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M2L
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j =

P−j∑

n=0

n∑
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M l
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j+n (ρ, α, β).
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M2M

s�{�Z>l���enm|sJh³©¯y^c-Z�}�{jzp�um hjZL�+m h �!��lnZ GUG "�enWjZ
L2L
s�{�Z>l���enm|sJh+�js�ZKchjs�em h�eglnsd�ji�x�Z��uhdb�ZLlglns�lC�ueC��z|zH©P·�Zx>�uh$egWdi�cC¢sdx>i�c�s�h$egW�Z

M2L
s�{�Z>l���egm s�hµ©� h egWjZ$¢s�z z|s�ªCm hj�Nª�Z�{jlns���Z�enW���e��uh

M2L
s�{�Z>l���ens�l²ªCm¬enW cgm|h���z Z�WjZLm|�JWJe[´�ZLlgh�Z>z�lgZKcf{�ZLx�enc²�NcgW��uln{�ZLlglns�lD��sJijh��§ cfm Y[m|zp�ul�ensDenWjZ�s�h�Z�{�lgZKcfZLhJenZL�$m|h � (rz|z =J�0" ¨ © � eAW���c�ens[��Z�hjs�egZK��enW���eCenWjm c�ZLlglns�l���s�ijh���¢sJlAcfm hj��z Z5WjZ>m ��W�e M2L

´�ZLlghjZLzª���c��jlnm Z 6 b�{�lgZKcfZLhJenZL�$�db<� · +*��=->9"H¡j��i�eCegWjZLb�W��S�JZwi�cfZK���js�ij�jz Z5WjZ>m ��W�eC´�ZLlgh�Z>z&m h$enWjZ>m lCm Y²{�z|ZLY²ZLh�en��enm|sJh³©
� h�sJln��ZLl�egs�{jlns���Z�enWjm c^Z>lnlgsJl���sJijh��&¡�ª�Zcfegi��jb�enWjZ{�suegZLh�egmp�uz³m h�{�sJm|h�e

Z
��ijZ5ens�s�hjZcgm hj��z Z�ijhjm|ewx�W���lg�JZ�z s�x>�uegZL�m h

Q
��c�{jmpx
enijlnZL�1m|h1¤��JijlnZ < © < © ·NZN��Z>hjs�egZ±�db B1

§ lgZKcf{�ZLx�egm ��Z>z b B2 ¨ egWjZ¯���uz zAx�Z>h�enZ>lnZL�1m|h X1

ªCm¬enW1l����jm|i�c
r1

X

X
X

X

r2

X2

X1
Q

r1

Z

x

y

z α

��m|�JijlgZ < © < ® �wi�lC{jlgsJ�jz Z>Y�x>s�h�¤��Jijl���egm s�hµ©

§ lgZKcf{�ZLx�egm ��Z>z b
X2
�uh��

r2 ¨ © Z mpcAZ>h�x�z sJcgZL��m|h B1
¡
Q
m|h B2
©A_�s�lnZ>s��JZ>lK¡j��Z>hjs�egm hj�

R = ‖X1 −X2‖
¡�ª�Z-��cncfi�Y²Z5enW���eK®

R > r1 + r2
©

� Z>hjs�egm hj�
α
egWjZC�uh���z Z¶��Z�evª�Z>Z>h��v�JZLx�egs�l�c��

Q
�uh��

Z
¡
r>

§ lnZLcg{�ZKx
enm|�JZ>z b
r< ¨ egW�Z�Y��u}dm Y-i�Y § lnZLcg{�ZKx
egm ��ZLz|b5Y[m hjm|YDijY ¨��Z�evª�Z>ZLh$enWjZ�hjsJlgY's�¢

Q
��h���enWjZ�s�h�Z�s�¢

Z
¡���h��

Pn
egWjZ¹µZ>��ZLh���lnZ5{�sJz|bdhjsJY²mp�uzpcL¡�ª�Z�W��S�JZ�®

Φ(Z) =
1

‖Z−Q‖ =
+∞∑

n=0

rn
<

rn+1
>

Pn(cosα).
§ < © <U< ¨

� Z�¤�h�m|hj�
ΦP (Z)

enWjZ�{�suegZLh�egmp�uz&ªCm|egW�¤�hjm|egZcgijY[Y���egm s�h±ij{$egs
P
¡�ª�Z�W��S�JZ�®

‖Φ(Z)− ΦP (Z)‖ =
+∞∑

n=P+1

rn
<

rn+1
>

Pn(cosα).

ywc�¢s�lA��z|z
n ≥ 0

�uh���¢sJlA�uz z
x ∈ [−1, 1]

¡�ª�Z5W��S��Z |Pn(x)| ≤ 1
¡jª�Z�x>��h$ªClnm¬enZ�®

‖Φ(Z)− ΦP (Z)‖ ≤
+∞∑

n=P+1

rn
<

rn+1
>

=
1

r> − r<

(
r<

r>

)P+1

.
§ < © < � ¨

V�Wjmpc�z ZL����c�egs[egW�Z5¢s�z z|s�ªCm hj�²Z>lnlgsJl���s�i�h��&®
� � Á L Á �:9�:9 Á 8 5���5�� ∀ Q ∈ B1

������� ∀ Z ∈ B2
� =�&�/1�-% &'��� �$�U&)� 
!/�& :\���$���!
������

R > r1 + r2
�

‖Φ(Z)− ΦP (Z)‖ ≤ 1

R − (r1 + r2)

(
r1 + r2

R

)P+1

.
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� � �H� + � � h±s�l���ZLl�egs[{jlns���ZwegWjZLs�lnZ>Y >�¡jª�Z�x>s�h�cgm �jZ>lA�²Y-ijz|egm {�s�z Z�Z�}�{��uh�cfm s�h³¡jx>Z>h�egZLlgZK��m h
X1

¡��uh��±�²z sdxL�uz&Z>}d{��uh�cgm|sJh³¡x>Z>h�egZLlgZK��m h
X2

¡jegs[Z�}�{jlnZLcnc�egWjZ�{�suenZ>h�egmp�uz³�ue
Z
��ijZ5ens[egWjZ�{���lfenm x>z|Z5m h

Q
©P·NZcfen��lfeCªCm|egW³®

Φ(Z) =
1

‖Z−Q‖ =
1

‖ (X2 −X1)− ((Q−X1)− (Z−X2)) ‖ .

adm h�x>Z5egWjZ-x>s�h��jm¬enm|sJh
R > r1 + r2

¡�ªCWjm x�W±�Ji��ul��uh�egZLZLc�egW�Z-x�sJh��JZ>ln��ZLh�x�Z�su¢?��s�egW±Y-i�z¬enm|{�s�z Z-�uh��$z s�x>��z&Z�}�{��uh�cfm s�h�cL¡m Y[{jz|m ZLc ‖(Q−X1)− (Z−X2)‖ < ‖X2−X1‖
¡dª�Zwx>��h�ªClnm¬enZ^ªCm|egW�egWjZ�x�zp��cncgm xL�uzjenln��h�cgz �uegm s�h[egW�Z>s�lnZ>Y § egWjZLs�lnZ>Y < ¨ ®

Φ(Z) =

+∞∑

n=0

n∑

l=−n

(−1)nI−l
n ((Q−X1)− (Z−X2)) Ol

n (X2 −X1) .

adm h�x>Z
I l
n(−X) = (−1)nI l

n(X)
¡jª�Z�W��S��ZJ®

Φ(Z) =

+∞∑

n=0

n∑

l=−n

I−l
n ((Z −X2)− (Q−X1))Ol

n(X2 −X1).

·�Z-enWjZ>hNi�cgZ-enWjZ � h�hjZ>lg¥Uensu¥ � hjhjZLlAegl��uh�cfzp��enm|sJh�egWjZLs�lnZ>Y § enWjZ>sJlgZLY�º ¨ ¡&ªCW�m x�W���sdZLcwhjsue5lgZKo�ijm|lnZD��hdb±x>s�h��jm¬enm|sJh¯s�h
X
��h��

X′ ¡��uh��$s��jen�um h³®

Φ(Z) =

+∞∑

n=0

n∑

l=−n

n∑

j=0

j∑

k=−j

(−1)jIk
j (Q−X1)I−l−k

n−j (Z−X2)Ol
n(X2 −X1).

§ < © < º ¨
·�Z�ZLY[{jW���cgm �>Z�WjZ>lnZrenW���e�egWjZ�ZKoJi���egm s�h § < © < º ¨ mpc�tvi�cveP�wlgZLªClgm|egm hj�^s�¢�ZLo�i��uegm s�h § < © <U< ¨ ®³enW���e�� c�ªCWdb5ªCWjZ>h-eglns�h�xL��egm hj�enWjZcfZLlgm ZLc�m h±ZLo�i��uegm s�h § < © < º ¨ ¢sJl n > P

ª�Z�s���e��um h�enWjZcn�uY[Z5Z>lnlgsJl���s�ijh����Jc�m|h±{jlns�{�sJcgm|egm s�h § < © < ¨ ©rV�Wdi�c�ª�Z5W��S�JZ�®

ΦP (Z) =
P∑

n=0

n∑

l=−n

n∑

j=0

j∑

k=−j

(−1)jIk
j (Q−X1)I−l−k

n−j (Z−X2)Ol
n(X2 −X1).

·�Zx>��h$m hd��Z>l�cgZ^enWjZ5evª�s²¤�h�m¬enZcfijY[Y���enm|sJh�c�s�h$egW�Z��Z>�JlgZLZLc
n
��h��

j
z m|´JZ�®

ΦP (Z) =

P∑

j=0

j∑

k=−j

P∑

n=j

n∑

l=−n

(−1)jIk
j (Q−X1)I−l−k

n−j (Z−X2)Ol
n(X2 −X1).

·�Z5¤�l�cveCm hJenlgs���i�x�Z
n′ = n− j

®

ΦP (Z) =

P∑

j=0

j∑

k=−j

P−j∑

n′=0

n′+j∑

l=−(n′+j)

(−1)jIk
j (Q−X1)I−l−k

n′ (Z−X2)Ol
n′+j(X2 −X1),

��h��
l′ = l + k

egs[s��jen�um h³®

ΦP (Z) =

P∑

j=0

j∑

k=−j

P−j∑

n′=0

n′+j+k∑

l′=−(n′+j)+k

(−1)jIk
j (Q−X1)I−l′

n′ (Z−X2)Ol′−k
n′+j(X2 −X1).

·�Z5lgZLY²ZLY-��Z>l�WjZLlgZwegW��ue
I−l′

n′ (x)
m Y[{�s�cfZKc>® −n′ ≤ l′ ≤ n′ © � h�enWjZ�cg��Y[Zwª��Sb�¡ Ik

j (x)
m Y²{�sJcgZLcL® |k| ≤ j

¡�egW���eCm c�enscn�SbQ®
j + k ≥ 0

¡j�uh��³®
k − j ≤ 0

©P_�s�lnZ>s��JZ>lK®
j + k ≥ 0 ⇒ n′ + j + k ≥ n′,
k − j ≤ 0 ⇒ −(n′ + j) + k = −n′ + (k − j) ≤ −n′.

]^h���Z>l�enWjZLcgZx�sJh���m|egm s�h�c�ª�Z5W��S��Z�enWjZ5¢s�z z|s�ªCm hj�²ZLo�i���z|m|evbQ®
n′+j+k∑

l′=−(n′+j)+k

=

n′∑

l′=−n′

.
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l = −l′

�uh��
n = n′ ¡jª�Zw¤�h��uz z|b$W��S��ZJ®

ΦP (Z) =

P∑

j=0

j∑

k=−j

P−j∑

n=0

n∑

l=−n

(−1)jIk
j (Q−X1)I l

n(Z−X2)O−l−k
n+j (X2 −X1).

¹µZ�e � c�lnZ>Y��uln´[egW��ueL®
P∑

j=0

P−j∑

n=0

≡
∑

|j|≤P
|n|≤P,

0≤n+j≤P

≡
P∑

n=0

P−n∑

j=0

.

·�Z�s���e��um h³®

ΦP (Z) =
P∑

n=0

n∑

l=−n




P−n∑

j=0

j∑

k=−j

(−1)jIk
j (Q−X1)O−l−k

n+j (X2 −X1)


 I l

n(Z−X2).

��s�l±�uz z
Q ∈ B1

¡^enWjZNYDijz|egm {�sJz|Z+Z�}�{���h�cgm|sJh�c�enZ>lnY�c
Mk

j

¡ ∀ (j, k) ∈ N2 ªCm|egW 0 ≤ |k| ≤ j
¡���ZLm|hj�3��Z>¤�hjZL� �db�®

Mk
j = (−1)jIk

j (Q−X1)
¡jª�Z�W��S��ZwegWdi�cC{jlns���ZK��enW���eK®

ΦP (Z) =

P∑

n=0

n∑

l=−n

Ll
nI l

n(Z−X2),

ªCWjZLlgZ�enWjZ
Ll

n

�jZ>hjs�egZ�egWjZ�z s�x>��z�Z>}�{��uh�cgm s�h�enZ>lnY�c>¡�x�Z>h�enZ>lnZL� m|h
X2

¡���ijZ±ens�egWjZ±ijhjm|e�x�W���lg�JZ�z sdxL��enZL� m|h
Q
¡��uh��sJ��en��m|hjZK��enW��uh�´dc�ensDenWjZ

M2L
sJ{�ZLln�uegsJl�ªCm|egW±cfm hj�Jz|Z�WjZ>m ��W�e

M2L
´�Z>lnhjZLzQ��{j{jz m|ZK��ensDenWjZ5Y-ijz|egm {�s�z Z�Z>}�{��uh�cgm s�h�enZ>lnY�c

Mk
j

��cL®
Ll

n =

P−n∑

j=0

j∑

k=−j

Mk
j O−l−k

n+j (X2 −X1)

� eW��Jc�egs±��Z�hjsuenZL�NegW��ue5egWjZ�x>s�h���m|egm s�h�su¢�ª�Z>z z¬¥ cfZL{��ul���enZ>hjZKcgcL¡QªCm¬enW+Z>m|egWjZLl
ws = 1

s�l
ws = 2

¡³mpc�m|hN¢£��x�eY[s�lnZcfeglnm x�eCegW���h
R > r1 + r2

m h$sJln��ZLl�egs[Z>h�cgijlnZ��-¢£�JcveCZLhjs�ij�JW�x>s�hd��ZLlg�JZ>h�x>Z�©�· m¬enW
ws = 1

¢sJlCZ�}j�uY[{jz Z�¡�ª�Z5W��S��ZJ¡J¢sJlA�
x>Z>z z³su¢?cfmp��Z

l
®

r1 = r2 =
√

3
2

�uh��
R ≥ 2
©PV�Wdi�cL®

‖Φ(Z)− ΦP (Z)‖ ≤ 1

R− (r1 + r2)

(√
3

2

)P+1

=
1

R − (r1 + r2)
(0.866)

P+1
.

· m|egW
ws = 2

¡ §
R ≥ 3 ¨ ¡�ª�Z�s��jen�um h³®

‖Φ(Z)− ΦP (Z)‖ ≤ 1

R− (r1 + r2)

(√
3

3

)P+1

=
1

R − (r1 + r2)
(0.577)

P+1
.
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R−r1
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ws = 1 ⇒ (0.764)P+1��h��
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R′

)P+1 ªCWjZLlgZ
R′ ��Z>hjs�egZKc-enWjZ�Y²m hjm|¥Y��uzC��mpcfen�uh�x�Z���Z>evª�ZLZ>h�enWjZ±x�Z>h�enZ>l[su¢AenWjZ�Y-ijz|egm {�sJz|Z±Z>}d{��uh�cgm|sJh �uh�� egW�Z${�s�m h�e²ªCWjZLlgZ$egW�Z${�suenZ>h�egmp�uz�mpc²x>s�Y[{ji�enZL�§

ws = 1 ⇒ (0.577)P+1 ��h�� ws = 2 ⇒ (0.346)P+1 ¨ ©
� h[x�sJh�x�z i�cgm|sJh³¡ucfm h�x>Z¶enWjZ�Z>lnlgsJl�m hD{�lgsJ{�s�cfm|egm s�h § < © < ¨ mpc?Wjm|�JWjZ>l�enW��uhDegWjZ�sJhjZ��jijZ�egs�egWjZ�YDijz¬enm|{�s�z Z�Z�}�{���h�cfm s�h-egZLlgY�c§ cfZLZ � �5~ =��#" ¨ ¡��uh���cgm h�x�Zh�s����j�jm¬enm|sJh��uz³ZLlglns�lCmpcAm h�eglns���i�x�ZK�±�db�egW�Z M2M

�uh��
L2L
s�{�Z>l���ens�l�c>¡denWjZ-ZLlglns�lC��s�ijh��±su¢enWjZ�?_¯_#ªCm¬enW±��cgm hj��z Z5WjZ>m ��W�eC´�ZLlghjZLz

M2L
s�{�Z>l���egsJl�m c�enWjZ>lnZ�¢sJlgZ�egW�Zcg��Y²Z��Jc�m h±{jlns�{�sJcgm¬enm|sJh § < © < ¨ ©
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M2L
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egmpx>��zP��x>x>ijl���x�m ZLc�ªCm z|zP��Z[{�s�cgcgm �jz|Z��Jc���ZLcnx�lnm|��ZL��m|h cgZLx�egm s�h �d®cgZ>Z��z cgs � (rz z =��." § cfZKx
egm s�h * © ºj© < ¨ ¢s�lA�²�jlnm Z�¢Px�s�Y[{���lgmpcgs�h�i�cgm hj�[egWjZLs�lnZ�enm xL�uzQs�{�Z>l���enm|sJh�x>s�ijh�eC��c>©P��xLx�ijl���x>b�©
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M2L
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M2L
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c
enWjZ²cgm �>Z²su¢¶��x>s�Y[{jz Z�}�hdijY-��Z>lK¡Qm|h���s�i��jz|Z²{jlnZLx>m cgm|sJh�ª�Z²W��S�JZ�®

c = 16
��b�enZLcL©ywc5ª�ZDs�hjz b�i�cgZDm h�enWjZ²Z�}�{��uh�cfm s�h�c^egZLlgY�c�ªCm|egW�{�s�cfm|egm ��Z²s�l�hdijz|z?sJln��ZLlncL¡�egWjZ[cgm �LZDs�¢���YDijz|egm {�sJz|Z §M ¨ s�l5z s�x>�uz § L ¨Z>}d{��uh�cgm|sJh��Jx>x>s�l���m|h��-ens

P
mpc § cgZ>Z���Z�¤�hjm¬enm|sJh�c < © < �uh�� < © º ¨ ®

M(P ) = L(P ) =
P∑

j=0

j∑

k=0

c =
(P + 1)(P + 2)

2
c.

V�WjZ�hdijYD��ZLlCsu¢Px�ZLz|zpc N m h��uh�s�x
eglnZ>Z5s�¢�WjZLm|�JW�e H mpc>®

N (H) =

H∑

l=0

8l =
8H+1 − 1

7
.

·�ZAhjZLZL�²hjs�ª egsY[ZL�Jcfi�lgZ�egW�Z^cfm �>ZCs�¢QegWjZ
M2L
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egm s�h�crªCWjmpx�W��ulnZC{jlgZKx�sJY²{�i�egZK�-¢sJlrZL�Jx�W[z|ZL��Z>zH©?V�WjZ>m lhdijYD��ZLl�x>s�lnlgZKcf{�s�h���cQegs^egWjZ�hdijY-��Z>l�su¢���z|zJ{�s�cgcgm|��z|Z
M2L
��ZKx
ens�l�c>¡LegW��ue�mpc³enswcn�Sb NT = (2(2ws+1)+1)3−(2ws+1)3

¡��h��$egWdi�c�ªCm|egW
ws = 1

®
NT = 316.· m|egW[cfm hj�Jz|Z�WjZ>m ��W�e

M2L
´�ZLlghjZLz�enWjZ�cfm �>Z�su¢�sJhjZ

M2L
egl��uh�cf¢Z>l�¢ijh�x�egm s�h T ZLo�i���z c M ¡��ji�e?ªCm¬enWD��sJij�jz Z�WjZLm|�JW�e�´�ZLlgh�Z>zH¡ª�ZW��S�JZ�® T (P ) =M(2P )

©CV�WjZLlgZ>¢s�lnZ�¡�enWjZ�egs�en��z³Y[Z>Y[s�lnb$lnZLo�ijm lnZ>Y[Z>h�encL¡ 2 &) D¡�¢s�lAenWjZ-x>z �Jcgcgm x
M2L
x>s�Y[{ji�e���enm|sJhmpc>®

Mem(P, H) = N (H). (M(P ) + L(P )) +NT .T (P ).��s�lAcgm|hj�Jz|Z5WjZLm|�JW�eA´�Z>lnhjZLz�enWjmpcC��m ��ZKc>®

MemSg(P, H) = N (H)(P + 1)(P + 2)c +NT
(P + 1)(P + 2)

2
c,

§ < © < > ¨
��h��$¢s�lA��sJij�jz Z�W�Z>m ��W�eA´�ZLlghjZLzU®

MemDb(P, H) = N (H)(P + 1)(P + 2)c +NT
(2P + 1)(2P + 2)

2
c.

§ < © < � ¨
5�� ?�� E

M2L
Á L ½ ����� Á ��� Á � L , ½ 	�9� ¾

ywcw��lnZ�¢ZLlgZLh�x�Z5¢sJlwx>s�Y[m|h���x�sJY²{��ulnm cgs�h�c�ª�Z-��z cgs�{jlnZLcgZ>h�eAenWjZ-��m|«�ZLlgZLh�x�ZDsu¢rx�sJY[{jz|Z>}�m¬evb���Z>evª�ZLZ>h¯cgm|h���z Z-�uh����js�ij�jz ZWjZLm|�JW�enc
M2L
´JZ>lnhjZ>zH©r·�ZlgZKx>��z|zQenW���eAsJhjz|b$z|s�xL�uz³Z>}d{��uh�cgm|sJh�enZ>lnY�cCªCm¬enW±{�s�cfm|egm ��Z�sJlAhdijz|zµs�l���Z>l�cC�ulnZ�x�s�Y[{jijegZL�³©��jsJlcgm|h���z Z�W�Z>m ��W�eL¡jª�Z5W��S��ZwegWdi�cL®

M2L =
1

12
(P + 3)(P + 1)(P + 2)2,

ªCWjm z Z5¢s�lA��sJij�jz Z�WjZ>m ��W�e�egWjmpcCmpc>®
M2L =

1

2
(P + 2)(P + 1)3.
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¡
M2L
�uh��
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M2L
´JZ>lnhjZ>z���h��²egW�Z^�jz s�x�´D�JZ>l�cfm s�h²i�cgZL�[ens{jlnZ>��ZLh�erh�i�Y²ZLlgmpx>��zm h�cfen�u��m|z m¬evb$m|Y[{jz Z>Y[ZLhJenZL��m h � q¶_¯V�y W��Jc�lgZKcvenlgmpx
enZL��egWjZ�{�sJcncfm �jz Z����uz ijZLc�s�¢

P
egs[Y-ijz|egm {jz ZLcCs�¢�enWjZ��jz s�x�´�cfm �>ZJ©� h�enWjmpcwcgZLx�egm s�h¯ª�Z��ZLhjZ>l��uz m �>Z�enWjm c��?�?V Z>hjW���h�x�ZLY[Z>h�e^ens���suegWNcfm hj��z Z-��h��¯��sJij�jz Z-WjZLm|�JWJe

M2L
´�ZLlgh�Z>z���h��±enWjZ�jz s�x�´���ZLlncgm s�h�{�lgZKcfZLhJenZL�$WjZ>lnZ�x>��h$��Z�i�cgZL�$¢s�lA��h�b

P
©V�WjZ$���?V W��Jc��Z>ZLh��u{j{jz m ZL� sJhjz|bNegs

M2L
s�{�Z>l���ens�lcgm|h�x>Z�egW�m cDm cegWjZ$Y[sJcfeegm Y[Z�¥ x�s�h�cfijY[m hj�¯sJ{�ZLln�uegs�l�m h enWjZ�?_¯_ ¡��ji�eCm¬e^cgWjsJijz �$��Z5cfegl��um ��W�eg¢s�lnª���ln�²ens[�jZ>lnm|�JZ��?�?V ¢sJl

M2M
§ cgZ>Z,� ( � =J�#" ¨ �uh�� L2L

©8+As�ª�Z>�JZ>lK¡��Jc�Z�}�{jzp�um hjZL�m h � (rz z =��."¦¡JenWjZw¢ijz|z³x>s�Y[{ji�e���enm|sJh�ªCm¬enW�enWjZ
3
x�sJh�cgZLx�ijegm ��Z^sJ{�ZLln�uegsJlncrxL�uhjh�sue���Z���m lgZKx
egz b[{�ZLlf¢sJlgY[ZK��m|h��jsJijlgm Z>l�cf{���x�ZJ©V�WjZ�{jlnm|h�x�m {jz|Z���Z>Wjm h���enWjZ5i�cgZws�¢��?��V m|h���_�_ mpcrensD�dm Z>ª

M2M
¡
M2L
�uh��

L2L
s�{�Z>l���egsJlnc���c�x�sJh��Js�z i�egm s�h § s�lx>s�lnlgZLz �uegm s�h ¨ ��Z�evª�Z>ZLh$��{�Z>lnm sd�jm xwcfZKoJi�Z>h�x>ZLcL©�V�Wjmpc�x�sJh��Js�z i�egm s�h[ªCm z|z�e��u´�Z^{jz �Jx�Zwm|h �	&\�0;�cg{���x>Z § �uzpcfsh��uY[ZL� : �:&�� :)��&'� 
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M2Lx>s�Y[{ji�e���egm s�hµ©
	 ��� �$����� �� �� � ��� � �� ��� ��������� � �	� ���  � ��
 �8
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 ���  � ���

M2L
� 
3 ������� �

·�Z^¤�lncfe�x>s�h�cgmp��Z>l¶egWjZ
M2L
sJ{�ZLln�uegs�l�ªCm¬enW$cgm|h���z Z^WjZLm|�JWJe�´�ZLlghjZLz��Jc��jZ�¤�hjZK��m h § < © ��© � ¨ ©rV�WjZ���Z>�JlgZLZ^s�¢&egWjZ�Z�}�{���h�cfm s�henZ>lnY[cAln��hj��ZKc¶¢lns�Y

0
ens

P
©P·�Z5egW�Z>lnZ�¢s�lnZ�x�sJh�cfmp��ZLlL®

Lk
j =

P−j∑

n=0

n∑

l=−n

M l
nO

−(k+l)
n+j ∀(j, k) ∈ N

2, j > 0, |k| < j.
§ �j© < ¨

?���5���5
M2L
Á L ½ ����� Á � � 9 ½�À-½ Â �j���

2D
� Á 8 ��Á , ��H9 Á 8

·�ZAªCm z|z�lgZLªClgm|egZ�enWjZ
M2L
s�{�Z>l���ens�lr�Jcr�

2D
x�sJh��Js�z i�egm s�hµ©µ·�Z^x�sJijz �²W��S�JZCx�WjsdsJcgZ>h²egs�lnZ>ªClnm¬enZCm¬e���cr�

2D
x>s�lnlgZLz �uegm s�h�jijeAegWjmpcAª�s�i�z �$W��S��Z5z ZL��ens��uh �vm hd��ZLlncgZ �w{�s�m h�ef¥¦ªCm cgZ5{jlnsd�ji�x
eAm h¯�jsJijlgm Z>lAcg{��Jx�Z�©¶·NZ�W��S�JZ5{jlgZ>¢Z>lnlgZK�±�uh�m|hd��ZLlncgm s�h�m|hlnZL��z³cf{��Jx�Z�cgi�x�W��Jc>¡d¢sJlA�uz z

(j, k) ∈ N2 ®
L′k

j = L−k
−j ,

O′k
j = Ok

−j

§ s�hjz b���ZL��lnZ>ZLcC��lgZ�m h��JZ>l�cfZK� ¨ .
§ ��© � ¨

· WjZLh±m|h�cgZ>lgegZK��m h
M2L
¡dª�Z�W��S��ZJ®

L′−k
−j =

∑

n∈J

∑

l∈K
M l

nO′−(k+l)
−(n+j) ∀(j, k) ∈ N

2,

��h���ªCm¬enW
j′ = −j

�uh��
k′ = −k

®
L′k′

j′ =
∑

n∈J

∑

l∈K
M l

nO′k′−l
j′−n.

��s�l�cfm Y[{jz|mpx�m|evb�¡�ª�Z�lgZK��Z�¤�h�ZwWjZLlgZK��¢ enZ>l�egWjZ
Lk

j

�uh���egWjZ
Ok

j

cfs-egW��ue�enWjZ>b�x>s�lnlgZKcf{�s�h���lgZKcf{�ZLx�egm ��ZLz|b²egs
L′k

j

��h��
O′k

j��h���ª�Z5s��jen�um h$egWjZ5¢sJz|z s�ªCm|h��
2D
x>s�hd��sJz|i�enm|sJh³®

Lk
j =

P−j∑

n=0

n∑

l=−n

M l
nOk−l

j−n ∀(j, k) ∈ N
2, j > 0, |k| < j.

z Z�eK®
Γ = {(n, l) ∈ N2 with 0 ≤ n ≤ P, |l| ≤ n} ¡Q��ZLcnx�lnm ��Z�enWjZDcgZ�e�su¢Ps�l���ZLlncA��h��¯��ZL��lnZ>ZKc�¢s�lwªCWjm x�W Mk

j

¡
Ok

j��h��
Lk

j

�ulnZ���Z>¤�hjZK�&©rV�WjZLcgZ5egZLlgY�cC��lgZ�x�sJh�cgm ��ZLlgZK��ens²����hjm cgW±s�i�eCs�¢
Γ
©·�Z��Z�¤�hjZ5evª�s[cgZ�enc J ��h�� K ¡���c�m|h�cgZLx�egm s�h § ¸�© � ¨ ¡���bQ®

J = J−P, P K,
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K = J−P, P K,��h���ª�Z5Z�}denZ>h��$egW�Z��Z�¤�h�m¬enm|sJh�s�¢
Xk

j

m h$enWjZ5¢s�z z s�ªCm|hj�²ª��Sb�®

X̃k
j =

{
Xk

j

m|¢
(j, k) ∈ Γ

0
m|¢

(j, k) ∈ J ×K \ Γ
∀(j, k) ∈ J ×K
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	 ��� � � 
 �  �  ��������� ��� �  ����� ���
·�Z[i�cfZ[�?�?V�· � �����J�."P¢s�l�egWjZ[Z>°�x>m|ZLh�e�m Y[{jz|ZLY[Z>h�en�uegm s�h�s�¢�� � �?V5©³V�Wjmpc5�S��sJm �jc^egW�ZDªClnm¬enm|h��$s�¢�s�i�lws�ªChNZ�°�x�m Z>h�e�?�?V § ���Jcve-��s�ijlnm|ZLlVµl��uh�cv¢sJlgY ¨ �ji�em|e-W���c�enWjZ���l��SªC����x�´±hjs�e�egs��uz z s�ª�egW�Z���m|lnZLx�e�i�cfZ�s�¢¶enWjZ�cfbdY[Y[Z�enlgm ZLc5sJhNenWjZsJln��ZLlnc § cfZLZ § ��© < © � ¨f¨ ®ª�Z²h�Z>ZL����¢ijz z¶�ulnl��Sb$¢sJl5egWjZ�sJln�jZ>l���m Y²ZLh�cgm|sJh § mU© Z�©�ªCm|egW+hjZL�J��enm|�JZ²��h���{�s�cfm|egm ��Z[sJln��ZLlnc ¨ ¢s�l�?�?V�· ªCWjm|z Z��[W��uh��d¥HY��J��Z�cg{�ZLx�mp�uz����?V ª�sJijzp��lnZLo�ijm lgZ5�uh�W���z|�JZL���ulnln�SbJ©_�sJlgZ²{jlnZLx>m cgZ>z b±ª�Z�x>��hjhjs�e�i�cgZDegWjZ

2D
�?��V9su¢��?�?V�·7�ji�e�ª�Z²W��S�JZ-ens�cg{jz m¬e5egW�Z

2D
�?�?V�m hNevª�s�cfZ>enc5su¢

1D�?�?V5®jenWjZ
1D
�?�?V m h�egWjZ-s�l���Z>l�cC��m Y²ZLh�cgm|sJh±��lgZ�¤�l�cfeA{�ZLlf¢sJlgY[ZL��sJh±�²¢i�z|z��ulnln�Sb�ªCWjmpx�W�x�sJhJe��um h±��s�egW±{�s�cfm|egm ��Z��h��hjZL�J�uegm ��Z-sJln�jZ>l�c>¡Q�uh��¯egWjZLh�sJhjz|b�sJhjZ-W��uz|¢¶su¢renWjmpc���lgl��Sb�m c�´�ZL{�e�¢s�lwegWjZ

1D
�?�?V m h¯enWjZ���Z>�JlgZLZLc^�jm|Y[Z>h�cfm s�h³©yA¢ egZLlenW���eK¡jegW�Z{�sJm|h�eg¥HªCmpcfZ�{�lgs���i�x�e^mpcC{�ZLlf¢sJlgY[ZK�$ªCm|egW�W��uz ��ZL�±��lgl��Sb�c���h��$egWjZ-����x�´dª��ul�� � ��V e��u´JZ�{�z �Jx�Z�m h±egWjZlnZ>�JZ>l�cfZsJln��ZLlL©
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Step 2. Step 3.Step 1.

��m ��ijlnZ���© < ®�¹µ��lg�JZ-��l��um h+x�s�lnlnZ>zp��egm s�h�su¢���z|s�x�´��?�?V5©�+AZLlgZ
M
�uh��

L
�jZ>hjs�egZ²egWjZ���z|s�x�´�c�x�sJhJe��um hjm hj��enWjZ�Y-i�z¬enm|{�s�z Z��h���z|s�x>��z&Z�}�{���h�cfm s�h�c���h��

T
enWjZ��jz sdx�´�cCx>s�h�en��m|hjm hj�DegWjZ

M2L
enln��h�cv¢ZLl�¢ijh�x�egm s�h³©

V�Wjmpc?m Y²{�z|m ZLcPcgs�Y[Z�lgZKx�sJ{jm|ZKc�¢lgsJY ¢ijz z�egs5W���z|�JZL�-��lgl��Sb�cµªCW�Z>h²{�ZLlf¢sJlgY[m hj���?�?V5¡u�jijePegWjmpcP���j�jm¬enm|sJh��uzjx>sJcfe�mpcrcgY[��z|zH©V�WjZ²Y��um hN�J�����uh�en����Zs�¢¶���?V�· ¡QsuenWjZ>lwegW��uh�m|enc�Z>°�x>m|ZLh�x�bJ¡Qm cwegW���e5m¬e�x>��h¯W��uh���z|Z²�uln�jm|egl��ulnb�cgm �LZLc^¢s�l5�?��V5®Qª�ZD��lgZWjZLlgZ5hjs�eAlgZKcvenln��m|h�ZL��ens�{�s�ª�Z>l�s�¢
2
©

?�� I ��5 � 9£�HN Á ��²��, Á �R�³�
· m|egW¯�?�?V�·=� < � �?��V su¢?cfm �>Z

N
x�sJY[{ji�egZKc�egWjZ��lgl��Sb

Yk
®

Yk =

N−1∑

j=0

Xje
−2iπjk

N ∀k ∈ J0, N − 1K.

]^{�egs²hjs�ª ª�ZwW��S��Z^lnZL�jZ�¤�hjZws�ijl�Z�}�{���h�cgm|sJh�egZLlgY�c�s�h J ×K = J−P, P K× J−P, P K
ªCW�m x�W��ulnZwx�ZLh�egZ>lnZL���ulns�ijh��

0
®-m h s�l���Z>l�ens¯i�cgZ�x�sJlglnZLx�e-�ulnln�Sb�c5��c�m hj{jijeDsu¢C�?�?V�· ¡µenWjZ

P + 1
¤�lncfeenZ>lnY[cm|h�ZK��x�W+su¢�egW�Z

2
��m Y[Z>h�cgm|sJh�c�W��S�JZens$x�sJlglnZLcg{�s�h��$egs�egWjZ-egZLlgY�cwªCm¬enW�{�sJcgm¬enm|�JZ § sJl^hdijz z ¨ m|h���Z�}�ZLc^ªCWjm z|Z-egWjZ P

¢s�z z|s�ªCm hj�[enZ>lnY[c�x�sJlglnZLcg{�s�h��&¡���ijZ-egs�enWjZ{�Z>lnm|s���mpx�m|evb�i�cfZK�&¡degs[enWjZ�hjZ>����enm|�JZwm h���Z>}dZKc>©PV�WjmpcCmpc�egWjZ�=,� � " @ �-�	� � �$� �-�	�U&)�
©
��s�lA� � enWjZ>sJlgZ>egmpx>��z �wzp�Sb�sJi�e�su¢�egWjZ5¢sJz|z s�ªCm|h��DZ>}d{��uh�cgm|sJh³¡�ªCm|egW

P = 4
§ ��m Y²ZLh�cgm|sJh�c>®

2P + 1× 2P + 1 ¨
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4︸ ︷︷ ︸

k=−4..4 �������	�
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j = −4..4
§ ��ZL��lnZ>ZKc ¨
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·�Z5egWjZLlgZ>¢s�lnZwW��S��Z5ln�uegWjZLl�egWjmpcAcfegs�l��u�JZwm h±Y[Z>Y[s�lnbQ®
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2
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3
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︸ ︷︷ ︸
k=0..8 �������	�
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j = 0..8
§ ��Z>�JlgZLZLc ¨

+^s�ª�ZL��Z>lr�jijZCegsegWjZAlnZL�jZ�¤�hjm|egm s�h[s�¢QsJijl
Ok

j

m h���© �d¡JegWjZw��Z>�JlgZLZCsu¢QegWjZ
M2L
egl��uh�cf¢Z>l?¢i�h�x
enm|sJh��ulnZCm|hd�JZ>l�cfZK�-ªCWjmpx�W�Jm|�JZLcL®

X0
0

X0
4 X1

4 X2
4 X3

4 X4
4 X−4
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4 X−1
4
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1 X−1
1︸ ︷︷ ︸

k=0..8 �������	�
� � �





j = 0..8
§ ��Z>�JlgZLZLc ¨ § �j© G ¨

\^ijz|z?lns�ªAc^xL�uh�WjZLlgZ²x�z ZL�ulnz b$��Z²cg´dm|{�{�ZK�¯ªCWjZLh¯{�ZLlf¢sJlgY[m hj��enWjZ²�?�?V m h�egW�ZDsJln��ZLlncw��m Y²ZLh�cgm|sJh § ��Z�¢sJlgZ-egWjZ[�?��Vm h�egWjZ��ZL��lnZ>ZKc��jm|Y[Z>h�cfm s�h ¨ ¡j�ji�eCenWjmpcCz �SbJs�i�e�mpcChjsue�¢£�S�Js�l��u�jz ZwªCW�Z>h �v{jzp�uh�m|hj� �wenWjZ�?��V ªCm|egW��?��V�· ©V�W��ue � c-ªCWdb+ª�Z�W��S�JZ�x�WjsdsJcgZL�+hjs�e-ens�i�cgZ�ªCl��u{�¥ �ulns�i�h���s�l���Z>lK®²egWjmpc²m|Y[{jz m|ZKcD�NcfW�m¬¢ e[m|h egWjZ$m|h���Z�}�ZLc-¢s�lDegW�Z
2��m Y[Z>h�cgm s�h�c § s�l���ZLlnc��uh�����ZL��lnZ>ZKc ¨ m h�lnZL�uz�cf{���x�ZJ©�· m|egW�Z>��ZLh�cgm �LZLcL¡uegW�ZwcgWjm¬¢ e�ZLo�i���z cregWjZwW��uz|¢³su¢QegW�Zw��m Y[Z>h�cgm|sJh��uh��[m|h��s�ijlnm|ZLlAcf{���x�Z5cgi�x�W��[cgWjm|¢ eAlgZKcfijz|enc�m h�ZL��x�W$egZLlgY���ZLm|hj�[YDijz¬enm|{�z|b$��b

(−1)j+k ©ry^h��$egWjZKcfZ�¢£��x�egsJlncC��lgZwegWjZLh�x>�uh�x�Z>z ZL���i�lgm hj�²egWjZ�{�s�m h�ef¥¦ªCm cgZ5{jlnsd�ji�x
e �

¸�i�e�m|h�sJln�jZ>lrensW��S�JZAZ>�JZ>h�cgm �LZLcrª�Z^YDi�cfe��������hdijz z�lns�ª1��h�����hdijz zQx�s�z ijY[h³¡��uh��²egWjZ5cfm �>ZKcrs�¢³s�ijl����?V ��lgZAh�s�ª
2(P + 1)

m h±ZL��x�W���m Y²ZLh�cgm|sJh³©
·�Z�hjs�ª W��S��Z�¡dªCm|egWjsJi�eAªCl��u{�¥ �ulns�ijh���s�l���Z>lA��h��$ªCm¬enWjs�i�e^�jZ>��lnZ>Z�m h��JZ>l�cfm s�hµ¡ § mU© Z�©?¢sJl

Mk
j ¨ ®
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4 X4
4︸ ︷︷ ︸

k=0..9 �������	�
� � �





j = 0..9
§ ��ZL��lnZ>ZLc ¨
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��h���ªCm|egW���ZL��lnZ>Z5m h��JZ>l�cfm s�h § mH© ZJ©?¢s�l
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j = 0..9
§ ��ZL��lnZ>ZLc ¨

Lk
j

s���e��um hjZL��ªCm|egW����Jx�´dª���ln���?��V ��lgZ�cfegsJlgZK��ªCm¬enW�ªCln��{�¥ �ulns�ijh��Ns�l���ZLl-�uh���enWjZ>b�W��S�JZ�m|hd��ZLlfenZL� ��ZL��lnZ>ZKc��uh��sJln��ZLlnc § cgZ>Z±ZKoJi���egm s�h § �j© � ¨g¨ ®�egW�Z>b ��lgZ�cvens�lnZL��m h egWjZ�cn�uY[Z$ª��Sb���c § ��© G ¨ �ji�e�ªCm¬enW m hd��ZLlfenZL��sJln�jZ>l�c>© y^h�� ªCWjZ>h{�Z>lg¢s�lnY[m|hj�-����x�´dª��ul��²�?�?V m h�egW�Z^s�l���ZLl���m Y[Z>h�cgm|sJh�ª�ZA{�ZLlf¢sJlgY enWjZ < � ���Jx�´dª���ln�[�?�?V s�hjz b²s�h�enWjZ^lns�ªAcPenW���e�ªCm|z z��Z�i�cgZ�¢ijzH¡jmH© ZJ©?egWjZ�lns�ªAc�egW��ue^x�s�h�e��um h�cC��Z>�JlgZLZLc
j
ªCm|egW

0 ≤ j ≤ P
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2P + 1× 2P + 1
�!���^
 &\�U� � +

2(P + 1)× 2(P + 1) � �!� ��� �U&)� 
 ��/���%�&��^ (�0;?; &)�����^�	� � �^� �H&'�,+'��� 
0/1&�"����!� 
 @ =,� �)&"$�	�H� � :'
 �

?�� I � ? � 9£�HN1� , Á �R�³�
·�ZwW��S��ZC{jlnZLcgZ>h�egZK��m h�cfZKx
enm|sJh § ��© � ¨ ��jz s�x�´²�jZLx�sJY[{�s�cfm|egm s�h�s�¢µ� 1D

x>s�lnlgZLz �uegm s�h³©µ· WjZ>h��u{j{jz m ZL�[ens
M2L
sJ{�ZLln�uegm s�henWjZ�sJln�jZ>lµ��m Y[Z>h�cgm s�h�enlgZK��egY[ZLhJe�lgZLY��um h�c³ijh�x�W��uhj�JZL�x>s�Y[{���lgZK�^ensAenWjZ�h�s�h�¥¦�jz sdx�´���ZLlncgm s�h³©³��s�l�egWjZ���Z>�JlgZLZ¶��m Y²ZLh�cgm|sJh³¡ª�ZDx>s�h�cgm �jZ>lw��x�s�lnlnZ>zp��egm s�h��JcAm h § �j© < ¨ ¡�egWdi�cw{�ZLlf¢sJlgY[m hj����zp�uln��Z>¥H�Jln��m|h±x�sJlglnZ>zp��enm|sJh³¡���i�ewªCWjZLh�x�sJh�cgm ��ZLlgm hj� § ��© � ¨ ª�Z{�Z>lg¢s�lnY egWjZ�cg��Y[Z¶m h��JZ>l�cfm s�h��Jc § ��© � ¨ m h�cgm �jZ¶ZL�Jx�W�jz s�x�´�® § ��© � ¨ �ulnZrWjZLh�x�Z�x�s�hd�JZ>lgegZL�5m h�egs��^x�sJhd��s�z i�enm|sJh³¡>enWdi�c�lgZKcfijz|egm hj�m h��Dh�s�h�¥¦m|hd�JZ>l�cfZK��{�s�m hJeg¥HªCmpcgZ�{�lgs���i�x�eCm|h��jsJijlnm|ZLlAcf{��Jx�ZJ©·�Z[��m ��Z-W�Z>lnZDZ>}���Y[{jz|ZKc^s�¢regW�Z²{�ln�Jx
egmpx>��z�zp�Sb�sJi�ewm h�Y²ZLY[s�lnb$¢sJl5s�ijl5�jz s�x�´dcwªCWjZLhNx�sJh�cgm ��ZLlgm hj�

P = 7
®wªCWjm z|Z��hjsJh�¥¦�jz|s�x�´��?�?V ª�sJijzp��i�cgZ²��lgl��Sb�cCsu¢¶cgm �LZ

16× 16
¡&���jz|s�x�´��?�?V5¡�ªCm|egW

T = 2
��h���ªCm|egW �>ZLlgs�¥H{��J�j��m hj� §

T → 2T ¨ ¡W��Jc��jz sdx�´�c�s�¢?cgm �LZ
4× 16

©�·�Z�lnZ>{jlnZLcgZ>h�e�WjZ>lnZ5�jz|s�x�´��
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X−5

5
X−4

5
X−3

5
X−2

5
X−1

5
X0

5
X1

5
X2

5
X3

5
X4

5
X5

5

X−4

4
X−3

4
X−2

4
X−1

4
X0

4
X1

4
X2

4
X3

4
X4

4

| {z }

k=0..15 ��������
�����

9
>>>>>>>>>=

>>>>>>>>>;

j = 0..3K 7� Y$5  0 -�O

����V����



���������	��
��
������������������������! #"$�	��%�&' (&)��
*�,+'�-�.
0/1&��,232 � <

��s�l�egW�Z�z|s�x>��z&Z�}�{���h�cfm s�h § mH© ZJ©PªCm¬enW�ªCln��{�¥ �ulns�ijh���s�l���Z>lK¡��uh��$ªCm¬enW±s�l���Z>l�c��uh��±��ZL��lnZ>ZLc�m hd��Z>l�cgm|sJh ¨ ®

X0

4 X−1

4
X−2

4
X−3

4
X−4

4
X4

4
X3

4
X2

4
X1

4

X0

5 X−1

5
X−2

5
X−3

5
X−4

5
X−5

5
X5

5
X4

5
X3

5
X2

5
X1

5
| {z }

k=0..15 ��������
�����

9
>>>>>>>>>=

>>>>>>>>>;

j = 0..3K 7� Y$5  0 -�O

ywc�¢s�l5egW�Z²h�s�h�¥¦�jz sdx�´��JZ>l�cfm s�hNsu¢�egWjZ��?�?V5¡&hdijz|z¶lgs�ªAc��ulnZ�cf´dm {j{�ZK��ªCW�Z>h�{�ZLlf¢sJlgY[m hj��egWjZ²¢s�lnª��ul����?�?V�m hNenWjZsJln��ZLl-��m Y[Z>h�cgm|sJh³¡�¢s�l�enWjZ��jz s�x�´dc5s�¢�egWjZ�YDijz|egm {�sJz|Z�Z>}�{��uh�cgm s�h+��c�ª�Z>z z��Jc5¢s�l�enWjZ��jz s�x�´�c5su¢�egWjZ�egl��uh�cf¢Z>l�¢i�h�x
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M2L
©���m lncfe�ª�Zx>s�h�cgm �jZ>l�egW��ue�enWjZ

M2L
egl��uh�cv¢ZLl¶¢ijh�x
egm s�h�c §

Ok
j ¨ �ulnZ^{�lgZKx�s�Y[{jijegZL��¢s�l�ZL�Jx�W�z|ZL��ZLz l �uh���egWjZLm|lCx�sJhd��Z>l�cgm|sJh[egsD��s�ijlnm Z>lcg{���x>Z-ensds�©D��s�l5��lns�ªCm hj�

l
¡³egWjZ[lnijh�egm Y²Z[x�s�cve5su¢�egWjmpc5{jlnZLx>s�Y[{ji�enm|hj����ZLx�sJY[ZLc5o�ijm x�´dz b�m|h�cfm ��hjm|¤�xL�uh�eL©Da�ZLx�sJh���z b�¡&enWjZ

M2L
x�sJY²{�i�en�uegm s�h¯ªCm|egW����?V9{jlgs�x>Z>ZL��cAz m|´JZ-enWjm cL®^��z|z?Y-i�z¬enm|{�s�z ZDZ>}�{��uh�cgm s�h�cw�ulnZ¤�l�cve5x�sJh��JZ>lgegZK�±egs��js�i�lgm Z>l5cf{���x�ZJ¡enWjZ>h±¢sJlAZL�Jx�W±x>Z>z z³ª�Z���j�$egW�ZlgZKcfi�z¬e�cCsu¢P�uz z³{�s�m hJeg¥HªCmpcgZ�{jlgs���i�x
encAm|h�m|encCm h�egZLln�Jx
egm s�h±z m cfeL¡��uh��±x>s�hd��ZLlfe�egW�m cA�J�j��m|egm s�hens�lgZK�uz�cf{��Jx�Z�m h¯s�l���ZLl�egs�lnZ�enlgm Z>�JZ5m¬e�c^z s�x>�uzµZ�}�{��uh�cfm s�h³©CywcCegW�ZDcgm �LZsu¢?egW�Z-m hJenZ>l���x�egm s�h±z|mpcfe^m c

189
§ ¢s�l

ws = 1 ¨ ¡�ª�Zx>s�h�cgm �jZ>lK®
� < x�s�hd�JZ>l�cfm s�h�ens��jsJijlgm Z>lCcg{���x>Z�¢s�lA�²Y-ijz|egm {�s�z Z�Z�}�{��uh�cfm s�h
� <HG =-{�s�m h�ef¥¦ªCm cgZ5{jlgs���i�x
enc
� < ����x�´dª��ul���x�sJh��JZ>l�cfm s�h�egs[lnZL�uz³cg{��Jx�Z�¢s�lA�²z sdxL�uz&Z>}d{��uh�cgm|sJh

V�WjmpcL¡uªCWjZ>h²Y-i�z¬enm|{jz b�db�enWjZ�h�i�Y-��Z>l?su¢Qx�Z>z zpcP��e?z|ZL��Z>z
l
¡���m ��ZKc��w{jlnZLx>m cgZ�ZKcvenm|Y��uegZ�su¢jenWjZChdijY-��Z>l?s�¢�s�{�Z>l���enm|sJh�c�hjZ>ZK��ZL�¢sJl5��z|z

M2L
��e5z|ZL��Z>z

l
©V�WjZDZKcvenm|Y��uegZL��s�{�Z>l���enm|sJh�x�sJijh�e�i�cgZL�¯¢s�l��

1D
x�sJY[{jz|Z>}��?��V�su¢�cgm �LZ

N
ªCm¬enWN�?�?V�·/mpc>®

5N log2(N)
§ cgZ>Z5sJhjz|m hjZ�?�?V�·=�jsdx>ijY[Z>h�en�uegm s�h±��eK®�/F
�
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189 M2L = 40(P + 1)2 log2(2P + 2) + 378 ∗ (P + 1)2.

� � �H� + �A· m|egW+enWjZ[i�cfZ�s�¢�cgbdY²Y[Z>eglnm|ZKc�¢s�l5s�l���Z>l�c § �Jc5Z�}�{�s�cfZK��m h § ��© < © � ¨g¨ ¡�egWjZ[i�cgZ�su¢��uh�Z�}degl���lns�ª9��h��+x�s�z ijY[h�m|hsJln��ZLl�egs±W��S��ZDZ>�JZ>h+cfm �>ZKcwz m ´�Z
2(P + 1) × 2(P + 1)

§ cgZ>Z�cfZKx
enm|sJh § �j© º�© < ¨f¨ ¡��uh�� 1D
§ ¢s�lnª��ul��¯�uh��N���Jx�´�ª��ul�� ¨ ���?V��Z>m hj��{�Z>lg¢s�lnY²ZK��sJhjz b�s�h$egWjZ

P + 1
�fi�cgZ�¢ijz ��lns�ªAcL¡�ª�Z5W��S��Z�¢sJl�egWjZ�hjsJh�¥¦�jz|s�x�´��JZ>l�cfm s�h³®

� ¢s�lA�?�?V s�h�Y-ijz|egm {�sJz|Z-Z�}�{��uh�cfm s�h±�ulnln�SbJ¡Jª�Zx�sJijh�e P + 1
�?��V su¢Pcgm �LZ

2(P + 1)
m|h±enWjZ�s�l���Z>lC��m Y[Z>h�cgm s�h § ¢ijz z�ulnln�Sb-ªCm¬enW�h�i�z|z�lgs�ªAcrcg´dm|{�{�ZK� ¨ �uh�� P +1

�?�?V s�¢³cfm �>Z
2(P +1)

m|h�enWjZ^��ZL��lnZ>ZA��m Y[Z>h�cgm s�h § W��uz ��ZL�[��lgl��Sb ¨ ¡umH© ZJ©|®
(P + 1)5(2P + 2) log2(2P + 2) + (P + 1)5(2P + 2) log2(2P + 2)

= 20(P + 1)2 log2(2P + 2),

� ¢s�l�����x�´dª��ul��[���?V sJh�z sdxL�uz�Z�}�{���h�cfm s�h���lgl��Sb�¡�ª�Z�x�s�i�hJe P + 1
���?V s�¢µcfm �>Z

2(P +1)
m|h�enWjZ5��Z>�JlgZLZ^��m Y²ZLh�cgm|sJh§ W���z|�JZL�±�ulnl��Sb ¨ ��h��$egWjZLh P + 1

�?�?V su¢Pcfm �>Z
2(P + 1)

m|h±enWjZsJln��ZLlA��m Y²ZLh�cgm|sJh § ¢ijz z���lgl��Sb�ªCm|egW�i�cgZ>z ZLcncClns�ªAccf´dm {j{�ZL� ¨ ¡jmU© Z�© ®
20(P + 1)2 log2(2P + 2),
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� <HG =-{�s�m h�ef¥¦ªCm cgZ5{jlgs���i�x
enc���Z�evª�Z>ZLh±W��uz ��ZK�$��lgl��Sb�c § su¢�cgm �>Z
2(P + 1)× (P + 1) ¨ ®

189 ∗ 2 ∗ (P + 1)
2
.

��s�l-i�cfi���z�����z|ijZKc-s�¢
P
¡?egWjZ$Y[sJcfe-egm Y[Z�¥ x�sJh�cfi�Y²m hj�N{��ulge-su¢^egWjZ����?V �JZ>l�cfm s�h+s�¢

M2L
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B = P+1
T

�
189 M2L = 10 (P + 1)

2
log2

(
32 (P + 1)

2
T 2
)

+ 189

(
(P + 1)

3

T
+ (P + 1)

2

)
.

� � �H� + �A·�Z�x>s�ijh�e�egWjZ5cg��Y[Z^s�{�Z>l���enm|sJh�c¶�Jcr¢sJl¶enWjZ�hjs�h�¥¦�jz s�x�´D�JZ>l�cfm s�h���h���ª�Z^WjZLlgZ�cfij{�{�s�cfZ^egW��ue
P + 1
mpc��-Y-ijz|egm {jz Zs�¢

T
©PV�WjZ�cgm �LZ5su¢P�D��z|s�x�´�ªCm|egW �>ZLlgs�¥H{��J�j��m hj�²m c�enWjZ>h

2T × 2(P + 1)
¢s�lA�?�?V m|h�egW�Z�s�l���Z>lC��m Y[Z>h�cgm|sJh § ¢ijz zµ�ulnln�Sb ¨ ¡��h��

2T × (P + 1)
¢s�l�egW�Z���?V m|h�enWjZ��Z>�JlgZLZ��jm|Y[Z>h�cfm s�h±�uh��$enWjZ�z ��lg�JZ�¥¦��l��um h�x�sJlglnZ>zp��enm|sJh § W��uz ��ZL���ulnl��Sbdc ¨ ©

� �jsJl^�?��V sJh±egWjZ B
Y-i�z¬enm|{�s�z ZZ�}�{���h�cgm|sJh��jz|s�x�´�cL¡jª�ZDx�s�i�hJe

T
�?�?V su¢rcgm �LZ

2(P + 1)
m h�enWjZ-sJln��ZLlA��m Y²ZLh�cgm|sJh§ ¢ijz z&�ulnln�SbDªCm¬enW�hdijz z�lns�ªAc¶cg´dm|{j{�ZL� ¨ �uh�� P +1

�?�?V su¢µcgm �>Z
2T
m h�enWjZ��jZ>��lnZ>Zw��m|Y[ZLh�cfm s�h § W���z|�JZL���ulnl��Sb ¨ ¡�mH© ZJ©|®

B (5T (2P + 2) log2(2P + 2) + (P + 1)5(2T ) log2(2T ))
= 10BT (P + 1) log2(4(P + 1)T ).

� �jsJl�����x�´dª���ln���?�?V sJhegW�Z B z s�x>�uz�Z�}�{���h�cgm|sJh�jz sdx�´�cL¡�ª�Z�x�sJijh�e P +1
�?��V su¢�cgm �>Z

2T
m h-enWjZ���Z>�JlgZLZ���m Y[Z>h�cgm|sJh§ W���z|�JZL�+�ulnl��Sb ¨ ��h���egWjZLh 2T

�?��V s�¢Ccgm �>Z
2(P + 1)

m h+egWjZ$s�l���Z>l��m Y[Z>h�cgm s�h § ¢i�z|z��ulnln�Sb��ji�e-hjs��jz ��hj´�lns�ªcf´dm {j{�ZL� ¨ ¡jmU© Z�© ®
B (5(P + 1)(2T ) log2(2T ) + (2T )5(2P + 2) log2(2P + 2))

= 10BT (P + 1) log2(8(P + 1)T ).

� <HG =-zp�uln��Z���l��um h�x>s�lnlgZLz �uegm s�h�c�ªCm|egW±{�sJm|h�eg¥HªCmpcfZ5{jlns���i�x�enc���Z�evª�Z>Z>h±�jz s�x�´�c�s�¢?cgm �>Z
2T × (P + 1)

®

189

[
B−1∑

J=0

B−1−J∑

I=0

(2T (P + 1))

]
= 189B(B + 1)T (P + 1).

·�Z5egWdi�c�¤�h��uz z|b�W��S��ZJ®
189 M2L = 10 (P + 1)2 log2

(
32 (P + 1)2 T 2

)
+ 189 (P + 1)2 (B + 1) .

·�ZrWjZLlgZrcgZ>Z?enW���e³enWjZr�jz s�x�´^�JZ>l�cfm s�h�su¢�egWjZ����?VN¢s�l
M2L
W���c³��h�s�{�Z>l���enm|sJh�x>s�ijh�e³m h O(P 3)

¡��u�J��m|h�cve O(P 2 log2 P )¢sJlregW�Z^hjsJh�¥H��z|s�x�´-�JZ>l�cfm s�hµ©�·�Z^x>��h��uzpcgs�lgZLY[��lg´-egW��ue¶enWjZAzp�uln��Z�¥¦��l��um h[x�s�lnlnZ>zp��egm s�h ��{�s�m h�ef¥¦ªCm cgZA{jlns���i�x
e�{��ulge¶mpc¶ZL��Z>hY[s�lnZ�egm Y[Z�¥ x�s�h�cfijY[m hj�²egW���h�egWjZ�?�?V��-���Jx�´dª���ln���?�?V {��ulgeL¡jx>s�Y[{��ulnZL��egs²enWjZ�hjs�hj¥H�jz s�x�´��?��V5©
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 ���� ��� �� �  �����
·�Z^hjs�ª x>s�Y[{���lgZ�enWjZ^Y[Z>Y[sJlgb²hjZ>ZK��ZL����b²enWjZw�?�?V3m|Y[{jlns���ZLY[Z>h�erªCm¬enW�enWjZ^hjZLZL�jc¶su¢&enWjZwx>z �Jcgcgm x

M2L
x�sJY[{ji�en�uegm s�h�JcPZ�}�{�sJcgZL�Dm|h�cgZLx
enm|sJh < © ��© ºd©�· m|egW[enWjZAcn�uY[Z�hjsue���egm s�h�cPª�Z�Y[ZL�Jcfi�lgZ�egW�ZAhjZ>ZK�jc�¢s�lregWjZChjsJh�¥¦�jz|s�x�´�JZ>l�cfm s�hµ©�V�WjZC�jz s�x�´�JZ>l�cfm s�h$W���c�egW�Z5cn�uY[Z5Y[Z>Y[s�lnb�lnZLo�ijm lgZLY²ZLh�enc�ªCWjZ>h

P + 1
mpcC�²Y-ijz|egm {jz Z�s�¢

T
©��^enWjZ>lnªCm cgZwegWjZ�cgm �LZ�i�cfZK��mpc�egWjZcn�uY[Z�Jc�¢s�l�egW�Z5¤�lncfeA��lnZL�uegZLl�YDijz¬enm|{�z|Z�s�¢

T
§ Y[m h�i�c

1 ¨ ©adm h�x>Z�enWjZ+Z�}�{��uh�cfm s�h�c$m h ��s�ijlnm|ZLl�cf{��Jx�Z��ulnZ�cfegsJlgZK� m|h W���z|�JZL� ��lgl��Sb�c�ªCm|egW x�s�Y[{jz Z�} hdijYD��ZLlncL¡wegWjZLm|l�cgm �LZNmpc
2(P + 1)2c

© V�Wjmpc[mpc����uz m � ¢s�l�YDijz¬enm|{�s�z Z¯�uh�� z s�x>�uzCZ>}�{��uh�cgm s�h�c[��c²ª�Z>z z^��cD¢sJl[egWjZ±enln��h�cv¢ZLl²¢ijh�x
enm|sJh³© +As�ª�Z>�JZ>lª�Z^sJhjz|b²hjZLZL��sJhjZwcgm|h���z ZAW��uz ��ZK���ulnln�Sb�c�¢sJl¶enWjZ^z s�x>�uz�Z�}�{���h�cfm s�h�c>®µegWjmpc¶mpc�i�cfZK����c��uh���i�}�m|z mp�ulnbD�ulnl��Sb-ªCWjZLlgZ^��z|z
M2LlnZLcgijz|enc�su¢�egW�Z�m|h�egZLln�Jx
enm|sJh�z m cfe^�ulnZ��Jx>x>ijY-ijzp��enZL��¢s�l�enWjZx�ijlnlnZ>h�e�x>Z>z z³��Z>m hj�[{jlgs�x>ZLcncfZK�&©PV�WjZ�cfm �>Z5su¢�egW�m cAcgm hj��z Z��ulnln�SbmpcChjZL��z ZLx
enZL�&©·�Z�W��S��ZwegWdi�c § WjZLlgZ�¢s�lAcgm hj��z Z5WjZ>m ��W�eA´�ZLlgh�Z>z ¨ ®

MemSg(P, H) = N (H)

(
2(P + 1)2 +

(P + 1)(P + 2)

2

)
c +NT

(
2(P + 1)2

)
c.

§ ��© = ¨
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��m ��ijlnZ��j© >�® � s�ªChdª��ul��w{���cnc * q¶] egm Y[ZLcµ¢s�l � q¶_¯V�y1�uh���?_¯¸�®LegWjZ�s�x
eglnZ>Z�WjZ>m ��W�eµmpc
4
�uh���egWjZ�ijhjm|¢s�lnY �jm cfeglnm|��i�egm s�hx>s�h�en��m|h�c < �����J����cgs�egW��ue5egWjZLlgZ²m c5h�s�ZLY[{�evb¯z ZL��¢ § enWjZLcgZ��ulnZ²cg´dm|{j{�ZL�N�db � q�_¯V�y ¨ ©�yAz zP{��ulgegmpx�z Z�x�sds�l���m h���enZLcwª�ZLlgZªCm|egWjm h

[0, 1.0]
©r·�Zi�cgZcgm|hj�Jz|Z�W�Z>m ��W�e

M2L
´�ZLlghjZLzµ��cAm|Y[{�sJcgZL���db � q¶_¯V�y¡Q�uh����jz s�x�´dcAsu¢Pcfm �>Z

4
¢s�lw���?V5©�V�WjZ

P{jz suegegZK��m c¶egW�Z^s�h�ZAsu¢µ�?_¯¸ §
PDPMTA = P +1 ¨ ��h�� � q¶_¯V�y �Jx>x�ZL{�er¢sJl PDPMTA

s�h�z|bDegWjZwY-ijz|egm {jz ZLc�su¢&enWjZ^�jz s�x�´cgm �LZ�©
¸�i�e²Z>��ZLh ªCm¬enW�enWjZ��jz s�x�´N�JZ>l�cfm s�hµ¡�enWjZ�l��uh���Z�su¢A����z|ijZKc¢sJl

P
enW���e²z|ZK���+ens�x�sJlglnZLx�eDx�sJY²{�i�en�uegm s�h�c¢s�lD�js�ij�jz ZWjZLm|�JW�e�´JZ>lnhjZ>z�m c�cgY[��z|z Z>l¶egW���h�m h�enWjZ�cgm hj��z Z^WjZLm|�JW�e�´�ZLlgh�Z>z�xL��cgZ § ijhjz ZLcnc�cgs�Y[ZwlgZKcgxL�uz m|hj��mpc�{�ZLlf¢sJlgY[ZK����c�Z�}�{jzp�um hjZL��m|hcgZLx�egm s�h���© � ¨ ©���s�l^x>s�Y[{���lgmpcfsJh$ªCm|egW¯en�u��z|ZD�j© < �d¡���z|s�x�´$�?�?V ªCm¬enW¯�jz s�x�´$cgm �LZ 4

m c^WjZ>lnZ�s�h�z|b±cve��u�jz Z5¢s�l
P ≤ 8

§ m|h¯��hs�x
enlgZLZ-s�¢¶WjZ>m ��W�e
4
�uh��¯��x>s�Y[{ji�e���egm s�h��uz���sS}�su¢¶cgmp��Z

1.0 ¨ ©�· WjZ>h�egl�����m hj��lnijh�egm Y[Z-m h¯¢sJl��Jx>x�i�ln�Jx�b�¡�ª�Z²x>��h¯lgZK��x�W
12
ªCm¬enW��jz s�x�´¯cfm �>Z

3
¡&�uh��

19
ªCm¬enW��jz s�x�´±cgm �>Z

2
©�yAh��N��c^¢s�l5cfm hj��z Z-W�Z>m ��W�e�´JZ>lnhjZ>zH¡�egWjmpc�m cwZ>�JZ>hNª�sJlncfeA¢s�l���lns�ªCm hj�WjZLm|�JW�enc�su¢�egW�Z�sdx�eglnZ>ZJ©� h�sJln�jZ>lens�ZKcve��u�jz m cgW enWjZ�x>s�Y[{jz Z�}�m|evbN¢sJl-enWjZ$�js�ij�jz Z�W�Z>m ��W�eD´JZ>lnhjZ>zH¡Pª�Z�x�sJh�cfmp��ZLlegW�Z�cn�uY[Z�sJ{�ZLln�uegm s�h�cD��cDm|hcgZLx�egm s�h § ��© > ¨ ©��s�l�egW�Z�hjs�h�¥¦�jz s�x�´���Z>l�cgm|sJh³¡dª�Z�tvi�cfe^W��S�JZ^ens²lnZ>{�z �Jx�Z

P
�db

2P
®

189 M2L = 40 (2P + 1)
2
log2 (2 (2P + 1)) + 378 ∗ (2P + 1)

2
.
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P
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��s�l�egWjZw�jz|s�x�´[��ZLlncgm s�h�su¢&enWjZ5���?V5¡dª�Zwx�sJh�cgm ��ZLlrenW���e
2P +1

mpc��YDijz¬enm|{�z|Zwsu¢
T
®�egW�m c�m c�x�ZLlfe��um hjz b²h�Z>��ZLlrenWjZ�xL��cgZ¢sJl

T = 4
¢s�l�Z�}j��Y²{�z|ZJ¡³�ji�e�enWjZ���ZLW��S�dm|sJijl�cfs���ZKcgx>lgm ��ZL�Nm cx>z|s�cfZDegs�lnZL��z|m|evb�©²·�Z�lgZL{jz �Jx�ZDegWjZLh

P
�db

2P
�uh���egW�ZhdijYD��ZLlws�¢?��z|s�x�´�m c

B = 2P+1
T

©wV�WjZ-cgm �LZ-su¢r����z|s�x�´�m cwhjs�ª Z>m|egWjZLl
2T × 2(2P + 1)

§ ¢ijz z?��lgl��Sb ¨ s�l 2T × (2P + 1)§ W��uz ��ZK�$��lgl��Sb�c ¨ ¡d��h��$ª�Z5W��S�JZ�®

189 M2L = 10 (2P + 1)
2
log2

(
32 (2P + 1)

2
T 2
)

+ 189

(
(2P + 1)3

T
+ (2P + 1)

2

)
.
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��m h��uz z|bNª�Z��Jm|�JZ²egWjZ�Y[ZLY²sJlgb�lgZKoJi�m|lnZ>Y[Z>h�e�c�¢s�l5egW�Z���s�i��jz|Z�W�Z>m ��W�e´�ZLlghjZLzU¡�{jlnsdx>Z>ZK��m|h���m h�egWjZ$cg��Y²Z[ª��Sb���cm|hcgZLx�egm s�h ��© �d©²V�W�Z[cgm �>Z[su¢��uz z�W��uz ��ZL���ulnl��Sbdc^m c5h�s�ª

2(2P + 1)2
¡&¢s�l5Y-i�z¬enm|{�s�z Z[Z�}�{��uh�cfm s�h�c5��h��¯enln��h�cf¢Z>l�¢ijh�x�egm s�h�cL¡��h��$egWdi�cL®

MemDb(P, H) = N (H)

(
2(2P + 1)2 +

(P + 1)(P + 2)

2

)
c +NT

(
2(2P + 1)2

)
c.

§ �j© < < ¨
	 ��� � � � 
4�8� ������� �3 � �1 �� � ��������$����� �4��� � �  � �������� �  � �4 ���
·�ZA¤�l�cfe�lnZLx>��z|zjegW��ue¶egW�Z^l���egm s���Z�evª�Z>Z>h$cfm hj��z Z^��h�����s�i��jz|ZwWjZ>m ��W�e¶´JZ>lnhjZ>zpcPªCm|egW�x>z �Jcgcgmpx

M2L
x�sJY[{ji�en�uegm s�h�mpcrlns�ij�JWjz b

6
®rcfZLZ5cgZLx�egm s�h < © ��© >j©
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��s�l�enWjZ��?�?V9ªCm|egWjsJi�e-�jz s�x�´�c>¡�ª�Z�W��S��Z�¡µªCm¬enWjs�i�e²x�s�h�cfmp��Z>lnm hj��egWjZ
log2
¡?�±ln�uegm s±su¢

4
ªCWjmpx�WN¢£�S�Js�l�cwegWjZ��js�ij�jz ZWjZLm|�JW�eA´�Z>lnhjZLzU© +^s�ª�ZL��Z>lC��i�Z5egs[m¬e�cCWjm ��WjZLlAhdijY[Z>lnm xL�uz&m h�cfen�u��m|z m¬evbJ¡degWjZD��s�ij��z|Z5WjZLm|�JWJeA´JZ>lnhjZ>z&m Y[{�s�cfZKc�Z>�JZ>h±Y[s�lnZwenWjZ�jz s�x�´���ZLlncgm|sJh³©?yAh���¢s�lC�-��z|s�x�´[��ZLlncgm|sJh�su¢µegWjZ5�?��V5¡denWjZ5ln�uegm s-mpc�cvenm|z z

4
¢sJl¶enWjZ����?V ����Jx�´�ª��ul����?��V {��ulgenc��ji�eCm|eZKoJi��uzpcrlns�ij�JWjz|b

8
¢s�l¶egWjZwz ��lg�JZ�¥¦��l��um h²x>s�lnlgZLz �uegm s�h ��{�s�m hJeg¥HªCmpcgZA{jlnsd�ji�x
e¶{��ulgeL®�egWjmpc�x>z|ZK�ulnz|b²��sdZLcrh�sue¶¢£�S�Js�l?enWjZw��sJij�jz ZWjZLm|�JW�eA´�Z>lnhjZLzU©

����V����



���������	��
��
������������������������! #"$�	��%�&' (&)��
*�,+'�-�.
0/1&��,232 �J�

� � �����5�����-�$%
V�WjZ[i�cgZ-s�¢ �	�-
 �-
*���-�1�AW��Jc5�uz lgZK����b���ZLZ>h�m|h�enlgs���i�x>ZL��m|h�cfZL��Z>l��uz��ulgegmpx�z ZLcL®^cgZ>Z � * �5~#= =."¦¡�� * � �5~#= =0"¦¡�� �5~ =��&"¦¡�� � � ��º5"��h�� � · +���=��0"H©PV�Wjmpc¶m Y[{jlns���Z>Y[ZLhJe¶��z|z s�ªAc?enWjZwx>s�Y[{ji�e���egm s�h�s�¢

M2M
¡
M2L
�uh��

L2L
s�{�Z>l���ens�l�c?m|h O(P 3)

¡d�u�J��m|h�cve
O(P 4)

¢s�l�enWjZ>m l^x�zp��cncgm xw��ZLlncgm|sJh³©
·�Z�W��S�JZ[x�W�sJcgZ>hNegs¯i�cgZ[egW�Z�¢s�lnY-ijzp�uZ���Z>en��m|z ZL���db ��ijY[ZLlgs����uh�� � ijln��m cgª��uY[mPm|h-�!� � ��º."�cfm h�x�ZJ®&egW�Z>b�i�cfZ[enWjZcn�uY[Z5��Z�¤�h�m¬enm|sJh�¢sJl�cg{jWjZLlgmpx>��zQW��ulnY[s�hjmpx>cL¡�egWjZLb�i�cgZ�cgbdY²Y[Z>eglnm|ZKc¶ens�cf{�Z>ZK��ij{$egWjZ�x>s�Y[{ji�e���egm s�h±�uh���egW�Z>b�¢s�x�i�c�s�hjz bsJh�enWjZ�hjZ>ZK��ZL�$lnsuen�uegm s�h�cL©P_�s�lnZ>s��JZ>l¶egWjZ�lnZLx>ijlglnZ>h�x�Z^mpc�{�Z>lg¢s�lnY²ZK��sJh$lnZL��zQh�i�Y-��Z>l�c § �uh���hjs�e^x�sJY²{�z|Z>}�s�hjZKc ¨ �uh���mpccgm|Y[{jz Z5egs[m hjm|egmp��egZJ©�+As�ª�Z>�JZ>l�hjs[{jlns�s�¢�mpcC��m ��ZLh$sJh�enWjZ�hdijY[Z>lnm xL�uz&cfen�u��m|z m¬evb$su¢�egWjZ5¢sJlgYDijz ��Z5i�cfZK�&©
·�Z�WjZ>lnZ5{jlnZLcgZ>h�e�enWjZ�{jlnm|h�x�m {jz|Z5s�¢�enWjm c^cgx�WjZLY[Z���h��$egWjZ�¢s�lnY-i�z ��Z�i�cfZK��¢sJlC��s�egW�cfm hj�Jz|Z��uh��$��sJij�jz Z5WjZ>m ��W�e

M2L´JZ>lnhjZ>zpc>©²·�Z²�Jm|�JZ��uzpcfs$en��m|z s�lnZL�¯¢s�lnY-ijzp�uZD¢s�l5enWjZ �wi�egZLl §
Ok

j ¨ ��h�� � h�hjZ>l § Ik
j ¨ ¢i�h�x
enm|sJh�c>©���m h��uz z|bJ¡³ª�Z²ªCm z zPs�i�enz|m hjZenWjZ[¢£��x�e�enW���e�enWjZ

M2L
x�sJY²{�i�en�uegm s�h�ªCm¬enW�lnsue���enm|sJh�cw�js�ZKc5hjsueY��uenx�W+cve��uh��j��ln�N¸�¹µywa�xL�uz z c5�uh���ª�Z[ªCm|z zr{jlnZLcgZ>h�ehdijY[Z>lnmpx>�uz³cfen���jm z|m|evb�x�WjZKx�´�m hj��©

� ��� � � � � � � �8
V�WjZD��ZLhjZ>l��uzµcnx�WjZLY²Z¢s�l

M2L
x�sJY²{�i�en�uegm s�h�ªCm|egW¯lnsue���egm s�h�cCm cw{jmpx
enijlgZK��m h�¤���i�lgZº�© < ©^·�Z-ªCm z|z�WjZ>lnZ-m h�eglnsd�ji�x�Z�enWjZlnZLo�ijm lgZK��Y��uegWjZLY[�uegmpx>��zQ¢s�lnY-ijzp�uZ5�uh��±��Z>en��m|zQenWjm c^cgx�WjZLY[Z�©

1

3

x

y

X

X

z Z1

Z2

2

M2L
Vector

��m ��ijlnZ²º�© < ®
M2L
ªCm|egW�lnsuen�uegm s�h�cL© < ®Alnsue���enm|sJh¯su¢renWjZ[x�sds�l���m h���enZDcgbdcfegZLY�cfs�egW��ue5egWjZ

M2L
�JZLx�egs�l�mpcw��z|sJhj��enWjZ

z�u}dmpcL©P�j®
M2L
{�ZLlf¢sJlgY[ZL���uz s�h��-enWjZ

z
��}�mpc>©Pºj®?m hd��Z>l�cgZwlnsue���egm s�h$����x�´�egs[egW�Z�s�lnm|�Jm|h���z�x>sds�l���m|h���egZ�cgb�cvenZ>Y±©

I ��5���5 +�½ �HN Á Â Á , Á � ¾
� Á �L���:9 Á 8 � � ·NZ[��ZLhjsuenZ Rx(α)

¡ Ry(α)
¡ Rz(α)

enWjZ[lgs�en�uegm s�h�cwsu¢renWjZ * �ulgegZLcgmp�uh�cgb�cvenZ>Y»su¢�x�sds�l���m h���enZLcw��b¯��hj��z Z
α
����sJi�e�lnZLcg{�ZLx
enm|�JZ>z b

x
¡
y z
��}�ZLcL®Alnsuen�uegm s�h�cw�ulnZDx>s�h�cgm �jZ>lnZL�±ens$��ZD{�Z>lg¢s�lnY[ZL��m hNegWjZ[x�sJijh�egZ>l�x�z s�x�´dªCm cgZ-��m lgZKx
enm|sJh³¡ªCWjZLh�z sds�´dm|h���egs�ª��ul��jcPenWjZ�s�lnm|�Jm|h[¢lns�Y �z s�x>�uegm s�h�ªCm|egW${�s�cfm|egm ��Z�x�sds�l���m h���enZAs�h�enWjZ5x�s�lnlnZLcg{�sJh���m hj���}�mpc¶s�¢³lgs�en��enm|sJh³©

��m ��ZLh±�[{�s�m h�e
P
ªCm¬enW¯cf{�WjZ>lnm xL�uzµx>sds�l���m|h���egZKc

(r, θ, φ)
m h±egWjZsJlgm ��m h���z³x�sds�l���m h���enZ5cgb�cvenZ>Y±¡jenWjZ-cg{jWjZLlgmpx>��zµx�sds�l���m|¥

h��uegZKcCm|h$egW�Z�lgs�en��enZL��cfb�cfegZLY��ulnZ���Z>hjs�egZK�&®
(r, θ̂, φ̂)

©
��ZLhjZ>l��uz z|bJ¡uª�Z�¤�lncfe¶x�sJh�cgm ��ZLl¶�5lnsuen�uegm s�h § s�¢�enWjZ * �ulgegZKcfmp�uh[x�sdsJln��m h��uegZCcfb�cfegZLY ¨ ��b²�uhj�Jz|Z χ ����sJi�e z ��}�mpc>¡u¢s�z z|s�ª�ZL��db+�±lgs�en��enm|sJh+��b��uhj�Jz|Z

γ
�u��s�i�eenWjZ

y
��}�mpc>¡?�uh���¤�h��uz z|b+�±lnsuen�uegm s�h��db���hj��z Z

π − ω
����sJi�eenWjZ�hjZLª

z
�u}�m cL¡µmH© ZJ©|®

Rz(π − ω).Ry(γ).Rz(χ)
©
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$Á �K���H9 Á 8 Á D��HL N ½ � 9U��� ,�N��j� � Á 8 9£�J� � y^c�cgWjs�ªCh�m h�egW�Z�x>m¬enZL��{��u{�Z>l�c>¡�¢s�l�egW�Zwlnsue���egm s�h�c Rz(π−ω).Ry(γ).Rz(χ)enWjZ>lnZZ�}�mpcve�cAx�sdZ>°�x>m|ZLh�enc
T ν,k

j (ω, γ, χ)
¡�ªCm¬enW

j ≥ 0, |k| ≤ j, |ν| ≤ j
¡�cgi�x�W�egW��ueAegW�Z-cf{�WjZ>lnm xL�uz&W���lgY[sJhjm xLc

Y k
j (θ, φ)

m henWjZ�s�lnm|�Jm|h��uz&x�sds�l���m h���enZ�cfb�cfegZ>Y x>�uh���Z�ªClgm|efenZ>h±ªCm¬enW�cf{jW�Z>lnm xL�uzQW��ulnY[s�hjmpx>c�m h$egWjZ�lnsue���egZK�$cgb�cvenZ>Y��Jc>®

Y k
j (θ, φ) =

j∑

ν=−j

T ν,k
j (ω, γ, χ)Y ν

j (θ̂, φ̂).
§ ºj© < ¨

V�WjZ�cn�uY[Z
T ν,k

j

��{j{jz b�s�h���suegW±hjsJlgY���z|m �>ZK���uh��$i�hjhjs�lnY��uz m �LZL�$cf{jW�Z>lnm xL�uz&W���lgY[s�h�m xLc>©
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V�WjZ �wi�egZLlw�uh�� � hjhjZLlA¢ijh�x�egm s�h�cL¡Q��c^�jZ�¤�hjZK��m h § < © º ¨ �uh��¯m|h § < © > ¨ ¡���Z>m hj�����JcfZK�±s�h±enWjZLcgZDcg{jWjZLlgmpx>��z³W��ulnY[s�hjmpx>cL¡enWjZ>lnZ�Z�}�mpcve�cC�uzpcfs[x�sdZ�°�x>m|ZLhJe�c
TO

ν,k
j (ω, γ, χ)

¡j��h��
TI

ν,k
j (ω, γ, χ)

cfi�x�W$egW���eL®

Ok
j (r, θ, φ) =

j∑

ν=−j

TO
ν,k
j (ω, γ, χ)Oν

j (r, θ̂, φ̂),
§ ºj© � ¨

��h��&®
Ik
j (r, θ, φ) =

j∑

ν=−j

TI
ν,k
j (ω, γ, χ)Iν

j (r, θ̂, φ̂).
§ ºj© º ¨

V�WjZKcfZ²x�sdZ�°�x>m|ZLhJe�c
T ν,k

j

¡
TO

ν,k
j

�uh��
TI

ν,k
j

�ulnZ-x�sJh�cgm ��ZLlgZK��egs$�S��hjmpcfW�¢sJl |ν| > j
sJl |k| > j

© +AZ>lnZL�u¢ egZLlAegW�Z>b��ulnZh���Y[ZL���	��
��
������1:\�H&�� :)��&)��
*��©

$Á �K���H9 Á 8 Á D � �,�:90L Á , ½�½ 	 L?� 8 �H9 Á 8 � � ¹µZ�e�{�s�m h�e

P
su¢µcg{jWjZ>lnmpx>�uz�x�sds�l���m h���enZLc

(r, θ, φ)
m h�enWjZwsJlgm ��m h���z�x�sds�l���m h���enZcgb�cvenZ>Y±©rV�WjZ�{�suegZLh�egmp�uz&Z>����z|i��uegZK�$�ue

P
ªCm|egW��²Y-ijz|egm {�s�z Z�Z�}�{��uh�cfm s�h$m cL®

Φ(P) =
+∞∑

n=0

n∑

l=−n

M l
nO−l

n (r, θ, φ).

� h�egW�Z�lgs�en��enZL�$cfb�cfegZ>Y±¡�enWjZ�{�suegZLh�egmp�uz&ªClnm¬enZLcL®

Φ(P) =
+∞∑

n=0

n∑

ν=−n

M̂ν
nO−ν

n (r, θ̂, φ̂),

ªCm|egW�egW�Z�hjZ>ª Y-ijz|egm {�s�z Z�Z�}�{��uh�cfm s�h�egZ>lnY�cC��Z>m hj����Z�¤�h�ZL���db�®

M̂ν
n =

n∑

l=−n

M l
nTO

−ν,−l
n (ω, γ, χ).

§ º�© > ¨

$Á �K���H9 Á 8 Á D , Á ��� , ½ 	 L?� 8 �H9 Á 8 � � · m|egW���z|s�xL�uz�Z>}�{��uh�cgm s�h³¡�egWjZw{�s�egZ>h�enm ��z���e

P
m|h[enWjZ^sJlgm ��m h��uz�x�sds�l���m h���enZAcfb�cfegZ>YªClnm¬enZLcL®

Φ(P) =

+∞∑

n=0

n∑

l=−n

Ll
nI l

n(r, θ, φ).

� h�egW�Z�lgs�en��enZL�$cfb�cfegZ>Y±¡�enWjZ�{�suegZLh�egmp�uz&mpcC��m ��ZLh��dbQ®

Φ(P) =

+∞∑

n=0

n∑

ν=−n

L̂ν
nIν

n(r, θ̂, φ̂),

ªCWjZLlgZ�enWjZ�hjZ>ª z sdxL�uz&Z>}d{��uh�cgm|sJh�enZ>lnY[c^�ulnZ���Z>¤�hjZK�$�dbQ®

L̂ν
n =

n∑

l=−n

Ll
nTI

ν,l
n (ω, γ, χ).

§ º�© � ¨
+ ? Q � , Á 8�� �HN ½

z
� 	�9£� � V�WjZwm Y[{jlns���Z>Y[ZLhJe�m|h�egWjZ�i�cgZws�¢³lgs�en��enm|sJh�cP¢sJl

M2L
s�{�Z>l���ens�lrmpc�����cgZL��sJh�egW�Z^¢£�Jx
e�egW��ueenWjZ�x>sJcfe�s�¢��uh

M2L
s�{�Z>l���enm|sJh�{�ZLlf¢sJlgY[ZK���uz s�hj�-egWjZ

z
�u}�m c¶m c O(P 3)

�u�J��m|h�cve O(P 4)
¢s�l���Z>h�Z>l��uz

M2L
© � h���Z>ZK��enWjZ�Jcgcgs�x�mp��egZK�$¹µZ>�JZ>h���lnZw¢ijh�x
enm|sJh�cC�JZ>lnm¬¢bQ®

P m
n (1) = δm,0ªCWjZLlgZ

δi,j
m cCegWjZ 25lns�hjZKx�´�ZLl�cgb�YD��sJzU©P·�Z�W��S�JZ^enWjZ>lnZ�¢sJlgZJ®

Ok
j (r, 0, 0) =

{
(−1)j

A0
j
rj+1 = j!

rj+1

m|¢
k = 0
¡

0
suenWjZ>lnªCmpcfZJ¡

��h��&®
Ik
j (r, 0, 0) =

{
A0

jr
j = (−1)jrj

j!

m|¢
k = 0
¡

0
suenWjZ>lnªCmpcfZJ©

����V����
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· WjZLh±egWjZ
M2L
�JZLx�egs�l § ��Z�¤�hjZL�±�db

z2 − z1

m h���Z�¤�h�m¬enm|sJh < © º ¨ W���c^cf{jW�Z>lnm xL�uz³x�sdsJln��m h��uegZLc�m h±egWjZ5¢sJlgY (r, 0, 0)
¡�egW�Z

M2L
sJ{�ZLln�uegs�l�x>��h�egWjZLh���Zx�sJY[{ji�egZK���dbQ®

Lk
j =

+∞∑

n=0

M−k
n O0

j+n(r, 0, 0) =

+∞∑

n=0

M−k
n

(−1)j+n

A0
j+nrj+n+1

.
§ ºj© � ¨

adm h�x>Z
M−k

n

m|Y[{�sJcgZLc
n ≥ |k| ¡�ª�Z�W��S�JZ^¢sJlAcfm hj��z Z5WjZ>m ��W�e M2L

´�ZLlgh�Z>zH®

Lk
j =

P−j∑

n=|k|
M−k

n

(−1)j+n

A0
j+nrj+n+1

,
§ ºj© � ¨

��h��$¢s�lA��sJij�jz Z�W�Z>m ��W�e
M2L
´�Z>lnhjZLzU®

Lk
j =

P∑

n=|k|
M−k

n

(−1)j+n

A0
j+nrj+n+1

.
§ ºj© G ¨


$½ � �,£���
M2L
À 9�:N � Á �K���H9 Á 8 � � ·�Z¯x>��h hjs�ª��jZ�en��m|z�enWjZ�cgx�W�Z>Y[Z${�m x�egijlnZL� m|h ¤��JijlgZ±º�© < ¢s�l��N��ZLhjZ>l��uz

M2LsJ{�ZLln�uegm s�h�ªCm|egWNx>Z>z zPx�Z>h�enZ>lA¢sJlwYDijz|egm {�sJz|Z²Z�}�{���h�cfm s�h
z1

��h��¯x�ZLz|zPx>Z>h�egZLlA¢s�l�z sdxL�uz�Z�}�{���h�cfm s�h
z2

©5V�WjZ
M2L
��ZKx
ens�l

V = z2− z1

m c�x>s�h�cgm �jZ>lnZL�²egs²W��S�JZwcg{jWjZ>lnmpx>�uz�x�sds�l���m h���enZLcL®
(r, θ, φ)

©P·NZw¤�l�cve�lnsuen�uegZ^egWjZ5x�sds�l���m h���enZ^cgbdcfegZLY'cfs-egW��ueenWjZA��ZKx
ens�l
V
mpcr��z|sJhj��egWjZ

z
�u}dmpcL©�V�WjmpcrxL�uh[��ZA�js�hjZCªCm|egW[enWjZw�w¢s�z z s�ªCm|hj�5lnsue���egm s�h�c>® Ry(θ).Rz(φ)

©8+^s�ª�ZL��ZLl�ª�ZCi�cgZ��Y[sJlgZ�JZ>hjZLln��z³cgx�W�Z>Y[ZªCm|egW
3
lnsue���enm|sJh�c�egW���ewxL�uh���Z-i�cgZ�¢s�lAegWjZDm|hd��ZLlncgZ�lnsuen�uegm s�h���cAZ�}�{�s�cfZK����¢ enZ>lgª��ul��jcL©7+^Z>h�x>Zª�Z�i�cgZ Rz(π − ω).Ry(γ).Rz(χ)
ªCm|egWµ®

ω = π
¡
γ = θ
¡
χ = φ
¡jmH© ZJ©|®

Rz(0).Ry(θ).Rz(φ).

V�WjZ�x�sds�l���m h���enZLc¶su¢
V
m|h�enWjZ^h�Z>ª x�sdsJln��m h��uegZ^cgb�cvenZ>Y �ulnZ�®

(r, 0, 0)
©?V�W�ZAhjZ>ª YDijz|egm {�sJz|Z�Z�}�{���h�cfm s�h[mpcrenWjZ>h���m ��Z>h��db

Ôk
j

§ cfZLZ § ºj© > ¨g¨ ©?· m¬enW § º�© � ¨ ª�ZAx>s�Y[{ji�enZ L̂k
j

ªCWjm x�W[lnZ>{jlnZLcgZ>h�e?egW�ZCz|s�x>��zjZ�}�{���h�cgm|sJhDm h²egWjZClnsue���egZK�[x�sds�l���m h���enZ�cgb�cvenZ>Y±©� h±s�l���ZLl�ens�s���e��um h�enWjZ�z sdxL�uz&Z>}d{��uh�cgm|sJh�m h�egWjZ�sJlgm ��m h��uz&cgb�cvenZ>Y±¡�ª�Z�W��S��Zwegs[i�cgZ § ºj© � ¨ ªCm|egW�egW�Z�m|hd��ZLlncgZ�lgs�en��enm|sJh³®
Rz(π − φ).Ry(θ).Rz(π).

� h��jZ>ZL�$enWjZ�m|hd�JZ>l�cfZ�lgs�en�uegm s�h$¢s�l�egW�Z��JZ>hjZLln��z³cgx�W�Z>Y[Z5m cL®
Rz(−χ).Ry(−γ).Rz(−(π − ω)) = Rz(π − χ).Ry(γ).Rz(ω).

§ º�© = ¨
� h x>s�h�x>z|i�cfm s�h+ª�Z�hjZ>ZK�+egs�x>s�Y[{ji�enZ�egW�Z�¢s�z z|s�ªCm hj��lnsue���egm s�h x>s�Z>°�x�m Z>h�encL®

TO
ν,k
j (π, θ, φ)

�uh��
TI

ν,k
j (φ, θ, π)

¡?¢s�lD�uz z
j ≥ 0, |ν| ≤ j, |k| ≤ j

©
I ��5�� ? � Á � L µ�:9 8 � �:N ½ � Á �L���:9 Á 8 � Á³½�� � 9 ½ 8 �L�
_�s�cve�su¢³enWjZw¢s�z z|s�ªCm hj��¢sJlgYDijz ��Z^�ulnZ^cgm|Y[{jz b��lnZ>ªClnm|egm hj�su¢&enWjsJcgZ^{�lgZKcfZLhJenZL��m h �!� � ��º."¦©rV�WjZwx>s�Y[{jz Z�enZ^Y[Z�enWjs���i�cgZL�ens²x>s�Y[{ji�enZwenWjZ�lgs�en��enm|sJh�x�sdZ>°�x>m|ZLh�enc�m c��Jm|�JZ>h��ue�enWjZ5Z>h���su¢³enWjm cCcgZLx�egm s�h³®?�uz z�egWjZ5Y���enWjZ>Y��uegmpx>�uz����Jx�´��JlgsJijh��[mpc�¤�lncfe{jlnZLcgZ>h�enZL�&©

$Á �K���H9 Á 8 ���j�>��9�	 � ¹³Z>e

V
��ZLhjsuenZ^�5��ZKx
ens�lPªCm|egW * �ulgegZKcfmp�uh[x�sdsJln��m h��uegZLc

(x, y, z)
m h�x�sdsJln��m h��uegZCcfb�cfegZ>Y

(ix, iy, iz)
©

yA¢ egZ>l�cfsJY[Z�lnsue���enm|sJh�c²su¢�egWjZ�x>sds�l���m|h���egZ±cgbdcfegZLY±¡�ª�Z¯��Z>h�suegZ
V̂ = (x̂, ŷ, ẑ)

m¬e�c�hjZ>ª x�sdsJln��m h��uegZLc[m h1egWjZ�lnsue���enZL�
x>s�sJln�jm|h��uegZ�cgbdcfegZLY

(ibx, iby, ibz)
©P·NZ5enWjZ>h���ZLhjsuenZ

Q
enWjZ5¢s�z z s�ªCm|hj�²lnsuen�uegm s�h$Y[�ueglnm¬}&®

V̂ = QV
¡jmH© ZJ©

Q =




ibx.ix ibx.iy ibx.iz
iby.ix iby.iy iby.iz
ibz.ix ibz.iy ibz.iz


 § º�© < � ¨

ywcCZ�}�{�sJcgZL�$m|h±cfZKx
enm|sJh±º�© < © < ¡�ª�Z�¢s�x�i�cAs�h$egWjZ�lnsue���egm s�h�c>® Rz(π − ω).Ry(γ).Rz(χ)
© � h$egW�m cAxL��cgZ�¡�ª�Z5W��S��ZJ®

Q(ω, γ, χ) =

2

4

− cos ω sin ω 0
− sin ω − cos ω 0

0 0 1

3

5

2

4

cos γ 0 − sin γ

0 1 0
sin γ 0 cos γ

3

5

2

4

cos χ sin χ 0
− sin χ cos χ 0

0 0 1

3

5

V�VXW-Y�Z'[\Z^]



ºJ� ���������^
��!�

�wlK®
Q(ω, γ, χ) =

2

4

− cos ω. cos γ. cos χ − sin ω. sin χ − cos ω. cos γ. sin χ + sin ω. cos χ cos ω. sin γ

− sin ω. cos γ. cos χ + cos ω. sin χ − sin ω. cos γ. sin χ − cos ω. cos χ sin ω. sin γ

sin γ. cos χ sin γ. sin χ cos γ

3

5

���������	�

Q(ω, γ, χ)
mpcC�uh±sJlfenWjs��Js�h���z�Y���enlgm|}$��h���Y[sJlgZLs���Z>l�ª�Z�W��S��Z § cgZ>Z5ZLo�i��uegm s�h § º�© = ¨f¨ ®

Q−1(ω, γ, χ) = Q(χ, γ, ω).


$½ �-µ���:9 ��½ � Á �ML���L���:9 Á 8 Á D
T ν,k

j

� ·�Z-i�cgZenWjZDcn�uY[Z-��Z>¤�hjm|egm s�h¯s�¢PegWjZ[cg{jWjZ>lnmpx>�uzµW��ulnY[s�hjmpx>c
Y k

j

§ cgZ>Z § y-© � ¨f¨ ��cm h%�!� � ��º0"¦© � h$egWjZLm|l�{���{�ZLlL¡ ��ijY[ZLlgs�� � � ijl��umpcfª��uY[m�i�cgZwenWjZ5ZLo�i��uegm s�h § ��© ºU= ¨ § ªCm¬enW$m h�x�lnZL�Jcfm hj�²��Z>�JlgZLZLc j ¢s�l T ν,k
j ¨�Jc-�uh+Z>}���Y[{jz|Z�¢s�l-�±lnZLx>ijlncgm ��Z�x�sJY[{ji�en�uegm s�h+su¢�enWjZ

T ν,k
j

®Dª�Z�WjZLlgZ�{�lgZ>¢Z>l�enWjZ>m l-ZKoJi���egm s�h § ��© � G ¨ ªCm|egW ��ZLx>lgZK��cgm|hj���ZL��lnZ>ZKc>©· m|egW�egW�Z�Y[�ueglnm¬}
W
��Z>¤�hjZK�$�db § ªCm¬enW

i =
√
−1 ¨ ®

W =




ix. (ibx − iiby) ix. (ibx + iiby) −2ix.ibz

iiy. (ibx − iiby) iiy. (ibx + iiby) −2iiy.ibz

− 1
2 iz. (ibx − iiby) − 1

2 iz. (ibx + iiby) iz.ibz




§ ��© � G ¨ m h1� � � ��º5"³m cL®
2b−m−1

n+1 T ν,m+1
n+1 = (W1,1 + W2,1)b

−ν
n+1T

ν−1,m
n + (W1,2 + W2,2)b

ν
n+1T

ν+1,m
n + (W1,3 −W2,3)a

ν
nT ν,m

n .

· m|egW1egW�Z±x>s�hd��ZLh�egm s�h
T ν,m

n = 0, ∀(n, m)/|m| > n
¡�ª�Z±W��S�JZ�enWjZ�¢s�z z|s�ªCm hj��ZLo�i���enm|sJh�c § ªCWjmpx�W3x�s�lnlnZLcg{�sJh��+egs§ ��© º�� ¨ ��h�� § ��© º�º ¨ m h1� � � ��º5" ¨ ®

2b−m−1
n+1 T n+1,m+1

n+1 = (W1,1 + W2,1)b
−n−1
n+1 T n,m

n ,

2b−m−1
n+1 T−n−1,m+1

n+1 = (W1,2 + W2,2)b
−n−1
n+1 T−n,m

n .· m|egW § º�© < � ¨ �uh�� § ºj© <U< ¨ ¡jª�Z�sJ��en��m|h$egW�Z5¢s�z z|s�ªCm hj�²lgZLz �uegm s�h�cgWjm {$��Z�evª�Z>ZLh W
ªCm¬enW

Q
®

W1,1 + W2,1 = Q1,1 + Q2,2 + i(Q1,2 −Q2,1) = (cos γ + 1)eiχei(π−ω),

W1,2 + W2,2 = Q1,1 −Q2,2 + i(Q1,2 + Q2,1) = (cos γ − 1)eiχe−i(π−ω),

W1,3 + W2,3 = −2 sin γ.eiχ.
+^Z>h�x>Z�®

T ν,m+1
n+1 = eiχ

b−m−1
n+1{

1
2

[
(cos γ + 1) ei(π−ω)b−ν

n+1T
ν−1,m
n + (cos γ − 1)e−i(π−ω)bν

n+1T
ν+1,m
n

]
− sin γaν

nT ν,m
n

}
.

V�Wjmpc�lnZLx�i�lncgm|sJh�mpcC{�Z>lg¢s�lnY²ZK��m h
C
®Pª�Z5ªCm z|zµhjs�ª cgm|Y[{jz m|¢b�m|e^cfsDegW��ueAm¬eAªCm z z³��Z�W�Z>zp�$m h

R
©


$½ �-µ���:9 ��½ � Á � L µ�K���H9 Á 8 9 8
R
� · WjZLh {�Z>lg¢s�lnY[m|h��Nlnsue���egm s�h Rz(α)

s�h egWjZ�cg{jWjZLlgmpx>��z�W��ulnY²sJhjmpx
Y k

j (θ, φ)
ª�Z

cgm|Y[{jz b�W��S��Z�®
Y k

j (θ, φ) = eikαY k
j (θ̂, φ̂)

©P·�Zx>��h�enWdi�cA��ZKx�s�Y[{�sJcgZ
T ν,m

n (ω, γ, χ)
��c § sJh�x�Z���J��m|h$ª�Z5lnZ�¢Z>l�ens � � � ��º5"¢sJlA��Z�e��um z cA��h��$Z�}�{jz m x>m¬eA{jlnsdsu¢ ¨ ®

T ν,m
n (ω, γ, χ) = eimχe−iνωHν,m

n (γ)
§ º�© < � ¨ªCm|egW

Hν,m
n (γ) ∈ R

©V�WjZ5lnZLx>ijlncgm ��Z�ZLo�i���enm|sJh�¢sJl
Hν,m

n (γ)
mpc>®

Hν,m+1
n+1 =

1
b−m−1

n+1

{
1
2

[
− (cos γ + 1) b−ν

n+1H
ν−1,m
n − (cos γ − 1)bν

n+1H
ν+1,m
n

]
− sin γaν

nHν,m
n

}
.

§ º�© < º ¨
V�WjZ5lnZLx>ijlncgm s�h�mpcCm hjm|egmp��egZK��ªCm¬enW

Hν,0
n (γ)

enW��uh�´dc�ens[egWjZ5¢sJz|z s�ªCm hj�Dz Z>Y[Y��j®
����V����
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Q ½ � ��� I ��5��
Hν,0

n (γ) = (−1)ν

√
(n− |ν|)!
(n + |ν|)!P

|ν|
n (cos γ).

� � �H� + �A·�Z�i�cgZwenWjZ�cg��Y[Z5cnx�WjZLY²Z5��c �!� � ��º."³¢sJl�egWjZLm|lAx>s�Y[{ji�e���egm s�hµ©r\^�uY[ZLz|b�ª�Z�x�s�h�cfmp��Z>l Rz(π − ω).Ry(γ).Rz(0)ªCm|egW
V = (r, θ, φ)

©
θ
m c�W�Z>lnZ[egWjZ���hj��z Z[��Z>evª�ZLZ>h

V
Z>e

iz
®-m¬e-mpc��z cgs�egWjZ���hj��z Z[��Z>evª�ZLZ>h

V̂
Z>e

ibz
©$_�sJlgZLs���ZLlwenWjZcg{jWjZLlgmpx>��z�x>sds�l���m|h���egZKc-s�¢

z
m|h egW�Z$lnsue���egZK� x>s�sJln�jm|h��uegZ�cfb�cfegZ>Y

(ibx, iby, ibz)
��lgZJ®

(1, γ, ω)
© y^{j{jz bdm|hj�NegW�Z±yC����m¬enm|sJhV�WjZLs�lnZ>Y(¢sJl § ijhjh�s�lnY[��z|m �>ZK� ¨ cf{�WjZ>lnm xL�uz�W���lgY[s�h�m xLc § egWjZLs�lnZ>Y � ¨ ��Z�evª�Z>ZLh V

�uh��
z
m h1egWjZ±lnsue���egZK� cgb�cvenZ>Y(enW�i�cbdm Z>zp�jc>®

Pn(cos θ) =

n∑

ν=−n

Y −ν
n (γ, ω)Y ν

n (θ̂, φ̂).

·�Z�m �jZ>h�egm|¢b�enWjm cAZLo�i���enm|sJh$ªCm|egW�enWjm cAs�hjZ § sJ��en��m|h�ZL�$¢lgsJY § º�© < ¨f¨ ®

Pn(cos γ) = Y 0
n (θ, φ) =

n∑

ν=−n

T ν,0
n (ω, γ, 0)Y ν

n (θ̂, φ̂)

ªCWjmpx�W±��m ��ZKc¶¢sJlA�uz z
χ
®

T ν,0
n (ω, γ, χ) = Y −ν

n (γ, ω).·�Z��ZL�ji�x�ZJ®
Hν,0

n (γ) = Y −ν
n (γ, 0) = Y ν

n (γ, 0).

��m h��uz z|bJ¡�ªCm¬enW § y-© º ¨ �uh��$��ZKx>��i�cfZ�enWjZ�hjs�lnY��uz m �LZL�$cf{jW�Z>lnm xL�uz&W���lgY[s�h�m xLc¶¢sJlgY �uh±s�lgegWjsJhjs�lnY��uz�����cgmpc>¡�ª�Z5W��S��ZJ®
T−ν,−m

n (γ, χ) = T ν,m
n (γ, χ),

§ º�© < > ¨
��h��$egWjZLlgZ>¢s�lnZwªCm|egW § º�© < � ¨ ®

H−ν,−m
n (γ) = Hν,m

n (γ).
§ º�© < � ¨_�sJlgZLs���ZLl § cfZLZ § ��© ��� ¨ m h1� � � ��º5" ¨ ª�Z5W��S��Z5�uzpcgs�®

Hν,m
n (γ) = Hm,ν

n (γ).
§ º�© < � ¨

V�WjZKcfZ5evª�s²ZLo�i���enm|sJh�cL¡ § ºj© < � ¨ �uh�� § º�© < � ¨ ¡���lgZ5i�cgZ�¢i�z&egs²¢£��cfegZLh�egWjZx>s�Y[{ji�e���egm s�h�su¢�egWjZ Hν,m
n (γ)

§ cgZ>Z���Z>z s�ª ¨ ©
� Á � L���L�j�H9 Á 8 Á D

TO
ν,k
j

� 8 Â
TI

ν,k
j

� �jlns�Y9egWjZ^�jZ�¤�hjm|egm s�h�s�¢QegWjZ �wijegZ>l��uh�� � hjhjZLlr¢ijh�x
egm s�h�c>¡ § < © < ¨ �uh�� § < © � ¨ ¡��uh��enWjZ��Z�¤�hjm¬enm|sJh±su¢�egWjZLm|lAx>s�lnlgZKcf{�s�h��jm|hj�²lnsuen�uegm s�h�x�sdZ�°�x�m Z>h�e�c>¡ § ºj© � ¨ �uh�� § ºj© º ¨ ¡jª�Z���ZL�ji�x�Z�ªCm|egW § º�© < ¨ ®

TO
ν,k
j = i|k|−|ν|A

ν
j

Ak
j

T ν,k
j ,

§ º�© < � ¨
��h��&®

TI
ν,k
j = i|ν|−|k|A

k
j

Aν
j

T ν,k
j .

§ º�© <:G ¨
· m|egW § º�© < > ¨ ¡�ª�Z5W��S�JZ5��z cgs�®

TO
−ν,−k
j = (−1)k+νTO

ν,k
j ,

TI
−ν,−k
j = (−1)k+νTI

ν,k
j .

� Á � L���L�j�H9 Á 8 L�� Á � ½ Â�µ� ½ � ��m|�JZ>h+egW�Z
Hν,0

n (γ)
ªCm|egW�z Z>Y[Y��¯º�© < ��h�� § º�© < � ¨ ¢sJl n = J0..P K

�uh�� |ν| ≤ n
¡?ª�Z

i�cgZ § ºj© < º ¨ �uh�� § º�© < � ¨ ens$x>s�Y[{ji�enZ-enWjZ Hν,m
n (γ)

¢s�l
n = J0..P K

¡ |ν| ≤ n
�uh�� |m| ≤ n

©
TO

ν,k
j

�uh��
TI

ν,k
j

�ulnZenWjZ>h��ZK��i�x>ZL�$¢lgsJY
Hν,m

n

ªCm|egW § º�© < � ¨ ¡ § ºj© < � ¨ ��h�� § ºj© <HG ¨ ©+^s�ª�ZL��Z>l¶egWjZLlgZ�mpc¶hjs²hjZLZL��¢sJl¶enWjZ�x�sJY²{�i�en�uegm s�h�s�¢
TO

ν,k
j

�uh��
TI

ν,k
j

ensD��Z��Jx>x>Z>z Z>l���egZK�&®�m¬e�ªCm|z zQm|h���Z>ZK����Z�{��ulge�su¢enWjZD{�lgZKx�s�Y[{jijen��enm|sJh¯su¢
M2L
egl��uh�cf¢Z>l^¢ijh�x�egm s�h¯¢sJl�����m ��ZLh�z|ZL��Z>z § cgZ>Z[cgZLx
enm|sJh < © < ¨ �uh��¯m¬e�cwlnijh�egm Y[Z-mpc�hjsue5x�lnm¬enm xL�uz�uew�uz zU© � e^mpcAW�Z>lnZY[s�lnZ�m|Y[{�s�lgen�uh�eAens[¢s�x�i�c^s�h±egW�Z-hdijY[Z>lnm xL�uzµcfen���jm z|m|evb�s�¢�enWjZDx>s�Y[{ji�e���enm|sJh±cnx�WjZLY²Z-i�cfZK��¢s�lCenWjZLcgZlnsue���egm s�h±x�sdZ>°�x>m|ZLh�enc § cgZ>Z�cgZLx�egm s�h±ºj© > ¨ ©
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ywc�¢s�l�egWjZ�sJ{�ZLln�uegm s�hDx>s�ijh�ePcveni���bs�¢jegW�Z��?�?V�m Y[{jlns���Z>Y[ZLhJe�¢s�l

M2L
¡Sª�Z�WjZ>lnZC��s�hjsuerx�sJh�cgm ��ZLlµenWjZ�{jlnZLx�sJY[{ji�en�uegm s�h{�Z>lg¢s�lnY[ZL��s�h�x>Z5¢s�l�enWjZZL�Jx�W$z Z>�JZ>zH©¶V�WjZ

TO
ν,k
j (π, θ, φ)

¡
TI

ν,k
j (φ, θ, π)

�uh��
Ok

j (r, 0, 0)
��lgZ5enWjZ>lnZ�¢sJlgZ5hjs�eCen�u´JZ>h�m|h�ens�Jx>x�sJijh�eL©��s�l

1 M2L
¡dª�Z5egWdi�cCx�sJh�cgm ��ZLlL®

� 1
lgs�en��enm|sJh�¢sJlCegWjZ5YDijz¬enm|{�s�z Z�Z�}�{���h�cgm|sJh

� 1 M2L
��z|sJhj�²egWjZ

z
�u}dmpc

� 1
lgs�en��enm|sJh�¢sJlCegWjZ5z s�x>�uz&Z>}�{��uh�cgm s�h

� L ½ �S�j�H9 Á 8 � Á  8 � I��*5 � ��/�&.
0/1&\�-�	&'
�� :\�0; �\"1&)�	��
������1:\� � ��
�� +.���$&
M2L

� "�&)�	��
������%=,�!
!/ � ��
��
������1�.���$���^�!� �9; & /�&'��� /F

� &'�^�$& ; � � �

M2LROT =
(P + 2)(14P 2 + 41P + 36)

24
.

� � �H� + �A·�Z�W��S��ZJ¡�ªCm¬enW
Q = P/2

§ m hJenZ>�JZ>lA��m �dm cgm|sJh ¨ ®

ROT (Multipole) =

Q∑

ν=0

P−ν∑

j=ν

j∑

k=−j

=
(P + 1)(P + 2)2

4
≈ 1

4
P 3,

M2Lz =

P∑

j=0

min(j,P−j)∑

k=0

P−j∑

n=k

=
(2P + 3)(P + 4)(P + 2)

24
≈ 1

12
P 3,

ROT (Local) =
P∑

j=0

j∑

ν=0

Min(j,P−j)∑

k=−Min(j,P−j)

=
(P + 2)(P 2 + 2P + 2)

4
≈ 1

4
P 3.

� L ½ �S�j�H9 Á 8 � Á  8 � I � ?�� ��/�&�
0/1&\���	&)
�� : �5;�� "�&'�	�-
*���-� :\� � ��
 � +��-��&
M2L

� "�&'� ��
������ =,�!
0/ �	��
��
������������$�(�U� � �>; & /�&'��� /F

� &'�^�$& ; � � �

M2LROT 2P =
(10P + 9)(P + 2)(P + 1)

6
.

� � �H� + �A·�Z�W��S��ZJ®
ROT (Multipole) =

P∑

ν=0

P∑

j=ν

j∑

k=−j

=
(4P + 3)(P + 2)(P + 1)

6
≈ 2

3
P 3,

M2Lz =

P∑

j=0

j∑

k=0

P∑

n=k

=
(2P + 3)(P + 2)(P + 1)

6
≈ 1

3
P 3,

ROT (Local) =

P∑

j=0

j∑

ν=0

j∑

k=−j

=
(4P + 3)(P + 2)(P + 1)

6
≈ 2

3
P 3.

V�WjZ5l���enm|s[��Z�evª�Z>Z>h±cgm|hj�Jz|Z���h��±��s�ij��z|Z5WjZLm|�JWJeA´JZ>lnhjZ>zpc�ªCm¬enW±lgs�en��enm|sJh�mpc�egW�Z>h³®
M2LROT 2P

M2LROT
=

4(10P + 9)(P + 1)

14P 2 + 41P + 36
≈ 20

7
.

V�WjmpcCl���enm|s[¢£�S�Js�l�c¶enWjZ-��sJij�jz Z�WjZ>m ��W�eA´JZ>lnhjZ>z³x>s�Y[{��ulnZL��egs$x�zp��cncfmpx
M2L
m|Y[{jz Z>Y[Z>h�e���egm s�h § ln�uegm s�su¢

6
¡�cgZ>ZcgZLx�egm s�h

< © �j© > ¨ sJlC�jz sdx�´$���?V § l���enm|s²su¢ 8 ¡jcgZ>Z�cgZLx
enm|sJh±�j© = ¨ ©
����V����
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V�WjZ$m|Y[{jz Z>Y[ZLhJe���enm|sJh su¢�egWjZ�lgs�en��enm|sJh cgx�WjZLY[Z���s¯hjs�e-Z>h�x�s�i�hJenZ>l-cg{�ZLx�m|¤�x�{�lgsJ�jz|ZLY�c�Z�}jx�ZL{�e²xL�ulnZ�¢ijz¶ªClgm|egm hj�¯s�¢�enWjZz sds�{�c²m h�egW�Z±cgm hj��z Z�WjZLm|�JW�e

M2L
´�ZLlghjZLz�xL��cgZ�©�V�WjZ�lnsuen�uegm s�h1x�sdZ�°�x�m Z>h�e�cD��lgZ$ZL��cgm z|b�cfegsJlgZK� m|h egWjlnZ>Z>¥¦�jm|Y[Z>h�cfm s�h���z��lgl��Sb�c>©�·NZ5hjs�ª ��Z�e��um z&egW�Z�Z�}degl��²Y²ZLY[s�lnb�lgZKoJi�m|lnZL�&©��s�l�ZL��x�W

M2L
{jlnZ�¢sJlgY[ZK��ªCm¬enW�lnsue���egm s�h�c^ª�Z-hjZLZL�¯¤�lncfe�evª�s��ui�}�m z|mp�ulnb���lgl��Sb�cCªCWjZLlgZ[�ulnZDcfegsJlgZK�±egWjZ²Y-i�z¬enm|{�s�z Z��h�� z sdxL�uz�Z�}�{��uh�cfm s�h�c-�uz s�hj�±enWjZ

z
��}�m cL©¯V�WjZKcfZ���lgl��Sb�c5W��S��Z�egWjZ�cg��Y²Z$cfm �>Z�s�¢A�uh�Z>}d{��uh�cgm|sJh+ªCm¬enW ��s�ij��z|Z�W�Z>m ��W�e´JZ>lnhjZ>zH¡¶�uh���Z>�JZ>h z|ZKcgc²ªCm|egW3cfm hj��z Z�WjZ>m ��W�eL®�m h ��suenW x>�JcfZ$egW�Z>m l�Y²ZLY[s�lnb�i�cg����Z±x>�uh ��Z�hjZL��z ZLx
enZL�&© � h�cfegZL�J��s�¢w�uhZ>}d{��uh�cgm|sJh³¡�ij{�egs

P
s�l

2P
¡d¢sJlCegWjZ�x>z �Jcgcgm x

M2L
x�sJY[{ji�en�uegm s�h³¡�ª�Z5hjs�ª hjZ>ZK��¢sJlCZL��x�W

M2L
��ZKx
egsJlL®

� egWjZDx�s�lnlnZLcg{�sJh���m hj� M2L
enln��h�cf¢Z>lC¢ijh�x
egm s�h¯��z|sJhj�²egWjZ

z
��}�m c^x�s�h�e��um hjm|h��²sJhjz b�enZ>lnY[cAªCm¬enW�h�i�z|z³sJln�jZ>lK®rm¬e�c^cgm �LZm c�enWjZ>lnZ�¢sJlgZ

P + 1
s�l

2P + 1
��h���ZL�Jx�W�egZLlgY m c�lnZL��z&hdijY-��Z>lK¡

� egWjZDevª�s$�ulnl��Sbdc^x�s�h�e��um hjm|h���egW�Z²x>s�lnlgZKcf{�s�h��jm|hj� TO
ν,k
j

�uh��
TI

ν,k
j

x�sJY²{�z|Z>}�enZ>lnY�c^¢sJl
0 ≤ j ≤ P

¡ |k| ≤ j
�uh��

0 ≤ ν ≤ j
©µ·�Zrm h���ZLZL����sAh�sueµhjZLZL��enZ>lnY[c³ªCm¬enW −j ≤ ν < 0

©µV�WjZ¶cgm �>Zrs�¢dZK��x�W��ulnl��SbCm cL® ∑P
n=0

∑n
ν=0

∑n
k=−n =

(4P+3)(P+2)(P+1)
6

©rV�Wjm c^�u{j{jz m ZLc�egs[��suenW±cgm hj��z Z��uh��±��sJij�jz Z�W�Z>m ��W�eA´�ZLlghjZLz cL©
��m h��uz z|b�ª�Z5enW�i�c�W��S��ZJ¡d¢s�lAcgm|hj�Jz|Z5WjZLm|�JW�e

M2L
´JZ>lnhjZ>zH®

MemSg(P, H) = N (H)(P + 1)(P + 2)c +NT

(
P + 1

2
+

(4P + 3)(P + 2)(P + 1)

3

)
c,

§ º�© < = ¨
��h��$¢s�lA��sJij�jz Z�W�Z>m ��W�eA´�ZLlghjZLzU®

MemDb(P, H) = N (H)(P + 1)(P + 2)c +NT

(
2P + 1

2
+

(4P + 3)(P + 2)(P + 1)

3

)
c.

§ º�© ��� ¨
· WjZLh�x�sJY[{��ulnZL�²ens-ZLo�i��uegm s�h�c § < © < > ¨ ��h�� § < © < � ¨ ¡�m|e�mpc�x�z ZL�ul¶egW��ueL¡dijhjz ZLcnc���Z>lnb²z|s�ª3s�x
enlgZLZ^WjZLm|�JWJe�c¶��h�����ZLlgb²Wjm ��W���uz ijZKc�su¢

P
¡�egWjZ�Z>}degl��-Y[Z>Y[sJlgb�cfegsJln����ZwhjZ>ZK��ZL�$¢s�l�enWjZ�lnsuen�uegm s�h±cgx�W�Z>Y[Z5m cCcgY��uz zU©

� ��� ��� ��� �4�����  �9��� � 

·�Z�WjZ>lnZ�x�sJh�cfmp��ZLl�enWjZ�i�cgZ5su¢Pcve��uh��j��ln�$¸�¹µywa�xL�uz z c�m h�sJln�jZ>l�egs�cg{�ZLZL��ij{$egWjZx>s�Y[{ji�e���egm s�h�su¢

M2L
ªCm¬enW±lgs�en��enm|sJh�c§ cfZLZ�cgZLx�egm s�hM>�¢s�l[�uh�m h�eglnsd�ji�x
enm|sJh�s�h1¸�¹�ywa ¨ ©?·NZ$¤�l�cve[cveni���b+egW�Z���sJij�jz Z�WjZLm|�JW�eD´�ZLlgh�Z>z�cfm h�x�Z�egWjmpc²m c-egW�Z$Y[sJcfe��Y²ZLh��u��z|Z�x>�JcfZJ©

I � I ��5  Á µ� , ½ N ½ 9 � NQ� � ½ � 8 ½ ,
· WjZLh i�cfm hj��lnsue���enm|sJh�cªCm|egW

M2L
¡Pª�Z�i�cgZ

2
��m|«�ZLlgZLhJe[´dm|h��jc²su¢^x�sJY[{ji�en�uegm s�h³®�lgs�en��enm|sJh�cs�¢^Y-i�z¬enm|{�s�z Z���h���z s�x>��zZ>}d{��uh�cgm|sJh�c�s�h�s�h�Z5cgmp��Z�¡���h��

M2L
��z|sJhj�²egWjZ

z
�u}dmpc�s�h�egW�Z�suegW�Z>lAcgm ��ZJ©

� 	 L�� 8 �:9 Á 8 � Á �K���H9 Á 8 � � ·�Z�¢s�x�i�c�s�h�egW�Z�Y-ijz|egm {�s�z Z�Z�}�{��uh�cfm s�h+lnsuen�uegm s�h³®5enWjZ�z sdxL�uzrZ>}�{��uh�cgm s�h�lgs�en��enm|sJhNmpc{�Z>lg¥¢sJlgY[ZL��z m|´JZ>ªCmpcfZJ©?·NZ�hjZLZL��egs�x>s�Y[{ji�enZ�h�Z>�J�uegm ��Z5s�l���ZLlnc § cgZ>Z § ºj© � ¨f¨ z m ´�Z�®

M̂−ν
n =

n∑

l=−n

M l
nTO

ν,−l
n (ω, γ, χ)

ªCm|egW³®
0 ≤ j ≤ P

��h��
0 ≤ |ν| ≤ j

¢s�l���s�ij��z|ZNWjZ>m ��W�e$´JZ>lnhjZ>zH©�V�Wjmpc$x>s�Y[{ji�e���enm|sJh ��sdZLc$hjsue�z|ZLh�� m|encgZ>z|¢�egs �Y���enlgm|}d¥H�JZLx�egs�l�{jlns���i�x�eCcgm h�x�Z5m|eAz|sds�´�c�z m|´JZ�®
cν,n =

...∑

l=...

an,ν,l.bl,n

ªCWjZLh±ª�Z5ª�s�ijzp��h�Z>ZL�±cgs�Y[Z�enWjm hj�[z|m ´�ZJ®
cν,n =

...∑

l=...

aν,l.bl,n

¢sJl
C = A.B

¡�ªCm|egW
M̂−ν

n

cvens�lnZL��m h
C
¡
TO

ν,−l
n

m|h
A
��h��

M l
n

m|h
B
©�V�W�Z��Z>{�Z>h��jZ>h�x>b$sJh

n
s�¢

TOuter
ν,−l
n

{jlnZ>��ZLh�enci�cA¢lgsJY x>s�h�cgmp��Z>lnm|h��[egWjZlnsue���enm|sJh�s�¢PY-ijz|egm {�sJz|ZDZ�}�{���h�cfm s�h��JcA��Y���enlgm|}d¥H�JZLx
ens�lC{jlns���i�x�eL¡���h���egWdi�cA¢lgsJY i�cfm hj��z Z>�JZ>z
2
¸�¹µy�aQ¡j�uh���¢i�lfenWjZ>lnY[s�lnZwz Z>�JZ>z

3
¸�¹�ywaQ©� empcWjs�ª�Z>�JZ>l5{�sJcncfm �jz ZDens¯i�cgZ�z|ZL��ZLz

1
¸�¹�ywaN¢sJl5egWjZ�x>s�Y[{ji�e���enm|sJh�s�¢�sJhjZ���m ��ZLh

M̂−ν
n

¡��ji�e�egW�Z�cf{�Z>ZK��ij{ ªCm|egWz Z>�JZ>z
1
¸�¹µy�a�mpcCz m|Y[m|egZL�³©
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B0,0 B0,1 B0,2
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I (i) = M i−I
I ∀i ∈ J0, 2IK,
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egm s�h�su¢¶cgZLx
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ywc�¢sJl �\���$�
�

�>; � �$�jZLx�sJY[{�s�cfm|egm s�h³¡ : �\���$� ����lgZ�cfegsJlgZK� cgZ>{���ln�uegZ>z b�¡CªCm|egW ��z ZL�J��m|h�� ��m Y[Z>h�cgm|sJh ZLo�i���z^ens�enWjZ>m lx>s�h�cfen��hJeCWjZLm|�JW�eL¡j�uh���enlgZK��enZL����c�egl��uh�cf{�sJcgZL��¢s�l
ZGEMV

lns�ijegm hjZ�©
�whjZ²��l��SªC����x�´$su¢*: �\�����

�

� ; ���^��ZLx>s�Y[{�sJcgm¬enm|sJh¯m c^egW���e5ªCm¬enW�Wjm ��W
dimcband

ª�Z-m h�eglns���i�x�Z²cfsJY[Z-i�cgZ>z ZLcnc �LZ>lnsJc^m|henWjZ-x�sJY[{ji�en�uegm s�h³¡�ªCWjm z|Z�ªCm|egW¯cgY��uz z
dimcband

ª�Z�W��S�JZ�egWjm h¯�uh��±z s�h���lgZKx
en��hj��i�z ��l���z|s�x�´�c>©�V�W���e�� cAªCW�bJ¡���ZL{�ZLh���m hj�sJh
P
��h���s�h�egWjZ�Y���x�Wjm hjZwi�cfZK�&¡degW�Zwlnm|�JW�e����uz ijZA¢sJl�egWjZ�WjZ>m ��W�e�su¢µsJijl : �\���$� �¶W��S�JZCegs²��ZwsJ��en��m|hjZK��Z>}d{�Z>lnm Y²ZLh�en�uz z b�©

� , Á �R�
�

� ,£�j�+Â ½ � Á �ML Á �:9�:9 Á 8�� �wijlDzp��cfe���ZLx>s�Y[{�s�cfm|egm s�h m cD����cgZL� s�h enWjZ�ijh���ZLlgz bdm|hj��cvenlgi�x
egi�lgZ$su¢
TM2L

ªCm|egWcgm|h���z Z-WjZLm|�JWJe�´�ZLlghjZLzµm Y[{�s�cfZK���db
Ok

j = 0
¡ ∀j > O

©5V�Wjmpcwcfeglni�x�egijlnZDxL�uh¯m h�¢£��x�e���ZDx>s�h�cgmp��Z>lnZL�¯�JcAlnZLx>ijlncgm ��Z�©w_�s�lnZ{jlnZLx>m cgZ>z b�¡�ª�Z^hjs�ª ��ZLhjsuenZ
TM2L

�Jc
T0,0 [P ]

ªCW�Z>lnZ
TI1,I2 [P ]

¡
0 ≤ I1 ≤ P

¡
0 ≤ I2 ≤ P

¡���Z>hjs�egZKcrenWjZ^Y���enlgm|}�su¢�cgm �>Z
����V����



���������	��
��
������������������������! #"$�	��%�&' (&)��
*�,+'�-�.
0/1&��,232 > <

(P+1)(P+2)
2 × (P + 1)2

��Z�¤�hjZL���dbQ®

TI1,I2 [P ] =




BI1,I2 BI1,I2+1 . . . BI1,P−(I1+1) BI1,P−I1

BI1+1,I2 BI1+1,I2+1 . . . BI1+1,P−(I1+1) 0

©©© ©©© ©©© ©©© ©©©
BP−(I2+1),I2 BP−(I2+1),I2+1 . . . 0 0

BP−I2,I2 0 . . . 0 0




.

· WjZLh
I1 + I2 ≤ P

egWjmpcCY���enlgm|}�mpcC��Z>h�cfZJ®Pª�Z�egW�Z>lnZ�¢s�lnZ���Z>h�suegZ5m|eA�db
DI1,I2 [P ]

©r_¯s�lnZw{jlnZLx>m cgZ>z bQ®

DI1,I2 [P ] =




BI1,I2 BI1,I2+1 . . . BI1,P

BI1+1,I2 BI1+1,I2+1 . . . BI1+1,P

©©© ©©© ©©© ©©©
BP,I2 BP,I2+1 . . . BP,P




.

·�Z�W��S��Z�hjs�ª egWjZ5¢sJz|z s�ªCm|h��²lnZLx>ijl�cfm ��Z���ZLx>s�Y[{�s�cfm|egm s�h$¢s�l
0 ≤ I1 ≤ P

¡
0 ≤ I2 ≤ P

®
� ¢s�lCs��j�����uz ijZLc�s�¢ P = 2Q + 1

®

TI1,I2 [P ] = TI1,I2 [2Q + 1] =

[
DI1,I2 [Q] TI1 ,I2+Q+1 [Q]

TI1+Q+1,I2 [Q] 0

]
,

§ >�© > ¨
� ¢s�lCZL��Z>h����uz ijZLc�s�¢ P = 2Q

®

TI1,I2 [P ] = TI1,I2 [2Q] =

[
DI1,I2 [Q] TI1,I2+Q+1 [Q− 1]

TI1+Q+1,I2 [Q− 1] 0

]
.

·�Z�x>�uh�egWjZLh�¢ijlfenWjZ>lC��ZKx�sJY²{�sJcgZ
TI1 ,I2+Q+1 [. . .]

�uh��
TI1+Q+1,I2 [. . .]

¡�ªCW�m x�W±�ulnZwcg{��ul�cgZwY���enlgmpx�ZKc�egsds�¡dijh�egm zµ�enZ>lnY²m h���zµx>�JcfZ5��Z�enZ>lnY[m|hjZK����b�egWjZ����uz ijZ�s�¢
Q
©��s�lCZ�}j��Y²{�z|ZJ¡�z|Z>e � cAx�sJh�cfmp��ZLl

P = 3
¡�ª�Z5W��S�JZ�®

TM2L = T0,0 [3] = T0,0 [2× 1 + 1] =




O0
0 O1

1 O0
1 O−1

1 O2
2 O1

2 O0
2 O−1

2 O−2
2 O3

3 O2
3 O1

3 O0
3 O−1

3 O−2
3 O−3

3

O0
1 O1

2 O0
2 O−1

2 O2
3 O1

3 O0
3 O−1

3 O−2
3 0 0 0 0 0 0 0

O−1
1 O0

2 O−1
2 O−2

2 O1
3 O0

3 O−1
3 O−2

3 O−3
3 0 0 0 0 0 0 0

O0
2 O1

3 O0
3 O−1

3 0 0 0 0 0 0 0 0 0 0 0 0

O−1
2 O0

3 O−1
3 O−2

3 0 0 0 0 0 0 0 0 0 0 0 0

O−2
2 O−1

3 O−2
3 O−3

3 0 0 0 0 0 0 0 0 0 0 0 0

O0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

O−1
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

O−2
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

O−3
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0




ªCWjmpx�W±x>�uh±��Z���ZLx>s�Y[{�s�cfZK��¢sJz|z s�ªCm hj� § >�© > ¨ m h D0,0 [1]
®

D0,0 [1] =




O0
0 O1

1 O0
1 O−1

1

O0
1 O1

2 O0
2 O−1

2

O−1
1 O0

2 O−1
2 O−2

2


 ,

��h���m h
T0,2 [1]

�uh��
T2,0 [1]

®

T0,2 [1] =




O2
2 O1

2 O0
2 O−1

2 O−2
2 O3

3 O2
3 O1

3 O0
3 O−1

3 O−2
3 O−3

3

O2
3 O1

3 O0
3 O−1

3 O−2
3 0 0 0 0 0 0 0

O1
3 O0

3 O−1
3 O−2

3 O−3
3 0 0 0 0 0 0 0




V�VXW-Y�Z'[\Z^]



>d� ���������^
��!�

T2,0 [1] =




O0
2 O1

3 O0
3 O−1

3

O−1
2 O0

3 O−1
3 O−2

3

O−2
2 O−1

3 O−2
3 O−3

3

O0
3 0 0 0

O−1
3 0 0 0

O−2
3 0 0 0

O−3
3 0 0 0




.

V�WjZ�J�����uh�en����ZKc¶s�¢�enWjm c^��ZLx>s�Y[{�s�cfm|egm s�h�mpc�egW��ueAª�Z�i�cgZ���c�YDi�x�W���c�{�s�cgcgm �jz|Z�jZ>h�cgZ5Y[�ueglnm x>ZLc § mU© Z�©
DI1,I2 ¨ ªCW�m x�W��lgZZ>°�x�m Z>h�egz b�enlgZK��enZL�±�db

ZGEMV
lns�i�enm|h�Z�©C·�ZD��s�h�sue^z m|Y[m|e^enWjZD¸�¹µy�a±Z�°�x>m|ZLh�x�b��db�enWjZ-WjZLm|�JW�e^su¢PenWjZ �\���$��Jcm h±egWjZ � �-���

�

�>; ���C�jZLx�sJY[{�s�cfm|egm s�h³¡��uh��±ª�Z��s�hjs�e^x�sJY²{�i�egZi�cfZLz|ZKcgc��LZ>lnsJcC�JcCm|h±enWjZ : �\�����
�

� ; ���Cs�hjZJ©�V�WjZegZ>lnY[m|h��uzxL��cgZ5��lgZ�enWjZ>h�eglnZL�uegZK�$�Jc�m|h �\���$�
�

� ; � �
©
� eCW��Jc¶ensD��Z5hjsuenZL��egW���h�enWjZ5lgZKx�ijl�cfm ��Zwx>�uz zQs�h�egWjZ�cgij��¥¦Y[�ueglnm¬} �fs�h�egWjZ�lnm|�JWJe �wmpc�{�Z>lg¢s�lnY[ZL����Z>¢s�lnZ^enWjZ5lgZKx�ijl�cfm ��ZxL�uz z&s�h$egWjZ�cgij��¥¦Y[�ueglnm¬} �f��Z>z s�ª ��®�egW�m c�z ZL�J�jc�m|h��jZ>ZL��egs[z ZLcnc�egl��S��ZLlncn�uzpcrsJh�enWjZ5z|s�x>��zQ��ZLx�egsJl § ¢s�lClnZL�J��m|h��²��h���ªClnm¬enm|h�� ¨enW��uh±s�h$egW�Z�Y-ijz|egm {�sJz|Z��JZLx�egs�l § ¢s�lAlnZL�J��m|h�� ¨ ��c�m h�{��u��Z�º =�©

� ��� �  �� �
3
��� ���

y Y[�ueglnm¬}d¥¦��ZKx
egsJlP{jlnsd�ji�x
e¶lnZLo�ijm lnZLc O(N2)
Y[Z>Y[sJlgb²cvens�l��u��Z § cfij{�{�s�cfm hj�-�cno�i��ulnZCY���enlgm|} ¨ lgZLz �uegm ��Z�egs O(N2)

s�{�Z>l���¥enm|sJh�x>s�ijh�eL©radm h�x>Z^enWjZ�x�s�Y[{jijen��enm|sJh�cg{�ZLZL�$su¢µY[s���Z>lnh�{�lgs�x�ZKcgcgs�l�cPmpc�Y-i�x�W�¢£��cfegZ>l�enW��uh�egWjZLm|l�Y[Z>Y[s�lnb�����h���ªCmp�degW³¡�m|empcA�JZ>hjZLln��z|z b�hjs�eA{�s�cgcgm|��z|Z5ens�x�sJhJenm|hdijsJi�cgz|b�cgij{j{�z|b$egWjZ 6 sJ�uegm hj�[{�sJm|h�e^Z>}dZKx�i�enm|sJh±ijhjm|encAªCm|egW±enWjZhjZLZL��ZK���j��e��j®PenWjZLcgZZ>}dZKx�i�enm|sJhNi�hjm¬e�c5lgZLY��um h¯egW�Z>h�lgZL��ijzp�ulnz|b±mp��z Z²ª��um|egm hj�$¢s�l��j�uen�$egs���Z[z sJ�J��ZL�¯¢lgsJY�z|s�ª9z|ZL��Z>zPxL��x�WjZKcwsJlwY���m|h�Y[Z>Y²¥sJlgbJ©�q�ZLlf¢sJlgY���h�x�ZDsu¢¶z Z>�JZ>z
2
¸�¹µy�a�mpcwegWjZLlgZ>¢s�lnZ-z m|Y[m|egZL�N�db±egWjZ²l���egZ²su¢��j��e���Y[s���ZLY²ZLh�e^egW�lgsJij��W�egWjZ²Wjm Z>l��ul�x�Wjm xL�uzY[Z>Y[sJlgbJ¡J�uh��[z|ZL��Z>z

2
¸�¹µy�a[��shjs�e¶��ZLhjZ>l��uz z|bDlgZK��x�W²{�ZK�u´²{�ZLlf¢sJlgY���h�x�ZJ© �wh[enWjZ^x�sJh�egl��ulnb�¡���Y��ueglnm¬}d¥¦Y[�ueglnm¬}-{�lgs���i�x�elnZLo�ijm lgZKc O(N2)

Y²ZLY[s�lnb�cfegsJln����Z § cfij{�{�s�cfm hj��enWjZ²Y[�ueglnm x>ZLcw�ulnZDcnoJi��ulnZ ¨ lnZ>zp��enm|�JZ�egs O(N3)
s�{�Z>l���enm|sJh¯x�sJijh�eL© � ewmpchjs�ª3ZK��cgm|ZLlPegss��JZ>lnz ��{[Y²ZLY[s�lnb-zp��egZLh�x�b²ªCm|egW�x>s�Y[{ji�e���egm s�h�s�¢QegWjZ 6 sJ�uegm hj�{�s�m hJe�Z�}�ZLx>i�egm s�h�ijh�m¬e�c>¡��uh��²egWdi�cPenslnZL��x�W{�ZL��´�{�Z>lg¢s�lnY[��h�x�Z²su¢�egW�Z�{jlgs�x>ZLcncfsJlL©[_�s�lnZ[{jlnZLx�mpcgZ>z b¯�±�jz|s�x�´dm hj�$z Z>�JZ>zrmpc5m hJenlgs���i�x�ZL�Nm hNenWjZ�z s�sJ{�c�egW���e-x�sJY[{ji�egZKcenWjZY���enlgm|}d¥HY���enlgm|}${�lgs���i�x�e

C ← AT .B
¡�ªCWjmpx�W¯x�s�lnlnZLcg{�sJh��jc�egs��[��z|s�x�´���Z>l�cgm|sJh$s�¢�enWjZ{jlns���i�x
eK®���z|z�x�s�Y[{jijen��enm|sJh�cm hd��s�z �dm|h��s�hjZ^��m ��Z>h���z|s�x�´[su¢

A
�ulnZCegWdi�c�{�ZLlf¢sJlgY[ZK����Z>¢s�lnZAz sJ���jm|hj�egWjZwhjZ>ª �jz s�x�´[su¢

A
©PV�Wjmpc�xL��x�WjZ^lgZLi�cfZ^{jlgZL��ZLhJe�cYDijz¬enm|{�s�z Z5z|s����jc¶¢s�lC�j�uen�Dsu¢

A
enW���e�ª�sJijzp���ulnmpcfZwm|h$egWjZ5hjsJh�¥¦�jz|s�x�´[��ZLlncgm s�h�su¢�egWjZ�{jlns���i�x
eK©P·NZ�ªCm z|zQenWjZ>lnZ�¢sJlgZ^eglnb[egs�JlgsJij{$YDijz|egm {jz|Z

M2L
sJ{�ZLln�uegm s�h�c�m h�sJhjZ�cfm hj�Jz|Z5s�{�Z>l���enm|sJh�enW���eAª�s�i�z ��x�sJlglnZLcg{�sJh���ens��DY��ueglnm¬}d¥¦Y[�ueglnm¬}�{�lgs���i�x�eL©

� ijlnm|hj��egWjZ���s�ªChdª���ln�+{���cnc>¡P��e[�¯�Jm|�JZ>h z Z>��ZLz�s�¢CegWjZ�s�x
enlgZLZ�¡P�uz z
M2L
s�{�Z>l���enm|sJh�c�enW���e²W��S��Z�enWjZ±cg��Y²Z

M2L�JZLx
ens�lw��Z>evª�ZLZ>h�enWjZ²x>Z>h�egZLlws�¢PegWjZ[cgs�ijl�x�Z-x>Z>z z § x�sJhJe��um hjm hj��egW�ZDYDijz¬enm|{�s�z Z-Z>}�{��uh�cgm s�h ¨ �uh��±enWjZ[x�Z>h�enZ>l^s�¢PegWjZDen��lg�JZ�ex>Z>z z § x�sJh�en�um hjm hj�enWjZ5z|s�xL�uz�Z�}�{��uh�cfm s�h ¨ cgW��ulnZAenWjZ�cn�uY[Z �wi�egZLl¶¢i�h�x
enm|sJh�c § mH© ZJ© Ok
j ¨ �uh���egWdi�c�egW�Z5cn�uY[Z M2L

enln��h�cv¢ZLlY���enlgm|}&© · WjZ>h x>s�h�cgmp��Z>lnm|h�����z|zA{��um lnc²su¢5Y-i�z¬enm|{�s�z Z �Nz|s�xL�uzCZ�}�{���h�cgm|sJh�cDegW��ue�cfW���lgZ�enWjZ¯cg��Y[Z
M2L
�JZLx�egs�lK¡¶m|e�mpcenW�i�cC{�s�cgcgm �jz|Z�ens�x�s�h�x>��enZ>h��uegZ5�uz z&egW�Z>m lCY-ijz|egm {�sJz|Z�Z>}�{��uh�cgm s�h���ZLx�egsJlnc���cCx>s�z ijY[h�c�su¢?s�h�Z5cgm hj��z Z  ��; 
�� "��0; & & �^"������^�����

 (��
��^���
MM ¡��uzpcfs�h���Y[ZL�� ��; 
*� "��0; &  (��
��^���J©�V�WjZ-z|s�x>��z³Z�}�{���h�cgm|sJh$�JZLx
ens�l�cC�ulnZ�uzpcfs�x>s�h�xL��egZLh���enZL�±��xLx�sJln��m hj�Degs�enWjZcn�uY[Z�s�l���Z>l¶egsD¢s�lnY sJhjZwcgm hj��z Z ; �&:\�0; & �'"1�-�1�^�����  (��
��^���

ML ¡j�uzpcgsh��uY[ZK�<; �#:\�0;  (��
��^����©PV�WjZ�Y���enlgm|}d¥HY���enlgm|}[{jlgs���i�x
e
ML = TM2L . MM x�sJY²{�i�egZKc�egWjZLh+egWjZ�x>s�lnlgZKcf{�s�h��jm|hj� M2L

s�{�Z>l���enm|sJh�c5�uz z¶��e�s�h�x�Z���c�jZLcnx�lnm|��ZL�Nm|h�¤��JijlnZ >�© º�©� e�W��JcDegs+��Z±hjs�egmpx�ZK��enW���e[egW�Z±x>s�z ijY[h1cfegsJln����Z$su¢wsJijl[Y���eglnmpx�ZLcD¢sJl[egWjZ�¸�¹µy�a xL�uz z c²mpc�x�z ZL�ulnz b����j��{�egZK� ¢s�l[enWjZx>s�h�xL��egZLh���enm|sJh$s�¢��JZLx
ens�l�c���c�Y���enlgm|}$x�sJz|i�Y²h�c>©
��m lncfeL¡&ª�ZDªCm z zPlgsJij��Wjz b�x�sJh�cfmp��ZLl^enW���e�egWjZ[��ZLcfe�Z�°�x�m Z>h�x>b�m c�sJ��en��m|hjZK�¯ªCm|egW�z|ZL��ZLz

3
¸�¹µy�a�ªCWjZLh�enWjZDY��u}dm Y-i�YhdijYD��ZLl�s�¢-Y-i�z¬enm|{�s�z Z � z|s�xL�uz�Z�}�{��uh�cfm s�h�c��ulnZNx>s�h�xL��enZ>h��uegZL� ZL��x�W egm Y²Z § cgZ>Z+cgZLx
enm|sJh >�© ºj© º ¢sJl$lnZ>�dmpcfm s�h�c�su¢-egWjmpc�JcgcgZ>lgegm s�h ¨ © � h+enWjZ�¢sJz|z s�ªCm hj��¡�ª�Z�ªCm z zregWdi�cDcfZLZ�Wjs�ª egs�x>s�h�xL��enZ>h��uegZ[egW�Z�Y���}�m|YDijY#h�i�Y-��Z>l-s�¢CY-ijz|egm {�sJz|Z ��z|s�xL�uzZ>}d{��uh�cgm|sJh�c5¢sJl-s�h�Z���m ��Z>h

M2L
enln��h�cf¢Z>lY���enlgm|}&¡���h��+ª�Z�ªCm|z zrenWjZ>h {jlgZKcfZLh�e�egWjZ$m|Y[{jz Z>Y[Z>h�e���egm s�h s�¢�egWjmpcY���enlgm|}d¥Y���enlgm|}�{jlns���i�x�eCegW���hj´�c�egs[z|ZL��ZLz
3
¸�¹�ywa$x>��z|zpc>©

· WjZLh��JlgsJij{jm hj��Z>}d{��uh�cgm|sJh�c^�Jx>x>s�l���m|h���egs
M2L
�JZLx�egs�l�cAs�¢regW�Z²m h�egZLln�Jx
egm s�h�z|mpcveK¡&ª�Z²�uzpcfs$W��S��Z-egs$en��´�ZD�Jx>x>s�ijh�eenW���e5cfsJY²Zx>Z>z z cw��s�hjs�ewW��S�JZ��x�sJY[{jz|Z>egZm h�egZLln�Jx
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��m ��ijlnZ�>�© >�® * Z>z zpc�ªCm|egW²m h�x�sJY²{�z|Z>egZ�m|h�egZLln�Jx
enm|sJhz|mpcfe § ªCm¬enW²cfeglnm {�ZKc ¨ ¢s�lP��oJi����denlgZLZ�s�¢�WjZ>m ��W�e 3 ��h��-�wª�Z>z z¬¥ cfZL{��ul���enZ>hjZKcgcx>lgm|egZLlgm s�h
ws = 1

©
� hDs�l���Z>lµegsweglnZL��e?�uz z�egWjZ

M2L
sJ{�ZLln�uegm s�h�cµ¢s�l�egWjZ�z sdxL�uz�Z�}�{���h�cfm s�h�cµs�¢�cfi�x�W-x�ZLz|zpc>¡�ª�Z¶i�cfZ��	& :\� "���&'�µs�¢jegWjZ�Y-i�z¬enm|{�s�z Z��h��+z|s�xL�uzrZ>}d{��uh�cgm|sJh+��ZLx�egsJlncL© * sJh�x�lnZ�enZ>z b�¡³enWjZ�x>ijlglnZ>h�ez s�x>�uz¶Z�}�{��uh�cfm s�h�c-�ulnZ�x�s�{�m|ZK�Nm h+egW�Z�x�sJz|ijY[h�c-su¢�egW�Z�z|s�xL�uzY���enlgm|}&¡�egW�Z�x>s�lnlgZKcf{�s�h���m|h��AY-ijz|egm {�s�z Z�Z>}�{��uh�cgm s�h�c?�ulnZ�x>s�{jm ZL�Dm h-enWjZCx�s�z ijY[h�c�su¢�egWjZ�YDijz¬enm|{�s�z Z�Y���eglnm|}Q¡u��h���enWjZ

M2Lx>s�Y[{ji�e���egm s�h�mpc�{�ZLlf¢sJlgY[ZL�$��cL®
ML ← TM2L . MM + ML ©rV�WjZ�x>s�z ijY[h�c�su¢�egWjZ5z sdxL�uz&Y���enlgm|}��ulnZwegWjZLh�� & :\�\"���&\�m h�egWjZ�sJlgm ��m h��uz�z sdxL�uzPZ>}d{��uh�cgm|sJh�cL© � ex�sJijzp��W��S�JZ[��ZLZ>h�{�s�cgcgm|��z|Z²egs±i�cgZ��$h�i�z|zrz s�x>��zPY[�ueglnm¬}���h���egs¯�����¯enWjZ�lgZKcfi�z¬eens[egWjZz s�x>��z³Z�}�{���h�cfm s�h�c>¡��jije^s�h±Y[s���Z>lnh±{jlgs�x>ZLcncfsJl�cgi�x�W���c�q?s�ª�Z>lnq * sJl � yC¥ �-> § � en�uh�m|ijY ¨ enWjZ�¢i�cgZL��YDijz¬enm|{�z|b�¥ ���j�m h�cfeglni�x
enm|sJh § �?_¯y-¡ds�l���_�y � � ¨ ��z|z s�ªAc¶x>s�Y[{ji�e���egm s�h�su¢ c = a.b + c

m|h�egWjZ5cn�uY[Z^hdijYD��ZLl�s�¢µx�b�x�z ZLc���c
c = a.b

©P·NZenWjZ>lnZ�¢sJlgZ5{jlnZ�¢ZLl
2
x>s�{jm ZLcC���J��m|h�cfe

1
¤�z z m|hj��ªCm|egW �LZ>lnsJc�{jz i�c

1
���j�jm¬enm|sJh³©��s�l¶�5�Jm|�JZ>h[ª�ZLz|z|¥ cfZL{��ul���enZ>hjZKcgc?x�lnm|egZ>lnm s�h
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§ cfZLZ^cgZLx
enm|sJh < © < ¨ ¡JegW�Z M2L

��ZKx
ens�l�c?su¢�egWjZAm h�egZLln�Jx
egm s�h[z m cfe¶s�¢&�5�Jm|�JZ>hx>Z>z z³�ulnZw��Z>egZ>lnY[m|h�ZL���Jx>x>s�l���m|h���egs²egW�Z 
 � "1& � +3:\/F�?; ��s�¢³egWjZ�x>Z>z zU® 
 � "1& � +3: / �?; �5��ZKcgx>lgm ��ZKc�WjZ>lnZAenWjZ5z|s�x>�uegm s�h�s�¢µenWjZ�x>Z>z zx>Z>h�egZLl�lnZ>zp��enm|�JZ>z b-ensegW�Z�x>Z>h�egZLl�s�¢³m¬e�c¶¢£�uegWjZLlL© � h
3D
¡�egWjZ�Z>m ��W�e��jm¬«QZ>lnZ>h�e 
 � "�&.� +3:\/F�?; ���ulnZ�®?¸ � ¹¶¡�¸�]w¹r¡d¸ � ~�¡�¸�]^~¡� � ¹r¡?��]w¹r¡?� � ~�¡?�?]^~�¡�ªCm|egW ��¡?¸w¡�]¡ � ¡?¹r¡�~ x�sJlglnZLcg{�sJh���m hj��lnZLcg{�ZKx
egm ��ZLz|b�egs �g�jlns�h�e ��¡ �f¸��Jx�´ �
¡ �g]A{ ��¡ � � s�ªCh �
¡

�g¹³Z>¢ e��w�uh�� �f~Am|�JWJe ��©PV�ª�sD��m¬«QZ>lnZ>h�e�
 � "�&^� � + : / �?; ��cfW��ulnZ^cfsJY[Z
M2L
�JZLx�egs�l�cL©�adsJY²Z

M2L
�JZLx
ens�l�c¶��lgZ^��z cgs-cgW��ulnZL�[�db��z|z�egWjZ.
 � "�&^��� +�:\/F�?; �u®?¢s�lrZ>}j�uY[{jz Z�¡�ªCm¬enW

ws = 1
¡���Y[s�hj�5enWjZ

189 M2L
��ZLx�egsJlnc?s�¢�enWjZ^m h�egZLln�Jx
egm s�h[z m cfe

53−33 = 98��lgZ�x�sJY[Y²sJh�ens��uz z 
 � "�&'�.� + : / �?; ��©
· WjZLh��JlgsJij{jm hj�

M2L
s�{�Z>l���egm s�h�c^��xLx�sJln��m hj��ens�enWjZ

M2L
��ZKx
ens�lK¡�ª�ZenlgZK��e

M2L
�JZLx
ens�l�cAsJhjZD�u¢ egZ>l�enWjZDs�egWjZLlL©V�ª�s�z sds�{�c^�ulnZ5egWdi�cAh�Z>ZL�jZL�&®�s�hjZ�¢sJlCegW�ZC
 � "�& � + : / �?; �-��h��±�uhjs�egWjZLlAs�h�Z5¢s�lAenWjZ

M2L
�JZLx
ens�lK© VM2L

��Z>h�suegm hj��enWjZcgZ�eCsu¢��uz z�{�sJcncgm|�jz Z
M2L
�JZLx�egs�l�cL¡ TC

egW�Z�cgZ�eCsu¢��uz z³��m¬«QZ>lnZ>h�e�
 � "�&'� � + : / �?; �5�uh��
TM2L(v)

enWjZ
M2L
enln��h�cv¢ZLl�Y[�ueglnm¬}x>s�lnlgZKcf{�s�h��jm|hj�Degs²enWjZ
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��ZKx
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M2L
��ZKx
ens�lenWjZ>lnZAmpcrs�h�z|b²s�hjZ^z|ZL��Z>z
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¸�¹µywa[xL�uz zjenW���e�x>s�Y[{ji�enZLc��uz zjegW�ZAz|s�xL�uz��JZLx�egs�l�cPx�sJh�x�ZLlgh�ZL�²�db-enWjm c

M2L
��ZKx
egsJlL¡Jhjs�Y���egegZ>lenWjZ.
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eglnZ>ZCªCW�sJcgZ�z s�x>��zj��ZKx
egsJlncP��lgZAx>s�Y[{ji�enZL�i�cgZ>z ZLcncgz|bJ©P· m¬enW
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¡�egW�Z>lnZ�mpc
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�>; ��� � �\� ����eCenWjZ���ZL��m hjhjm hj���uh��

1
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2l−1cgz|mpx�ZKcAs�¢¶cfm �>Z
(2l−1)2

©^V�WjZ-z|s�x>��zµZ>}d{��uh�cgm|sJh���ZKx
egsJlncC��lgZ-lgZK�ulnln��hj��ZK��m h
2l−1 − 2.ws

cfz m x>ZLcCs�¢¶cfm �>Z
(2l−1 − 2.ws)2 +

2 ∗ (2l−1 − 2.ws)− 2
§ mH© Z�©?egW�Z�hdijYD��ZLl�su¢�x>Z>z z c�s�¢��²��m ��ZLh 
 � "1& � + :\/F�?; ��ªCm|egW�x�sJY[{jz|Z>egZ�m|h�enZ>l���x
enm|sJh�z m cfeCm|h

1
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1
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x�sJz|i�Y²h�c>¡��u�J��m|h�cfe

2x>s�z ijY[h�cCªCm|egW �	�0=+cfegs�l��u�JZ § cfZLZ5¤���ijlnZ�>�© � ¨ ©

� ¢�� ; � :\&��j�uen� cfegs�l��u�JZ���z|z s�ªAc��+��Z�efenZ>l�Z>°�x�m Z>h�x>b ªCm|egW3egW�Z�z|ZL��Z>z
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©
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¸�¹µywa$Z>°�x>m|ZLh�x�bJ¡�ª�Z�xL�uh±x�s�h�x>��enZ>h��uegZ5cfz mpx�ZLc�m h±s�l���Z>l�ens²W��S��ZwegWjZ�ªCWjsJz|Z5z Z>�JZ>z³cfegs�lnZL�$m h$sJhjZ�cfm hj��z Z5Y[Z>Y[s�lnb�jz s�x�´��uh���x>s�Y[{ji�enZL�$ªCm¬enW�s�hjZ�cgm|h���z Z�z Z>�JZ>z

3
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M2L
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M2L
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enm|sJh >�© �DmpcCWjZ>lnZ��uzpcfs²���uz m ��ªCWjZLh$lnZ>{�z �Jx�m hj�

ZGEMV
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ZGEMM
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+^s�ª�ZL��Z>lK¡�ªCm|egW�cfm hj�Jz|ZW�Z>m ��W�e
M2L
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3
¸�¹µywa-x>��z|zH© � ¢�s�hjz b�s�hjZ�cgm|hj�Jz|Z�z Z>��ZLz
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eK¡�Jc�¢s�l²��s�i��jz|Z�WjZ>m ��W�e

M2L
´�Z>lnhjZLz § cgZ>Z�cfZKx
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NbExp = 30 ¨ ªCWjm|z Z²¢s�l�� ; � :\&�¡ NbExp = 958
��z|z s�ªAcw��Z>efegZLl¸�¹µywa

3
Z�°�x�m Z>h�x>bQ®wm h���ZLZL�enZLcfenc²{�ZLlf¢sJlgY[ZK� ¢s�l

H7
sJh � ¸�_ q?s�ª�Z>l�º�ªCm|egW < �)�5¸ Y[Z>Y[s�lnb § * � \ (�a ¨ cfW�s�ªAcenW���e3�	�0= cvens�l��u�JZ�m c²�Nz|m|efenz|Z±�jm|e¢£�JcvenZ>l�¢s�l�egW�m c�WjZLm|�JW�eL© � h�¢£�Jx
e�� ; � :\&Ccfegs�l��u�JZ^��sdZLc�h�sue�i�cfi��uz z|b�s�«�ZLl����um h�lnZ>zp��enm|�JZ^ens �	�5=NcfegsJln����Zw��h���Y[sJlgZLs���Z>l � ; � :\&cfegsJln����ZAhjZLZL�jc���ZLlgb²z s�hj�-x>s�h�cgZLx>i�egm ��ZwY[Z>Y[s�lnb²��lgZK��c?enW���eCx>��hjhjs�e���Zw�uz z sdxL��enZL�[¢sJl¶ens�sDWjm ��W����uz ijZKc¶s�¢

P
s�lrensds-Wjm ��WWjZLm|�JW�enc5ªCWjZLh�Y[ZLY²sJlgb¯��z|z s�x>�uegm s�h�ªCm|egW �	�5=1cfegsJln����ZDY[�SbNcfi�xLx�ZLZL�&©��jsJl5egWjZKcfZ[lnZL�JcfsJh�c^ª�Z²¢£�S��sJl�� �0=3cvens�l��u��ZJ¡&�uh��cgm|h�x�Z�egWjZ

NbExp
���uz ijZKcµZLh��u�jz ZL�-�db � ; � : &�cfegsJln����Z¶cgZ>ZLY egs���Z�Wjm ��W-ZLhjs�i���W³¡ ; &)% &>;Scvens�l��u��Z¶W���c�hjsue?��Z>Z>h²m Y²{�z|ZLY²ZLh�egZL�³©

� h�x>s�h�x>z|i�cgm s�h �	�5=±��h�� � ; � :\&�cvens�l��u��ZKc?su«QZ>lr��suenW�s��d�dm s�i�cP���um h�cPlnZ>zp��enm|�JZ�egs�enWjZwcnx�WjZ>Y[ZAªCm|egW �	& : �\"���&'�?¢s�l¶z s�ª3�uh��Y[ZL��hD����z|ijZKc?su¢
P
�uh��²x�sJh�cgZLo�ijZ>h�e?WjZ>m ��W�e�c>©?_�s�lnZ>s��JZ>lK¡Lª�Z�ªCm|z z���ZLhjZ>l��uz z b�{�lgZ>¢Z>l �	�5=$�j�uen�5cvens�l��u�JZ�©³·�Z�Wjs�ª�ZL��ZLl�´JZ>Z>{enWjZDm Y[{jz Z>Y[Z>h�en�uegm s�hNªCm¬enW �	& :\� "$��&^�wcgm h�x�Z²m¬e5Y��Sb±��Z²Y[s�lnZDcgijm¬e��u�jz Z¢sJl�egWjZ²{��ul��uz z Z>z m cn��enm|sJh�s�h���mpcfeglnm|�jijegZL��Y[Z>Y[s�lnb��lnx�Wjm|egZKx
enijlgZKc^�JcAª�Z>z z���cA¢s�lwegWjZ²���j��{�egm ��Z-��Z>l�cgm|sJh�s�¢?egWjZ[�?_¯_ § m h�enWjm cwzp��cfe�x>�JcfZ-m¬e�Y[�Sb�Wjs�ª�Z>�JZ>lC��ZDlnZ>ªClnm¬egegZLh�m|henWjZcg��Y[Z�ª��Sb��Jc¶¢sJl^x�ZLz|zpc�ªCm|egW±m|h�x�s�Y[{jz Z�enZ5m|h�egZLln�Jx
enm|sJh$z m cfeL¡�cfZLZ5cgZLx�egm s�h >�© ºj© < ¨ ©
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��m ��ijlnZ�>�© < �j® �5�um hm h-{�Z>l�x�Z>h�e��u��ZPs�«�ZLlgZK���db �	�0=���h�� � ; � :\&�cvens�l��u��ZKc&lnZ>zp��egm ��Z?ensAenWjZ�cnx�WjZLY²Z¶ªCm¬enW �	& :\� "$��&^�&¢sJl���s�ªCh��ul��{��Jcgc * q¶] enm|Y[ZLc�ªCm|egW+�uhNsdx�eglnZ>ZDsu¢¶WjZLm|�JW�e
6
�uh�� � ; �&:�

�

�>; � �wlgsJi�egm hjZ § cgm|hj�Jz|Z²WjZLm|�JWJe5´�ZLlgh�Z>z ¨ ©V�ZLcfenc�{�ZLlf¢sJlgY[ZK��s�h� ¸�_#q?s�ª�ZLl	>�©
� h�cgijY[Y��ulnb�¡�enWjZA��ZLcfe�¸�¹µywa²m Y[{jz Z>Y[Z>h�en�uegm s�h�c¶�ulnZ�egWjZLlgZ>¢s�lnZ � ; �#:�

�

�>; � �r�uh���+���;?;
�

�>; ��� § ��Z>{�Z>h���m|h��s�h²egW�Z
M2L´JZ>lnhjZ>z&WjZLm|�JW�e ¨ ¡�ªCm¬enW�� �0=+�j��e��²cfegsJln����ZJ©

� ��� �  � � � 
 ���� ��� �� �  �����

·�Z�WjZ>lnZ�{�lgZKcfZLhJe�egW�Z�Y[ZLY²sJlgb�lnZLo�ijm lnZ>Y[Z>h�encµ¢s�l�enWjZC¸�¹�ywa-x�s�Y[{jijen��enm|sJh-s�¢
M2L
©µ��m|l�cvePs�¢��uz zU¡�Y-ijz|egm {�sJz|Z�Z>}d{��uh�cgm|sJh�chjZLZL��egs-��Z5x�s�hd�JZ>lgegZL�[m h�YDijz|egm {�sJz|Z�Z�}�{���h�cfm s�h���ZLx�egsJlncPªCW�sJcgZwcgm �LZwmpc>® ∑P

j=0

∑j
k=−j c = (P + 1)2c

¡dªCWjZLlgZ
c
��Z>h�suegZKcenWjZ¯cfm �>Z�su¢5�+x�s�Y[{jz Z�}�hdijYD��ZLl § cgZ>Z�cgZLx
enm|sJh < © �j© º ¨ ©1V�W�Z>h1egWjZ M2L

egl��uh�cv¢ZLlD¢i�h�x
enm|sJh�c��ulnZ�x>s�hd��ZLlfenZL� m h
M2L

V�VXW-Y�Z'[\Z^]
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��m ��ijlnZ�>�© < < ® �5�um hm h-{�Z>l�x�Z>h�e��u��ZPs�«�ZLlgZK���db �	�0=���h�� � ; � :\&�cvens�l��u��ZKc&lnZ>zp��egm ��Z?ensAenWjZ�cnx�WjZLY²Z¶ªCm¬enW �	& :\� "$��&^�&¢sJl���s�ªCh��ul��{��Jcgc * q�] egm Y²ZKc5ªCm¬enW �uh�sdx�eglnZ>Z[su¢�WjZ>m ��W�e
6
�uh�� +���;?;

�

�>; � ��lgsJi�egm hjZ § ��sJij�jz Z[WjZ>m ��W�e�´�ZLlghjZLz ¨ ©�VµZKcve�c5{�ZLlf¢sJlgY[ZL��s�h� ¸�_#q?s�ª�ZLl	>�©
enln��h�cv¢ZLlCY���eglnmpx�ZLcL©P�jsJlA��s�ij��z|Z5WjZLm|�JWJe

M2L
´JZ>lnhjZ>zH¡degWjZ�cgm �LZ�su¢�egWjZKcfZ�Y���enlgmpx�ZKc�m cL®

Tmatrix =
(P + 1)(P + 2)

2
(P + 1)2c.

V�WjmpcxL�uh+��ZKx�sJY²Z�o�ijm|egZ��jm|�±¢sJl�Wjm ��W+���uz ijZLc�s�¢
P
cgm|h�x�Z�m|e��lns�ªAc��Jc O(P 4)

¡?�u�J��m|h�cve O(P 2)
¢s�l�enWjZ�x�zp��cncfmpx

M2Lx>s�Y[{ji�e���egm s�hµ©���s�l5cfm hj��z Z-W�Z>m ��W�ew´JZ>lnhjZ>zH¡�ª�Z[x�s�h�cfmp��Z>lwWjZ>lnZ-Y��ueglnm x>ZLc^�jZLx�sJY[{�s�cfZK�¯��xLx�s�l���m hj��ens�>; �&:�
�

�>; ���w��ZLx>s�Y²¥{�sJcgm¬enm|sJh³©�V�WjZ>m l5Y[Z>Y[s�lnb$i�cg����Z-mpc�Wjs�ª�Z>��ZLlCegW�Z²cn�uY[ZD�Jc^ªCm|egW �\�����
�

� ; ���w��ZKx�s�Y[{�sJcgm¬enm|sJh¯ªCWjmpx�WNxL�uh¯��Z²x>s�Y[{ji�enZL��Jc�¢s�z z s�ªAc>®-egWjZ � �-�����5��Z>m hj�¯hdijYD��ZLlgZK��¢lgsJY enWjZ�ens�{ ens�egWjZ���s�efegsJYÃsu¢�egWjZ$Y���eglnm|}Q¡�egW�Z�\���$��ªCm|egW hdijY-��Z>l
M
¡

M ∈ J0, P K
¡�W��Jc

M + 1
lns�ªAc���h�� ∑P−M

N=0 (2N + 1) = (P −M + 1)2
x�s�z ijY[h�cL¡��uh���egWjZ�Y[Z>Y[s�lnb�i�cn�u�JZ^su¢?�uz z � �-�����mpc�egW�Z>lnZ�¢s�lnZ�®

Tmatrix =
P∑

M=0

(M + 1)(P −M + 1)2c =
(P + 1)(P + 2)2(P + 3)

12
c.

V�WjZ�Y[ZLY²sJlgb�i�cg����Z�¢s�l : �\���$�
�

� ; � �C��ZLx>s�Y[{�s�cfm|egm s�h�mpcC�[z|m|efenz|Z��jm|eAWjm ��WjZLlA��ijZ5ens[egWjZ�{jlnZLcgZ>h�x�Z5su¢?cfsJY²Z �LZ>lnsJc�m h$enWjZ
�\���$� �
©· m|egW�z|ZL��ZLz

2
¸�¹µy�a�h�sDs�egWjZLl�Y[ZLY²sJlgb�mpc�hjZLZL��ZK�&©P¸�ije�ªCm|egW�z Z>��ZLz

3
¸�¹µy�aQ¡�ª�ZwhjZLZL�$Z�}degl��DY²ZLY[s�lnb�©?��m l�cveCsu¢��uz z¢sJl�egWjZx>Z>z z cCªCm|egW±m h�x�sJY[{jz|Z>egZ�m h�egZ>l���x�egm s�h$z|mpcveK¡jª�Z�h�Z>ZL�$evª�s²egZ>Y[{�s�l��ulnb��ji�«QZ>l�c>®PsJhjZ�¢s�l�enWjZ�Y-ijz|egm {�s�z Z�Y[�ueglnm¬}��uh��enWjZws�egWjZLlr¢sJl¶enWjZ^z s�x>�uz�Y���enlgm|}&©�V�WjZwhdijY-��Z>l�su¢³Z>}d{��uh�cgm|sJh�crlnZLx>s�{jm ZL�[m h�cgi�x�W��jij«�ZLl����ulnm ZLcr�JlgZK��enz|b[�uh���x>�uh���ZLx>s�Y[Z�JlgZK��ewªCm|egWN��lns�ªCm|h���WjZ>m ��W�encwsu¢¶egWjZ²s�x
eglnZ>ZJ®�¢s�l�Z�}j�uY[{jz Z-ªCm|egW+��W�Z>m ��W�ews�¢

6
¡Qm|e�l��uhj�JZLcA¢lgsJY

1
egs

37952
©4+^s�ª�ZL��ZLlenWjZ�x>s�Y[{ji�e���enm|sJh�x>�uh ��Z±��cZ>°�x�m Z>h�egz b+{�ZLlf¢sJlgY[ZL�+ªCm|egW cfY��uz z Z>l-��i�«�ZLlnc-egW��uh enWjZ�Y���}�m Y-ijY#hjZLZL��ZK�&®�m¬¢CenWjZ±cfm �>Zs�¢PegWjZ-evª�s��jij«�ZLlnc^Z>h����jz|ZKc NBuf

Z�}�{���h�cfm s�h�c�egs$��Z�enlgZK��enZL���uz z|egs��JZ�enWjZ>lwm|h�sJhjZ-cgm|hj�Jz|Z-Y[�ueglnm¬}d¥¦Y���eglnm|}${jlns���i�x
e��uh��m|¢
n
{��um lncwsu¢�Y-ijz|egm {�sJz|Z ��z|s�x>��z?Z�}�{��uh�cfm s�h�cwcfW��ulnZegW�Z[cn�uY[Z

M2L
�JZLx�egs�lK¡�ªCm¬enW

n > NBuf
¡QegWjZLb��ulnZenlgZK��egZK�¯ªCm|egW

n
NBuf

x>s�h�cgZLx>i�egm ��ZAxL�uz z cL¡�{�z|i�crs�hjZ^xL�uz z�¢s�lregWjZAlnZ>Y���m|hjm hj��Z>}d{��uh�cgm|sJh�cL©µqrlns��dm ��ZK�DegW���h NBuf
mpcPWjm ��W�ZLhjs�ij�JW²egs�lnZL��x�W

sJ{�egm Y��uz?z|ZL��ZLz
3
¸�¹µywa¯Z�°�x�m Z>h�x�b�¡�enWjZ[{�ZLlf¢sJlgY��uh�x�ZLc^ªCm|z z?��Z²enWjZ²cn�uY[Z²��cwªCm¬enWN�jij«�ZLlncwZ>h����jz m|hj�

n
Z�}�{���h�cgm|sJh�c>© � h{jl���x�egmpx�ZJ¡ NBuf

�S��z|i�ZLcr��lgZ�enWjZ^cn�uY[Z^��cPegWjZ
NbExp

����z|ijZKcr��mpcgx>i�cncfZK�[m|h�cgZLx�egm s�h >�© >�© �wegW���e¶�Jm|�JZLc?enWjZA��ZLcfe¶Z�°�x�m Z>h�x�bQ®x>s�h�x>lgZ>egZ>z b��D¢Z>ª egW�s�i�cn�uh���c�su¢�Z>}�{��uh�cgm s�h�c��ulnZ5Z>hjsJij��W$¢s�lA��z|z&����z|ijZKc�su¢
P
©��s�lx�ZLz|zpc5ªCm|egW x�sJY²{�z|Z>egZ�m hJenZ>l���x�egm s�h�z mpcveK¡�ª�Z[W��S��ZDegs¯��mpcfegm hj��ijmpcgW�enWjZ�cgx�W�Z>Y[Z[ªCm¬enWP�	& : �\"���&'�
¡��	�5=1cfegsJln����Z²�uh��

� ; � :\&�cfegs�l��u�JZ�©�· m¬enW �	& :\� "$��&^��egWjZ�Y[Z>Y[s�lnb[lgZKo�ijm|lnZ>Y[ZLhJe�c���lgZ^egWjZ5cn�uY[Z��Jcr¢sJlCx�Z>z zpc¶ªCm|egW�m|h�x�s�Y[{jz Z�enZwm h�egZLln�Jx
egm s�h�z|mpcveK®ª�ZChjZ>ZK�Devª�s��jij«�ZLlnc?¢sJl?egWjZ��	& : �\"���&'��s�¢�enWjZCY-i�z¬enm|{�s�z Z^�uh��-enWjZCz sdxL�uzjY��ueglnm x>ZLcL©��jsJlrs�{jegm Y[��zjz Z>��ZLz
3
¸�¹µywaDZ�°�x>m|ZLh�x�bJ¡ª�ZDsJhjz b�m Y[{�s�cfZDegW���e�egWjZLb¯x>�uh���e5z|ZK��cfe�x>s�h�en��m|h���¢Z>ª�egWjsJi�cg��h��jcwsu¢¶Z>}�{��uh�cgm s�h�cL©w·�Z[x�s�h�cfmp��Z>lwegW���e�egWjZKcfZ²�ji�«QZ>l�c

����V����
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xL�uh¯��Z-enWjZDcn�uY[Z²��c^egWjZDs�hjZKc^i�cgZL��¢s�lwegWjZ²x�Z>z zpc^ªCm|egWNm|h�x>s�Y[{jz Z�enZ-m hJenZ>l���x�egm s�h�z m cfe5��h��±enW�i�cAenW���ewegWjZ[cgx�W�Z>Y[Z-ªCm|egW
�	& :\� "$��&^�C��sdZLc�h�sueAhjZLZL�±cfi�{j{jz Z>Y[Z>h�en��lgb�Y[ZLY²sJlgbJ©V�WjZ �	�5= cfegsJln����Z±��sdZLc[hjs�e�lgZKo�ijm|lnZ±�uhdb egZLY[{�sJln��lgb �jij«�ZLl��ji�e�ªCm|egW3��lns�ªCm hj�Ns�x�eglnZ>Z±WjZ>m ��W�e�c>¡�m¬e�hjZKx�ZKcgcgm¬e���enZLcz s�hj�JZ>lAx>s�h�cgZLx>i�egm ��Z5Y[Z>Y[s�lnb$��lgZK��c�¢s�l^ZL��x�W�lns�ª�©rV�Wjm c^m cAZ>��ZLh$Y[sJlgZx>lgm|egmpx>��z&ªCm¬enW � ; � : &^cvens�l��u�JZ�cgm|h�x�Z�m|e^hjZ>ZK�jcCZL��Z>hz s�hj�JZ>lAx>s�h�cgZLx>i�egm ��Z5Y[Z>Y[s�lnb���lgZK��c�¢s�lAZK��x�W±cfz mpx�Z�©r_¯s�lnZ>s���ZLl¶enWjZ �>; ��� � � � �F&^��m|h�eglns���i�x>ZL�$ªCm¬enW � ; � : &Acvens�l��u��Z�lnZLo�ijm lgZZ>}�enln�$Y[Z>Y[s�lnb�© * s�h�x>lgZ>egz b±ZL��x�WN�jzp�uhj´¯Z>}�{��uh�cgm s�h¯W��JcwegWjZ�cn�uY[Z�cfm �>Z[��c5�$z|s�x>��z?Z�}�{��uh�cfm s�h��uh���egWjZLm|l5hdijYD��ZLlx>�uh��Z²x>s�Y[{ji�enZL�¯�JcA¢sJz|z s�ªAc § cfZLZD��z cgs$cgZLx�egm s�h >�© ºj© � ¨ ®^��e�z|ZL��Z>z l ¡�¢s�l5x�ZLz|zpcwªCm¬enW�x�sJY²{�z|Z>egZ-m h�egZLln�Jx
egm s�h�z|mpcve5�uh���¢s�l�ZL��x�Ws�¢µegW�Z�Z>m ��W�e 
 � "�&^�.� + : / �?; ��¡�egWjZLlgZ5mpc

2l−1 − 2.ws
cgz|mpx�ZKc�ªCm¬enW

2l−1 − 2.ws
lns�ªAc¶m h±ZL�Jx�W$cgz|mpx�ZJ©�·�Z�W��S�JZ^enWjZ>h

1
� ; �-���

�\�����eCegW�Z�ZLh����uh�����e�egW�Z���ZL��m hjhjm hj�[su¢�ZK��x�W$lgs�ª�¡�Y[m h�i�c�egWjZ�¤�l�cveA��h���enWjZ�zp��cfe �>; �-��� �\� ��su¢�egWjZ�cgz|mpx�ZJ¡�ªCWjmpx�W$�Jm|�JZLc
2 ∗ (2l−1− 2.ws)− 2

�jzp�uh�´�Z�}�{��uh�cfm s�h�c¶{�ZLlCcfz m x>Z�©PV�WjZ�hdijY-��Z>l�su¢��uz z��jzp�uh�´�Z�}�{��uh�cfm s�h�c NB
¢sJl���h�s�x
enlgZLZws�¢³WjZ>m ��W�e

H
mpc�egWjZLlgZ>¢s�lnZ ∑H

l=3 8(2 ∗ (2l−1 − 2.ws) − 2)(2l−1 − 2.ws)
§ egWjZLlgZ�mpc5hjs�x�ZLz|zpc�ªCm|egW x�sJY²{�z|Z>egZ[m|h�enZ>l���x
enm|sJhNz mpcve�¢sJlz Z>�JZ>zpc

l ≤ 2 ¨ ¡jªCWjmpx�W$lnZLcgijz|enc�¢s�l ws = 1
m h³®

NB =

H∑

l=3

16(2l−1 − 3)(2l−1 − 2) =
16

3
.4H − 80.2H + 96.H +

128

3
.

V�s�cfijY[Y��ulnm �>Z�¡denWjZcnx�WjZ>Y[Z5ªCm¬enW �	& : �\"���&'����h�� �	�0=+cvens�l��u�JZwW��S�JZ^enWjZcn�uY[Z5Y²ZLY[s�lnb�lgZKo�ijm|lnZ>Y[ZLhJeK¡dh��uY[Z>z bQ®
MemSg(P, H) = N (H)

(
(P + 1)2 + (P+1)(P+2)

2

)
c +NT Tmatrix

+NBuf

(
(P + 1)2 + (P+1)(P+2)

2

)
c,

§ >�© � ¨
��h���ªCm¬enW � ; � :\&CcfegsJln����Z�ª�Z5W��S�JZ�®

MemDb(P, H) = N (H)
(
(P + 1)2 + (P+1)(P+2)

2

)
c +NT Tmatrix

+NB
(P+1)(P+2)

2 c +NBuf

(
(P + 1)2 + (P+1)(P+2)

2

)
c.

§ >�© � ¨
� ��� �7����� 
 � ���� � � 
����� ����� ��
3 � ��� � �4� ��� �9��� � � ���� � � � �����  �

M2L
� � 
���� �� � ������ �

�whjZ[x�sJijzp�N��lg�JijZenW���ecgs�Y[ZDcg{�ZLZL��i�{NY[m ��W�e���Z[��c�ª�Z>z z�sJ��en��m|h�ZL��¢s�l��?��V9�uh��Nlgs�en�uegm s�h�cwªCWjZ>hNi�cgm|hj���	& :\� "$��&^��s�l�j�uen�[cfegs�l��u�JZLc�cgi�x�W��Jc�egWjs�cfZ���ZKcgx>lgm ��ZL���u��s���Z�©·�Z-W��S�JZ5egWdi�cwm|Y[{jz Z>Y[ZLhJenZL�±enWjZDcnx�WjZLY²ZDªCm¬enWM�	& :\� "$��&^�^��h�� �	�0=�cfegsJln����Z5¢sJlw�?�?V5©�V�ZLcfencwª�ZLlgZ�{�Z>lg¢s�lnY[ZL��¢sJl���jz s�x�´N�JZ>l�cfm s�h�su¢CenWjZ��?�?V ªCm¬enW+egWjZ$i�cgi��uzr��z|s�x�´+cfm �>Z
4
©���m l�cve-m|e²��{j{�ZL�ul�c�egW���e-enWjZ�i�cgZ�s�¢�� & :\�\"���&^�-�jln��Y[�uegmpx>��z|z b��ZL��l�����ZKc�enWjZ�{�Z>lg¢s�lnY��uh�x>ZLcL®Nm h���ZLZL�3enWjZNx>sJcfe$su¢(�	& :\� "$��&^��¢sJl$��z|s�x�´3���?V mpc$�ue$z ZL�Jcve�evªCmpx�Z�egWjZNs�hjZ�¢s�l�¸�¹�ywax>s�Y[{ji�e���egm s�h�cgm|h�x�Z5egW�Zcfm �>Z�s�¢�enWjZ�ulnln�Sb�c¶¢s�lCenWjZ�?�?V mpc
2(P + 1)2

§ cgm hj��z Z�WjZ>m ��W�eA´JZ>lnhjZ>z ¨ ¡jx>s�Y[{��ulnZL��egs (P + 1)2¢sJl�Y-ijz|egm {�sJz|Z��JZLx�egs�l�c��uh�� (P+1)(P+2)
2

¢sJl�z|s�x>��zPZ�}�{���h�cfm s�hN��ZKx
egsJlncL©D_¯s�lnZ>s���ZLl^enWjmpc�x�sJcfe�m c5h�sue-�uY[sJlfenm �LZL�¯�db�enWjZzp�uln��Z>¥H�Jln��m|h�x�s�lnlnZ>zp��egm s�hNm|h O(P 3)
�Jc�m¬eDª��Jc5ªCm¬enW+egWjZ�¸�¹�ywa+x�sJY[{ji�en�uegm s�h ��ijZ�egs±egW�Z�Y���eglnm|}�¥¦Y���enlgm|}�{jlns���i�x
eDm|h

O(P 4)
©Py�e¶zp��cfer��ZKcfmp��ZKcrz s�hj�JZ>lP{jm {�ZLz|m hjZKc>¡JegWjZ^s�hjz b-���um h-enW���e¶Y[m ��W�e¶��ZAZ�}�{�ZLx�egZL�²ªCWjZLh���lns�ij{�m|hj��cgZ>�JZ>l��uz

M2L
{���m|l�cmpc5egs¯�S�Js�mp�¯enWjZ�lnZ>z sJ���Nsu¢�egW�Z��ulnln�Sb�x>s�h�en��m|hjm hj��egW�Z

M2L
egl��uh�cf¢Z>l5¢i�h�x
enm|sJh�m h��jsJijlnm|ZLlcf{��Jx�Z[��Z�evª�Z>Z>h�evª�s

M2Lx>s�Y[{ji�e���egm s�h�c>®{�suenZ>h�egmp�uz z b�¡�egWjZLlgZ�mpc�WjZLlgZ�h�s���lnZL��e���um h³© � eDW���c��z cgs�egs¯��Z�hjs�egZL��enW���e²cfi�x�W cnx�WjZ>Y[ZKc�m|Y[{jz b�s�hjZ��lgl��Sb�¢sJl^enWjZ²z|s�x>��z�Z>}�{��uh�cgm s�h�c^m|h��js�i�lgm Z>l5cf{���x�Z¢s�l5Z>�JZ>lnb�x>Z>z z�s�¢PegWjZ²z Z>��ZLz�ªCW�m x�W�cfZL��Z>lnZ>z b�m|h�x>lgZK��cgZLcAegWjZ²Y[Z>Y[s�lnbhjZLZL�jcL©\^Z>��ZLlfenWjZ>z ZLcncL¡&ª�Z[W��S�JZ²��z cgs�enZLcfegZK���?�?V ªCm¬enW �	�5=1cfegsJln����ZDªCWjm x�W �S�Js�mp�jcAenWjZ�x�s�cveg¢ijz �	& :\� "$��&^�
©�V�WjZ�x>Z>z z c5ªCm|egWm h�x�sJY[{jz|Z>egZ�m|h�enZ>l���x
enm|sJh�z m cfe�ªCW�m x�W�lnZLo�ijm lnZ^Y[s�lnZ.�	& :\� "$��&^�r¢sJl¶enWjZ>m l�z|s�xL�uz�Z�}�{��uh�cfm s�h�c¶ª�ZLlgZ�x�sJY²{�i�egZK����c�i�cgi��uzH©�+AZLlgZhjs�cgz s�ªA��s�ªCh�ª���c�Y[ZL�JcfijlnZL�³¡��ji�eAhjs[�J��m|h�Z>m|egW�Z>lK©ywc?Z�}�{jzp�um hjZL�Dm|h[cgZLx
enm|sJh²º�© ºj¡uª�ZCxL�uhjhjs�e�i�cfZC¸�¹µy�a�ens5cg{�Z>ZL�Dij{²egW�Z
M2L
x>s�Y[{ji�e���egm s�hDªCm¬enW[lgs�en��enm|sJh�cL©³· m¬enWjs�ije¸�¹µy�a�xL�uz z c5m|e�m c�enWjZ>h�z m|´JZ>z b±egW��uehjs�cg{�Z>ZL�jij{NªCm z zP��Z�sJ��en��m|hjZK��¢sJl�lgs�en��enm|sJh�cwªCWjZ>h���lns�ij{�m|hj�±cgZ>��ZLln��z

M2L
{���m|l�cªCm|egW±Z>m|egW�Z>l.�	& :\� "$��&^��s�l��	�5=�cfegsJln����ZJ©

V�VXW-Y�Z'[\Z^]



�-> ���������^
��!�

� 4 �-,.	±�����>%µ�� �-0 ��!$�
M2L

�>,.	��?�A@�A,B�C�D��%
� ��� �  � � � 
 ���� ��� �� �  �����
·�Z²¤�lncfe�x�s�Y[{���lgZ-egWjZ²Y[Z>Y[s�lnb�lnZLo�ijm lgZLY²ZLh�encAs�¢¶enWjZ²�jm¬«QZ>lnZ>h�e�cgx�WjZLY[ZLc5cfm h�x>ZDm|e�Y��Sb���Z-enWjZ²¤�l�cve�x�Wjs�mpx�Z²x�lnm¬enZ>lnm|sJh³©·�ZWjZLlgZ�¢s�x�i�cAs�hjz b�sJh$enWjZ�Y[Z>Y[s�lnb�i�cgZL�$¢sJlCegWjZ�Z>}�{��uh�cgm s�h�cL®�egWjZY[ZLY²sJlgb�i�cfZK�$¢s�l�egW�Z{��ulgegmpx�z ZLc�lnZ>Y���m|h�c�m h���ZLZL�ijh�x�W��uhj�JZL�[ªCWjZLh�x�sJY[{ji�egm hj�

M2L
s�{�Z>l���enm|sJh[�jm¬«QZ>lnZ>h�egz b�©P]wcfm hj�enWjZ>sJlgZ>egmpx>��z�ZLcfegm Y���enm|sJh�crZKcve��u�jz m cgWjZK�[m|h § < © < > ¨ ¡d�uh��§ < © < � ¨ ¢sJlrenWjZ^x�zp��cncgm x M2L

x>s�Y[{ji�e���enm|sJh³¡ § ��© = ¨ ��h�� § �j© < < ¨ ¢s�l¶egWjZ M2L
x�sJY²{�i�en�uegm s�h[ªCm¬enW��?�?V5¡ § ºj© < = ¨ ��h�� § º�© ��� ¨¢sJl�egWjZ�sJhjZ[ªCm¬enW lgs�en�uegm s�h�cL¡³�uh�� § >�© � ¨ �uh�� § >�© � ¨ ¢s�l5enWjZ�¸�¹µy�aNx>s�Y[{ji�e���enm|sJh³¡µª�Z[W��S��Z[{jz suegegZL��m h�¤���ijlnZ���© < ¡�¢s�lZK��x�WNcnx�WjZLY²ZJ¡QegWjZ²l���egm s�s�¢�m|enc�Y[Z>Y[s�lnb�hjZLZL��ens�enWjZ�x�zp��cncfmpx

M2L
Y[Z>Y[s�lnb±hjZ>ZK�&¡³i�cgm hj����h�s�x
enlgZLZ-s�¢¶WjZ>m ��W�e

6
��h��sJhjz|b�Y-ijz|egm {jz ZLc�s�¢¶egW�Z����?V �jz sdx�´Ncfm �>ZJ©[��s�l¸�¹µy�a�x�s�Y[{jijen��enm|sJh�cL¡³ª�Z[W��S�JZDi�cfZK� NBuf = 5000

§ cgZ>Z�cgZLx
enm|sJh�>�© � ¨ªCWjmpx�W±m cCcgijlnZ>z b��jm �[Z>hjsJij��W$¢s�lCsJ{�egm Y��uzµ¸�¹µy�a�Z>°�x�m Z>h�x>b�©· Wjm z Z5egWjZ5lnsuen�uegm s�h$lgZKoJi�m|lnZ>Y[Z>h�e�c���lgZ5�uz Y[sJcfe�i�hjhjsuenm x>ZL���jz|ZJ¡j�uh���egW�Z¸�¹�ywa�s�hjZKc�lgZLY��um h�Y[s���Z>l���enZ�¡j�?�?V Z�}denln�Y[Z>Y[sJlgb��u{�{�ZK�ulC��c�{jlns��jz Z>Y���enm x�¡JZKcf{�ZLx>m ��z|z b[¢s�l���sJij�jz ZwWjZLm|�JW�e
M2L
´�ZLlghjZLzU©?V�WjZ5cg��Y[Zwl���enm|s�c¶�u{�{jz|b[¢sJl�s�egWjZLlC���?V�jz s�x�´�cgm �>ZLcL©C_�s�lnZ>s��JZ>lK¡degWjZDln�uegm s�su¢

2
¢sJlw¸�¹µy�a�m|h±enWjZD��sJij�jz ZWjZLm|�JWJew´�Z>lnhjZLz³ªCm¬enW¯Wjm ��W����uz ijZKcAsu¢

P
m cw��ijZ-egs�enWjZ��ZLh�cgZ

M2L
egl��uh�cv¢ZLl�Y��ueglnm x>ZLc § cgZ>Z�cgZLx
enm|sJh >�© � ¨ ®�¢s�l5Wjm ��WjZLl5sdx�eglnZ>Z[WjZLm|�JWJe�cwegWjmpc5ln�uegm s$lnZ>Y���m|h�c5x>z|s�cfZDegs 1.5

¡³cgm|h�x>ZenWjZhdijY-��Z>l^su¢
M2L
¢ijh�x�egm s�h�c^m cAx>s�h�cfen��h�eAªCWjm|z Z5egW�ZhdijY-��Z>lAs�¢rx�Z>z zpcCm|h±enWjZ�s�x
enlgZLZ���lns�ªAc�Z�}�{�sJhjZ>h�enm ��z|z b�©�y�eAz �JcveK¡enWjZ���j�jm¬enm|sJh��uz³x>sJcfe�s�¢�enWjZ �>; ��� � �\���F&'��m h�� ; � :\&

�

� & �-�^�	��� � &Cs���Z>l � �5=
�

�	&\���^�	�-� � &�m c��JZ>lnb�cgY[��z|zH©

��� ����� �	� � � � ��


Rotations
BLAS with re-
copies or rows
BLAS with slices
FFT with block 
size 4

� ���� � ���	� � � ��

��m ��ijlnZ^��© < ®�_�Z>Y[s�lnb-lnZLo�ijm lnZ>Y[Z>h�enc?s�¢QegWjZ^�jm¬«QZ>lnZ>h�e

M2L
x>s�Y[{ji�e���egm s�h�cnx�WjZ>Y[ZKc?¢s�l¶��h�WjZ>m ��W�ers�¢

6
§ ln�uegm sJc?ensx�zp��cncfmpx

M2L
x>s�Y[{ji�e���egm s�h�lnZLo�ijm lgZLY²ZLh�enc ¨ ©

� �
	 � ��� ��� � �� � ���/� �������� �  � �����
M2L

�� � �  �
��m ��ijlnZD��© �[x�sJY[{��ulnZLc�enWjZD�jm¬«QZ>lnZ>h�ewcnx�WjZ>Y[ZKcC¢s�lw�uh�s�x
enlgZLZsu¢rcgm �LZ

5
© � ¢?egW�ZD¸�¹µy�a±��ZLlncgm|sJh$sJi�eg{�Z>lg¢s�lnY�cCegW�Z-x�zp��cncfmpx

M2L
�JZ>l�cfm s�h+�uh���enWjZ�sJhjZ�ªCm¬enW lgs�en�uegm s�h�cL¡³enWjZ��jz s�x�´N�?�?V mpc5¢£�JcvenZ>lK¡µZLcg{�ZLx�mp�uz z b¯¢s�l-�S��z|i�ZLcs�¢

P
Wjm ��W�Z>l5egW��uh

10
©

+^s�ª�ZL��Z>l^ª�Z�lnZLxL�uz z³egW���eL¡�ªCm|egWjsJi�e^lnZLcnx>�uz m hj��su¢?egW�Z-{���lfenm x>z|Zx>s�sJln�jm|h��uegZKc>¡jm h�enWjm cAegZKcvewegWjZ²���?V ªCm|egW¯�jz s�x�´�cgm �>Z
4
mpcijh�cve��u�jz Z5¢s�l

P ≥ 14
¡j�uh��$egW�Z�sJhjZ�ªCm|egW±�jz sdx�´$cfm �>Z

3
¢s�l

P ≥ 23
§ cgZ>Z5e��u�jz Z-��© < � ¨ ©· WjZLh1¢sdx>i�cgm|hj�+sJh z s�ª �uh�� Y[ZL�jm|ijY {jlnZLx�mpcgm|sJh�c>¡¶ª�Z±lnZLx>��z|zC��z cgs�enW���e�¢sJl���lns�ªCm|h���WjZLm|�JWJe�c²su¢�egWjZ±s�x
enlgZLZ$enWjZ¸�¹µy�a�x�sJY[{ji�en�uegm s�h[ªCm|egW � �0=

�

�	&\���^�	�-� � &PsJl � ; � :\&
�

�	&\���^�	�-� � &P��ZLx�sJY[ZLcrY[sJlgZCZ>°�x>m|ZLh�e�cfm h�x>ZCegWjZwz|ZLhj�uenW�su¢&lns�ªAcP�uh��cgz|mpx�ZKc�m|h�x�lnZL��cgZLc��ueCegWjZ5z ZL��¢?z Z>��ZLz&ªCWjmpx�W$lnZ>{jlnZLcgZ>h�e�c�Y[s�cveCsu¢�egW�Z�lgijh�enm|Y[Z�®denWjZ�hdijY-��Z>lCs�¢�Z>}�{��uh�cgm s�h�c�eglnZL�uegZK��m h±s�hjZz Z>�JZ>z
3
¸�¹µywa¯x>�uz z³enWdi�c^m h�x>lgZK��cgZLcL¡���c^ª�ZLz|z���c^egWjZDZ�°�x�m Z>h�x�b�su¢PegW�ZD¸�¹µy�aQ©���m ��ijlnZD�j© º�cgWjs�ªAcAegW��ue�¸�¹µy�a±m cwx�z ZL��lgz bx>s�Y[{�Z>egm|egm ��ZªCm|egW¯egWjZ²���?V ªCm|egW¯�jz s�x�´$cgm �LZ

4
¡�m|hN�uh±s�x
eglnZ>Z-su¢PWjZ>m ��W�e

7
��h���¢s�lwz|s�ª �uh��±Y[ZK��m|i�Y {�lgZKx�mpcfm s�h�cL©�V�WjZY[Z>Y[sJlgb�lnZLo�ijm lgZLY[Z>h�enc�su¢�egWjZ��?�?V m Y[{jlgs��JZ>Y[Z>h�eC�ulnZw{�lgsJ�jz|ZLY���egmpxwWjZ>lnZ�¡�cgm|h�x>Z5s�h�¤���ijlnZ5�j© ºj¡�egWjZ5�jlni�e��uzQm|h�x�lnZL��cgZ�m|hlnijh�egm Y[Z5¢s�lA�?�?V �ue

P = 10
mpcC��ijZ5ens�cfª��u{j{�m|hj����ZKcf{�m¬enZwenWjZ < ���5¸ su¢�Y[ZLY²sJlgb$�S�S��m|zp�u��z|ZJ©

� ��� � ��� ��� � �� � ��� �4��� � �  � ��������
M2L

� �� �  �
· m|egW ��sJij�jz Z²W�Z>m ��W�e�´�Z>lnhjZLzU¡QenWjZ[i�cfZ[s�¢�¸�¹µy�a�x>z|ZK�ulnz|b�sJi�eg{�Z>lg¢s�lnY�c���z|z?s�egWjZLl�Y²Z>egWjs��jcL©[��m ��i�lgZ���© >�x>s�Y[{���lgZKc^enWjZ��m|«QZ>lnZ>h�ewcnx�WjZ>Y[ZLc�¢sJlA�uh±s�x
enlgZLZ�su¢?WjZ>m ��W�e

5
©��js�l�enWjZ-¸�¹µy�a$ª�Z�W��S�JZ5{jz|s�efenZL��s�hjz b�enWjZ(�	�5=+����en�[cfegsJln����Z�¡���i�e � ; � : &cfegsJln����ZD��h���enWjZ�cgx�W�Z>Y[ZDªCm|egW �	& :\� "$��&^��W��S��Z²cfm Y[m|zp�ul�{�ZLlf¢sJlgY���h�x�ZKc>©-��s�l�egW�Z²�?�?V5¡QegWjZ[�jz s�x�´���ZLlncgm|sJh¯ªCm|egW��jz|s�x�´�cs�¢�cfm �>Z

4
W��S�JZ��Z>Z>hN{jz suefenZL� 5&ªCm|egWNs�ijlwegZKcve�c>¡Qm|e�mpcws�hjz b�cve��u�jz Z-¢sJl

P ≤ 8
§ cfZLZDcgZLx�egm s�h���© G ¨ ¡³��h���Y[s�lnZDcfen���jz|Z²�?��V

����V����
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Rotations

 FFT with block of size 2
 FFT with block of size 3
 FFT with block of size 4

Block blas with Row

��m ��ijlnZ²�j© �j®^¹³sJ�J�ulnm|egWjY[mpx��s�ªChdª���ln�±{���cnc * q¶]9egm Y[ZLc�su¢¶egWjZ[��m|«�ZLlgZLhJe
M2L
x>s�Y[{ji�e���enm|sJh�cgx�W�Z>Y[ZLcL¡�¢s�l5�uh�s�x�eglnZ>Zs�¢�WjZLm|�JW�e

5
��h���ªCm|egW�cgm|h���z Z�W�Z>m ��W�e

M2L
´JZ>lnhjZ>zH©PVµZKcve�cC�ulnZw{�Z>lg¢s�lnY[ZL�$s�h��uh � ¸�_ q?s�ª�Z>l�º-ªCm|egW¯�,�5¸ s�¢�Y[Z>Y[sJlgbJ©

ªCm|egW±z s�ª�ZLl��jz s�x�´�cfm �>ZKc��ulnZ�cgz|s�ª�Z>lK©�_¯s�lnZ>s���ZLlL¡�ª�ZwW��S�JZ�cfegsJ{�enWjZ�egZLcfencC�ue
P = 19

cgm|h�x�Z�s�h$egWjZ � ¸�_ q?s�ª�Z>l�º § ªCW�Z>lnZenWjZ�egZKcve�cCª�Z>lnZ�{�Z>lg¢s�lnY[ZL� ¨ ¡�egW�ZD�9�5¸ s�¢�Y[ZLY²sJlgb�ª�ZLlgZ�m h�cgi�°�x�m Z>h�eC¢s�lA��z|zµ�?�?V �jz sdx�´$cfm �>ZKcCªCm¬enW P > 19
© +As�ª�Z>��ZLlm|e�Y-i�cfe���Z[hjsuenm x>ZL�¯egW��ue��uewenWjmpcws�x�eglnZ>Z²WjZ>m ��W�eL¡QenWjZ²lgs�en��enm|sJhNcnx�WjZ>Y[ZD��ZKx�s�Y[ZKc^¢£�JcvenZ>l�egW��uhN��z|z�enWjZ�¸�¹�ywa�cgx�WjZLY[ZLc¢sJl

P ≥ 23
®�egW�m c5mpc�su¢�x�sJijlncgZDegWjZ��u¢ egZ>lnY���enWNs�¢¶egW�Z²z s�ª�Z>l5s�{�Z>l���enm|sJhNx�sJijh�e5¢s�l5egW�Z�lgs�en��enm|sJhNcnx�WjZ>Y[ZJ©²��m h��uz z|bJ¡��Jc¢sJl-cfm hj�Jz|Z[WjZLm|�JWJe�´JZ>lnhjZ>zH¡³enWjZ�¸�¹µywa�x>s�Y[{ji�e���egm s�h�ªCm|egW � �5=

�

� & �-�^�	��� � &�uh�� � ; � : &
�

�	&\���^�	�-� � &5��ZLx�sJY[Z�Z>��ZLhNY[sJlgZZ>°�x>m|ZLh�eC¢s�lCWjm ��WjZLlCWjZ>m ��W�e�c�su¢µenWjZ�s�x
enlgZLZ�©
� ��� � � � 
 � ������� ���4� � �� � � �� � 

� h sJln�jZ>l�ens�m z|z i�cfegl���egZ�egWjZNZ�°�x�m Z>h�x�b1su¢�egW�ZN¸�¹µy�a3��ZLlncgm|sJh�c[enW���e�Y[��´�ZKc[egWjZLYB¢£��cfegZLl�egW��uh enWjZ�s�egWjZLl$cnx�WjZ>Y[ZLcL¡ª�Z${�lgZKcfZLhJe²egW�Z$e��u�jz Z��¯enW���e�cgWjs�ªAcDegWjZ±_¯�?¹ �wq�a § _¯m|z z|m s�h�c[su¢w��z sJ��enm|h��Nq?s�m h�e �w{�Z>l���enm|sJh�cD{�ZLl�adZLx>s�h��jc ¨ ªCWjZ>hx>s�Y[{ji�enm|hj�

M2L
©?V�WjZ�lgZKcfi�z¬e�c¶�ulnZwcgWjs�ªCh��Jc¶{�Z>l�x�ZLhJe��u�JZLcrs�¢&egWjZ�{�ZL�u´[{�Z>lg¢s�lnY��uh�x>ZAsu¢&enWjZ � ¸�_»q?s�ª�Z>l�º5i�cgZL�&® < �����_¯�?¹ �wq�aQ©QV�WjZ>b±W��S�JZ���ZLZ>h�x>s�Y[{ji�enZL��ªCm|egW�enWjZ +w�ul���ª��ulnZ�q�ZLlf¢sJlgY���h�x�Z_�sJhjm|egs�l § +^q¶_ ¨ Vµsds�z ´dm¬e § ��ZLlncgm s�h¯��© >�© º ¨�Jc^enWjZ[�S��Z>l��u�JZ_¯�?¹ �wq�a�l���egZDs���ZLlw�uz z

M2L
x>s�Y[{ji�e���enm|sJh�c^s�¢���¢ijz|zP�?_¯_.x�sJY²{�i�en�uegm s�h³©��s�l�z|ZL��Z>zPº$¸�¹�ywaQ¡&ª�ZW��S�JZ5i�cfZK��>; �#:��

�

� ; � �C�uh�� +���;?;
�

�>; � ��lgsJi�egm hjZLc�¢sJlClgZKcf{�ZLx�egm ��ZLz|b�cgm hj��z Z��uh��±��sJij�jz Z�W�Z>m ��W�eC´�Z>lnhjZLz cL¡�ªCm¬enW��uh�sdx�eglnZ>Z5su¢WjZLm|�JW�e
5
�uh���ªCm|egW �	& :\� "���&'� § enWjZ���j�jm¬enm|sJh��uzµx>sJcfeAsu¢Px�sJ{�bdm hj�²egWjZ�Z>}�{��uh�cgm s�h�c�mpcChjs�e^x�s�h�cfmp��Z>lnZL�$WjZLlgZcgm|h�x�Z5ª�Z5¢s�x�i�csJh$enWjZ¸�¹µy�a�lns�ijegm hjZ5Z�°�x�m Z>h�x>b ¨ © � eCen��´�ZKc�m|h�egs��Jx>x�sJijh�eA�uz z³x�Z>z zpc>¡jmH© Z�©PªCm|egW��uh���ªCm|egWjsJi�e^x�sJY[{jz|Z>egZ5m hJenZ>l���x�egm s�h�z|mpcveK©V�WjZwWjZ>m ��W�e¶s�¢&egWjZws�x
eglnZ>Zw��sdZLcrh�sue¶Y���egegZLl¶¢sJl�x�zp��cncgm x

M2L
¡�lnsue���egm s�h�cr�uh������?V5©dV�WjZLcgZAlnZLcgijz|enc¶xL�uh�Wjs�ª�Z>�JZ>lPhjs�e���Z��m lnZLx
enz|b²x�sJY²{��ulnZL��¢lns�Y s�hjZ�lns�ª�ens5egWjZCs�egWjZLlL®�ª�Z�lnZLx>��z|z�W�Z>lnZ�enW���ePenWjZCs�{�Z>l���enm|sJh�cPx�sJijh�er��m¬«QZ>l�c � +^s�ª�ZL��Z>l?m|e¶x�z ZL��lgz bm z|z i�cfegl���enZLcwWjs�ª Z�°�x�m Z>h�enz|b�egW�ZD{jlns�x�ZKcgcgs�lwm cwi�cgZL��m h¯enWjZ²�jm¬«QZ>lnZ>h�e5m|Y[{jz Z>Y[Z>h�e���egm s�h�cw��h���ªCWdb�¸�¹�ywa�x�s�Y[{jijen��enm|sJh�csJi�eg{�Z>lg¢s�lnY egW�Z�suegW�Z>lAcnx�WjZ>Y[ZLcL©V�WjmpcPe��u�jz Zw��z cgs�m h���mpx>��enZLc¶egW��ue¶s�i�l���ZKx�s�Y[{�sJcgm¬enm|sJh�su¢&enWjZ^Y���enlgm|}d¥HY��ueglnm¬}²{jlgs���i�x
er¢sJl�cgm|hj�Jz|Z^WjZ>m ��W�e¶´JZ>lnhjZ>z�m|h�enWjZ

�>; �#:��
�

� ; ����lns�ijegm hjZ�¡denWjs�ij�JW$cn��enm cf¢£��x�egs�lnb�¡dmpc�hjsueCsJ{�egm Y��uz&ªCWjZLh�x>s�Y[{��ulnZL��egs²egW�Z +���;?;
�

�>; ����lns�i�enm|hjZ5Z>°�x>m|ZLh�x�b�su¢µenWjZ��sJij�jz Z�WjZ>m ��W�eC´�ZLlgh�Z>zH¡�ZLcg{�ZKx�mp�uz z|b�¢sJlCz|s�ª ���uz ijZLc�s�¢
P
©

V�VXW-Y�Z'[\Z^]



��� ���������^
��!�

 0

 2000

 4000

 6000

 8000

 10000

 12000

 14000

 3  4  5  6  7  8  9  10

T
im

e 
(s

ec
on

ds
)

P
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Block blas with Row
Block blas with Slice

��m ��ijlnZ���© ºj® � s�ªChdª��ul��¯{��Jcgc * q¶] enm|Y[ZLcsu¢¶enWjZ���m|«�ZLlgZLh�e
M2L
x>s�Y[{ji�e���egm s�h+cnx�WjZ>Y[ZLcL¡&¢sJl�uh�sdx�eglnZ>Z²su¢�WjZ>m ��W�e

7��h���ªCm¬enW±cgm hj��z Z5WjZ>m ��W�e
M2L
´�Z>lnhjZLzU©PV�ZLcfencA��lgZ�{�ZLlf¢sJlgY[ZK��sJh±��h � ¸�_<q?s�ª�ZLlnºDªCm¬enW < ���5¸ su¢?Y[Z>Y[s�lnb § * � \ (�a ¨ ©

adm hj�Jz|Z5WjZLm|�JWJe
M2L
´JZ>lnhjZ>z � s�ij��z|Z5WjZLm|�JWJe

M2L
´JZ>lnhjZ>z

P = 7 P = 15 P = 7 P = 15x�zp��cncgm x =�© > � < �j© º � < >�© � � <:G © º �lnsuen�uegm s�h�c �j© > � ��© G � G © > � < �j© = ��?�?V ªCm|egW±�jz s�x�´�cfm �>Z > >�© � � < º � < ��© > � <:G © > �z Z>��ZLz
3
¸�¹�ywa >J��© > � � > � G ��© = � G =j© � �

V��u��z|Z��® * sJY[{ji�en�uegm s�h���zQZ�°�x�m Z>h�x>m|ZKcCsu¢�egWjZ�jm¬«QZ>lnZ>h�e
M2L
x�sJY²{�i�en�uegm s�h±cgx�WjZLY[ZLcL©

� ��� � �������  �� � � �4��� ����� �� �4�� ����� �� � �  ���

·�Z^W��S�JZA�uz lgZK����bDcfZLZ>h § cgZ>ZAegWjZLs�lnZ>Y > ¨ enW���e��-cfW���lg{[ZLlglns�lr��s�i�h��[W���c¶��ZLZ>h[enWjZ>sJlgZ>egmpx>�uz z b-{jlns���ZLh²sJhjz b-¢sJlPegWjZ�cfm hj�Jz|Z
M2L
WjZ>m ��W�e�´�ZLlghjZLzU©?V�WjZ5��s�i��jz|Z�WjZLm|�JWJe

M2L
´�Z>lnhjZLz�mpc�x�Z>lgen��m|h�z|b[Y[s�lnZ^{jlnZLx>m cgZ�¡���h���¢sJl��D��m ��ZLh�{jlnZLx�mpcgm|sJh�m¬eCª�s�ijzp�enWjZ>lnZ�¢sJlgZ�lnZLo�ijm lgZKcC�[z|s�ª�Z>lC����z|ijZ5¢sJl

P
egW���h±egWjZ-cgm hj��z Z�WjZ>m ��W�eAsJhjZ�©�¸�ijewcfm h�x>Z�hjs�{jlnZLx�mpcgZ�Z>lnlgsJl���s�i�h��±m cw�S���um z ���jz|Z¢sJlA��s�ij��z|Z�WjZLm|�JW�e�´JZ>lnhjZ>zH¡�ª�Z5xL�uhjh�sueA�²{jlgm s�lnm&´dhjs�ª ªCW��ueCegWjmpcCz s�ª�ZLl

P
ªCm z|z³��Z�©

·�Z�enW�i�c-x�sJY[{��ulnZ�WjZ>lnZ * q¶]'egm Y[ZLcDªCm¬enW�{jl���x
enm xL�uz¶�Jx>x>ijln�Jx�m ZLc�¢sJl-��suegW ´�Z>lnhjZLz¶WjZLm|�JWJe�c>©�ywcD��z|lnZL�J��b�Z>}d{�sJcgZL�§ cfZLZ5¢s�l�Z�}j�uY[{jz Z,� · +*��=->9"&¢s�lA��sJij�jz Z�W�Z>m ��W�e
M2L
´�Z>lnhjZLzU¡��uh�� � ~A��h�=U=."µ¢s�lCcfm hj�Jz|Z5WjZLm|�JWJeC´JZ>lnhjZ>z ¨ ¡denWjZLcgZ5{jln�Jx
enm xL�uz�Jx>x�i�ln�Jx�m ZLcA��lgZ���Z�egegZ>l^egW���h�egW�Z�egWjZLs�lnZ�enm xL�uzµsJhjZLcAªCWjm x�W¯x>s�lnlgZKcf{�s�h���ens�ª�s�l�cveg¥¦xL��cgZwZLlglns�l�c>©�V�WjZKcfZª�s�l�cfef¥ x>��cgZ�Z>lnlgsJlnc��lgZ�m|h���Z>ZK� sJ��en��m|hjZK��ªCm|egW3cf{�WjZ>lnm xL�uz�lgZL��m s�h�cL¡rªCWjm z Z$ª�Z$i�cfZ±m h ¢£�Jx
e�cfY��uz z Z>l�x�ij��m xL�uzCx�ZLz|zpc²��ZKx>�ui�cfZ�su¢wegWjZ±s�x
enlgZLZ�©_�sJlgZLs���ZLlL¡dª�Z�i�cfZ�lnZ>zp��enm|�JZ5Z>lnlgsJl�m h�cfegZK���±su¢P�u��cfsJz|i�enZ5s�hjZcgs[egW��ueCegWjZ-lgZKcfijz|enc^�ulnZ�{�lgsJ�jz|ZLY�m h���ZL{�ZLh���Z>h�eK¡��uh���enWjZLcgZlnZ>zp��enm|�JZ²ZLlglns�l�c5�ulnZ²x>s�Y[{ji�enZL�N¢s�legWjZ�{�suenZ>h�egmp�uz¶��h��Nhjsue�¢sJl5egWjZ�¢sJlnx>Z�x�s�Y[{�s�hjZLh�enc5��ZLx>��i�cgZDenWjZLcgZ�zp��efenZ>l�c�x>��h���Z��z|Y[sJcfe^hdijz zU©^a�m|h�x>ZDcgs�Y[Z-��mpcnx�s�h�enm|hdijm|egm ZLcA��{j{�ZL�ulwm|h±enWjZ-{�suenZ>h�egmp�uz�Z>lnlgsJlC¢s�lw{��ulgegmpx�z ZLc^x�lnsJcncfm hj��x�ZLz|z���sJijh��j��lgm ZLc § cgZ>Z

����V����
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 FFT with block of size 4

Rotations
Full blas with Row

��m ��ijlnZ²�j© >�®^¹³sJ�J�ulnm|egWjY[mpx��s�ªChdª���ln�±{���cnc * q¶]9egm Y[ZLc�su¢¶egWjZ[��m|«�ZLlgZLhJe
M2L
x>s�Y[{ji�e���enm|sJh�cgx�W�Z>Y[ZLcL¡�¢s�l5�uh�s�x�eglnZ>Zs�¢µWjZ>m ��W�e

5
�uh���ªCm|egW$�js�ij�jz Z�WjZ>m ��W�e

M2L
´�Z>lnhjZLzU©?VµZKcve�c��ulnZA{�ZLlf¢sJlgY[ZK��s�h$�uh � ¸�_�q?s�ª�Z>l�º5ªCm¬enW�� �5¸1su¢µY[Z>Y[sJlgbJ©

� ~A�uh =U=." ¨ ¡µª�Z²x�Wjsds�cfZDegs�cfegi���b¯egWjZ[Y[s�lnZ²cfen���jz Z[~^_�a��S�JZ>l��u�JZZ>lnlgsJlwm h�cfegZK���Nsu¢¶enWjZ[Y���}�m|YDijY�ZLlglns�lK©-V�Wjmpc�~A_�a�S�JZ>l��u��ZwZ>lnlgsJl
εrms
mpcCx�sJY²{�i�egZK���Jc�¢s�z z|s�ªAcL®

εrms =

√√√√ 1

N

N∑

i=1

(
ΦDir − ΦFMM

ΦDir

)2

.

·�Z�x>s�h�cgmp��Z>l�WjZ>lnZw�-��l��S�dm¬e���egm s�h��uz�{�suenZ>h�egmp�uzQx�sJY[{ji�egZK��¢sJl���h�ijhjm|¢s�lnY'��mpcvenlgm �ji�enm|sJh�ªCm|egW
100000

��sd�jm|ZKc���h�����hs�x
enlgZLZ�su¢QWjZ>m ��W�e
4
¡uªCW�m x�W²lgZKcfi�z¬e�c?m|h

25
��sd�jm|ZKc?{�ZLlrz|ZK��¢�m|h²egW�ZCY²ZK�uh³©�·NZClnZLxL�uz zdegW��uerªCWjZ>hDegW�ZCh�i�Y-��Z>lPsu¢Q��sd�jm|ZKc?{�ZLlz ZL�u¢?m h�x>lgZK��cgZLcL¡degWjZ{��ulgeAsu¢�egWjZh�ZL�ul�¤�Z>zp� § ��m lgZKx
enz|b±x�sJY²{�i�egZK� ¨ m h$enWjZ{�suenZ>h�egmp�uz³��ZLx>s�Y[ZLcAWjm|�JWjZ>lw�uh��$egW�Z{�s�egZLhJenm ��z��ZLx>s�Y[ZLc¶egWdi�c�Y[s�lnZ^{jlnZLx>m cgZ�©?��m|�JijlgZ5��© �5{jlnZLcgZ>h�encL¡J¢s�l¶ZK��x�W

M2L
cgx�W�Z>Y[Z�¡JegWjZ^egl�����ZLsu«±��Z>evª�ZLZ>h�{�ln�Jx
egmpx>��z�ZLlglns�l¶��h��

* q¶]�egm Y[ZLc § ��s�ªChdª���ln�${��JcgcCsJhjz b ¨ ªCm¬enW���s�egW�cgm|h���z Z�uh�����sJij�jz ZWjZLm|�JWJeA´JZ>lnhjZ>zpcL©�V�WjZDcgxL�uz ZLcC�ulnZ�z s��J��lgm|egW�Y²mpxu¡��uh��enWjZ����uz ijZKc�su¢
P
{jz suefenZL��¢sJl-��s�i��jz|Z�WjZ>m ��W�e´�ZLlgh�Z>zrl��uhj�JZ[¢lgsJY

3
ens

14
ªCm¬enW ��cfegZ>{ s�¢

1
¡�ªCWjm|z Z�¢sJl-cfm hj�Jz|Z�WjZLm|�JW�e´JZ>lnhjZ>z�egWjZLb¯l��uhj�JZ�¢lgsJY

3
ens

29
ªCm¬enW�cfegZL{

2
®

P = 14
m|h���s�ij��z|Z²WjZ>m ��W�e��uh��

P = 29
m|h�cfm hj��z Z-W�Z>m ��W�e5x>s�lnlgZKcf{�s�h��m h���ZLZL�$egs[enWjZcg��Y[Z5�Jx>x>ijln�Jx�b § {�lgZKx�mpcfZLz|b�enWjZ5¤�l�cveA�Jx>x�i�ln�Jx�b���Z>z s�ª

1.0× 10−9 m|h±s�i�l�cgm Y-ijzp��enm|sJh ¨ ©ywc²¢£�ul���c[x>z �Jcgcgm x
M2L
m c�x>s�h�x>Z>lnhjZL�³¡regW�Z±cgm hj��z Z±WjZ>m ��W�e�´�ZLlghjZLz�m c[Y[s�lnZ±Z�°�x�m Z>h�e[¢s�l[z s�ª�{jlnZLx>m cgm s�h�c[�uh���enWjZ��sJij�jz Z�WjZ>m ��W�e�s�h�Z[¢s�l�Wjm ��W�{jlnZLx�mpcgm|sJh�c>©�V�Wjmpccgz|m ��W�enz|b��jm¬«QZ>l�c�¢lgsJY�enWjZ�lgZKcfi�z¬e�c5su¢�� (rz z =��." § cfZKx
enm|sJh * © ºj© < ¨ ªCWjZLlgZ���jlnm Z�¢Cx�s�Y[{���lgmpcgs�h�i�cfm hj�±enWjZ>sJlgZ>egmpx>�uzPsJ{�ZLln�uegm s�h+x�sJijh�e�dcL©��Jx>x�i�ln�Jx�b¯cgWjs�ªAc�egW��ue��s�egW WjZLm|�JW�enc��lgZ²egW�Z>s�lnZ�enm xL�uz z|bN��cZ>°�x>m|ZLh�eL©y^h��N�JcwegWjZLs�lnZ�egmpx>��z|z b²tvi�cfegm|¤�ZL�Nm|h+cgZLx
enm|sJh�c < © ��© >j¡µ��¡³º��uh����j© >j¡&ªCW�m|z Z[lgs�en��enm|sJh��uh��N¸�¹µy�a¯x>s�Y[{ji�e���egm s�h�c^¢£�S�Js�lenWjZ��s�i��jz|Z�W�Z>m ��W�eC´�Z>lnhjZLzU¡denWjZ�?��V m Y²{�lgs��JZ>Y[Z>h�e�m c��JZ>hjZLln��z|z b�Y[s�lnZ�Z>°�x�m Z>h�eAªCm¬enW�cfm hj��z Z5WjZ>m ��W�eC´�ZLlgh�Z>zH©

V�WjZLlgZ>¢s�lnZAª�Z�cfegm z|z�W��S�JZAegs[x�sJY[{��ulnZCegW�Zw��ZLcfe�s�¢µZL�Jx�W�cgx�W�Z>Y[Z�®�egW�m c�mpc���sJhjZ�m|h�¤���ijlnZ��j© �ªCWjZ>lnZ^ª�Zw{�lgZKcfZLhJe��?��V��h���¸�¹µy�a²��Z>l�cgm|sJh�cPs�h[enWjZwcn�uY[ZA{�z|s�e § x>z �Jcgcgm x^�uh��[lnsue���egm s�h�cPW��S��ZA��z|lnZL�J��b-��Z>ZLh���mpcgxL�ul���ZL�²m h�cgZLx
enm|sJh�c��j© �5��h����j© º ¨ ©V�WjZ[¸�¹µy�a�m hN��sJij�jz ZDWjZLm|�JW�e�´JZ>lnhjZ>z?�ulnZ�egW�Z>h+x�z ZL�ulnz b$Y[s�lnZ-Z>°�x�m Z>h�ewenW��uh�egWjZ��?�?V ªCm|egWNcgm hj��z Z-WjZLm|�JW�e�´JZ>lnhjZ>zH®C�db
V�VXW-Y�Z'[\Z^]
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Z>}���Y[{jz|ZKc>¡�¢sJl���{jln�Jx
enm xL�uzµZLlglns�l^��ZLz|s�ª
1.0 × 10−6

§ lnZLcg{�ZLx
enm|�JZ>z b
1.0 × 10−8 ¨ egWjZ²�J��m|h�m c�ºJ� � § lgZKcf{�ZLx�egm ��ZLz|b�º�� �²¨ ©V�Wjmpc�¢ijz z b����uz m ����egZKc�egWjZ�lnZ>z Z>����h�x�Z�su¢?s�ijlCh�Z>ª ¸�¹�ywa$��ZLlncgm|sJh$x>s�Y[{��ulnZL��egs[enWjZ�{jlnZ>�dm|sJi�c
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� h$egWjmpc�{���{�ZLlL¡�ª�ZwW��S��Z�{jlgZKcfZLh�egZL�$�uh$s���Z>l��uz zQcveni���b�s�¢µegW�Z���ZLcfeCm|Y[{jz Z>Y[ZLhJe���enm|sJh$s�¢³egWjZ����cfe�_¯ijz¬enm|{�s�z Z_�Z>egWjs���¢s�lenWjZwcgZ>lnm ��z�x>s�Y[{ji�e���egm s�h�s�¢&��l��S��m|en�uegm s�h���zjs�l¶Z>z ZLx
enlgs�cve���enm xAcgm Y-ijzp��enm|sJh�cPsu¢³i�hjm¬¢sJlgY ��mpcvenlgm �ji�enm|sJh�cL©?y ��Z�e��um z|ZK��cveni���b[su¢enWjZ-ZLlglns�lA��s�i�h���W��JcAz ZL���±i�cCegs�evª�s�Z>}�{jlgZKcgcgm s�h�cCs�¢PegWjZ

M2L
s�{�Z>l���ens�l�enW���e5x�s�hd�JZ>lgencA��YDijz|egm {�sJz|ZDZ�}�{��uh�cfm s�h±m hJens�±z s�x>�uzPZ>}�{��uh�cgm s�h³®5ªCWjm z|Z � � � �>; &(/1&)���:/ 


M2L
� &)�^��&>;�mpc��JZ>hjZLln��z|z b�Y[s�lnZ²Z>°�x�m Z>h�eL¡�s�hjz b �^�!� �9; & /1&)���:/ 


M2L
�U&)�^��&>;ZLh�cfi�lgZKcC�²cgW���lg{�Z>lnlgsJl���s�i�h��&©��s�lCZL�Jx�W

M2L
Z�}�{jlnZLcncfm s�h³¡�ª�Z�W��S�JZ�Z>°�x�m Z>h�egz b�m Y[{jz|ZLY[Z>h�egZK����m¬«QZ>lnZ>h�e^cnx�WjZ>Y[ZKc�egW��uewcf{�Z>ZK��ij{

M2L
x�sJY²{�i�en�u¥enm|sJh³®�cnx�WjZ>Y[ZKcAcfi�x�W±�Jc ����� =,�!
!/ � ; �&:� �A��h����	��
��
�����������z|z s�ª �[lnZL��i�x
egm s�h±s�¢�enWjZ5egW�Z>s�lnZ�enm xL�uz³sJ{�ZLln�uegm s�h±x�sJijh�eA¢lgsJY

O(P 4)
ens O(P 3)

¡PªCWjm z|Z�egWjZ$m|h�enlgs���i�x�egm s�h s�¢^¸�¹�ywa § ¸���cgm x�¹µm|h�ZL�ul²yAz ��ZL�jln�Nadij�j{jlns��Jln��Y�c ¨ �JlgZK��egz bNo�ijmpx�´�ZLh�c�enWjZ
O(P 4)

x�sJY²{�i�en�uegm s�h³©V�s�s�ijlC´dhjs�ªCz ZL�j��Z�¡denWjmpcAmpc�egWjZ5¤�lncfeAm|Y[{jz Z>Y[ZLhJe���enm|sJh�s�¢�enWjZ-�?�?V Z>hjW���h�x�ZLY[Z>h�eC¢s�lA��sJij�jz Z�WjZ>m ��W�e
M2L
´JZ>lnhjZ>zH©·�Z�W��S��Z���z cgs$�Js�hjZ[m h�egs���Z�e��um z c5s�¢�enWjZ�m Y²{�z|ZLY²ZLh�en��enm|sJh���h���ª�Z[W��S�JZ²cgWjs�ªChNegW��uehdijY[Z>lnm xL�uz?m|h�cve��u�jm z|m|egm ZLclgZLY[��m|hZL��Z>h±m h�enWjZ�jz s�x�´���ZLlncgm s�h�s�¢µenWjm cAm|Y[{jlns���ZLY²ZLh�eL©PV�WjZ�lnsuen�uegm s�h±cgx�W�Z>Y[Z5W���c���Z>ZLh�{�lgZKcfZLhJenZL�$m|h���Z>en��m|zpcC��xLx�s�l���m hj�DegsenWjZ5¢s�lnY-ijzp�uZ5i�cgZL�$m h�sJijlA�?_¯_#m|Y[{jz Z>Y[ZLhJe���enm|sJh³©ywc-�uh ��z¬enZ>lnh���enm|�JZ�¡���¸�¹�ywa § ¸���cgmpx�¹³m hjZL��l-yAz ��ZL�jln��adi��j{jlns���l��uY�c ¨ ��Z>l�cgm|sJhNW��Jc���Z>Z>h {�lgsJ{�s�cfZK�¯¢sJl�egWjZ$��Z>h�cgZY���enlgmpx�ZKcCsu¢�egW�Z-��s�i��jz|Z�W�Z>m ��W�eA´�ZLlghjZLzµ��c�ª�Z>z z��Jc�¢s�lCenWjZ-cg{��ul�cgZ�Y��ueglnm x>ZLc�su¢?enWjZcfm hj�Jz|Z�WjZLm|�JW�eAs�hjZJ©�y�cnx�WjZ>Y[Z�ªCm|egW

�	& :\� "$��&^��W���c¶¤�l�cve�Y�����Z�{�sJcncfm �jz Z^enWjZwi�cfZ�su¢�z|ZL��Z>z
3
¸�¹�ywa�lgZKcfijz|egm hj�²m|h$m|Y[{jlnZLcncgm|�JZwcg{�ZLZL��ij{�c>©¶ad{�ZLx>m ��z&�j��e��-cfegs�l��u�JZLc¢sJl-enWjZ�Z>}d{��uh�cgm|sJh�cZLm¬enWjZ>lD�db � �0=���s�lD��b � ; � :\&'�5W��S��Z�enWjZ>h Z>h����jz|ZK�+i�c-egsN�S�Js�mp�NegWjZ����j��m|egm s�h��uz�x�sJcfe-s�¢.�	& : �\"���&'�
¡ZKcf{�ZLx>m ��z|z b�¢s�lCz s�ª {�lgZKx�mpcfm s�h�cL©qrlnZLx>m cgZAsJ{�ZLln�uegm s�h�x�sJijh�enc��uh���Y²ZLY[s�lnbDlnZLo�ijm lgZLY[Z>h�encPW��S��Z^��z cgs��Z>Z>h$��m ��ZLh[¢s�l¶ZK��x�W�cnx�WjZ>Y[Z��uh��[¢sJl¶��suenW

M2L´JZ>lnhjZ>z�WjZ>m ��W�e�c>©�V�Wjm c5�JcAª�Z>z z?�Jc * q¶]9egm Y[ZLcw¢lns�Y {jl���x
enm xL�uz�cfm Y-ijzp��enm|sJh�cwW��S��Z��Z>ZLh�i�cgZL��egs�{�lgZKx�mpcfZLz|b±x�sJY²{��ulnZ-�uz zenWjZLcgZ���m¬«QZ>lnZ>h�e���ZLlncgm|sJh�cL© � eA�u{�{�ZK�ul�crenW���e�egW�Z5¸�¹�ywa���Z>l�cgm|sJh��uh���egWjZ��?�?V m Y[{jlgs��JZ>Y[Z>h�e�ªCm¬enW$�jz s�x�´�c���lgZ^egWjZ5Y[sJcfeZ>°�x>m|ZLh�e��Z>l�cgm|sJh�c>©²· Wjm z|Z�egWjZ�¸�¹µy�a¯�JZ>l�cfm s�hNm c-�uz ª��Sb�cw¢£��cfegZLl�m|h x>�JcfZ²su¢C��sJij�jz Z�WjZ>m ��W�e�´�ZLlghjZLzU¡³egWjZ��jz s�x�´��?�?V9mpc¢£�JcvenZ>l-ªCm|egW1cfm hj�Jz|Z�W�Z>m ��W�e-´�ZLlgh�Z>zr¢sJl-Wjm ��W {jlgZKx�mpcfm s�h�c>©<+^s�ª�ZL��Z>l5enWjZ�Y[ZLY²sJlgb�lnZLo�ijm lgZLY²ZLh�encs�¢�egWjZ��jz sdx�´+�?�?V ��cª�Z>z z³��c�egW�Z�lnZ>Y���m|hjm hj�Dh�i�Y²ZLlgmpx>��zQm|h�cfen���jm z|m|egm ZLcL¡�{jlnZLx�mpcgZ>z bD¢sJl�Wjm|�JW${�lgZKx�mpcfm s�h�cL¡�z|m Y[m¬e^cgZ>�JZ>lnZ>z bDenWjZ5��ZLhjZ�¤�e�m|eCsu«QZ>l�c�¢s�llnijh�egm Y[ZDm h¯enWjm c5xL��cgZ�©�V�Wjmpcwmpc�lgZLm|hj¢s�l�x�ZL�±ªCW�Z>hNx>s�Y[{���lgm hj��enWjZDegl�����ZLsu«+��Z>evª�ZLZ>h�{�ln�Jx
egmpx>��z��Jx>x>ijln�Jx�b±�uh��¯lgijh�enm|Y[Z��Y²sJhj�[�uz z��JZ>l�cfm s�h�c>®µegWjZ�¸�¹µy�a�ªCm|egW±��s�i��jz|Z�WjZLm|�JWJeC´JZ>lnhjZ>z�m c�enWjZ>h±�uz ª��Sb�c¶egWjZ5Y[sJcfe�Z�°�x�m Z>h�eL¡�ªCW�m|z Z5m|h�eglns���i�x>m|hj�DhjshdijY[Z>lnmpx>�uz&m h�cfen���jm|z m|egm ZLcA��h���z s�ª Z>}degl��-Y[Z>Y[sJlgb�lnZLo�ijm lnZ>Y[Z>h�encL©� e^W���c�ens���Zh�suegZK��egW��ue^m h � �5~#=d�&"���h���m|h � * �5~#= =0"¦¡��[hjZLª �JZ>l�cfm s�h�su¢�egW�Z-�?_¯_ÃW���cA��ZLZ>h�m hJenlgs���i�x�ZL�³©�¸���cgZL�sJh�Z>}�{�sJhjZ>h�egmp�uzPsJl �f{jz ��hjZ[ª��S�JZ �DZ>}�{��uh�cgm s�h�cL¡³m|e-z|ZK���jc�ens�m|Y[{jlnZLcncgm|�JZ[cg{�Z>ZL�jij{ x�s�Y[{���lgZK�¯ens±egWjZ�sJlgm ��m h���z?¢s�lnY-ijzp��¥enm|sJh�su¢¶egWjZ��?_¯_ ©&V�Wjmpc�hjZ>ª ��Z>l�cgm|sJh�lgZKoJi�m|lnZLcwWjs�ª�Z>��ZLl^Y[s�lnZDx>s�Y[{jz Z�}�Y���enWjZ>Y���enm xL�uz?���Jx�´��JlgsJijh�����h���enW�i�cwY[sJlgZm Y[{jz|ZLY[Z>h�en�uegm s�h¯ª�s�ln´Q©wadm h�x�ZDhjs�¢lnZ>Z²x�s���Z-s�¢PegWjmpcwhjZ>ª �JZ>l�cfm s�h±mpcwx>ijlglnZ>h�enz|b±�S���um z ���jz|ZJ¡�ª�ZW��S�JZhjs�ewb�Z>ew��Z>ZLhN�u��z|Zens�x�s�Y[{���lgZ�m|eAªCm¬enW�sJijlC¸�¹µywa$�JZ>l�cfm s�h³©?\AZL��ZLlfenWjZ>z ZLcnc>¡�m|eAW��Jc�egs[��Z�h�suegmpx�ZK��enW���eCenWjmpcChjZ>ª ��ZLlncgm|sJh�m Y[{�s�cfZKc�egZL�jm|sJi�c�J�j�u{�e���enm|sJh$��Z�evª�Z>ZLh$enWjZ�Z>lnlns�l�m|h�enlgs���i�x>ZL�$�db�egWjZ-Y-ijz|egm {�sJz|Z��h��$z|s�x>��z&Z�}�{���h�cfm s�h�c�su¢µenWjZ�?_¯_(�uh���enWjZ�Z>lnlgsJlC��ijZens-enWjZwi�cfZ�su¢µ{�z ��hjZ^ª��S��ZKc>®�s�hjz b��¢ZLª {jlnZLx�mpcgm|sJh�c¶��lgZ^egWdi�c��S���um z ���jz|ZJ©�V�W�Zwi�cgZ^s�¢µ{jzp�uhjZ�ª��S��ZLcrm c�b�Z>e�{�lgsJY²mpcgm|hj�D�uh��mpcAcfegm z|z³m hd��ZKcvenm|����egZK� § cfZLZ � � +^�->9" ¨ ©� h�enWjZA¢ijegijlnZ�¡�ª�Zw{jzp�uh[egs²�u{j{�z|b[¸�¹µywa[egs�enWjZw�J�j�u{�enm|�JZA��ZLlncgm s�h[su¢QegW�Zw�?_¯_ § cfZLZ � * �5~ GUG "Qs�l�� \�2�¹�· =U>0" ¨ ¡d�uh��enWjZ>h[enscfZLZCWjs�ª enWjmpcPªCm|z zjY���e�x�W[m¬e�cr{���ln��z|z Z>z m �K��enm|sJh¢s�l¶��s�egW�ijhjm|¢s�lnY ��h��²hjs�h[ijh�m¬¢sJlgY ��m cfeglnm �ji�egm s�h�cPs�h���mpcvenlgm �ji�enZL�Y[Z>Y[sJlgb���lnx�W�m¬enZLx
enijlnZLcL©
: �����$� �'���C)���A,B�C�D��%
·�Z^�ulnZ���l���enZ�¢ijz�ens ��ijm z|zp�uijY[ZA¹���egiµ¡ � * q�a�¥ ¹�a �f� V § ¹��u��s�l���egsJm|lnZ���ZLc¶ajx�m Z>h�x>ZLcr��ZCz�� � Y[����ZJ¡J��ZCz�� � hj¢s�lnY[�uegmpo�ijZCZ�e¶��Z^z �V�kLz|kK��k�enZLx
enm|sJh ¨ ��h�� � \^~ � y * y^¹)( � {jlnsutvZKx
eK¡u¢s�l�cfZL��ZLln��zjWjZ>z {�¢ijzQ��mpcgx>i�cncfm s�h�crs�h[egW�ZAijh���ZLlgz bdm|h���egZKx�WjhjmpoJi�ZLcrs�¢³¸�¹�ywa��h��$egWjZLm|lCm h�egZ>�Jln�uegm s�h$m|h�egW�Z��_�_ ©
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·�Z�m|h�enlgs���i�x>ZDW�Z>lnZ-enWjZ�cf{�WjZ>lnm xL�uz?W���lgY[s�h�m xLc^ªCWjmpx�W+�ulnZ-enWjZ[����cgm c�s�¢¶egW�Z²YDijz|egm {�sJz|Z���h��¯z s�x>�uzPZ>}�{��uh�cgm s�h�cwi�cgZL�Nm|henWjZ�?_¯_ ¡���h��$egWjZ�Jcgcgs�x�mp��egZK��¹µZ>��ZLh���lnZ^¢i�h�x
enm|sJh�c�egW�Z>b$��lgZwegW�Z>Y�cfZLz|�JZLc����JcfZK��sJh³©
� ��� �-� ��� � �����  � �  � �� � �� � �4� � ��� ����� �
� h

3D
cf{��Jx�Z�ª�Z�i�cgZ¶enWjZ�¢s�z z|s�ªCm hj�5x�sJh��JZ>h�egm s�hµ¡Sx>s�Y[Y[s�hjz b�i�cgZL�Dm|hD{jWdb�cfmpx>cL¡�¢s�l�enWjZCcf{jW�Z>lnm xL�uzdx�sds�l���m h���enZLc�®

θ
��Z>h�suegZKcenWjZwx>su¥¦z �uegm|egi���m h���z�x�sdsJln��m h��uegZ § ªCm|egW

θ ∈ [0, π] ¨ ��h�� φ
egWjZwz|sJhj��m|egi��jm|h���z�x>s�sJln�jm|h��uegZ § ªCm¬enW

φ ∈ [0, 2π[
¡
φ
x>s�lnlgZKcf{�s�h���cens[egWjZ�{�s�zp�ulC�uh���z Z�m h±{�sJz ��lAx�sds�l���m h���enZLc ¨ �JcCcfW�s�ªCh$m h�¤���ijlnZ�y© < ©

x

φ
y

0

θ

r

z

P (r, θ, φ)

��m ��i�lgZ�y© < ®rad{�WjZ>lnm xL�uz³x>s�sJln�jm|h��uegZKc�s�¢�{�s�m h�e
P (r, θ, φ)

©

·�Z��Z�¤�hjZ5egWjZ¹µZ>�JZ>h���lnZ�{�sJz|bdhjsJY²mp�uzpc�ªCm|egW�~Cs���lnm|�JijZLc ��¢s�lnY-ijzp�j®

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l ∀ l ≥ 0.

V�WjZ�Jcgcgs�x�mp��enZL��¹µZ>�JZ>h���lnZ�¢ijh�x�egm s�h�cL¡
P m

l

¡��ulnZ5�jZ�¤�hjZK����bQ®

P m
l (x) = (−1)m(1− x2)m/2 dm

dxm
Pl(x) ∀ (l, m) ∈ N

2 with 0 ≤ m ≤ l.

·�Z�Z�}degZLh��$egWjZ�jZ�¤�hjm|egm s�h±s�¢µegW�sJcgZ5¢ijh�x
enm|sJh�c�egs�h�Z>�J�uegm ��Z����uz ijZLc�s�¢
m
§ ªCm¬enW�cvenm|z z |m| ≤ l ¨ ��cL®

P−m
l (x) = (−1)m (l −m)!

(l + m)!
P m

l (x).
§ y-© < ¨

V�WjZ5¢sJz|z s�ªCm hj�D{�lgsJ{�ZLlfenm|ZKcC�uz z|s�ª ��h±Z�°�x�m Z>h�eAx�sJY²{�i�en�uegm s�h�su¢�egWjs�cfZ�¢ijh�x�egm s�h�cL®
(l −m)P m

l = x(2l − 1)P m
l−1 − (l + m− 1)P m

l−2,

P m
m = (−1)m(2m− 1)!!(1− x2)m/2,ªCWjZLlgZ

n!!
��ZLhjsuenZLc�egW�Z�{jlgs���i�x
eAsu¢?�uz z&s��j��m|h�egZL��ZLlnc�ZLo�i���z&s�lCz s�ª�ZLl�egW���h

n
©ry^h��&®

P m
m+1 = x(2m + 1)P m

m .

+^Z>lnZ�ulnZ^enWjZ5¤�l�cveA��cncgsdx>m �uegZK�$¹µZ>��ZLh���lnZ^¢i�h�x
enm|sJh�c>®
P 0

0
(x) = 1 P 0

1
(x) = x P 0

2
(x) = 1

2
(3x2

− 1) . . . . . .

P 1

1
(x) = −(1 − x2)

1
2 P 1

2
(x) = −3x(1 − x2)

1
2 P 3

3
(x) = −15(1 − x2)

3
2 P 3

4
(x) = −105x(1 − x2)

3
2

P 2

2
(x) = 3(1 − x2) P 4

4
(x) = 105(1 − x2)2

. . .��m|h���z|z b�¡�ª�Z5W��S�JZ^enWjZ5¢s�z z|s�ªCm hj�[{jlns�{�Z>lgevb�su¢�{��ulnm¬evbQ®
P m

l (−x) = (−1)m+lP m
l (x).
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� � 	 �7
 �  � � � � � � �8� � ���4� � � �
· m|egW�egWjZ[��cncfs�x>m �uegZL��¹µZ>�JZ>h���lnZ�¢ijh�x
egm s�h�c

P m
l

Z�}denZ>h���ZK�±egs$hjZ>����enm|�JZ���uz ijZLcwsu¢
m
¡&��c���Z�¤�h�ZL��m h § y© < ¨ ¡&�$x�s�Y[Y[s�h��Z>¤�hjm|egm s�h±su¢�egW�Zcf{jW�Z>lnm xL�uzQW��ulnY[s�hjmpx�su¢ �U& �-� & &

l
��h�� ���	� &'�

m
¡jªCm¬enW

l ≥ 0
Z�e −l ≤ m ≤ l

mpcL®

Υm
l (θ, φ) =

√
(2l + 1)

4π

(l −m)!

(l + m)!
P m

l (cos θ)eimφ.

+^s�ª�ZL��Z>lK¡d��c�Y[Z>h�egm s�h�ZL���db<� ��lnZ G G "¦¡degWjZ�hjsJlgY���z|mpcg�uegm s�h�¢£��x
ens�l √ (2l+1)
4π

xL�uh±��Z���mpcnx>�ul���ZK��m h�egWjZ�?_¯_Ãx�sJY[{ji�¥
e���egm s�hµ©�·�Z�egWjZLlgZ>¢s�lnZCx�s�h�cfmp��Z>l?WjZLlgZK��¢ enZ>lrcg{jWjZ>lnmpx>�uzdW���lgY[sJhjm xLc?��Z�¤�h�ZL�²ªCm¬enWjs�ijePegWjmpcPhjsJlgY��uz mpcg�uegm s�h¢£�Jx
ens�lK©�_�sJlgZLs���Z>lm h�s�l���Z>lregs-cgm|Y[{jz m|¢b-enWjZC¢s�lnY-i�z ��Z�¢s�lPenWjZAs�{�Z>l���ens�l�c?i�cgZL�[m h[egWjZ^�?_¯_ § cgZ>ZAcgZLx
enm|sJh < © ��© < ¨ ¡�ª�Z^m|h�eglns���i�x>Z εm

��Z�¤�hjZL��dbQ®
εm =

{
(−1)m m|¢ m ≥ 0,
1

suenWjZ>lnªCmpcfZ
,cgs²egW��ueAs�ijl § ijhjhjsJlgY��uz m �>ZL� ¨ cg{jWjZLlgmpx>��z&W��ulnY[s�hjmpx>c���lgZ5��Z�¤�hjZL���dbQ®

Y m
l (θ, φ) = εm

√
(l −m)!

(l + m)!
P m

l (cos θ)ei.m.φ,
§ y© � ¨

ªCWjmpx�W�x>��h���z cgsD��Z�ªClnm¬egegZ>h § ªCm¬enWjs�i�eCenWjZ
P m

l

ªCm|egW±hjZL�J��enm|�JZwsJln�jZ>l�c ¨ ®

Y m
l (θ, φ) = (−1)m

√
(l − |m|)!
(l + |m|)!P

|m|
l (cos θ)ei.m.φ.
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· WjZLh¯hjsJlgY��uz m �>ZL�³¡jegW�Z²cg{jWjZLlgmpx>��z³W��ulnY[s�hjmpx>cA¢s�lnY ��h¯s�lgegW�s�hjsJlgY��uz&����cgm cA¢s�lw¢ijh�x
enm|sJh�c
f(θ, φ) ∈ R

©�_�s�lnZ>s��JZ>lª�Z�Z>Y[{jW��Jcfm �>Z�enW���eCs�i�lAcf{jW�Z>lnm xL�uz&W���lgY[s�h�m xLc���lgZ�x>s�h�cgm �jZ>lnZL���Jc�m �jZ>h�egmpx>��z|z b�hdijz z&¢s�l
l < 0
sJl |m| > l

©� h±{���lfenm x>ijz ��l�ª�Z5W��S�JZ�®
Y 0

l (θ, φ) = Pl(cos θ),��h��±�uzpcfsDegWjZ5¢sJz|z s�ªCm hj�[{jlgsJ{�ZLlfevb���Y[s�hj�²s�{j{�sJcgm|egZ�s�l���ZLlncL®
Y −m

l = Y
m

l

§ y© º ¨
ªCWjZLlgZ

z
��ZLhjsuenZLc�enWjZx�sJY²{�z|Z>}�x�sJh�tvij����egZ�su¢

z ∈ C
©· WjZLhDx>s�h�cgm �jZ>lnm|hj�w�^�JZLx
ens�l

Z
s�¢�cg{jWjZ>lnmpx>�uz�x�sds�l���m h���enZLc

Z = (r, θ, φ)
��h���m|enc�s�{j{�sJcgm|egZ¶�JZLx�egs�l −Z

ªCW�sJcgZ�cg{jWjZ>lnmpx>�uzx>s�sJln�jm|h��uegZKc���lgZ −P = (r, π − θ, π + φ)
¡jª�Z5W��S��Z�egW�Z>h³®
Y m

l (π − θ, π + φ) = (−1)lY m
l (θ, φ).

y�eAzp��cfeCª�Z5W��S�JZwenWjZ5¢s�z z s�ªCm|hj�²ª�Z>z z¬¥¦´dhjs�ªCh�enWjZ>sJlgZLY § cgZ>Z��!��lgZ GUG " ¨ ®
B.N ½dÁ � ½ � ; � �[Â�Â�9£�H9 Á 8 B.N ½dÁ � ½ � D Á �$�HL�N ½ ��9£�J� , N��j� � Á 8 9£�J� � � � �!% &)� 
 %�& :'
���\�

P1 = (r1, θ1, φ1)
���$�

P2 =
(r2, θ2, φ2)

�-���
γ
�\&'�!� �.
0/1& ��� �5; & �\&)
 =�&\&)�C
!/�&

2
%�& :'
���\�#�U&�� �$&\� � ���

cos γ = cos θ1 cos θ2+sin θ1 sin θ2 cos(φ1−φ2)
�


0/1&�� � ���!
������ �$/1&\���	&) +'��� � � ���*"�/1&)�^� :\�0;$/����^ (��� � :^�.� ���

Pl(cos γ) =

l∑

m=−l

Y m
l (θ1, φ1)Y

−m
l (θ2, φ2).
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6 : 	�	N�C��)$� ��*�� ��%µ���������("���$���>��� 2��?��$%�0����P, ��!$�C�����
V�WjZKcfZA��lgZ�x�zp��cncgm xL�uz���Z�¤�hjm¬enm|sJh�cr��h��-lnZLcgijz|enc?s�¢ � m cnx�lnZ�enZC�js�i�lgm Z>lrV�ln��h�cf¢s�lnY § cgZ>Z�¢s�lPZ>}���Y[{jz|Z � q¶V (w��=��."�sJl � ¸���+ =��#" ¨ ©� h�Y[sJcfe¶x>�JcfZJ¡�ª�ZCm|Y[{jz mpx�m|egZ>z b�x�sJh�cfmp��ZLl?egW��ueregWjZ^{�ZLlgm s��

N
m cPZL��ZLh³¡Jcgs5egW��ue N

2

m c��uh[m|h�enZ>��ZLlL© � e¶mpcrcfegl��um ��W�ef¢sJlgª��ul��ens���Z>lnm|�JZ^enWjZx�sJlglnZLcg{�s�h���m hj�D¢s�lnY-ijzp�uZw¢s�lCs��j�
N
©

�/��� �%��� ����� � �������
¹µZ�e

(fl)l∈N

��h��
(gl)l∈N

¡�evª�s�"�&)�^���H�-� :^cgZLo�ijZLh�x�ZKc�ªCm|egW±{�Z>lnm|s��
N
¡jª�Z���Z�¤�hjZ5egWjZ�jm cnx�lnZ�enZ5x>s�hd��sJz|ijegm s�h³¡

h = f ∗ g
¡�su¢enWjZLcgZ5evª�s�cgZLo�ijZLh�x�ZKc��dbQ®

hk = (f ∗ g)k =

N
2∑

l=−N
2 +1

flgk−l ∀ k ∈ J−N

2
+ 1,

N

2
K.

§ ¸�© < ¨
V�WjmpcCx>��h��uzpcfs²��Z�ªClnm|efegZLh���cL®

hk =
∑

m+l≡k[N ]

(m,l)∈J−N
2 +1, N

2 K2

flgm

§ ¸�© � ¨

ªCWjZLlgZ
a ≡ b[N ]

Y[ZL��h�c�egW��ue
a
�uh��

b
�ulnZ �fx>s�hj�JlgijZLh�e�Y[s���ijz s

m
�
©y

2D
x�sJh��Js�z i�egm s�h±su¢¶��cgZLo�ijZLh�x�ZKc

(f l
n)(n,l)∈N2

�uh��
(gl

n)(n,l)∈N2

¡���suenW¯{�ZLlgm s���mpx�ªCm¬enW¯lnZLcg{�ZKx
egm ��Z�{�Z>lnm sd��c
J
�uh��

K
¡jm cC�jZ�¤�hjZK����bQ®

hk
j = (f ∗ g)k

j =

J
2∑

n=− J
2 +1

K
2∑

l=−K
2 +1

f l
ngk−l

j−n.

�/� 	 � � ��� � ����� �� �� � ��� � �  � � � �8��� � ��� �
¹µZ�e

(fl)l∈N

��ZLhjsuenZLcC�²{�Z>lnm|s���mpx5cfZKoJi�Z>h�x>Z�s�¢�{�Z>lnm sd�
N
¡jª�Z���Z�¤�hjZ5egWjZ § ¢s�lnª���ln� ¨ � �?V s�¢?cgm �LZ N s�¢ f ��bQ®

f̂k =
1

N

N
2∑

n=−N
2 +1

fnω−nk
N ∀ k ∈ N

ªCWjZLlgZ
ωj

N = e
i2πj

N

§ ��h��
i =
√
−1 ¨ ©V�WjZ�cgZLo�ijZLh�x�Z

f̂
m cC��z cgs[{�ZLlgm s���m x�ªCm|egW±{�Z>lnm|s��

N
©

�/� � � � � ��� �1� � � � �8� � � ��� � �  �� � ���4� � �� � �����4� � � � �
¹µZ�e

(f̂l)l∈N

��ZLhjsuenZLcC�²{�Z>lnm|s���mpx5cfZKoJi�Z>h�x>Z�ªCm|egW±{�Z>lnm|s��
N
¡�ª�Z��Z�¤�hjZ�egWjZ¸ � ��V su¢Pcgm �LZ

N
su¢

f̂
�dbQ®

fn =

N
2∑

k=− N
2 +1

f̂kωnk
N ∀ n ∈ N.

�/� � ��  ���  � �  � � � �$����� �� �� � ��� ����� � ��� ���
B.N ½dÁ � ½ � S �  9£�K�u� ½ � ½ � Á 8 ��Á , µ�:9 Á 8 B.N ½dÁ � ½ ��� � � &)


(fn)n∈N

���$�
(gn)n∈N

�\&T
 "1&)�^���H�-� : �)&�����&)� :\&^� =,�!
0/ "�&'�^���:�
N
� =�&C�	&'�*"�& :'
��!%�& ;�� � &'�$��
&

(f̂k)k∈N

�����
(ĝk)k∈N


0/1&)�!� � ��� � +��^� �H&
N
�M�$/1& � ���

ĥk
� + 
!/�&'�!� :\��� % �5; � 
*���-�

hk
� �


0/1&)��&�����0;�
���
ĥk = Nf̂kĝk.

y {jlnsdsu¢?x>�uh���Z5¢s�ijh���m h1� ¸���+ =��#"H©rV�W�Z
ĥk
�ulnZ�{�Z>lnm sd�jm x�ªCm|egW±{�ZLlgm s��

N
©

����V����
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�/� � ��  ���  � �  � � �
2D

� ����� �� �� �%��� ����� � �������
V�WjZ��{j{jz m xL��enm|sJh�ens

2D
x>s�hd��sJz|i�enm|sJh�c�m c^cvenln��m|�JWJeg¢s�lnª���ln�³©

B.N ½dÁ � ½ � J��
2D

 9£�K�u� ½ � ½ � Á 8 ��Á , µ�:9 Á 8 B.N ½dÁ � ½ ��� � ��&)

(fk

j )(j,k)∈N2

�-���
(gk

j )(j,k)∈N2

�\&�
 �)&����&'� : &'��� & ����&\�
�-� J ×K �-��� & � 
&'�$�U&\�,=,�!
0/ "�&'�^���:��� :)�!
 � 
�

N2 �
� & ���-
 &

J
�-���

K

0/1&:
�"�&'�^���:� � �#�����.& �F�- #" ; &�� J = J−J

2 + 1, J
2 K

�-��� K = J−K
2 + 1, K

2 K
� =�/1&)�	&

J
���$�

K
�-�	&

&)% &)���
�$/1&)�!�

2D � ����� =��-�	� � � � �>:'�	&)
& ��� � �^��&)� � � ���1�0+'�-�^ � +��\� �:&
J ×K

�-�	& � & ����&\� � ���

f̂k
j =

1

JK

∑

n∈J

∑

l∈K
f l

nω−nj
J ω−lk

K ∀ (j, k) ∈ J ×K,

�-��� 
!/�&'�!�
2D

� �9:�5=����	� � ��� ��� �
fk

j =
∑

n∈J

∑

l∈K
f̂ l

nωnj
J ωlk

K ∀ (j, k) ∈ J ×K.

� & /1�-% & 
0/1&)��
ĥk

j = JKf̂k
j ĝk

j ∀ (j, k) ∈ J ×K.

�/��� � ��� �.
3 � � ����� � � � 
 ��� ���  ��� �.
4� ���������
y x>s�hd��sJz|i�enm|sJh�s�¢?cgm �LZ

N
��Z�evª�Z>ZLh$evª�s3���-� @ "�&'�^���:��� :^cfZKoJi�Z>h�x>ZLc

(fl)l∈J−N
2 +1, N

2 K

�uh��
(gl)l∈J−N

2 +1, N
2 K

¡jxL�uh±��Z���Z>¤�hjZK�$�dbQ®

hk =
∑

l+m=k
(l,m)∈J−N

2 +1, N
2 K2

flgm ∀ k ∈ J−N

2
+ 1,

N

2
K.

·�Zx>��h$lnZ>zp��enZwenWjmpcC����x�´[ens § ¸�© � ¨ �db$��Z>¤�hjm hj���DcgZLo�ijZLh�x�ZKc (f̃l)l∈J−M
2 +1, M

2 K

�uh��
(g̃l)l∈J−M

2 +1, M
2 K

�Jc>®
∀ l ∈ J−M

2
+ 1,

M

2
K, f̃l =

{
fl
m¬¢

l ∈ J−N
2 + 1, N

2 K
¡

0
suegW�Z>lnªCm cgZ�¡

��h���z|m ´�ZLªCm cgZ�¢s�l
gl
©·�Z5egWjZLh±Z�}degZLh��$egWjZ��sJY��um h$s�¢µegW�ZLcgZcfZKoJi�Z>h�x>ZLc�egs

N
egW���hj´�c�egs

M
{�Z>lnm sd�jm x>m¬evbJ©\^s�ª z Z�eL®

h̃k =
∑

m+l≡k[N ]

(m,l)∈J−M
2 +1, M

2 K2

f̃lg̃m ∀ k ∈ J−M

2
+ 1,

M

2
K.


$½ � ����� O �*5 � �$/1&
h̃k
=,�!
0/

k ∈ J−M
2 + 1, M

2 K \ J−N
2 + 1, N

2 K
�-�	&�����
 ��& :\&'� �)�-� �(� ��;?; �

¸�b�x�Wjsds�cfm hj�
M

�f�jm|�[ZLhjs�ij�JW ��ª�Z�x>��h$W��S�JZ�®

h̃k = hk ∀ k ∈ J−N

2
+ 1,

N

2
K.

· WjZLh±egWjZ²x�sJh��Js�z i�egm s�h�mpc �gx�Z>h�enZ>lnZL� � § ��lgsJijh��
0
¡Q��cCm h § ¸�© � ¨ ¢sJl^Z>}���Y[{jz|Z ¨ ¡�ª�Zi�cfi���z|z b�hjZ>ZK� M ≥ 3N

2

m|h�s�l���Z>l
ens�W��S��ZJ®

h̃k = hk
¡ ∀ k ∈ J−N

2 + 1, N
2 K
©�¸�ijeAªCWjZ>h±enWjZx�sJh��Js�z i�egm s�h�mpcChjsue �fx>Z>h�egZLlgZK� ��¡j�Jc�egW�m cCmpcCenWjZx>�JcfZ5¢sJl

M2L§ cfZLZ���ZLz|s�ª ¨ ¡�ª�Z�i�cgi���z|z b�hjZLZL��egs�W��S�JZ M ≥ 2N
§ cgZ>Z�� ( � =J�0"µ�uh�� � (rz z =��#" ¨ ©V�Wjmpc�i�cgZ�su¢�Z�}degl�� �>Z>lnsJc�mpcAx>��z|z ZL���:&'� �0@ "��U�U�-�!� ��©·�Z²xL�uhNhjs�ª i�cgZ-enWjZ � mpcgx>lgZ>egZ * s�hd��sJz|i�enm|sJh�V�WjZLs�lnZ>Y § enWjZ>sJlgZLY�� ¨ m h�s�l���Z>l^egs±x�s�Y[{jijegZDegWjZ h̃k

�uh��¯egWjZLh�enWjZ
hk

§ ªCm|egW±����x�´dª��ul�� � ��V ¨ ¢s�l k ∈ J−N
2 + 1, N

2 K
©
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*� :\�5; � � � :'
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!/ �����^ ��; � �\�� �	�\"1/F� � �����C2 ��
0/1&) �-
*� :\�5; � � �>; &^�
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