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Rd �+*,�����- "�����.���-��$n§np:� \3�|} fjt%lZfj\�h5§nmx¡
S
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n
�nm3pq�Nhzf�p�f¦}x��hjtZ}xoqo�e
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P ⊆ Rd }��Z� }�h~v~}x�Zfios}�h~pqm3�
t ∈ Rd § P + t := {x+ t | x ∈ P}
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{1, . . . , k}}x�Z�
Sk = Gk ∪ (Gk + (k + 1))
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Gk
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� \+fjX%m�� hjXZ}�h¦}��Fe1fitZlZfi\Sh
P ⊆ Gk

p�f¦} a¥�|^Fu lFe�}xvj�3t%pq�Z�]hjXZ}�hk¡Ómxvb}��Fe
p∗ ∈ Sk \ P

§�mx�%\
mx¡'hjX%\_hjvz}��Zfjo�}�hjp�mx�Zf�hjXZ}�h��x\�\S�Zf

P
pq�

Sk
fi\��Z�%f
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m3vkmxtghzfips�g\+m�¡

Sk
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Q ⊆ Sk

l�\	}?�%vjm3�n\�v�fit%��\Svj£¸fi\Sh�mx¡
P
}��Z�

p∗ ∈ Q \ P
�B2¤¡

p∗ > k + 2
hjX%\��

P + (k + 1) ⊆ Sk}x�Z�
Q + (k + 1) 6⊆ Sk

�B2¤¡
p∗ 6 k

hjXZ\S�
P + (k + 1− p∗) ⊆ Sk
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1
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Gk
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1
§%fim�}xoqo7h~X%\�fit%lnfi\Sh~f�m�¡
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2k−1 mx¡-h~X%\	fitZlZfi\Sh~f�mx¡ Sk
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S = {a1, . . . , an} ⊆ Rd l�\+}�fj\�h|mx¡ n ��mxp��Nh~f|}x�Z� T ⊆ Rd hjXZ\	�!�-� ��� �#�1��$���
A���#� � $��_�g\S±Z�%\5�lFe
T := S − S = {x − y | (x, y) ∈ S2}.

 .mxhjX�hjX%\_�nm3pq�Nh~fkpq�
S
}x�Z�(hjX%\�h~v~}x�Zfjo�}�hjp�mx�Zf.p��

T
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0�D}xf �x\���hjm3v~f.m�¡

dv~\�}xo��Ft%[_l�\SvzfS§�p��>h~X%\#fj\S�Zfj\]hjXn}�h	pq¡
x = (x1, . . . , xd) ∈ Rd }��Z� y = (y1, . . . , yd) ∈ Rd §-h~X%\S�

x < y
pq¡

x1 < y1
mxv

x1 = y1, · · · , xr = yr
}��n�

xr+1 < yr+1
¡Ómxv�fim3[]\

r = 1, . . . , d − 1
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t < 0
fj}�hjpsfy±n\�f

P + t ⊆ S
�
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mx¡-h~v~}x�Zfios}�h~pqm3�Zf�5
φ :

{

2S → 2T

P 7→ {t ∈ T | P + t ⊆ S}
�Zmxvk}x�Ne�v~\S��\�}�hj\5��fjt%lg£¤�Z}�hihj\�vj�

P
§
|φ(P )| ≥ 2

}��Z�(p ¡
P ∈ A

hjXZ\S�
t ≥ 0
¡Ómxv�\�x\Sv~e

t ∈ φ(P )
�
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