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Abstract: This paper deals with the convergence analysis of the fictitious domain method used for taking into
account the Neumann boundary condition on the surface of a crack (or more generally an object) in the context
of acoustic and elastic wave propagation. For both types of waves we consider the first order in time formulation
of the problem known as mixed velocity-pressure formulation for acoustics and velocity-stress formulation for
elastodynamics. The convergence analysis for the discrete problem depends on the mixed finite elements used.
We consider here two families of mixed finite elements that are compatible with mass lumping. When using
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Sur la convergence des domaines fictifs pour des problémes d’ondes

Résumé : Cet article concerne I’analyse de convergence de la méthode des domaines fictifs utilisée pour
prendre en compte une condition aux limites de Neumann sur la surface d’une fissure (ou plus générale-
ment d’un obstacle) dans le context de la propagation d’ondes acoustiques et élastiques. Pour les deux types
d’ondes, on consideére la formulation du premier ordre en temps du probleme, appelée formulation mixte
vitesse-pression pour I’acoustique et formulation mixte vitesse-contraintes pour I’élastodynamique. L’analyse
de convergence du probléme discret dépend des éléments finis mixtes utilisés. Nous considérons ici deux fa-
milles d’éléments finis mixtes compatibles avec la condensation de masse. Quand on utilise le premier choix
qui est moins couteux et correspond au choix fait dans un papier antérieur, il est montré que la méthode des
domaines fictifs ne converge pas toujours. Pour le second choix, une analyse théorique de convergence de
la méthode est présentée dans le cas acoustique et la convergence numérique est montrée pour les deux cas
acoustique et élastodynamique.

Mots-clés : éléments finis mixtes, méthode des domaines fictifs, ondes acoustiques, ondes élastiques, conver-
gence
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1 Introduction

This work falls within the more general framework of developing efficient numerical methods for approximat-
ing wave propagation in complex media such as anisotropic, heterogeneous media with cracks or objects of
arbitrary shapes. We consider here scattering of acoustic and elastic waves by perfect reflectors, i.e., objects
or cracks with a homogeneous Neumann boundary condition. To solve these wave propagation problems in an
efficient way we use a fictitious domain approach. This approach, also called the domain embedding method,
consists in extending artificially the solution inside the object so that the new domain of computation has a very
simple shape (typically a rectangle in 2D). To account for the boundary condition, a new auxiliary unknown,
defined only at the boundary of the object, is introduced. The solution of this extended problem has now a
singularity across the boundary of the object which can be related to the new unknown. The main advantage
of the method is that the mesh for the solution on the enlarged domain can be chosen independently of the
geometry of the object. In particular, one can use regular grids or structured meshes which allows for simple
and efficient computations.

Special interest has been given to this approach as it has been shown to lead to efficient numerical methods
for a large number of applications (e.g [1, 21, 16, 13, 15, 18, 19]) and these last years for time dependent wave
propagation problems ([10, 12, 23, 20, 5, 2]). The method can be re-interpreted in terms of optimization theory
in which case the auxiliary unknown appears as a Lagrange multiplier associated to the boundary condition
viewed now as an equality constraint in the functional space. Thus the key point of the approach is that it
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4 E. bécache & J. Rodriguez & C. ['sogka

can be applied to essential type boundary conditions, i.e., conditions that can be considered as an equality
constraint.

To do so with the free surface condition, the dual unknown (velocity in the acoustic case and stress tensor
in the elastic) has to be one of the unknowns. This can be done by considering either the dual formulation (the
formulation with only one unknown, the dual one) or the mixed dual primal formulation. In both cases, the dual
unknown is introduced and seeked for in the space H (div) in which the Neumann boundary condition v - n or
o -n = 0 can be considered as an equality constraint. In this case, the Lagrange multiplier is nothing but the
jump of the primal unknown across the boundary of the object.

For the approximation of the mixed formulation in the scalar acoustic case, in [4], the authors have proposed
mixed finite elements, the so-called Qzl}r’l — Q. elements, inspired by Nédélec’s second family [22]. These
elements are compatible with mass lumping, and therefore allow for constructing explicit schemes in time.
The generalization of those elements in the case of elastic waves was introduced in [3] for the velocity-stress
formulation. The above elements have been used for solving diffraction problems in complex media due to the
fictitious domain method in [5].

A non standard convergence analysis of the Qzl}r’l — @, elements has been carried out in [4] for their scalar
version and in [6] for their elastodynamic vectorial version. However this convergence analysis only deals
with the velocity-pressure (resp. velocity-stress) mixed problem without object, that is, it did not concern the
convergence of the fictitious domain method.

In this paper the convergence of the fictitious domain method is analyzed. The scalar case is considered
first. Section 2 presents the fictitious domain method and its approximation. In section 3, we address the
question of its convergence when using the Q4 — @ elements for approximating the volume unknown and it
is shown in section 3.2 through some numerical experiments that the method does not always converge.

Motivated by this negative result, we introduce in section 4 a modified finite element, the so-called Q‘f”’ —
Pdise_ After illustrating with numerical results the convergence for this modified element in section 4.2, we
present its dispersion analysis in section 4.3. This analysis shows in particular the presence of spurious modes
due to the enrichment of the approximation space for the primal unknown (the pressure for the scalar case and
the velocity for the elastic case). To get rid of this non physical part of the solution we propose to attenuate
the spurious modes in section 4.4 by introducing a damping term in the equations. Section 5 is devoted to the
convergence analysis of the fictitious domain method when using the Q¢ — Pfisc element. The theoretical
order of convergence is compared to the numerical one in section 6 for a particular object. In a second part,
the vectorial elastic case is considered. The convergence issues are the same as in the scalar case, but the
proof of convergence is not a straightforward generalization of this simplified case, as explained in section 7.
However, numerical results shown in section 8 and the numerical order of convergence obtained in section 9 for
a particular case, seem to confirm the conjecture that the modified element still converges in the elastic case.

2 The fictitious domain formulation of the diffraction problem. The acoustic
case

2.1 Thecontinuous problem

We consider the diffraction of an acoustic wave by an object with a Neumann type condition for the pressure
field on its boundary I'. The object can be either an obstacle with a closed boundary or a crack with an open
boundary (see Fig. 1) but for the sake of clarity we will consider here only this second configuration. The
domain of propagation is denoted €2 with an exterior boundary X (see Fig. 1) and we assume that C' = QU T
is a domain of “simple” geometry, typically a rectangle.

The propagation medium is assumed to be anisotropic and the equation satisfied by the pressure field is the
scalar wave equation. In order to apply the fictitious domain method to this type of boundary condition it is

INRIA
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Figure 1: Geometry of the problem.

classical (e.g. [4]) to formulate the problem as a first-order velocity-pressure system,

Find (v,p) : (z,t) € Q x [0,T] — (v(z,t),p(x,t)) € R? x R satisfying,
dp . _ .
Por divv = f, in Q, (a)
© A% ) inQ, ()
vV-n = 0, onl, (c)
p = 0, on %, (d)
with the initial conditions,
p(t=0) = Po,
)
V(t = O) = Vp,

where the unknowns p and v denote the pressure and the velocity field. The scalar function p and the tensor A
characterize the propagation medium and f represents the external forces. Moreover, we assume that p satisfies

0<p” <plx) <pt < oo,
and A is a second order symmetric positive tensor such that
0 < kw2 <A(z)w-w < vw?2 VYw#0.

We also assume that the support of the initial data (v, pg) and the support of the source f do not intersect T',
which means that

3) supp(vo) Usupp(po) € C\ T, | supp(f(#)) C C\T.

t<T

The natural variational formulation of this problem would be set in some functional spaces that depend on
the shape of the obstacle (i.e., depend on €2). More precisely, the classical variational formulation is,

Find (v(t),p(t)) € X, x M satisfying,
E/AV‘Wde + /div(w)pdx = 0, Yw e X,
@ dtd Q 0
g [mde — [dvgds = (o vaed,
(V, D) =0 = (Vo,po),

RR n° 5802
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where the functional spaces are defined as,
X,(Q) ={we H(div;Q), w-n=0, onT}, M = L*(Q).
The well posedness of problem (4) results from classical theory on hyperbolic PDEs,

Theorem 2.1 Let f € C°([0,T], M), vo € X(2), po € M satisfying (3). Then, problem (4) has a unique
solution (v, p) € (C([0, 1, (L2(2))?) N C°([0,T], X,())) x C1([0,T], M).

The fictitious domain formulation of this problem consists in taking into account the boundary condition on
I" in a weak way, by introducing a Lagrange multiplier A\ defined on I'. This allows for working in functional
spaces (for the volume unknowns) which do not depend any more on the shape of the obstacle. The fictitious
domain formulation is then the following, (to simplify the notations, we still denote by (v(¢),p(t)) the new
unknowns defined now in C)

Find (v(t),p(t),\(t)) € X x M x G satisfying,
%a(v,w) + bw,p) — <w-nA>p = 0, Yw e X,
d
(5) &(pv Q)p - b(V?Q) = (f7 q)7 Vq € M;
<V-nu>r = 0, Yu e g,
(V7p)/t=0 = (V07p0)7

where the functional spaces are now defined as,
X(= X(C)) = H(div;C), M = LX(C), G = H*(T),

the bilinear forms as,

a(v,w) = Av-wdz, V(v,w)e X x X,

C
(6) (p,a)y = /Cnpqdw, V(p,q) € M x M,
bweg) = [ diviwlgde, ¥iwa) € X x M,

C

and the bracket < w-n, i > is the duality product between G and G'. Note that, due to (3), under assumptions
of theorem 2.1, the data also belong to,

(M fec®0,T],M), voeX(C), pye M.

In the following we will denote by (-, -) := (-, -); the usual L?(C) scalar product.
The well posedness of problem (5) follows from the three following lemmas.

Lemma 2.1 (Existence) We assume the data (vo,po, f) satisfy (7). Let (v,p) € (CY([0,7T7],(L?*(2))?) N
Co([0, 7], X(2))) x C1([0,T], M) be the solution of problem (4). Then:
(i) p € CO([0,T], H'(2)) and one can define

A= [plr € C°([0,T],6),

where [p]r denotes the jump of p across I'.
(i) v e C°([0,T], X(C)) and (v, p, A) is a solution of (5).

==
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Proof. (i) If (v,p) € (C1([0,T], (L?(2))?) N C°([0,T], X((2))) x C*([0,T], M) is the solution of (4),

the re-interpretation of the variational formulation shows that it satisfies in particular (1)-(b) in (L2(£2))2. Since
o € C[0,T), (L?())?) we deduce that Vp € C°([0,T], (L*(€2))?) and therefore p € C°([0, T, H' (£2)).
It is then possible to define its trace on I" and define \.
(ii) vis in C°([0, T, X,(£2)) and by definition of X (€2) it satisfies v - n = 0 on T which implies in particular
that v-n is continuous through T thus v € C°([0, T, X (C)). Again using the re-interpretation of the variational
formulation, one can see that (1)-(a) is satisfied in L2(€2), (1)-(b) in (L2(€))? and (1)-(d) in H'/2(X). We then
easily check that it satisfies (5), by multiplying (1)-(a) with a function ¢ € M, (1)-(b) with a function w € X
integrating by parts and using the definition of A\. O

Lemma 2.2 (Energy identity). If (v, p, A) is a solution of (5), the energy
£ = Jawv) + 5 Il

satisfies the following identity,

d€

Lemma 2.3 The following inf-sup condition is satisfied,

©) F>0,Vpeg, IweX, <w-n,u>r>kplglIwy -

Proof. This result has been proved in [20] for a closed obstacle T, and the corresponding space G =
HY 2(T). It is straightforward to adapt the proof to the present case, extending the open curve T to a closed
curve T, since for any function 1 € HSéQ(F) one can define its extension by zero /i € H'/2(T"). We then apply
the result for z and using |||z = |||l we obtain the result for 4. O

Theorem 2.2 Let f € C°([0,T], M), vo € X, po € M satisfying (3). Problem (5) admits a unique solution
(v,p,A) € (C1([0, T, (L*(C))*) N C°([0,T], X)) x C*([0,T], M) x C°([0, T}, G).

=

Proof. The existence follows from lemma 2.1. The energy identity (8) implies the uniqueness of (v, p) and
the uniqueness of \ is a consequence of the inf-sup condition (9). O

Remark 1 On the regularity of the solution. For regular data, one can expect more regularity on the solution.
However, in general, the space regularity of the volumic part of the solution is at most,

v(t) € H2=(div,C), p(t)e H25(C), &>0,

and this is obtained for regular enough data and a regular geometry of the crack. This is due to the fact that
the unknowns are defined on the whole domain C' without considering the geometry of the obstacle.

The regularity in €2 (i.e. outside the obstacle) is in general higher and depends on the geometry of the
obstacle. In particular, for data (vo, po, f) satisfying (7), we have

» for a closed boundary:
polt) € HA(SQ),  A(t) € H*(T)

« for an open boundary, due to the singular behavior near the tip of the crack [17] (the solution behaves
as /r, r being here the distance to the tip), we have

pa(t) € H¥*75(Q), A(t) € H'™(D), > 0.

RR n° 5802
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2.2 The semi-discrete approximation

For the approximation in space of this problem, we introduce finite dimensional spaces X; C X, M;, C M
and Gy C G satisfying the approximation properties,

lim inf |v-— = X
hg})wigﬁ\\v Wh |l x 0, WexX,
(10) fim nf lp—anlyy = 0, VpeM,
lim inf ||\ — = 0, VAeG.
pm i A= umlg g

The semi-discrete problem is then,

Find (V4 (t), pr(t), Au(t)) € X x My, x Gy such that,
%a(vh,wh) + b(Wp,pr) — <Wp-nAg>r = 0, Ywy, € Xy,
(11) %(pm%)p — b(Vh,qn) = (f.an), Van € My,
<Vp-Nug>r = 0, Ve € Gu,
Vp(t=10) = Vpp,
pr(t=0) = puos

where (Vp, 0, ph,0) € Xp x My, is an approximation of the exact initial condition.
The question is : how to choose the approximate spaces in order to insure the convergence of (v, pp, Agr)
to (v,p,\)?

3 The fictitious domain method using the Q" — @, element

3.1 Position of the problem

For the volumic unknowns, we introduce a regular mesh 7, of the rectangular domain C composed of square
elements of length A. In [4], we introduced for the problem without obstacle new mixed finite elements, the
so-called lefl — @, elements, inspired by Nédélec’s second family [22]. These elements are compatible with
mass lumping, and therefore allow for constructing an explicit scheme in time. A non standard convergence
analysis of these Qggvl — Q. elements has been carried out, showing the convergence without the fictitious
domain method. Our first choice for the approximation spaces of the problem with an obstacle was naturally
the lowest order element Q" — Q, for the velocity and the pressure fields,

&:{WhGK/VKE'Th, Wh|K EleQl},
(12)
M, =M, with M) ={qgne M/ VYK €Ty, qnlx € Qo}.

The degrees of freedom for the velocity are described in Figure 2. For more details on this element we refer to
[4]. Notice that the velocity approximation space X, contains the lower order Raviart Thomas element,

&RT:{W}LEX/\V/KGIZ-}L, Wh|K EPIOXPO].}'

For the approximation of the Lagrange multiplier, we introduce a mesh of I' composed of N curvilinear
segments S; of length H;, and we set H = sup; H;. We assume that this mesh is uniformly regular,

(13) Jv, 0<v <1, suchthat :Vj, 1 <j <N, H; >vH.

INRIA
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Figure 2: Degrees of freedom for the Q% x Qo mixed finite element.

We then choose the space of continuous linear piecewise functions:
(14) gH:{I/HEg/VSj,jzl,...,N, I/H‘Sjepl},

The spaces (X, M, Gy) clearly satisfy the approximation properties (10). This choice which seemed to
us natural, since the convergence was proven without obstacle, is the one that was used in [5] for the more
complex elastodynamic case. However we have not been able to prove the convergence of the fictitious domain
method with these spaces.

The convergence analysis of the fictitious domain method applied to other problems [1, 13, 20] shows that
convergence holds if a compatibility condition between the step sizes of the two meshes is satisfied,

(15) o> ah.

We will show in what follows some numerical illustrations which seem to indicate that for some special
configurations of obstacles, the method does not converge.

Before showing these numerical results, let us briefly recall the main difficulty of the convergence analysis
in the case without object. Introducing the linear operators,

B: X — M
w — Bw): M — R
¢ = <B(Ww),g>=0bw,q)
Bp: X, — M
wn = Bp(wp): M, — R

qn < Bp(wp),qn >=b(Wn,qn)
it is easy to verify that the inclusion

(16) Ker(By,) C Ker(B),

is not satisfied and that furthermore the bilinear form a(_., .) is not coercive on Ker(B},) (even if it is on Ker(B)),
so that our problem does not fit the classical mixed finite element theory (cf. [8, 14]). It was however possible
to overcome this difficulty when dealing with the problem without fictitious domain method. When coupled
with the fictitious domain method, the same technique cannot be applied.

RR n° 5802
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3.2 Numerical illustrations

The computational domain is the square [0, 10]mm x [0, 10]mm composed by an homogeneous isotropic
material with p = 1000Kgr/m?3 and A = I x 10”Pa. It is excited by an initial condition on the pressure centered
on (z¢, z.) = (5,5)mm,

where F'(r) is supported in [0, 1] and given by (for r € [0, 1])

F(r) = Ap— Ajcos(2mr) + Agcos(3nr) — As cos(67r),

withr = (z — 2,2 — z.)t, r = |Ir||, 7o = Imm and

Ag = 0.35875, A; = 0.48829, A, =0.14128, A3 = 0.01168.

We consider a uniform mesh of squares using a discretization step h = 0.025mm. The time discretization is
done using a leap frog scheme with the time step At chosen in such a way that the ratio A¢/h is equal to the
maximal value that ensures the stability. Perfectly matched layers are used to simulate a non bounded domain
in all the boundaries.

Horizontal obstacle. In the first experiment we consider a plane horizontal crack

(17) (z,2) = (5+2V2(2t—1),5-2V2)mm, te0,1],

that we discretize using a uniform mesh of step H = Rh. The method converges and we obtain good results
for reasonable values for the parameter R (in the interval [0.75, 3]). In the first column of figure 3 we show the
results for R = 1.2. At the beginning, the wave is totally reflected by the boundary. When the wave front reach
the tips of the crack, two scattered waves are created.

INRIA
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Figure 3: Q4 — Qo. Isotropic medium. H/h = 1.2
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Diagonal obstacle. In the second experiment we treat a plane diagonal defect given by
(18) (x,2) = (5+4t,1+4t)mm, t €[0,1],

that is, the same obstacle considered in the previous paragraph rotated by /4 radians with respect to (z., z.),
the center of the initial condition. As the medium is isotropic, the solution of the continuous problem is also a
rotation of the solution considering the horizontal crack.

We discretize the Lagrange multiplier using again a uniform mesh of step H = Rh with several values for the
parameter R. However, this time, the approximated solution does not seem to converge towards the physical
solution (see for instance the second column of the figure 3 for R = 1.2). The incident wave is not completely
reflected but also transmitted through the interface.

4 The modified element Q{iv — P

4.1 Presentation of the modifi ed element

In section 3.1, we have conjectured that the difficulty of the convergence analysis comes from the fact that
inclusion (16) is not satisfied. In order to avoid this problem we propose to modify the space M}, in such a way
that

(19) div (X5) C Mp,

which implies (16) and could simplify the analysis. That is why we have chosen to discretize the pressure in
the space

(20) My, =M} with M} ={g, e M/ VK €T, qu|x € PL(K)}.

Consequently, we will have three degrees of freedom per element on the unknown p;, as shown in figure 4.
Since M}’ C M;' we have obviously

qhi&&h lp—anll, < qgiéﬂ@g lp—alll,-

so that the approximation properties (10) are still satisfied.

Figure 4: Degrees of freedom for the Q¥ x P{is¢ mixed finite element.

INRIA
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Remark 2 Assuming (19) and that the density is constant on each element we have that
wp € X, = qni= %div(wh) € My,
Introducing this particular test function in the second equation of (11) we obtain
:t/phdlv(wh d:c—/ —div(vy)div(wp)d / — fdiv(wy,)d

Deriving with respect to time the first and third equations of (11) and using the last expression we deduce that
our variational formulation implies the following second order formulation

Find (Vi (t), A\ (t)) € Xp, x G such that ¥ (Wy, ) € X, x G,
dt2/AVh thx—l—/ —div(wy,)div(vy,) dx—/wh nAgdy = /—%fdiv(wh)dm,
c

/Vh'nquVZO,
r

Vh(t = 0) = Vh70,
pr(t = 0) = pao,

< O . ) .
where Ay = a—tH The nature of this problem is close to the ones analyzed in [13, 20].

4.2 Somenumerical illustrations of thefi ctitious domain method using the modifi ed element

Let us now show some numerical illustrations of the behavior of the fictitious domain method with the new
finite element space. The numerical experiments that we have considered are the same as in section 3.2 and
will allow us to compare both finite elements.

Horizontal obstacle Once again we discretize the horizontal crack defined by (17) using a uniform mesh of
step H = Rh. The results obtained with the new mixed finite element Q¢ — Pdi¢ are similar to those given
by the Q¥ — Qo element. The method converges for reasonable values of the parameter R (in the interval
[0.75, 3]). In the first column of the figure 5 we can see the results for R = 1.2.

Diagonal obstacle We now consider the diagonal crack defined by the expression (18). We recall that the
continuous problem is a rotation of 7 /4 radians with respect to the point (z., z.) = (5, 5).

The Lagrange multiplier is again discretized using an uniform mesh of step H = Rh. Contrary to the results
obtained with the element Q¥ — @, the ones given by the modified element Q¢ — Pfés¢ converge towards
the physical solution when choosing reasonable values for the ratio H/h. As we show in the second column of
figure 5, this time the incident wave is almost completely reflected by the obstacle. The scattered waves created
by the tips of the crack are well approached.

4.3 Dispersion analysisof the modifi ed element

It is useful and classical to perform a dispersion analysis in order to specify the properties of a discrete scheme
(in absence of obstacle) (e.g. [24, 9]). This consists in studying the behavior of discrete plane waves propagated
with the scheme. We will show that two spurious modes that contaminate the discrete solution appear, for the
modified element, because two new degrees of freedom per element were added for the pressure.

Assume that our computational domain © = R? is homogeneous and that we use a uniform mesh composed
by squares of edge h. In this way, the degrees of freedom of the velocity field are placed at the vertices of the
squares, that is, at the points (x;, z;) = (ih, jh). We thus have,

(Whig, Wiy, (WD)ig,  (Wh)iy,  (i,4) €Z X Z.

RR n° 5802



E. bécache & J. Rodriguez & C. ['sogka
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CONVERGENCE OF THE FICTITIOUS DOMAIN METHOD 15

The degrees of freedom for the pressure are defined at the center of each element, that is, at the points
(;UH%,szr%) = ((i +1/2)h,(j + 1/2)h). The corresponding unknowns are denoted by,

(p)i+%,j+%7 (axp)i+%7j+%7 (8zp)i+%,j+%7 (i,J) EZ X L.

The numerical scheme is thus given by,

FOusoet = o {9 = @i+ (Divrin = @D} +
" 2o {0t = 0p)is + Oh)ovsgin = (s}
%(3zp)i+%,j+% = \/1—12ph {(Ué)z’+1,j+1 — (0))it15 — (Vp)ig1 + (Uz)z‘,j}>
%(3zp)¢+%,j+% = \/1—12ph {(Uz)z‘+1,j+1 — (0041 — (Wh)ig1 + (Ui)z‘,j} ;
Ao A e 8en ] [y ]
(22) o G R Gt || B |
A An - An 0 E(Uz)m (Bs3)i.;j
4 4 2 dt
i % % 0 % 11 %(Ulz)z‘,j | | (Ba)iyj |
where
B = g (0hsrsny —Oriy) — o (@P)ig ey — @0y i),
Boi = g (Wi = Oys) + o (@)isysoy — @)y, y)
Bos = g (0srsny — Oniy) = (@0 g — @Oopdiaysy)
(Ba)ij = %((p)z_%,ﬁ% (p)z—%,]—%)+ﬁ((8$p)i—%,j+%_(8Ip)i—%,j—%)‘

We eliminate the unknowns associated to the velocity field using these last expressions to write a system on
(p, Ozp, 0.p). The next step of our analysis is to consider a plane wave solution for our problem at frequency w
and with wave vector k = (k;, k), i.e., we assume that

(p)z'+§,j+%
) (8$p)i+%,j+% = Pexp |:’L (wt - (kxa:H% + k‘zzj+%))] ,
(82p)i+%,j+%

P = [p,op, dp],
Introducing this expression in the numerical scheme we note that the couple (w2, P) must be solution of the
following eigenvalue problem
w2
(24) KP = 72 P, where k = [k|.
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The hermitian matrix /C is given by

1 x . 2 . :
(Kp)i = ECOE <2.As.in2 (%) 4 2C sin® (%) + 2 sin(ky,h) sin(k,h)+

p(kh)?
bl + 2D cos(k,h) sin® bl ,
2 2

-1

o =y <7 n(Aeh)sin <k3h>*%Sm(m)“&(k;}z))’
s = 3péifh>z <> (’fz’l%

288 cos(k, h) sin® <

where
20110y — C%, 201109 — C%,
./4 = ) C - )
(25) Cao Cnn
Chy Ch
B = —=, D = —=, E = Cio.
Cao Cn 12

and the tensor C = (C;;) denotes the inverse of the tensor A, C = A~. Since the matrix K is hermitian, there
are three real eigenvalues with three orthogonal eigenvectors. Performing a Taylor expansion we obtain the

following results. For the first couple denoted (w2, ., Pynys) We have,

+ O(kh)?,

.  Wphys \/0082(0)011 + sin%(0)Cg + 2C12 sin(6) cos(6)
h,phys — L - P

Vonys = [1,0,0]" 4+ O(kh).

The phase velocity of the physical numerical wave is a second order approximation of the phase velocity of the
continuous wave. The other two solutions are spurious modes produced by the introduction of the additional
degrees of freedom and are given by,

o Wspurl o \/Sin2(9) (011022 - 0122) + O(kh)2,

C = =
h,spurl L 3 P) Cll

Vspurl = [07 17 O]t + O(kh)v

2 2
Wspur2 COs (0) (011022 - C(12) 2
spur2  — T, = O(kh)=,
Ch,spur2 B \/ 3 Oy + O(kh)

Vspur2 = [07 07 1}t + O(kh)
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CONVERGENCE OF THE FICTITIOUS DOMAIN METHOD 17

4.4 Damping of the spurious modes

As we have seen in the previous section, the modified element gives rise to some spurious modes. In this section
we propose a way to damp the amplitude of these modes (without damping the “physical part™), so that they do
not perturb too much the approximate solution.

The modified space M} can be decomposed as

(26) M, = M§ @ Mj,

where M}? is the space of piecewise constants and M is its orthogonal complement (for the L? scalar product).
The space M is composed of P; discontinuous functions with vanishing mean value per element.

From the dispersion analysis, we observe that the main components of the spurious modes (the O(1) part)
belong to M. In order to damp this main part, we introduce the L? orthogonal projection on M7, that we
denote by Py, defined for any p € M}, as,

PM]:(p) € M}?; and (PM;;(p)7Qh) = (p7 Qh)v vq}l € M}?;

The approximate problem with damping consists in finding (p,, Vi) € M), x X}, such that

d
Ea(VmWh) +b(Wp, pr)— < Wp - n,Ag >r=0, Yw;, € Xj,

27 d
7 S ns @) + (Pary (1) an)s = s an) = (o), Van € M,
<Vp-n,ug >r=0, VYug € Gn.

In this system [ represents a damping parameter, which is chosen as a positive constant in the applications.
The case § = 0 gives back the non-damped problem, while a strictly positive G corresponds to a dissipative
problem. From the numerical point of view, it remains to define a procedure in order to choose this parameter
in an appropriate way.

5 Convergence analysis

In this section we show the convergence of the fictitious domain method using the modified element with
damping. The proof of convergence is composed of two main steps. One step consists in relating, using energy
techniques, error estimates for the evolution problem in terms of the difference between the exact solution

and its elliptic projection (that has to be cleverly defined). The second step amounts to analyzing the elliptic
projection error and we will start with this point.

5.1 Elliptic projection error

We define the elliptic projection operator in the following way:

(V,p,A) € X X M x G — TI4(V, p, A) = (Vn, Py Arr) € Xp X My, X G,
where (Vh,ﬁh,XH) € Xj, x My, x Gy is solution of

(Ph — pyan) — b(Vn —V,qn) =0, Vg € My,
(28) a(Vp, —V,Wp) + b(Wp, pp — p)— < Wy, - Mg —A>p=0, Yw, € Xh,

RR n° 5802 < (Vp—=V)-nug >r=0, Vum € Gn.
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It is easy to show that this problem is equivalent to define first the couple (Vy,, XH) € X x Gy satisfying

(29) { a(Vp, —v,wp) + (div(Vy, — v),divwg,) — <wp-n A — g >r = 0, Ywj, € Xj,

<(V=V)-nug>r = 0, Yug € Gu,
and then p,, € M}, satisfying
(30) (]/)\h - D, Qh) = b(vh -V, Qh)a VQh S Mh'

This follows from the fact that div X;, C Mj, so that we can choose ¢;, = div wy,. It is well known that the
convergence of (Vy,, Ay) to (v, \) is related to the uniform discrete inf-sup condition,

3C > 0 independent of A such that
(31)
Vum € Gr, 3w, € Xy, <Wp, -, pug >1> C |Wally nmllg -

Theorem 5.1 If assumption (13) is satisfied, then there exists a constant « > 0 such that if H > «h, the
uniform discrete inf-sup condition (31) is satisfied for the couple of spaces (X4, Gr).

Proof. The result has been shown in [20] for the couple of spaces (&RT, Gm). The space X, considered
here clearly contains &RT (cf. [4]), which shows that the inf-sup condition is still true for the couple (X, Grr).
O

Once the inf-sup condition is satisfied, there is no difficulty in applying the classical Babushka-Brezzi [8]
theory and we obtain the elliptic projection estimates,

Theorem 5.2 We assume that H > ah where « is the constant given in theorem 5.1. The problem (28) has a
unique solution (pp, Vi, Agr) € My, x X, x Gy Which satisfies

32 V-V +H)\—X H §C< inf |lv—w + inf A — >,
@) v = allx |y <O (inf, Iv=willg + inf 1A= pll

33 — P <C| inf - + inf |v—-w + inf [[A— .
@ =l <€ (it I ol ik VoWl i I3l )

Proof. The error estimates for (v — Vj,, A — XH) follow from the classical theory [8]. For py, we use (30)
which implies that

1Ph — anllar < llp = anllpyy + div (Ve = V)|, ¥ qn € My,

and then
1Pn —plla <2 inf [|p—aqnlly + Ve — V] x -
qnEM}, -

O
The following theorem shows that only the projection of the pressure on M tends to p, since the other part
tends to zero.

Theorem 5.3 We assume that # > «h where « is the constant given in theorem 5.1. If (59,77 ) = (PM}? (pn), Pry (pn)) €
M} x M} denote the orthogonal projections of pj, on M} and M, we have:

@) 7 el + 0B < O i V= wallg & inf A= pnll + nf Jlp Gall )
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Proof. Using equation (30) for q2 € M,?, all the terms in M disappear,
(Bh —p @) = b(Un =V, q), Vg
With the same arguments as previously we obtain,

182~ pll,y < Cldiv @~ )l + ot [lp— ad],).
q, €M,

Since p, = pn, — p + p — Dy, it suffices to combine both estimates (33) and the first estimate of (34) to obtain
the estimate on pj. O

Remark 3 The elliptic projection of time dependent functions (v, p, A) depends also on time and it is easy to
check that if
(v.p,A) € CH([0,T]; X x M x G),

then
I, (v,p, \) € C%([0,T); X, x My, x Gn),
and k k k k
0 o%v 9%p O\
ﬁﬂh(wp»\) = Il (W’W’W) .

We will also need in the following error estimates on the time derivative of the elliptic projection,

Corollaire 5.1 We assume that H > ah where « is the constant given in theorem 5.1 and that (v, p, A) depend
on time ¢ and
(Vip, A) € CH ([0, T; X x M x G).

Then
@) | 10k Vil + 1ok~ Nl < ¢ ((int e 0bvl+ inf s — 3l )
WieX,, rEEGH
oF (pn — < C| inf |wy, —dfv
” 10F (B~ s < € ind s — v+
inf —OFplly + inf — kA >
inf o~ 0bplar+ infflass — 0f Al
1P @73 = 3 pllas + | Par @EAn < € ((ink = Ofv]+
h<A
(37 '
inf g — Oyl + s HNH—anlg>-
€M) 1H€EGH

Finally, classical approximation properties for finite elements give estimates with respect to h, for more
regularity, i.e., for e > 0:

inf |lv—w < ChY/%=|v YW e Hz=(div, C
w,lfé&u nllx < | ||Hd%i1757 € H27¢(div, 0),
; _ 1/2—¢ e
(38) ok P —anllyy < CRE Py VP E HETH(C),
. 1/2—¢ 1—¢
M;Telng IAN—pullg < CHY [All gri-eqry, VA € H75(I).

and this finally implies the following error estimates with respect to h.
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Corollaire 5.2 Assume that
(v,p,\) € CF ([O,T];H%—E(div, C) x H375(C) x Hl_E(F)> . e>0
and that H > ah where « is the constant given in theorem 5.1. Then we have the estimates

198 (Fh = V)llx + 19F i = Mllg <
(39)

e e
c(m VORI .+ HS R s(p)

1
2
div

1Pago (0FPn) — OFpllas + || Pary (0F D) <

(40) . . )
¢ (e oty ..+ 10kl

div

1_
o) + N ).

5.2 Error estimates

The error estimates for the evolution problem are then quite standard. They follow from energy estimates. We
define the discrete energy of the error as

(41) En = 1P — pall> + aV — Vi, Vp — Va).
We first prove the energy identity:

Theorem 5.4 The discrete energy of the error satisfies the identity,

dE
(42) den / BIF; — p}? =
where
d
F = dt(( —D,Dh — Pn)p + a(Vy — V, Vi, — V)
(43) R R
—(Ph — 0, Ph — pr)p — a(Vy — / By, (P,

Proof. The difference between the continuous problem (5) and the discrete one (27) gives a problem satis-
fied by the error

(Vi = VoD = DAl — A) = (Vi =V, Bl — Dy At — A) + (Vi — Vs D — iy At — Arr)-

Using the definition of the elliptic projection operator, all the embarrassing terms disappear (the terms which
would give rise to difficulty in obtaining the energy estimate, essentially those not equivalent to L2 norms). It
remains;  V(qn, Wn, i) € My x Xp, x G -

dt( — Ph,an)p — (B0 an) — b((Vi — Vi), qn) = Z( —D:qn)p — (Ph — P> Gn) ps

p a(Vp, — Vi, Wp) + b(Wp, Dy, — pr)— < Vp - N, Ag — Ag >p =

= %a(vh —v,wp) — a(Vy, — v, wp),

< (Vp,—Vp)-n,ug >r = 0.
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For ¢;, = pi, — pi, and wy, = Vj, — v, we obtain
d 2 ro~ ~ —~
33 1Ph = prlly = (Ph Ph = Pr)p = b((Vi = Vi), Ph = pn) =

= %(ﬁh —D,Dh —Ph)p — (Ph — P Dh — Ph)ps

d . . . N . ~
Ea(Vh —Vp, Vi, = Vp) + (Vi — Vi), Dn — Pr)— < (Vi — Vi) - N, Ag — Ag >p =

= Ea(vh — V,vh — Vh) — a(Vh — V,vh — Vh),

<(Vp—=Vp)-nug >r=0, VYum €.

Adding the first two equations and using the third one gives (42). O

The following proposition gives a bound of the discrete energy of the error in terms of the elliptic projection
error.

Proposition 5.1 The discrete energy of the error satisfies the following estimate:

1 1 T N _
sup E2(t') < CE2(0) + C/ (10:(n — ) llar + 10: (Vi — V)|l L2y +
44) #<T 0

=

T 2
19— pllar + [T — Vlleen) ds + € [ / HﬁPM;@)u%wds] ,

where C is a constant independent of 4 and 5.

Proof. The proof is based on equality (42). Due to Young’s inequality, the last term in (43) can be bounded
by:

L 18P @R @il ez < [ 8|Puy G- ) e+ | 2 | Py )
C C C

Simple computations then give

d

&Eh(t) < Clpn — pulla (10:(Pr — p)llar + D1 — pllar) +

~ ~ ~ 1 .
ClIVi = Vall 2y (10:(Vh = V)l 20y + IVk = Vil L2(cy) + ZH\/BPM,:(I%)H?W

l o~ o~ AN o~
CEZ(t) (19¢(Br — p)llar + 11Ph — pllar + 19: (VU — V)l 2y + VR = Vi 22(c))

IN

1 ~
+Z”\/BPM; ) l3r

Integrating in time, we obtain (V¢ < T)

S ol

En(t) < &n(0)+Csup&

T
() / (10:Bn — ) llar + 10 — )20
t'<T 0

~ o LT ~
7= s + 19— Vziey) s + 3 [ VB o)l
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We then take the maximum on ¢ < 7" and apply Young’s inequality to the first integral term :

T
o E1(t) < csh<o>+c[/ 101 — )lar + 186 — )2
t'< 0

2 T
P = pllae + IV = Vllz2)) ds} + C/O I\/BPui (Pn) 139,
which easily implies (44). O
We can now give error estimates:

Theorem 5.5 Let f € C°([0,T), M), vo € X, po € M satisfying (3) and (v,p, \) the solution of problem
(5) defined in theorem 2.2. Let (vp,pn, Ag) the solution of (27) with initial data (v, 0,pp0) the two first
components of IT (g, po, 0). Then, we have the error estimates

Ve = Vllcogo,my:2(0y) + Ipn — pllcoo,yian <
(45) CA+T) (IVh — Ve qo.r1:22(0)) + 1Ph — Pllerqo.ryan) +
C VT VBl ooy I1Par ()l oo, 1:01)-

Furthermore, if (v, p) € C? ([0, T]; L*(C') x M) then

Vi = Vllcoqor1.x) < CIVh — Vllcoqor1.x) +
(46) CA+T) 1+ 18lleo(cy) (IVk = Vllezo 220y + 198 — Pllczqommy) +

181l 2oy (1 + VT IIVBllz) 1Py Bi) o o,7:00),

I g — Meoqorig) < ClIAE = Meoqor:9) +
(47) C(A+T)(IVh = Vlczqom.L2(0)) + 1P — plle2oryan) +
C VT VBl I|1Parz ()l e (jo.1;01)-

Proof. First, notice that the choice done for the approximate initial data implies £, (0) = 0. Then inequality
(44) easily implies (45). This gives an error estimate for v in the L2 norm. In order to obtain an estimate in the
X norm, we first state a similar result for the time derivative of the solution. Assuming that the solution is one
order more regular, then

10:(vh = V)l coqo,m1,L2(0)) + 19:(Pr — P)ll oo, 7y00) <
(48) C(L+T) ([10:(V = V)l o.m12(09) + 1106 — Pl o,11:0m)) +
CVT VBl Lo (c) [1Pagg (3B oo o150 -
Making the difference between the second equation of (27) and the second equation of (5) we obtain
(div(vh = V),an) = (9(pr —p) an)p + (BPuz(pn),an),  Van € Mp.
This implies (div(vy, — V) € Mp)
ldivvi =92y < € (10 —pllar + V(@ = V)lizzey + 18Pz (on)llar)
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and therefore
[div(vi, =V)ll2cy < C(10:(pn — D)l coo.rpnny + IIVa = Vileoqo,mx)) +
CllBl Loy (Ipn — pllae + llpn — pllar +

| Pary (Bn) | co o7y 0)) -

Then using (45) and (48) we obtain (46). It remains to obtain the estimate for the Lagrange multiplier. Due to
the uniform discrete inf-sup condition (31) applied to Az — Ay, there exists wy, € X, such that

ClAm = Nrllg IWallx < <Wy-n i — Ay >r
= <Wp-NAg—A>r + <wh-n,>\—)@>p
= a(0¢(vp —V),Wp) + b(Wp,pp —p) + <Wp-N,A— X ST
This implies that
Ihg =g < € (IA=Aalloay + 19:vn = V)lzzicy + llpn—pllar)
and therefore, using (45) and (48) we show estimate (47). O

Finally, the following theorem gives the order of convergence of the method.

Theorem 5.6 We make the same assumptions as in theorem 5.5. Then we have

. if (v,p,\) € C1 ([O,T]; H3-5(div,C) x H3~5(C) x Hl‘E(F))

1 1
Vi = Vllcoo,m:2(c)) + [P — Pllooqoman < € (h5_€ + HT&)
(@) (I, b * Wl oyt ey + e qorpan-«a ) +
VIIVB=(0) (Mg 108 < ey * Pl +cc * lootoyan-<c ) |

. if (v, p,\) € C? ([O,T]; H3=5(div,C) x H3~5(C) x Hl‘E(F))

3
Ivi = Vlieoqoryxy < € (W57 + HE ) 14+ T) (141182 (0 )

(50
(Mg gty * 1Pt <+ Plertomyan-eay )
[ g — Meoqorg) < € (hfe +H“€)
51 ) (Mt P+ INemoan-<e ) +
VIWBlL~) (M b <+ Wl omyart <y * Plertoman-< )|

Proof. This is a consequence of estimates on the evolution problem obtained in 5.5 combined with the
estimates obtained on the elliptic projection error in corollary 5.2. O
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6 Numerical error estimates

In this section we are interested in estimating numerically the order of convergence of the method. To do so,
we consider solving the wave equation on a disk 2 C IR? with homogeneous Neumann boundary conditions
on its boundary I' = 0f2. The geometry of the problem is presented in Figure 6.

Figure 6: The geometry of the problem. On the left the initial domain of propagation 2 and on the right the
extended domain, C, introduced by the fictitious domain formulation of the problem.

To compute the solution we extend the unknowns in the domain of simple geometry C' (see Figure 6) and
use the fictitious domain formulation (5) with a zero force term f = 0 and the initial conditions given in section
3.2. The center of the initial condition, (x., z.) = (5,5)mm, coincides with the center of the disk €2 whose
radius is R = 4mm. The physical properties of the material and size of the computational domain are the same
as in section 3.2. In practice to truncate the extended domain C, we surround the computational domain by a
perfectly matched absorbing layer model (PML, [7, 11]).

We remark that the solution of this problem is rotationally invariant because of the symmetry in the geom-
etry and the initial conditions. We use this symmetry in order to compute a reference solution by solving an
one dimensional problem. More precisely, when expressed in cylindrical coordinates, it is easy to see that the
solution of the two dimensional problem, (€2 being [0, R] x [0, 27], and where o = 1000Kgr/m? and a = 10°Pa),

ov.  Op .

o _E_O’ in [0, R] x [0, 2],
dvg  Op .

0= o = 0, in [0, R] x [0, 27],
op Ov. 1 '

% T oy ST 0, in[0, R] x [0, 2],

v, =0, on [r = R] x [0, 27],

with initial conditions,
po(r,0) = 0.1F(r/ro), v, = vg =0,

depends only on r, i.e., v.(r,8) = v.(r),v9 = 0, p(r,8) = p(r). Thus, it can be deduced by solving the
following one-dimensional problem,

ov,  Op .
aat —5—07 In [O,R],
(52) Op v 1 - _ (0
5 o U 0, in|0, R,
v = 0, forr =0andr = R,

with initial conditions,
p(r,t =0) =0.1F(r/ro), v.(t =0,7) = 0.
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To solve numerically the one dimensional problem (52), we use piecewise constant functions for the dis-
cretization of p, and continuous piecewise linear functions for v,.. For the time discretization a second order
leap frog scheme is employed.

In figure 7 we display the results of the numerical convergence analysis. The reference solution in 1D, is
obtained on a fine grid with a space discretization step hy; = 1/160mm. The two dimensional problem is
solved with four different discretizations using h, = h, = h = 1/10,1/20,1/40 and 1/80mm. For each
discretization we compute the difference between the obtained solution and the reference one. In figure 7 we
display the logarithm of the error as a function of the logarithm of the discretization step. The rate of conver-
gence is deduced from the slope s of the line. We can remark that the results obtained numerically are slightly
better than our theoretical predictions. Note however, that the estimate obtained on the L°°([0, 7], H(div))
norm of v is h%4® which indicates that the theoretical estimations are optimal.

(@) sup ||V — Vil x, s = 0.48. (b) sup |lp—prllas, s = 0.63. (©) sup [|A — Anllg, s = 1.2.
t<T t<T t<T

Figure 7. Numerical error on v, p and A versus the discretization step.

In figure 8 we display the same results but with the norm of the error now computed in C = C/By(1), i.e.,
the domain C restricted from B, (I"), defined by

(53) By(I') = {X € Cst minjx —y| < b} .
yer

We observe that the convergence rate of the method is higher, actually one approximately recovers the order of
convergence of the method without obstacle, here O(h). Furthermore, we remarked numerically that b = A is
the critical value, i.e., the convergence rate does not change for bigger values of b and it decreases for b < h.
This agrees with our intuition in the sense that the elements that we need to remove are the ones in which the
solution has less regularity (see remark 1), i.e., the elements that have non-zero intersection with the boundary
I'. Finally, notice that the rate of convergence on A (approximately 1) is higher than expected (1/2). We
conjecture that this is due to the closed boundary and that this rate would be lower for an open boundary (see
remark 1).

7 Extension to the elastodynamic case

We consider in this section the problem of elastic wave scattering by a crack. The generalization of the fictitious
domain method to this case was presented in [5]. For the space discretization of the volume unknowns, which
are in this case the stress tensor and the velocity field, an original finite element method was proposed and
analyzed in [6]. The lower order elements of this family coupled with piecewise linear continuous elements
for the surface unknown were used in [5]. This choice corresponds to the vectorial analogue of the Q¥ x Qq
element coupled with P; continuous elements on the crack that was discussed in section 3. Also here, the same
questions and difficulties arise. Namely, from the theoretical point of view, the convergence of the method
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@) sup ||V = Vally,. (& s=0.82. (b) sup [lp = pallp2 &) s = 1.
t<T —div t<T

Figure 8: Numerical error on v, p and A versus the discretization step. Here we compute the norm of the error
in the domain C which is C restricted from B, (T'), i.e., I" and its vicinity (53).

was not proved and numerical examples indicate that for some crack geometries the method does not converge.
The solution we propose is to use instead the modified Q4 x Pdisc element. As for the case without crack,
the theoretical convergence of the method is not a straightforward generalization of the scalar case. The main
difficulty in generalizing the results presented in section 5 is the proof of the inf-sup condition (31). Although
this condition was not shown theoretically we will show numerical results that indicate the convergence of the
method. Let us remark that the inf-sup condition is sufficient and not necessary for the convergence of the
method. See [4] or [6] for examples where the convergence holds under weaker conditions.

We briefly present in the following the continuous elastodynamic problem, the finite elements used for the
space discretization and the numerical results obtained in this case.

7.1 The continuous problem

Consider the geometry given in Fig. 1 and assume now that the material filling €2 is an elastic solid. In this
case, and under the assumption of small deformations, wave propagation is governed by the linear elastic wave
equations,

Find (a,V) : (z,t) € Q x [0,T] = (o(z,t),v(z,t)) € R* x R? satisfying,
ov . .
Por dve = f, in Q, (a)
(54) A% ) = o, in Q, (b)
ot
on = 0, onT, ()
Vv = 0, onx, (d)

together with the initial conditions,

{ v(t
(55)
ot

In (54), v is the velocity field and o the stress tensor. This formulation is preferred to the classical displacement
formulation because the boundary condition on the crack is natural (of Neumann type) for the displacement
while it becomes essential on o and the fictitious domain approach can then be followed. Note that the couple
(o, V) plays the same role here as the couple (v, p) in the scalar case. The matrix A becomes now a fourth-order
symmetric definite positive tensor.

O) = Vo,

O) = O0y.

INRIA



CONVERGENCE OF THE FICTITIOUS DOMAIN METHOD 27

The fictitious domain formulation, analogous to (5) for the scalar problem, is

Find (o (t),v(t), A(t)) € X*¥™ x M x G satisfying,
%G(U,T) + b(r,v) — <TnA>p = 0, VT e X,
(56) %(v, w), — b(o,w) = (fw), vYweM,
<ohu>r = 0, Vu e g,
(0,V) /=0 = (o0,V0),

where the bilinear forms are defined by (6) with the obvious changes. The functional spaces are defined by

(=X(O)=XxX, M=MxM, G=¢Gxg,

[I><
[]><

the stress tensor belonging to the subspace of symmetric tensors in X,
XV ={oeX/as(o) =0},
with as(o) defined in 2D by,
aS(G') =012 — 0921.

The generalization of the existence and uniqueness results presented in section 2 to this problem is straightfor-
ward.

7.2 Theapproximate problem

The semi-discrete formulation For the approximation in space of this problem, we introduce finite dimen-
sional spaces X,,*Y"™ C X*¥™, M, C M and Gy C g satisfying the usual approximation properties,

inf  inf - = 0, VreXwm,

o eBiam Im = 7hllx TeX

inf inf |v—vV = veM
(57) Inf inf IV —Vally 0, WeM,

inf inf — = 0, Vuegd.

HzOHHegi‘|“ pullg peg

The semi-discrete problem is then,

Find (a1, (t), vi(t), Ar(t)) € Xp*™ x My, x G such that,
%a(ah,Th) + b(th,Va) — <Tp-nAg>r = 0, V1, € ésym,
(58) %(thwh)p — b(op,Wp) = (f,wp), Ywy € My,
<op-Npg> = 0, Vg € G,
on(t=0) = onp,
Vi (t = 0) = Vi,

and where (o, 0, pn0) € Xp°Y"™ x M, is an approximation of the exact initial condition.
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The two families of mixed finite elements. Following the same ideas as for the scalar problem, an original
finite element for the elastodynamic system which is compatible with mass lumping was introduced in [6]. The
difference with the Qg’fl — Q) elements is due to the symmetry of the stress tensor. Namely the lowest order
element in this case is,

é:{meg/\ﬂ(e%, Thlk € (Q1 x Q1)°},
(59)
X, = {rhe Xy /as(ra) =0}, My =DM = (M])?,

M;) being defined as for the scalar case. Another characterization X,V is

X" = {ow e H(Q)/onz|k € Q1, VK €T, and

(60) o
(0'11,0'22) S H(diV,Q)/(O‘H,JQQ) |K S (Q1)2, VK € 'Th} .

The degrees of freedom of the lowest order element for the elastic problem are illustrated in Figure 9. We

v
@)
t
O vz
> r
—_— ¢ —
—
b
O v

Q
N~
n
B
o
S
n
—
Q
N
n

Figure 9: Degrees of freedom for the mixed finite element defined by (59)

obviously do not have X;,*¥™ = X, x X},. This implies in particular that the approximation space X;*¥"" does
not a priori contain the Towest order Raviart Thomas element. Moreover the remarks made in the scalar case
on the coercivity and the (non-) inclusion property (16) remain true. Therefore, once again the assumptions of
the classical mixed finite element theory (cf. [8, 14]) are not satisfied. However, convergence results and error
estimates for the problem without Lagrange multiplier were obtained in [6].

We recall here the approximation properties for the space X;,*"™. Let 7 € X with (711, 722) € HYO %

HO! (see [6] for the definition of these spaces), and 715 = 751 € H! then

li inf — =0.
hlg%)‘rh)l(i}ﬁym ”T ThHé

Moreover, if (111, 702) € H*! x H%? and 75 € H? then

(61) inf |7 —7ullx < Ch(IT11lgoa + |722| g2 + [T12] 52 )-
B X

The approximation of the Lagrange multiplier is done in the space G = (Gy)?, Gy, being defined by (14).
The spaces (%0, G ;) satisfy the usual approximation properties (10).
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The choice of the above approximation spaces seemed once again reasonable. However, as for the scalar
case no theoretical convergence results were obtained for the fictitious domain formulation. Moreover, numer-
ical examples indicate that for some crack geometries the method does not converge.

As a response to this drawback, the same approach as for the scalar case was followed. The modified
element consists in this case to discretize the velocity in A£,,' = (M}!)2. From the numerical point of view this
choice introduces spurious modes in the velocity whose amplitude is more important than in the acoustic case.
The selective damping of the spurious modes is achieved using the same tools as in section 4.4. Namely, the
second equation of (58) is replaced by

d
a Vo Wa)p & (Pagym (Vi), W) g — b(on, Wr) = (f,Wh), YWy, € My,

where M;," = (M})? and 3 is the damping parameter.

Convergence issues. From the numerical point of view we observe that the method converges under a com-
patibility condition of the form (15) between the two discretization meshes. From the theoretical point of view
the convergence proof in this case is not a straightforward generalization of the results in section 5. The main
difficulty comes from the non standard regularity required to obtain the approximation properties for X, *¥"™
(see (61)). Indeed, the maximal regularity (in space) of the stress tensor in the case of a domain with a crack is
o c (H%‘E(div, C))?, and o is symmetric. This regularity is not sufficient to obtain (61) and thus we cannot
conclude.

8 Numerical illustrations

We present in what follows some numerical results that illustrate the difficulties related with the convergence
of the method that we discussed in the previous section.

The computational domain is again the square [0, 10] x [0, 10] mm? composed by an homogeneous isotropic
material with density and Lame coefficients given by

(62) p = 1000 Kgr/m3, X = 3.45x10°Pa, p = 2.04 x 10° Pa.

We introduce an initial condition on the velocity field centered on (x., z.) = (5, 5)mm,

V((z,2),t=0) = 0.1F <i> ;

To

where F(-), r and r have been defined in section 3.2 and ro = 1.5mm. We consider the diagonal crack
parameterized by (18) on which we impose a free surface boundary condition. We use a mesh composed by
squares with a discretization step ~ = 0.025mm. For the time discretization we use again a leap frog scheme
with a time step At such that the ratio At/h is equal to the maximal value that guarantees the stability. The
crack is also discretized using a regular mesh with H = 1.2h. Perfectly matched layers are used to bound the
computational domain.

Results with the Q¢ x Qo element. When we use the original finite element, the incident wave (which is
here a pressure wave) is not completely reflected by the obstacle but also transmitted as it can be clearly seen
in figure 10-(a). Similar results are also obtained when using other ratios between H and h and when refining
the meshes. This indicates a lack of convergence as in the scalar case.
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Qdq, Hih =12 QP Hih - 1.2
10 r 10 r ‘ 0.02
9 9 0.018
8 8 0.016
7 7 0.014
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5 5 0.01
4 4 -~ 0.008
3 Id /4 3 -0.006

/ /
2 2 ) -0.004
1 I 1 I -0.002
0’ 0° L

0 2 4 6 8 0 2 4 6 8 10
div div disc
(@) Q7" x Qo (b) Q™ x Pi

Figure 10: Modulus of the velocity field at ¢ = 2.5965 us.

Results with the Q¥* x P{is¢ element.  The solution obtained with the new finite element seems to converge
towards the solution of the continuous problem. The incident wave is completely reflected by the obstacle
and the scattered waves generated by the extremities of the crack are well approximated (see figure 10-(b)).
As in the scalar case, the enrichment of the M, approximation space introduces spurious modes in the solu-
tion. Although the amplitude of these non-physical waves goes to zero with the size of the discretization step,
it is still significant for a usual choice of the discretization parameters, typically corresponding to 20 points
per wavelength. These spurious modes are for example visible in the results presented in figure 11-(a) where
we have amplified by a factor eight the results of figure 10-(b). In order to study in more detail these phe-
nomena we represent in figure 12 the evolution in time of the modulus of the velocity field at three points:
x1 = (r1,21) = (6.5,3.5)mm, xo = (z2,22) = (7.5,2.5)mm and xg = (z3,23) = (5,0.5)mm. The first
two points are centered with respect to the crack, one behind and the other in front of it. The third point is
located near the lower tip of the crack, where the spurious waves seem stronger. To determine the speed of
convergence of the method, we use three different meshes with a space discretization step of » = 0.025,0.0125
and 0.00625mm.

The results obtained at the first point (in front of the crack) are already good with the coarse mesh (see figure
12-top left). The amplitude of the spurious waves is very small with respect to the amplitude of the incident
(t € [0.25,1] ps), reflected (¢ € [0.75, 2] us) and (first) scattered wave (¢ € [2.75,4.25] us).

The second point is in the “shadow region” where the amplitude of the physical waves is about 15% smaller
than the amplitude of the incident wave (see figure 12-middle left). Consequently the error is more visible. In
the time interval ¢ € [0,2] us we can see the part of the incident wave that has been transmitted across the
obstacle. The amplitude of those waves goes to zero when we refine the mesh. From ¢ = 2to ¢t = 4.5 us we
can see the first group of scattered waves. At the beginning and at the end of this time interval we can see some
oscillations that come from the spurious modes introduced by the enrichment of the velocity field discretization
space. The error on those amplitudes is about 2% of the amplitude of the incident wave.

At the third point, the spurious phenomena are much stronger (see figure 12-bottom left). Here, the amplitude
of the incident and scattered waves is about 40% of the amplitude of the actual incident wave. As we can
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QP Hih - 1.2 3 QP Hih - 1.2

(@ Q1" x P, =0 (b) Q™ x P{*c, § = 5010°

Figure 11: Modulus of the velocity field x8 at ¢ = 2.5965 us.

observe, comparing the solutions obtained with the different meshes, the method converges very slowly (see
the time interval ¢ € [2,5.5] us). That is the effect of the spurious modes created by the singularity on the tips
of the crack (see also figure 11-(a)).

These spurious phenomena can be reduced using a positive value of 3, the damping coefficient. Let us analyze
the results obtained with 3 = 5010°. As we can see in figure 11-(b) the results seem to be better than those
obtained with 3 = 0 (see figure 11-(a)). The signal obtained at the first point x4 is very similar for both choices
(see figure 12-top right). The results for the second point are also comparable. We remark that some oscillations
on the time intervals ¢ € [2, 3] and ¢ € [4.5, 6] are removed with the damping. It is in the signal recorded on the
third point where the effect of the damping of the spurious modes is more efficient (see figure 12-bottom right).
The oscillations observed with 3 = 0 are completely removed and the method gives a good solution even with
the coarsest mesh.

Influence of the damping parameter on the solution.  To illustrate the effect of the damping parameter
on the solution we present in figure 13 results obtained on the coarsest grid for different values of 3. We have
made the following observations: when we do not use any damping, the solution is polluted by spurious modes.
On the other hand, the amplitude of the transmitted (non-physical) waves through the crack increases as the
value of the damping 3 increases. This is expected because the limit case 3 — +oo corresponds to seeking
the velocity in Qg and we know that in this case, the method does not converge. There is thus an optimal
value for the damping parameter 3 to be determined so as the spurious modes are damped while the transmitted
non-physical wave remains small. In the next section we determine numerically the rate of convergence of the
method for a particular geometry and we discuss a procedure to choose the value of 5.
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Figure 12: The modulus of the velocity |v|(x;,t), t € [0,6], i € {1,2,3} computed using the Q¥ x Pfisc
element with 3 = 0 on the left column and 3 = 50106 on the right one.
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Figure 13: The modulus of the velocity |v|(x;,t), t € [0,6]us, i € {2,3} computed using the Qv x Pflis
element with & = 0.025mm and different values of the damping parameter .

9 Numerical error estimates

In the same way as for the scalar case, we determine numerically the order of convergence of the fictitious
domain method applied to elastodynamics. To do so we consider the geometry in section 6 with R = 4 mm, no
external forces and an initial condition on the velocity field given by

V((z,2),t =0) = 01F<r0>r+r :

r

where F'(-), r and r have been defined in section 3.2 and o = 1.5mm. The domain of propagation is an
isotropic medium with the density and Lame coefficients given by (62). The extended domain C' introduced by
the fictitious domain formulation is truncated using perfectly matched layers (PML, [7, 11]). We consider the
final time equal to 7" = 5us when both, the pressure and shear waves have reached the boundary.

The fact of having a problem that is rotationally invariant allows us to compute a reference solution solving
a one dimensional problem. More precisely, rewriting equations (54) in polar coordinates

Ov, Doy 190,4 1 .
paat = 88T iaae + é(O’W — 0'99), n [O,R] X [0,27['],
vg  Jorg 1 dayy 2 .
/;E = ar + T 89 + TO'TQ, ) In [O,R] X [0,27['],
Orr Ur 10V
(63) aat - ( 81 5 T )\T 8g ’ n [OvR] x [0727'['],
ggg Ue V.
W = 2ﬂ+)\ < > + )\ 87" s In [O,R] X [0,27T],
00,9 B 1 Ov, 81}9 Vg .
a “<Fae T o7 ) in {0, £] > {0, 2},
o = 0, 0,9 = 0, in R x [0,2n],
with the initial conditions
(64) 0, ((r,6),t =0) = 0.1F(), s € {n6},
0
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we remark that the solution depends only on r and the former equations are equivalent to the two following
decoupled one dimensional problems:

avr . aO'rr 1 )
paat =~ o + 8;(0'7"7" — ogg), 1IN [O’R]’
Orr Uy Uy ]
= (2 Ur
(65) aat (2u+N)Z- + AL in[0,R]
060 Uy Uy ]
—_— — 2 -r
i (2u+2)-" + A5t [0,
Orr = 0, in R,
dvg  Doyg 2 _
paﬁ o + Zow,  in[0.R] x [0,2n],
(66) Org _ ﬁ B % )
ot wl, — ) inl0,B]x0,27],
Org = 07 in R x [O, 27'(']

We solve numerically those systems using piecewise constant functions for the discretization of the velocity
field and continuous linear functions for the stress tensor. For the time discretization we use a leap frog scheme.
The reference solution is obtained using a very fine mesh (k14 ~ 1/800). The two dimensional problem is
solved using four different meshes with 4, = h, = 1/10,1/20,1/40 and 1/80. We use the larger time step At
authorized by the CFL condition. The mesh for the object is uniform and with a discretization step H such that
H/h =~ 4 for each mesh. In all cases the damping parameter 3 is equal to zero. For each numerical experiment
we compute the difference between the approximated solution and the reference solution. In figure 14 we
display the logarithm of the error on the stress tensor, the velocity field and the Lagrange multiplier versus the
logarithm of the discretization step. The rate of convergence is thus given by the slope of the lines. We observe
that the order of convergence for o in L>°([0, T, (H (div, C))?) norm and for v in L>([0, T}, (L?(C))?) norm
are near from the values we could expect (i.e. 1/2), while for X in L°°([0, T, (L?(T"))?) it is better (around 1
instead of 1/2), which we explain to be related to the closed boundary, as in the scalar case.

-35| * -3.4]
-36
-38

-16 -4.2
*

18 -4.4

-4.6

2 -4.5|
-4.8|

-5.2

-4 -35 -3 -25 -4 -35 -3 -25 -4 -35 -3 -25

@) sup |lc—orllx,s =0.59 (b) sup ||V — vp||az, s = 0.55 (€) sup [[A — Anllg, s = 0.92
t<T = t<T t<T

Figure 14: Numerical error on o, v and X versus the discretization step.

In figure 15 we represent the logarithm of the errors on the stress tensor and the velocity field measured on
C=C \ Bo.15(I"). As in the scalar case we recover the order of convergence of the method without obstacle
(i.e. O(h) here) where we remove a neighborhood of the object in which the solution is not very smooth.

Finally we discuss the influence of the damping parameter 3 on the convergence results. In order to do so we
repeat the experiment described above using the mesh with » = 1/40 mm for 3/p10~% = 0,0.5,2.5,5,7.5,10,12.5
and 15 . We display on figure 16 the logarithm of the error on o, v and A as a function of the value of 3/p10°.
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Figure 15: Numerical error o, v versus the discretization step. Here we compute the norm of the error on C.

As we can see, better results are obtained for values of 3/p10~% between 2.5 and 5. We also observe that the
error increases when we choose (3 too large. The same experiments done for different materials show that the
optimal range for 3/p is independant of the material. It depends only on the number of points per wavelength
in the discretization. It should be proportional to 1/At:

B_ ¢

p At

where ¢, an adimensional constant, determined by the previous experiment, should be chosen in the interval
[0.03,0.06].

0 5 10 15 0 5 10 15 0 5 10 15

(@ supllo —onllx. (b) sup IV — Vp||a. (©) sup [|A — Anllg.
t<T = t<T t<T

Figure 16: Numerical error on o, v and X versus the damping parameter 3/ p.

Conclusion

We consider in this paper the application of the fictitious domain method for taking into account the Neumann
boundary condition on the surface of a crack (or more generally an object) in the context of acoustic and elastic
wave propagation. We first demonstrate with numerical examples that the method introduced in [5] does not
converge for all crack geometries. We propose instead the use of a modified version of the mixed finite elements
introduced in [4, 6]. Those elements consist in enriching the approximation space for the primal unknown. We
carried out the theoretical and numerical convergence analysis of the method in the acoustic case. In the elastic
case, although not obtained theoretically, the convergence of the method is verified through extensive numerical
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simulations. In both cases (acoustic and elastic) the numerical results also indicate the introduction of spurious
propagating modes (non-physical waves) due the enrichment of the approximation space. One way, for facing
this difficulty is to introduce artificial absorption to damp these spurious modes. We propose a way for choosing
the damping coefficient in order not to affect the physical part of the solution.
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