈ Z ∪ F ⇐⇒ ∃p′ ∈ Pos(r)

+��W�� � �8	��
p = p′.1

	�� �
r(p′) = f

�
� 	

∀l → r ∈ R, ∀p ∈ PosF (r), ∀σ ∈ Σ(Q,X ), ∀q ∈ Q, r(p) ∈ F ⇐⇒ γ(l → r, σ, q)(yl→r,p) =
qr(p) ∈ QF,Z,f (A).
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x�c}zPn�x�gM��f ~�|e�}~�x�opx�|�x�ops`n$�X�!s`neqp�!®`g���o²¦§�XotneuSz?w�s`n}��opx�otsvn$svn4x�ceg�opn}o²x�otzvq8zv|�x�s`f!zCx�s`n��ëb�c}g�sv��g�f S#��©
# Æ � �»  �yJ�� ���

(A, γ)
,"�c	

(F,Z , f)
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l → r ∈ R
�
q ∈ Q

	�� �
µ ∈

Σ(T (F),X )
+��W �.� �8	��

lµ→∗
A q

��� � � �W���'�2��54� +���+ 	D�"�'���M�����6� 3W�P+��#�������
p
�G�
l
+��W �.� �8	��

l(p) ∈ Z
�

� �8�6�
µ(l(p)) ∈ F

�

% �'�Z��� ����opn}w�g
l(p) ∈ Z

zPn}�½~�otn}w�g
(A, γ)

o{~
(F,Z , f)

¨ªw�svf£�}zCx�op�}qpg+�§�X� w�svn}��opx�otsvn � sP¦ � g�µ(neo²¨
x�ops`n �/��º�x�ceg���gg�·Xo{~�x�~�z»�(sL~�opx�otsvn

p′
sv¦
l
~�|}w&c x�c}zPx

p = p′.1
zPn}�

l(p′) = f
©"�#s`n}~�gN�L|eg�nLx�qt�

l|p′ = f(l|p)
©}¹}|e��x�ceg���f£sv��g

lµ→∗
A q
©}b�cX|}~�x�ceg���g�g�·�ot~�x

q1, q2 ∈ Q
~�|}w&c$x�c}zPx

µ(l(p)) →∗
A q1

z
nd f(q1) = q2.

��opn}w�g
(A, γ)

o{~
(F,Z , f)

¨ªw�svf£�}zCx�op�}qpg �ë�L� w�s`n}��opx�otsvn}~ � zvn}� � sP¦ � g�µ}neopx�otsvn �/��º�svn}g±sv��x&zPotn}~
q1 ∈ QF ,Z

zPn}��x�cegMn
µ(l(p)) ∈ F

©
# Æ � �»  "qJ�� ���

(A, γ)
,��B	

(F,Z , f)
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l → r ∈ R
�
q ∈ Q

	�� �
σ ∈ Σ(Q,X )+��W �k� �W	��

lσ →∗
∆ q

� � �!� �8	P+
q /∈ QF,Z,f (A)

	����>����� 	�*#*
x ∈ Var(l)

�/� �
σ(x) ∈ QF,Z,f(A)

� �W���
x ∈ Z

�

% �'�Z��� � � g¯g"µ(��~�x[�e��sC®vg"�X�Sw�svnLx��&zv�eotw�x�otsvn?x�c}zPx q /∈ QF,Z,f(A)
©X�y~�~�|ef£g"x�c}zPx

q ∈ QF,Z,f (A)
©

�Xopn(w�g
lσ →∗

∆ q
º�x�ceg���g�g�·�ot~�x

q′1, . . . , qn,
′ ∈ Q

~�|}w&c�x�c}zCx

l(ε)(q′1, . . . , q
′
n) →∆ q.

��neg³sv�ex�zPotn}~
l(ε) ∈ F

�(gNw�zv|}~�g
(A, γ)

o{~
(F,Z , f)

¨¾w�s`f£�}zCx�op�eqtgzvn}�
q ∈ QF,Z,f (A)

©"�
w�svnLx���z`��otw�x�otsvn$¤"o²x�c � g�µ(neo²x�ops`n³��º}w�svn}��opx�otsvn � º(zPn}�$¤#g�zv��g���s`negv©

� ,Eg�x
x ∈ Var(l)

~�|}w&c�x�c}zCx
σ(x) ∈ QF,Z,f(A)

©L�Xopn(w�g
lσ →∗

∆ q
ºNx�cegM��g�g�·�o{~�x

q1, . . . , qn, q
′ ∈ Q

º
1 ≤ k ≤ n

º
p′ ∈ Pos(l)

~�|(w&c�x�c}zCx
l(p) = x

º
p = p′.1

º
qk = σ(x)

zPn(�

l(p′)(q1, . . . , qn) →∆ q′.

�Xopn(w�g
(A, γ)

ot~
(F,Z , f)

¨ªw�svf£�}zPx�ot�eqpg`º#opx±opf£�eqtotgM~
n = 1

zvn}�
l(p′) = f

©y�#svn(~�gN�`|}g�nLx�qt�vº
l(p) ∈ Z ∪ F

©}b�cX|}~
x ∈ Z

©

ÍDC v Í(p
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��neg!wMzPnn}sC¤ ��g�µ(neg?x�ceg4w�svf£�eqtg�x�otsvn¯�e��sXw�gM��|}��g`© �ysPx�otw�gSx�c}zCxropxrot~�®`g�����w�qpsL~�gN�±x�s$x�ceg£svneg
�egM~�w���op�<gM�$opncQXS4S�Uªºe�e|ex�¤#gMqpqEz`�ezP��x�gM��x�s£x�ceg���g�µ(neo²x�ops`n�sP¦Tx�ceg�~��LfS�(s`qpo{wmnesv��f!zPqtot~�zCx�ops`nE©
�0Æ
	 L �§�'� Ê�L�� J�� �6�

A = (Q, ∆,Qf)
,"� 	.���'�"� 	����(���i	��(��� 	�� �

γ
	�� 	�373��'�Z57�#�i	�������� �"����6������� �

� � �7���!�����
fγ(A) = (Q′, ∆′,Qf)

� �8�>� �W�#��� ���'�"� 	����(���i	��(��� �7���H��� � ,6$

∆′ = ∆ ∪
⋃

l→r∈R,σ∈Σ(Q,X ),q∈Q,lσ→∗
∆
q,¬rσ→∗

∆
q

Normγ(rσ → q, l → r),

	�� �

Q′ = Q∪ {qi | ∃t→ qi ∈ Normγ(rσ → q, l → r) ∧ t ∈ T (F)Q}.

b�s!�e��sC®vg�x�cegrf!zPotn���gN~�|eqpx"sP¦�x�ceo{~"~�gMw�x�ops`nEºe¤�g�neg�gN��x�cegm¦§svqtqpsC¤"otneu£qtg�f£f!ze©
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Z ⊆ X
�
F ⊆ F0

�D	�� �
f ∈ F1

� � ���
A

,�� 	 � �M�#�(�
���'�"� 	����(���i	��(��� 	����
γ
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(A, γ)

� +
(F,Z , f)

	 "���D38	�����,6*T� � �8�6�
(fγ(A), γ)

� +
(F,Z , f)
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% �'�Z��� � g¶gr�e��sC®vgmgMz`w&c$w�s`n}��opx�otsvn�sP¦ � g�µ}neopx�otsvn³��©

S ��,Eg�x
A→ q

�<g"z"x��&zPn(~�opx�otsvn�sv¦
fγ(A)

~�|}w&c�x�c}zCx
A ∈ F

©P�Xotn}w�g
(A, γ)

o{~
(F,Z , f)

¨¾w�s`f?�(zCx�ot�eqtgvº
o²¦
A → q ∈ ∆

º�x�ceg�n
q = qA

©:�y~�~�|ef£g�x�c}zPx
A → q /∈ ∆

© a�� � g�µ}neopx�otsvn Y}º�x�cegM��g$g�·�ot~�x
σ ∈ Σ(Q,X )

º
q′ ∈ Q

º
l → r ∈ R

~�|}w&c x�c(zCx
A → q ∈ Normγ(rσ → q, l → r)

©�b�cX|}~Mº
�L� � g�µ}n}o²x�ops`n¯h�º(x�cegM��gSg�·�o{~�x&~

p ∈ PosF
~�|}w&c³x�c}zPx

r(p) = A
zPn(�±g�opx�cegM�

p = ε
zPn(�

q = q′sv�
p 6= ε

zPn}�
q = γ(l → r, σ, q′)(yl→r,p)

©��Xotn}w�g
(A, γ)

o{~
(F,Z , f)

¨¾w�s`f£�}zCx�op�eqtgvº
p 6= ε

�X�
w�svn(��o²x�ops`n � sP¦ � g�µ}neopx�otsvn�e©8�#s`n}~�gN�L|eg�nLx�qt�vº

q = γ(l → r, σ, q′)(yl→r,p)
©<b�ceg���g�¦§s`��g`º

q = qA�L�$w�svn(��o²x�ops`n � sP¦ � g�µ(neo²x�ops`n³��º}zvn}��¤�grzP��gr��svnegm¦§s`��w�svn(��o²x�ops`n � ©WO±s`��gMsC®vg��NºL¤#g�sv�ex�zPotn

QF,Z,f (A) = QF,Z,f(fγ(A)).
��S �

h/��,Eg�x
h(q1, . . . , qn) → q

�<g z»x���zvn}~�opx�otsvn>sP¦
fγ(A)

©��y~�~�|}f?g¯x�c(zCx
q` ∈ QF,Z,f (A)

¤"opx�c
1 ≤ ` ≤ n

©[�Xopn(w�g
(A, γ)

o{~
(F,Z , f)

¨¾w�s`f£�}zCx�op�eqtg±zPn}�½�X� �[�L|}zvqpopx�� �GS#��º:op¦
t → q ∈ ∆

º
x�cegMn

n = ` = 1
zvn}�

h = f
©T�yx�ceg���¤"ot~�gvº<op¦

t → q /∈ ∆
x�c}g�nEº8�X� � g�µ}neopx�otsvncYeº<x�c}g���gSg�·Xo{~�x

σ ∈ Σ(Q,X )
º
q′ ∈ Q

º
l → r ∈ R

~�|}w&c±x�c}zCx
A → q ∈ Normγ(rσ → q, l → r)

©Eb�cL|(~�º<�X�
� g�µ}neopx�otsvn³h�ºXx�ceg���grg�·�o{~�x&~

p ∈ PosF
~�|}w&c�x�c}zCx

r(p) = h
zPn}��x�cegM��grzv��gmx�¤�s£wMzv~�gM~#¦§sv�

q`
©

• q` = σ(r(p.`))
ºLx�cegMn

r(p.`) ∈ Z
�<gMwMzP|}~�g

q` ∈ QF,Z,f (A)
zvn}�?�L��,EgMf£f£z 9 ©vb�cegM��g�¦§sv��gvº

~�otn}w�g
(A, γ)

o{~
(F,Z , f)

¨¾w�s`f£�}zCx�op�eqtg��X�$w�s`n}��opx�otsvn � sP¦ � g�µ}neopx�otsvn�eº�svneg�c}z`~
r(p) = fzPn}��x�cX|}~

n = ` = 1
©

• q` = γ(l → r, σ, q)(yl→r,p.`)
º�x�cegMn

q` ∈ F
�<gMw�zv|}~�g�sv¦

q` ∈ QF,Z,f (A)
zPn}�0~�opn}w�g

(A, γ)ot~
(F,Z , f)

¨¾w�svf£�}zPx�ot�eqtg$�X�»w�s`n}��opx�otsvn � sv¦ � g�µ}neopx�otsvn ��©:b�cX|}~Mº%|}~�otneu w�s`n}��opx�otsvn � sv¦
� g�µ}neopx�otsvn³�Ssvn

(A, γ)
ºesvn}gmc(zv~

r(p) = f
zvn}�

n = ` = 1
©

g¯g�zv��g���svn}g�¦§sv��w�s`n}��opx�otsvn � sP¦ � g�µ}neopx�otsvn³��©

v>v Ò�wyx)zZ{)z
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9 ��,Eg�x
t → q

�<gz¶x��&zPn}~�opx�otsvn sP¦
fγ(A)

~�|}w&c x�c(zCx
q ∈ QF,Z,f(fγ(A)) = QF,Z,f (A)

©>a��
�[�L|}zPqto²x��+�GS#�"zPn(�±~�otn}w�g

(A, γ)
o{~

(F,Z , f)
¨ªw�svf£�}zPx�ot�eqpg`º}op¦

t → q ∈ ∆
x�ceg�n

t ∈ F
©<�y~�~�|}f?g

x�c}zPx
t → q /∈ ∆

©�a#� � g�µ}neopx�otsvn Yeº�x�ceg���g�g�·�o{~�x
σ ∈ Σ(Q,X )

º
q′ ∈ Q

º<zPn}�
l → r ∈ R

~�|}w&c
x�c}zPx

A→ q ∈ Normγ(rσ → q, l → r)
©(b�cX|}~Mºe�X� � g�µ}neopx�otsvn³h�ºex�cegM��g�g�·�o{~�x&~

p ∈ PosF
~�|(w&c

x�c}zPx
t = r(p)

zPn(�£g�opx�cegM�
t = r(ε)

zvn}�
q = q′

sv�
q = γ(l → r, σ, q)(yl→r,p)

©L�ª¦
t = r(ε)

x�c}g�n
lσ →∗

∆ q
©�b�cegM��g�¦§sv��g

q /∈ QF,Z,f(A)
�X� ,EgMf£f£z 9 º%z³w�s`n`x���z`��o{w�x�otsvnT©%�#svn(~�gN�`|}g�nLx�qt�vº

q =
γ(l → r, σ, q)(yl→r,p)

©��Xopn(w�g
(A, γ)

o{~
(F,Z , f)

¨¾w�svf£�}zPx�ot�eqtgy�X�?w�svn}�eo²x�ops`n � sv¦ � g�µ}neopx�otsvn$�eº
svneg�c}z`~

t ∈ F
©

) ��,Eg�x
f(q′) → q

�(gz¶x���zvn}~�o²x�ops`n sv¦
fγ(A)

©"�Xotn}w�g
(A, γ)

ot~
(F,Z , f)

¨¾w�s`f£�}zCx�op�eqtg³zPn(�½�X�
�[�L|}zPqto²x�� ��S ��º:o²¦

f(q′) → q ∈ ∆
º%x�cegMn

q′ ∈ QF,Z,f(A)
©#�y~�~�|ef£g$x�c}zPx

f(q′) → q /∈ ∆
©

a#� � g�µ}neopx�otsvn Yeº%x�ceg���g±g�·�o{~�x
σ ∈ Σ(Q,X )

º
q′ ∈ Q

º[zvn}�
l → r ∈ R

~�|(w&c x�c}zCx
A →

q ∈ Normγ(rσ → q, l → r)
©�b�cL|(~�º%�X� � g�µ}neopx�otsvn h�º�x�c}g���g$g�·Xo{~�x�~

p ∈ PosF
~�|}w&c»x�c}zCx

t = r(p)(q′)
©}��opn}w�g

(A, γ)
o{~

(F,Z , f)
¨¾w�s`f£�}zCx�op�eqtgm�L�4w�svn}�eo²x�ops`n � sP¦ � g�µ}n}o²x�ops`n��eº

r(p.1) ∈
Z ∪ F

©
•
�ª¦
r(p.1) ∈ Z

x�ceg�n
q′ = σ(r(p.1)) ∈ QF,Z,f (A)

�L��,Eg�f£f!z 9 ©
•
�ª¦
r(p.1) ∈ F

x�cegMn
q′ = qr(p.1) ∈ QF,Z,f (A)

�L�$�}zP��x �
	 sP¦Tx�ceg�w�|}����g�nLx"�e��sLsv¦�©
�¸¨�Y'�0�Xopn(w�g�w�svn}��opx�otsvn(~ � zvn}� � sv¦ � g�µ}neopx�otsvn¯�!zv��g�w�svn}�eo²x�ops`n}~�s`n

R
zvn}�

γ
º<zPn}�±~�otn}w�g

(A, γ)
o{~

(F,Z , f)
¨¾w�s`f£�}zCx�op�eqtgvº

(fγ(A), γ)
~�zCx�ot~�µ}gN~�x�ceo{~�w�s`n}��opx�otsvn$x�sXs}©

� �0�Xopn(w�g
(A, γ)

o{~
(F,Z , f)

¨¾w�svf£�}zPx�ot�eqtgSzPn(���L� ��S ��º
(fγ(A), γ)

~�zPx�o{~�µ(gM~yw�svn}�eo²x�ops`n � sv¦ � g�µe¨
neo²x�ops`n³��©
�Xotn}w�g"x�ceg�~�g�x�sP¦]®CzP��otzv�eqpgN~:zPqtqpsC¤�gM��x�sSzP�e�<gMzv�:f?s`��g�x�c}zPn!s`n}w�g"otn£x�c}g"qpg�¦æx�¨ªc}zPn}�!~�o{��g�sP¦]z���|eqpg

o{~�¥XnesC¤"nEº�s`negrw�zPn0gMz`~�otqt����g�µ(neg�z?qpotnegMzv��opx��L¨Jqtot¥vg�w�svn(��o²x�ops`n$�X� � g�µ(neo²x�ops`n¯�Szv~�¦§svqtqtsC¤�~�©
�0Æ
	 L �§�'� Ê�L�� J�� �6�

J ⊆ X
� � ������� �'� � ���#���#�10�+�$P+��(�6� R

� +
J−

*T���"� 	 * �#�!��	�� �D� �B�����\� ������$b����*T�
l → r

���
R
��	�*#*

p, q ∈ FPos(l)
�
l(p) = l(q)

	����
l(p) ∈ J

�#�D3�* $
p = q

�

�¾n�¦§s`��f!zvqpqt�vº<z�b"�y��o{~
J−
qpg�¦æx�¨ªqpotnegMzv�yop¦�x�c}g�®CzP��otzv�eqtgM~"sv¦

J
f!z¸�$s�wMw�|e�mzCx�f£sL~�xys`n}w�g�opnx�ceg

qtg�¦æx�¨Jc(zPn}��~�ot��gN~�sP¦�x�cegr��|eqtgM~M©
�0Æ
	 L �§�'� Ê�L�� J�� �6�

J ⊆ X
� � ������� �'� � ���#���#�^0 +�$P+��(�6� R

� +
J−

��� 0��1� 	 * �#���"	�� �>� �������2� ������$ ����*T�
l → r

���
R
��	�*#*

p, q ∈ FPos(r)
�
r(p) = r(q)

	����
r(p) ∈ J

�#� 3!* $
p = q

�

�ysC¤>¤�g�w�zPn�w�q{zPotf.x�ceg�¦§svqtqpsC¤"otneu?opn(w�qt|}~�otsvn���gM~�|eqpxM©
� & ÆXÊ � Æ � I�J � �6�

Z1, . . . ,Zk ⊆ X
�
F1, . . . , Fk ⊆ F0

� 	�� �
f1, . . . , fk ∈ F1

� � ���
A = (Q, ∆,Qfinal),"�
	 ���'�"�2	����(���i	��(��� �B	�� �

γ
,"�
	��R	"343����657�#�i	��������k�"����6������� +"�W �b� �W	��

(A, γ)
� +2	

(Fi,Zi, fi)
	

"��� 3W	�����,�*X�B3W	��#�>����� 	�*#*
i ∈ {1, . . . , k}

� � �
R
� +

(X\
⋃k
i=1(Zi))

	 *T���"� 	 * �#�!�"	�� ��� �b� �8�6�������!�8	�+

R(L(A)) ∪ L(A) ⊆ L((fγ(A), γ))

	�� �
fR,γ(A)

� +
(Fi,Zi, fi)

	 "���D3W	�����,�*T� �����k	�*#*
i ∈ {1, . . . , k}

��� ���'�"� �P�6� �D� �
A
� +k	 � �M�#�(� 	�� 	

�����
	������b� �W���
fR,γ(A)

� + �H�W�#��� ���Z� �

ÍDC v Í(p
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% �'�Z��� �Da��0w�svn(~�x���|}w�x�otsvn0x�c}g�~�g�x
∆
sP¦%x��&zPn}~�opx�otsvn}~"sv¦

A
o{~"otn}w�qt|}��gN�±otn�x�ceg�~�g�x�sv¦%x��&zPn}~�o²x�ops`n}~"sv¦

(fγ(A), γ)
©(�ªx�opf£�eqtotgM~�x�c(zCx

L(A) ⊆ L(fγ(A)).
�ysC¤ ¤�g³�e��sC®vg�x�c}zCx

R(L(A)) ⊆ L(fγ(A))
© ,Eg�x

t ∈ L(A)
º
l → r ∈ R

º
p ∈ Pos(t)

zPn}�

µ ∈ Σ(T (F),X )
�<g�z?~�|e�}~�x�opx�|ex�otsvn±~�|(w&c$x�c}zCx

t|p = lµ.
�Jh/�

g¶gr�e��sC®vg�x�c}zPx
t[rµ]p ∈ L(fγ(A))

©<�Xotn}w�g
t ∈ L(A)

ºex�c}g���gmg�·�ot~�x�~
qf ∈ Qf

~�|}w&c$x�c}zPx

t→∗
∆ qf .

� 9 �

b�cX|}~Mºv�X�?��g�µ}n}o²x�ops`n4sP¦Ez�~�|}w�w�gM~�~�¦§|}q}w�s`f?�}|�x�zPx�otsvn!otn4z�x���g�gyzv|�x�s`f!zCx�s`nEºCx�ceg���g�g�·�o{~�x&~
q ∈ Q

~�|}w&c
x�c}zCx

t|p →
∗
∆ q and t[q]p →

∗
∆ qf .

� ) �

,Tg�x
C[]
�(g�zSuv��sv|en(��w�s`nLx�g�·Xx�~�|}w&c�x�c}zCx

l = C[x1, . . . , xn]
zPn}�

{xi | 1 ≤ i ≤ n} = Var(l)
©(��n}g

c(zv~

lµ = C[µ(x1), . . . , µ(xn)] and C[µ(x1), . . . , µ(xn)] →∗
∆ q.

�B�/�
�#s`n}~�gM�L|eg�nLx�qp�`ºP¦§��svf �B�/�[zPn}�£|(~�otneu �Jh/��zvn}� � ) �%s`neg�wMzPn4��gN��|}w�gyx�c}zPx[x�ceg���g�g�·�o{~�x

q1, . . . , qn ∈ Q~�|}w&c$x�c}zPx

C[q1, . . . , qn] →∗
∆ q′ and µ(x1) →

∗
∆ q1, . . . , µ(xn) →∗

∆ qn.
��Y'�

g¶g±w�q{zPotf x�c}zPx£x�cegM��g0g�·�o{~�x&~?z¶~�|e�}~�x�opx�|�x�ops`n
σ ∈ Σ(Q,X )

~�|}w&c x�c}zPx
σ(xi) = qi

¦§s`�!zPqtq
i ∈

{1, . . . , n}
© ,Eg�x

j ∈ {1, . . . , n}
©eb�cegM��grzv��gmx�¤�s?wMzv~�gM~�

� �ª¦mx�ceg±®CzP��otzv�eqtg xj s�w�w�|}��~£s`neqp�½svn}w�gvº�oJ© gv©tº[op¦ ` 6= j
x�cegMn

x` 6= xj
©��¾n x�c}ot~4wMzv~�g±¤#g³~�g�x

σ(xj) = qj
©

� �yx�cegM��¤"o{~�g`º:~�otn}w�g R ot~ (X\
⋃k
i=1(Zi))

¨ªqpg�¦æx�¨ªqpotnegMzv�Mº�x�ceg���g�g�·�ot~�x�~
` ∈ {1, . . . , k}

~�|}w&c½x�c}zPx
xj ∈ Z`

©E�#svn}~�gM�L|egMnLx�qt�vº}�X� ,EgMf£f£z$h�º
µ(xj) ∈ F`

©<b�cX|}~Mº<�L��w�s`n}��opx�otsvn � sP¦ � g�µ}n}o²x�ops`n¯��º
o²¦
xm = xj

x�c}g�n
qj = qm

©8�#svn}~�gM�L|egMn`x�qp�`º�¤#grwMzPn�~�g�x
σ(xj) = qj

©
�[��sC®Xotneu�x�ceg�w�q{zPotf�©
b�cegM��g�¦§sv��g�zvn}���X� � ) ��º

lσ →∗
∆ q
©}�#s`n}~�gN�L|eg�nLx�qt�4zPn(�4�X� ,EgMf?f!z Svº

rσ →∗
fγ (A) q

©8O±sv��g�sC®`g��Nº
|(~�otneu x�c}gw�q{zPotf zv�(sC®`gvº:s`neg±sv��x&zPotn}~

rµ →∗
fγ(A) q

©�a��½w�s`n}~�x���|}w�x�ops`nEº
∆
ot~�opn}w�qp|(��gM� otn x�ceg

~�g�x4sv¦yx���zvn}~�opx�otsvn(~£sP¦
fR,γ
©[b�ceg�nTº:svneg±c}z`~

t[rµ]p →∗
fγ (A)) qf

�X� � ) ��º��}��sC®Xotneu¶x�c}zPx
t[rµ] ∈

L((fγ(A), γ))
©

b�ceg
(Fi,Zi, fi)

¨¾w�s`f£�}zCx�op�eotqto²x��4sv¦
(fγ(A), γ)

o{~"z£��op��gMw�xyw�s`n}~�gN�L|eg�n}w�g�sv¦%,Tg�f£f!z )}©
�Xotn}w�g

R
o{~�µ}neopx�g`ºeop¦

∆
ot~�µ}n}o²x�g�x�cegMn

∆′ o{~�µ}n}o²x�g�x�sXs}ºezvn}�0¤#grzP��g���svneg`©

v>v Ò�wyx)zZ{)z
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�ysC¤rº�svnegrw�zvn$otn}��|(w�x�ot®vgMqp�$zP�e�eqt�!x�cegr�e��g�®Xops`|}~#x�cegMsv��g�f�©�g opx�c0x�ceg�zv�(sC®`g�n}sPx�zPx�otsvn}~Mº
fγ(A)wMzPn0�(gr|(~�gN�4x�s!sv��x&zPotn0zvn$sC®`g���¨ªzv�e�e��s¸·Xotf!zCx�ops`n!sP¦

R∗(L(A))
©(¹}sv��f!zPqtqp�`º

( � Ê * Ê ���ë��� Ê�L IMJ � � � �8�6�'�2�'57� +���+ 	 3W�P+��#�����P�&�#�M�(�(0^���
n
+��W���� �W	��

L(fnγ (A)) = L(fn+1
γ (A))

�>� �8�6�
R∗(L(A)) ⊆ L(fnγ (A))

�

% �'�Z��� � g¶g�µ}�&~�x�w�qtzvopf.x�c}zCx"¦§s`��zPqtq
N ≥ 1

º

RN (L(A)) ⊆ L(fNγ (A)).
�ª� �

b�c}gm�}��sXsP¦�ot~��L��opn}�e|}w�x�ops`nE©
� ¹esv� N = 1

º$�J�/�#ot~�x���|}gm�X��b�c}g�sv��g�f Sv©
� �y~�~�|ef£g%x�ceg���g:g�·�o{~�x&~ N ~�|(w&c�x�c}zCx �ª� �8o{~8x���|eg`©6a���b�cegMsv��g�f Svº fNγ (A)

o{~Ez
(Fi,Zi, fi)−

w�svf£�}zCx�op�}qpg
zP|�x�svf!zCx�svn$¦§sv��zPqtq

i ∈ {1, . . . , k}
©eb�cX|}~�ºezv�e�eqt�Xopneu

R
x�s �J�/��ºes`neg�sv��x&zPotn}~

R(RN (L(A))) ⊆ R(L(fNγ (A))).
��j'�

��g�·XxNº}b�ceg�s`��gMf Sm¦§sv�
fNγ (A)

otf£�eqpotgM~

R(L(fNγ (A))) ⊆ L(fγ(f
N
γ (A))).

��l'�

��sC¤rº�|}~�opn}u ��j'��zvn}� ��l'��ºesvneg�c}z`~

RN+1(L(A)) ⊆ L(fN+1
γ (A)),

zPn}�$¤#grzv��gr��s`negm¦§sv��x�c}gropn}�e|}w�x�ops`nE©
�ª¦�x�cegM��g�g�·�o{~�x&~�zPn�otnLx�gMuvg��

n ≥ 1
~�|(w&c4x�c(zCx

L(fnγ (A)) = L(fn+1
γ (A))

ºex�cegMn$s`negrw�zPn0��gM�e|}w�g
x�c}zCx"¦§s`��zPqtq

N ≥ n
º

R(L(fNγ (A))) ⊆ L(fnγ (A)).

�ªx�otf£�eqtopgN~�x�c}zPx
⋃

N≥0

RN (L(A)) = R∗(L(A)) ⊆ L(fnγ (A)).

� � CB=�@ 5 7 =8F�E 7 393 ��� 1q< 1y? 7 =�1qA � 	 	�?8@�� F65 7 =8FG@>< :

�¾n0x�ceot~�~�gNw�x�ops`nEºe¤�g���g�µ}n}grx�¤#s4w�qtz`~�~�gM~�sv¦%zv�e�e��s¸·�opf!zCx�ops`n�¦§|}n}w�x�ops`n}~�x�c(zCx�wMzPn��(gSzP|�x�svf!zCx�otwMzPqtqp�
w�svf£�e|�x�gM�]©�b�cegmµ}�&~�x�s`neg���gM�L|eot��gM~�z���opu`cLx�¨ªqpotnegMzv��opx��?cL�X�<sPx�cegM~�ot~ �ëuvg�n}g��&zPqtqp�!~�zCx�o{~�µ}gM��svn$~�gMw�|e��o²x��
�}��svx�s�w�s`qt~ �:zPn(�!�e��sC®Lo{��gN~[z�~�gM�L|egMn}w�gysP¦T|en(��g���¨ªzv�e�e��s¸·�opf!zCx�ops`n}~%sP¦�zvw�w�gM~�~�ot�eqtg"x�gM��f!~M©Lb�c}gyo{��gMz�ot~
x�s4|}~�g�negM¤ ~�x&zCx�gN~�gNzvw&c0x�otf£g�opx�o{~�negNw�gM~�~�zP�����æx�s$��s!x�c}zCxNº<z!¦§|en}w�x�ops`n

ϕ
ot~�opnLx���s���|}w�gM� ��© �ysPx�o{w�g

x�c}zCxrx�ceo{~�~�gM�L|eg�n(w�g4w�s`nX®vg���uvgN~�x�s±x�c}g!g�·ezvw�x�~�g�x�sP¦�zvwMw�gM~�~�op�eqtg?x�gM��f!~ �ë����s`�(sL~�opx�otsvn»h'��ºE�e|ex�nesPx

ÍDC v Í(p
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n}gMw�gN~�~�zP���»otn>z µ}n}o²x�g³x�otf£gv©�b�ceg¯~�gMw�svn}� s`neg³�e��sC®Xot��gN~4zPn sC®`g���¨ªzv�e�e��s¸·�opf!zCx�ops`n sv¦rz`w�w�gM~�~�ot�eqtg
x�g���f!~"opn±z?µ}n}o²x�grx�otf£g �§����sv�<s`~�opx�otsvn 9 ��©}b�cegr¦§|en(w�x�otsvn

ψ
o{~"otnLx���sX�e|}w�gN��¦§s`�"x�c}ot~�zP�e�e��s¸·�opf!zPx�otsvn

¦§|}n}w�x�ops`nE©e���&zvw�x�o{w�zPqEzv�e�eqtotwMzCx�ops`n}~�svn±~�gNw�|e��opx��!�e��svx�s�w�s`qt~�¤"otqpqT�(g���o{~�w�|}~�~�gN��otn³�XgMw�x�otsvn.Ye©
,Tg�x

Q0
�(g0z~�|e�}~�g�x�sv¦

Q
©%,Eg�x

Z1, . . . ,Zk ⊆ X
º
F1, . . . , Fk ⊆ F0

º
f1, . . . , fk ∈ F1

zPn(�
A = (Q0, ∆,Qf )

�(g�z±x���g�g�zv|�x�s`f£zPx�s`n ~�|}w&c¶x�c(zCx
A
o{~

(Fi,Zi, fi) − compatible
¦§s`��zPqtq

i ∈
{1, . . . , k}

©
,Tg�x

Z = ∪ki=1Zi and F = ∪ki=1Fi and Q0 = ∪iQFi,Zi,fi
(A).

,Tg�x
ϕ
�<g�zPn4otnC��gMw�x�ot®vgy¦§|en}w�x�ops`n4¦§��svf

R×Σ(Q,X )×Q×N
∗ otnLx�s Q\Q0

º
F
�(gmz�~�|e�}~�g�x#sv¦

F
º
k0 ≥ 0

º
Z0
zm~�|}�}~�g�x:sP¦

Z
sP¦8w�zv����otn}zvqpopx��

k0
zPn(�

ψ
�<g�zvn�otnC��gMw�x�ot®vg�¦§|en}w�x�otsvnS¦§��s`f

R×N
∗×2QotnLx�s

Q \Q0
~�|(w&c�x�c}zCx

ψ(R× N
∗ × 2Q) ∩ ϕ(R×Σ(Q,X ) ×Q× N

∗) = ∅
©

,Tg�x
γϕ
�(g�x�ceg�zP�e�}��s¸·�otf£zPx�otsvn�¦§|en}w�x�ops`n±��g�µ}n}gM�0�X���

� γϕ(l → r, σ, q)(yl→r,p) = ϕ(l → r, σ, q, p)
¦§sv�4zvqpq

l → r ∈ R
º
σ ∈ Σ(Q,X )

º
q ∈ Q

º
p ∈ Pos(r)

op¦
r(p) 6∈ F

º
� γϕ(l → r, σ, q)(yl→r,p) = qr(p)

op¦
r(p) ∈ F

©
�ysPx�otw�g�x�c}zCx

(A, γϕ)
ot~�z

(Fi,Zi, fi) − compatible
�}zvop��¦§s`�yzPqtq

i ∈ {1, . . . , k}
©

b�ceg�x�ce��g�gm¦§svqtqpsC¤"otneu£qtg�f£f!zv~"zP��gm|}~�g�¦§|eq]x�s!�e��sC®`g��[��s`�(sL~�opx�otsvn±h�©
# Æ � �»  � J � �

R
� +

(X \ Z)
	 *X���"� 	�� �\��� 0��1��* �#���"	��2� �8�6� ����� 	�*#*

t ∈ T (F)
	����

σ ∈ Σ(Q0,X )+��W � � �W	��
t →∗

A rσ →∗
fγϕ (A) q

�
lσ →∗

A q
	�� �

q ∈ Q0
� �W�����b��54� +���+

t0 ∈ T (F)
+��W � � �W	��

t ∈ R(t0)
	����

t0 →∗
A q

�

% �'�Z��� � ,Tg�x
r = C[y1, . . . , yn]

zPn}�]º<¦§s`��zPqtq
i ∈ {1, . . . , n}

º
pi
�<g�x�cegS�<s`~�opx�otsvn³sv¦

yi
otn
r
©E�Xotn}w�g

t →∗
A rσ

ºTnesPx�otw�gSx�c}zCx�zvqpq
pi
� ~rzP��g?zvqt~�s$�<s`~�opx�otsvn}~msP¦

t
© g¯g4w�svn}~�x���|}w�xmnesC¤ z0~�|e�}~�x�opx�|ex�otsvn

µ ∈
Σ(T (F),X )

zv~�¦§s`qpqtsC¤�~��

� �ª¦�z�®CzP��o{zP�eqtg y s�w�w�|e��~#svn}qp�£svn(w�gyotn r ºXoB© gv©tºLx�cegM��g�g�·�o{~�x&~#s`neqt�?s`neg i ~�|}w&c!x�c}zCx y = yi
ºL¤�g�~�g�x

µ(y) = t|pi

©
� �ª¦]z�®Czv��o{zP�eqtg y s�w�w�|e�&~:zCx�qtgMzv~�x:x�¤"o{w�g�otn r º`¤#g"f!z¸�Sz`~�~�|ef£g �§¤"opx�ces`|�x[qts`~�x�sP¦]uvgMneg��&zPqtopx��&�Tx�c}zCx
y = y1 = y2

©yg¶g!w�q{zPotf x�c(zCx
t|p1 = t|p2

©]�¾n}��g�gN�]ºE�X�±x�ceg!��otuvcLx�¨Jqtopn}gMzP��opx���w�svn}�eo²x�ops`nEº8x�cegM��g
g�·�ot~�x�~

1 ≤ i ≤ k
~�|(w&c£x�c}zPx

y ∈ Zi
©X��opn}w�g

(A, γϕ)
ot~

(Fi,Zi, fi)
¨ªw�svf£�}zPx�ot�eqpg`ºPx�ceg���g�g�·�o{~�xNºv�X�

w�svn(��o²x�ops`n � sv¦ � g�µ(neo²x�ops`n³��ºe�<s`~�o²x�ops`n}~
p′1
zvn}�

p′2
sP¦
r
~�|}w&c$x�c}zPx

r|p′1 = fi(y)
º
r|p′2 = fi(y)

º
p′11 = p1

zvn}�
p′21 = p2

© O±sv��g�sC®`g��Nº}�X� ,EgMf£f£z�)}º
(fγϕ

(A), γϕ)
o{~

(Fi,Zi, fi)
¨ªw�svf£�}zPx�ot�eqpg

x�sXs}©`�#s`n}~�gN�L|eg�nLx�qt�vº¸|}~�otneurw�svn(��o²x�ops`n � sv¦ � g�µ}neopx�otsvn4�eºPzPn}�?~�otn}w�g
rσ →∗

fγϕ (A) q
º¸x�c}g���g�g�·�ot~�x�~

A ∈ Fi
~�|}w&c0x�c}zPx

t|p′1 = fi(A)
zPn(�

t|p′2 = fi(A)
©Mg¯g�~�g�x

µ(y) = A
©

� �ª¦%z?®CzP��otzv�eqtg y ��sXgM~�nesvx�s�w�w�|}�"opn r º}�e|�x�s�wMw�|e�&~�opn l º�¤#grw�s`n}~�x���|}w�x µ(y)
z`~�opn0x�c}gr�e��sXsv¦�sP¦

b�ceg�s`��gMf Sv©
� �ª¦#z�®Czv��o{zP�eqtg y �esLgN~mnesPx�s�w�w�|}��negMo²x�ceg���otn r º]nes`��otn l º<¤�g£zP���eo²x���zv��otqt�0~�g�x µ(y)

�§x�ceo{~�®CzPqt|eg
¤"opqtqEnegM®vg����<gr|}~�gM� ��©

v>v Ò�wyx)zZ{)z
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a�� w�svn}~�x���|}w�x�ops`nEº�svneg¯c}zv~
t = rµ

zvn}� ¦§s`�0zvqpq�®CzP��otzv�eqtg
y
s�w�w�|}����opn}u»opn

l
º
µ(y) →∗

A σ(y)
©

�#s`n}~�gM�L|eg�nLx�qp�
lµ→∗

A lσ →∗
A q
©��ªx�otf£�eqpotgM~"x�cegr�e��sXsP¦�sP¦Tx�cegrqtg�f£f!z£¤"o²x�c

t0 = lµ
©

# Æ � �»  � J�� ���
t ∈ T (F)

�
q ∈ Q0

+"�W �.� �8	��
t 6→∗

A q
	����
+��W �.� �8	��>� �W�����&��57� +"��+ 	 �"���!��������

τ�"�����
Pos(t)

�(�
Q
+6	���� +#�"$��#�10 � �W�H����*#*T� � �#�10����� ���#�������8+ �

� � 	
τ(ε) = q

	������
� �#� 	 � ��� 	�*#*

p ∈ Pos(t)
�
t|p →fγϕ (A) τ(p)

	�� �
� �#�#� 	 � ��� 	�*#*

p ∈ Pos(t) \ {ε}
� � �

τ(p) ∈ Q0
� � �W���

t|p →∗
A τ(p)

�
� �W��� � �W���'�2��54� +���+

t0 ∈ T (F)
+"�W �.� �8	��

t0 →∗
A q

	�� �
t ∈ R(t0)

�

% �'�Z��� �Da��
(i)
zvn}�

(ii)
º�x�ceg���g�g�·�ot~�x�~

s1 ∈ T (F ,Q)
~�|}w&c$x�c}zPx

t→∗
fγϕ (A) s1 →γϕ

q.

b�c}g4x��&zPn(~�opx�otsvn
s1 → q /∈ ∆

©%�¾n}��gMgM�]º�o²¦
s1 → q ∈ ∆

x�cegMn
s1 ∈ T (F ,Q0)

©�b�cX|}~Mº��L�
(iii)
º

t→∗
A s1 →A q

¤"ceo{w&c$o{~�z£w�s`n`x���z`��o{w�x�otsvn �
t /∈ L(A, q)

��©
�#s`n}~�gN�L|eg�nLx�qt�vºTx�cegM��g$g�·�o{~�x

q′
º
σ ∈ Σ(X ,Q)

zPn}�
l → r ∈ R

~�|}w&c_x�c(zCx
s1 →fγϕ (A) q ∈

Normγϕ
(l → r, σ, q′)

zPn}�

lσ →∗
A q′.

��SM�'�
a��_��g�µ}neopx�otsvn sv¦

γϕ
zvn}� ~�otn}w�g

q ∈ Q0
º%gMo²x�ceg��

q = q′
sv�

q ∈ Q0
©��Xotn}w�g

A
ot~

(Fi,Zi, fi) −
compatible

¦§sv��zPqtq
i ∈ {1, . . . , k}

ºLo²¦
q ∈ Q0

º`x�ceg�n
s1 → q ∈ ∆

©L�ªx�otf?�}qpotgM~[x�c}zPx
q = q′

zvn}�!x�c}zCx

t→∗
fγϕ (A) s1 →Norm(l→r,σ,q) q.

�ª¦
s1 /∈ T (F ,Q0)

x�ceg�n£x�ceg���g"g�·�o{~�x&~�z��<s`~�o²x�ops`n
p
sv¦
s1
~�|}w&c?x�c(zCx

s1(p) ∈ Q\Q0
©vb�cX|}~

s1(p)o{~�sv¦:x�ceg�¦§sv��f
s1(p) = ϕ(l → r, σ, p, q)

©8��opn}w�g
ϕ
o{~yotnC��gMw�x�ot®vg`º}x�ceg�s`neqp�$x��&zPn(~�opx�otsvn±sv¦

→γϕ
(A)qtgMz`��otneu?x�s

s1(p)
ot~

r(p)(γϕ(yl→r,p.1), . . . , γϕ(yl→r,p.`)) → s1(p).,Tg�x
s2 = s1[r(p)(γϕ(yl→r,p.1), . . . , γϕ(yl→r,p.`))]p.��n}gmc(zv~

t→∗
fγϕ (A) s2 →Norm(l→r,σ,q) s1 →Norm(l→r,σ,q) q.

a��4otn}��|(w�x�otsvnTºesvnegrwMzPn0o²x�g��&zCx�gmx�ceot~yw�svn(~�x���|}w�x�otsvn$x�s£�e|eotq{�0z?x�g���f
s ∈ T (F,Q0)

~�|}w&c$x�c}zPx

t→∗
fγϕ (A) s→

∗
Norm(l→r,σ,q) q,

��S4S �
zvn}��¦§sv��zPqtq]�<s`~�o²x�ops`n

p
sv¦
s
~�|}w&c0x�c}zPx

s(p) /∈ Q
º

s(p) = r(p).
�GSNh'�

,Tg�x
s = S[q1, . . . , qn]

zvn}� qtg�x
p`
�<g4x�c}g��<s`~�o²x�ops`n_sP¦

q`
opn
s
©%,Eg�x

s′ = S[t1, . . . , tn]
¤"opx�c

t` = q`
op¦
r(p`) ∈ X

zPn}�
t` = r(p`)

svx�cegM��¤"o{~�g`©Ma��±��g�µ(neo²x�ops`n³sP¦
Normγϕ

zPn}�³|}~�otneu �GS4S#�"zPn(�
��SNh'��º�svn}gmc(zv~

ÍDC v Í(p
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� �ª¦ q` /∈ Q0
º�x�ceg�n

r(p`) ∈ X \ Z
zPn}�

σ(r(p`)) = q`
º

� �ª¦ q` ∈ Q
º�x�ceg�n�gMo²x�ceg��

r(p`) ∈ Z
zPn(�

σ(r(p`)) = q`
ºes`�

r(p`) ∈ F
©

�ªx"¦§s`qpqtsC¤�~#x�c}zPx
s′ = rσ

©(¹}|e��x�cegM��f£sv��gvºX|}~�otneu �GS7S ��zPn}�$�X��w�s`n}~�x���|}w�x�ops`nEº�svneg�c}z`~

t→∗
fγϕ (A) rσ →∗

Norm(l→r,σ,q) q.

O³sv��g�sC®vgM�MºLop¦
t` ∈ Q0

x�ceg�n
t` = τ(p`)

©(b�cL|(~�º��X�
(iii)
º
t|p`

→∗
A t`
©<�#svn}~�gM�L|egMnLx�qt�vº�¤�gms`��x�zvopn

t→∗
A rσ →∗

Norm(l→r,σ,q) q.

b�c}g���g�¦§sv��gvºN|}~�opn}u ��SM�'��zvn}� ,Tg�f£f!zm�eºMx�ceg���g�g�·�o{~�x&~
t0 ∈ T (F)

~�|}w&c�x�c}zCx
t0 →∗

A q
zvn}�

t ∈ R(t0)
º

�}��sC®Xotneu�x�cegrqtg�f£f!ze©

# Æ � �»  � J � �
R
� +

(X \ Z)
	 *T���"�B	�� � ��� 0'��� 	 * �#���"	�� � �8�6�������!�8	�+

L(fγϕ
(A)) ⊆ R∗(L(A)).

% �'�Z��� � ,Tg�x
Pn
�<g�x�ceg�¦§s`qpqtsC¤"otneu£�e��s`�(sL~�opx�otsvn$�

� ��� 	�*#*
t ∈ L(fγϕ

(A))
� � ��� �W���'� �'57� +���+ 	 �"����6�������

τ
�"�'���

Pos(t)
�(�

Q
+"�W �k� �W	��

τ(ε) = qf
	�� �

����� 	�*#*
p ∈ Pos(t)

�

t|p →
∗
fγϕ (A) τ(p) and t[τ(p)]p →

∗
fγϕ (A) qf

	�� �
+"�W �.� �8	��

|{p ∈ Pos(t) | τ(p) ∈ Q0 ∧ t|p 6→
∗
A τ(p)}| = n,

� �8�6�
t ∈ R∗(L(A))

�
g¶gr�e��sC®vg�x�c}zPx

Pn
ot~"x���|egm¦§sv��zPqtq

n ≥ 0
�X�4opn(��|}w�x�ops`n�svn

n
©}bTs!~�opf£�eqtop¦§��nesvx�zCx�ops`n}~Mº�qpg�x

NR(t, τ) = {p ∈ Pos(t) | τ(p) ∈ Q0 and t|p 6→
∗
A τ(p)}.

P0 :
�y~�~�|ef£gyx�c}zPx

t
zvn}�

τ
¦§s`qpqtsC¤ x�cegmcX�L�<sPx�cegM~�o{~[sv¦

P0
©1g¯gmc}z¸®vg

|NR(t, τ)| = 0
©`�¾n��}zP��x�o{w�|eq{zP�Nº

ε 6∈ NR(t, τ)
~�s
t = t|ε →A τ(ε) = qf

©T�Xotn}w�g
A
zvn}�

fγϕ
(A)
c}z¸®`g�x�ceg?~�zPf£g£~�g�xrsP¦�µ}n(zPq

~�x&zCx�gN~�º
t ∈ L(A)

©
Pn =⇒ Pn+1

���y~�~�|ef£gmx�c(zCx
Pn
ot~�x���|egm¦§s`�

n ≥ 0
zPn(�!x�c(zCx

t
zvn}�

τ
¦§svqtqpsC¤ x�ceg�cX�L�<sPx�cegM~�o{~#sv¦

Pn+1
©}�Xotn}w�g

NR(t, τ)
o{~"nes`n�¨ªg�f£��x��vº}qpg�x

p
�(g�z£f!zP·Xotf!zPqEgMqpgMf£g�nLxysP¦

NR(t, τ)
�æ¦§s`��x�c}grqpg�·Xo{w�s`uv�&zP�ec}otwMzPq

sv�&��g�� ��©^a#�?f!zC·�otf£zvqpopx��?sP¦
p
ºLsvn}g�w�zvn4zP�e�}qp� ,EgMf£f£z Yrx�s

t|p
©Xb�cX|}~MºPx�c}g���gyg�·�o{~�x&~

t0 ∈ T (F)~�|}w&c4x�c}zPx
t0 →∗

A τ(p)
zvn}�

tp ∈ R(t0)
©�b�ceg���g�¦§s`��g`ºvx�ceg���g�g�·�ot~�x�~�zr¦§|en(w�x�otsvn

τ1
¦§��s`f

Pos(t0)opn
Q0
~�|}w&c4x�c}zCx�¦§s`��zvqpq

p′
º
t0 →∗

A τ1(p
′)
º
t[τ1(p

′)]p′ →∗
fγϕ (A) τ(p)

©�g¶g���g�µ}neg�x�cegm¦§|en}w�x�otsvn
τ2
¦§��s`f

Pos(t[t0]p)
x�s

Q
�X�

•
�ª¦
p
o{~"nesPxyz?�e��g�µ}·�sP¦

p′
º�x�c}g�n

τ2(p
′) = τ(p′)

º
•
�ª¦
p′
o{~�sP¦�x�ceg�¦§s`��f

pu
ºXx�ceg�n

τ2(p
′) = τ1(u)

©

v>v Ò�wyx)zZ{)z
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a#�»w�svn}~�x���|}w�x�otsvnEº
t ∈ R(t[t0]p)

zPn}�
|NR(t[t0]p, τ2)| = n − 1

©%b�cX|}~Mº%�X�_opn}�e|}w�x�ops`nEº
t ∈

R∗(L(A)))
©

,Tg�x
Bn(A)

�<g�x�c}grx���g�g�zv|�x�s`f!zCx�s`n±��g�µ}n}gM���X�
Bn(A) = fnγϕ

(A)
©<�¾n�x�cegSneg�·Xxy�e��sv�<s`~�opx�otsvnEº

¤�g��e��sC®vg�x�c}zCx#x�cegmzP�e�}��s¸·�otf£zPx�otsvnS¦§|en}w�x�otsvn
γϕ
�}��sC®Xo{��gM~�zvn4|en}�eg���¨ªzv�e�e��s¸·Xotf!zCx�ops`nSsv¦]z`w�w�gM~�~�ot�eqtg

x�g���f!~�©

( � Ê * Ê ���ë��� Ê�L � J � �
R
� +

(X \ Z)
	 *X���"� 	�� � ��� 0��1� 	 * �#���"	���� �8�6� �����R	�*#*

n ≤ 0
�
L(Bn(A)) ⊆

R∗(L(A))
�
L(Bn(A)) ⊆ L(Bn+1(A))

	����

⋃

n≥0

L(Bn(A)) = R∗(L(A)).

% �'�Z��� �Da�����g�µ(neo²x�ops`n
Bn+1(A) = fγ(Bn(A)))

©T�#svn(~�gN�`|}g�nLx�qt�vº}x�ceg?~�g�x�sP¦:x���zvn}~�o²x�ops`n}~�sv¦
Bn(A)o{~�otn}w�qt|}��gN�$otn0x�ceg�x���zvn}~�o²x�ops`n}~"~�g�x"sP¦

Bn+1(A)
©(b�cX|}~

L(Bn(A)) ⊆ L(Bn+1(A))
©

�ysC¤rº��L�0b�ceg�s`��gMf Svºes`neg�c}zv~�¦§s`��zPqtq
n ≥ 1

º

R(L(Bn(A))) ∪ L(Bn(A)) ⊆ L(Bn+1(A).

�#s`n}~�gM�L|eg�nLx�qp�`º��L�$z?�eop��gMw�x�otn}��|(w�x�otsvnTº

R≤n(A) ⊆ L(Bn+1(A).

�ªx�otf£�eqtopgN~�x�c}zPx
R∗(L(A)) ⊆

⋃

n≥0

L(Bn(A)).

��n}g�w�zvn³�e��sC®vg�x�c(zCxm¦§sv��zvqpq
n ∈ N

º
L(Bn(A)) ⊆ R∗(L(A))

�X�±z���ot��gMw�x�opn}�e|}w�x�ops`nsvn
n
|(~�otneu

,Tg�f£f!z4�X©

g¶g�n}sC¤�z`�e����gM~�~�x�c}gS�L|egM~�x�otsvn±sv¦�zPn±sC®vgM��¨¾zP�}�e��s¸·�otf!zCx�otsvnT© ,Tg�x
z1, . . . , zk0

�(g�x�cegSg�qtg�f£g�nLx�~
Z
©

,Tg�x
C(A)

�<g�x�ceg�x���gMgSzv|�x�s`f£zPx�z4�eg�µ}negN�±�X�
C(A) = fγA(A)

¤"c}g���g
γA
o{~yotn}��|(w�x�ot®vgMqp�±��g�µ}negN�

¦§s`��zPqtq
l → r ∈ R

º
σ ∈ Σ(Q,X )

º
q ∈ Q

º
p ∈ Pos(r)

�L�

� o²¦ r(p) ∈ F0
º�x�cegMn

γA(l → r, σ, q)(yl→r,p)
o{~"gM�L|}zvq8x�s

min{q | r(p) → q ∈ ∆}

o²¦%o²x�g�·�ot~�x�~MºezPn}�$x�s
ψ(l → r, p, {σ(z) | z ∈ Z ∩ Var(l))

svx�cegM��¤"o{~�g`©

ÍDC v Í(p
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� o²¦ r(p) ∈ F`
�
` > 0

��º�x�ceg�n
γA(l → r, σ, q)(yl→r,p)

o{~�gM�L|}zPq8x�s

min{q | r(p)(β1, . . . , βn) → q ∈ ∆) |βi = r(p.i)σ
o²¦
r(p.i) ∈ X ,

βi = γA(l → r, σ, q)(yl→r,p.i)svx�cegM��¤"o{~�g
}

o²¦%o²x�g�·�ot~�x�~"zvn}�$x�s
ψ(l → r, p, {σ(z) | z ∈ Z ∩ Var(l))

svx�cegM��¤"o{~�g`©
¹}sv��zvqpq

n, i ≤ 0
º
Cin(A)

o{~!opn(��|}w�x�op®`g�qt� �eg�µ}negN� �X�
C0
n(A) = C(Bn(A))

zPn}�
Ci+1
n (A) =

C(Cin(A))
©T�¾n¯x�ceg4n}g�·Xxr�e��s`�(sL~�opx�otsvnTº]¤#g£�e��sC®vgSx�c}zPxrx�ceg$zP�e�e��s¸·�opf!zPx�otsvn±¦§|en(w�x�otsvn

γψ
�e��sC®Xo{��gM~

zvn$sC®`g���¨ªzv�e�e��s¸·�opf!zCx�ops`n£sP¦:zvw�w�gM~�~�ot�eqtgyx�g���f!~�©
( � Ê * Ê ���ë��� Ê�L "yJ � �

R
� +

(X \ Z)
	 *T���"� 	 * �#�!�"	�� 	���� � �

A
� + �H�W�#��� � �8�6�b� �8� +6� �6�W�6��"�

(Ckn(A))k≤0� +B��* ���#�
	�����* $ "���8+��(	��W�4������	�*#*
n ≥ 0

� � � �4�6�����(� ,�$
Cn(A)

�#��+B* �#�&�#� � � �8�����'�"�D	��������
	������
Cn(A)� + �H�W�#��� � � ����� �W�����
�������8�����2	�*#*

n ≤ 0
�
R∗(L(A)) ⊆ L(Cn(A))

�

% �'�Z��� ����opn}w�g
(A, γϕ)

o{~�z
(Fi,Zi, fi) − compatible

�}zvop�r¦§s`��zPqtq
i ∈ {1, . . . , k}

ºE�X�¯otn}��|(w�x�otsvn
zvn}�$|}~�otneu ,EgMf£f£z�)(º

(Bn(A), γϕ)
ot~yzPq{~�s£z

(Fi,Zi, fi) − compatible
�}zPot��zPn}�

Q0 = ∪iQFi,Zi,fi
(Bn(A)) = ∪iQFi,Zi,fi

(A) = ∪iQFi,Zi,fi
(Ckn(A)).

,Tg�x
q ∈ Q

º
l → r

�<g�z?��|}qpg�sP¦
R
zPn}�

σ
z!~�|e�}~�x�opx�|�x�ops`n�sP¦

Σ(X ,Q)
~�|(w&c�x�c}zCx

lσ →∗
Bn(A) q.

��opn}w�g
(Ckn(A), γϕ)

ot~
(Fi,Zi, fi) − compatible

ºXop¦
z ∈ Z ∩ Var(l)

º�x�c}g�n

σ(z) = qσ(z) ∈ Q0.

�#s`n}~�gM�L|eg�nLx�qp�`º
{σ(z) | z ∈ Z ∩ Var(l)) ⊆ 2Q0

o{~�µ}n}o²x�g��ë~�otn}w�g
Q0
o{~�µ}neopx�g#��©8b�ceg���g�¦§s`��g`ºXx�ceg�~�g�x

sv¦%~�x�zPx�gN~"sP¦
Ckn(A)

o{~"otn}w�qt|}��gN��opn
Q(Bn(A)) ∪ ψ(R× {Pos(r) | l → r ∈ R} × 2Q0

¤"ceo{w&c�ot~�z
µ(neo²x�g�~�g�xM©WO³sv��g�sC®vgM�Mºv¦§sv�yzvqpq

n, k
ºXx�ceg�~�g�x�sv¦�~�x�zPx�gM~�sP¦

Ckn(A)
o{~"opn(w�qt|}��gM�0otn0x�ceg�~�g�x"sP¦:~�x�zCx�gM~�sv¦

Ck+1
n (A)

©}b�cegr~�zPf£grzP��uv|ef£g�nLx&~#c}svq{�!¦§sv��x���zvn}~�o²x�ops`n}~�©}�#s`n}~�gN�L|eg�nLx�qt�vºLx�ceg�~�gN�L|eg�n}w�g
(Ckn(A))k≤0o{~�|eqpx�otf!zCx�gMqp�0w�s`n}~�x&zPnLx�¦§sv��zvqpq

n ≥ 0
©

b�cegrotn}w�qp|}~�otsvn
R∗(L(A)) ⊆ L(Cn(A))

o{~"z!��ot��gNw�x�w�s`n}~�gM�L|eg�n(w�gmsP¦:b�ceg�s`��gMf Sv©

����sv�<s`~�opx�otsvn}~�h�zvn}� 9 �e��sC®Xot��g?~�gM®vgM��zvqT|e�e�<g���zvn}�³|}n}��g���¨¾zP�e�e��s¸·�opf!zPx�otsvn}~"sv¦�x�c}g£~�g�x�sP¦�zvw�¨
w�gM~�~�ot�eqtg?x�g���f!~rzv~r~�cesC¤"notn_¹�opu(©�h�©E°�~�otneu�nesPx&zCx�ops`n}~�sP¦"�XgMw�x�otsvn»h�©XSvº8svn}g£wMzPn¶|}~�g4��g�µ}n}gM� zP��¨
�}��s¸·�otf£zPx�otsvn}~#otn$x�ceg�~�g�f£o²¨¾zPqtuvs`��opx�c}f.�e��gN~�gMnLx�gM�$otn�¹�otu}© 9 ©
a�zv~�o{w�zPqtqt�vº<¤"ceg�n¯x�ceo{~�~�gMf£o²¨¾zPqtuvs`��opx�cef2x�g���f?otn}zPx�gM~Mº<g�opx�cegM��x�ceg!w�s`n}��opx�otsvn

A = ∅
sv��x�ceg!w�svn�¨

�eo²x�ops`n
E 6= ∅

o{~��<g!¦ëzPq{~�gv©T�ª¦
A 6= ∅

x�cegMn zCxSqpgNzv~�x�svneg�~�gMw���g�xrx�gM��f ot~���gNzvw&cegN� �§x�ceg$�e��sv�<g���x��
o{~S®Lotsvq{zCx�gM� ��zPn}� o²¦

E = ∅
x�ceg�n x�cegM��g0zP��g4nesvx£zvnL�_~�gMw���g�x�x�gM��f!~?opn»x�ceg0sC®vgM��¨¾zP�e�}��s¸·�otf£zPx�otsvn

w�svf£�e|�x�gM�+�æx�cegr�e��sv�<g���x��!ot~y~�zP¦§g ��©

v>v Ò�wyx)zZ{)z
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L(A0)

R
∗(L(A0))

L(B1)

L(Bn)

n → ∞

L(Cn)

��� �������
	 %� ( � �$" ��%�� ��
 ( ��%� � ������� " %���� ( ����� " %��;� �������$" �$" ��%����.��%����
A := L(B0(A)) ∩ L(Asecret) �
E := L(C0(A)) ∩ L(Asecret) �
n := 0 ���� *������

A = ∅ �! #" E 6= ∅ $%"#&
n := n + 1 �
A := L(Bn(A)) ∩ L(Asecret) �
E := L(Cn(A)) ∩ L(Asecret) ��  #" �'� *����

*)(*�
A 6= ∅ $+ � �  -, � +/. ,0 ê{ÝMäÕØ¾Ö ��1��2�� , � +/. ,� Ù¾×�èLÖ ��  #" *�(

) *$,.-43#- tvÖ�ârÓÕàBÝ�ä65MáM×�ÓÚÙ�ßLâ èLØ¾ÓÕÒ75rÝ�è`Ù�áMâ�Ý�Ù�ÓÕÞ�ÝMäÕä,s85NÖ&Ò`Ö�×�Ý�Ù�Ö�Ü?ÝMíLív×�á�r`ÓÕâ�Ý�Ù�Ó²áMÒ

9 � 	 	 3�F'E 7/=8F�@H< =�@ � 1qE CD?WF�= � 0 ?8@ =�@BE!@ 39:

b�c}ot~S~�gNw�x�otsvn ot~S��gM��o{w�zPx�gN� x�s±x�ceg$zv�e�eqtotwMzCx�ops`n_sP¦�sv�ex�zPotnegN� ��gN~�|eqpx�~MºTotnLx���s���|}w�gN�_�e��g�®Xotsv|}~�qp�`º]x�s
x�ceg!�e�&zvw�x�o{w�zPq:zv|�x�s`f£zPx�o{w?®vg���opµ(w�zPx�otsvnsv¦�~�gMw�|e��opx��³�e��sPx�s�w�svq{~M©<�¾n_�XgNw�x�otsvn Y}©TS`º<¤�g!otn`x���s���|(w�g?x�ceg
c}opu`c�qtg�®vgMq<~��<gMw�opµ(wMzCx�otsvn$qtzvneuv|(zPuvg��  �`LÄ�Ã^`Lotn�Q )4U �[|}~�gM�!x�s?~��<gMw�op¦§�!�e��sPx�sXw�svq{~#zvn}�!¤�g�g�·��eqtzvopn$cesC¤
opx!ot~!x��&zPn}~�qtzPx�gN�»otn`x�s¶x�ceg0¦§sv��f!zPqtot~�f sv¦yx���g�g±zv|�x�s`f£zPx�z¶zPn}� b"�y�8©#b�ceg�nEº:otn �XgMw�x�otsvn Y}© h¤#g
�egM~�w���op�<g"x�c}g�ÀXÁXÂeÃvÄ!:�x�sLs`q(¤"c}otw&c4�}��sC®Xo{��gM~:�}��z`w�x�o{w�zvq}��gM~�|eqpx�~#svn!¤�g�qtq²¨ª¥XnesC¤"n!�e��sPx�s�w�svq{~��e��gM~�g�nLx�gN�
otn¶��|e�}~�gMw�x�ops`n Y}© 9 zPn}�svn³otn}��|}~�x���o{zPq:~�gNw�|e��opx��0�}��svx�s�w�s`qt~yopn �XgMw�x�otsvn Y}© )(©��ysPx�otw�g�x�c}zCx�svneqt��x�¤�s
zvuvgMn`x&~�zP��gm|(~�gN�4x�s4w&cegMw&¥4~�gMw���gNw��4�e��sv�<g���x��£¦§svqtqtsC¤"opneu?��gM~�|eq²x&~�opncQ j�Uª©
; o ×�Ö&Ö/p#èvÙ�áNâ�Ý�Ù�Ý%çXÝMØ¾Ö&ÜDp[è`Ù�áMâ�Ý�Ù�ÓÕÞqp#íLív×�á�r`ÓÕâ�Ý�Ù�Ó²áMÒLØ�ê{á�×8Ù�ßLÖqp[ÒXÝMä,svØ¾ÓÕØ8áMê^tPÖ&Þ&è`×�ÓÚÙ�sBu]×�áMÙ�áCÞ&áMä²ØEÜvÖ&Ô¸Ö&äÕáMí�Ö�Ü
ÓÕÒ£Ì}ÍªÎ8Ï#ì
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g�·��eqtzvopn0cesC¤ o²x�o{~�x��&zPn}~�q{zCx�gN�4x�s!z!b"�y�8©
g¶g|}~�g±x�ceg�e��sPx�s�w�svq�~��<gMw�o²µ(wMzCx�ops`n qtzvneuv|}zvuvg  �`LÄeÃ7` �ë´�otuvc ,Eg�®`g�q�����svx�s�w�s`q��X�<gMw�o²µ(wMzCx�ops`n

,�zPneu`|}zPu`g �#��g�µ(negM��otncQ )�U%zPn}�0�e��otg��}�4�}��gN~�gMn`x�gM�0otn$x�ceo{~�~�gNw�x�ops`nE© ��svx�o{w�g�x�c}zCx8 �`LÄeÃ7`£o{~"|}~�gM�0�X�
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b�ceo{~���svqtgS��gN~�w���ot�(gN~y¤"c(zCx���qtotw�g?�esLgN~mopn¶z��m�X�[¼ �}��svx�s�w�s`q�~�gM~�~�otsvnT©<b�ceg?µ}�&~�x�x���zvn}~�opx�otsvnot~
x�ceg�~�x�zv��x#sP¦]x�c}gy�e��sPx�sXw�svq(¤"ceg���gy��qto{w�g�~�g�n(�e~#z�nesvn(w�g

Na
zPn(�£ceg���n}zPf£g

A
x�s&a#s`�E© ��sPx�otw�g�x�c}zCx

z?�e��otf?gN��®Czv��o{zP�eqtg�f£gMzPn(~�x�c}zPx"x�ceo{~�®CzP��otzv�eqpg�o{~�opn}o²x�otzvqpot¬�gN�]©}b�cX|}~Mº�¤"ceg�n0x�c}ot~"®Czv��o{zP�eqtgmsXwMw�|e�&~�otn
x�ceg?��otuvcLx�¨ªc}zvn}�±~�o{��g?zPn}�nesPxmopnx�ceg?qpg�¦æx�¨ªc}zPn(�~�ot��gSsP¦#z���|}qpg`º(opxmo{~mz!¦§��gM~�cg�qtg�f£gMn`xN©<b�cX|}~Mº<x�ceg
~�gMw�svn}��x��&zPn(~�opx�otsvn$f?gNzPn}~"x�c}zPx�
� ��qtotw�g0��gMw�g�ot®vgN~Sz w�s`n}w�zPx�gMn}zCx�ops`n»sP¦ 9 gMqpgMf?gMnLx�~ Na º Nb′ zvn}� B ¤"cegM��g Na o{~?x�ceg�nes`n}w�gw���gMzCx�gM�$opn$x��&zPn(~�opx�otsvn�Svº

Nb′
ot~�x�cegrnes`n}w�g�uvgMneg��&zCx�gM�$�X�ka�sv��zPn}�

B
ot~"x�ceg a�sv�$� ~�o{��g�nLx�o²x��`º
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