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R	SUTWVYX Z�[]\_^a`cbedgfhTWVYXMd�i�jFVYV kUlUmni"oplFfqd
rts/jvuwX"f/d�xym{z2X"sqi�jpV

|}ovzUz2jpshfy~eX�shXMiqSUX"sqiqSUX�lC���F�K�N��^ �}j
�pXWV��Us/X��p�p�N��^��K��zLov�pXMd

���5�W�"�
�U�p�p� � X�dgfhkL~eb�fhSUX�V6o
�em{V�kUV�fhS0shjFkU�pSUz0kefYopl0~�fhS0X�jFzefhm{V�kUV�f/s/opl0dhVYm�f z0shjF�0ov�Um{�{m fwb
jp¡£¢�m{shXW��XMdhd lUX"fw¢�jFsh¤edYkUl0~eXWs6dgm{lU�p�{X"S0jpz¥opl0~¥V�kU��fhm{SUjpz¦i�jFle§0�FkUs/ovfhm{jpl0dW¨ � X�dgSUj
¢%fhS0ovf6oFdYfhSUX
lckUV �LXWs£jp¡tlUje~eXWd£m{l�fhSUXYlUX"fw¢�jFsh¤�m�l0i"shXMopdhXWdW©0f/SUX"s/X�mnd�o6zLjFm�lNf�¢�SUX"s/X�f/SUX jFzefhm{V�k0Vªz0shjF�0ov�Um{�{m fwb
jp¡�fhsqovl0dhV«m{d/dhm�jFl�fhj�oFiqSUm{X"�pX«f/SUX�V«ov�em�V kUV�fhSUs/jpkU�FSUzUkef kUl0~eXWsh�FjNXMd�o�~es/opV6o
fhmni¬dhSUm�¡­fW¨¯®°l±fhS0m{d
s/X"z2jpshfW©e¢�X�zUs/XWdhX"lNf�jpkUs�ovlLov�{bcdhmnd�¡²jps	fhS0m{d�³�lUX�fw¢�jps/¤6opiWi�mn~eX"lNfK³v¨
´�µN¶C·/¸�¹ �
º5�p� V�k0� f/m »¼SUjpz¯op~eS0jci lUX"fw¢�jFsh¤C©Covl0op��bNfhmni�V«je~eXW�<©½V6o
�em{V�kUV!f/SUs/jpkU�FSUzUkefM©2jFzefhm{V6ov�
f/s/opl0dhVYmnd/dgm{jpl�zUshjF�0ov�0m��{m fwbF©elUX�fw¢�jps/¤¬opiWi�mn~eX"lNf

∗ ¾L¿yÀqÁÃÂnÄ ÅLÆMÁÃÂÃÁÃÇKÇvÈ�É Ê�ÀqËwÌ"ÍKÈ°Î°Ï5ÁÃÐKÑÒÁÓÀMÉ Ô�Ñ
† ÅLÑÒÕqÖ<ÈwË°Î5×-Ø²Å2¾LÙÛÚÛÜ�ÝYÞKØ²ß5ÙÛØ­à�Ù)Õ"ËwÌWÍKÈwÐKËwÕ&ÍKÑ²ÎgÞNá½Å�âgã&äMÞpåqæMâgä&ç�èNÈ?Ú½ÆMÈgé<Ð
Àgê�ÚCÈwëKÈ°ìFÞ
í
Ñ<ÀqÐKËwÈ
‡ ¾L¿yÀqÁÃÂnÄ ÅLÑ<À/Î<ÈgÈwîvÉ Ý�Á Î<Î;ÀqÂ Ï5ÁÃÐKÑÒÁÓÀMÉ Ô{Ñ
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�
� ����� � ��� opl0d�i"X}sqovzUz2jpshfW©FlUjpkLd��"fhk0~em{jplLd?�{X£~��W�Um�f�V6o
�em{V�kUV X"f��no�zUs/jp�0op�Um{��m�f��]~eXyf/s/opl0dgV«mndw»
dhm{jpl¯jpzef/m�V6ov�{X¬~Uopl0d�~eXWd�s��MdgXMovke� d/ovl0d]§L����kUl±dhopkef�X�f�� V kU� f/m?d/ovkefqd"¨¬�}jpk0d�~��"V«jplNfhs/jplLd��NkUX
�{jpsqd��Fk0X���XYlUjFV��Us/X ~eXYlUjcX"kL~Ud�ovkU�FVYXWlNfhX ~0ovl0d]�{X s��WdhXWopkÛ©Lm{��X��emndwf/X kUl0X �{m�V«m�fhXYzLjFkUs��{o��NkUX"�{��X �{o
z0shjF�0ov�Um{�{m f���~eX�fhsqovlLdgV«mndhdhm�jFl�jpzUfhm{V«op��X�i"jps/shXMdgz2jpl0~0ovlNf-ovkY~��"�0m f�V6o
�em{V�kUV�~�� �"V«mndhdhm{jpl«iqS0ovlU�FX�~eX
�
op��XWkUs�dhkU�Um�fhXWVYXWlNfW¨ � opl0d�i�X}sqovz0zLjFsgf?l0jpk0d?zUs��MdgXWlNfhjplLdtlUjpfhs/X}ovl0op��bedhX}~eX]i�X�f�³�oFi"i�mn~eXWlFf�s��MdgXMovk-³v¨
 3¹ �M� · �"! � ��� s��WdhXWopk�op~�SUjeiYV�kU��fhm�»°dhopkef/dW©ÛV«je~eT"�{X¬ovl0op��bNf/m#�NkUXF©Û~��"�Um�f�V6o
�em{V�kUV ©)z0shjF�0ov�Um{�{m f��
jFzefhm{V6ov�{X�~eX�fhsqovl0dhV«m{d/dhm�jFlÛ©eopi"i"m{~UX"lNfy~eX�s��MdgXMovk
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')( ¶ �"� µ �+* ¶-,?¹ �/. µ �/$<� 0
�U¨21 r?shjpfhjei�jF�ÛxybczLjpfhSUXMdgmnd�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ �
�U¨ � r?SNbedhm{iWov�Û\�je~eXW� ¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ �
�U¨ � R-sqo�3¬i�\�je~eX"��¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ �
�U¨ � �}X�fw¢�jps/¤¬\Aovz ¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ �

465 µ � ¸�¹ �%7¦�U�F��$Òº µ # � 8

&)9 .-� ¹ �;:<. , �)�>= ¹ � , �)�M�e�/$ ¹ # ?
�L¨21A@}l0ov�{bNfhmni�shXMdgk0� fqd�¡²jpsydhm�lU�F��X"»;S0jpz¬f/SUs/jpkU�FSUzUkef ¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ �
�L¨ �B@}l0ov�{bNfhmni�shXMdgk0� fqd�¡²jps�V�k0� f/m »¼SUjpz�fhS0shjFkU�pSUz0kef ¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ �
�L¨ � `em�V kU�{ovfhm{jpl R)XMiqSUlUm �NkUX ¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ C

0 ��µ � ��!²�W� D
�U¨21 R	S0shjFkU�pSUz0kef��Kopshmno
f/m�jFl�¢�shf�lckUV��2X"s�jp¡5lUje~eXMd ¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ C

�U¨21F¨21 `cm�l0�p�{X"SUjFz�Z�jFle§0�pk0s/ovfhm{jplª¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ C
�U¨21F¨ � \�kU��fhm{SUjpz Z�jplU§0�pkUsqo
f/m�jFla¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨ E

�U¨ � R	S0shjFkU�pSUz0kef��Kopshmno
f/m�jFl�¢�shf	fhsqovl0dhV«m{d/dhm�jFl�zUs/jp�0op�Um{��m�fwb�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨F1M�
�U¨ �U¨21 `cm�l0�p�{X�»¼SUjpz�fhSUs/jpk0�pSUzUkUf±¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨F1M�
�U¨ �U¨ � \�kU��fhm�»;SUjFz�R	S0shjFkU�pSUz0kef6¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨F1K�

�U¨ � �}X�fw¢�jps/¤G@�i"i"m{~eXWlNf]¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨�¨]¨�¨F1W�
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Z�SLovsqopi&f/X"s/m��Wm�l0��fhS0X�fhSUs/jpkU�FSUzUkef�jp¡�oY¢�m{shXW��XMdhd�lUX"fw¢�jFsh¤6mndyo«iqS0ov�{�{X"lU�Fm�lU� f/oFdg¤C©eXMdgz2XWi"m{op���{b�dhj0©N¡²jps
f/SUX�V kU��fhm�»;SUjFz�¢�m�s/X"�{XWd/dyoF~ SUjei�lUX�fw¢�jps/¤ed"¨	®°l�f/SUmndys/X"z2jpshfW©0¢�X�¡²jei�kLd}jFlAdwf/k0~ebcm�l0�6fhSUX jpzef/m�V kUV
iqSLovlUlUXW�½opi"i"XWd/d�zUshjF�0ov�0m��{m fwb«f/j6opiqSUm{X"�FXyfhS0X�V«ov�em�V kUV fhSUs/jpk0�pSUzUkUfW¨t\AoplNb6s/jpkUfhm{lU� z0shjpfhjei�jF�{d�m{l
oF~eSUjei�l0X�fw¢�jps/¤cd}~ej�lUjpf£fqov¤FX�m�lNf/j�i�jFl0dhm{~eXWs/ovfhm{jplÛ©LfhS0X�X��CXWi�f]jp¡tV«XW~em{kUV_opiWi�XMdhd}j
�pX"s}fhsqovl0dhz2jpshf
z2X"sh¡²jps/V6ovl0i"Xp¨��Ã����¢�oFd«fhSUX §0sqdwf�z0ovz2X"s�fhj±�Fm��FX�fhSUX fhSUs/jpk0�pSUzUkUf�X��Nk0ovfhm{jpl0d¬¡²jps�zLopiq¤pX"f¬s/oF~em{j
l0X�fw¢�jps/¤£ovlL~�dgS0j
¢�XM~}f/S0o
f-fhSUX�i�s/m f/m{iWov�Fz0ovsqovV«X�f/X"s½¡²jFs)lUX"fw¢�jFsh¤]jpzUfhm{VYm��Wovfhm{jpl�mndÛzÛ©Kf/SUX?z0shjF�0ov�Um{�{m fwb
jp¡)f/s/opl0dgV«mndhdhm{jpl�m{l�ovlcb¬�Fm��FX"l dg�{jvfM¨
� �{jp�0op�2fhSUs/jpkU�FSUzUkef�jv¡-oF~eSUjeiyl0X�fw¢�jps/¤cd?m{d�m{lUSUXWshXWlFf/��b«�{m�V«m�fhXM~½¨ � kUzefqo opl0~���kUV6ops�� �
�2zU�{oFi�XM~

opl kUz0zLXWs]�2jpk0l0~ jFlAf/SUX6opdhbNV«zef/jvf/m{i�fhSUs/jpk0�pSUzUkUf]jp¡?V�kU��fhm�»¼SUjpz¯op~AS0jciYlUX"fw¢�jFsh¤edyfhj��LX«jv¡�fhSUX
jFs/~UX"s}jp¡ √

N
logN

©½¢�SUXWshXY�3mnd£fhSUXYlckUV��2X"s]jv¡?l0jc~UXWd]m�l fhSUXYlUX"fw¢�jFsh¤C¨�R	SUXYoFi"i"XWd/dyV«X�f/SUje~Ud�ovs/X
op�{dhj«lUjvf£jpzef/m�V«m��"XW~�¡²jFsyV�k0� f/m »¼SUjpzAops/iqS0m f/XWi&f/kUs/X]�{XWoF~em{lU�«fhj6f/SUX�zUs/jp�0��XWV jv¡�X"�cz2jFdhXW~�lUje~eXMdyovlL~
S0m{~U~UX"l�i�jp�{�{m{dhm�jFl0dW©CfhS0ovf��ps/XWo
f/��b�o��2XMi&f�z2X"sh¡²jps/V«opl0i�XYovl0~¯d/i"ov�nov�0m��{m fwbF¨YR	S0XY®������ Cp�F�U¨21 1�mnd�lUjvf
ovf]op����jpzUfhm{VYm��"XM~�¡²jFs}f/SUX V kU��fhm�»;SUjFz d/i�X"lLovs/m�jL¨]|�XMi�XWlFf�s/XWdhkU� fqd � ����jv¡�ovlAX"�cz2X"s/m{VYXWlNf/ov��dgfhk0~eb�jp¡
d/i"op��m{lU�6�noK¢yd�m{lAop~eSUjei�l0X�fw¢�jps/¤cdyX"V«zU�{j
bNm{lU�6®������ Cp�N�e¨ 1�1]fhXMiqSUlUjp�{jp�Fb�dhSUj
¢ fhS0ovfyfhSUX zLXWs}lUje~eX
f/SUs/jpkU�FSUzUkef?~eXMi��{m�l0XWd��{m�¤FX c

N1.68

¢�SUm{iqS«mndti�jFl0dhm{~eXWs/op�U�{b�¢�jFs/dhX�fhS0opl6¢�S0o
ftmndto
fhf/opm�l0op�U�{X�m{l«fhS0X"jps/bp¨
|�XMi�XWlFf/��b�f/SUX ovkef/SUjpsqd�jp¡ � 1���S0oK�pX��pm{�pXWl ovl±X"�Uopi&f«s/X"zUs/XWdhX"lNf/ovfhm{jpl jp¡yfhSUX�`cm{lU�Fop��fhj��}jpmndgX

opl0~«®°lNfhXWsg¡²XWshXWl0i�Xysqo
f/m�j"!<`c®w�£|$#tovf?fhS0X}s/XWi�XWm��FX"sM©
f/op¤cm�lU��m�lNfhjYopiWi�jpk0lFf�ov�{�0m{lFf/X"sh¡²X"s/X"sqd"¨5R	SUX"b6dhSUj
¢
S0j
¢Qf/SUX�f/SUX�fhsqovlLdgz2jpshf}i"opz0opi"m fwb�m{d}V«ov�em�V«m��"XW~��cb dgXW��XMi&fhm{lU�6f/SUX�zUs/jp�Lov�Um{��m�fwb�jp¡tiqS0ovlUl0X"�)oFi"i�XMdhd
opzUzUs/jpzUs/mno
fhXW��bF¨�®°l�fhSUmndys/X"z2jpshfW©U¢�X�dgfhk0~eb�SUj
¢ fhSUX��2X"S0oK�cm{jps�jp¡-f/SUX�fhS0shjFkU�pSUz0kef}iqS0ovl0�pXWd	¢�shf�fhj
z)¨
R	SUX � kUzUf/o«ovl0~%��kUV6ovs�f/SUshjFkU�pS0zUkef�iqS0ovsqopi�fhX"s/m��Wo
f/m�jFl6m{d�opl�oFdgbcV«zefhjpfhmni]shXMdgkU��fW©eopl0~�m�f�m{d	jp¡

m{lNfhXWshXMdwf�f/j�dwf/k0~eb�fhSUX��2X"SLoK�Nm{jps}jv¡5fhSUX�f/SUs/jpkU�FSUzUkef}jp¡�o¬¢�m�s/X"�{XWd/d	lUX�fw¢�jps/¤C©e¡²jps}�Kopshbcm{lU�«lckUV��2X"s
jp¡�l0jc~UXWdW¨ � X6kLdgX¬opl¯opl0ov�{bNfhmni«VYje~eXW��¡²jps�jFkUs�X��ez2X"s/m�V«XWlFfqd"¨�®°l�f/SUmnd�V«je~eX"�;©)XW�pX"s/bAlUje~eX«f/S0o
f
SLopd�o z0oFiq¤pX"f]f/j fhsqovl0dhV«m fM©)f/s/opl0dhVYm�f/d�fhSUX¬zLopiq¤pX"f�¢�m f/S±o zUshjF�0ov�0m��{m fwb z m�l0~UX"z2X"l0~eXWlNf�jv¡�jvf/SUX"s
l0jc~UXWdW¨�R	SUXY~UX�f/opm��{XW~�dgbedgfhXWV SNbcz2jvf/SUXWdhm{d}¡²jps]f/SUm{d]V«je~eX"��opshXY~em{d/i�kLdhdhXW~ m�l¯dgXMi&fhm{jpl��e¨ � XY�
opshb
f/SUX�fhsqovlLdgV«mndhdhm�jFl�zUs/jp�Lov�Um{��m�fwb6zÛ©0opl0~ dwf/k0~eb¬m�f/dyX��CXWi&fyjFl�f/SUX�lUX"fw¢�jFsh¤«f/SUshjFkU�pS0zUkefW¨
[£kUs�V«opm�l¦s/XWdhkU��f¬m{d«f/S0o
f�oFdYfhSUX lNk0V��2X"s¬jp¡]lUje~eXMd6m{l¥f/SUXAlUX"fw¢�jFsh¤ m{l0i"shXMopdhXWdW©tfhS0X"s/X�m{d¬o

�
op��kUX�jp¡���©�¡²jps¬¢�SUmniqS¦fhS0XAjpzef/m�V6op�yzÛ©	fhj¥opiqSUm{X"�FX�f/SUX V6ov�cm{V�k0V fhS0shjFkU�pSUz0kefW©�kUlL~eX"s/�pjcXWd6o
~Us/opV«ovfhmni�dhSUm�¡­fW¨�®°lAf/SUmnd£s/X"z2jpshfW©2¢�X�¡²jei�kLd£jFlAm{lN�FXWdgfhm{�Fovfhm{lU�6fhS0m{d�~esqovV6o
f/m{i dgS0m ¡­fM©½¢�SUm{iqS�¢�XYi"op���
f/SUX � l0X�fw¢�jps/¤±opi"i"m{~UX"lNf��{¨ ®°l dhXWi&f/m�jFl �0©?¢�X��Fm��FX�o¯~eXMdhi"shm{zefhm{jpl jv¡£fhSUmnd«lUX"fw¢�jFsh¤±oFi"i�mn~eXWlFf6ovlL~
z0shXM~em{i�f�m fqd�jei"i�k0s/opl0i�XF¨
R-j i"jpV«zUkef/XyfhS0X}f/SUshjFkU�pS0zUkef�jp¡½fhSUX]lUX"fw¢�jFsh¤C©p¢�X}kLdgX]o�dgm{V�k0�{ovfhjpsM©N¢�SUm{iqS�m�l6f/kUs/l�k0dhXWd�dgjFV«X

s/XWdhkU��f/d	jp¡)fhS0X�ovl0op��bNfhmni]V«jc~UX"�;¨tR	SUm{d}i�jpV«zUkUf/o
f/m�jFl�mnd�~ejFlUX�¡²jps	fw¢�jYi"jple§L�pkUsqo
f/m�jFl0d'&
( `cm{lU�p�{X�»¼SUjpz¯i�jFle§0�pk0s/ovfhm{jpl)&�®°l fhSUmnd�dhi"X"l0opshm{j�o�lUje~eXYdgfhs/m{�pXWd}fhj dhX"l0~�o¬z0oFiq¤pX�f�~em{shXMi&fh�{b fhj
m fqdy~eXMdwf/m�l0ovfhm{jplÛ¨

( \�kU��fhm�»;S0jpz±i�jFle§0�FkUs/ovfhm{jpl)& xyX"s/Xp©�o�lUje~eX�dgXWl0~Ud�o zLopiq¤pX"f�fhjAm�f/d ~eXWdgfhm{l0ovfhm{jpl �cm{o�o V kU��fhm
SUjpz s/jpkef/Xp¨

R	S0X�dhm�V kU�{ovfhm{jpl f/XWiqSUl0m#�NkUX�m�lc�Fjp�{�pXWd�fhSUX�zUs/jp�0op�Um{��m�fwb¯~Um{dgfhs/m��0kefhm{jpl¥jv¡ys/XWi�XWm��FXW~ XWlUX"s/�pb�o
f«XWoFiqS
l0jc~UXp¨��yj
¢�©vf/SUX"s/Xyovs/X

2N
ovfhjFV«dtm�l«f/SUXy~emndwf/shm{�Ukef/m�jFl6jv¡2fhSUXys/XWi"X"m{�pXM~�XWlUX"s/�pb�ovf�o�lUje~eXF©p¢�SUmniqS«m{d

Ø²ß5ÙÛØ­à



���������	��

��������������������� �

o]zUs/jp�0��XWV3¢�SUXWl f/SUXylckUV �LXWstjv¡ClUje~eXWdtm�l0i"shXMopdhXWdW¨)R-j�i�m{s/i"kUV��FX"lNf�fhSUmndtzUs/jp�0��XWV�©v¡²jpst�novs/�pX��
ov�{kUXWd
jp¡���©LdhjpV«X�lUje~eXWd£ovs/X�VYXWsh�FXW~½¨�R	SUX�shXMdgk0� fqd�jv¡5fhSUX ovl0op��bNfhmni�V«je~eX"�ÛkLdgXM~��cb�fhSUX�dhm{V�kU�no
f/jpsyovlL~
f/SUX�fhS0X�zUshXMi�mndgX�dhm�V kU�{ovfhm{jpl�fhXMiqSUlUm �Fk0X�ovs/X]~emnd/i�k0d/dgXM~�m{l�dgXMi&f/m�jFl��L¨
� X6zUs/XWdhX"lNf�fhSUX«f/SUshjFkU�pS0zUkef�shXMdgk0� fqd�m�l dhX�fhm{jpl �e¨ � X6�
ovs/b fhSUX6zLovsqovV«X�f/X"sqd£z opl0~���©)ovlL~

dhSUj
¢�f/SUX6l0ovfhkUs/X«jv¡�fhSUX«f/SUshjFkU�pS0zUkef�¡²jps�dhm�l0�p�{X�»¼SUjpz¯ovl0~¯V�k0� f/m »¼SUjpz�i�jFle§0�FkUs/ovfhm{jpl0dW¨ � X¬dhSUj
¢
jFkUs�V6ovm{l�s/XWdhkU��fW©cf/SUX�dgkL~U~eX"l�dhSUm�¡­fym�l jpzUfhm{V�kUV fhsqovl0dhV«m{d/dgm{jpl�zUs/jp�0op�Um��{m�fwbp¨
� X�i�jFl0i��{k0~eX6¢�m�fhS±opl¯opl0ov�{bedgmnd�jv¡	f/SUX ³&lUX"fw¢�jFsh¤AoFi"i"m{~eXWlNfK³Ym{l�dhXWi�fhm{jpl �U©-m�l �{m{�pSNf�jv¡�fhSUXMdgX

s/XWdhkU��f/dW¨

� ��� (Û�-�y� � � 1����-����(-��(

R	S0X£¡²jF���{j
¢�m{lU�6ovs/X}f/SUX�V6o
uwjpsyoFdhdhkUV«zef/m�jFl0d�jv¡�jpkUs�V«je~eX"�;¨

���	� 
���
���
���
���������
������ �"!#�

( R	SUX�fhm{V«X�m{d�dh�{jvfgf/XW~½¨

( �t�pXWshb�lUje~eX�fhsqovl0dhV«m fqd�oYz0opiq¤FX�f	jpl�ovlcb¬�Fm��FX"l�dh�{jvf�¢�m f/S�zUs/jp�0op�Um��{m�fwb6zÛ©Um{l0~eX"z2X"lL~eX"lNfh�{b�jp¡
fhSUX�jpfhSUXWs�lUje~eXWdW¨

���$� 
%�&���"!#��'(��)*
�+��,�

( @y�{�½fhsqovlLdgV«m�fgfhm{lU�6lUje~eXMd�!ÒX"V«m�fgfhXWs/d�#�S0oK�pX]f/SUX�dhopV«X£f/s/opl0dhVYmnd/dgm{jpl�zLj
¢�X"s.- ¨

( R	SUX�s/XWi�XWzefhm{jpl dhm��Fl0ov�½o
f}~Um{dgf/opl0i�X�s�jv¡�X"V«m�fgf/X"symnd Q

rα

¨ � X�SLoK�pX�opd/dgkUV«XM~
α = 2.5

¨

( @%z0oFiq¤pX"f�m{dYi�jFshs/XWi�fh�{b s/XWi"X"m{�pXW~¯m�� m fqd `e�£| !<`em��Fl0ov�?fhj��}jpmndgX�s/ovfhm{j #�mnd��FshXMo
f/X"s�fhSLovl �«©
lUjpmndhX�m{dyfhSUX dgkUVªjv¡tdhm��Fl0ov�)zLj
¢�X"sqd	shXMi�XWm��FXW~�¡²shjFVªop���ÛfhSUX�fhsqovl0dhV«m fhfhX"sqd�jFl fhSUX�d/ovV«X�dh��jpfW¨
� X�SLoK�pX�opd/dgk0VYXM~"��/�1M�U¨

���$0 1���'324��)*
�+.� �

( R	SUX fhsqo�3¬i�V«je~eXW�5mnd]kUlUm�¡²jps/V ©½X"�pXWshb lUje~eX«dhX"l0~Ud]X �FkLov�-fhsqo�3¬i�f/j�oplcb�jpfhSUXWs]~UXWdgfhm{l0o
f/m�jFl
m�l�f/SUX�lUX�fw¢�jps/¤C¨

( � X�opd/dhkUV«X f/S0o
f X"�FX"s/b¥lUje~eX¯S0oFd�o±fhsqovl0dhV«m f �Uk��CX"s�§0�{��XM~�¢�m�fhS ovlQm{le§0l0m f/X �NkUXWkUX�jp¡
z0opiq¤FX�fqd"¨ !<`cm{l0i"X]¢�X�¢�oplNf�f/j¬i�jFVYz0kefhX]fhS0X�kU� f/m�V6ovfhX�fhS0shjFkU�pSUz0kef�#

���65 78�9�;:<
=��>?)@'3�

( R	SUX��yX"fw¢�jFsh¤�V6ovz VYje~eXW�em{d�o]d��Nk0opshX�¢�m f/SY� lUje~eXMd5s/opl0~eV«jp�{b�ovl0~�kUlUm�¡²jps/VY�{b�~emndgzLo
f/iqS0XW~½¨
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� X¬¤clUj
¢ fhS0ovf�f/SUX�dhm�lU�F��XWSUjpz¯f/SUshjFkU�pS0zUkef
λS(p, N) ≥ Np(1 − p)N−1 ©-fhS0X"s/X�¡²jps/X¬ovl jFzefhm{V6ov�

�
op��kUX jv¡
p ≈ 1

N

©�¢�jFkU�n~¥�Fm��FX
λS(p, N) ≥ 1

e

¨�\Ajps/X"j
�pXWs
λS(p, N)

s/X"V6opm�l0d¬�LjFkUl0~eXM~ ¢�SUX"l
N− >∞

opl0~�fhXWl0~Ud	f/j �WX"s/j«¢�SUX"l�z m{d	§0�cXM~�opl�~UjNXMd�lUjpf�~UX"z2X"l0~�jpl���¨
@}�{dhj0©�f/SUXAV�k0� f/m »¼SUjpz f/SUshjFkU�pS0zUkef

λM (p, N) ≥ λS(p, N)
dhm�lLi�X�f/SUXAdgm{lU�F��X"»;SUjFz i�jplU§0�pkUsqo
f/m�jFl

mnd£uwk0dgf«o¯dgz2XWi"m{op��iWopdhX�jp¡}V�kU��fhm�»¼SUjpz i�jplU§0�pkUsqo
f/m�jFlÛ¨ � SUX"l¦� mndY�{opsh�FXp©�¢�X�X"�cz2XWi�f f/j��FX�fYfhSUX
V6ov�cm{V�k0V f/SUshjFkU�pS0zUkef�jp¡�f/SUX�jFs/~UX"s�¡²jFs�z±jp¡�f/SUX�jFs/~UX"s 1

logN

©5¢�S0m{iqS±bcm{X"�n~Ud
λM (p, N)

jp¡�fhSUX
jFs/~UX"s�jv¡ √

N
logN

¨ 9 . µ � µ��¼¹ � µ �/. µ � µ ¸ $ ! !�� µ ���U��! � µ ¹�� 5�� ¸ . µ � µ �/. µ ¹�, �/$ �±��!	�U��! � µ
¹�� ,�¸ $ ! !�º-�
���±�e�%$Ò�F��! ! ¶ �%. $ � � � � ¹ �  �
�5 � ¹ �%. µ¯¹ �
º µ � ¹��  �
 ! ¹ : 5�
 � SUX"lAz m{dy§U�eXW~ !²z
� 1 #�©ÛjplUX«dhSUjpkU�n~AjF�0dhX"s/�pX o�dh��j
¢�m{l0i�s/XWoFdgX jv¡

λM (p, N)
ovlL~�fhS0X"l�o�dgfhs/jplU��~eXWi"shXMopdhXp©C¢�SUXWl¯�

m{l0i"shXMopdhXWd	ovl0~�fhS0X"l�o«dg�{j
¢Qm{l0i�s/XWoFdgX]m{l √
N
¨

�5m{�pkUs/X 1}~eXWzUm{i�f/d�f/SUXyzU�{jvf�jv¡CfhSUX£opdhbNV«zef/jvf/m{i	V kU� f/m�S0jpz«fhS0shjFkU�pSUz0keft¢�m f/S6jpkUs�dg�{jvfhfhXW~«V«je~eXW�<¨
®¼fym{l0i"shXMopdhXWd	m{l

A ∗
√

N
logN

¨�R	S0X�lUX�fw¢�jps/¤�opiWi�mn~eX"lNf}dhSUjpk0�{~�jei"i"kUsy¢�SUXWl�f/SUX�V kU� f/m�S0jpz�i"opz0opi"m fwb
s/XWoFiqSUXWd�f/SUX�dgm{lU�F��X�SUjFz�iWovz0oFi�m�fwb6jv¡�ovs/jpkUl0~��U¨ �F�0¨

y

1

0,8

0,6

0,4

0,2

0

N

100008000600040002000

�5m��FkUs/X�1 &t\Ao
�em{V�kUV @}dhbNV«zef/jvf/m{i�R	SUs/jpk0�pSUzUkUf	�ed��}kUV��2X"s�jp¡��}jc~UXWd
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R	S0X �pjNov�yjp¡�o±dhm�V kU�{ovfhm{jpl�s/kUl ¢�m�fhS �_lUje~eXMd"©}iWovl �2X �{m�V«m�fhXM~ fhj fhSUX�V«XWopdhkUs/X"V«X"lNf�jp¡�fhSUX
� � µ �
��: µ ��µ � µH, �/$ ¹ #  �e�"��$�� ¨5R	SUXyoK�FX"sqov�FXtshXMi�XWzefhm{jplYV6o
fhs/m���m{d5f/SUX�V6o
f/shm���¢�SUjNdgX	i�jcX	3¬i"m�XWlFf
cij

mnd?X �Nk0ov�Lfhj�fhSUX]dwfqo
fhmndgfhmniyjv¡)dhk0iWi�XWd/dg¡²kU�Ls/XWi"X"zef/m�jFl¬�cb l0jc~UX?utjp¡)o�z0oFiq¤pX�f?fhsqovl0dhV«m fhfhXW~¬�Nb«lUje~eX
m;¨
R	S0X�¢	oKb�f/SUXYlUje~eXWd]dgXW��XMi&f]fhSUXWm�s�~eXMdwf/m�lLo
fhm{jpl�ovl0~�s/jpkUfhX fhSUXWm�s]z0opiq¤FX�fqd£~ejcXMd}lUjpf]m{lNfhXWsg¡²XWshX�¢�m�fhS
f/SUX�m{lFf/X"s/l0ov�C¡²k0l0i&f/m�jFl0ov�½jp¡-f/SUX�dgm{V�k0�{ovfhm{jplÛ¨ �t�FX"s/b¬lUje~eX]fhsqovl0dhV«m fqd�oYz0opiq¤FX�f�¢�m f/S�o z0shjF�0ov�Um{�{m fwb
z)©U¢�S0o
f/X"�FX"s	m fqdy~eXMdwf/m�l0ovfhm{jplÛ©Udhm{l0i�X�¢�X�i�jplLdgmn~eX"s�f/S0o
f�f/SUX�z0opiq¤FX�f	¢�opm f/m�l0� �NkUXWkUXWd�opshX]¡²kU�{�;¨

5.�	� ���.'�� � ��!	� ��� �	� � ����
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R	S0XYoK�FX"sqov�pX�lNk0V��2X"s�jv¡?s/X�f/s/opl0dhVYmnd/dgm{jpl0d !²m{l0i��{k0~em{lU��fhS0X §Ls/dgf£f/s/opl0dhVYmnd/dgm{jpl #}jv¡�o�z0oFiq¤pX"f}¡²s/jpV
l0jc~UXYm�f/j lUje~eX]u£mnd 1

cij

¨��ÛX"f�kLd�i"ov�{�5fhSUX6V6ovfhs/m � 1
cij

©½fhS0X«fhsqovl0dhV«m{d/dgm{jpl�i�jFdgf�V6o
fhs/m�� � ©Û¢�S0X"s/X

Dij = 1
cij

!²¢�XYdhX�f
Dii = 0

¡²jps�ov�{��m #�¨6R	SUX"s/X�¡²jFshX�fhSUX6oK�pXWs/op�pX�lckUV �LXWs�jv¡�shX"fhsqovl0dhV«m{d/dgm{jpl jv¡�o
zLopiq¤pX"f�f/s/opl0dhVYm�fgf/XW~��cb¬lUje~eX�mCf/j6lUje~eX	u�mnd

Dij

¨
� kUs/m�l0��R�dh��jpf/dW©0f/SUX"s/X«ovs/X�m�l¯oK�pXWs/op�pX�z0�£R�z0opiq¤FX�fyf/s/opl0dhVYmnd/dgm{jpl ovfgf/X"V«zef/d£m{lAfhS0X lUX"fw¢�jFsh¤C¨]®¼¡
λs(p, N)

m{d�fhSUX�fhSUs/jpk0�pSUzUkUf�jv¡	fhS0X�dhbcdgfhXWV ©-f/SUX�lckUV �LXWs jp¡ydgk0iWi�XMdhdg¡²kU�{��b�~eX"�{m{�pX"s/XW~�zLopiq¤pX"f/d�mnd
λs(p, N)T

¨Q`cm{l0i�X�¢�XAopd/dhkUV«X�f/S0o
f6f/SUXAz0oFiq¤pX"f/d«~eX"�{m{�pX"s/XW~¥m{l¦fhSUX�lUX"fw¢�jFsh¤ S0oK�pX dgjFkUsqi�X�ovl0~
~UXWdgfhm{l0o
f/m�jFl0d�kUlUm�¡²jps/VY�{b¬~emndwf/shm{�Ukef/XW~�jpl�fhSUX]lUje~eXWd	opl0~¬f/S0o
f�fhS0X"s/X]opshX

(N − 1)N
z0ovm{s	jv¡-dhjpkUsqi�X

opl0~�~eXWdgfhm{l0o
f/m�jFl0d !²m;© u #�©efhS0X�lNk0V��2X"s�jv¡5z0opiq¤FX�fqd�~eXW��m{�pXWshXM~¬¡²s/jpV%dhjpk0s/i"X£mCf/j«~UXWdgfhm{l0o
f/m�jFl�u	~ekUs/m�lU�
R dg�{jvfqd"©emnd λs(p,N)T

(N−1)N

¨
��opiqS�f/s/opl0dgV«mndhdhm{jpl�¡²s/jpV mNfhj?u-i�jNdwfqd)m{l oK�FX"sqov�pX

Dij

s/X�fhsqovlLdgV«mndhdhm�jFl0dW©"f/SUX"s/X�¡²jFshX ∑

i,j

λs(p,N)TDij

(N−1)Nmnd�X �Nk0ov�?fhj�f/SUX¬f/jvf/op�?lckUV �LXWs�jv¡�f/s/opl0dhVYmnd/dgm{jpl o
fhfhXWVYzUf/d�m{l f/SUX�lUX"fw¢�jFsh¤¯~ekUs/m�l0� R dg�{jvfqd�ovlL~
dhSUjFkU�{~��2X�X��Nk0ov�Cf/j

pNT
¨�R	SUXWshX"¡²jps/X

λs = pN2(N−1)
∑

(i,j)
Dij

5.�$� ���.'�� � ��!	� ��� �	� � ����
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&�������
��opiqS¬lUje~eX£m2i"jpV«zUkef/XWd�m�f/d��LXMdwf	shjFkefhXyfhj oplcb«~UXWdgfhm{l0o
f/m�jFl�u�¨�R)j�fhSUmnd�X"l0~6m�f	zLXWsg¡²jFshV6d?o � m uw¤edwf/s/o
op���Fjps/m f/SUV!jpl fhSUX«V6o
f/shm�� � ¨ÛR	S0X �2XWdgf�shjFkefhXYm{d£f/SUX«shjFkefhX

(i1, i2, ..., ik)
dhk0iqSAf/S0o
f

i1 = i
ovl0~

ik = j
ovl0~�dgk0V ∑

Dilil+1

m{d	V«m{lUm{V«op�<¨��)X�f
Hij

�2X�fhSUX�V«m{lUm{V«op�ÛV�k0� f/m�SUjFz �Kop��k0Xp¨

� XAk0dhX fhS0X !²V«m{lÛ©�� #¬ov�{�pjps/m�fhSUV,f/j±i�jFVYz0kefhX f/SUXAV«m�l S0jpz¦V6o
fhs/m�� x�¨ � X�dgX"f
H = D

ovl0~
¢�X m f/X"sqo
f/X

H ← H ∗ D
kUlNfhm{�}x!mnd6dwfqo
f/m�jFl0ovs/bp©�¢�m f/S

(H ∗ D)ij = minl(Hil + Dlj)
¨¦fhSUXWshX

i"jpkU�n~6�2X£jFlU�{b«o�V6o
�em�V kUV jv¡Û�{jp�Y��m�fhX"sqo
f/m�jFl0dW¨5R5ov¤cm{lU� dhm�V«�novs�shXMopdhjplUm{lU��oFdtm{l�i�jFV«zUkef/ovfhm{jpl¬jp¡
dhm{lU�p�{X"SUjFz�f/SUs/jpkU�FSUzUkefM©e¢�X��pX"f	fhSUX�V6o
�em{V�kUV fhSUs/jpk0�pSUzUkUf	jp¡-f/SUX�V�kU��fhm{SUjFz dhbedwf/X"V

λM (p, N) = pN2(N−1)
∑

(i,j)
Hij
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R	S0X¬oK�pX"sqov�FX�s/XWi"X"zef/m�jFl�V6o
f/shm�� Z�mnd�i�jFVYz0kefhXM~��cmno dgm{V�kU�no
f/m�jFl0dW¨��yj
¢�©)fhSUXWshX6i"opl��LX«fw¢�jAovze»
z0shjNopiqSUXMd5¡²jps�iWov�ni�kU�no
f/m�jFl«jv¡ÛV6o
f/shm��¬Z£¨NR	SUX�§0sqdgf�ovz0zUshjNopiqSYk0dhXWd�f/SUX£dhm{V�kU�no
f/m�jFlYjp¡Ûz0opiq¤FX�f�f/s/opl0dw»
V«mndhdhm{jpl±¢�SUm{�{X�f/SUX�dgXMi�jplL~±ovzUz0shjNopiqS m{lN�Fjp�{�pXMd�i�jFV«zUkefhm{lU��fhSUX�zUs/jp�0op�Um{��m�fwb ~em{dgfhs/m{�Ukefhm{jpl¥jv¡}s/X�»
i"X"m{�pXM~�XWlUX"s/�pb¬ovf	XMopiqS�lUje~eXp¨ � SUm{�{X�¢�X�S0oK�FX£m{V«zU��XWV«X"lNfhXM~��2jvf/S�fhSUX�opzUzUs/jFopiqS0XWdW©pf/SUX�zUs/jp�U�{X"V
¢�m�fhS¬fhSUX}dhm{V�kU�no
f/m�jFl6jv¡½z0opiq¤FX�f�f/s/opl0dgV«mndhdhm{jpl«m{dtfhS0ovf�¢�X}ovs/X�lUjpf�ov�0��X	f/j d/i"ov�{X�jpk0s�i�jFV«zUkef/ovfhm{jpl0d
f/j¬ovlAoFi"i�XWzef/op�U�{X���XW�pX"�;¨	R	SUX�s/XWdhkU� fqd�zUs/XWdhX"lNfhXM~�SUX"s/X"m{l�k0dhX�fhSUX�dhXWi"jpl0~�opzUzUs/jFoFiqS�jv¡ti"jpV«zUkef/m�lU�
f/SUX�zUs/jp�0op�Um{��m�fwb¬~emndwf/shm{�Ukef/m�jFl�jp¡-s/XWi"X"m{�pXW~�X"l0X"s/�pb¬o
fyXMopiqS�lUje~eXp¨
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