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S
ln\?} fj\�h¦mx¡

n
�nm3pq�Nh~f¦p��

Rd �+*,�����- "�����.���-��$n§np:� \3�|} fjt%lZfj\�h5§nmx¡
S
p�f¦v~\S��\�}�h~\��1pq¡Jp h��S}x�¥ln\

h~v~}x�Zfjo�}�hj\���hjm¥}x�%m�h~X%\Sv	fjt%lZfj\�h	mx¡
S
��* fjt%lg£¤�Z}�hjhj\Sv~�

P ⊆ S
psf������/������
�
0���������1�������>pq¡©¡Óm3v_}��Fe

fjt%lZfj\�h
Q
fitn�zX hjXZ}�h

P ( Q ⊆ S
hjX%\�vj\ \S¢gp�fih~f+}Dhjvz}��nfios}�h~pqm3�>h~XZ}�h?[�}��Zf

P
hjm�}¥fjt%lZfj\�h?m�¡

S��pqhjXZmxtgh	[�}��Z�%pq�Z�
Q
h~m�}1fitZlZfi\Sh_m�¡

S
��2¸� mxhjX%\�v	�.mxvz�%fS§�}1�Z}�hjhj\Sv~� p�f	[]}�¢gpq[�}�o�o�e�v~\S��\�}�h~\��>p ¡

pqh_�S}x�%�%mxh	ln\�\S¢Nh~\S�Z�%\�����p h~X%mxt%h_oqmNfip��%�D}�h	o�\�}3fyh�m3�%\�m�¡�p hzf�mg�S�St%vjv~\S�n��\�f���a¥}�¢gp�[�}�o�oqe¥v~\S��\�}�hj\5�
fjt%lg£¤�Z}�hihj\�vj�nf	3¨a¥�|^gu ¡Ómxv_fjX%mxvjh�4¦m3vjp��xp��Z}�h~\���¡Óvjm3[ h~X%\]±Z\Sos��m�¡��Z}�hjhj\�vj� [�}�hz�zX%pq�Z�1hjm¥fjmxo �x\?hjX%\
¡Óm3oqo�m���p��%�(�Zvjm3l%oq\�[65¦�3p �3\S�¥hy�.m��nm3pq�Nh	fi\Sh~f

X
}��Z�

Y
§-��}��

Y
ln\?hjvz}��nfios}�h~\��Dh~mD}(fjt%lZfj\�h�m�¡

X 7u'�  .v~}3fjf98":x§-W�X%\�mxv~\S[���;��N}��x\]}�� }�o��xmxv~pqhjX%[ h~XZ}�h	}��nfi�.\Svzf�fitZ�zX rNt%\Sv~p�\�fbpq��h~pq[]\
O(|Y | log |X |)��XZm3fj\k�%v~\S�%v~mg��\�f~fjpq�%�bh~pq[]\¦�%\S��\S�Z�%f©mx�]h~X%\|�Ft%[+ln\�v mx¡»�%p�fihjp��Z��h�a¥�|^Fu*m�¡

X
§N��X%\Sv~\�hy�.m_a¥�|^Fu

}xvj\����<���#��$>=-�	pq¡�hjXZ\Se }�v~\ �%mxh_\�rNtZ}xo t%� h~m>}1h~v~}x�Zfjo�}�hjp�mx�&�?* �n}�hjtZv~}xo©rNt%\�fihjp�mx� psf_hjXFtZf�h~m��3p �3\
}(h~X%\Sm3vj\Shjps�S}�o�l�mxtZ�Z��m3��hjX%psf��Ft%[_l�\Sv�mx¡.a¥�¦^Fu�pq� m3v~�g\�vbhjm1�%v~m �Nps�g\]}�� t%�%��\Sv�l�mxtZ�Z��mx��hjX%\
h~pq[]\¦vj\5r3tZpqv~\S[]\S�Nh mx¡»hjXZ}�h�}xoq�3mxv~p h~X%[1��W�X%psf©�NtZ[_l�\Sv.�.}3f ��m3��wy\���hjt%v~\��@8A:�;B8¾�F§F�&�¾��CN�D;Zh~m_l�\

O(nd)��XZ\Sv~\
d
p�f.h~X%\	�gp�[?\��Zfjpqm3�(p��1��X%p��zX�h~X%\��nm3pq�Nhkfj\�hkpsf�\S[+ln\5�%�g\��&�

2¸�1h~X%p�f|�%m�h~\	�.\	fiX%m�� hjXn}�hkh~X%\	�Ft%[_l�\Sv|m�¡Ja¥�|^Fu m�¡�} fi\Shkm�¡
n
�nm3pq�Nhzf�p�f¦}x��hjtZ}xoqo�e

Θ(2n/2)p�� hjX%\D�.mxvzfih���}xfj\x§©��X%p��zX fjX%m��kf?hjXn}�h�±Z�Z�%pq�%�Mfjt%lg£¤�Z}�hihj\�vj�nf$�Nps}>hjX%psf#}x�%�%v~m3}3�zXM[�}Ée o�\�}x� hjm
\S¢g�nm3�%\S�Nhjps}�ob�.mxvzfyhj£¤��}xfj\¥vjtZ�%�%p��%�Mh~pq[]\x�FE¦t%v(�ZvjmFm�¡+p�f�lZ}3fi\5� mx� ��mx[+l%p��Z}�h~mxv~p�}xo|vz}�hjXZ\Sv(hjXZ}x�
�3\Sm3[?\Shjv~p���}�o%�Zvjm3�n\�vih~pq\5fJm�¡»h~X%\b�nm3pq�Nh.fj\�h5§F��X%p��zX#\�¢g�%os}�p��Zf�h~XZ}�h.hjX%\¦lnm3t%�Z�#p�f©pq�n�g\S��\S�Z�%\S�Nh.mx¡»hjX%\
�%pq[]\S�nfip�mx�

d
p�����XZp��zX(hjX%\���mxp��Nh~fk}xvj\���m3�Zfjp��g\�vj\5�»�

G H �JI ��� �	�(��!#���>��� ">�	!����(�
)-\�h	tZf�±Zv~fih_p��Nhjv~mF�%tZ��\�fjmx[]\]hj\�vj[]p��%mxo�mx�3ex� " p �x\�� }Dfj\�h	mx¡.��mxp��Nh~f

P ⊆ Rd }��Z� }�h~v~}x�Zfios}�h~pqm3�
t ∈ Rd § P + t := {x+ t | x ∈ P}

p�f�hjX%\bfi\ShJm�¡7hjvz}��Zfjos}�hj\5�?�nm3pq�Nh~fJm�¡
P
lFe

t
�K*Vfjt%lZfj\�h

P ⊆ S
p�fJ}

v~\S��\�}�hj\5�_fjt%lg£¤�Z}�hjhj\Sv~�	pq¡Zh~X%\Sv~\©\S¢gp�fih~f'}�h~v~}x�Zfjo�}�hjp�mx�
t 6= 0
fjtZ�zX	h~XZ}�h

P +t ⊆ S
�
P
psf�}L�	�!�/������
�
0�

�1�����������1�������! "�����#���-��$M3¨a��|^FuN4¦pq¡y§»pq��}3�%�gpqhjp�mx�&§�¡Óm3vb}x�NeDfjt%lZfj\�h
Q
fitZ�zX¥hjXZ}�h

P ( Q ⊆ S
h~X%\Sv~\

\S¢gp�fih~f¦}�hjvz}��nfios}�h~pqm3�
t
fitZ�zX¥hjXZ}�h

P + t ⊆ S
}��Z�

Q + t 6⊆ S
��W��©m#a��|^Fu }xvj\O���<���#��$>=-�|p ¡Jh~X%\Se

}xvj\b�%mxhk\�rNtZ}�o»tZ�(h~m�}_h~v~}x�Zfjo�}�hjp�mx�&�
2¸�1h~X%\_fj\�rNt%\So:§Z�.\��%v~\�fj\S�Nh|} fj\�hkmx¡

n
��mxp��Nh~f�p��

R
Xn}��Np��%��}�h¦oq\5}xfih

2bn/2c−1 �gp�fihjp��Z��h¦a¥�|^Fu3:^F\���hjp�mx� �%�A:D4�}��Z� hjX%\��M�%v~m �x\]hjXn}�h+}x�Ne fj\�h+mx¡
n
��mxp��Nh~f+pq�

Rd ��}�� XZ}��3\ }�h+[]mNfyh 16 · 2dn/2e�%p�fihjp��Z��h|a��|^FuP3K^F\5��h~pqm3�D�%� ��4��
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� \?l%t%p�o��>mxt%v�\S¢g}x[]�%oq\?mx��}

1
£¤�%pq[]\S�nfip�mx�Z}xo��3vjps�D��X%ps�zX>��}��&§»mx¡.�Smxt%vzfi\3§7ln\]��m3�Zfips�g\�vj\5�¥}xfb\S[?£

l�\��Z�g\��Dp��
Rd ¡Ómxvb}��Fe d > 1

�J)&\Sh
k
ln\?}��Dp��Nhj\S�3\Sv5§

Gk
�g\S�Zm�hj\5fkh~X%\+fj\�h¦m�¡Jp��3h~\S�3\Svzf

{1, . . . , k}}x�Z�
Sk = Gk ∪ (Gk + (k + 1))

§%hjXZ}�hkp�f�§Fhy�©m���m3�%p�\�f�m�¡
Gk
fj\S�Z}xv~}�hj\5� lFe(}?�3}x�(mx¡�m3�%\��nm3pq�Nh|}�h

k + 1
�

g � ¯ih ¯ ��j¨��j ¯lknmpo>q��L�!�!�
Sk

q��D�X���r
A���D���
2k−1 ���<���.��$l=!�N�tsvuxwSy

Â�Â Ê�z�{-|�|�}
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Sk

��p��xt%v~\ :�5
Sk
p�f�}�fi\Sh�m�¡

2k
��mxp��Nh~f]mx� }

1
£¸�gpq[]\��Zfip�mx�n}�o��xv~p�� XZ}��Fpq�Z��}�h]o�\�}3fyh

2k−1 �gpsfihjp��Z��ha��|^Fu'�

� \+fjX%m�� hjXZ}�h¦}��Fe1fitZlZfi\Sh
P ⊆ Gk

p�f¦} a¥�|^Fu lFe�}xvj�3t%pq�Z�]hjXZ}�hk¡Ómxvb}��Fe
p∗ ∈ Sk \ P

§�mx�%\
mx¡'hjX%\_hjvz}��Zfjo�}�hjp�mx�Zf�hjXZ}�h��x\�\S�Zf

P
pq�

Sk
fi\��Z�%f

p∗
\�p h~X%\Sv¦hjm

{k + 1}
m3vkmxtghzfips�g\+m�¡

Sk
�J2¸�Z�g\�\��»§

o�\�h
Q ⊆ Sk

l�\	}?�%vjm3�n\�v�fit%��\Svj£¸fi\Sh�mx¡
P
}��Z�

p∗ ∈ Q \ P
�B2¤¡

p∗ > k + 2
hjX%\��

P + (k + 1) ⊆ Sk}x�Z�
Q + (k + 1) 6⊆ Sk

�B2¤¡
p∗ 6 k

hjXZ\S�
P + (k + 1− p∗) ⊆ Sk

}��Z�
Q + (k + 1− p∗) 6⊆ Sk

�'W�XZp�f
�Zvjm �3\�f�h~XZ}�h�}��FeDfjt%lZfj\�h

P ⊆ Gk
psf¦}�a¥�|^gu m�¡

Sk
� � m#hjvz}��Zfjo�}�hjp�mx����}��¥[�}x�>}#fjt%lZfj\�h�m�¡

Gkh~XZ}�hk�Smx�Nh~}xpq�Zf
1
hjm�}x�%m�h~X%\Svkfjt%lZfj\�h�m�¡

Gk
hjXZ}�h��Smx�Nh~}xpq�nf

1
§%fim�}xoqo7h~X%\�fit%lnfi\Sh~f�m�¡

Gk
��mx�Nhz}�p��%pq�Z�

1
}xvj\��gpsfyh~pq�n��h��JW�XZ\Sv~\�¡Ómxv~\x§g}�hkoq\5}xfih

2k−1 mx¡-h~X%\	fitZlZfi\Sh~f�mx¡ Sk
}xvj\��gpsfyh~pq�Z��h|a¥�|^Fu'�

QSR#Q �����a[^]M_aWcb+def
)-\�h

S = {a1, . . . , an} ⊆ Rd l�\+}�fj\�h|mx¡ n ��mxp��Nh~f|}x�Z� T ⊆ Rd hjXZ\	�!�-� ��� �#�1��$���
A���#� � $��_�g\S±Z�%\5�lFe
T := S − S = {x − y | (x, y) ∈ S2}.

 .mxhjX�hjX%\_�nm3pq�Nh~fkpq�
S
}x�Z�(hjX%\�h~v~}x�Zfjo�}�hjp�mx�Zf.p��

T
}�v~\ � �����!�����(
A�1��� = ��� �1�1��qx� =���
�
0�D}xf �x\���hjm3v~f.m�¡

dv~\�}xo��Ft%[_l�\SvzfS§�p��>h~X%\#fj\S�Zfj\]hjXn}�h	pq¡
x = (x1, . . . , xd) ∈ Rd }��Z� y = (y1, . . . , yd) ∈ Rd §-h~X%\S�

x < y
pq¡

x1 < y1
mxv

x1 = y1, · · · , xr = yr
}��n�

xr+1 < yr+1
¡Ómxv�fim3[]\

r = 1, . . . , d − 1
�

)-\�h
A
�%\S�%mxhj\?hjX%\?¡¨}x[?p�o�eDm�¡.}xoqo�� �����¦mF����t%v~v~\S�Z�S\�f¦m�¡©fjt%lZfj\�hzf¦mx¡

S
hjXZ}�h	}�v~\+a¥�|^gu��� ©e��y±Zvzfyh��

�.\�[]\�}x�>h~XZ}�h_}Da��|^Fu
P
p�f�p��

A
p ¡k}��n�>m3�%o�e�pq¡.�%m1h~v~}x�Zfjo�}�hjp�mx�

t < 0
fj}�hjpsfy±n\�f

P + t ⊆ S
�

� \]�zX%mFm3fj\_mx�Z\_v~\S�%v~\�fj\S�Nh~}�hjp �x\	mx¡ \�}3�zX¥\�rNt%p ��}�o�\S�Z�S\+�So�}3fjf¦m�¡©a��|^Fu tZ�Z�g\Svbh~v~}x�Zfios}�h~pqm3�&§7fim(hjX%\
�Ft%[+ln\�v|mx¡ �gp�fihjp��Z��h�a¥�¦^Fu mx¡

S
p�f

|A|
��W�X%\	¡Óm3oqo�m���p��%��¡Ót%�Z��hjp�mx�¥[�}x�Zf|\5}x�zXD�Z}�hih~\Sv~�Dhjm(p hzf¦fj\�h

mx¡-h~v~}x�Zfios}�h~pqm3�Zf�5
φ :

{

2S → 2T

P 7→ {t ∈ T | P + t ⊆ S}
�Zmxvk}x�Ne�v~\S��\�}�hj\5��fjt%lg£¤�Z}�hihj\�vj�

P
§
|φ(P )| ≥ 2

}��Z�(p ¡
P ∈ A

hjXZ\S�
t ≥ 0
¡Ómxv�\�x\Sv~e

t ∈ φ(P )
�

�Zmxv
1 6 i 6 j 6 n

o�\�h
Aij = {P ∈ A | {ai, aj} ⊆ P ⊆ {ai, . . . , aj}}

l�\�hjX%\?fi\Sh¦mx¡�}xoqo�mg��£
�St%v~vj\��Z��\5f mx¡�a¥�|^gu fj�Z}x�%�%p��%�_h~X%\�v~}x�%�x\

{ai, . . . , aj}
}��n�

Tij = {t ∈ T | t ≥ 0
}��Z�

{ai, aj} ⊆
S ∩ (S − t)}

l�\kh~X%\¦fj\�h.m�¡&}�o�oZ�Zmx�g£¤�%\S�N}�h~p �3\�hjvz}��Zfjo�}�hjp�mx�Zf ��mx[]�Z}�hjp�l%o�\k��p h~X
ai
}��Z�

aj
� � mxhj\kh~XZ}�h

{Aij}
psfk}?�Z}xvih~p h~pqm3�(mx¡
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