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min ϕ(yx,s(T )),
ẏx,s(t) = f(yx,s(t), a(t)) ∀t ∈ [s, T ]
yx,s(s) = x, x ∈ IRn,
a(t) ∈ A

}<ª Y
, ∀t ∈ [s, T ],

yx,s(t) ∈ K ∀t ∈ [s, T ].

9 �":

TVU<Y6epY�g�t�¡���t�jLgpnit��re
A
ore	}*��t4X8~<}4��g	tv¡

IRm ¬ ϕ : IRn → IR ∪ {+∞}
o e	� t"��Y�n	e�YCX6oP��t�jLgio¨jdl@t4l<e

9 �/ª eCª �":'}�j<�
T
ore8}<;�=fY��>;<jS}v�Vgpo X6Y�ª TVU@Y©e�Y�g

K 6= ∅
ore�}���t�X6~<}4��g���t�jd�4Y�=IepY�g�tv¡

IRn ª TVU@Y
�@cLjS}vX6o �Ce

f : IRn ×A → IRn ore+}�eiepl@X6YC��gpt6�SY ��o¨~Sep��U@o¨g+?�}�j<���St4l@j<�fY��®ª
��Y�g

v : [0, T ]× IRn → IR∪{+∞}
�SY^gpU<Y^�"}v� l@Y\¡£l@j<��gio¨t4j��fY/;<j@Y��B�dc

v(s, x) = inf(Ps,x). @ t�nYC��YCnpc
s ∈ [0, T ]

}vj<�
x /∈ K, v(s, x) = +∞

}vjS��¡£t4n
x ∈ K, v(T, x) = ϕ(x).6õg+oreV°dj@t"�kj�gpU<}vgkgpU@Y	�"}v� l@Yy¡£l@j<��gpo t�j

v
ei}"gio eA;<YCe�giU@Y&B&C �
���D�)FEG%+!'H�%+���I�D��,H�EG%���-)� �-(0� 9 x\ssJ:�7

v(s, x) = inf
a(.)∈A(s,τ ;x)

v(τ, yx,s(τ)), ∀τ ∈]s, T ], ∀x ∈ K,
9 �K:

�kU<Y�niY
A(s, τ ; x) := {a : [0, +∞[→ A

X6YC}4e�l@n�}v�<�¨Y
, yx,s(t) ∈ K, ∀t ∈ [s, τ ]}.6Ïj�gpU<Y�C}�epY^�kU<Y�j�gpU@YF;<jS}v�D��tLehg�¡£l@j<��gpo t�j

ϕ
orek��t4j4gio¨jdl@t4l<eV}vj<�

K = IRn,
gpU<Y	�Á}��¨l<Y\¡£l@jS��gpo t�j

ore(giU@Ykl@j@orqLl@Y+��t4j4gio¨jdl@t4l<eML��Lorei��t4epo¨ghc�NVe�t4�¨lfgio¨t4jPO ��¬L�d¬�Q�RStv¡>gpU@YTS ���D�(U	V!���WYXZ��)�!K.��W�[���(�(\����� 9 ¤\¥L¦]:
Y�qLl<}"gio¨t4jM7

{
−vt(t, x) − min

a∈A
f(x, a).vx(t, x) = 0, (t, x) ∈ [0, T ]×K,

v(T, x) = ϕ(x), x ∈ K.

9 1 :

6Ïj�gpU<o ek~S}v~>Y�n�¬f�ØY	}vniYo¨jLgiY�niYCe�gpYC��o j�giU@Y���}4e�Yy�kU@YCj
ϕ
o e+��o ��Y�j��dc

ϕ(x) =

{
0

o¨¡
x ∈ C,

+∞
t�gpU@YCnp�kore�Y

,

9 ^ :

�kU<Y�niY
C 6= ∅

o e}���t4X8~S}���g	��t4jd��Y�=©epY�g	tv¡
IRn, C ⊂ K

}vj<�
K 6= IRn.

6Ïj e�Y���gpo t�j ^ ¬®��Y'�ko � �(epY�Y
giU<}"g�gpU@ore'�C}�epY�X6td�@Y�� o0?CYCe�epY��4Y�n�}v���t�jLgpnit��~@npt4�@� Y�X�e 9 g�}vni��Y�g�~@nit��@� Y�X*¬Q|kY�jS�fY/? ��_Qt4l<e	~@nit��@� Y�X*¬
�dor}v�@o � o�ghc�°�YCnpj@YC� eC¬ ª¨ª ª :�ª^¤\Y�niY�¬SgpU@Y8�"}v� l@Y�¡£l@jS��gpo t�j

v
X�}Ác©��� YC}�np� c��>Y'�@o ei��t4j4gio¨jdl@t4l<e\}�j<�*g�}v°�Y�e+o¨gie

�"}��¨l@Y�e8o¨j
{0, +∞}.
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9 giU@Y��Á}��¨l<Y
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v(t, .)
g�}v°4YCe\gpU@Y6�"}v� l@Y���¡£nit�X�gpU<Y'niY��4o¨t4j«�kU@Y�niY�o¨ggi}�°�YCe\gpU<Y'�"}v� l@Y6�@ª�TVU@ore
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�C}v�r��l@�r}"gio¨t4j<e�}"gQY��4Y�nic^gio¨X6Y

tn = n∆t
9
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Γtn .
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t4l@n���}4e�Y4ªI]©t�niY�t"�4Y�n�¬(�ØY�l<epY�� o j@YC}�n6qLl<}4�dgpniY�Y�e��kU<o ��U ~@nit"�Lor�fY�} �4tLtf�I��}Ác git�U<}�j<�f� Y*YC}�epo �¨c
}4�@}v~@gi}"gio¨�4Y^�4npor�@ek}�j<�BgitB}���U@o Y��4Yy}6epo¨�4j@o0;S��}�j4g+ei}Á��Yytv¡�X8YCX6t�nic�ª

� �@}�~fgi}vgpo ��Y8��nio �<�fo¨j<�B¡£t�nept�� �Lo j@��¤\¥L¦ YCqLl<}"gio¨t4j<eyU<}�ey}v� niYC}��@c��>Y�YCj�e�gpl<�@o¨Y�� o j«giU@Y���}�epY�t�¡
} ��t�jLgpo jdl@t�l<e6�"}��¨l@Y*¡£l<j<��gio¨t4jDª 6Ïj O �8b�Rõ¬ �Pª��ynpl@j<Y©U<}�e�US}vj<�f� YC��giU@Y adY�X6o � ��}v�4ni}�j@��or}vjIei��U@YCX8Y
git¢e�t4�¨�4Y 9 1 :�}vj<� Y/=d~<� }�o¨j@Y�� gpU@Y���nio�giY�nio } U@Y«lSe�Y�� ¡£t�n�giU@Y«niY�;<j@YCX6Y�jLg�}vjS� ��t4}�niepY�j@o j@�&e�gpY�~Se�ª
TVU<YCepYB��nio�giY�nio }©}�npY��<}4e�Y�� t�j¢}5;�=fYC� git�� Y�n�}vj<��Y6¡£t�n	giU@YBo jLgpY�ni~>t��r}"gpo t�j YCnpnit�n�ª�TVU@Y�~@npY�e�YCj<��Y�t�¡
�@o ei��t4j4gio¨jdl@o¨gpo YCeVo j*t�l@nk�C}�epYyX�}�°�YCe�giU@YCepY	��nio�giY�nio }8j@t6X6t�niY	e�l<o�g�}v�@� Y�ª

TVU@Y�~<}v~>Y�n+ore+t4np�L}vj@o ?�Y���}4eV¡£t�� � t"�+e�ªJ6Ïj«e�Y���gpo t�j �8��Y	��o ��YgiU@Y	¡£t4npX'l@� }vgpo t�j*tv¡(giU@Y�[+�¨gpn�}�¦�YCY
ei��U@YCX8Y�}�j<��ept�X6Y6tv¡Vo¨gie	~@nit�~>Y�npgpo YCeCªD6Ïj epYC��gpo t�j 1 �ØY6~@niYCepY�jLggpU<YB}��@}�~fgi}vgpo ��Y'gpYC��U<j@o qLl@Y6giU<}"g
��Y�l<epY�}�j<��Y�=f~@�r}vo j*gpU@Y8ehgiY�~<e\tv¡(gpU@Y�~@npt4~StLe�Y���X8Y�gpU@tf�®ª @ o j<}v� � c�o j epYC��gio¨t4j ^ ¬S�ØY��4o¨�4Y�e�YC��YCni}��
jdl@X6YCnpor��}��>epo¨X'l@�r}"gpo t�jSeo j��'�fo X8YCj<epo¨t4j<eV��t�X6o j@��¡£nit�X ��t�jLgpnit��S~@nit��@� Y�X�eV}vj<��~@nit�~<}��4}"gio¨j<�¡£npt4j4g
~<npt4�@�¨YCX�e�ª

� � �����`$�
�#(�����k� ��%(���+���

Z\tvgio ��Y\giU<}"gk�kU@YCj���Yy�fY�}v�:�ko¨gpU�t�j@� c6t�j@Y��t4j4ginpt4�/¬LgiU@Yy¤^¥4¦ Y�qLl<}"gio¨t4j 9 1 :P�>YC��t�X6YCeV}�gpn�}vj<ep~>t�npg
Y�qLl<}"gio¨t4jDª+¤+YCj<��Y'�ØY��ko � � ;<n�e�g\~@niYCepY�jLg+gpU<Y'[+�¨gpn�}�¦�YCY�ep��U<Y�X6Y�o j©gpU@oreye�o X6~@�¨Y8��}4e�Y�o j«t4j@Y�ep~<}���Y
�@o¨X6Y�jSe�o t�j 9

n = 1
:�ª

����� �! #"%$'&)(+*, .-0/21435"6-#78*9$
��Y�g

f : IR → IR
�>Y �Do ~<ei��U@o�g'?�}vj<���St4l@j<�fY���}�j<�

u0 : IR → IR
�>Y�� t"�ØYCnyepY�X6oP��t4jLgpo jLl<t�l<eCª � Y

��t�j<epor�fY�n�gpU<Ygpn�}vj<ep~St4n�gk~@nit��<�¨YCX57
{

ut(t, x) + f(x)ux(t, x) = 0, x ∈ IR, t ≥ 0,
u(0, x) = u0(x), x ∈ IR.

9 ��:
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	������(*)'!���	�%+!�(,�-%+!�./(0�/�&� �

6Ïj }v� ��giU@Y�e�Y�qLl@Y��2¬:�ØY8�ko¨� �(l<epY�gpU<Y'¡£t4�¨� t"�ko j@�Bj@t�gi}"gio¨t4j<e87
∆t

�fY�j<tvgpY�e^gpU@Y'gpo X6Y8e�gpYC~D¬
∆x

ore^gpU@Y
ep~<}4��Y	ehgiY�~�tv¡Q}8npYC��l@�r}vnV��nior�

G
tv¡

IR
}vj<�

νj

o ekgpU@Y	� tf��}v��{ @ � jdl@X��>Y�n^}"g+��YC�¨� Mj

�fY/;<j@YC���dc-7

νj :=
f(xj)∆t

∆x
.

{Øt4j<epo �fYCn�gpU@Y¡£t4�¨� t"�ko¨j<�6ei��U@YCX8Yt�¡ ;<j@o¨gpY	�4t�� l@X6YCe�ghcd~>Y�7





Un+1
j − Un

j

∆t
+ f(xj)

Un,L

j+ 1
2

− Un,R

j− 1
2

∆x
= 0, ∀j ∈ ZZ, ∀n ∈ IN,

U0
j =

1

∆x

∫

Mj

u0(x)dx, ∀j ∈ ZZ.

9 `K:

�kU<Y�niY
xj

oreQgiU@Y\X6or�@�f� Y\~>t�o j4gØtv¡���YC�¨�
Mj = [xj− 1

2
, xj+ 1

2
]
¬
Un

j

ore}�j�}v~@~<npt�=fo X6}vgpo t�j8tv¡:gpU<Y\X6YC}�j
�"}��¨l@Y 1

∆x

∫

Mj

u(tn, x)dx
tv¡

u
t4j ��YC�¨�

Mj

}vg
tn,

}�j<�
Un,L

j+ 1
2

, Un,R

j+ 1
2

}vniY��<lZ=fYCeyniYCep~SY���gio¨�4Y�� c�t4j
giU@Y	� Y�¡ g\}vjS��t4j�giU@Y	nio¨�4U4gVtv¡�gpU<Y	o¨jLgpYCn�¡¯}4��Ytv¡(��YC�¨�re

Mj

}vj<�
Mj+1

}vgkgpo X8Y
tn.

@ t�nVgiU@Y�[+�¨gpn�}�¦�Y�Yei��U@Y�X6Y�¬@gpU@Y�e�Y��<lZ=fY�e+}vniYy�@Y�;<j@Y���o¨j�gpU<Y¡£t�� �¨t"�ko j@�8��}Ác4ª
� 6Ïj8gpU@Yk��}4e�YV�kU@YCj�giU@Yk��YC�¨tf��o�ghc

f(.) ≡ f
o eQ}y~>t4epo�gio¨�4Yk��t�jSehg�}vjLgC¬ÁgiU@Y��<lZ=fYCe

Un,L

j+ 1
2

}�j<�
Un,R

j+ 1
2��t4o¨j<��o �@Y�}vj<���ØYU<}Á�4Y

Un,L

j+ 1
2

= Un,R

j+ 1
2

=: Un
j+ 1

2

.
TVU@Y�ei��U@Y�X6Y�>YC��t4X6YCe87

Un+1
j − Un

j

∆t
+ f(xj)

Un
j+ 1

2

− Un
j− 1

2

∆x
= 0.

TVU@Y+[+�¨gpn�}�¦�YCYVei��U@YCX8Y4¬�}�eQ�@Y�;<j@Y��8o¨j O ����Rõ¬�oreQ}�ft"�kjd�ko¨j<�8��U@t4o ��Y�t�¡SgiU@Y��<lZ=fY�e(l@j<�fYCne�t4X6Y
ehg�}v�@o � o�ghc���t4j<�fo¨gpo t�j<eCªQTVU@oreØ��U@t4o ��Y\niY�~@�r}���YCePgpU@Y���r}�eie�or��}��S[\~L�ko j<���<lZ=��kU@or��U�oreØe�gi}��@�¨Y^�@lfg
�forepepo¨~S}"gpo ��Y4ª\]©t4npY�~<npY���ore�YC�¨c4¬@gpU<Y��<lZ=

Un
j+ 1

2

ore+�4o¨�4Y�j©�dc©e�t4�¨�do j@�6gpU<Y�X6o¨j<o¨X6o ?C}"gio¨t4j«~@nit�� �
�¨YCX 7

min
b

n,+
j

≤U≤B
n,+
j

|U − Un
j+1|

�kU@Y�niY
bn,+
j

}vj<�
Bn,+

j

}vniY	�fY�;Sj@YC���dc
7

bn,+
j =

1

νj

(Un
j − max(Un

j , Un
j−1)) + max(Un

j , Un
j−1),

Bn,+
j =

1

νj

(Un
j − min(Un

j , Un
j−1)) + min(Un

j , Un
j−1).

6õgk¡£t�� �¨t"�+e�giU<}"g
Un

j+ 1
2

= min(max(Un
j+1, b

n,+
j ), Bn,+

j ).
9 ��:

� 6Ïj�giU@Y���}4e�Yy�kU@YCj
f
o eVt�¡���U<}�j@��o j@�'epo ��jD¬dgiU@Y � (U	�%+�8[�����H,�/�
�/%+��(U��"�����/)����/��� 9 [\¦ �8� :�O ��RDo e

�fY�;Sj@YC�*}�e�¡£t4�¨� t"�+e
9 },:�o¨¡

νj > 0
¬
Un,L

j+ 1
2

= min(max(Un
j+1, b

n,+
j ), Bn,+

j )
}4eV~@nit�~>t4epYC��o¨j 9 ��:�ª
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9 �
:�o¨¡
νj < 0

¬ ��Y �fY/;<j@Y e�cdX6Y�ginpor��}��¨� c
Un,R

j− 1
2

= min(max(Un
j−1, b

n,−
j ), Bn,−

j )
�ko¨gpU

bn,−
j = 1

|νj |
(Un

j − max(Un
j , Un

j+1)) + max(Un
j , Un

j+1)
¬S}vj<�

Bn,−
j = 1

|νj |
(Un

j − min(Un
j , Un

j+1)) + min(Un
j , Un

j+1).9 �":�o¨¡
νj ≤ 0

}vj<�
νj+1 ≥ 0

¬
Un,L

j+ 1
2

= Un
j , Un,R

j+ 1
2

= Un
j+1.9 � :�o¨¡

νjνj+1 > 0, Un,R

j+ 1
2

= Un,L

j+ 1
2

9 o¨¡
νj > 0

:�t4n
Un,L

j+ 1
2

= Un,R

j+ 1
2

9 o¨¡
νj+1 < 0

:�ª
� U@YCj�gpU@Y	�4Y�� td��o�ghc�o ek��t�j<e�gi}�j4g�¬@}vj<��l@jS�fY�nVgiU@Y'{ @ �&��t�jS�fo�gio¨t4jD¬

|νj | ≤ 1 ∀j ∈ ZZ,
9 QK:

t4j@Y\o jLgpYCnpY�ehgio¨j@�'~@nit�~>Y�npghc8t�¡DgpU<Yy[\��gini}4¦ØYCY^ei��U@Y�X6Y^o eV}vj�Y�=@}���gV}4�f��Y���gpo t�j O ����¬@TVU@Y�t4npYCX 1 RS¡£t4n�}
��� }4epe�t�¡(e�gpYC~�¡£l<j<��gio¨t4j<ek�fY�;Sj@YC���dc-7

∃k0 ∈ [0, 1[
epl<��U�gpU<}vg

∀j ∈ ZZ,

U0
3j+1 = U0

3j , U0
3j+2 = k0U0

3j+1 + (1 − k0)U0
3j+3.

9 bK:
� =f}4��g+}��@��YC��gpo t�j�X6YC}vjSe�gpU<}vgkgpU@Y���t�X6~@lfgiYC���"}v� l@Y

Un
j

ore�gpU<Y	Y�=@}���gVX6Y�}vj��Á}��¨l<Y�¬

Un
j =

1

∆x

∫

Mj

u(tn, x)dx,

�kU<Y�niY
u
o e\gpU<Y'Y/=f}4��g	e�t4�¨l@gpo t�j«t�¡PgpU@Y6}��@��YC��gpo t�j«~<npt4�@�¨YCX*ª @ t�n^gpU@Y6��t4jd��Y�ni��YCj<��Y�~@nptdt�¡¯e\t�¡PgpU@Y[\��gini}4¦�Y�Y	ep��U<Y�X6Y�¬f��YnpY�¡£Y�nVgpt O ���v¬>�"R2ª

Z\t"� l<e�o j@�©giU@Y*e�~@� o¨g�gpo j@� gpYC��U<j@o qLl@Y4¬Q�ØY��fY�;Sj@YBgiU@Y�[^¦§ei��U@YCX8Y�¡£t�n6�vx ~@npt4�@� Y�X�e�ª �DY�g
G�>Y�}BniY��4l@� }�n^�4npor�«o j

IR2.
� Y��fYCj@tvgiY'�dc

Mj,k

}���Y�� �(tv¡
G
�ko�giU ��Y�jLgpYCn

(x1
j , x

2
k)
}vj<� X8Y�e�U e�o ?�Y

(∆x1, ∆x2),
gpU@Y���YC�¨tf��o¨ghc

f = (f1, f2).
� Y Y�=f~@�r}vo j o j gpU<Y«¡£t�� � t"�ko¨j@� giU@Y T�nitvgpgpY�n�e�~<�¨o¨g�gio¨j@�

giYC��U@j<o qLl@Y©�kU@or��U ��t4j<epo e�gie�o j Y��4t�� �do¨j@�&�fl<npo j@�¢}¢e�gpYC~ t�¡gpo X8Y o¨j giU@Y
x1 �Ï�fo¨niYC��gpo t�j }vjS�IgiU@Y�j�@l@npo j@��}vj<tvgpU<Y�nkehgiY�~*tv¡�gpo X6Y	o¨j�giU@Y

x2 �õ�fo niYC��gio¨t4jM7





Un+1,1
j,k − Un

j,k

∆t
+ f1(x

1
j , x

2
k)

Un,L

j+ 1
2 ,k

− Un,R

j− 1
2 ,k

∆x1
= 0, ∀j, k ∈ ZZ, ∀n ∈ IN,

Un+1
j,k − Un+1,1

j,k

∆t
+ f2(x

1
j , x

2
k)

Un,L

j,k+ 1
2

− Un,R

j,k− 1
2

∆x2
= 0, ∀j, k ∈ ZZ, ∀n ∈ IN,

U0
j,k =

1

∆x1∆x2

∫

Mj,k

u0(x
1, x2)dx1dx2, ∀j, k ∈ ZZ.

9 �C�K:

¤\Y�niY�gpU@Y �SlZ=fYCe
(Un,L

j+ 1
2 ,k

)j

}vjS�
(Un,R

j− 1
2 ,k

)j

}vniY�niYCep~>YC��gio¨�4Y�� c gpU@Y �¨Y�¡ g�}vj<� nio¨�4U4gB[^¦ �8� �<lZ=fYCe
�@Y�;<j@Y��Bl<epo j@��giU@Y

(Un
j,k)j∈ZZ

�ko¨gpU*}vj�Y���t4�¨l@gpo t�j�t4j@� c8o j�gpU@Y
x1 �õ�@o¨niYC��gpo t�jB�ko¨gpU���YC�¨tf��o¨ghc f1.

TVU@Y
�SlZ=fYCe

(Un,L

j,k+ 1
2

)k

}�j<�
(Un,R

j,k− 1
2

)k

}�npY^gpU@Y�[^¦ � � �<lZ=fYCek�@Y�;<j@Y���l<e�o j@�8gpU<Y
(Un+1,1

j,k )k∈ZZ

�ko¨gpU©}�j
YC��t4�¨lfgio¨t4j�tf����l@nio¨j@�6t4j@�¨c�o¨j�gpU<Y

x2 �õ�fo niYC��gio¨t4j��ko¨gpU*��YC�¨tf��o�ghc f2.TVU<YyniYCept�� lfgio¨t4j�l<epo j@�8gpU@ore+ep~@�¨o¨g�gio¨j<�6gpYC��U<j@o qLl@Yore+e�gi}v�<�¨Yl@j<�@Y�nVgpU<Y'{ @ �&��t�j<�@o�gio¨t4jD¬

max(|
f1(x

1
j , x

2
k)∆t

∆x1
|, |

f2(x
1
j , x

2
k)∆t

∆x2
|) ≤ 1, ∀(j, k) ∈ ZZ2.

9 ���":
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¤\Y�niY�¬f��Y	}vniYe�gpo � �Do¨j*�fo X6Y�j<epo¨t4j ��ª @ o¨n�ehg�¬@��Y��t�j<epor�fY�nVgiU@Y	e�o X6~@�¨Y���US}vj@�4Yyt�¡��"}vnior}v�@� Y�¬

v̂(t, x) = v(T − t, x), ∀t ∈ [0, T ], ∀x ∈ IR.

TVU<Y�j�gpU@Y¡£l@jS��gpo t�j
v̂
ei}"gio eA;<YCe

{
v̂t(t, x) − min

a∈A
f(x, a).v̂x(t, x) = 0, ∀(t, x) ∈ [0, T ]×K,

v̂(0, x) = ϕ(x), ∀x ∈ K.

9 ����:

TVU<Y^}v~<~@�¨or��}vgpo t�j�t�¡�[\¦ � � git�gpU<Y^¤\¥L¦ YCqLl<}vgpo t�j 9 �Á��:��t�jSe�orehg�e�¬4t�j�}�npYC��l@�r}vnP�4npor�
G
tv¡

K
¬do¨j�gpU@Y

¡£t4�¨� t"�ko j@�8e�gpYC~<e 9 [\¦ �õ¤^¥4¦ :�7
� aLgpYC~ ��7 � Y���t�X6~@l@gpYygpU@Y��@o ei��niY�giYyo j@o¨gpor}v����t�j<�@o�gio¨t4j

V 0
j =

1

∆x

∫

Mj

ϕ(x)dx, ∀j ∈ J := {j ∈ ZZ, Mj ∈ G}.

� aLgpYC~«�Z7 � Y��fo ei��niY�gio0?CYygpU@Y�epY�gktv¡Q��t4jLgpnit��re
A
o j4git

Na

��t4j4ginpt4� eC¬
a1, a2, ..., aNa

.

� aLgpYC~ 1 7 @ t4n n ≥ 1,
°dj@t"�ko j@�'gpU@Y�}�~@~@nit�=do X�}"gio¨t4j

(V n
j )j∈J

t�¡
v̂(tn, .)

� � Y���t4X6~@lfgpY4¬f¡£t�nkY�}���U i = 1...Na, (Un+1
j (ai))j∈J

�4o¨�4Y�j��LcBgpU@Y�[^¦ �8� ep��U@YCX6Y�7




Un+1

j (ai) = Un
j (ai) −

f(xj , ai)∆t

∆x
(Un,L

j+ 1
2

(ai) − Un,R

j− 1
2

(ai)),

Un
j (ai) = V n

j , ∀j ∈ J.

� � Y8gi}�°�Y V n+1
j := min

i=1..Na

Un+1
j (ai), ∀j ∈ J.

TVU@o e�fY/;<j@Y�e\giU@Y6jdl@X6Y�nio �C}v�(}v~@~@nit�=fo �
X�}vgpo t�j�tv¡

v̂
}"g

tn+1.
Z\tvgio ��Y^giU<}"gkgiU@Y'{ @ �&��t4j<�fo¨gpo t�j�X�l<e�g+�SY�ei}"gio eA;<Y��B¡£t4nkYC}���U*��t4jLgpnit��2¬

|
f(xj , ai)∆t

∆x
| ≤ 1, ∀j ∈ J, ∀i = 1, .., Na.

6ÏjPOÆ�8Rõ¬"l@j<�@Y�nQe�t4X6Ye�l<o�g�}v�@� Y�}4epepl@X6~fgio¨t4j<e�¬Á��Y~@nit"��YQo j�t4j@YØep~<}4��YØ�@o¨X6Y�jSe�o t�j	giU@YØ��t�jd��YCnp�4Y�j<��Y
t�¡(gpU@Y6[\¦ �Ï¤\¥L¦Jei��U@Y�X6Y	git"��}�ni�<eVgpU@Y'�"}v� l@Y�¡£l@jS��gpo t�j«¡£t�n^}�jdc�o j@o¨gpor}v�(��t�jS�fo�gio¨t4j

ϕ
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(V 0
j )j∈J ,

gpU@Y�t�j@� c���t�X6~St4j@Y�jLg�e	�kU@t4epY��"}v� l@YCe'}vniY�ehginpor��gi�¨c �SY�gh�ØYCY�j&�©}vjS� �B}vniY6gpU@tLe�YB��t�ninpY �
~>t�jS�fo¨j<�*gpt*gpU<Y���YC�¨�re���t4jLgi}vo j@o j@��gpU@YB¡£npt4j4g

Γ0

9 ��Y�npY���}��¨�(giU<}"g
Γ0

o e	gpU@YBo jLgpYCn�¡¯}4��YBepY�~<}�ni}vgpo j@�
� �2�"}��¨l@Y�e�tv¡

v̂(t = 0, .)
}vj<��o¨gie� �õ�"}v� l@YCe�:�ª

6Ïj*�fo X8YCj<epo¨t4j ��¬d��Y^~<npt"�4Y\o j Oó�"R:gpU<}vgC¬d¡£t4n�YC��YCnpc
n ≥ 0

¬LgiU@Y^o jLgpYCn�¡¯}4��Y
Γtn

oreV� td�C}v� o0?CYC��t4j�j@t
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Γtn
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n = 2

}vjS�
K = [X1

min, X
1
max] × [X2

min, X
2
max]

ª\¦�Y�¡£t�niY��fY�}v� o¨j<���ko�giU��fY�gi}vo �re�¬S�ØY8ehg�}vnpg
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K
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Lmax

�SY�} ;�=fYC� o jLgpYC��Y�n�gpU<}vg8��t4npniYCep~>t�j<�@eygit«giU@YBX�}�=fo X6}��� Y��4Y��t�¡knpY/;<j@Y�X6YCj4g�ª � Y
epY�g

∆X1
min =

|X1
max − X1

min|

2Lmax

}�j<�
∆X2

min =
|X2

max − X2
min|

2Lmax
.
TVU@Y�j

(∆X1
min, ∆X2

min)
oregpU@Y

X6o j@o X6}��D��YC�¨��epo ?�Y�ªQTVU@Y	X�}�=do X�}v�®� Y��4Y��
Lmax

orek��U@t4epY�j*e�lS��U�giU<}"gkgiU@Yy¡£t�� �¨t"�ko j@��{ @ � ��t�j<�@o�gio¨t4jU<t��r�@e/7
max(|

f1(xj , ai)∆t

∆X1
min

|, |
f2(xj , ai)∆t

∆X2
min

|) ≤ 1, ∀j ∈ J, ∀i = 1, .., Na.
9 � 1 :

6Ïj }v� ��giU@Y6e�Y�q4l<Y��2¬S¡£t4n^YC��YCnpc
n ≥ 0

¬:��Y8�fYCj@tvgiY��dc
Gn

giU@Y8}4�@}v~@gi}"gio¨�4Y���nior�«}"gygpo X6Y
tn = n∆t

ª
� Y�}v�rept'l<epYgpU<Y	j@tvg�}"gpo t�j

Gl

¬
l = 1, · · · , Lmax

¬f¡£t4nVgpU@Y	niY��4l@� }�nV��nio ���ko�giU*X8Y�e�U*e�gpY�~Se/7

∆lX
1 =

|X1
max − X1

min|

2l
, ∆lX

2 =
|X2

max − X2
min|

2l
.
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niY�;Sj@Y�X6Y�jLg�e�gpY�~Se�¬�gpU@Y��4npor���ØY6t��@gi}vo j X�}Ác ��t4j4g�}vo j eporehgiY�n���Y�� � eU<}Á�do j@��gpU@YBei}vX6Y6X6YC}�j �"}��¨l@Y
9 �8t�n�":�}�e�giU@Y�o nko X8X6Y��fo }vgpYj@YCo¨�4UL�>t�nio j@�8��Y�� � e 9 }8j@Y�o ��Ud�>t�nio¨j@�8��YC�¨�Dorek}8��Y�� ��epU<}vnio j@�'}�j�Y��f��Yt�n
}���YCn�giY�=«�ko¨gpU�gpU@Y���t�j<��Y�nij@YC����Y�� �2¬®o�g�U<}4eyj@tvgj@YC��YCeiep}�npo � c�giU@Y�ep}�X6Y6epo ?�Y":�ª'TVU@Y�e�Y6��YC�¨�re	�ft�j@tvg
��t�jLgi}�o¨j�}�jLc6�forep��t�jLgpo jdl@o¨ghc'}vjS�6U<}Á��YVgit��SY^��t4}�niepY�j<YC�c7�gpU@orePoreQgiU@Y^��t4}vn�epY�j@o j@�	ehgiY�~<eCª @ o j<}��¨� c�¬L�ØY�4Y�gkgiU@Y���nior�

G0 �kU@YCnpY�}���Y�� �Dtv¡(X6o¨j<o¨X�}v��e�o ?�Y	YCo�giU@Y�n^��t�jLg�}vo j<ek}��forep��t�jLgpo jdl@o�ghc�t�nkore+}6j@YCo¨�4UL�>t�nt�¡�}6��YC�¨����t�jLg�}vo j@o¨j<�6}6�forei��t�jLgio¨jdl@o¨ghcBt�nVore+}6e�ore�gpY�nkt�¡�epl<��U*}���Y�� �2ª
�D� ²���� ����� ² � ¶
	 �C��� ������� ¶
	 ¶� ��� ²�� ���/·

G0 ª
� aLgpYC~ ��ª ��7(T�}�°�Y

G0,0 = K
9 t4j@Yy��Y�� ��:�¬<}vjS���fY/;<j@Y

G0,1 }4eØgpU@Y	�ft4X6}�o¨j K
ep~@� o�gpgpYC��o jLgpt'¡£t�l@n

��YC�¨�re�ªafY�g
l = 1

ª
� aLgpYC~ ��ªÆ�Z7 @ t�n 1 ≤ l ≤ Lmax − 1

ª @ t�n�}v� �P��YC�¨�re Mj ∈ G0,l \ G0,l−1,
��t�X6~<}�npY'gpU<Y8�"}��¨l@Y

t�j
Mj

�ko¨gpU�o�g�eVj@Y�o ��Ud�>t�nio¨j<�'�"}v� l@Y�e�ª 6õ¡�giU@Y�"}v� l@YCeV}vniY�fo\a:Y�niY�jLg�¬dgpU@YCj�niY�;<j<Y��Y�� �
Mj

ª � Y
t��fg�}vo j©}'j<Y�� �4npor���fY�j@t�gpY��

G0,l+1 ªadY�g l = l + 1
}vj<����t8git�adgpY�~ �4ª �@ª

z\gpU@YCnp�korepY�¬@epY�g
l = Lmax

}vj<����t8gptBaLgiY�~ ��ª 1 ª
� aLgpYC~ ��ª 1 7PadY�g

G̃0,Lmax = G0,Lmax
ª

� aLgpYC~I�4ª ^ 7 @ t�n l = Lmax, · · · , 2
¬S¡£t�n\YC��YCnpc*��YC�¨�

Mj ∈ G̃0,l ∩ Gl

¬So¨¡PgpU<Y'epo e�gpYCnie\tv¡
Mj

U<}Á�4Y
gpU@Y'ep}�X8YX6YC}�j��"}��¨l@Y 9 �6t�n	��:Ø}�j<��o�¡�gpU<Y	j@Y�o ��Ud�>t�nio¨j@����Y�� � eVt�¡�giU@Y¡£t�l@n^e�orehgiY�n�e�U<}Á��Y	}v�rept
gpU@Y+ei}vX6YV�"}v� l@Y�¬�gpU@YCj���t4}�niepY�j

Mj

�ko¨gpU6o¨giePeporehgiY�n�e�ª � Ykt4�fgi}�o¨j6}yj@Y�� ��nio �8�fYCj@tvgiYC�
G̃0,l−1 ªadY�g

l = l − 1
¬f}�j<����t8gptBaLgiY�~ ��ª ^ ª z\giU@Y�ni�kore�Y4¬@e�Y�g

l = 1
¬@}�j<����t8gptBaLgiY�~ ��ªÆ�fª

� aLgpYC~ ��ªÆ�Z7PadY�g
G0 := G̃0,1 }vjS���fY/;<j@Y V 0 t�j G0 ª

@ t�nØY�=@}vX6~@� Y�¬4gpU@Yy��t4j<ehginplS��gpo t�j�t�¡®gpU@Yy}��@}�~fgpY�����nior� G0 ¡£t�� �¨t"�+ePgpU@Y^npY/;<j@YCX8YCjLg�e�gpY�~SeY/=d~<�¨or��o¨gpY��o j�;<��l<npY 1 ªÆ��¡£t�n
Lmax = 3.
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}�j<���Á}��¨l<YB���>Y�c4t�j<�Dª � g	gpU@YBepYC��t�j<���¨YC��YC�Qtv¡ØniY�;Sj@Y�X6Y�jLg�¬���YC�¨����ore	niY�;<j<YC� }�eo¨gie	X6YC}�j��"}��¨l@Y
ore+o j

]0, 1[.
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G0,

gpU@Y��@o ei��t4j4gio¨jdl@o¨ghcBorek~@� tvgpgpYC���ko¨gpU«�ft�gieCª

Z\t"�	¬®¡£t�n
n ≥ 0

¬D�ØY6U<}Á�4Y�giU@YB}��<}v~fgiYC����nio �
Gn

9 }"g	gpo X6Y
tn

:y}vj<� gpU@Y�jdl@X6YCnpor��}��Pe�t4�¨lfgio¨t4j
V n

t�j
Gn
ª'TVU@Y6�forep��t�jLgpo jdl@o¨ghc«}"g

tn
� o¨Y�eo¨j gpU@Y6niY���o t�j tv¡

Gn
�kU@Y�niY�giU@Y���YC�¨�re}vniY�tv¡�X6o¨j@o X�}v�

epo ?�Y�ª ¦�Y���}vlSe�Y�tv¡ygpU@Y�{ @ � ��t�j<�fo¨gpo t�j 9 � 1 :�¬Ø��Y*°Lj<t"� gpUS}"g�gpU<Y«�fo ei��t4jLgpo jLl<o�ghc¢oreBe�gpo �¨�\o¨j gpU<o e
niY��4o¨t4jI}"g

tn+1
9 }�e�}��¨niYC}4�fc Y�=f~@�r}vo j@YC�IgpU@Y©�forei��t�jLgio¨jdl@o¨ghc¢�ftdYCe8j@t�g6YC��t4�¨�4Y�t�¡\X6t�niY�giU<}vj t�j@Y

��Y�� ��t�¡Øepo0?CY
(∆X1

min, ∆X2
min)

�@l@npo j@��}Bgio¨X6Y6ehgiY�~ :�ª � Y���t4j<��� l<�fY�gpU<}vg
V n+1

j = V n
j

9�� �Bt�n8�":
�kU<Y�j@YC��Y�n

Mj ∈ Gn ore^j<tvg	tv¡X6o j@o X6}��Qe�o ?�Y4¬D}vj<�«gpU@Y6t�j<�¨c«��t�X6~@lfg�}"gpo t�jSe^�kU<o ��U�npYCX6}�o¨j«gpt*�SY
�@t�j@YB��t�ninpY�e�~>t�j<� gpt«gpU@Y���Y�� � e�tv¡kX6o¨j@o X�}v��e�o ?�Y

(∆X1
min, ∆X2

min)
ª©TVU@Y�e�YB�C}v�r��l@�r}"gio¨t4j<e	�ko �¨�Ø�SY

�@t�j@Y�ko¨gpU�gpU@Y�[^¦ �õ¤^¥4¦ ei��U@YCX8Y4ª
� e'��Y�j@Y�Y��¢j@YCo¨�4UL�>t�nio j@�«�"}v� l@YCe'git��ft ��}�� ��l@� }vgpo t�j<e�t�j } �4o¨�4Y�jI��Y�� �

Mj

tv¡
Gn
¬Pt4j@Y�X�}Ác

��t�jS�fY�nØ�kU<}"gVo egpt8�>Yy�ft4j@Y+¡£t4n���Y�� � e�t�¡DX8o j@o X�}v�®e�o ?�Y^�ko�giU�j@YCo¨�4Ud�St4nieØj@tvg�tv¡DgiU@Yep}�X8Yye�o ?�Y4ª @ t�nY/=@}vX6~@� Yk�kU<}"gQgit��ft¡£t�nØ��Y�� �>�@�ko¨jD;<�4l@niY 1 ª ��ª 6Ïj6¡¯}���g}4eP}	��tL}vn�e�Yk��Y�� �<oreQj@tvgØtv¡:X8o j@o X�}v�Sepo ?�Y�¬4�ØY
��t�j<���¨lS�fYgpU<}vg+gpU<Y	¡£l@j<��gpo t�j

v
g�}v°4YCekYC��Y�nicd�kU@Y�niY	� 9 t4n��":Vt4j�gpU@ore\��Y�� �/ªV¤+YCj<��Y4¬<giU@Y�X6YC}�j��"}��¨l@Y

t4j�gpU<Yy��Y�� �SoreV� 9 t4n^��:P}�j<�B�ftdYCepj 	 gV�@Y�~>Y�j<��t�j�giU@Yy��Y�� �®e�o ?�YK7���Y\l<epY+giU@YyX8Y�}vj��Á}��¨l<Y\t�jBgpU@Y��YC�¨�
}�j<���ft���}v�r��l<� }vgpo t�j<ek}4eVo�¡(o�g+�V}�e�t�¡�X6o j@o¨X�}���e�o ?�Y4ª

�D� ²���� ����� ´	��
 � � ¶ � � �����f��� ¶
	 � 	 · � ¶�	 �C��� ���v��� ¶
	 ¶�
Gn+1 �

� aLgpYC~��fª ��7Dx^t+}vjo¨gpY�n�}"gio¨t4jtv¡f[\¦ �õ¤^¥4¦�ep��U<Y�X6YQt�jygpU<YP��Y�� �re®tv¡fX6o¨j<o¨X�}v�4e�o ?�Y
(∆X1

min, ∆X2
min)tv¡

Gn.
� Y	t4�fgi}�o¨j

V n+1 t�j Gn.

� aLgpYC~«�fª ��7Qx\Y/;<j@Y
Gn+1,0 := Gn

¬<}�j<�
V n+1,0 := V n+1 t�j Gn

ª
� aLgpYC~��fªÆ�Z7 @ t�n 1 ≤ l ≤ Lmax − 1

¬�¡£t4n�}v� ���YC�¨�re
Mj ∈ Gn+1,l ∩ Gl,

��t�X6~<}�npY6giU@YB�"}v� l@Y�
V n+1,l

j

t4j
Mj

�ko¨gpU o¨gie^j@YCo¨�4UL�>t�nio j@�B�"}v� l@YCeCªT6õ¡gpU@Y8�"}v� l@YCe^}vniY'�fo0a>YCnpYCjLgC¬>gpU@YCj«niY�;<j@Y8��YC�¨�
Mj ,

}"g�ginpo �@lfgiY	gpt�gpU@Y'�@}vl@��gpU@YCn^��Y�� � e\tv¡
Mj

gpU<Y'ei}vX6Y��"}v� l@Y
V n+1,l

j

ª\TVU@ore\�fY/;<j@YCey}�j@YC�
��nio �

Gn+1,l+1 ªadY�g l = l + 1
¬@}�j<����t8gptBaLgiY�~ �fªÆ�fª

z\gpU@YCnp�korepY�¬@epY�g
l = Lmax

}vj<����t8gpt�e�gpYC~©�@ª 1 ª
� ÕDÀh½p¹�×Æ×�Ì2ÖÁ¹iÌ�â¨Ä�ËDÀhÊ�ÀhË£ò Mj ∈ Gn+1,l ∩ Gl

È���Å Ì/Ö l < Lmax
ÈCÌ2Ö�À Ý Àp¹�Ç+Ê�¹�×Æ¿�À V

n+1,l
j

ÅÆÂDÀ�¾�¿"¹�×dÌ/Ä
0
Ä�Ë

1
»
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	���	����������	��������� ����	����������	 ��!"�$#�!�%&!'�
	������(*)'!���	�%+!�(,�-%+!�./(0�/�&� �4�

� aLgpYC~«�fª 1 7PadY�g
G̃n+1,Lmax := Gn+1,Lmax

}�j<�
Ṽ n+1,Lmax := V n+1,Lmax .

� aLgpYC~��fª ^ 7 @ t�n l = Lmax, · · · , 2
¬>�ftB}B��t�n�e�YCj@o¨j<�6e�gpYC~*¡£t�� �¨t"�ko j@�8gpU<Y'ei}vX6Y	o �@YC}�}�e+o¨j aLgiY�~

��ª ^ ª 6õ¡�gpU@YCnpY	oreVj@t���tL}vn�e�YCj@o¨j<��git6�@t<¬fgiU@Y�j©epY�g
l = 1

¬S}vj<����t8gptBaLgiY�~«�fªÆ�fª

� aLgpYC~ �fªÆ�Z7adY�g
Gn+1 := G̃n+1,1,

}vjS�
V n+1 := Ṽ n+1,1 ªØTVU@o e\��t�niniYCep~St4j<�@eØgpt6giU@Y�}v~@~<npt�=fo �

X�}"gpo t�j*t4j
Gn+1 t�¡�giU@Y�ept�� lfgpo t�j v̂

tv¡ 9 ���K:�}"g
t = tn+1 ª

¦�c���t�j<e�gpnil<��gpo t�jD¬d��YyUS}Á��YygpU@Y¡£t4�¨� t"�ko j@�'Y�qLl@o¨�"}��¨YCj<��YniYCepl@��g"7
��� ²d¶ � ² � ��� ��	

Lmax
.�� �����,���&���	��VHK�/%�� � �
�K��%�	����	��
 � )�!��-���	��!��������� � 	 ��� �����-%+!��K�����	��!��

!A#�������� � ���� H 	 ��� � [ W S X�[ �/)'��������!�� ��� �������
	���	����� H�%���DH�������I	���� �/�����I� �Z����%��)���(M�/!�( �Z	��!��
��� 	���� %+���/!�( �Z	��!�� � ����,H�	 ��� � [$W S X�[ ��)����/���D!��<� %+�VH
�Z(0��%$H�%���

GLmax

�

� � 4*���V#(��%Ø��$¢����� 4�$��	
��������

6Ïj giU@Y��4ni}�~@U@or��egiU@nit�l@�4U }��¨�gpU@ore�epYC��gpo t�jD¬(��YBl<epY�gpU<Y��@�r}���° ��t�� t�n�¡£t�n���Y�� � e��ko�giU¢X6YC}vj&�"}��¨l@Y
e�gpnior��gp� c*�SY�gh�ØYCY�j ��}�j<�&��¬®�kU<o�giY�¡£t4ny��Y�� � ey�ko¨gpU �"}��¨l@Y6��}vj<�©� o ��ULgy�4ni}Ác�¡£t�n	��Y�� � e^�ko�giU��"}��¨l@Y���ª
� Y�}v�rept'l<epYgpU<Y	j@tvg�}"gpo t�j

B(c0, r)
¡£t�nVgpU<Y	�<}v� �D��YCj4giY�niYC��o¨j

c0
}vj<���ko�giU*ni}4�fo¨lSe

r.
��� � � � � ² � � � ~@nit�~S}v�4}vgpo j@�'¡£npt4j4gk~@nit��<�¨YCX

� Y ;Snie�g^e�gi}vnpg+�ko¨gpU }�~<npt4~<}v�L}"gpo j@�8¡£nit�jLgie\~@npt4�@� Y�X*ª+TVU@Y�o j@o¨gpor}v�(��t�jS�fo�gio¨t4j©o e\U@Y�niY	gh��tBe�t4l@n���YCe
¡£nit�X§�kU@or��UB}F;<niY\ep~@npY�}��@eCª �DY�g

ϕ
�SY\}�¡£l@j<��gpo t�j�giU<}"gX6tf�fYC�¨o ?�Y�eQgpU<Y\�@l@nijLgØniY��4o¨t4j6}vg

t = 0,
}vj<�

�@Y�;<j@Y��*}�eF7
ϕ(x) =

{
0

o�¡
x ∈ B(c1, 0.1) ∪ B(c2, 0.1),

1
tvgpU<Y�ni�ko epY

,
�ko¨gpU

c1 = (0.4, 0.4)
}vj<�

c2 = (0.6, 0.6).
�DY�g

K
�@Y�j@t�gpYVgpU<Y+�ft�X�}vo j

[−0.5, 2.5]× [−1.5, 1.5]
ª � Y

}4epeptf��or}"giYØgit	gpU<o e~@npt4�@� Y�X gpU@Yk¡£l<j<��gio¨t4j
v̂
�kU@or��U6gi}�°�YCe(�"}��¨l@Y^�	o¨j

(t, x) ∈ [0, T ]×K
o¨¡®gpU@Y �>}vX6Y

¡£nit�jLgkU<}4ek}v� npY�}��fc�niYC}4��U@YC�
x
}"g

t,
}vjS���t�gpU@YCnp�kore�Y4ª 6Ïj�¡¯}4��g�¬

v̂
ep}vgporeY;<Y�e�gpU@Y �o¨°4t�j<}��®YCqLl<}"gio¨t4jD¬

{
v̂t(t, x) + ||∇v̂(t, x)|| + (−x2, x1)

t.∇v̂(t, x) = 0, ∀t ∈ [0, T ], ∀x = (x1, x2) ∈ K,
v̂(0, x) = ϕ(x), ∀x ∈ K.

9 � ^ :

TVU<Y'�forep��t�jLgpo jdl@o¨ghc�t�¡
v̂
}vg\gpo X6Y

t
ore+giU@Y8~StLe�o¨gpo t�j«t�¡QgpU@Y �S}vX6Y�¡£npt4j4gy}"g\gio¨X6Y

t
ª^¤\Y�j<��Y�giU@Y'epY�g

{x ∈ K, v̂(t, x) = 0}
npYC~@npY�e�YCjLgieØgpU@Y	�<l@npjLg$?Ct�j@Y	}"gVgio¨X6Y

t.� ��giU@t�l<��U&giU@o e'~@nit��@� Y�X ��t�X6YCe�¡£npt4X ¡£nit�jLg�~<npt4~<}v�L}"gpo t�j�¬�o¨g'g�}v°4YCe�~<� }4��YBo j¢giU@YB¡£t4npX�}v� ore�X��ØY
e�gplS�fc�ª*6Ïj<�@Y�YC�D¬fgpU@Y �o¨°4t�j<}��>Y�qLl<}"gio¨t4j 9 � ^ :V�C}vj��SY	�knio¨g�gpYCj©}�eV}vj©¤\¥L¦ Y�q4lS}"gpo t�j 7

{
v̂t(t, x) − mina∈A f(x, a).∇v̂(t, x) = 0, ∀t ∈ [0, T ], ∀x ∈ K,
v̂(0, x) = ϕ(x), ∀x ∈ K,

�kU<Y�niY^giU@Y�epY�gktv¡Q��t4j4ginpt4� e�ore
A = [0, 2π],

}�j<��gpU@Y��fcdj<}�X6o �CeVo eV�4o¨�4Y�j��Lc-7

f(x, a) = (x2 − cos(a),−x1 − sin(a))t, ∀x ∈ IR2, ∀a ∈ A.
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�Á� � (U��"��/% [T!������
!�� ������	�I�������
 �VHK���)'��� S �����
�K�� ��K��� 

6Ïj�gpU@Y8jdl@X6Y�nio �C}v��gpY�ehg�e�¬®��Y6�fo ei��niY�gio0?CY
A
o¨jLgpt

Na = 8
��t�jLginpt4� eC¬>}�j<�«��Y6��U@tdt4epY

Lmax = 6}4ekX�}�=fo X6}���� Y��4Y��Dt�¡(niY�;Sj@Y�X6Y�jLg�ª � Y��dore�l<}��¨o ?�Y�gpU@Y���t�X6~@lfgiYC�©ept�� lfgpo t�j«}�j<��gpU<Y�Y�ninpt4nk�kU@or��U©o e
�@Y�;<j@Y���t�j*YC}4��U���Y�� �

Mj

¬f¡£t�n
j ∈ J

¬<�Lc
εn

j = |V n
j − Ṽ n

j |
ªØ¤+Y�niY

Ṽ n
j

o ekgpU@Y�}Á�4Y�n�}v��Y^�"}v� l@Y	tv¡�gpU@Y
Y/=@}���g+ept�� lfgpo t�j

v̂
t�j*��YC�¨�

Mj

}vgVgpo X8Y
tn.

-0.500 -0.071 0.357 0.786 1.214 1.643 2.071 2.500
-1.500

-1.071

-0.643

-0.214

0.214

0.643

1.071

1.500

+

+

-0.500 -0.071 0.357 0.786 1.214 1.643 2.071 2.500
-1.500

-1.071

-0.643

-0.214

0.214

0.643

1.071

1.500

+

+

9 }K:V��t�X6~@lfgiYC��e�t4�¨lfgio¨t4j 9 �
:VY�ninpt4n
(εn

j )j∈J

@ o¨�4l@niY 1 7Ø{Øt�X6~@lfgiYC��e�t4�¨l@gpo t�j*}vj<��Y�ninit�nV}"g\T � �@ª ���4¬�� ��YC�¨�re � � ^�^ ¬
Lmax = 6

ª

-0.500 -0.071 0.357 0.786 1.214 1.643 2.071 2.500
-1.500

-1.071

-0.643

-0.214

0.214

0.643

1.071

1.500

+

+

-0.500 -0.071 0.357 0.786 1.214 1.643 2.071 2.500
-1.500

-1.071

-0.643

-0.214

0.214

0.643

1.071

1.500

+

+

9 },:V��t�X6~@l@gpYC��ept�� lfgpo t�j 9 � :�Y�ninpt4n
(εn

j )j∈J

@ o¨�4l@niY ^ 7Ø{Øt�X6~@lfgiYC��e�t4�¨l@gpo t�j*}vj<��Y�ninit�nV}"g\T � �@ª QL�f¬�� ��YC�¨�re � Q<�Á�f¬
Lmax = 6

ª

� Y��forep~@� }Ác ��n�}v~<U@o �Ce�}vg
T = 0.11

9 ;<��l<npY 1 :��kU@YCj gpU<Y«gh��t&¡£npt4jLgieBX6YCY�gC¬^}vj<� giU@Y�jJ}"g
T = 0.87

9 ;S��l@niY ^ :P�kU<Y�j��ØYy��Y�g�t4j@�¨c�t4j@Y^¡£npt4j4gV�kU@or��U�oreV}v� npY�}��fc8¡¯}�nØ¡£nit�X giU@Y	e�t4l@n���YCeØtv¡ ;<npY4ª
Z\tvgio ��YgpU<}vg+gpU@Y�Y�ninpt4n�orek� tf��}v� o ?�YC��o j«}8gpU@o j©niY���o t�j*}vnit�l<j<�BgiU@Y��forei��t�jLgio¨jdl@o¨ghc�t�¡��<}�j<�f�kor�dgpU©t�¡
j<t�X6t4npY6giU<}vj gh�kor��Y8gpU@Y�e�o ?�Y6tv¡k}*X6o¨j<o¨X�}v�Ø��Y�� �2ª�TVU@ore	o e	gpU@YB}�j4gio �@o eie�o ~<}vgpo ��Y6�SYCU<}Á�do¨t4n	tv¡�gpU@Y
ei��U@YCX8Y4ª�Z+t�gpor��Y6}v�re�t�gpU<}vg^giU@Y�}v~@~@nit�=fo¨X�}vgpo t�j«qLl<}v� o¨ghc©o epj 	 g�fore�gpt�npgpY��«�kU@YCj«giU@Y��fo ei��t4jLgpo jLl<o�ghc
YC��t4�¨�4YCe�o¨j�gpo X6Y�ªTVU<o eVore+}vj<tvgpU<Y�n�¡£YC}vgpl@niYtv¡�gpU@Y�}�j4gio �@o eie�o ~<}vgpo ��Yy�SYCU<}Á�do¨t4nCª
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�ynio �
Lmax L1 YCnpnit�n � ��YC�¨�re �4}vo j

}4�@}v~fg ` Q@ª Q � � 1 � ^�^ �8`<ªÆ��Q
npYC� ` Q@ª Q � � 1 ^ �Kb�` �
}4�@}v~fg � �fª `L� ��� 1 � ^ � ��b<ª bL�
npYC� � �fª `L� ��� 1 �8` 1 Q ^ �
}4�@}v~fg Q ^ � � 1 ������Q ��b<ª¨� ^
npYC� Q ^ � � 1 `4�4� 1 ` �
}4�@}v~fg b 1 � � 1 �8b 1 b � 1 �@ª¨�"b4�
npYC� b 1 � � 1 ��`4�@� ^K^ �
}4�@}v~fg �C� �fª ^ ` ��� 1 1 b ^ � ��`K`@ª � ^
npYC� �C� � �C� ^ Q4�L��` �

T�}v�@� Y6��7,�}vo j�npYC� }vgpo ��Yygpt6YC}4��U�niY�;Sj@Y�X6Y�jLgk� Y���YC�D}"g\T � �<ª¨�4��ª

T�}v�@� Y8�^epl@X6X8YCnpo ?�Y�ePgiU@Yy�4}vo j���Y^t4�fgi}�o¨jBo jBgiY�niX�et�¡�jdl@X��>Y�n�tv¡���Y�� � e��kU@YCjB�ØY}v~<~@�¨c�}4�@}v~ �
g�}"gio¨t4j&�Lc ��t4X8~S}vnio ept�j�gpt }�j&YCqLl@o �"}v� Y�jLg�npYC��l@�r}vn���nio �®ª � Y���}�j&j@tvgio ��Y6gpU<}vgC¬Q}�e	Y/=f~SY���gpY��®¬(�ØY
t4�fgi}�o¨j�Y/=@}���gi�¨c'gpU<Y^ei}vX6Y+Y�ninit�nPt4jB}vj�}4�@}v~fg�}"gio¨�4Yk��nio ��}�j<�6t�j�}�npYC��l@�r}vnPt4j@Y�ª(Z+t�gpor��Y\gpU<}vgØ�kU@YCj
��Yyo¨j<��npY�}�epY+giU@YnpY/;<j@Y�X6YCj4gV� Y���YC�:�Lc©�4¬LgpU@Y�4}�o¨j�o eVX'l@��gio¨~<�¨o YC���dc���}�j<��giU@YY�ninpt4noreØX'l@�¨gpo ~@�¨o YC�
�dc 2

3

ªPTVU<o enpY �<YC��gieØt�~fgio¨X6o ?C}"gio¨t4j�o¨jBgpU@YyX�}vj<}���Y�X6YCj4gØtv¡���YC�¨�reCª � Yy�C}vjB}�� ept�j@t�gpor��Y^}vg
T = 0.11giU<}"g��kU<Y�j �ØY�;�=

Lmax = 10
�ØY6U<}�j<�f� YB}v� X6t4e�g ^ ���4����YC�¨�re	t4j }�j }4�@}v~@gi}"gio¨�4Y'�4npor�®¬�}4eX�l<��U

��Y�� � ek}4eko¨¡���Y	�fo �©�C}v�r��l@�r}"gio¨t4j<e�t�j©}8npYC��l@�r}vnV�4npor����t�ninpY�e�~>t�jS�fo¨j<��git
Lmax = 6.

¤+YCj<��Y	�kU@YCj*�ØY
}4�@}v~@g\gpU<Y'�4npor�©��Y�o X8~<npt"�4Y	gpU@Y8~@niYC��o epo¨t4j 1 gio¨X6Y�e^�ko¨gpU<t�lfg	e�~>Y�jS�fo¨j<��}�jLc©}4�@�fo¨gpo t�j<}���X6Y�X6t4npc
��t4e�gCª @ t�n^npY/;<j@Y�X6YCj4g^�¨YC��Y��re+�<o¨�4��Y�n\gpU<}�j&�C�<¬So¨g^ore\j<tBX6t�niY�~StLepepo �@�¨Y�gpt�US}vj<�f� Y'�C}v�r��l@�r}"gio¨t4j<ekt4j}�niY���l<� }�n\��nior�®ª�¤+YCj<��Y8��Y8�C}vj j<tvgU<}Á��Y'�SY�g�gpYCn	~@niYC��orepo¨t4j«t�j }�niY��4l@� }�n^�4npor�c7kgiU@orenpY �<YC��gie^gpU@Y
�L}vo j�t�¡�~@niYC��o epo t�j*}���U@o Y��4YC�B�dc�giU@Y	l<epY	tv¡�gpU@Y�}4�@}v~fg�}"gio¨�4Yy}��¨�4t�nio�giU@X*ª
@ t�nVgiU@Y�X6t�X6Y�jLg+��Y	U<}Á��Yt4j@�¨c���t4X8~S}vn�}v�@� Y	{ØsØ[ gpo X6YCek¡£t4nk�St�gpU©X6Y�giU@tf�@eC¬fgpU@Y�npY�}�ept�j�o eVgiU<}"g
giU@Y�~<npt4��n�}vX ¡£t4n\U<}�j<�f� o¨j@��}vj«}��<}v~fg�}"gpo ��Y	X6Y�e�U@o j@�Bore^j@tvg\t4~fgpo X6o0?CYC�®¬>�kU@o �¨Y8}vj©t4~fgpo X6o0?CYC�*��YCn �
epo t�j�orel<epYC�B¡£t�ngpU@YynpYC��l@�r}vnX8Y�e�U���t�X6~@l@gi}"gio¨t4jDª 6ÏX6~@npt"�4Y�X6Y�jLgt�¡®gpU@Yy}��@}�~fgi}vgpo ��Y\��t�X6~@lfg�}"gio¨t4j
oreVo j�~<npt4��niYCeie�ª

��� � � � � ² � � � �C}v~fgil@npY�<}4e�o j*~@nit��@� Y�X 9 �>Y�niX6Y�� t'~<npt4�@�¨YCX :
��Y�g

K := [−6, 2] × [−2, 2]
}�j<�

C := B(c0, r)
�ko¨gpU

c0 = (0, 0)
}vj<�

r = 0.44.
� YB�fY�;Sj@Y�gpU<Y

�@cLjS}vX6o �Ce
f : IR2 ×A → IR2,

f(x, a, θ) = (1 − βx2
2 + a cos(θ), a sin(θ)),

�kU<Y�niY^giU@Y���t4j<e�gi}vjLg
β = 0.1

¬d}�j<�
A
�@Y�j@t�gpYCe�giU@Y�epY�g

[0, 0.44]× [0, 2π[
ª

z^l@n'}vo X`ore	gpt«}�~@~@nit�=fo¨X�}"giY�giU@Y��C}v~fgil@npY��S}�epo¨j tv¡
C
�kU<o ��U oregpU@Y�e�l@�Se�Y�g�tv¡ko¨j<o�gio }��ehg�}"giYCe

x ∈ K
¡£t�n��kU@or��U�Y/=dore�gieV}vj�}4�fX6o eiepo¨�@� Y��t�jLginpt4�

(a, θ) ∈ L∞([0, +∞[;A)
}vjS�B} ;Sj@o�giY\gio¨X6Y

t ≥ 0epl<��U giU<}"g�giU@YBgini}vuhYC��gpt�nic
yx,0(.)

Y��4t�� �Lo j@�*�ko¨gpU&giU@Y��fcdj<}�X6o �Ce
f
l<j<�fY�n

(a, θ)
�¨o ��Y�e�o j

K
}�j<�

niYC}4��U@YCe
C
}vgVgpo X8Y

t :
{�}�~fg

f (C) := {x ∈ K, ∃t ≥ 0, ∃(a, θ) ∈ L∞(IR+;A), yx,0(τ) ∈ K ∀τ ∈ [0, t], yx,0(t) ∈ C}.

Õ�Õ Ç�e<Ô�Ó�Ó�Ù
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� Y���t4j<epo �fYCn�gpU@Y��C}v~fgil@npY�<}4e�o j�tv¡
C
�SY�¡£t�niY^gio¨X6Y

T
7

{�}�~fg
f (T, C) := {x ∈ K, ∃t ∈ [0, T ], ∃(a, θ) ∈ L∞([0, T ];A), yx,0(.) ∈ K, yx,0(t) ∈ C}.

6õgVore����¨Y�}vnØgpU<}vg
T 7→

{�}�~fg
f (T, C)

oreØo j<��npY�}�epo¨j@��¡£t�nVo¨jS��� l<e�o t�j�ª(]«t�niY�t"��YCnC¬��ØY��}�j�~@nit"��Y O `�R:giU<}"g
limT→+∞

{�}�~fg
f (T, C) =

{�}v~fg
f (C).

��Y�g+l<e+epY�g

ϕ(x) = 0
o�¡

x ∈ C,
}�j<�

1
t�gpU@YCnp�kore�Y4¬

}�j<����t�jSe�or�fY�nVgiU@Y�epY�g �õ�"}v� l@YC��X�}v~*�fY�;Sj@YC���dc

Λ(x) =





0

o¨¡
x ∈

◦

C,
[0, 1]

o¨¡
x ∈ ∂C,

{1}
o¨¡

x ∈ K \ C.

��Y�g
vT

�>YgpU@Y	�"}��¨l@Yy¡£l@jS��gpo t�j*t�¡�giU@Y¡£t�� �¨t"�ko j@�6��t4j4ginpt4�:~@npt4�@� Y�X 7

min{ϕ(yx,s(T )),

ẏx,s(t) = λ(t)f(yx,s(t), a(t), θ(t)), yx,s(s) = x,

(a(t), θ(t)) ∈ A & λ(t) ∈ Λ(yx,s(t))
¡£t�n+}<ª Y4ª

t ∈ (0, T ),

yx,s(t) ∈ K ∀t ∈ [0, T ].

� Y8l<e�Y'gpU<Y8��� }4epepo �C}v����U<}vj@�4Y�t�¡P�Á}�npor}v�<�¨YK7
v̂(t, x) = vT (T − t, x), ∀t ∈ [0, T ], ∀x ∈ K.

TVU@Y�j�¬
¡£t4�¨� t"�ko j@�PO `�Rõ¬@��YU<}Á��YK7

{�}v~@g
f (T, C) = {x ∈ K, vT (0, x) = 0} = {x ∈ K, v̂(T, x) = 0}.

TVU<Y�j }�e8o¨j O `�Rõ¬Øo j�t4ni�@Y�n8gpt&}v~<~@npt�=fo X�}"gpY©{�}v~fg
f (C)

¬��Y©��t�X6~@l@gpY©}vj }v~@~<npt�=fo X6}vgpo t�j
V n

t�¡
v̂(tn, ·)

¬@�ko¨gpU
tn := n∆t

¬f¡£t4n
n
�r}vni��YyY�j<t�l@�4U�}�j<��ei}"gio e�¡£cdo¨j<�'giU@Y�e�gpt�~<~@o¨j<�'giYCe�g

||V n − V n−1||L1 :=
∑

j

∆x1
min∆x2

min|V
n
j − V n−1

j | ≤ 10−4.
9 ����:

6Ïj<;<��l<npY��f¬D��Y6e�U@t"� gpU@Y6��n�}v~<U@o �Ce\��Y8t��fg�}vo j ¡£t4nyX�}�=do X�}v�(� Y���YC�(tv¡ØniY�;Sj@Y�X6Y�jLg
Lmax = 69 ;<��l<npY�� 9 }K:+:}vj<�

Lmax = 7
9 ;<��l<npYB� 9 � :+:�ª�6Ïj�gpU@Y��4ni}�~@U@or��eC¬:gpU@Y6�@�r}���°���o ni���¨Y8o eygiU@Y��>t�n��fY�n

t�¡(gpU@Y�gi}vni��Y�g
C
ª � Y'��o ��Y	o j©gpU@Y�¡£t�� �¨t"�ko j@�6g�}v�@� Y�giU@Y��L}vo j�t4�fgi}�o¨j<YC�*¡£t4n+YC}4��U©npY/;<j@Y�X6YCj4g^�¨YC��Y��2¬

giU@Y*ehgit�~@~@o j@�©gio¨X6Y 9 o2ª Y�gpo X6Y�¡£t4n'�kU<o ��U&giU@Y*ehgit�~@~@o j@� gpYCe�g 9 ���K:	ore�¡£l<�\;<� � YC��:8}vjS� gpU@Y��"}v� l@Y�t�¡
giU@Y�niYCepor�fl<}v�

||V n − V n−1||L1 .
Z+tvgio ��Y�giU<}"gy�kU@Y�j©��Y�o j<��niYC}4e�Y	giU@Y�niY�;<j<Y�X6Y�jLg^� Y��4Y��

Lmax,
gpU@Y

~<npY���ore�o t�j�npY�q4l<o¨niYC��o¨j giU@YBehgit�~@~<o¨j@��giYCe�g�o e	niYC}4��U@YC�«¡¯}�e�gpYCnCª @ t�n	Y�=@}�X8~<�¨Y4¬��ko¨gpU Lmax = 7
�ØY

t4�fgi}�o¨j }���tdtf��ept�� lfgio¨t4j�t4j giU@YB}��@}�~fgi}vgpo ��Y8��nio � }"g
T = 7.187

l<e�o j@� b4�4����Y�� � eC¬D�kU@YCnpY�}�ey�ko¨gpU
Lmax = 5

¬LgiU@Y	ehgit�~@~@o j@�'gpY�ehgkore�¡£l@�\;S�¨� YC��t�j@� cB}"¡ giY�n
T = 26.125

}�j<��giU@Y	��t�niniYCep~St4j<�fo j@��niY��4l@� }�n
�4npor����t�jLgi}�o¨j<eØ�C�L� ^ ��Y�� �re�ª�¤+Y�jS��Yk}��@}�~fgi}vgpo ��YØ��nio �@�@o¨j@�y}v� �¨t"�+e�j@t�g�t4j@�¨cgit^US}Á��YØ}\�SY�g�giY�nQ~@niYC��o epo¨t4j
lSe�o j@�'}��¨X6tLehg�gpU@Yei}vX6Y^jdl@X'�SYCnØt�¡���YC�¨�re��@lfg+}v�rept�gpt8U<}�j<�f� Y^� YCeieØ�C}v�r��l@�r}"gio¨t4j<e�}vj<�Bgpt6ep}Á�4Ykgpo X6Y�ª

ð ã ÕDð æ
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+
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0.4

0.8

1.2

1.6

2.0

+

+

9 }K:
Lmax

� `@¬
T = 12.96

¬�� ��Y�� � e ��^ ��Q 9 � :
Lmax

� �d¬
T = 7.18

¬�� ��Y�� � e � b4�4�

@ o¨�4l@niY	��7{�}v~fgil@npY�<}4e�o j�tv¡Q}��:Y�niX8YC�¨t6~@nit��<�¨YCX�ª

�ynio �
Lmax

� ��Y�� � e �L}vo j ehgit�~@~@o j@�8gpo X6Y
||V n − V n−1||L1}��<}v~fg � � 1 � ^ ª ^ � ��`@ª ���4� 1 ª Q�b � �h�

npYC� � ���4� ^ � ��`@ª ���4� 1 ª Q�b � �h�
}��<}v~fg ` ^ ��Q Q@ªÆ��` �Á�fª b�` ��ª Q4� � �VQ
npYC� ` ^ ��bK` � �Á�fª b�` ��ª Q4� � �VQ
}��<}v~fg � bL��� �Á�fª �@� �fª¨�"QL� �fª 1 Q � �Ï�
npYC� � �"` 1 Q ^ � �fª¨�"QL� �fª 1 Q � �Ï�

T�}v�<�¨YV�Z72�}vo j�niY��r}"gio¨�4Y(gptyYC}4��U	npY/;<j@Y�X6YCj4g��¨YC��YC�4�ko¨gpU	giU@Y��Á}��¨l<Ytv¡fgiU@Y�npY�e�or�fl<}��4}vjS�gpU@Y�ehgit�~@~<o¨j@�
gio¨X6Y4ª
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��� � � � � ²�� � � �do }��@o �¨o¨ghcB°�YCnpj<Y��:~@nit��@� Y�X 9 ��t4j<e�l<X8~@gpo t�j*~@nit��@� Y�X :
��Y�g

K = [0, 2]× [0, 3], A = [− 1
2 , 1

2 ]
}vj<�

f(x, a) = (x1 − x2, a), ∀x ∈ IR2, ∀a ∈ A.� Y	�fY�;<j<Y\giU@Y^�dor}v�@o � o�ghc6°�YCnpj<Y��:}�eie�tf��or}"giYC�6git
K
}4ePgiU@Y	e�Y�gØt�¡�o¨j<o�gio }��:e�gi}vgpY�e

x ∈ K
epl<��UBgiU<}"g

Y/=fo e�gieP}	��t�jLgpnit��
a ∈ L∞(IR+;A)

}vjS��}ygpn�}"uhYC��gpt4npc
yx,0(.)

9 YC��t4�¨�do j@�l@j<�fYCnPgpU<Y\��t4j4ginpt4�
a
:Q�kU@o ��U

j<Y���YCnV�¨Y�}Á��YCe
K,

_\or}v�
(K) := {x ∈ K, ∃a ∈ L∞(IR+;A), yx,0(t) ∈ K ∀t ≥ 0}.

� Y��fY/;<j@Y�}v�rept
_^o }��

(T,K) := {x ∈ K, ∃a ∈ L∞([0, T ],A), yx,0(t) ∈ K ∀t ∈ [0, T ]}.

��Y�g
ϕ(x) = 0

o¨¡
x ∈ K,

}�j<�
1
t�gpU@YCnp�kore�Y

.
{Øt�jSe�or�fY�nBgpU@Y��Á}��¨l<Y©¡£l@j<��gpo t�j

vT

t�¡	gpU@Y ��t�jLgpnit��
~<npt4�@�¨YCX 9 ��:V}�eie�tf��o }vgpYC�Bgpt8gpU<Y��fcdj<}vX6or��e

f,
giU@YF;<j<}��D��t4e�g

ϕ
}vjS��giU@Y�epY�g

K.��Y�g
v̂(t, x) = vT (T − t, x)

ª @ nit�X O `�Rõ¬��Y�US}Á��Y�7 _\or}v�
(T,K) = {x ∈ K, v̂(T, x) = 0},}�j<��_\or}v�

(T,K) −→T→+∞
_^o }��

(K).
� e	o j gpU@Y�~@npYC�do¨t4l<eY�=@}vX6~@� Y�¬�o¨j t4ni�fYCngpt«}�~@~@nit�=do X�}"giY

_^o }��
(K)

¬Q��YB��t4X6~@lfgpY�}vj¢}�~@~@nit�=do X�}"gio¨t4j
V n

tv¡
v̂(tn, ·)

¡£t4n
n
ep}vgporeh¡£cdo j@�*gpU<Y�ei}vX6YBehgit�~@~<o¨j@�

giYCe�g 9 �Á��:�ª
� Y^epU@t"��gpU@Y+�4ni}�~@U@or��e(��Y+t��@gi}vo j6¡£t�nX6}�=fo¨X�}v�<�¨YC��Y��

Lmax = 5
9 ;<��l<npYT` 9 }K:+:P}vjS�

Lmax = 69 ;<��l<npY ` 9 � :+:�ª 6Ïj¢gpU@Y�e�Y ;<��l@niYCeC¬�gpU@Y��kU@o¨gpY�� o j@YBore�giU@Y��>t�n��fY�n'tv¡VgpU<Y�Y/=f}4��g��dor}v�@o � o�ghc °�YCnpj@YC�/ª
¤\Y�niY�¬dgiU@Y�e�Y�g+tv¡(��t�jLginpt4� e

A
o ek�forei��niY�gpo ?�Y���o¨jLgpt

Na = 2
��t�jLginpt4� e 9

a ∈ {− 1
2 , 1

2}
:�ª

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.000

0.429

0.857

1.286

1.714

2.143

2.571

3.000

+

+

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.000

0.429

0.857

1.286

1.714

2.143

2.571

3.000

+

+

9 },:
Lmax

� �f¬
T ≈ 256

¬�� ��Y�� � e ��^ �@� 9 � :
Lmax

� `@¬
T ≈ 5

¬ � ��Y�� � e � b@�"`

@ o¨�4l@npYF`�7*_^o }��@o �¨o¨ghcB°�YCnpj<Y��®tv¡�gpU<Y���t�jSe�l@X6~fgio¨t4j�~<npt4�@�¨YCX*ª
6Ïj�}y~@niY��do¨t4l<e��Øt4np°�O `�Rõ¬vgiU@Y+[\¦ �Ï¤\¥L¦¢ep��U<Y�X6YVU<}�e��>Y�Y�j���t�X6~<}vniYC��gptgiU@YV�Lor}v�<o¨� o�ghc'}v� ��t�nio¨gpU@X

OÆ�f��R2ª ]«}�jLc&jdl@X6YCnpor��}���Y/=@}vX6~@� YCe6U<}Á�4Y��>Y�YCj�U<}�j<�f� YC� t�j } npYC��l@�r}vn6��nior� 9 }�X6t�j@� tvgiU@Y�n�e8gpU@Y
�:Y�niX8YC�¨t�~<npt4�@�¨YCX }�j<��gpU<Y'��t4j<epl@X6~fgpo t�j«~<npt4�@�¨YCX :�gptB~<npt"�4YgpU@Y'npYC�¨YC�Á}�j<��Y	t�¡[\¦ �Ï¤\¥L¦ o j©gpU<o e
°do j<��tv¡^~<npt4�@�¨YCX�e�ª 6ÏjI¡¯}4��g�¬�[^¦ �Ï¤\¥L¦ ~@nit"�do �@YCe6} X'l<��U �SY�g�gpYCn�}v~<~@npt�=fo X�}"gpo t�jItv¡\giU@YCepY©e�Y�gie
9 �do }��@o¨� o¨ghc¢°�YCnpj@YC� eC¬Ø�C}v~fgil@niY��S}�epo¨j<e�:�ª ¤\Y�niY���Y©��t4j4gio¨jdl@Y*o j gpU@Y©ei}vX6Y©�fo¨niYC��gpo t�j }vj<��o X8~<npt"�4Y
niYCepl@�¨giey��o ��YCj �dc [^¦ �Ï¤\¥L¦ ei��U@Y�X6Y�ª6TVU@Y6l<epY6tv¡giU@Y�}��@}�~fgi}vgpo ��Y8X6Y�gpU<td� }v� � t"�+e^lSeygpt*npY�}���U }
�>Y�gpgpYCn+~@niYC��orepo¨t4j��dc�t4~fgpo X6o0?Co¨j@�8giU@Y	X�}vj<}���Y�X6YCj4gVtv¡�gpU<Y	X8YCX6t�nic�ª
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TVU<Y�}vo X t�¡�giU@ore^}�~@~SYCj<�fo0=�oreVgitB��o ��Y�}��4�¨t4�<}v�®�do Y�� tv¡(giU@Y��fo0a>YCnpYCjLg\j@tvgio¨t4j<ekt�¡Qept�� lfgio¨t4j©tv¡(gpU@Y
¤^¥4¦ Y�qLl<}"gio¨t4jDª �e�~>YC��o }��¨� c6gpt6epl@X6X6}�npo ?�Yept�X6Y\niYCepl@�¨gieV��t4j<��YCnpj@o j@��gpU@Y	��U<}�ni}4��gpYCnpo ?C}vgpo t�j6tv¡�gpU@Y
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H(x, p) = −min
a∈A

f(x, a).p, ∀(x, p) ∈ K × IRn.

��� ² �4�@� ² µ � ²�	
K = IRn � TVU@Y ;Snie�g�niYCepl@��g�tv¡���U<}�ni}4��gpYCnpo ?C}vgpo t�j tv¡gpU<Y �"}v� l@Y©¡£l@jS��gpo t�j
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K = IRn.
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−vt(t, x) + H(x, vx(t, x)) = 0, (t, x) ∈]0, T [×K,
9 �8`,:

ei}"gio e�¡£cdo¨j<�
v(T, x) = ϕ(x), ∀x ∈ K. @ t4n�gpU<Y���t4jd��Y�j<o¨YCj<��YBt�¡VgpU@Y�npY�}��fYCnC¬���YBnpY���}��¨�ØU@Y�niYBgiU@Y�@Y�;<j@o¨gpo t�j*t�¡�gpU<Y	�Lorei��t4epo¨ghc�j@tvgio¨t4jM7
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�"�K���/%T�/�/�I )�!�� 	��� ��! � �	� � �0����)���!��

[0, T ]×K
�� ���"���)�!����	 C � ��.�WV�/!�( �Z	��!�� !Y#

����� �P #D�	]�/��	��� �J���G#�!�%���(�(
φ ∈ C1([0, T ] × K)

�M#�!�%���(�(
(t0, x0)

(0!")���(*�����K�� �Z� !��
]0, T [×K

!Y#
u − φ

�
−φt(t0, x0) + H(x0, φx(t0, x0)) ≤ 0.

� �
u

(0!�� ��% �/���D�)�!�� 	��� ��! � � �V( �0����) ��!��
[0, T ] × K

��P� �8��/)�!����	 C � �"���/%�WV�/!�( �Z	��!�� !Y# ����� �  # �	
�/��	��� �J��� #�!�%&��(�(

φ ∈ C1([0, T ]×K)
� #�!�%&��(�(

(t0, x0)
(0!")���(d�I�� �� �Z� !��

]0, T [×K
!Y#

u − φ
�

−φt(t0, x0) + H(x0, φx(t0, x0)) ≥ 0.

�� �
u

)�!���	��� ��! � �T!��
[0, T ]×K

����I�"���)�!����	 C �/!�( �Z	��!�� !Y# ����� �  #$�	*����I�"��/)'!����	 C � �"���/%�WV��!�( �Z	��!��
���
�P���"���)�!����	 C � ��./WV��!�( �Z	��!��<!A#������ � �

Z\t"�	¬Ø� Y�g
(t0, x0) ∈ (0, T ) × K

¬�}�j<� ��t�jSe�or�fY�n8giU@Y«e�l<� �õ�@o\a:Y�niY�jLgpor}v�
D−u

}vjS�IgiU@Y«epl@~SYCn �
�@o\a:Y�niY�jLgpor}v�

D+u
tv¡

u
��o ��Y�j��dc-7

D+u(t0, x0) :=

{
p ∈ IRn+1,

lim sup

(t,x)→(t0,x0)

(t,x)∈[0,T ]×K

u(t, x) − u(t0, x0) − p.(t − t0, x − x0)

|(t − t0, x − x0)|
≤ 0

}
,

D−u(t0, x0) :=

{
p ∈ IRn+1,

lim inf
(t,x)→(t0,x0)

(t,x)∈[0,T ]×K

u(t, x) − u(t0, x0) − p.(t − t0, x − x0)

|(t − t0, x − x0)|
≥ 0

}
.

Õ�Õ Ç�e<Ô�Ó�Ó�Ù



�"Q � (U��"��/% [T!������
!�� ������	�I�������
 �VHK���)'��� S �����
�K�� ��K��� 

[^e�o j@�6gpU<YCepYepY�g�e�¬@gpU@Y	j@t�gpo t�j�tv¡��Lorei��t4epo¨ghc�e�t4�¨l@gpo t�j*��}vj��>Y��fY�;<j<YC��YCqLl@o �"}v� Y�jLgp� c�}�e�¡£t4�¨� t"�+e87
o�:

u
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∀(t, x) ∈]0, T [×K, ∀(pt, px) ∈ D+u(t, x), −pt + H(x, px) ≤ 0.

o o�:
u
�/ª e�ª �yo e\}'�dorep��t4epo�ghcBepl@~>Y�n �õept�� lfgio¨t4j�o0a 7

∀(t, x) ∈]0, T [×K, ∀(pt, px) ∈ D−u(t, x), −pt + H(x, px) ≥ 0.

��Y�g+l<e\X6Y�jLgpo t�j�gpUS}"g\o¨¡
u
o e\}��fo\a:Y�niY�jLgio }��@�¨Y���� }4epepor�	e�t4�¨lfgio¨t4j*tv¡�gpU@Y�¤^¥4¦ YCqLl<}vgpo t�j�gpU@YCj©o�g^o e+}

�dorep��t4epo�ghc	ept�� lfgpo t�j�tv¡@giU@YVYCqLl<}"gio¨t4jDª({Øt4jd��Y�n�epY�� c�¬Á}^��t�jLgpo jdl@t�l<ep� c�@o\a:Y�niY�jLgpor}v�<�¨Y��do ei��tLe�o¨ghc	e�t4�¨lfgio¨t4j
orek}6���r}�eie�or�e�t4�¨l@gpo t�j�tv¡�giU@Y�¤\¥L¦ Y�qLl<}"gio¨t4jDª

TVU<}�j@°feVgptBgpU@Y���t�jd��Y/=fo�ghcBt�¡�giU@Y'¤^}vX6o ��git�j@or}vj
H(x, .)

¬:¦V}vninpt4j�}�j<�*¥�YCj<e�YCj O 1 R�~@nit"��Y��BgiU<}"g
}6��t�jLgpo jdl@t�l<eØ¡£l@jS��gpo t�j

u
orek}8�do ei��tLe�o¨ghc�ept�� lfgpo t�j�tv¡ 9 �8`,:Øo�¡(o�g\ei}"gio eA;<Y�eVYCqLl@o �Á}��¨YCjLgp� c

∀(t, x) ∈]0, T [×K, ∀(pt, px) ∈ D−u(t, x), −pt + H(x, px) = 0.
9 �"��:
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ϕ
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K = IRn ¬dgiU@Y�j�giU@Y	�/ª eCª �YCjL�4Y�� t�~>Y v∗
tv¡�gpU@Y	�"}v� l@Yy¡£l@j<��gpo t�jM7

v∗(t, x) = lim inf(t′,x′)→(t,x)v(t′, x′),

ore�gpU<Y	l@j@orq4l<Y	�/ª e�ª �y�do ei��tLe�o¨ghc�ept�� lfgpo t�j�tv¡�gpU@Y�¤^¥4¦ YCqLl<}"gio¨t4j 9 �8`K:Vei}"gio e�¡£cdo¨j<��giU@YF;<j<}�����t4j<�fo¨gpo t�j

lim inf(t′,x′)→(T,x)v∗(t
′, x′) = ϕ(x), ∀x ∈ IRn.

9 �8QK:
z^j�gpU<Y	tvgpU<Y�nkU<}�j<�®¬@l@jS�fY�nVgiU@Y¡£t�� �¨t"�ko j@�6}��@�@o�gio¨t4j<}v�D��t�jd��Y/=do¨ghc�Udcd~St�gpU@Y�e�ore/7

A
ore+��t4jd��Y�=®¬ }vj<�

{f(x, a), a ∈ A}
orek��t�jd�4Y�=

∀x ∈ IRn,
9 �8bK:
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IRn }vj<�6giU@Y�;<j<}v�:��tLehg

ϕ
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u
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t4j�}6���¨tLe�Y���epY�g
Ω′ ⊂ Ω.
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∃ν > 0, ∀x ∈ ∂K, ∃a ∈ A, f(x, a).η(x) ≤ −ν,
9 6ÏsG:

9 U@Y�niY
η
o eBgpU@Y«t4lfgh�V}vn��Ij@t4npX�}��kgpt

K
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∂K
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Y�qLl<}"gio¨t4j 9 �8`K:�¬fo¨j�giU@Y¡£t�� �¨t"�ko j@�6e�YCj<epY�7
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���P�8��/)�!����	 C �/!�( �Z	��!��>!Y# 9 �"`K:  � �	 ���� �"���W
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]0, T [×
◦

K
���
� � �8��/)�!����	 C � �"���/%�WV�/!�( �Z	��!���!��

]0, T [×K
�

� j�Y/=dgpY�jSe�o t�j�tv¡�giU@oreV�Øt4np°6oreV��o ��Y�j��dc�6he�U@o oD}vjS���^t�o °�YIO ����RDl@j<�fYCn�gpU@Yy¡£t�� � t"�ko¨j@�8��YC}v°4Y�nVqLl<}v� o �
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A(x) 6= ∅, ∀x ∈ ∂K,
9 _^{]:

�ko¨gpU
A(x) = {a ∈ A, ∃r > 0, yξ,0(t) ∈ K ∀ξ ∈ B(x, r)∩K, t ∈ [0, r]}.

�DY�g�l<eJ;<n�e�gV�fY/;<j@Y^gpU@Y
l�ª eCª �yYCjL�4Y�� t�~>Y

u∗ }�j<���/ª e�ª �yY�jd��YC�¨~>Y u∗
tv¡�}8niYC}��®�Á}��¨l<YC��¡£l@j<��gio¨t4j

u
7

∀(t, x), u∗(t, x) = lim sup(t′,x′)→(t,x)u(t′, x′),

∀(t, x), u∗(t, x) = lim inf(t′,x′)→(t,x)u(t′, x′).
� Y�}v�rept8�fY/;<j@YgiU@Y	o¨jd�V}vn���¤^}vX6o¨�¨gpt4j@or}vj�7

Hin(x, p) = − min
a∈A(x)

f(x, a).p, ∀(x, p) ∈ K × IRn.
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−(u∗)t(t, x) + Hin(t, x, (u∗)x(t, x)) ≤ 0 ∀(t, x) ∈]0, T [×K,���
�
−(u∗)t(t, x) + H(x, (u∗)x(t, x)) ≥ 0 ∀(t, x) ∈]0, T [×K,
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x ∈ K
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K.
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∀x ∈ ∂K, ∃a ∈ A, f(x, a).η(x) > 0,
9 z^sJ:

@ ni}�j@°�t"�+ep°"}kY�gP}��/ªGO¨�Á�d¬f�8`@¬f�Á�8R<e�gpl<�@o¨Y���giU@Yk��}4e�Y��kU@Y�j
K
oreQ}��t�X6~<}4��gQe�Y�gQ�ko�giU8}yniY���l<� }�n��>t�n��fY�n

}�j<��Y���YCjLgpl<}��¨� c«}vj Y�X6~fghc«o jLgpYCnpo t�n�¬�}vjS�
ϕ
ore~@nit�~>Y�n�}�j<� �2ª e�ª �vª�6Ïj�gpU@ore���}4e�Y4¬®o�¡�gpU<YB��t�jd�4Y�=fo�ghc

}4epepl@X6~fgio¨t4j 9 �8b,:(U@t��r�@eC¬�giU@Y�jBgpU@Y+�"}��¨l@Y+¡£l@j<��gio¨t4j
v
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t�¡�giU@Y�¤\¥L¦ Y�q4lS}"gpo t�j�¬fo¨j�gpU@Y�epY�jSe�YygpUS}"g+o¨g\ep}vgporeY;<Y�e/7

lim inf (tn,xn)→(T−,x)

xn∈
◦
K

v(tn, xn) = ϕ(x), ∀x ∈ K,

lim inf (tn,xn)→(0+,x)
xn∈K

v(tn, xn) = v(0, x), ∀x ∈ K,

−pt + H(x, px) ≥ 0, ∀(pt, px) ∈ D−v(t, x), ∀(t, x) ∈]0, T [×∂K,

−pt + H(x, px) = 0, ∀(pt, px) ∈ D−v(t, x), ∀(t, x) ∈]0, T [×
◦

K .
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