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−∞
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∫
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2,y,c)−ipx) dp.
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∫ +∞

t0l(x,y)

Al

(
γ2(t, x, y), c
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c2
∂2U

∂t2
−
[
∂2U

∂x2
+
∂2U

∂y2

]
= δ(x)δ(y)f(t),
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X

U(x, y, t) =

∫ t

0

u(x, y, τ)f(t− τ) dτ,
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−
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∂x2
+
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∂y2
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= δ(x)δ(y)δ(t).
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∂y2
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û = δ(y),

9 :y§�:K��;

{Xsuj@g���w[eosu��kfgon�suj 9 {fZLkf¦fn�WLY[Z/l�giwuxIZ�{XZ/��w�Y[l�giUXsf{fZ";$Z�ehg X
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k2 + s2
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) 1
2
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“
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2

,
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=m(p)

<e(p)−π
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�
n��uk+moZ�:�XF�Gl�AIjXn©gin�syj�{fZ/��w ¹ºsyj+|�gin�syj
x 7→ (x)

1
2

ZLj
x
ª
û
�XxIsykXm�su­XgoZ�j+n�m,X

ũ(x, y, s) =
1

4π

∫ +∞

−∞

1
(
k2 + s2

c2

) 1
2

e
−|y|

“

k2+ s2

c2

” 1
2 −ikx

dk,
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1

(1 + p2)
1
2

e
− s
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»
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–
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∫ +∞

−∞

Ξ(p)dp)
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Ξ(p)dp =
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Ξ(p)dp.
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p{XZ
|y|
(
1 + p2

) 1
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Γ̃ = Υ+ ∪ Υ− ∪ Γ+ ∪ Γ−, �
���J���

Γ± =
{
p = γ±(t),

r

c
≤ t
}
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cos θ > 0

Υ+ =

{
p = υ+(t),

r cos |θ|
c

≤ t ≤ r

c

}
,

Υ− =
{
p = υ−(t), 0 ≤ t ≤ r

c

}
,

� 
3�
cos θ < 0

Υ+ =
{
p = υ+(t), 0 ≤ t ≤ r

c

}
,

Υ− =

{
p = υ−(t),

r cos |θ|
c

≤ t ≤ r

c

}
.
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γ±(t) = −i ct
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cos θ ± | sin θ|
√
c2t2
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− 1
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υ±(t) = −i
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ct

r
cos θ ± | sin θ|
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1 − c2t2

r2

)
. �
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ct

r
cos θp+ sin2 θ − c2t2

r2
,
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υ±(t) = −i
(
ct
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cos θ ± | sin θ|

√
1 − c2t2

r2
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t ≤ r

c
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γ±(t) = −i ct
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cos θ ± | sin θ|
√
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− 1,

x8sukXm
t >

r

c
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t ≤

r

c

X

ct− iυ±(t)x = ct sin2 θ ∓ cos θ| sin θ|
√
r2 − c2t2

{fsujI|�X


 eon cos θ > 0
<e(ct− iυ−(t)x) ≥ 0

xIsykXm
0 ≤ t ≤ r

c
;

<e(ct− iυ+(t)x) ≥ 0
x8sukXm r| cos θ|

c
≤ t ≤ r

c
;


 eon cos θ < 0
<e(ct− iυ+(t)x) ≥ 0

x8suk+m
0 ≤ t ≤ r

c
;

<e(ct− iυ−(t)x) ≥ 0
x8sukXm r| cos θ|

c
≤ t ≤ r

c
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t >

r

c

X

ct− iγ±(t)x = ct sin2 θ ∓ i cos θ| sin θ|
√
r2 − c2t2

{fsujI|�X
<e(ct− iγ±(t)x) ≥ 0

x8sukXm r
c
< t.

_`_ba(ced3f3g.h
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�

���d� � 
(P � � � ��� � �
cos θ = 0

�(���
Γ+ ∪ Γ− = � � �

\^suk+eG|�syj+eznq{flLmosyj+e�kXjXnqp@kXZ�Y[ZLjyg��8ª*x+w�mogon�mG{fZ�Y[wun�j@giZ�j+wujygGZ�g�{+w�j+e^��Z�e^eoZL|�gin�syj+e^eokXn��Ow�j@goZ�e��I��Z�|�wue
cos θ ≤ 0

�3Y%wun�eL�¼��ZLe�xXmisu­X��W�Y[Z�e�l�gokI{fn�l�e�l�g}w�j@g�ezcdY[l�gimonqp@kXZLe�x+wum/miwuxXx8sumog/ª
(Oy)
�
��Z�e/milLeokX�©g}wOg}e

eosuj@g�l��dnq{fZ�Y[Y[Z�j@g�nq{fZ�j@gonqp@kXZLe�xIsykXm
cos θ > 0

§

=m(p)

<e(p)

Γ− Γ+
i

−i

Υ−

Υ+

−i cos θ

−i| sin θ|

�
n��uk+moZ��DX¬v�ZLxXmilLeoZ�j@giw�gon�suj¡{fZ
Γ̃

afsun�g
p ∈ Γ+ �fsuj¡jXs�giZ X = <e(p) Z�g Y = =m(p)

�Xsyj�w[wu��symie

X = | sin θ|
√
c2t2

r2
− 1 ≥ 0, Y =

ct

r
cos θ > 0

Z�g
X2

sin2 θ
− Y 2

cos2 θ
= −1.

 �!�_" $#
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 G® ZLezg^�<® l�p@k+wOgin�syj { ® kXjXZ�Udcdx8Z�mi­Isy��Z X
Γ+ ZLezgG�qw%x+w�mogon�Z�{fZ�|�Z�gzgoZ Udc@x8Z�mi­8su��Z�ezn�gok+l�Z {+w�j+e^��Z�pykIw�mog

{XZ*xX�qw�j
X ≥ 0

�
Y > 0

Z�g
Γ− ��w�xIw�mogon�Z*ezn�gokXlLZ�{Xwuj+e/��Z�p@k+w�mog {fZ�xX��wuj X ≤ 0

�
Y > 0

§
Γn�j@goZLmieoZL|�goZ��>® wO¦fZ�n�Y[wu�un�j+w�n�miZ�wuk�x8sun�j@g

p = −i cos θ
xIsykXm

t = r
c

§
���d� � 
(P � � � ��� � �

cos θ > 0
�(� �����e
 �	� ���0�����2� ��5e�

Γ+ ∪ Γ− ��
.
#��� 	��	�(� �O�e���<� �O��
 
��
� �O�!��� 	.�(����
3�1
 5e�'�#�����!
,���N�������

Y < 0
�

G3ZLe�|�suj@gosykXmie
Γ = Γ+ ∪ Γ− Z�g Υ = Υ+ ∪ Υ− eosuj@g�moZLxXmilLeoZ�j@gol�e$eokXm��qw-A+�ukXmiZ��d§

���d� � 
(P � � � ��������5Q
N� � 5D
 �1�?� 
����	�(�e
`�e�J
 ���3
 �.���e
 �(5D�.

Υ

�����!
 �.��
 
�� 
�����
 ���(� �`�2�(� 
[�1� 
 �1��
���� �"������)
���	�(��
 �<�(�!
,��� �.�(� ��5D�`�<�3
���������
����-
���
 ���<�(�!
,����
Y
�� ��
 ���(�!
Y
35D� �(�(�e
 ��
 �
� ® w�xXmiWLe$�qw�{Xl�A+jXn�gon�suj¡{fZ��qw�¹ºsyj+|�gin�syj

x 7→ (x)
1
2

p@kXZ�jXsukIe$wK�ysuj+e$|}UXsyn�eon�Zy�f��Z�e$xIsyn�j@gie�{XZ�­+miwuj+|}UXZ�¢
Y[ZLjyg}e�{fZ

Ξ
ezsyjyg

p = ±i Z�g^ezZ�e�|�sykXxXkXmiZLe�eosuj@g���Z�e���{fZ�Y[n�¢¸{fmisun�goZ�eVn�Y%wu�un�j+w�n�moZ�e

{ip | p ∈ ]−∞;−1[ ∪ ]1; +∞[} .
\^suk+e^jXs�gisuj+eG{fZ�x+��k+e

D
�qw�{fmisun�goZ�molLZ�����Z�Z�g

Ω
�qw*x+wumzgin�Z {fk¨xX�qw�j |�suY[xX��Z�¦fZ�{flL��n�Y[n©gil�Z�x+w�m

D
Z�g

Γ
9 �usun�m�A+�ykXmoZ,7�;�§ �£�¼ZLezg�l��dnq{fZ�j@g�p@kXZ

Γ
jXZ�gom}wK�uZLmieoZ^xIwueV��ZLe�|�sykXxXkXmiZLeL§

_¨suj@gomisuj+e$Y%w�n�j@goZLj+w�j@g�p@kXZ ∫

D

Ξ(p) dp = −
∫

Γ

Ξ(p) dp.

afsun�g
ρ
kXj¡molLZ�� x8syeon©gin©¹h�+{XZLezgon�jXl�ª goZ�jI{fmoZ��yZ�m}e

+∞ �fsuj�x8syeoZ2X
∣∣∣∣∣∣∣∣∣∣

Dρ = {p ∈ D | |p| < ρ} ,

Γρ = {p ∈ Γ | |p| < ρ} ,

Cρ = {p ∈ Ω | |p| = ρ} .
Cρ
ZLezg%|�sujIehgin©gikXl�{fZ¡{fZLkf¦ w�m}|�ez¢¸{XZ�¢£|�Z�m}|���Z[moZL��nqw�j@g

Dρ

Z�g
Γρ
{XZ�giZ�����Z�ezsymzgiZ�p@kXZ

Dρ ∪ Cρ ∪ Γρeosun�g^kXj+Z�|�sykXmo­8Z/¹ºZLmoY[l�Zy§VrFkXnqeop@kXZ
Ξ
Z�ehg�w�j+wu��c@gonqp@kXZ�eokXm

Ω
�Rezsyj�n�j@golL�um}w���Z/ezkXmG��Z |�suj@gisukXm�¹ºZLmoY[l

Dρ ∪ Cρ ∪ Γρ
9 �<® sumin�ZLjyg}wOgin�syj�{fk�|�suj@gosykXmVZLezg^|}UXsunqezn�Z/{fZ�goZL����Z�eosumogoZ�pyk+Z/��Z�eoZ��yY�ZLj@gVmil�ZL�

Dρ

ezsyn©g
xIw�m}|�suk+mok�{Xw�j+eV��Z/ezZLj+e�{fZ�eV�Ow���Z�kXm}e�|�misunqeoeiw�j@giZLeF` �usyn�m A+�ykXmoZ��<;$Z�ehg�jdkX����Z#X

∫

Dρ

Ξ(p)dp+

∫

Γρ

Ξ(p)dp +

∫

Cρ

Ξ(p)dp = 0.
9 :y§ �u�<;

� ® w�xXmiWLe^��w�{fl�A+j+n©gin�syj�{fZ ��w�miwy|�n�jXZ�|�wumomil�Z�p@kXZ�jXsyk+e^wK�ysuj+eG|}UXsunqezn�Z�Z�gGxXkXnqeipyk+Z
x < 0

suj¨�yl�minBA+Z
¹¶wy|�n���ZLY[Z�j@g�pyk+Z2X

<e(|y|
(
1 + p2

) 1
2 + ipx) > 0

ezn =m(p) ≥ 0
Z�g <(p) 6= 0

Z�g^{fsujI|�p@kXZy�fxIsykXm�gisukfg
ψ ∈ [0 ; π/2[∪]π/2 ; π]

lim
R7→+∞

Reiψ Ξ(Reiψ) = 0.

\^suk+eVx8suk+�usujIe�{fsuj+|�wuxXxX��n�p@kXZLm���Z���Z�Y[Y[Z�{fZ
	usymi{+w�jT= �f�I�(@WX

_`_ba(ced3f3g.h
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D

=m(p)

<e(p)

Γ− Γ+

i

−i

−i cos θ

�
n��ykXmoZ,7eX:v�Z�xXmilLeoZ�j@giw�gon�suj¡{fZ
Γ+ Z�g Γ− {Xwuj+eV��Z/xX��wuj�|�suY[xX��Z�¦fZ
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3���(�4����5�6 :"7

] �d��� ����� ����� �d´u°�S � ] �d��� � � ���¼°�
 � �!S�� � ��������

z0

5D�/�e�(�1��
����
C

��
 U 5D� 
�����
���5D�
��� &�5D���(�1�O�-�<�

C
��� �W�����!���

U = {z ∈ C | |z − z0| ≥ R0
��

ψ1 < arg(z − z0) < ψ2} (R0 > 0, ψ1

��

ψ2 ∈ � � ).

� �
f

�3
3
 5D� � ����� ��
������ �.�(��
��1��5e���<�(�!
 U ��
 
3�

lim
|z−z0|→+∞

z∈U

(z − z0)f(z) = 0,

�����(�.
 �e�(5D�,
 �(5D
��(� �#��� �.��� �����
γ

�<� �.���e
 �	�
z0

� ���-�	�������
R > R0

� �.�(��
����e5 �����!
 U �(� �

lim
ρ7→∞

∫

γ

f(z)dz = 0.

�GsujI|
lim
ρ7→∞

∫

Cρ

Ξ(p)dp = 0.

¢
ρ ρD

=m(p)

<e(p)

Cρ Cρ

Γ−
ρ Γ+

ρ

i

−i cos θ

�
n��ykXmoZ���X   suj@gosykXm�{ ® n�j@golL�um}wOgon�suj
\^suk+e�{XlL{fkXnqeosuj+e�wu��symieV{fZ 9 :u§ ����;�X

∫ +∞

−∞

1

(1 + p2)
1
2

e
− s

c

»

|y|(1+p2)
1
2 +ipx

–

dp = −
∫

Γ

e
− s

c

»

|y|(1+p2)
1
2 +ipx

–

(1 + p2)
1
2

dp.
9 :u§ �D:";

MF�8Z�|�gok+suj+e/Y%wun�j@goZLj+w�j@g���Z*|}U+w�j+�uZ�Y[ZLjyg�{fZ%�Owumonqw�­X��Z
p = γ±(t)

eokXm
Γ± x8suk+m t > r

c

�
x+w�m�|�sujf¢
ezgomik+|�gon�suj

e
− s

c

»

|y|(1+γ±(t)2)
1
2 +iγ±(t)x

–

= e−st,

_`_ba(ced3f3g.h
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{Xsuj+|

∫

Γ

e
− s

c

»

|y|(1+p2)
1
2 +ipx

–

(1 + p2)
1
2

dp = −
∫ +∞

r
c

[
1

(1 + γ+(t)2)
1
2

dγ+(t)

dt
− 1

(1 + γ−(t)2)
1
2

dγ−(t)

dt

]
e−stdt.

�£� j+Z/moZ�ehgiZ�x+��k+e^pyk3® ª�l��Owu��kXZLm���w[p@k+wujygin©gil

1

(1 + γ±(t)2)
1
2

dγ±(t)

dt
,

x8suk+m�|�Z��qw�suj�kfgon���n�eoZ�{ ® w�­8sum}{ 9 :u§^:L��;KX

(
1 + γ±(t)2

) 1
2 =

ct
r
− iγ±(t) cos θ

| sin θ| ,
9 :u§ �u�<;

eosun�gL�fZLj¡kfgon���nqeiw�j@g��>® Z�¦fxXmiZLeiezn�suj 9 :y§�:���;V{fZ
γ±(t)

X

(
1 + γ±(t)2

) 1
2 =

√
c2t2

r2
− 1




ct
r
| sin θ|√
c2t2

r2
− 1

∓ i cos θ


 .

9 :u§ ��7 ;

ZGm��fZ�j¡{flLmon��Ow�j@g 9 :u§^:L�<;��Xsyj�Y[suj@gimoZ/p@kXZ2X

dγ±(t)

dt
=
c

r


±

ct
r
| sin θ|√
c2t2

r2
− 1

− i cos θ


 .

9 :u§ �O�Q;

�£� Z�ehg^wu��symie ¹¶wy|�n���Z/{fZ/Y[suj@gimoZLmVp@kXZ

1

(1 + γ±(t)2)
1
2

dγ±(t)

dt
= ± 1√

t2 − r2

c2

9 :u§ �u�<;

x+kXn�e�p@kXZ2X

∫

Γ

e
− s

c

»

|y|(1+p2)
1
2 +ipx

–

(1 + p2)
1
2

dp = 2

∫ +∞

r
c

e−st

2π

√
t2 − r2

c2

dt,
9 :u§ ���<;

eosun�g,X

ũ(x, y, s) =

∫ +∞

r
c

e−st

2π

√
t2 − r2

c2

dt.
9 :u§ �<>�;

�
n�j+w���Z�Y[ZLjyg��yZLj*kfgin���n�eiw�j@g$�>® n�j�thZL|�gin��dn�gol�{fZ^�qw/gimiwuj+ez¹ºsumiY�lLZ�{fZ G
w�xX�qwu|�Z 9 eon�¦dn�W�Y[ZGZ�g${XZ�mijXn�WLmoZ^l�giwuxIZ
{XZ��qw[Y[l�giUXsf{fZ";��XjXsukIe�{flL{fk+n�eosuj+eV��Z
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� �
�d°�
 �d� � � � � � �2
��(�?5D
 ���(� �(5#���O� 	�� ���2� 9 :y§�:<:';Y
�� �����3�1
��

u(x, y, t) = 0, t <
r

c

u(x, y, t) =
1

2π

√
t2 − r2

c2

, t >
r

c

������S�Rº²"R¶°�S �������N��5D�
t
�`6Q�[���Y
��(�B5D
������

u
�3
3
��	��&�5D�?� ���	�K�����!
 
 �(5D
 � � �3
 �e� �.����
��(5 �`�e�(5D�N����
 �e�(�1�e
�


�(���3� � �(��

r(x) = ct � � � � ���!
����
	������<�3
 
.�1�Q&�5D�^�(�3�1
 �3
,���

u
��5 
 ��� ��


t

����	�2�O�<�!��������� �.�	���e
 �
� �(���<�

�<�
u

�(5 
 ���[��

t
�

r:sykXm¬��Z�|Lw��q|�kX�fjdkXY[l�minqpyk+ZV{XZ
U
syj x8sukXmim}wGeL® n�j+eoxXn�moZLmF{fZV�>® w����usymon�goUXY[Z$xXmilLeoZ�j@gol�ª���w�eoZL|�gon�suj��+§^:u§^:

9 |�wu��|�kX�¼{fZ
P i

;$xIw��uZ�>u�d§

� ' ��� � �h���2����!������
	������*5 � �����:����� �¡!�������� ��� ����(��������

\^suk+e%|�suj+eonq{fl�misuj+e Y%w�n�j@goZ�jIw�j@g%kXj�{XsuY%w�n�jXZ¡n�j!A+jXn^|�suY[xIs@ezl¡{fZ¨�TE+kXnq{fZLe[U+suY[su�yW�jXZ�e�§ G¼Z�e[�
Y[n���n�Z�kX¦ ezsyjyg�miZLeoxIZ�|�gon��uZLY[Z�j@g�wyeoeosf|�n�lLe�w�kf¦ {fZLY[n©¢¸xX�qw�j+e

y > 0
Z�g
y < 0

§�\^suk+e�eokXxXx8syeosuj+e�p@kXZ
�qw¨eosukXm}|�Z�ZLezg�eon©gikXl�Z�{+w�j+e ��Z�Y[n���n�ZLk :�ª kXjXZ�{Xn�ezgiwuj+|�Z

h ≥ 0
{fZ��>® n�j@giZ�mo¹¶wu|�Zy§TGF® lLp@k+w�gon�suj�wukf¦

{Xl�min��yl�ZLe$x+wumzgin�ZL����ZLeVY[sf{flL��nqeowuj@g�|�Z�xXmosy­X��W�Y[Z�ZLezg X

1

µ(y)

∂2U

∂t2
− 1

ρ(y)

[
∂2U

∂x2
+

∂

∂y

(
1

ρ(y)

∂U

∂y

)]
= δ(x) δ(y − h) f(t)

9 �X§�:J;

wK�uZ�|




µ(y) = µ1, ρ(y) = ρ1, y > 0,

µ(y) = µ2, ρ(y) = ρ2, y < 0

Z�g
c(y) =

√
µ(y)

ρ(y)
.

  syY[Y�ZV{Xwuj+e3��ZLe:eoZL|�gon�suj+e
xXmilL|�lL{fZLjygiZLe
suj�e�® n�j@gil�miZLeiezZ$w�k |Lw��q|�kX�d{fZV�qw�¹ºsujI|�gon�suj�{fZ�»�moZLZ�j�ezsy��kfgin�syj
{XZ

1

µ(y)

∂2u

∂t2
− 1

ρ(y)

[
∂2u

∂x2
+

∂

∂y

(
1

ρ(y)

∂u

∂y

)]
= δ(x) δ(y − h) δ(t).

9 �X§ �<;

�
� � ���� ������ ����(!� ������� �
� a% ��2+,����+,(! �� a +.a) *+,	 ����(����������*��� a) �(��
(0, 0)

�/ ����*(�+��%�3a
ct
3
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� � � � � ��°+² �f²'R>°�S
�
\^suk+eVkXgon���nqezZLmosyj+eVx+wum���w[eokXn©giZ/��Z�e$¹ºsuj+|�gon�suj+e�{XZ/��w��Ow�min�wu­X��Z�|�suY[xX��Z�¦fZ

z
{fl�A+j+n�Z�e�x+w�m,X

R(z) =
ρ2

(
1 + z2

) 1
2 − ρ1

(
c21
c2
2

+ z2
) 1

2

ρ2 (1 + z2)
1
2 + ρ1

(
c2
1

c2
2

+ z2
) 1

2

Z�g

T (z) =
2ρ2

(
1 + z2

) 1
2

ρ2

(
c2
2

c2
1

+ z2
) 1

2

+ ρ1 (1 + z2)
1
2

.

� � � ��� � �+� ��
��`S ���L°8� 
K´ �¨��� 
�µ 
�R�SR² ��
�� �+´ �
\^suk+e�eokXxXx8syeosujIeVn�|�n¼pyk+Z

h = 0
Z�g
c1 < c2

§
� �#] �d��� 
K°�SR²L��� 
�°�S � � �*\�syk+e�wK�usyj+eG{Xl�A+jXn<�
ª��qw�eoZL|�gon�suj�xXmol�|�l�{fZ�j@goZy� ��Z�¹ºmisuj@g/{ ® syj+{fZ[{fZ[��w
ezsy��kXgon�suj |�suY[Y[Z�l�giwujyg[�<® ZLj+ezZLY�­X��Z¡{fZLe%eon�j+�ukX�qw�min©gilLe�{fZ���w�ezsy��kXgon�suj¼§���w�j+e[��Z¡|�wue[{ ® kXjXZ
ezsykXm}|�Z^eon©gikXl�Z�eokXm �<® n�j@goZLmz¹¶wy|�Z^{XZ�{fZLkf¦%Y[n���n�ZLkf¦�wu|�suk+ezgonqp@kXZLeL�u��ZG¹ºmosyjyg${ ® syj+{fZ�ezZ�{flL|�suY[x8syeoZ
Z�j gomisunqe�¹ºmisuj@gie�{ ® suj+{fZ�ezZ�|�syj+{Xw�n�miZLe,X�k+j�¹ºmosyj@g�{ ® suj+{XZ�{fZ �usy��kXY[Z Z�gGk+j¨¹ºmisuj@g�{ ® sujI{fZ {fZ
g	L�goZ�{Xwuj+eV��Z�Y[n���n�ZLk :/Z�g�kXj�¹ºmisuj@g^{ ® suj+{fZ�{XZ/�usu��kXY[Z�{Xwuj+eV��Z/Y[n���n�Z�k �X§$  ZLe�suj+{fZ�e�ezZLmosyj@g
{fl�AIjXn�Z�e�xX��k+e�xXmilL|�n�eol�Y[ZLjyg�w�k��i­¼§F\�syk+eVkfgon���n�eoZ�misuj+eVxIw�mV��w[eokXn�goZ/��ZLe�|�sdsymi{fsyjXjXlLZLe$xIsy��wun�miZLe
(r, θ)

{fZ
x
�yl�minBA8w�j@g

x = r cos θ
Z�g

y = r sin θ,

	 
O°�SR²	� � µ 
�°�S � � � � �8°Iµ>�
� ��� �!S
�*µ � �/R¶µ�R �d� � �"r:sukXm�k+j�n�j+ezgiwuj@g
t
{fsyjXjXly�+��Z�¹ºmosyjyg

{fZ��>® suj+{XZ�{fZ��usu��kXY[Z�{Xwuj+e ��Z�Y�n���n�ZLk :*Z�ehg[kXj {fZLY[n©¢£|�ZLmi|���Z�{XZ�|�Z�j@gomiZ
O = (0, 0)

Z�g%{fZ
miwKcysuj

c1t
9 ZLj¡­X��ZLk¨ezk+m���w#A+�ykXmiZ/�<;�§$\�sukIe�w�xXx8Z���suj+e

ΩR(t)
�>® n�jygil�min�ZLkXm^{fZ�|�Z�{fZ�Y[n�¢¸|�Z�m}|���Zu§

ΩR(t)
x8Z�kfg�lL�yw���Z�Y[ZLjygNL�gomiZ�{Xl�A+jXn3x+w�m,X

ΩR(t) =

{
(x, y) ∈ � v 2 | y > 0

Z�g r
c1
< t

}
.

	 
O°�SR² � � µ 
�°�S � � � � �I°8µ¶�
� � � �!S
� µ �P�/R¶µ�R �d� � � �GZ*Y�L�Y[Z���Z*¹ºmisuj@g {XZ*�>® sujI{fZ�{fZ
�usy��kXY[Z^{+w�j+e¬��Z�Y[n���n�Z�k��/ZLezg kXj*|�ZLmi|���Z�{XZ^|�ZLjygimoZ

O = (0, 0)
Z�g {fZ�m}wKcusyj

c2t
9 ZLj*misukX�yZVeokXm

��w,A+�ukXmiZG��;FZ�g j+suk+e w�xXx8Z���suj+e
ΩT (t)

�>® n�jygil�min�ZLkXm {fZ�|�Z^{XZ�Y[n©¢£|�ZLmi|���Zy§
ΩT (t)

xIZLkfg lL�yw���Z�Y[ZLjyg
L�gimoZ�{fl�A+jXn¼xIw�mYX

ΩT (t) =

{
(x, y) ∈ � v 2 | y < 0

Z�g r
c2
< t

}
.

 �!�_" $#
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O°�SR² � � µ 
�°�S � � � ��²��@² � � �!S
��µ � �/R>µ�R �@� � � \�syk+e�jXsugosyj+e
A(t)
�<® n�j@goZLmieoZL|�gon�suj�{fk

¹ºmosyj@g%{¼® syj+{fZ�{Xw�jIe ��Z¡Y[n���n�ZLkP��wK�yZL|*�<® wO¦fZ
x = 0

ª {fmosyn©giZ�Z�g
B(t)
��Z¡xIsyn�j@g[goZL��pyk+Z���Z

ezZL�uY[Z�j@g
[A(t)B(t)]

9 Z�j�Y%w��yZ�j@giw�ezk+m���w-A+�ykXmiZ���;�eosun�gVgiwujX�uZLjyg^ª
ΩR(t)

§ adsyn©g
[C(t)D(t)]��Z%eocdY�l�gomin�p@kXZ%{fZ

[A(t)B(t)]
x+wum�miwuxXxIsymzg/ª��>® wO¦fZ

(Oy)
§ �£�¬ZLezg/­Xn�Z�j |�suj+j@k p@k¼® n��FeoZ%|�mil�Z

kXjXZ*syj+{fZ�{Xn©giZ*suj+{XZ*{fZ%g	L�goZ�{+w�j+e/��Z*Y[n���n�Z�k¥��Z*xX��k+e���Z�j@g 9 n�|�n ��Z%Y[n���n�ZLk :";�{Xsuj@g���Z[¹ºmosyjyg
{ ® suj+{fZ/Z�ehg�|�suj+ezgon�gokXl�{Xk¡eoZ��yY[Z�j@g

[A(t)B(t)]
Z�g^{fk�eoZ��uY[ZLjyg

[C(t)D(t)].

] �d��� � � � � � � ��� &����
θc = arccos(c1/c2)

�3
3
�� � �(�Q&��^���?�1�#�1
��2��5D)*����
O
35Q
��(5 ��5e���`�1�`� � �O6<� 
3
��
���?5Q
-�
� �(� ���2���-
���
 � � �-�N���B5Q
 ���3
��e�(�1��
�
���5 
�� &��2����


[A(t)B(t)] � �	�3
 � � [C(t)D(t)] � �J���3�1)
� ���e
 � � ����5e��
������ �

t = r sin θ

√
1

c21
− 1

c22
+
r cos θ

c2
, θ ∈ [0 ; θc] ;

9 �f§ 7uw ;

(
�	��
 � �

t = r sin θ

√
1

c21
− 1

c22
− r cos θ

c2
, θ ∈ [π − θc ; π]).

9 �f§ 7�­�;





���d��°�S
��² 
 �X²'R¶°�S �

G¼Z�gimonqw�jX�y��Z
OA(t)B(t)

ZLezg�miZL|�g}w�jX�y��Z�Z�j 8 9 g3;��+{XZ/xX��kIe
OA(t) = c2t

Z�g
OB(t) = c1t

X

cos θc =
OB(t)

OA(t)
=
c1
c2
.

GF® lLp@k+w�gon�suj 9 �X§ 7yw�; 9 miZLeox¼§ 9 �f§ 7�­�;	;Vj¼® ZLezg^min�ZLj¡{¼® wukfgomiZ�p@kXZ��<® l�pykIwOgon�suj�{fk¨eoZ��yY[Z�j@g¬thsun��uj+wuj@g
��Z/x8sun�j@g

A(t)
{XZ�|�sdsum}{fsuj+jXl�Z�e

(c2t, 0)
w�k¡x8sun�j@g

B(t)
{fZ/|�s@symi{XsujXjXlLZLe

(c1t cos θc ; c1t sin θc)

9 miZLeox¼§¬��Z�x8sun�j@g
C(t)
{fZ/|�s@symi{XsujXjXlLZLe

(−c2t, 0)
w�k¡xIsyn�j@g

D(t)
{fZ/|�sdsum}{fsuj+jXl�Z�e

(−c1t cos θc ; c1t sin θc)).

�

\�syk+eFjXsugoZLmosyj+e
Ωte(t)

�>® Z�jIezZLY�­X��Z^|�syj+ezgon�gokXl^{XZLe¬gimonqw�j+�u��ZLe
OA(t)B(t)

Z�g
OC(t)D(t)

xXmin��yl
{fZ

ΩR(t)
§
Ωte(t)

x8Z�kfg�lL�ywu��ZLY�ZLj@g�L�gomiZ/{fl�A+j+n¼x+w�m,X

Ωte(t) =

{
(x, y) ∈ � v 2 | y > 0, | cos θ| > c1

c2

Z�g
r sin θ

√
1

c21
− 1

c22
+
r| cos θ|
c2

< t <
r

c2

}
.

�
n�j+wu��ZLY[Z�j@g�jXsukIeVjXs�gisuj+e
Ω(t) = ΩR(t) ∪ ΩT (t) ∪ Ωte(t)

§

_`_ba(ced3f3g.h



:�� � ���������D�(���

Z C 9 g.;

8 9 g.;

  9 g.;

� 9 g3;

θ

ΩT (t)

ΩR(t)

Ωte(t) Ωte(t)

�
n��ukXmiZ��DX¬v�ZLxXmol�ezZLj@giwOgin�syj�{Xk�¹ºmisuj@g�{ ® suj+{XZ�p@k+wuj+{
h = 0

� � �¼°8µ¶�
²'R>°�S
� �eS �Xµ � ²'R�P � �d� � ZGj�jXsugoZ�m}w





γ+
1 (t) = −i c1t

r
cos θ + | sin θ|

√
c21 t

2

r2
− 1 ;

υ+
1 (t) = −i

(
c1t

r
cos θ + | sin θ|

√
1 − c21 t

2

r2

)
;

γ+
2 (t) = −i c2t

r
cos θ + | sin θ|

√
c22 t

2

r2
− 1.

\�syk+e�x8sukX�ysuj+eVw���sum}e$l�jXsyj+|�ZLm���Z

 �!�_" $#
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3���(�4����5�6 :��

� �
�@°�
��d� � � ��� �`��
����?5D
������ �.�(5Q
������-��5#���	� 	�� ���2� 9 �X§ ��;-� �(���
h = 0

��
.
N�����e� �O�N�e�(� �






.�
x 6∈ Ω(t) : u(x, y, t) = 0 ;


.�
x ∈ ΩR(t) : u(x, y, t) =

1 + <e
[
R(γ+

1 (t))
]

2π

√
t2 − r2

c21

;


.�
x ∈ Ωte(t) : u(x, y, t) = −=m

[
R(υ+

1 (t))
]

2π

√
r2

c21
− t2

;


.�
x ∈ ΩT (t) : u(x, y, t) =

<e
[
T (γ+

2 (t))
]

2π

√
t2 − r2

c22

.

r:sykXm¬��Z�|Lw��q|�kX�fjdkXY[l�minqpyk+ZV{XZ
U
syj x8sukXmim}wGeL® n�j+eoxXn�moZLmF{fZV�>® w����usymon�goUXY[Z$xXmilLeoZ�j@gol�ª���w�eoZL|�gon�suj��+§^:u§ �

9 |�wu��|�kX�¼{fZ
P r

;$x+wu�uZ�>O�X§

� � � ��� � �+� ��
��`S ���L°8� 
K´ � �QS¼³ � ���
°�
O� � �¨µ 
^R�SR² ��
�� �X´ �
� � ] �d� � 
O°�SR²L� � 
�°�S � � �F\�syk+e
{fn�ezgon�jX�ykXZ�misuj+e3{fZ�kf¦�|Lwue X

c1 < c2
Z�g
c1 > c2

Z�g
j+suk+e
kfgon���n�eoZ�misuj+e
��Z�e�|�sdsymi{fsyjXjXlLZLe xIsy��wun�miZLe

(r, θ)
{fZ

x
�ul�min�AIw�j@g

x = r cos θ
Z�g

y + h = r sin θ,

:y§ � R
c1 < c2.

��w�j+e�|�Z%|�wye��
�>® suj+{XZ[{+w�j+e���Z%Y[n���n�ZLk :[wuxXx+wumiw���g�|�syY[Y�Z[�qw�ezsyY[Y�Z%{fZ
gimosyn�e�suj+{fZ�e,X$kXjXZ�syj+{fZ�n�j+|�nq{fZLjygiZu�IkXjXZ�syj+{fZ�mil�E+l�|}UXn�Z/Z�g^kXj+Z�suj+{XZ�{fZ/gOL�goZy§NGF® suj+{fZ
{+w�j+e���Z�Y[n���n�Z�k � ZLezg[eoZ�kX��Z�Y[ZLjyg*|�suj+ezgon�gokXlLZ�{¼® kXj+Z�syj+{fZ�gom}w�j+eoY[n�eoZu§IG3w�{fl�A+j+n©gin�syj
x+mol�|�nqezZ/{fZ/|�Z�e�sujI{fZLe�eoZ�m}w {XsujXjXlLZ/w�k �o­¼§

	 
O°�SR²�� � µ 
�°�S � � R�S
´�R � �QSR² � � �!S
�¥µ �P�/R>µ�R �d� � � r:sukXm�kXj n�j+ezgiwuj@g
t
{fsyjXjXl���Z

¹ºmisuj@g�{fZ%�<® syj+{fZ%n�j+|�nq{fZLjygiZ 9 ZLj��yZ�mog�ezkXm���w A+�ykXmoZ�>�;�ZLezg��>® n�j@giZ�m}ezZ�|�gon�suj {fk¥|�ZLmi|���Z%{fZ
|�Z�j@gomiZ

(0, h)
Z�g {XZ%miwKcysuj

c1t
wK�yZL|���Z�{fZ�Y[n�¢<xX�qw�j¥eokXx8l�min�ZLkXmL§¡\�syk+e�wuxXxIZL��syj+e

ΩI(t)�<® n�j@golLmon�Z�k+m�{fZ�|�Z�g�wumi|�{fZ/|�Z�m}|���Zu§

	 
O°�SR² � ��µ 
�°�S � � 
O���
�d´ �`R ��� �eS
�[µ ��� R¶µ�R �d����� G3ZG¹ºmisuj@g�{fZ/�<® syj+{fZ�mol�E+lL|}UXn�Z 9 ZLj
­+��ZLk¨ezkXmG��w#AI�ukXmiZ#>(;�ZLezg^�>® n�jygiZ�m}ezZ�|�gin�syj¡{Xk¨|�Z�m}|���Z�{fZ�|�Z�j@gomiZ

(0,−h) Z�g�{fZ�m}wKcusuj c1t

_`_ba(ced3f3g.h



�u� � ���������D�(���

wK�yZL|���ZG{XZ�Y[n©¢¸xX�qw�j�eokXx8l�min�ZLkXm�§
\^suk+e$w�xXx8Z���sujIe
ΩR(t)

�>® n�jygil�min�ZLkXmV{fZG|�Z�g$wumi|^{fZ�|�Z�m}|���Zu§
ΩR(t)

xIZLkfg�l��@w���Z�Y[Z�j@gNL�gimoZ/{fl�A+jXn¼x+wum,X

ΩR(t) =

{
(x, y) ∈ � v 2 | y > 0

Z�g r
c2
< t

}
.

	 
O°�SR²�� ��µ 
�°�S � �%²�

�!S
���/R¶� � � �!S
��µ �*�/R¶µ�R �d� � � G¼Z�¹ºmosyjyg${fZ��<® syj+{fZ�gimiwuj+ezY[nqezZ�w
k+jXZ/¹ºsumiY[Z/xX��k+e^|�suY[xX��n�p@kXlLZu§$r
sykXm^��Z�{fl�|�min�miZ/n��
ZLezg^jXl�|�ZLeieiw�n�moZ/{fZ�|Lw��q|�kX��Z�m^��Z/giZ�Y[x+e
{XZ/x+w�m}|�sykXmie${ ® kXj¡miwKcysuj�n�eiezk¡{fZ/�qw[ezsykXmi|�ZGZ�g^wOgogoZ�n��ujIw�j@g���Z/x8sun�j@g

(x, y)
X

adsuk+mi|�Z_�n���n�Z�k�:

_�n���n�Z�k��

(0, h)

(ξ, 0)

(x, y)

�
n��ukXmiZ/�!X¬T3m}wOthZ�g�{fZ/�>® sujI{fZ�gom}w�j+eoY[n�eoZ

�qw2AI�ukXmiZ��%miZ�xXmilLeoZ�j@giZ���Z�gom}wOthZ�gG{ ® kXj m}wKcusyj�lLY[n�eGx+w�mG��w�ezsykXmi|�Z�{Xwuj+e^��Z�Y[n���n�Z�k :�Z�g
w�gzgiZ�n��uj+wujygG��Z�xIsyn�j@g

(x, y)
{Xwuj+e���Z�Y[n���n�Z�k �f§�  Z�gom}wOthZ�g�eoZ {fl�|�suY[x8syeoZ�Z�j��%x+wumzgin�Z�e��

k+jXZ%xXmiZ�Y[n�WLmoZ�x+wumzgin�Z%{Xwuj+e���Z%Y[n���n�Z�k :%{fZ[�qw�eosuk+mi|�Z
(0, h)

�uZLmie��<® n�j@goZ�mo¹¶wu|�Z
(ξ, 0)

Z�g
k+jXZ�{fZLkf¦fn�WLY�Z x+w�mogon�Z�{Xwuj+e���Z�Y[n���n�Z�k �%{XZ��<® n�j@goZ�mo¹¶wu|�Z

(ξ, 0)
�yZ�m}e���Z�xIsyn�j@g

(x, y)
§ G3w

��suj+�ukXZLkXm
{Xk�xXmiZ�Y[n�Z�m
gom}wOthZ�g
ZLezg √
ξ2 + h2

Z�g:��Z goZ�Y[x+e:{fZ$x+wumi|�sukXm}e¼Z�ehg √
ξ2 + h2/c1

§

 �!�_" $#
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G
w���suj+�ukXZLkXmG{fk {fZLkf¦fn�WLY�Z gom}wOthZ�gGZ�ehg √
(x− ξ)2 + y2

Z�g���Z goZ�Y[x+e/{XZ x+wumi|�sukXm}e�Z�ehg
√

(x− ξ)2 + y2/c2
§WG¼Z�goZLY�xIe�{fZ/x+wumi|�sukXm}eFgis�g}w��¼Z�ehg�{fsyj+|�X

t(ξ) =

√
ξ2 + h2

c1
+

√
(x− ξ)2 + y2

c2
.

9 �f§ � ;

G3Z/xXmiZ�Y[n�ZLm�miwKcysuj�w�mimon��Ow�j@g�Z�j
(x, y)

ZLezg^|�ZL��kXn3x+wueieowuj@gVxIw�m
ξ02(x, y)

�+Y[n�jXn�Y[nqeowuj@g���w
¹ºsyj+|�gin�syj�g�§

ξ = ξ02(x, y)
�yl�minBA+Z/{fsyj+|#X

t′(ξ) =
ξ

c1
√
ξ2 + h2

+
ξ − x

c2
√

(x− ξ)2 + y2
= 0

9 �f§ ��;

ZGj Y�syj@gomiZ�¹¶wu|�n���Z�Y[Z�j@g��^Z�j l�gokI{fn�wuj@g���ZLe��KwumonqwOgin�syj+e�{XZ
t′(ξ)
��p@kXZ�|�Z�gzgiZ�l�p@k+wOgin�syj

j3® wy{fY[Z�gFp@k¼® k+jXZ�ezZLkX��Z$m}wu|�n�jXZ$molLZ�����Zy�up@kXZV|�Z�gogoZVm}wu|�n�jXZVw�xXxIw�mogon�Z�j@g:ª��<® n�j@goZLmo�Ow�����Z
[0 ; x]9 suk

[x ; 0]
eon
x < 0

;/Z�g[p@k¼® Z�����Z�Y[n�j+n�Y[nqezZ
t(ξ)

9 �ysun�m��qw�{flLY[suj+ezgom}wOgin�syj�w�n�j+eznVp@kXZ
��ZLe�{fl�giw�n��qe�xXm}wOgin�p@kXZ�e�x8sukXm���Z�|�wu��|�kX�V{fZ

ξ02(x, y)
x+w��yZ >���;�§ �
n�j+wu��ZLY[Z�j@g���Z*giZ�Y[x+e

{¼® wumomin��yl�Z�{XZ �<® syj+{fZ ZLezg
t02(x, y) = t(ξ02(x, y))

Z�g���Z ¹ºmisuj@g�{XZ��<® syj+{fZ gom}w�j+eoY[n�eoZ�Z�ehg
�<® Z�j+eoZ�Y ­X��Z/{fZ�e�x8sun�jyg}e$goZL��e�p@kXZ�X

t02(x, y) = t.
  Z ¹ºmosyj@g
{ ® suj+{XZ Z�ehg
moZLxXmol�ezZLj@golFZLj�misukX�yZ ezk+m
�qwNA+�ykXmiZ�>@§:\�syk+e
{Xl�A+jXnqeiezsyj+e3lL�ywu��ZLY�ZLj@g
�<® Z�j+eoZ�Y ­X��Z

ΩT (t)
x+wum,X

ΩT (t) = {(x, y) | y ≤ 0
Z�g
t02(x, y) ≤ t} .

���d� � 
(P � � � � ����� �J���3� � � ��� ���1�����2���e
 ��5e��� � ���e
����
	����
ΩT (t)


������ �(���.
�5D�/�����-�1)
��� 
 ��5e�#��� �.����
��O�

(0, 0)
��
����-�	�������

c2t
��5e�(���

h

 ��� �
�(���.
�� �

� S � � � � ²��@² � � �!S
� µ � �/R>µ�R �@� � � \�sukIe[jXs�gisuj+e
A(t)
�<® n�j@goZ�m}eoZL|�gin�syj�{Xk ¹ºmisuj@g

{¼® syj+{fZ�gom}w�j+eoY[n�e[wK�uZ�|*�<® w�¦fZ
x = 0

ª�{Xmosyn©giZ�Z�g
B(t)
��Z�x8sun�jyg�goZL��p@kXZ���Z�ezZL�uY[Z�j@g

[A(t)B(t)]
9 Z�j�Y[wu�uZLjyg}w�eokXm���w�A+�ykXmoZ[�<;^eosun�g�giw�j+�uZ�j@g�ª

ΩR(t)
§�adsyn©g

[C(t)D(t)]
��Z

eocdY[l�gominqpyk+Z�{fZ
[A(t)B(t)]

x+wum�m}w�x+xIsymzg[ª �<® w�¦fZ
(Oy)
§   syY�Y[Z¡{Xw�jIe[��Z¡|�wye s � �qw

eosuk+mi|�Z�Z�ehg�eon�gokXlLZ¨ezkXm��>® n�j@giZ�mo¹¶wu|�Zy� n��^eoZ¨|�mil�Z¡kXjXZ�syj+{fZ¨{fn�goZ suj+{fZ¨{XZ¡g	L�giZ¨{Xw�jIe%��Z
Y[n���n�Z�k���Z/xX��k+e���Z�j@g 9 n�|�n3��Z/Y�n���n�ZLk4:";V{fsyjygG��Z�¹ºmisuj@g^{ ® suj+{XZ/ZLezgG|�syj+ehgin©gikXl�{fk¨eoZ��yY�ZLj@g
[A(t)B(t)]

Z�g^{fk�ezZL�uY[Z�j@g
[C(t)D(t)].

] �d��� � � � � ��� �(� &����
θc = arccos(c1/c2)

��
3
2� � �(�Q&����4�?�1�-�1
 �/��5D)*����
O
35Q
0��5 ��5e��� �1�
� � �O6<� 
.
 � ���?5Q
�� � �(� ��� ��� 
���
 ��� �������?5Q
 �e�(5D�

t
�����e� ��� � � ���!
���� 	���� �<�3
 �!���1�e
�
 �(5�
���&������e


[A(t)B(t)] � �	�3
 � � [C(t)D(t)] � �(���3� � ��� � � ��5e�(
 ���(� �

t = r sin θ

√
1

c21
− 1

c22
+
r cos θ

c2
(

�	�3
 � �
t = r sin θ

√
1

c21
− 1

c22
− r cos θ

c2
)

9 �f§ �<;

���
r

��

θ


��(��
 �^�3
 �.�"�(�	�<�(�e� �.�3
��e�(�����1�	��
#�(5#�e�(�1��

(x, y)

�����!
 �����	� � ���	�-�?�����(5��e�(�1��

O = (0,−h) �

_`_ba(ced3f3g.h
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G
w*{flLY�syj+ezgom}wOgon�suj�{fZ |�Z���Z�Y[Y[Z�Z�ehg�Y�syn�jIe�l��dnq{fZ�j@giZ�p@kXZ�{Xwuj+e���Z |Lwue
h = 0

Z�gGezZLmiw
¹¶wun©giZ/Z�j¡{fl�Y[syjygimiwuj@gV��Z�goU+l�sumiW�Y[Z/�f§ ��|�n�¢¸{fZ�eoeosukIe�§ 9 �ysun�mVx+w��yZY7y��;�§

\^suk+e$jXsugoZLmosyj+e
Ωte(t)

�>® Z�jIezZLY�­X��Z�|�suj+ezgon�gok+l�{fZ�e$gomin�wujX�u��ZLe
OA(t)B(t)

Z�g
OC(t)D(t)x+mon��ul/{fZ

ΩR(t)
§
Ωte(t)

x8Z�kfgGl��ywu��ZLY[Z�j@g L�gomiZ/{fl�A+j+n¼x+w�m,X

Ωte(t) =

{
(x, y) ∈ � v 2 | y > 0, | cos θ| > c1

c2

Z�g
r sin θ

√
1

c21
− 1

c22
+
r| cos θ|
c2

< t <
r

c1

}
.

�

�

Z

C 

8�

θ

ΩT (t)

ΩR(t)

ΩI(t)

Ωte(t) Ωte(t)

�
n��ykXmoZ >QXFv�Z�xXmilLeoZ�j@giw�gon�suj�{fk�¹ºmosyjyg�{ ® sujI{fZ�p@k+w�j+{
c1 < c2

�X§ � R
c1 > c2.

��w�j+e%|�Z�|Lwue���Z�|�suj@gosykXm[ZLezg�­8ZLwuk+|�sykXx x+��k+e%eon�Y�x+��Z�|�wum n���j¼® c w�x+wue
{¼® syj+{fZ�{fZVgOL�goZy§¬\�sukIeF{fl�AIjXn�eieosuj+e:��ZLe:¹ºmisuj@g}e¬{ ® syj+{fZ�n�j+|�nq{fZLjygiZu�ymol�E+lL|}UXn�Z�Z�g¬gimiwuj+eoY�nqeoZ
wun�jIezn p@kXZ���Z�e/Z�j+eoZ�Y ­X��ZLe

ΩI(t)
�
ΩR(t)

Z�g
ΩT (t)

{XZ%��w�Y�LLY�Z%Y%wujXn�WLmoZ*p@kXZ�{Xw�j+e���Z
|Lwue

c1 < c2
9 �usyn�m A+�ukXmiZ��<;�§Vr
sykXm�U+wumoY[syjXn�eoZ�m���ZLe^mol�ezk+�©g}wOgie^{Xw�j+e^��Z�e�{fZLkf¦¡|Lwue�j+suk+e

j+s�gosyj+e
Ωte = ∅ §

� � �¼°8µ¶�
²'R>°�S
� �eS �Xµ � ²'R�P � �d� �V\^suk+e�{XlL|�syY[xIs@ezsyj+e$��w[eosu��kfgon�suj
u
Z�j�X

{
u = ui + ur y > 0,

u = ut y < 0.

9 �f§?>�;
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�

�

ΩT (t)

ΩR(t)

ΩI(t)

�
n��ykXmoZ��!XFv�Z�xXmilLeoZ�j@giw�gon�suj�{fk�¹ºmosyjyg�{ ® sujI{fZ�p@k+w�j+{
c1 > c2

s��
ui
ZLezgV�<® suj+{fZ/n�j+|�n�{fZLj@goZu�I|�® ZLezg�ª%{Xn�miZ���w�miZLezgomin�|�gon�suj¡w�k¡{fZ�Y[n�¢<xX�qw�j

y > 0
{fZ/��w%eosu��kfgin�syj

p@k¼® syj�w�kXm}w�n�g$sy­fgoZLjdkXZ/ezn
c1 = c2

X





eon
x 6∈ ΩI (t) : ui(x, y, t) = 0 ;

eon
x ∈ ΩI (t) : ui(x, y, t) =

1

2π

√
t2 − r∗2

c21

.

s��
r∗ =

√
x2 + (y − h)2

§

\�syk+e�x8syeosuj+e

r =
√
x2 + (y + h)2, cos θ =

x

r
, sin θ =

(y + h)

r9
r
Z�g
θ
eosuj@g���Z�e�|�sdsum}{fsuj+jXl�Z�e x8su�qw�n�miZLe�{fk¡x8sun�jyg

x
{Xwuj+eV��Z/miZ�x8W�miZ/{fk¡xIsyn�j@g^eosukXm}|�Z�n�Y%w��uZ

ezn�gok+l/Z�j
(0,−h) ; Z�g





γ+
1 (t) = −i c1t

r
cos θ + | sin θ|

√
c21t

2

r2
− 1

υ+
1 (t) = −i

(
c1t

r
cos θ + | sin θ|

√
1 − c21 t

2

r2

)
.

_`_ba(ced3f3g.h



��� � ���������D�(���

r:sukXm�{fl�A+jXn�m
γ+
2 (t)
jXsukIeVkfgon���nqeoZ�misuj+eV�qw ¹ºsuj+|�gon�suj

F(p, t) = −y
(
1 + p2

) 1
2 + h

(
c22
c21

+ p2

) 1
2

+ ipx− c2t = 0,

��Z¨goZ�Y[x+e�{ ® wumomin��ul�Z�{fZ �>® suj+{XZ¡gom}w�j+eoY[n�eoZ�w�kPxIsyn�j@g
(x, y)
�
t02 = t02(x, y)

Z�g*��Z ��ZLY�Y[Z
ezk+n��Ow�j@g��X�dmiwun8x8suk+m

x < 0
X

] �d��� � � ��� � �-�������!
3
 �	�(
 ���(���e��& ����� � � � ���1

m = min(1, c1/c2)

��
����1

g

��� ���(� ��
 ���(�
��� �W�����N�e�(�

p ∈ [−im; im] 7→ g(p) = F(p, t) − c2t = −y
(
1 + p2

) 1
2 + h

(
c22
c21

+ p2

) 1
2

+ ipx.
9 �f§ �<;

��
 
��(�1

h(q) = g(ip)

��� ���(� ��
 ���(� ��� �W�������e�(�

q ∈ [−m;m] 7→ h(q) = −y
(
1 − q2

) 1
2 + h

(
c22
c21

− q2
) 1

2

− qx.
9 �f§ �<;

� ���(�.


� t02 �3
3
,� � 5D��� ��5e� �O�O��� 
���� ��5e� F(p, t02)
���(�2��
�
 � 5D��� �	� ���1� � ����5 	����

p = p02
� �O��
 
��

�O� ���1���#�3
3
 �1���'&��1� �(�1�	� ��5D�O��� �<�N� �?5Q

0 < =m(p02) < m �

� �e�(5D�
h(m)/c2 ≤ t < h(−m)/c2

� F(p, t)
���(�2��
 5D� �,5D�e� ��5e�,�O� ���1���

p = υ−(t) ∈ [p02 ; im],

�1�2��&��1�����1�	�[��5D�O�
�

� �e�(5D�
h(−m)/c2 ≤ t ≤ t02

� F(p, t)
���(�2��
��<��5�6 �	� ���1� �3


p = υ−2 (t) ∈ [p02 ; im]
��


p = υ+
2 (t) ∈ [−im ; p02],

�1�2��&��1�����1�	��
���5D�	��
 � �#�N���?5Q


dυ±2 (t)

dt
'

t→t
−

02

±ζ(t)
√

1

t202 − t2
,

���J���

ζ(t) =

√
t+ t02

2c2g′′(p02)
;

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �y�

� �e�(5D�
t02 < t

� F(p, t)
�<�(�2��
N����5�6��	� ���1����
 �.�(�[�����O6Q�3


γ+
2 (t)

��

γ−2 (t)

�(���3� � �(��


=m
[
γ+
2 (t)

]
= =m

[
γ−2 (t)

]
> 0

��
 <e
[
γ+
2 (t)

]
= −<e

[
γ−2 (t)

]
> 0.

�#�N���?5Q


dγ±2 (t)

dt
'

t→t
+

02

±ζ(t)
√

1

t2 − t202
.

� �
�@°�
��d� � � � � ��� �(� ���-�	�������.�Q���#�3
3
N�����e���.�N�!��� �





3�
x 6∈ ΩR(t) ∪ Ωte(t) : ur(x, y, t) = 0 ;


3�
x ∈ ΩR(t) : ur(x, y, t) =

<e
[
R(γ+

1 (t))
]

2π

√
t2 − r2

c21

;


3�
x ∈ Ωte(t) : ur(x, y, t) = −=m

[
R(υ+

1 (t))
]

2π

√
r2

c21
− t2

.

��
 � � �������-
 �	�(�e
3�-� 
�����
3
��<�(�����.���e�(� �






3�
x 6∈ ΩT (t) : ut(x, y, t) = 0 ;


3�
x ∈ ΩT (t) : ut(x, y, t) =

1

2π
<e




c2T (γ+
2 (t))

(
1 + γ+

2 (t)2
) 1

2
∂F
∂p

(γ+
2 (t), t)


 .

ZGj¥xIsykXmimiw�eL® n�j+eoxXn�moZLmL�
xIsykXm���Z�|Lw��q|�kX� jdkXY[l�min�p@kXZ*{fZ
Ur
�¬{fZ��>® w����usymon�goUXY[Z%xXmilLeoZ�j@gil*ª���w

ezZ�|�gin�syj��+§^:u§ � 9 |�wu��|�kX�¼{fZ
P r

; x+w��yZY>��f�fZ�g��fxIsykXm�|�Z���kXn¼{fZ
U t
{XZG�<® wu���ysumin©giUXY[ZGx+mol�ezZLjygilGª ��w

ezZ�|�gin�syj��I§ �X§�: 9 |Lw��q|�kX�¼{XZ
V Psx

;$x+wu�uZ�>O�f§

_`_ba(ced3f3g.h
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	����
�

afn jXsuk+eV{fl�|�syY�x8syeosujIe
u
eokXn��Owujyg 9 �f§?>(;��f��ZLe�|�suj+{fn�gon�sujIe${XZ^gimiwuj+ezY[nqeoeon�suj+e xXUdcfeznqp@kXZLe$n�Y�x8syeiw�j@gV��w

|�suj@gon�jdkXn�gol/{fZ
u
Z�g^{XZ 1

ρ
∂u
∂y

�X�<® l�p@k+wOgin�syj 9 �f§ ��;V{fZ��dn�Z�j@g^w���sum}eKX

1

c21

∂2ui

∂t2
−
[
∂2ui

∂x2
+
∂2ui

∂y2

]
= δ(x) δ(y − h) δ(t), y > 0

9 �X§�:��uw ;

1

c21

∂2ur

∂t2
−
[
∂2ur

∂x2
+
∂2ur

∂y2

]
= 0, y > 0

9 �X§�:���­�;

1

c22

∂2ut

∂t2
−
[
∂2ut

∂x2
+
∂2ut

∂y2

]
= 0, y < 0

9 �f§^:L�y|';

ui + ur = ut, y = 0
9 �X§�:��u{e;

ρ2

(
∂ui

∂y
+
∂ur

∂y

)
= ρ1

∂ut

∂y
, y = 0

9 �X§�:���Z";





G ® kXgon���nqeow�gon�suj {fZLe�gom}w�j+ez¹ºsumiY%wOgon�sujIe�{fZ/G
w�xX�qwu|�Z�ZLj goZ�Y[x+e¨Z�g {fZ¥�XsykXmin�ZLm�Z�j
x
jXsukIe¡xIZLmoY[Z�g

{¼® sy­fgoZLjXn�m���Z�eocdezgoWLY[Z�{Xn©�Rl�miZ�j@gon�Z�� symi{Xn�j+wun�miZ�ezkXn��Ow�j@g X

−∂
2ûi

∂y2
+

(
k2 +

s2

c21

)
ûi = δ(y − h), y > 0,

9 �f§^:�:Lw ;

−∂
2ûr

∂y2
+

(
k2 +

s2

c21

)
ûr = 0, y > 0,

9 �X§�:<:�­�;

−∂
2ût

∂y2
+

(
k2 +

s2

c22

)
ût = 0, y < 0,

9 �f§^:�:�|';

ûi + ûr = ût, y = 0,
9 �X§�:<:L{e;

ρ2

(
∂ûi

∂y
+
∂ûr

∂y

)
= ρ1

∂ût

∂y
, y = 0,

9 �X§�:<:�Z";




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{fsuj@g���ZLe�eosu��kfgon�sujIe�ezsyjyg

ûi =
1

2
(
k2 + s2

c2
1

) 1
2

e
−|y−h|

„

k2+ s2

c2
1

« 1
2

,
9 �X§�:K��w ;

ûr =
R(k, s)

2
(
k2 + s2

c2
1

) 1
2

e
−(y+h)

„

k2+ s2

c2
1

« 1
2

,
9 �f§^:��O­�;

ût =
T (k, s)

2
(
k2 + s2

c2
2

) 1
2

e
y

„

k2+ s2

c2
2

« 1
2
−h

„

k2+ s2

c2
1

« 1
2

.
9 �X§�:K��|";





C �yZL| R �+��Z/|�sdZ�«*|�n�ZLjyg�{fZ/mil�EIZ�¦fn�syj¼�fZ�g T �X��Z/|�s@Z�«*|�n�Z�j@g^{fZ�gom}w�j+eoY[n�eieon�syj¼�f{fl�A+j+n�e�xIw�m

R(k, s) =
ρ2

(
k2 + s2

c2
1

) 1
2 − ρ1

(
k2 + s2

c2
2

) 1
2

ρ2

(
k2 + s2

c2
1

) 1
2

+ ρ1

(
k2 + s2

c2
2

) 1
2

,
9 �f§^:'7 ;

T (k, s) =
2ρ2

(
k2 + s2

c2
2

) 1
2

ρ2

(
k2 + s2

c2
1

) 1
2

+ ρ1

(
k2 + s2

c2
2

) 1
2

.
9 �f§^:��Q;

� ��� � � � �+� ��
��`S ���L°8� 
K´ �¨��� 
�µ 
�R�SR² ��
�� �+´ ��� �
�d��°�S
�L²�

�f²"R¶°�S �
�P² �
�d°�
��d� � � ���
��w�jIeV��Z�|Lwue

h = 0
�qw%ezsy��kXgon�suj

û
eL® lL|�min�g

û(k, y, s) =
1 + R(k, s)

2
(
k2 + s2

c2
1

) 1
2

e
−|y|

„

k2+ s2

c2
1

« 1
2 9 �f§^:��<;

x8suk+m
y > 0

Z�g

û(k, y, s) =
T (k, s)

2
(
k2 + s2

c2
2

) 1
2

e
−|y|

„

k2+ s2

c2
2

« 1
2 9 �f§^:L� ;

x8suk+m
y < 0
§

_`_ba(ced3f3g.h
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� �Xµ>´u�
µ � �¥µ � �L°8µ¶�
²'R>°�S � �!S
�¡µ � �/R>µ�R �d� � � MFj kXgon���nqeowuj@g��qw*gimiwuj+ez¹ºsumiY[w�gon�suj¨{fZ[�XsykXmin�ZLmGsyj
sy­fgon�Z�j@g,X

ũ(x, y, s) =
1

2π

∫ +∞

−∞

T (k, s)

2
(
k2 + s2

c2
2

) 1
2

e
−|y|

„

k2+ s2

c2
2

« 1
2
−ikx

dk.
9 �f§^:J>�;

  syY[Y�Z�xXmilL|�lL{fZLY[Y�ZLj@gVsyj¡kfgon���nqeoZ/��Z/|}U+wujX�uZLY�ZLj@g�{XZ��Owumonqw�­X��Z
k = ps

c2

ũ(x, y, s) =
1

2π

∫ +∞

−∞

T (ps
c2
, s)

2 (1 + p2)
1
2

e
− s

c2

»

|y|(1+p2)
1
2 +ipx

–

dp (≡
∫ +∞

−∞

ΞT (p)dp).
9 �X§�:��<;

r:sykXm�jXZ�x+wue�wu��sykXm}{fn�mV�qw[xXmilLeoZ�j@giw�gon�suj¼�djXsyk+e$¹¶w�nqezsyj+eVY%w�n�j@goZ�jIw�j@g��>® w�­XkIe�{fZ/jXs�g}wOgin�syj

T (p) = T (
p

c2
, 1) =

2
(
1 + p2

) 1
2

(
c2
2

c2
1

+ p2
) 1

2

+ (1 + p2)
1
2

9 �f§^:L� ;

9 n��Rj¼® c�wukXmiw�x+wueV{fZ�monqeipyk+Z�{fZ�|�syjf¹ºk+eon�syj*x+wum$�qw�ezkXn�goZ�|�wum �qw xXmoZLY[n�WLmoZ^¹ºsumiY�kX�qwOgin�syj�{fZ T jXZ�eoZ�m}wx+��k+eVkXgon���nqezlLZ";�§

\^suk+e�|}U+Z�m}|}UXsuj+e$Y%w�n�j@goZLj+w�j@g���Z/j+sukX�yZLw�k�|�syjygisukXm�{ ® n�jygil��ymiw�gon�suj�X
syj¡xIs@ezZ

c2t = |y|
(
1 + p2

) 1
2 + ipx

Z�g
Γ =

{
p ∈ C | |y|

(
1 + p2

) 1
2 + ipx ∈ � v +

}
.

  syY[Y�Z/ª��qw%ezZ�|�gon�suj�:�suj�Y[suj@gomiZ/pyk+Z

Γ = Υ+ ∪ Υ− ∪ Γ+ ∪ Γ− wK�uZL|

Γ± =

{
p = γ±2 (t) = −i c2t

r
cos θ ± | sin θ|

√
c22 t

2

r2
− 1,

r

c2
≤ t

}
,

Υ+ =

{
p = υ+

2 (t) = −i
(
c2t

r
cos θ + | sin θ|

√
1 − c22 t

2

r2

)
, 0 ≤ t ≤ r

c2

}
,

Υ− =

{
p = υ−2 (t) = −i

(
c2t

r
cos θ − | sin θ|

√
1 − c22 t

2

r2

)
, −r cos θ

c2
≤ t ≤ r

c2

}
.

Γ+ ∪ Γ− Z�ehg�kXj+ZG­Xm}w�jI|}UXZ�{¼® UdcdxIZLmo­8su��Z�ezn�gokXlLZ/{Xw�j+e$��Z�xX��wuj =m(p) > 0
ezn

cos θ < 0
§¬�GZ�x+��k+e

Γn�j@goZLmieoZL|�goZ��<® wO¦fZ�n�Y%w��un�j+wun�miZ�w�k xIsyn�j@g
p = −i cos θ

x8sukXm
t = r

c2

9 gosukXgoZLe�|�ZLeGn�jf¹ºsymoY%w�gon�suj+e�ezsyj@g
milLeokXY[l�Z�eVezkXm��qw#A+�ykXmoZ��<;�§

 �!�_" $#
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3���(�4����5�6 �u�

� ® w�xXmiWLe$�qw�{Xl�A+jXn�gon�suj¡{fZ��qw�¹ºsyj+|�gin�syj
x 7→ (x)

1
2

p@kXZ�jXsukIe$wK�ysuj+e$|}UXsyn�eon�Zy�f��Z�e$xIsyn�j@gie�{XZ�­+miwuj+|}UXZ�¢
Y[ZLjyg}e¬{fZ

ΞT
ezsyjyg

p = ±i �OZ�g p = ±i c2
c1

Z�g eoZLe:|�sykXxXkXmiZLe:eosuj@g:��Z�e¬{fZ�kf¦�{fZ�Y[n�¢¸{fmisun�goZ�e
n�Y%w��yn�jIw�n�moZ�e

{ip | p ∈ ]−∞;−1[ ∪ ]1; +∞[} .
�£� Z�ehg�lL�dn�{fZLj@g^pyk+Z

Γ
j+ZGgimiwK�yZ�m}ezZGx+wueV��ZLe^|�suk+xXkXmiZLeL§

M j¥kfgon���nqeiw�j@g���Z*Y�L�Y[Z�|�syj@gosuk+m�pyk3® ª��qw�eoZL|�gin�syj :u�
suj¥Y[suj@gomiZ*p@kXZu�:wK�uZ�|���Z�e�eoZ�j+e�{XZ*x+w�m}|�sykXm}e

D

=m(p)

<e(p)

Γ− Γ+

i

−i c2
c1

i
c2
c1

−i

−i cos θ

�
n��ykXmoZ/�eX:v�Z�xXmilLeoZ�j@giw�gon�suj¡{fZ
Γ+ Z�g Γ− {Xwuj+eV��Z/xX��wuj�|�suY[xX��Z�¦fZ

n�j+{fnqp@kXlLe�eokXm��qw#A+�uk+moZ#:L� X

∫ +∞

−∞

ΞT (p)dp = −
∫

Γ

ΞT (p)dp.
9 �X§ �u�<;

�^Z/x+��k+eL�+wuxXmoW�e�wK�usyn�m$Z��RZL|�gokXl/��Z�|}U+w�j+�uZ�Y[ZLjyg�{fZ/�Ow�minqw�­X��Z

_`_ba(ced3f3g.h



7y� � ���������D�(���

¢
R R

=m(p)

<e(p)

C−
ρ C+

ρ

Γ−
ρ Γ+

ρ

i

i
c2
c1

−i cos θ

�
n��uk+moZ�:L�eX   suj@gosykXm�{ ® n�j@golL�um}wOgin�syj

p = γ±2 (t) = −i t
r

cos θ ± | sin θ|
√
c22 t

2

r2
− 1,

syj�sy­fgon�Z�j@g X
∫

Γ±

ΞT (p)dp = ∓
∫ +∞

r
c2

1

4π
(
1 + γ±2 (t)2

) 1
2

dγ±2
dt

(t)T (γ±2 (t))e−stdt.
9 �f§ �D:";

ZGm�syj�w��dk�ª���w[eoZL|�gin�syj0:/p@kXZ

1
(
1 + γ±2 (t)2

) 1
2

dγ±2
dt

(t) = ± 1√
t2 − r2

c22
{Xsuj+|

∫

Γ

ΞT (p) dp = −
∫ +∞

r
c2

T (γ+
2 (t)) + T (γ−2 (t))

4π

√
t2 − r2

c22

e−stdt.
9 �f§ �u��;

�GZ/xX��k+eL�fZ�j¡kfgon���n�eiw�j@g���ZG¹¶wun©g^p@kXZ
γ−2 (t)2 = γ+

2 (t)2
Z�g^p@kXZ

z
1
2 = z

1
2

�Xsyj�Y[syjygimoZ/p@kXZ�X

T (γ−2 (t)) = T (γ+
2 (t))

Z�g^{fsujI|�p@kXZ
T (γ+

2 (t)) + T (γ−2 (t)) = 2<e[T (γ+
2 (t))].

 �!�_" $#
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 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 7e:

ZGj¡w[w���sum}e

ũ(x, y, s) =

∫ +∞

r
c2

<e
(
T (γ+

2 (t))
)

2π

√
t2 − r2

c22

e−stdt.
9 �f§ ��7<;

�
n�j+w���Z�Y[ZLjyg,X

u(x, y, t) = 0, t <
r

c2

u(x, y, t) =
<e
[
T (γ+

2 (t))
]

2π

√
t2 − r2

c22

, t >
r

c2

� �Xµ>´u�
µ � � µ �~�L°8µ¶�
²'R>°�S � �!S
� µ � � R¶µ�R �d� � � ZGj.e�® n�jygil�miZLeiezZ¡Y%w�n�j@goZLj+w�j@g�w�k |Lw��q|�kX��{fZ���w
eosu��kfgin�syj�{Xwuj+eV��Z/Y�n���n�ZLk�s ���qw��dn©giZLeiezZ�ZLezg��qw x+��k+e���ZLjygiZ�Z�g�suj�l�gik+{fn�Z2X

ũ(x, y, s) =
1

2π

∫ +∞

−∞

1 + R(k, s)

2
(
k2 + s2

c2
1

) 1
2

e
−|y|

„

k2+ s2

c2
1

« 1
2
−ikx

dk.
9 �f§ �O� ;

]�gon���nqeosuj+eV��Z�|}U+w�j+�uZ�Y[ZLjyg�{fZ/�Ow�minqw�­X��Z
k = ps

c1

X

ũ(x, y, s) =
1

2π

∫ +∞

−∞

1 + R( ps
c1
, s)

2 (1 + p2)
1
2

e
− s

c1

»

|y|(1+p2)
1
2 +ipx

–

dp (≡
∫ +∞

−∞

ΞR(p) dp).
9 �X§ �y��;

\^suk+eVj+s�goZLmosyj+eKX

R(p) = R(
p

c1
, 1) =

(
1 + p2

) 1
2 −

(
c21
c2
2

+ p2
) 1

2

(1 + p2)
1
2 +

(
c2
1

c2
2

+ p2
) 1

2

.
9 �f§ ��� ;

r:sykXmVgomisukX�yZ�mV��Z�|�suj@gosykXm�{ ® n�j@gil��um}wOgin�syj�syj�x8syeoZ�X

c1t = |y|
(
1 + p2

) 1
2 + ipx

9 �f§ �<>�;

_`_ba(ced3f3g.h
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Z�g
Γ =

{
p ∈ C | |y|

(
1 + p2

) 1
2 + ipx ∈ � v +

} Z�g�syj�Y[syjygimoZ/p@kXZ

Γ = γ+ ∪ γ− ∪ Γ+ ∪ Γ−

wK�uZ�|

Γ± =

{
p = γ±1 (t) = −i c1t

r
cos θ ± | sin θ|

√
c21 t

2

r2
− 1,

r

c1
≤ t

}
,

Υ+ =

{
p = υ+

1 (t) = −i
(
c1t

r
cos θ + | sin θ|

√
1 − c21 t

2

r2

)
, 0 ≤ t ≤ r

c1

}
,

Υ− =

{
p = υ−1 (t) = −i

(
c1t

r
cos θ − | sin θ|

√
1 − c21 t

2

r2

)
, −r cos θ

c1
≤ t ≤ r

c1

}
.

Γ
n�j@goZ�m}eoZL|�giZ��>® wO¦fZ�n�Y%wu�un�j+w�n�moZ�w�k�x8sun�jyg

p = −i cos θ
xIsykXm

t = r
c1

§
� ® w�xXmiWLe$�qw�{Xl�A+jXn�gon�suj¡{fZ��qw�¹ºsyj+|�gin�syj

x 7→ (x)
1
2

p@kXZ�jXsukIe$wK�ysuj+e$|}UXsyn�eon�Zy�f��Z�e$xIsyn�j@gie�{XZ�­+miwuj+|}UXZ�¢
Y[ZLjyg}e�{fZ

ΞR
eosuj@g

p = ±i �@Z�g p = ±i c1
c2

�+eoZLeV|�sykXxXkXmiZLeVeosuj@g���Z�e�{fZ�kf¦�{fZ�Y[n�¢¸{fmisun�goZ�e$n�Y%w��yn�jIw�n�moZ�e

{
ip | p ∈

]
−∞;−c1

c2

[
∪
]
c1
c2

; +∞
[}

.

  Z�gzgiZ�¹ºsyn�e
Γ
gom}wK�uZLmieoZ���ZLe�|�sykXxXkXmiZLeGxIsykXm

cos θ > c1
c2

9 �usyn�m A+�uk+moZ :�:';�§��£�:¹¶w�kXg�{fsyj+|�{fn�ezgon�jX�ykXZ�m
{XZ�kf¦�|LwueL§

:u§ � R
| cos θ| ≤

c1

c2

� ZGj�x8Z�kfg�wu��symie�kfgin���nqezZLm�kXj |�suj@gisukXm�eoZ�Y ­X��wu­X��Z�ª¡|�ZL��k+n {flL|�mon�g/��symie/{Xk
|�wu��|�kX�3{Xwuj+eV��Z�Y[n���n�Z�k¨� Z�g�syj�Y[syjygimoZ�p@kXZ2X

u(x, y, t) = 0, t <
r

c1

u(x, y, t) =
1 + <e

(
R(γ+

1 (t))
)

2π

√
t2 − r2

c21

, t >
r

c1

9 �qw%{fl�Y[syj+ehgimiw�gon�suj�ZLezg���w�Y�L�Y[Z�p@kXZ�xIsykXm���Z/|�w��q|�k+�¼{Xw�j+eV��Z/Y[n���n�Z�k¨��;�§

�f§ � R
| cos θ| >

c1

c2

� �£��¹¶wukfg¨w���sum}e�Y�sf{fn�A+ZLm���Z¥|�syjygisukXm¡x8sukXm�p@k¼® n��/j+Z�gimiwK�yZ�m}ezZ�x+wue���ZLe
|�sykXxXkXmiZLeL�OxIsykXmF|�ZL��wGjXsyk+e:w�����syj+e
Y[wun�j@giZ�j+wujyg:kfgin���n�eoZ�m

Υ± p@kXndZLezg:miZ�x+mol�ezZLjygil wK�yZL| Γ± {+w�j+e
��ZGxX�qw�j*|�syY[xX��Z�¦fZ^ezk+mF��w,A+�ukXmiZ :K�d§

Υ+ Z�ehg ��Z^eoZ��yY[Z�j@g n�Y[wu�un�j+w�n�miZ [−i| sin θ| ; −i cos θ]
Z�g

Υ− Z�ehg¬��Z$eoZ��yY�ZLj@g
n�Y%w��un�j+wun�miZ [i ; −i cos θ].
adZLkX�

Υ+ x8Z�kXg:j+suk+e
x8Z�miY�Z�gzgimoZV{fZ�|�syjygisukXmijXZLm

 �!�_" $#
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3���(�4����5�6 7<7

D

=m(p)

<e(p)

Γ− Γ+

i

−i c1
c2

i
c1
c2

−i

−i cos θ

�
n��uk+moZ�:�:<X¬v�Z�xXmilLeoZ�j@g}wOgon�suj�{fZ
Γ+ Z�g Γ− {+w�j+eV��Z/xX�qw�j¡|�suY[xX��Z�¦fZ

_`_ba(ced3f3g.h
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��w�|�suk+xXkXmiZu�+{fZ/x+��k+e^jXsukIe�j¼® wK�usujIeV­IZ�ezsyn�j�p@kXZ�{fZ���w[x+wumzgin�Z�{XZ
Υ+ |�suY[xXmin�eoZ�Z�j@gomiZ i c1

c2

Z�g
−i cos θ

�XjXsyk+eVjXsugosujIe�{fsuj+|

Υ = Υ+ ∩
[
i
c1
c2

; −i cos θ

]
.

ZGj¡�ul�min�A+Z^¹¶wy|�n���ZLY[Z�j@g^p@kXZ
Υ
x8Z�kfg L�gomiZ�x+w�m}w�Y[l�gimolLZGxIw�m

t
X

Υ =

{
p = υ+

1 (t) = −i
(
c1t

r
cos θ + | sin θ|

√
1 − c21 t

2

r2

)
, t1 ≤ t ≤ r

c1

}

wK�uZ�|
t1 = r| sin θ|

√
1
c2
1

− 1
c2
2

− r cos θ
c2

9
t1
ZLezg�su­fgiZ�jdk�ZLj¡kfgon���nqeiw�j@g 9 �X§ � >J;$Z�j

p = i c1
c2

;�§

=m(p)

<e(p)

Γ− Γ+

i

−i c1
c2

i
c1
c2

−i

−i| sin θ|

−i cos θ

Υ+

Υ−

�
n��ukXmiZ�:��!X:v�Z�xXmilLeoZ�j@giw�gon�suj�{fZ
Γ
{Xw�j+eV��Z/xX�qw�j¡|�syY�x+��Z�¦dZ

\�syk+e¼Y[sf{fn�A+suj+e¼��lL�uW�miZ�Y[ZLjyg �qw�{fl�A+jXn�gon�suj/{fZ
Γρ
x8sukXm3p@k¼® n��ujXZ¬gisuk+|}U+Z¬x+wue �<® wO¦fZ¬n�Y%wu�un�j+w�n�moZ�X

Γρ =

{
p ∈ Γ | |p| < ρ

Z�g <e(p) ≥ 1

ρ

}
,

 �!�_" $#
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Z�g�jXsyk+e�{fl�A+jXnqeoeosuj+eYX
∣∣∣∣∣∣∣∣∣∣∣∣∣

Υ+ρ =
{
p | p− 1

ρ
∈ Υ

}
,

Υ−ρ =
{
p | p+ 1

ρ
∈ Υ

}
,

cρ =
{
p |
∣∣∣p− i c1

c2

∣∣∣ = 1
ρ

Z�g =m(p) ≤ c1
c2

}
.

Υ+ρ

9 miZLeox¼§
Υ−ρ

;^ZLezgG�<® n�Y%w��yZ {fZ
Υ
x+w�mG��w*gom}w�j+eo�qwOgon�suj¨{XZ��uZ�|�giZ�kXm 1

ρ

9 miZLeox¼§ − 1
ρ

;��
cρ
Z�ehg

��Z*{XZ�Y[n©¢£|�ZLmi|���Z��zn�jX¹ºl�min�ZLkXm��h{fZ%|�ZLj@gomiZ
i c1
c2

Z�g�{XZ%miwKcysuj 1
ρ

§%rFk+n�eip@kXZ
ΞR
Z�ehg�wuj+w���c@gonqp@kXZ�eokXm

Ω
�+eosuj�n�j@golL�um}w���Z�eokXmV��Z/|�suj@gosykXm$¹ºZ�miY�l

Dρ ∪ Cρ ∪ Γρ ∪ Υ+ρ ∪ Υ−ρ ∪ cρ
9 �>® sumin�Z�j@giw�gon�suj�{Xk

|�syjygisukXm$ZLezg�|}UXsunqezn�Z^{fZGgoZL����Z�ezsymzgiZGp@kXZ���Z�ezZL�uY[Z�j@g$molLZ��
Dρ

eosun�g$xIw�m}|�suk+mok*{Xwuj+e ��Z�ezZLj+e${fZLe
�Ow���Z�kXm}e�|�misunqeoeiw�j@giZLeF` �usyn�m A+�ykXmoZ�:"7�;$ZLezg�jdkX����Z�X

∫

Dρ

ΞR(p)dp+

∫

Γρ

ΞR(p)dp+

∫

Υ+ρ

ΞR(p)dp+

∫

Υ−ρ

ΞR(p)dp+

∫

Cρ

ΞR(p)dp+

∫

cρ

ΞR(p)dp = 0.

ZGj¡�ul�min�A+Z^¹¶wy|�n���ZLY[Z�j@g^p@kXZ�X

lim
ρ7→∞

∫

Cρ

ΞR(p)dp = 0.

�^Z/x+��k+e
lim

|p−i
c1
c2

|7→0
pΞR(p) = 0,

suj¡x8Z�kfg^{fsyj+|�w�xXx+��nqp@kXZ�m���Z/xXmiZ�Y[n�ZLmV��ZLY�Y[Z�{fZ
	ysum}{XwujTX

] �d��� � � ��� ��� 

�d�/R ��
 ] �d��� � � � �¼°�
 � �!S�� � ���1

Ω

5D� ��5 �J���3
K�<�
C

� 
��(�����e

z0

5D�
�!���1�e
N���

C
��
 U 5D� 
�����
���5D� �(�Q&�5D�����1�	�����

C
��� �W�e���e�(�

U = {z ∈ Ω | ψ1 < arg(z − z0) < ψ2} (R0 > 0, ψ1
��

ψ2 ∈ � � ).

� �
f

��
.
 5D��� ���(� ��
 ���(� �O���e
 �1�e5e�#�����!

Ω\ {z0}

��
 
.� �

lim
z→z0

z∈U\{z0}

(z − z0)f(z) = 0,

�(�����.
��!��5D�,
���5D
 ��� �-�<� �.��� �����
γ

��� �.����
��O�
z0

� �<� �	� ���(�
ε
� �.���e
 ����5 �<�(�e
 U �����

lim
ε→0

∫

γ

f(z)dz = 0.

�^syj+|�X

lim
ρ7→∞

∫

cρ

ΞR(p)dp = 0.

_`_ba(ced3f3g.h
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¢
ρ ρDρ

=m(p)

<e(p)

C−
ρ C+

ρ

Γ−
ρ Γ+

ρ

i
c1
c2

i

−i cos θ

c−ρ

Υ−ρ Υ+ρ

�
n��uk+moZ�:'7eX   suj@gosykXm�{ ® n�j@golL�um}wOgin�syj

ZGj�w�wu��symieKX

ũ(x, y, s) = −
∫

Γ

ΞR(p) dp− lim
ρ→+∞

[∫

Υ−ρ

ΞR(p) dp+

∫

Υ+ρ

ΞR(p) dp

]
.

9 �f§ ��� ;

�£�¼ZLezg^w���sum}e$l��dnq{fZ�j@g 9 ZLj�symon�Z�j@g}w�j@g
Υ
�o{fk�UIw�kfg��yZ�m}e ��Z/­+wye �*;$pyk+Z#X

lim
ρ→+∞

∫

Υ±ρ

ΞR(p) dp =

∫

Υ


1 +

√
1 + p2 ∓ i

√
−
(
p2 +

c2
1

c2
2

)

√
1 + p2 ± i

√
−
(
p2 +

c2
1

c2
2

)



e
− s

c1

»

|y|(1+p2)
1
2 +ipx

–

4π(1 + p2)
1
2

dp

ezsyn©g��XZ�j�x8syeiw�j@g R̃(p) =

√
1+p2−i

s

−

„

p2+
c2
1

c2
2

«

√
1+p2+i

s

−

„

p2+
c2
1

c2
2

«

X

lim
ρ→+∞

∫

Υ+ρ

ΞR(p) dp = −
∫

Υ

(
1 + R̃(p)

) e
− s

c1

»

|y|(1+p2)
1
2 +ipx

–

4π(1 + p2)
1
2

dp

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 7Q>

Z�g

lim
ρ→+∞

∫

Υ−ρ

ΞR(p)dp =

∫

Υ

(
1 + R̃(p)

) e
− s

c1

»

|y|(1+p2)
1
2 +ipx

–

4π(1 + p2)
1
2

dp.

�	�d� � 
(P � � � � � R̃(p) = R(p)

3� ���2���O�(����� & ���^� ����� ��
������

x 7→ (x)
1
2


35D�,��� �����-�1)*���	�(�1
 �
����
 �	�.���?
K� � & �(
 � �O
��e�(�

(x)
1
2 = i

√−x �!��5D�
x < 0

�

�£�¼jXZ/jXsyk+eVmiZLezgoZ�xX��k+e�p@k¼® ª[kXgon���nqezZLm���Z�|}UIw�jX�yZ�Y[Z�j@g�{fZ/�Ow�min�wu­X��Z

p = υ+
1 (t) = −i

(
c1t

r
cos θ + | sin θ|

√
1 − c21 t

2

r2

)

xIsykXm�sy­fgoZLjXn�m,X

lim
ρ→+∞

[∫

Υ−ρ

ΞR(p) dp+

∫

Υ+ρ

ΞR(p) dp

]
= −

∫ r
c1

t1

R(υ+
1 (t)) −R(υ+

1 (t))

4π(1 + υ+
1 (t)2)

1
2

dυ+
1 (t)

dt
estdt.

�^Z/�qw[Y�L�Y[Z�Y%w�jXn�W�miZ/pyk3® ª��qw�eoZL|�gon�suj¡xXmilL|�lL{fZLjygiZ�suj�Y�syj@gomiZ�p@kXZ�X

1
(
1 + υ+

1 (t)2
) 1

2

dυ+
1 (t)

dt
=

i√
r2

c21
− t2

,

Z�g��+w�xXmiWLe�wK�ysun�m miZ�Y%wumip@kXl�p@kXZ

−i
[
R(υ+

1 (t)) −R(υ+
1 (t))

]
= 2=m(R(υ+

1 (t))),

suj¡su­Xgon�Z�j@g

lim
ρ→+∞

[∫

Υ−ρ

ΞR(p) dp+

∫

Υ+ρ

ΞR(p) dp

]
=

∫ t0

t1

=m [R(υ+(t))]

2π
√

r2

c2
1

− t2
e−stdt.

9 �f§ ���<;

ZGj¡Y�syj@gomiZGlL�@nq{fZLY�Y[ZLjyg^eiw�jIe�{fn©«*|�kX�©gil�p@kXZ2X

−
∫

Γ

Ξ(p) dp =

∫ +∞

r
c1

1 + <e
(
R(γ+

1 (t))
)

√
t2 − r2

c21

e−stdt
9 �f§ 7u�<;

Z�g�syj�sy­fgon�Z�j@g

ũ(x, y, s) = −
∫ r

c1

t1

=m
[
R(υ+

1 (t))
]

2π
√

r2

c2
1

− t2
e−stdt+

∫ +∞

r
c1

1 + <e
[
R(γ+

1 (t))
]

2π
√
t2 − r2

c2
1

e−stdt.

�
n�j+wu��ZLY[Z�j@gL�X�<® Z�¦fxXmiZLeiezn�suj�{fZ/��w ¹ºsyj+|�gin�syj�{fZ�»�miZ�ZLj�Z�ehg X
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u(x, y, t) = 0, t < t1,

u(x, y, t) = −=m
[
R(υ+

1 (t))
]

2π

√
r2

c21
− t2

, t1 < t <
r

c1
,

u(x, y, t) =
1 + <e

[
R(γ+

1 (t))
]

2π

√
t2 − r2

c21

,
r

c1
< t.

� ��� ��� � �+� ��
��`S ���L°8� 
K´ ���
°�
O� � ��µ 
�R�SR² ��
�� �X´ ��� �
�d��°�S
�L²�

�f²"R¶°�S �
�P² �
�d°�
��d� � � ���

� �Xµ>´u�
µ � �
ur
� ZGj�xIs@ezZ

r =
√
x2 + (y + h)2

�
cos θ =

x

r

�
sin θ =

(y + h)

r

Z�g

R(p) = R(
p

c1
, 1) =

ρ2

(
1 + p2

) 1
2 − ρ1

(
c21
c2
2

+ p2
) 1

2

ρ2 (1 + p2)
1
2 + ρ1

(
c2
1

c2
2

+ p2
) 1

2

  syY[Y�Z/{Xwuj+eV��Z�|�wue
h = 0

suj¡�ulLmon�A+Z�pyk+Z2X

ũr(x, y, s) =
1

2π

∫ +∞

−∞

R(p)

2 (1 + p2)
1
2

e
− s

c1

»

y(1+p2)
1
2 +ipx

–

dp

�GsujI|-X

� ���'R
c1 > c2

°I�P�"R
| cos θ| ≤

c1

c2

� C ��sum}eVn��¼j3® c�w�x+wye�{ ® suj+{fZ�{XZ�g	L�giZ/Z�g

ur(x, y, t) = 0, t <
r

c1

ur(x, y, t) =
<e
[
R(γ+

1 (t))
]

2π

√
t2 − r2

c21

, t >
r

c1

wK�uZ�|
γ+
1 (t) = −i c1t

r
cos θ + | sin θ|

√
c21t

2

r2
− 1.

� � �"R
| cos θ| >

c1

c2

.
�£�R¹¶wukfg^|�wu��|�kX��ZLm���w[|�suj@gomin�­+kfgon�suj¡{fZ/�<® syj+{fZ/{fZ�g	L�goZ2X

 �!�_" $#
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3���(�4����5�6 7y�

u(x, y, t) = 0, t < t1

u(x, y, t) = −=m
[
R(υ+

1 (t))
]

2π

√
r2

c21
− t2

, t1 < t <
r

c1

u(x, y, t) =
<e
[
R(γ+

1 (t))
]

2π

√
t2 − r2

c21

,
r

c1
< t

wK�uZ�|

υ+
1 (t) = −i

(
c1t

r
cos θ + | sin θ|

√
1 − c21 t

2

r2

)
,

γ+
1 (t) = −i c1t

r
cos θ + | sin θ|

√
c21t

2

r2
− 1

Z�g

t1 = r| sin θ|
√

1

c21
− 1

c22
− r cos θ

c2
.

G¼Z�e�|�wu��|�kX��eVeosuj@g�ezn�Y[n��qw�n�miZLe�w�k¡|�wyeVs�����w[eosukXm}|�Z�Z�ehg�eokXm��>® n�jygiZ�mo¹¶wu|�Zu§

�	�d� � 
(P � � � � � ��� �<���2�(��
��	� ���F�����-�2� � � � ��� �O���2�(� ��5e�(��
 ��5e� ��� �.�(� �(�1
 ���(�
t1 = t
�� � ���3�1


r| sin θ|
√

1

c21
− 1

c22
− r cos θ

c2
= t,

�.� ��5D� �3
3
 	������0� � � ��5e�(
 ���(� �(5F
���&��2���e

[C(t)D(t)]

�<� � �e�����O� �.�.�����#�����e


� ²L� � ��� �¨µ � �¸°�S
´u²'R>°�S F(p, t)
� �
�d��°�S
��² 
 �X²'R¶°�S �
� µ �d��� � � ��� � v�w�x+xIZL��syj+e�p@kXZ

F(p, t) = −y
(
1 + p2

) 1
2 + h

(
c22
c21

+ p2

) 1
2

+ ipx− c2t = 0

\^suk+eVx8suk+�usujIe�{Xw�j+eVk+j�x+moZLY�n�Z�m$giZ�Y[x+e�lLjXsuj+|�Z�m���Z���ZLY�Y[Z�eokXn��Kwuj@g X

] �d��� � � ���

� �,
3�
p = a+ ib

���J���
a 6= 0

�3
3
 �	� ���1������� F(p, t)
���(�����.


p = −a+ ib
�3
3
N��&<�������2���e
��	� ���1���

��� F(p, t) �

_`_ba(ced3f3g.h
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� �,
3�
p

��
.
 �	�.��� � �(�����.

p = 0 :

� �,
3�
p

��
.
%�1�2��&��1�����1�	�N��5D�K�����(�.
 |p| < m = min(
c2
c1
, 1)

� �.��
 
�� �.�(� �(�1
 ���(� � �(5Q
[�1� �(� ��5e����5e�K���
�.�(�e
 �(5D�Y� �,
 �	� �(���.
����	�K�e�J
Y����
 �O��5"��5D�	��
 ��
����(� � ��5 � �1� � � � �(5D�	�K�!�(
 �
� �(� ��������
 ��
 ���.� ��5D�
�3
3
 �.�'�!���	���e
N� �(��� ��� 
1�e�.�(�3��� �!� �J
.� ��5e�

�
� � ��5e����� 
 
 ��� � �(���.


+∞ �
Γ̃

��������
 � �J
 �(�[��
 �(
 �3
 �e�(�	��� ��
 �	�.�3
 �e�(�,
N� � ����5e��
������!


p =
t

±(y − h) + ix
=

±(y − h) − ix

(y − h)2 + x2
t.

� � �	6<� 
3
��K����� �
t1


 ������5e� �D�e�(5D�N
 �(5D

t > t1

� F(p, t)
���(�2��
�
 � �<��5�6-�	� ���1� �3
 �.��� � ���	6Q��
N
����1����


��5e� �
=m

[
γ+(t)

]
= =m

[
γ−(t)

] ��
 <e
[
γ+(t)

]
= −<e

[
γ−(t)

]
> 0

���d��°�S
�L²�

�f²"R¶°�S �

:u§V��w%{Xl�Y[suj+ezgom}wOgin�syj�Z�ehg�lL�@nq{fZLjygiZ��
�f§�ezn

p
Z�ehg�mil�ZL�¼w���sum}e





−y
(
1 + p2

) 1
2 + h

(
c22
c2
1

+ p2
) 1

2 − c2t
Z�ehg�mil�ZL�

,

ipx
ZLezg�n�Y%wu�un�j+w�n�moZ�xXkXm

,

−ipx = −y
(
1 + p2

) 1
2 + h

(
c22
c2
1

+ p2
) 1

2 − c2t

{fsujI|
p = 0

�

7X§�ezn
p
Z�ehg�n�Y%w��yn�j+wun�miZ�xXkXm�w���sum}e

ipx+ c2t
ZLezg�molLZ�� Z�g�n�� ¹¶wukfg�{fsujI|/pyk+Z

y
(
1 + p2

) 1
2 − h

(
c22
c21

+ p2

) 1
2

ezsyn©g�mil�ZL� Z�g�{fsyj+|/p@kXZ |p| < m = min(
c2
c1
, 1)

�

�+§�ezn F(p, t) = 0
wu��symie

−y
(

1

t2
+
(p
t

)2
) 1

2

+ h

(
c22
c21t

2
+
(p
t

)2
) 1

2

+ i
p

t
x− c2 = 0.

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 ��:

�^syj+|/p@k+w�jI{
t
goZLj+{��uZ�m}e$�>® n�jDA+jXn3|�Z�gogoZ/lLp@k+w�gon�suj¡{fZ��dn�Z�j@g X

−y
((p

t

)2
) 1

2

+ h

((p
t

)2
) 1

2

+ i
p

t
x− c2 = 0.

adsun�g




−y p
t

+ h
p

t
+ i

p

t
x− c2 = 0

eon <(p) > 0,

y
p

t
− h

p

t
+ i

p

t
x− c2 = 0

eon <(p) < 0.

�^syj+|




(−y + h+ ix) p = c2t
ezn <(p) > 0,

(y − h+ ix) p = c2t
ezn <(p) < 0.

�

  syj+|�ZLmojIw�j@g��qw�xIs@ezn�gon�suj¥{Xwuj+e���Z�x+��wuj |�suY[xX��Z�¦fZ%{fZLe�lL�uZLjygikXZ�����ZLe�m}wu|�n�jXZ�e�{XsukX­X��ZLe
p
{XZ F(p, t)j+suk+eVkfgin���nqezZLmosyj+eV��Z

] �d��� � � ��� � � �1�[�	6<� 
3
��
t0


���� ��5e�
p = p0


��(�1
-5D��� �	� ���1� �T����5 	��^�T��� F(p, t0)
�(�����.


p0
�3
3


�1�2��&��1�����1�	� ��5D� �

� °�
O°Iµ>µ �!R 
 � � � � ��� �O�����3
,���������-�2� � ��� |p0| < m = min( c2
c1
, 1).

���d��°�S
�L²�

�f²"R¶°�S �

a ® n��¼Z�¦fnqehgiZ
t0
goZ��
pyk+Z F(p, t0)

wu{fY[Z�gogoZ/kXj+Z/miwy|�n�jXZ/{fsukX­+��Z
p0
wu��symieKX

F(p0, t0) = 0
9 �X§ 7e:Lw<;

∂F
∂p

(p0, t0) = 0,
9 �X§ 7e:�­�;





ezsyn©g

−y
(
1 + p2

0

) 1
2 + h

(
c22
c21

+ p2
0

) 1
2

+ ip0x− c2t0 = 0,
9 �X§ 7@��w<;

− yp0

(1 + p2
0)

1
2

+
hp0

(
c2
2

c2
1

+ p2
0

) 1
2

+ ix = 0.
9 �X§ 7@�O­�;





_`_ba(ced3f3g.h
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M j�Y kX��gon�xX��nqw�j@g��qw[ezZ�|�sujI{fZ�lLp@k+wOgin�syj�xIw�m
p0
syj�sy­fgon�Z�j@g,X

−y
(
1 + p2

0

) 1
2 + h

(
c22
c21

+ p2
0

) 1
2

+ ip0x− c2t0 = 0,
9 �X§ 7<7uw<;

− yp2
0

(1 + p2
0)

1
2

+
hp2

0(
c2
2

c2
1

+ p2
0

) 1
2

+ ixp0 = 0.
9 �X§ 7<7�­�;





ZGj¡wu{+{fn©gin�syjXjXZ�|�ZLe�{fZLkf¦�lLp@k+w�gon�suj+eVx+kXn�e�suj¡{fn��dnqezZ��qw[ezZ�|�sujI{fZ�lLp@k+wOgin�syj�xIw�m
p2
0

X

− y

(1 + p2
0)

1
2

+
h
c22
c2
1(

c2
2

c2
1

+ p2
0

) 1
2

= c2t0
9 �X§ 7u�yw ;

− y

(1 + p2
0)

1
2

+
h

(
c2
2

c2
1

+ p2
0

) 1
2

+
ix

p0
= 0.

9 �X§ 7u�u­�;





ZGj¡eosuk+ezgom}w�n�g$ZLj+eokXn©giZ 9 �X§ 7u�u­e;Vª 9 �X§ 7u�yw�;$Z�g c22
c2
1

9 �f§ 7��y­e;Vª 9 �f§ 7��@w�;KX

(
c22
c2
1

− 1)h

(
c2
2

c2
1

+ p2
0

) 1
2

= c2t0 −
ix

p0

9 �X§ 7@��w ;

−
(
c22
c2
1

− 1)y

(1 + p2
0)

1
2

= c2t0 −
c22
c21

ix

p0
.

9 �f§ 7y�O­�;





afn
p0
ZLezg[eosu��kfgin�syj�{fkPeocdezgoWLY[Z 9 �f§ 7y��;�w���sum}e

p0
ZLezg*ezsy��kfgin�syj {fkPeocdezgoWLY[Z�eokXn��Kwuj@gL� sy­fgoZLjdk ZLj

lL��ZL�Ow�j@g 9 �f§ 7y�uw�;$Z�g 9 �f§ 7y�O­e;Vwuk�|Lw�mimol��#X

Q1(p0) = (
c22
c21

− 1)2h2p2
0 −

(
c22
c21

+ p2
0

)
(c2t0p0 − ix)2 = 0

9 �X§ 7y�uw<;

Q2(p0) = −(
c22
c21

− 1)2y2p2
0 −

(
1 + p2

0

)
(c2t0p0 −

c22
c21
ix)2.

9 �f§ 7u��­�;





� � + (���������(!���)	�� a � ���� �� +,� #�(�+,���
3
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 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 � 7

Q1
Z�g
Q2
eosuj@g�{Xsuj+|�{XZ�kf¦�x8su��c@j �uY[ZLeG{fZ {fZL�umil�p@k+wOgimoZy§�r:sukXm�{fZLeGm}w�nqezsyj+e�{fZ�ezn�Y[xX��nq|�n�goly�Ij+suk+e

j3® Z�¦dx+��nq|�n�goZLmosyj+e�xIwue���ZLkXm}e�|�sdZ�«*|�n�Z�j@gie�nq|�n<� miZ�Y%w�m}p@kXsujIe�eon�Y[xX��Z�Y[Z�j@g*p@kXZ¡|�ZLe[{fZLkf¦ x8su��cdj��uY[ZLe
syj@g���Z�Y#LLY[Z�|�sdZ�«*|�n�ZLjyg�{fsuY[n�j+w�j@g�X

c22t
2
0

§
Q3 = Q1 − Q2

ZLezg�{Xsuj+|[kXj xIsy��cdj��yY�Z�{fZ�{fZL�umil
gimosyn�e${fsyjyg

p0
ZLezg$k+jXZGm}wu|�n�j+Zu§WZGj*�ulLmon�A+Z^ZLj+eokXn©giZ 9 ª��<® w�nq{fZG{ ® kXj���sy�unq|�n�Z��R{fZ�|Lw��q|�kX�I¹ºsumiY[Z��R|�wum ��ZLe

|Lw��q|�kX�qe�eoZ�|�suY[xX��n�p@kXZLj@gVm}w�x+n�{fZLY[Z�j@g.;Vp@kXZ�X

Q1(p) = (a0 + b0p)Q3(p) +Q4(p)

wK�yZL|
Q4
xIsy��cdj��yY[Z�{fZ/{fZ��ymol��f�fx+kXn�e^pyk+Z#X

Q3(p) = (a1 + b1p)Q4(p) + (a2 + b2p)

wK�yZL|
a2
molLZ�� Z�g

b2
n�Y%w��yn�j+wun�miZ�xXkXm�§

�£� Z�ehg�lL�dn�{fZLj@g^pyk+Z
p0
ZLezg�miwy|�n�jXZ/{fZ

Q4
Z�g^{fsyj+|�p@kXZ

p0 = −a2

b2
.

G3ZLeVm}wu|�n�jXZ�eV{fsukX­+��Z�e�{fZ F(p, t)
�+eL® n��¼c*ZLj¡w+�XezZLmosyj@gV{fsyj+|�n�Y[wu�un�j+w�n�miZLe xXkXmiZLeL§

�

G3Z���ZLY�Y[Z�eokXn��Kwuj@gV�@w�m}w�j@gon�gV�>® Z�¦fnqehgiZ�j+|�Z/Z�g��<® kXj+n�|�n©gil�{fZ/��w�m}wu|�n�jXZ�{fsykX­X��Z
p
{XZ F(p, t)

X
] �d��� � � ��� � �%�O6<� 
3
���5D�45D��� ��5e�

t2 ∈ � � 
 ��� ��5e� F(p, t2)
��������
 
�� 5D���#�	� ���1� ������5 	��^�

p2
�[���

� �?5Q
 =m(p2) ≥ 0.

���d��°�S
�L²�

�f²"R¶°�S �

\^suk+e�{Xl�A+jXnqeiezsyj+eV��w ¹ºsyj+|�gin�syj

p ∈ i[−m;m] 7→ g(p) = −y
(
1 + p2

) 1
2 + h

(
c22
c21

+ p2

) 1
2

+ ipx ∈ � v .
r:sykXmVgosykfg

p ∈ i[−m;m]
�
t = c2g(p)

ZLezg^ezsy��kXgon�suj¡{fZ F(p, t) = 0
§F�^Z�xX��k+e�syj�w

g′(p) = − yp

(1 + p2)
1
2

+
hp

(
c2
2

c2
1

− p2
) 1

2

+ ix

eosun�g
g′(p) =

∂F
∂p

(p, t).

�GsujI|�e�® n��3Z�¦fnqehgiZ
p2
giZ��:p@kXZ

g′(p2) = 0
w���sum}e

p2
ZLezg^miwy|�n�jXZ�{fsykX­X��Z�{fZ F(p2, c2g(p2))

§�v�lL|�n�xXmis�¢
p@kXZLY[Z�j@gL�@e�® n��IZ�¦fnqehgiZ

t2
goZL�Ip@kXZ F(p, t2)

wy{fY[Z�gogoZ�kXj+Z�miwy|�n�jXZ�{fsuk+­X��Z
p2
wu��symie

g′(p2) = 0
§ �£�XjXsyk+e

eokf«[g {fsyj+|�{fZ^|}U+Z�m}|}UXZ�m¬��ZLe¬m}wu|�n�j+ZLe¬{fZ
g′(p)
§
r:sykXm eon�Y[xX��nBAIZ�mF��ZLe |�w��q|�k+��e¬Z�g l�gik+{fn�Z�mFk+jXZ�¹ºsujI|�gon�suj

{XZ � v {+w�j+e � v jXsyk+e�x8syeosuj+e
p = iq

Z�g�jXsyk+e�{fl�A+jXnqeoeosuj+eV�qw ¹ºsuj+|�gon�suj
h
x+w�m

q ∈ [−m;m] 7→ h(q) = −y
(
1− q2

) 1
2 + h

(
c22
c21

− q2
) 1

2

− qx ∈ � v .

_`_ba(ced3f3g.h



�y� � ���������D�(���

ZGj¡w
h′(q) =

yq

(1 − q2)
1
2

− hq
(
c2
2

c2
1

− q2
) 1

2

− x = ig(ip),

n��¼Z�ehg�{fsyj+|�lLp@kXn��Kwu��ZLj@g^{fZ/|}UXZ�m}|}UXZ�mV��ZLe�m}wu|�n�j+ZLe
p2
{fZ
g′
suk���ZLeVm}wu|�n�jXZ�e

q2
{fZ
h′
§

�GZ/xX��k+e

h′′(q) =
y

(1 − q2)
3
2

− h
(
c2
2

c2
1

− q2
) 3

2

< 0.

h′
ZLezg�ehgimonq|�giZ�Y[Z�j@g/{flL|�mosyn�eieowuj@goZu�8Z�����Z jXZ[x8Z�kfg�{fsyj+|�e�® w�jXjdkX��Z�m�p@k¼® kXjXZ ¹ºsunqe�eokXm

[−m ; m]
§�v�Z�¢

Y%wumip@kXsyj+e$Y[wun�j@giZ�j+wujyg�p@kXZ�X

\ ezn m = 1
suj¡w X

lim
q→−1

h(q) = +∞ Z�g
lim
q→1

h(q) = −∞ ;

\ ezn m =
c2
c1

syj�wFX

lim
q→−

c2
2

c2
1

h(q) = +∞ Z�g
lim
q→

c2
2

c2
1

h(q) = −∞.

�GsujI|
lim

q→−m
h(q) = +∞ Z�g

lim
q→m

h(q) = −∞.

G
w�¹ºsyj+|�gin�syj
h
l�g}w�j@g�|�syjygin�jdkXZGZ�g�ezgomin�|�goZ�Y[ZLjygVY[sujXsugosyjXZu�dn�� ZLezg$lL�@nq{fZLjyg�p@k¼® Z�����Z�j¼® wu{fY[Z�g�p@k¼® kXjXZ

eoZ�k+��Z�m}wu|�n�j+Z
q2
§Vr:suk+m�su­fgiZ�jXn�m^��Z�eon��yjXZ�{fZ

q2
n��
eokf«[gG{fZ�miZ�Y%wumip@kXZLm�pyk+Z X

h′(0) = −x > 0
§
h′eL® w�jXjdkX��Z/{fsuj+|�ZLj

0 < q2 < m
§ �
n�jIw���Z�Y[Z�j@g

p2 = iq2
ZLezg��>® kXjXnqp@kXZ/miwy|�n�jXZ/{fZ

g′
Z�g =m(p2) > 0

§
G3Z�goZ�Y[x+e

t2 = g(p2)/c2
ZLezg���Z�eoZ�k+�RgoZ�Y[x+e�goZ��
pyk+Z F(p, t2)

wu{fY[Z�gogoZ/kXj+Z/miwy|�n�jXZ/{fsukX­+��Zy§
�

�£� j+suk+e�miZLezgoZ/ª�l�gik+{fn�Z�m���Z/��n�Z�j¡ZLjygimoZ
t2
Z�g
t02
�f��Z�giZ�Y[x+e�{ ® w�mimin��yl�Z�{fZ��>® suj+{XZ�w�k�xIsyn�j@g

(x, y)
X

] �d��� � � ��� ��� 5D�e� ��5e��
 ��� ��

t2


 ��� ��5e� F(p, t2)
�<�(�2��
 
�� 5D� � �	� ���1� � ����5 	���� �.���3�	�3
 �e�(� ����5


 ��� ��
,�
� �(�3�3� �(�O�2�<�-� � �(� ���-
��O�(�!
3�#� 
��
t02

�

���d��°�S
�L²�

�f²"R¶°�S �

G
w[{fl�Y[sujIehgimiw�gon�suj�p@kXn
ezkXn�g^eL® n�j+eoxXn�miZ/{fZLeVmilLeokX��giw�gie�{fZ/�Ow�j¡{fZLm�¤�n tz{fZ�j4=?>'@3Z�g^{fZ� $w��uj+n�wumi{T= �(@<§

\^suk+e�wK�ysuj+e$�dk¡pyk+Z
t2
Z�g
p2
�yl�minBA+ZLj@gYX





F(p2, t2) = 0,

∂F
∂p

(p2, t2) = 0.

 �!�_" $#
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 G® ZLezgz¢£ªO¢£{fn�moZ

−y
(
1 + p2

2

) 1
2 + h

(
c22
c21

+ p2
2

) 1
2

+ ip2x = c2t2,
9 �X§ 7Q>Ow ;

yp2

(1 + p2
2)

1
2

+
hp2

(
c2
2

c2
1

+ p2
2

) 1
2

+ ix = 0.
9 �X§ 7Q>K­�;





�^Z/x+��k+e |p2| ≤ min

(
c2
c1
, 1

)
.
�£�¼Z�¦fnqehgiZ/{fsuj+|/{XZ�kf¦�wujX�u��ZLe

θ1
Z�g
θ2
�yl�minBAIwuj@g

p2 = i
c2
c1

sin θ1 = i sin θ2,
9 �f§ 7u� ;

wK�yZL|
cos θ1 ≥ 0

Z�g
cos θ2 ≥ 0.

���d� � 
(P � � � ��� �`�3
 �(�Q&�����

θ1

��

θ2

�(���3� � ���e
 ���3
,����� 
���� � � ���1�?) �#��
 �.���3
���
 �

ZGj¡w[w���sum}e
(
1 + p2

2

) 1
2 =

(
1 − sin2 θ2

) 1
2 = cos θ2

Z�g
(
c22
c21

+ p2
2

) 1
2

=

(
c22
c21

− c22
c21

sin2 θ2

) 1
2

=
c22
c21

cos θ2.

G ® l�p@k+wOgin�syj 9 �f§ 7 >K­e;VeoZ�molLlL|�mon�g�{fsuj+|

− iy sin θ2
(
1− sin2 θ2

) 1
2

+
ih c2
c1

sin θ1
(
c2
2

c2
1

− c2
2

c2
1

sin2 θ1

) 1
2

+ x = 0,

eosun�g�xX��k+e�eon�Y[xX��Z�Y[Z�j@g X

−y tan θ2 + h tan θ1 = −x. 9 �f§ 7u�<;
G ® l�p@k+wOgin�syj 9 �X§ 7y��;3gom}wu{fkXn�g:��Z ¹¶w�n�gFpyk+Z ��Z m}wKcusyj/n�eieok {fk�xIsyn�j@g¬ezsykXm}|�Z

(0, h)
�ywOgzgiZ�n��uj+wuj@g
�<® n�jfgoZLmz¹¶wy|�Z

wK�yZL|�kXj�wujX�u��Z[{ ® n�j+|�n�{fZLj+|�Z
θ1
Z�g�{fn��8m}wu|�gol[wK�uZ�|�kXj w�jX�y��Z

θ2
wOgzgiZ�n�j@g�­+n�ZLj���Z[xIsyn�j@g

(x, y)
9 �usyn�m

AI�ukXmiZ :�� ;�§,G¼Z�¹¶w�n�g�p@kXZ
θ1
Z�g
θ2
eiwOgin�ez¹¶wueieoZ�j@g^��ZLeG��syn�e�{fZ�afjXZ����©¢£�GZLei|�w�mogoZ�e^eon��yjXn�A+Z p@kXZ[|�Z miwKcysuj

Z�ehg���Z/xXmiZ�Y[n�ZLm�ª[wOgzgiZ�n�j+{fmiZ���Z/x8sun�j@g
(x, y)
§

  syj+eon�{flLmosyj+e$Y%w�n�jygiZ�j+wuj@gV�<® lLp@k+wOgin�syj 9 �f§ 7 >�w�;��+{ ® w�x+moW�e 9 �f§ 7u�<; syj�w X

ip2x = ip2y tan θ2 − ip2h tan θ1,

|�Z/pyk+n¼xIZLkfg^eoZ/molLlL|�min�moZ

ip2x = −y sin θ2 tan θ2 + h
c2
c1

sin θ1 tan θ1.

_`_ba(ced3f3g.h
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adsykXm}|�Z_�n���n�Z�k :

_�n���n�Z�k¨�

(0, h)

(x, y)

θ1

θ1

θ2

θ2

−x

h

−y

h tan θ1

−y tan θ2

�
n��ykXmiZ#:L�eX¬T
miw�thZ�g�{fZ��>® sujI{fZ�gom}w�j+eoY[n�eoZ

 �!�_" $#
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G ® l�p@k+wOgin�syj 9 �f§ 7 >Ow�;V{XZ��dn�ZLj@g�wu��symieKX

−y cos θ2 + h
c2
c1

cos θ1 − y sin θ2 tan θ2 + h
c2
c1

sin θ1 tan θ1 = c2t2.

C xXmiWLe�wK�usyn�m$miZ�Y%w�m}p@kXl�p@kXZ

cos θ + sin θ tan θ = cos θ +
sin2 θ

cos θ
=

1

cos θ
,

syj�sy­fgon�Z�j@g X

− 1

c2

y

cos θ2
+

1

c1

h

cos θ1
= t2.

h/cos θ1
ZLezg��qw�{fn�ezgiwuj+|�Z�x+wumi|�sukXmikXZ�xIw�m���Z¡m}wKcusuj�{XZ��qw�ezsykXmi|�Z�ª��>® n�jygiZ�mo¹¶wu|�Zu�F��Z�giZ�Y[x+e%{fZ¡|�Z

xIw�m}|�suk+mie ZLezg�­Xn�Z�j¡l��dnq{fZ�Y[Y[Z�j@g
1

c1

h

cos θ1
.

�GZ/Y�L�Y[Z
− 1

c2

y

cos θ2Z�ehg���Z�goZ�Y[x+eVY[nqeVx+w�mV��Z/miwKcysuj%x8sukXm�xIw�m}|�suk+mon�m �qw[{fnqehg}w�j+|�Z�{fZ��<® n�j@goZLmz¹¶wy|�Z/w�k�xIsyn�j@g
(x, y)
�
t2
Z�ehg

{Xsuj+|%��Z%giZ�Y[x+e�{fZ*x+wumi|�sukXm}e�{fk¥xXmiZ�Y[n�Z�m miwKcysuj�n�eiezk�{XZ��qw¨ezsykXm}|�Z*wOgogoZLn��yj+w�j@g���Z*x8sun�jyg
(x, y)

X
t2 = t02

Z�ehg���Z�goZLY�xIe�{ ® wumomin��ul�Z�{fZ/�<® syj+{fZ�gom}w�j+eoY[n�eoZu§:\�syk+eVjXsugoZ�misujIe${XlLeosumiY[wun�e
p02 = p2. �

�£j@gil�miZLeiezsyj+eh¢¸jXsyk+e Y%wun�j@goZLj+w�j@g�w�k¡|�syY[xIsymzgiZ�Y[Z�j@g�{fZLeVm}wu|�n�j+ZLe
p
{fZ F(p, t)

x8suk+m
t < t02

X

] �d��� � � ���

� �!��5D�
h(m)/c2 ≤ t < h(−m)/c2

� F(p, t)
��������
F5D���/5D�e� ��5e�/�	� ���1� �

p = υ−(t) ∈
i[p02 ; m]

�W�1���'&��1� �(�1�	� � 5D�	�
�

� �!��5D�
h(−m)/c2 ≤ t ≤ t02

� F(p, t)
��������
 �<��5�6 �	� ���1� �3


p = υ−(t) ∈ i[p02 ; m]
��


p = υ+(t) ∈ i[−m ; p02]
�W�1�2��&��1���(�1�O�3
�� 5D�	�3
 �

���d��°�S
�L²�

�f²"R¶°�S �

r:sykXm�{Xl�Y[suj@gomiZ�m�|�Z���Z�Y[Y[Z n��¬ezkf«[g�{fZ gom}wu|�Z�m^��Z giw�­+��Z�w�k�{XZ �Ow�minqwOgon�suj�{fZ �qw�¹ºsuj+|�gon�suj
h
§/r:sukXm

|�Z��qw�n��¼j+Z/jXsuk+eVmiZLezgoZ�xX��k+e�p@k¼® ª�l�gik+{fn�Z�m���Z�|�syY�x8sumogoZLY[Z�j@g�{fZ
h
w�kf¦�­Isymoj+ZLe�{fZ�eosuj¡{fsuY%wun�jXZ/{fZ

{Xl�A+jXn�gon�suj X

\ ezn m = 1
suj¡w X

h(−m) = h

(
c22
c21

− 1

) 1
2

+ x
Z�g

h(m) = h

(
c22
c21

− 1

) 1
2

− x ;

_`_ba(ced3f3g.h
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\ ezn m =
c2
c1

syj�wFX

h(−m) = −y
(

1 − c22
c21

) 1
2

+
c2
c1
x
Z�g

h(m) = −y
(

1 − c22
c21

) 1
2

− c2
c1
x.

�Gk+sunqpyk3® n��3ZLj ezsyn©g
h(m)

Z�ehg�xIs@ezn�gon�¹FZ�g���Z�ezn��uj+Z�{fZ
h(−m)

ZLezgGn�j+{fl�goZLmoY[n�jXl����RjXsukIe^wK�usyj+e�jXl�w�jf¢
Y[syn�j+e

h(m) ≥ h(−m).
\^suk+eVx8suk+�usujIe�{fsuj+|�Y%w�n�j@goZLj+w�j@gVgom}wu|�Z�mV��Z�g}w�­X��ZLwuk�{XZ/�KwumonqwOgin�syj�{fZ

h
X

q −m 0 q02 m
h′(q) + 0 −

h(q02)

h(q) h(−m)

h(m)

ZGj�Z�j�{fl�{fkXn�g���Z�eV�Ow�min�w�gon�suj+eV{fZ
t
p@k+w�j+{

p
ZLezg�{Xw�j+e

[−im; im]
X

p −im 0 p02 im
t02

t h(−m)/c2

h(m)/c2

G3Z/mol�ezk+�©g}wOg�ZLezg^w���sum}eVl��dnq{fZ�j@g�ZLj�miZ��@w�m}{Xw�j@g�|�Z�{fZLmoj+n�ZLm�giwu­X��Z�w�k�p@kXn¼jXsyk+e�x8Z�miY[Z�g�l��@w���Z�Y[Z�j@g^{fZ
Y[syjygimoZLm�pyk+Z

υ+ Z�g υ− eosuj@g�­Xn thZL|�gon��uZLe�§ �

� gok+{fn�sujIe�Y%w�n�jygiZ�j+wuj@gV��Z�|�syY[xIsymzgiZ�Y[Z�j@g�{fZLe�m}wu|�n�j+ZLeV{fZ F(p, t)
xIsykXm

t > t02
X

� _�+,���������3a��0�)	��
y
�/ 

x
�
�3a% a ���%+  
� � � 3

 �!�_" $#
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 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �@�

] �d��� � � ����� �N�(5D�
t > t02

� F(p, t)
���(�2��
��<��5�6��	� ���1����
 �.�(�[�����O6Q�3


γ+(t)
��

γ−(t)

�(���3� � �(��


=m
[
γ+(t)

]
= =m

[
γ−(t)

]
> 0

��
 <e
[
γ+(t)

]
= −<e

[
γ−(t)

]
> 0.

���d��°�S
�L²�

�f²"R¶°�S �

� ® w�xXmiWLe���Z���ZLY�Y[Z��f§ �¡n��$Z�¦fn�ezgoZ
t1
goZL�$p@kXZy�Fx8sukXm�gosukXg

t > t1
� F(p, t)

wu{XY�Z�gzgiZ�{fZLkf¦¥miwy|�n�jXZLe
|�suY[xX��Z�¦fZLe giZ�����Z�e�p@kXZ

=m
[
γ+(t)

]
= =m

[
γ−(t)

] Z�g <e
[
γ+(t)

]
= −<e

[
γ−(t)

]
> 0.

ZGmG{ ® wuxXmiWLe���Z/goU+l�sumiW�Y[Z�{fZ�e�¹ºsyj+|�gin�syj+e�n�Y[xX��nq|�n�goZ�e��I��Z�e�¹ºsyj+|�gin�syj+e
γ+(t)

Z�g
γ−(t)

eosuj@gG|�suj@gon�jdkXZLe
g}w�j@g p@kXZ

p = γ+(t)
9 syk

p = γ−(t)
;/j3® Z�ehg�xIwue/m}wu|�n�jXZ*{XsukX­X��Z�{fZ F(p, t)

§¡�GsujI|
t1 = t0.

�^Z
x+��k+e =m(γ+(t02)) = =m(p02) > 0

Z�g�syj w��@k pyk+Zu� eon
p
ZLezg�m}wu|�n�j+Z�mil�Z�����Z�{fZ F(p, t)

� w���sum}e
p = 0

§�  syY[Y�Z
γ+(t)

w�kXjXZ�x+w�mogon�Z�mil�ZL����Z�ezgomin�|�goZLY�ZLj@g�x8syeon©gin��yZu�Reow�x+w�mogon�Z�n�Y%w��yn�j+wun�miZ�jXZ xIZLkfg
eL® w�jXjdkX��Z�mYX =m(γ+(t)) > 0

xIsykXm
t > t02. �

�£� j+suk+e�miZLezgoZ/ª[{flLY�syj@gomiZ�mV��Z
] �d��� � � ���������0�

dγ±(t)

dt
'

t→t
+

0

±ζ(t)
√

1

t2 − t20
.

��


dυ±(t)

dt
'

t→t
−

02

±ζ(t)
√

1

t202 − t2
,

���J���

ζ(t) =

√
t+ t02

2c2g′′(p02)
.

� ���2�(� ��5e���!
���5e�
lim
t→t02

ζ(t) <∞.

���d��°�S
�L²�

�f²"R¶°�S �

\^suk+eGx8sukX�ysuj+e^xXmosy��syjX�uZLm��qw%¹ºsujI|�gon�suj
g
�R{fl�A+jXn�Z xXmilL|�lL{fZLY[Y�ZLj@g�eokXmG�<® n�j@goZLmo�Owu����Z

i[−m;m]
�8ª

Cx+mon��ul�{XZLe�{fZ�kf¦�{fZLY�n�¢£{fmosyn©giZLe
i[m;∞]

Z�g
i[−∞;−m]

§ M j w�xXx+��nqp@k+w�j@g^�qw%¹ºsymoY kX��Z {fZ T
wKcd��sym�suj
Y[syjygimoZ/p@kXZ�X

g(p) = g(p02) + (p− p02)g
′(p02) +

1

2
(p− p02)

2g′′(p02) + o((p− p02)
3).

ZGm�syj�w��dk�p@kXZ
g′(p02) = 0

�X{Xsuj+|�X

g(p) = g(p02) +
1

2
(p− p02)

2g′′(p02) + o((p− p02)
3).

_`_ba(ced3f3g.h
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ZGj¡eiw�n�gVlL�ywu��ZLY�ZLj@g�p@kXZ
t = c2g(p)

Z�ehg�eosu��kfgon�suj�{fZ F(p, t) �
� X

t = t02 +
1

2
(p− p02)

2c2g
′′(p02) + o((p − p02)

3).

]^j¡miwuxXn�{XZ�|Lw��q|�kX� j+suk+eVx8Z�miY[Z�g^{fZ��ulLmon�A+ZLm�pyk+Z
g′′(p02) > 0

�XZLj�Z��8Z�g X

g′′(p) = − y

1 + p2
+

h
c2
2

c2
1

+ p2
> 0

ezn
p ∈ [−im; im].

afn
t > t02

�
p = γ+(t)

syk
p = γ−(t)

�+Z�g�suj¡wFX

t '
t→t

+

02

t02 +
1

2
(γ±(t) − p02)

2c2g
′′(p02),

eosun�g

γ±(t) '
t→t+

02

p02 ±
√

2
t− t02
c2g′′(p02)

.

M j¡{Xl�min��Ow�j@g�|�Z�gzgiZ/moZL��w�gon�suj�x+w�mVm}w�xXx8sumog�w�k�goZ�Y[x+e�suj�su­fgin�ZLjyg X

dγ±(t)

dt
'

t→t
+

02

±
√

1

2c2(t− t02)g′′(p02)
= ±

√
t+ t02

2c2(t2 − t202)g
′′(p02)

.

�GsujI|
dγ±(t)

dt
'

t→t
+

02

±ζ(t)
√

1

t2 − t202
.

�GZ/Y�L�Y[Zu�Iezn
t < t02

�
p = υ+(t)

suk
p = υ−(t)

�XZ�g�suj¡wFX

t '
t→t

−

02

t02 +
1

2
(υ±(t) − p02)

2c2g
′′(p02),

eosun�g

υ±(t) '
t→t

−

02

p02 ± i

√
2
t02 − t

c2g′′(p02)
.

M j¡{Xl�min��Ow�j@g�|�Z�gzgiZ/moZL��w�gon�suj�x+w�mVm}w�xXx8sumog�w�k�goZ�Y[x+e�suj�su­fgin�ZLjyg X

dυ±(t)

dt
'

t→t
−

02

±i
√

1

2c2(t02 − t)g′′(p02)
= ±

√
t+ t02

2c2(t202 − t2)g′′(p02)
.

�GsujI|
dυ±(t)

dt
'

t→t
−

02

±ζ(t)
√

1

t202 − t2
.

�

 �!�_" $#
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���d� � 
(P � � � � � $W�(�#��� dγ±(t)

dt
'

t→t
+

02

a ∈ � � ±, Γ± ��������
 5D� �N
 �(� & ���e
 ���e�(�	���1� ���^��� � � ��6Q�[�	�.��� �

\^suk+eVj+s�goZLmosyj+e

\ Υ− = {p = υ−(t) | t ∈ [h(m)/c2;h(q02)/c2]}
�

\ Υ+ = {p = υ+(t) | t ∈ [h(−m)/c2;h(q02)/c2]}
�

\ Γ± = {p = γ±(t) | t ∈ [t02; +∞]} §
\^suk+e
x8sukX�ysuj+e
{fsyj+| Y%wun�j@goZLj+w�j@g:moZLxXmilLeoZ�j@goZLm
|�syY[xX��W�goZLY�ZLj@g:�<® Z�j+eoZ�Y ­X��Z

Γ̃ = Υ−∪Υ+∪Γ−∪Γ+
9 �usyn�m A+�ykXmoZ�:K��;�§

=m(p)

<e(p)

Γ− Γ+

im

−im

Υ−

Υ+

p02

�
n��ukXmiZ�:��!X:v�Z�xXmilLeoZ�j@giw�gon�suj�{fZ
Γ̃

_`_ba(ced3f3g.h
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� �Xµ>´u�
µ � �
ut
�

ZGj¡w�x+xX��nqp@kXZ���w�gimiwuj+ez¹ºsumiY[w�gon�suj�{XZ��Xsuk+mon�Z�m�n�jd�uZ�m}eoZ�eoZ���suj
x

X

ũt(x, y, s) =
1

2π

∫ +∞

−∞

T (k, s)

2
(
k2 + s2

c2
2

) 1
2

e
y

„

k2+ s2

c2
2

« 1
2
−h

„

k2+ s2

c2
1

« 1
2
−ikx

dk,
9 �f§ �y�<;

Z�g�suj�xIs@ezZ/{fZ/j+sukX�yZLw�k
k = ps

c2

xIsykXm�su­XgoZ�j+n�m

ũt(x, y, s) =
1

2π

∫ +∞

−∞

T (p)

2 (1 + p2)
1
2

e
− s

c2

"

−y(1+p2)
1
2 +h

„

c2
2

c2
1

+p2
« 1

2
+ipx

#

dp.
9 �f§ �e:";

afn�jXsukIe*{fl�AIjXn�eieosuj+e
γ+
2 (t)

9 moZ�ezx¼§
γ−1 (t)

;%|�suY[Y[Z�l�g}w�j@g*��w m}wu|�n�j+Z¡{XZ F(p, t)
ª xIw�mogon�Z�molLZ�����Z

x8syeon�gon��uZ 9 miZLeox¼§:jXl��@wOgin��yZ"; Z�g

Γ± =
{
p = γ±2 (t) | t > t02

} Z�g
Γ = Γ− ∪ Γ+,

j+suk+eVY[suj@gimosyj+e��f|�suY[Y[Z�{Xw�j+eV��ZLe�{Xl�Y[suj+ezgom}wOgin�syj+e$xXmilL|�l�{fZ�j@giZLeL�Xpyk+Z#X

ũt(x, y, s) = − 1

2π

∫

Γ

T (p)

2 (1 + p2)
1
2

e
− s

c2

"

−y(1+p2)
1
2 +h

„

c2
2

c2
1

+p2
« 1

2
+ipx

#

dp.
9 �f§ �@��;

\^suk+eVx8suk+�usujIeVZ�j+eokXn�goZ�Z��RZL|�gokXZLm���Z/|}U+wujX�uZLY[Z�j@g�{fZ/�Ow�min�wu­X��Z
p = γ±2 (t)

X

ũt(x, y, s) =
1

2π

∫ +∞

t02

<e
[

T (γ+
2 (t))

(1 + γ+
2 (t)2)

1
2

γ+
2

′
(t)

]
e−stdt

9 �f§ �<7<;

�£�+¹¶w�kfg$Z�j+|�sumiZ�su­XgoZ�j+n�m kXjXZ�Z�¦dx+moZ�eoeon�syj%{fZ
γ+′

(t)
§¬r:sukXm |�Z��qw/syj*xIZLkfg$wuxXxX��n�p@kXZLm ��Z�goU+l�sumiW�Y[Z^{XZLe

¹ºsyj+|�gin�syj+eVn�Y�x+��nq|�n�goZ�e�ª F X

γ+
2

′
(t) = −

∂F
∂t

(γ+
2 (t), t)

∂F
∂p

(γ+
2 (t), t)

=
c2

∂F
∂p

(γ+
2 (t), t)

,
9 �f§ �u�Q;

x8suk+m�su­fgiZ�jXn�m

ũt(x, y, s) =
1

2π

∫ +∞

t02

<e




c2T (γ+
2 (t))

(1 + γ+
2 (t)2)

1
2
∂F
∂p

(γ+
2 (t), t)


 e

−stdt
9 �f§ �@��;

�
n�j+w���Z�Y[ZLjyg,X

 �!�_" $#
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ut(x, y, t) = 0, t < t02

ut(x, y, t) =
1

2π
<e




c2T (γ+
2 (t))

(
1 + γ+

2 (t)2
) 1

2
∂F
∂p

(γ+
2 (t), t)


 , t > t02

� 08� �
�V�:��� �
�������¡������� )+�3��!������

  syj+eon�{flLmosyj+e�Y%w�n�jygiZ�j+wuj@g�k+j¥Y�n���n�ZLk�n�jDA+j+n |�syY[xIs@ezl%{ ® kXj¥{fZ�Y[n�¢<x+��wuj0EIkXn�{XZ
Ωf
Z�g {¼® kXj¥{fZLY[n©¢

x+��wuj¨ezsy��nq{fZ�nqezsugomisux8Z
Ωs
ezlLx+w�milLe�x+w�m�k+jXZ�n�j@goZ�mo¹¶wu|�Z/UXsumin���suj@g}w���Z

Γ
§�\�syk+e�j+suk+e^n�j@golLmoZ�eoeosujIe�ª%��w

¹ºsymoY kX�qwOgon�suj Z�j¨xXmiZLeieon�syj {Xw�jIe^��Z�EIkXn�{XZ�Z�g�ZLj �dn�goZLeieoZ {Xwuj+e^��Z[ezsy��nq{fZu�R�qw�eosuk+mi|�Z�ZLezg�k+jXZ�eosuk+mi|�Z
x8sujI|�gok+Z�����Z�{XZ�xXmiZLeiezn�suj�eon©gikXl�Z�{Xwuj+e���Z,E+k+n�{fZ ª[kXjXZ {Xn�ezgiwuj+|�Z

h
{fZ��<® n�j@goZ�mo¹¶wu|�Zu§�G¼Z�e�lLp@k+w�gon�suj+e�ª

milLeosukI{fmoZ�eosuj@g

1

c2f

∂2P

∂t2
− ∆P = δ(x) δ(y − h) f(t) (Ωf ),

9 7X§^:Lw ;

ρs
∂2V s

∂t2
− (λ + 2µ)

��R��
(∇V s) + µ


O°I²
(
mis�g

V s) = 0 (Ωs).
9 7X§^:�­�;





s �
λ
Z�g
µ
eosuj@g���Z�e^|�sdZ�«%|�n�ZLj@gie�{fZ-G
w�Y[l�{fk eosu��nq{fZ�nqezsugomisux8Z�Z�g�s��¨mis�gGmoZLxXmol�ezZLj@goZ/��Z�mis�giw�gon�sujf¢

j+Z��
2d

X
mosug

V =
∂Vy
∂x

− ∂Vx
∂y

.

G3ZLe%{fZLkf¦ Y[n���n�Z�kX¦ ezsyj@g[��n�lLe%x+wum%��Z�e%|�syj+{fn�gon�suj+e%{fZ¡gimiwuj+eoY�nqeiezn�suj�ezkXn��Ow�j@goZ�e%p@kXnVgom}wu{fk+n�eoZ�j@g%��w
|�suj@gon�jdkXn�gol/{fZLe��@n�goZ�eoeoZLe$jXsymoY%wu��Z�e�ª �<® n�j@goZLmz¹¶wy|�Z�Z�g��<® l��ywu��n�gol�ZLjygimoZ���ZLe�|�suj@gom}w�n�j@goZLe$jXsymoY%wu��Z�e Z�g���w
x+moZ�eoeon�syjTX

∂Vsy
∂t

= − 1

ρs

∂P

∂y
(Γ),

9 7+§�:�|';

(λ+ 2µ)
∂Vsy
∂y

+ λ
∂Vsx
∂x

= −∂P
∂t

(Γ),
9 7X§^:L{e;

∂Vsx
∂y

+
∂Vsy
∂x

= 0 (Γ).
9 7+§�:LZ";




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\^suk+e^xIsykX�usyj+e^eon�Y�x+��n�A+Z�m�|�Z�e�lLp@k+w�gon�suj+e^Z�j¨{fl�|�syY�x8syeiw�j@g^��Z�|}U+wuY[x¨{fZ��dn�goZLeieoZ
V s

ZLj�suj+{XZLe�r
Z�gGaR�fZ�j¡x8syeiw�j@g

V s = ∇Φ +

O°I²

Ψ
X

1

c2f

∂2P

∂t2
− ∆P = δ(x) δ(y − h) f(t) (Ωf ),

9 7X§ ��w ;

1

c2P

∂2Φ

∂t2
− ∆Φ = 0 (Ωs),

9 7X§ �O­�;

1

c2S

∂2Ψ

∂t2
− ∆Ψ = 0 (Ωs),

9 7X§ ��|';





wK�uZ�|
cP =

√
λ+2µ
ρs

Z�g
cS =

√
µ
ρs

§

\^suk+e/wu����sujIeGY%wun�j@goZLj+w�j@g/|�wu��|�kX��ZLm���Z�e�¹ºsuj+|�gon�suj+e/{fZ*»�miZ�ZLj�wyeoeosf|�n�l�ZLe�ª¡|�Z[xXmisu­X��W�Y[Zy�¼Z�����Z�e/ezsyj@g
eosu��kfgin�syj+e�{fZ�X

1

c2f

∂2p

∂t2
−
[
∂2p

∂x2
+
∂2p

∂y2

]
= δ(x)δ(y − h)δ(t) (Ωf ),

9 7X§ 7uw ;

1

c2P

∂2φ

∂t2
−
[
∂2φ

∂x2
+
∂2φ

∂y2

]
= 0 (Ωs),

9 7X§ 7�­�;

1

c2S

∂2ψ

∂t2
−
[
∂2ψ

∂x2
+
∂2ψ

∂y2

]
= 0 (Ωs),

9 7X§ 7u|';





wK�uZ�|

∂vsy
∂t

= − 1

ρf

∂p

∂y
(Γ),

9 7X§ 7u{e;

(λ+ 2µ)
∂vsy
∂y

+ λ
∂vsx
∂x

= −∂p
∂t

(Γ),
9 7+§ 7uZ";

∂vsx
∂y

+
∂vsy
∂x

= 0. (Γ),
9 7+§ 7�¹O;





Z�g
vs = ∇φ+


O°+²
ψ.

����� ���	��

���������

\^suk+e ezk+xXxIs@ezZLmosyj+e�nq|�nVp@kXZ
cf < cS < cP

�F|�Z�p@kXn Z�ehg���Z�|�wye�{Xwuj+e��qw¨xX��kXx+wumzg�{fZLe xXmisu­X��W�Y[ZLe
{¼® n�j@goZ�m}wu|�gon�suj�E+kXnq{fZ�¢£ehgimokI|�gok+moZy§

 �!�_" $#
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� � � � ] �d� � 
K°�SR²L� � 
�°�S � � �
��w�jIe%��Z�|�wue%{¼® kXj+Z¨n�j@giZ�m}wu|�gin�syj E+kXnq{fZ�¢£ehgimokI|�gok+moZy�$�<® suj+{fZ¨{XZ�xXmoZ�eoeon�suj {Xw�jIe%��ZFEIkXn�{XZ w�xXxIw�m}w �qg
|�suY[Y[Z���w�ezsyY[Y�Z/{ ® kXjXZ�syj+{fZ�n�jI|�nq{fZ�j@goZy�+{ ® kXjXZ�sujI{fZ/{fZ��usu��kXY[Z�mol�E+lL|}UXn�Z�Z�g�{fZ/{fZLkf¦�sujI{fZLe�{fZ
gOL�giZu§WGF® sujI{fZ�eoZ�xXmosyx+w��yZLwujyg${Xw�j+e$��Z�eosu��nq{fZ�eoZ�{flL|�suY[xIs@ezZ�Z�j�kXjXZ�sujI{fZ�{XZG�ysu��kXY[Z�{fZ�|�syY[xXmoZ�eh¢
eon�suj¼�:{fZ*mis�g}wOgon�suj+jXZ��FjdkX�<� 9 {fn�goZ�suj+{fZ�r ;��
kXjXZ*syj+{fZ�{XZ*�usy��kXY[Z�{XZ�|�nqeowun�����Z�Y[Z�j@gL�:ª¨{fn��uZLmo�yZ�j+|�Z
jdkX����Zu� 9 {Xn©giZ�syj+{fZ�a!; Z�g�kXj+Z�syj+{fZ�{fZ�g	L�goZ/{fZ/|�nqeowun�����Z�Y[Z�j@gL§%G
w {fl�A+jXn�gon�suj�xXmilL|�nqeoZ�{fZ/|}U+wy|�kXj+Z�{fZ
|�ZLeVsyj+{fZLeVZ�ehg^{XsujXjXlLZ/ª �qw[ezZ�|�gin�syj 7+§�:y§ �d§

	 
O°�SR²	� � µ 
�°�S � � R�S
´<R � � SR² � � �!S
��µ � �
��R � � ��r:sykXm^kXj�n�j+ezgiwujyg
t
{XsujXjXly�+��Z/¹ºmisuj@gG{fZ��<® suj+{fZ

n�j+|�n�{fZLj@goZ�{fZGx+moZ�eoeon�syj 9 ZLj��uZLmzgVezk+m ��ZLe A+�ykXmoZ�e[:(>@§ w�Z�gY:L�<;FZ�ehgV�>® n�jygiZ�m}ezZ�|�gin�syj�{fk�|�Z�m}|���ZG{fZ�|�ZLj@gomiZ
(0, h)

Z�g${fZ�m}wKcusyj
cf t
wK�yZL|V��ZG{fZLY�n�¢¸xX��wuj*ezk+xIlLmon�Z�kXm�§:\�sukIe w�x+xIZL��syj+e

ΩI(t)
�<® n�j@golLmon�Z�k+m {fZG|�Z�g wumi|

{XZ�|�Z�m}|���Zu§

	 
O°�SR²�� �¥µ 
�°�S � � 
K���:�d´���R � � �!S
��µ � �
��R � � � G3Z�¹ºmisuj@g�{fZ �<® suj+{fZ�mil�E+l�|}UXn�Z 9 ZLj�­X��Z�k�ezk+mG��ZLe
AI�ukXmiZLe[:J>@§ ­�Z�gK:���;FZ�ehg$�>® n�jygiZ�m}ezZ�|�gin�syj�{fk�|�Z�m}|���ZG{fZ�|�ZLj@gomiZ

(0,−h) Z�gV{fZ�miwKcysuj cf t wK�uZ�|���Z�{fZLY[n©¢x+��wuj¡eokXx8l�min�ZLkXm�§ \�syk+e�w�xXx8Z���sujIe
ΩR(t)

�<® n�j@gol�min�Z�kXm�{fZ |�Z�g^wumi|�{fZ�|�Z�m}|���Zu§
ΩR(t)

xIZLkfg^lL�yw���Z�Y[ZLjyg
L�gomiZ/{fl�A+j+n¼x+w�m,X

ΩR(t) =

{
(x, y) ∈ � v 2 | y > 0

Z�g r
cf

< t

}
.

	 
O°�SR²�� � �d�[°�S � �d� � �@² ��² 

�!S
���/R>� �d� � �!S
�[µ ����°Iµ�R � ���   suY[Y[Z/ª��qw[ezZ�|�gin�syj�xXmilL|�lL{fZLj@goZu�
j+suk+e${fZ��ysuj+eV|Lw��q|�kX��Z�m$��ZGgoZLY[x+eV{fZGxIw�m}|�suk+mie${fZLe$m}wKcusyj+e¬r�Z�g�a*nqeoeok+e${fZ���w ezsykXm}|�Z^Z�g�wOgzgiZ�n��uj+wuj@g
��Z�xIsyn�j@g

(x, y)
X�ezsyn©g

ξ ∈ � v/� ��Z�goZ�Y[x+e�{fZ�x+w�m}|�sykXm}eG{ ® kXj�miwKcysuj¨r x+wueieowuj@g�x+wumG��Z�xIsyn�j@g
(ξ, 0)Z�ehg�{fsyjXjXl/x+wum,X

tP (ξ) =

√
ξ2 + h2

cf
+

√
(x− ξ)2 + y2

cP
,

9 7X§ � ;

Z�g���Z�giZ�Y[x+e�{fZ/xIw�m}|�suk+mie${ ® kXj¡miwKcysuj�a�x+wumYX

tS(ξ) =

√
ξ2 + h2

cf
+

√
(x− ξ)2 + y2

cS
.

9 7X§ ��;

ZGj¡{fl�A+jXn�g
ξ0P

9 moZ�ezx¼§
ξ0S

;��X��Z�molLZ�� Y[n�jXn�Y[nqeowuj@g���w ¹ºsujI|�gon�suj
tP

9 miZLeox¼§
tS

;KX

t′P (ξ0P (x, y)) =
ξ0P (x, y)

cf
√
ξ20P (x, y) + h2

+
ξ0P (x, y) − x

cP
√

(x− ξ0P (x, y))2 + y2
= 0

9 7X§ �<;

Z�g

t′S(ξ0S(x, y)) =
ξ0S(x, y)

cf
√
ξ20S(x, y) + h2

+
ξ0S(x, y) − x

cS
√

(x − ξ0S(x, y))2 + y2
= 0.

9 7X§?>�;

G3Z/miwKcysuj�x+wueieiw�j@g�x+w�m
(ξ0P , 0)

9 moZ�ezx3§
(ξ0S , 0)

;�ZLezg���Z�x+moZLY�n�Z�m^miwKcysuj�r 9 moZ�ezx3§Va!;�wOgzgiZ�n��uj+wuj@g���Z
x8sun�j@g

(x, y)
9 �usyn�m A+�ykXmiZ�:L��;�§

_`_ba(ced3f3g.h
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adsykXm}|�Z�
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adsy��nq{fZ

(0, h)

(ξ0S , 0) (ξ0P , 0)

(x, y)

�
n��uk+moZ�:L�eX¬T3m}wOthZ�g�{XZLeVsujI{fZLeVr 9 Z�j¡mosykX�uZJ;FZ�gGa 9 Z�j¡­X��Z�k�; gom}w�j+eoY[n�eoZLe
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�
n�j+w���Z�Y[ZLjyg���Z�goZLY�xIe�{ ® w�mimon��ulLZ�{fZ��<® syj+{fZ/r 9 miZLeox¼§Fa!;$Z�ehg

t0P (x, y) = tP (ξ0P (x, y)) (
moZ�ezx3§

t0S(x, y) = tS(ξ0S(x, y)))

Z�g���Z�¹ºmisuj@g�{fZ/�<® syj+{fZ�gom}w�j+eoY[n�eoZ�r 9 miZLeox¼§ a!;$ZLezg��>® Z�jIezZLY�­X��Z�{fZLeVx8sun�j@gieVgiZ��qe�p@kXZ2X

t0P (x, y) = t (
moZ�ezx3§

t0S(x, y) = t).

  Z�¹ºmosyj@g�{ ® suj+{XZ�ZLezgGmiZ�x+mol�ezZLjygil�Z�j ­X��ZLk |�n�Z�� 9 miZLeox¼§�Z�j¨misuk+�uZ";�ezkXmG��Z�e AI�ukXmiZLe-:J>@§ ¹ 9 miZLeox¼§�:J>@§ � ;
Z�g :L�f§F\^suk+e�{Xl�A+jXnqeiezsyj+eVl��@w���Z�Y[Z�j@gV�>® Z�j+eoZ�Y ­X��Z

ΩP (t)
9 miZLeox¼§

ΩS(t)
;hx+w�m,X

ΩP (t) = {(x, y) | y ≤ 0
Z�g
t0P (x, y) ≤ t}

(
moZ�ezx¼§

ΩS(t) = {(x, y) | y ≤ 0
Z�g
t0S(x, y) ≤ t}).

	 
O°�SR²���� �d��°�S � �d� � �¥² �y² � � �!S
��µ � �
��R � � � \�sukIe�jXs�gisuj+e
A

9 miZLeox¼§
E

;G�>® n�jygiZ�m}ezZ�|�gin�syj�{fk
¹ºmisuj@gV{ ® syj+{fZ�r 9 moZ�ezx3§¬ae; wK�yZL|^�>® wO¦fZ

x = 0
ª�{fmisun�goZGZ�g

B
9 moZ�ezx3§

F
; ��Z�x8sun�j@g giZ�� p@kXZG��Z/ezZL�uY[Z�j@g

[AB]
9 ZLj¨sum}w�j+�uZ/ezk+m���w2A+�ukXmiZ2:���; 9 moZ�ezx¼§

[EF ]
9 Z�j�Y%w��yZ�j@giw%eokXm^�qw#A+�ykXmoZ :L��;	;�eosun�g�giwujX�uZLjyg^ª

ΩR(t)
§ adsun�g

[CD]
9 moZ�ezx3§

[GH ]
;F��ZGezcdY[l�gimonqp@kXZ�{fZ

[AB]
9 moZ�ezx¼§

[EF ]
;Fx+w�mFm}w�x+xIsymzg ª/�<® wO¦fZ

(Oy)
§

�£�:eoZ�|�molLZ�kXjXZ�suj+{XZ {fZ g	L�goZ�r 9 miZLeox¼§/a!;G{Xw�j+eG��Z�E+k+n�{fZ�{fsuj@g���Z�¹ºmosyj@g�{ ® suj+{XZ Z�ehg�|�sujIehgin©gikXl�{Xk
eoZ��yY[Z�j@g

[AB]
9 miZLeox¼§

[EF ]
;$Z�g^{fk�ezZL�uY[Z�j@g

[CD]
9 miZLeox¼§

[GH ]
;�§

] �d��� � � ������� �(� &����
θcP = arccos(cf/cP ) � �	��
 � � θcS = arccos(cf/cS) � �3
3
%� � ��� &����Y�?�1�#�1
��,��5D)

�<�3
.
35Q
-�(5 ��5e��� �1��� � �O6<� 
3
�� ���B5Q
-� � �(� ��� �<�-
 ��
�� � � �O�3
 � � � � � �-� ���B5Q
�� �!��5D�
t

�<�(�e� ����� � ���!
���� 	����
�<�3
 �e�(�1��
�
�����
Y
�� &��2����
�


[AB]
��


[CD] � �	��
 � � [EF ]
��


[GH ] � �(���3� � � � � � ��5e�(
 ���(� �

t = r sin θ

√
1

c2f
− 1

c2P
+
r cos θ

cP
([AB])

��

t = r sin θ

√
1

c2f
− 1

c2P
− r cos θ

cP
([CD])

9 7X§ �<;

� �	��
 � �

t = r sin θ

√
1

c2f
− 1

c2S
+
r cos θ

cS
([EF ])

��

t = r sin θ

√
1

c2f
− 1

c2S
− r cos θ

cS
([GH ]))

9 7X§ �<;

���
r

��

θ


����e
`���3
 �.�"�(�	�<�(�e� �.�3
 �e�(�����1�	��
 �(5 �!���1�e

(x, y)

�<�(�!
N���[�	� � ���	�[�?���K�(5K�e�(�1�e

O = (0,−h) �

  syY[Y�Z xIsykXm���Z[|�wyeG{XZ�{fZLkf¦¨Y[n���n�Z�kf¦ wy|�sukIehgin�p@kXZ�e��R�qw�{flLY�syj+ezgom}wOgon�suj�{fZ�|�Z ��Z�Y[Y[Z[ezZ ¹ºZ�m}w*ZLj
{Xl�Y[suj@gom}w�j@gV��Z�giUXl�symoWLY[ZY7+§�:/|�n©¢£{fZLeieosuk+e 9 �ysun�mVx+w��yZ��y��;�§

\^suk+e jXsugoZ�misujIe
ΩtefP (t)

�>® Z�jIezZLY�­X��ZG|�suj+ezgon�gokXl�{fZLe gominqw�jX�y��Z�e
OA(t)B(t)

Z�g
OC(t)D(t)

xXmin��ul^{fZ
ΩR(t)

9 ZLj�sum}w�jX�yZ*ezk+m���ZLe,AI�ukXmiZLe :J>@§ |*Z�g�:L��;�Z�g
ΩtefS(t)

�>® Z�jIezZLY�­X��Z�|�suj+ezgon�gokXl�{fZLe�gomin�wujX�u��ZLe
OE(t)F (t)

Z�g
OG(t)H(t)

xXmin��yl*{fZ
ΩR(t)

9 Z�j¥Y%w��yZ�j@giw�eokXm���ZLe A+�uk+moZ�e�:J>@§ { Z�g :L��;�§
ΩteP (t)x8Z�kXg�l��ywu��ZLY[Z�j@gNL�gomiZ/{fl�AIjXn¼x+wum,X

ΩteP (t) =

{
(x, y) ∈ � v 2 | y > 0, | cos θ| > cf

cP

Z�g
r sin θ

√
1

c2f
− 1

c2P
+
r| cos θ|
cP

< t <
r

cf

}
,

_`_ba(ced3f3g.h
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Z�g
ΩteS(t)

x+w�m,X

ΩteS(t) =

{
(x, y) ∈ � v 2 | y > 0, | cos θ| > cf

cS

Z�g
r sin θ

√
1

c2f
− 1

c2S
+
r| cos θ|
cS

< t <
r

cf

}
.

	 
O°�SR² � ��µ 
�°�S � ��� ��²��@² � � �!S
� µ ���L°8µ�R � � �"\�sukIe jXsugosyj+e
I
��Z^x8sun�jyg goZL�Rp@kXZG��Z�ezZL�uY[Z�j@g

[AI ]9 Z�j*�dn�su��Z�g eokXm ��wYAI�ukXmiZ :J>�;Feosun�gFgiwujX�uZLjyg$ª
ΩS(t)

§Fadsyn©g
[CJ ]
��Z�ezcdY[l�gimonqp@kXZ�{fZ

[AI ]
xIw�m m}w�x+xIsymzg

ª��>® wO¦fZ
(Oy)
§ �£�8eoZG|�molLZ�kXjXZGsuj+{XZG{fZ^g	L�giZG{Xwuj+e ��Z�ezsy��nq{fZ¬thsyn��yj+w�j@g ��ZLe ¹ºmosyj@gie {¼® syj+{fZ^r Z�g�a%{fsuj@g

��Z�¹ºmosyj@g^{ ® syj+{fZ�ZLezg^|�syj+ezgon�gokXl/{fk�eoZ��uY[ZLjyg
[AI ]
Z�g^{fk�eoZ��yY�ZLj@g

[CJ ]
§

] �d��� � � � � ��� ���e
����
	������<�3
 �e�(�1�e
�
�����
Y
���&������e
�

[AI ] � �O�3
 � � [CJ ] � �(���3� � � � � ����5e�(
 ���(� �

t = −y
(

1

c2P
− 1

c2S

) 1
2

+ h

(
1

c2f
− 1

c2S

) 1
2

+
x

cS

9 7X§^:L� ;

(
�	��
�� �

t = −y
(

1

c2P
− 1

c2S

) 1
2

+ h

(
1

c2f
− 1

c2S

) 1
2

− x

cS
).

9 7X§^:�:J;

G
wP{fl�Y[sujIehgimiw�gon�suj {fZ�|�Z¥��Z�Y[Y[Z�ezZ ¹ºZLmiw�lL�yw���Z�Y[ZLjyg�ZLj~{fl�Y[suj@gimiwujyg¡��Z¥goUXlLsumiW�Y[Z47X§^: 9 �usyn�m
xIw��uZ >K� ;�§

\^suk+eVj+s�goZLmosyj+e
ΩteSP (t)

�>® Z�j+eoZ�Y ­X��Z�{XZLe�x8sun�j@gie�|�suY[xXmin�eVZLjygimoZ/��Z�eoZ��uY[ZLjyg
[A(t)I(t)]

�I�qw%{fmisun�goZ
(Ox)

Z�g���Z�¹ºmosyjyg�{ ® syj+{fZ[a�Z�g�{fZLeGx8sun�jyg}eG|�suY[xXmin�e^Z�j@gomiZ���Z eoZ��yY�ZLj@g
[C(t)J(t)]

� �qw�{fmisun�goZ
(Ox)Z�g ��Z�¹ºmisuj@g${¼® syj+{fZGa 9 Z�j��@n�su��Z�gVezk+m ��ZLe A+�ukXmiZLe[:J>@§ Z^Z�g :���;�§

ΩteSP (t)
x8Z�kfgVl��@w���Z�Y[Z�j@g L�gomiZG{fl�A+jXn

xIw�m,X

ΩteSP (t) =



(x, y) ∈ � v 2 | y < 0, −y

(
1

c2P
− 1

c2S

) 1
2

+ h

(
1

c2f
− 1

c2S

) 1
2

+
|x|
cS

< t < t0S(x, y)



.

�
� � ��� �¼°8µ¶�
²'R>°�S
� �!S �+µ � ²'R�P � �d� �
\^suk+eG{flL|�suY[x8syeosuj+e��qw�eosu��kfgin�syj

p
Z�j

p = pi + pr,
wK�yZL|

pi
�<® syj+{fZ�n�j+|�n�{fZLj@goZ {XZ�xXmiZLeiezn�suj¼�8|�® ZLezgz¢

ª�¢¸{Xn�miZ���w*eosu��kfgin�syj¡p@k¼® suj�sy­fgon�Z�jI{fmiwun©g�ZLj�moZLY[xX��w���wujyg���Z�eosu��n�{fZ�x+w�m�k+jFE+kXnq{fZ�{fZ��dn�goZ�eoeoZ�{fZ�xXmis�¢
xIw��yw�gon�suj

cf
X





eon
x 6∈ ΩI(t) : pi(x, y, t) = 0 ;

eon
x ∈ ΩI(t) : pi(x, y, t) =

1

2π

√
t2 − r∗2

c2f

.

s �
r∗ =

√
x2 + (y − h)2

§

\^suk+e�{XlL|�syY[xIs@ezsyj+e$l��ywu��ZLY[Z�j@g
vs
ZLj

vs = vPs + vSs
wK�yZL|

vPs = ∇φ
Z�g

vSs =

O°I²

ψ
§
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y

x

�

��������:J>@§ w!X%G ® syj+{fZ�n�jI|�nq{fZ�j@goZy§

y

x�

�������`:J>@§ ­ XWGF® sujI{fZ/mol�E+lL|}U+n�Zy§

y

x	

�����
�`:J>d§ |�XWGF® suj+{fZ/{fZ�gOL�giZ/r
§

y

x�

�������`:J>@§ { XWGF® sujI{fZ�{fZ�g	L�goZ�aR§

y

x

�����
�`:J>d§ Z<XWGF® suj+{fZ�a §

y

x

��������:J>@§ ¹ XWGF® sujI{fZ�{fZ�g	L�goZ�adr:§

y

x

�����
��:(>@§ ¹ XWG ® syj+{fZ/r:§

�
n��ykXmoZ�:(>QX%G¼Z�e�{fn©�Rl�miZ�j@giZLe�syj+{fZLe�{Xk�xXmisu­+��WLY�Z
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ΩS(t) ΩP (t)

ΩR(t)

ΩI(t)

ΩtefS(t) ΩtefS(t)ΩtefP (t) ΩtefP (t)

ΩteSP (t)ΩteSP (t)

Z
M

�

8�

¤

C  »

�	

�
n��ukXmiZ�:L�!X¬v�ZLxXmilLeoZ�j@giw�gon�suj�{Xk�¹ºmisuj@g�{ ® suj+{XZ
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 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �e:

��°I² �X²'R¶°�S
� �"\�syk+e�x8syeosuj+e

r =
√
x2 + (y + h)2, cos θ =

x

r
, sin θ =

(y + h)

r
.

x+kXn�e




k̃ff =
√

1 + p2, k̃fP =

√
c2f
c2P

+ p2, k̃fS =

√
c2f
c2S

+ p2,

k̃Pf =

√
c2P
c2f

+ p2, k̃PP =
√

1 + p2, k̃PS =

√
c2P
c2S

+ p2

k̃Sf =

√
c2S
c2f

+ p2, k̃SP =

√
c2S
c2P

+ p2, k̃SS =
√

1 + p2.

Z�g�jXsukIe�{fl�A+j+n�eiezsyj+eV��ZLe$¹ºsujI|�gon�sujIe�{fZ/��w��Ow�minqw�­X��Z�|�suY[xX��Z�¦fZ
p
{fl�AIjXn�Z�eVx+w�m,X





R(p) =

[
(λ(z̃2

fP − p2) + 2µk̃2
fP )(k̃2

fS + p2) − 4µp2k̃S k̃fP

]
k̃ff − c2fρf k̃fP (k̃2

fS − p2)
[
(λ(k̃2

fP − p2) + 2µk̃2
fP )(k̃2

fS + p2) − 4µp2k̃fS k̃fP

]
k̃ff + c2fρf k̃fP (k̃2

fS − p2)
,

TP (p)=
2k̃PP (k̃2

PS + p2)[
(λ(k̃2

PP − p2)+ 2µk̃2
PP )(k̃2

PS + p2) − 4µp2k̃PS k̃PP

]
k̃Pf+ c2P ρf k̃PP (k̃2

PS − p2)
,

T̃S(p) =
−4ipk̃SP k̃SS[

(λ(k̃2
SP − p2) + 2µk̃2

SP )(k̃2
SS + p2) − 4µp2k̃SS k̃SP

]
k̃Sf + c2Sρf k̃SP (k̃2

SS − p2)
.

Z�g




γ+
f (t) = −i cf t

r
cos θ + | sin θ|

√
c2f t

2

r2
− 1,

υ+
f (t) = −i


cf t

r
cos θ + | sin θ|

√

1 −
c2f t

2

r2


 .

afsun�g
t0P
��Z�giZ�Y[x+e�{fZ/�<® w�mimon��ulLZG{fZ/�<® syj+{fZ�r:�I{fl�A+jXn¼xIw��uZ/�<>�Z�g

FP (p, t) = −y
(
1 + p2

) 1
2 + h

(
c2P
c2f

+ p2

) 1
2

+ ipx− cP t,

x8suk+m
t > t0P

�¬syj�{fl�A+j+n©g
p = γ+

P (t)
�>® kXjXnqp@kXZ�m}wu|�n�jXZ*{XZ FP (p, t)

ª�x+w�mogon�Z%mil�Z�����Z�ehgimonq|�giZ�Y[Z�j@g
x8syeon�gon��uZ 9 �<® Z�¦fn�ezgoZLj+|�Z�Z�g��<® kXjXnq|�n�gol�{fZ�|�Z�gzgiZ/miwy|�n�jXZ/ezsyj@gV�@w�m}w�j@gon�ZLe x+wum���Z/��Z�Y[Y[Z��f§ 7 xIw��uZ����<;�§

_`_ba(ced3f3g.h
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afsun�g
t0S
��Z/giZ�Y[x+e�{¼® wumomin��yl�Z/{fZ��<® suj+{fZ�a �I{fl�A+jXn3xIw��uZ�� >@�

t1SP
��Z/giZ�Y[x+e�{ ® w�mimin��yl�Z/{fZ��<® syj+{fZ�{fZ

gOL�giZ�aR�

t1SP = −y
(

1

c2S
− 1

c2P

) 1
2

+ h

(
1

c2f
− 1

c2P

) 1
2

− x

cP
,

FS(p, t) = −y
(
1 + p2

) 1
2 + h

(
c2S
c2f

+ p2

) 1
2

+ ipx− cSt = 0

Z�g
p0S
��w�m}wu|�n�jXZ/{fsykX­X��Z�{fZ FS(p, t0S).

\ xIsykXm t1SP < t < t0S
suj¡{fl�A+j+n©g

p = υ+
S (t)
�>® kXjXnqp@kXZ/miwy|�n�jXZ�n�Y%wu�un�j+w�n�moZ�xXkXmiZ�goZL����Z�p@kXZ

=m(υ+
S (t)) ≤ =m(p0S).

\ xIsykXm t > t0S
suj*{fl�A+jXn�g

p = γ+
S (t)
�>® kXjXnqp@kXZ�m}wu|�n�jXZ�{fZ FS(p, t)

ª/x+w�mogon�Z�mil�ZL����Z�ehgimonq|�giZ�Y[Z�j@g
xIs@ezn�gon��uZy§

�h|�n Z�j+|�sumiZu�f�<® Z�¦fn�ezgoZLj+|�Z�Z�g��<® kXjXnq|�n�gol�{fZ
υ+
S (t)
Z�g^{XZ

γ+
S (t)
eosuj@g��ywumiwuj@gon�ZLe$x+w�m���Z���ZLY[Y�Z �f§ 7f§

\^suk+eVx8suk+�usujIeVY[wun�j@giZ�j+wujyg�lLjXsuj+|�Z�mV��Z
� �
�d°�
 �d� � �
� � � � �O6����	��
.
.����� �<� � � �(���<�-�	� �N���.�Q�����3
3
����(�����.�N�!���






3�
x 6∈ ΩR(t) ∪ ΩtefS(t) ∪ ΩtefP (t) : pr(x, y, t) = 0,


3�
x ∈ ΩR(t) : pr(x, y, t) =

<e
[
R(γ+

f (t))
]

2π

√
t2 − r2

c2f

,


3�
x ∈ ΩtefS(t) ∪ ΩtefP (t) : pr(x, y, t) = −

=m
[
R(υ+

f (t))
]

2π

√
r2

c2f
− t2

,

 �!�_" $#
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 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �<7

� � �	6����O�3
.
3���(�4����� � �(� ��� � ��
3
 �����e� �O�N�e�(�






3�
x 6∈ ΩP (t) : vPs (x, y, t) = 0,


3�
x ∈ ΩP (t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vPsx(x, y, t) =
1

2π
<e




iγ+
P (t)TP (γ+

P (t))
(
1 + γ+

P (t)2(t)
) 1

2
∂FP
∂p

(γ+
P (t), t)


 ,

vPsy(x, y, t) =
1

2π
<e




TP (γ+
P (t))

∂FP
∂p

(γ+
P (t), t)




��
 � � �	6����O�3
.
3���(�4����� � �(� ��� � ��
3
 �<�(�e� �.���e�(�






3�
x 6∈ ΩS(t) ∪ ΩteSP : vSs (x, y, t) = 0,


3�
x ∈ ΩS(t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vSsx(x, y, t) =
1

2π
<e




TS(γ+
S (t))

∂FS
∂p

(γ+
S (t), t)


 ,

vSsy(x, y, t) = − 1

2π
<e




iγ+
S (t)TS(γ+

S (t))
(
1 + γ+

S (t)2(t)
) 1

2
∂FS
∂p

(γ+
S (t), t)


 ,


3�
x ∈ ΩteSP (t) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

vSsx(x, y, t) =
1

2π
<e




TS(υ+
S (t))

∂FS
∂p

(υ+
S (t), t)


 ,

vSsy(x, y, t) = − 1

2π
<e




iυ+
S (t)TS(υ+

S (t))
(
1 + υ+

S (t)2(t)
) 1

2
∂FS
∂p

(υ+
S (t), t)


 .

_`_ba(ced3f3g.h
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G3ZLe�wu���ysumin©giUXY[ZLeV{fZ�|�wu��|�kX�¼{fZ
P i
�
P r
�
V P
�
V S
eosuj@g�xXmilLeoZ�j@gol�eVª �qw[ezZ�|�gin�syj¡eokXn��Ow�j@goZy§

��� � � ������� � ��� ���
	����
�

�
��� � � � �+µ¶´u�
µ¶��U 
O�dµ�R¶� R�S �!R 

�d��� �!S
�%µ ���
°8� �!R�S ��� ��	3°8� 
JR ��
L³.] �DU:µ �+´ �
C xXxX��n�p@kXsyj+e/|�syY[Y�Z%{ ® U+wu­Xn©gik+{fZ%��ZLe�gimiwuj+eh¹ºsymoY%w�gon�suj+e�{fZ G3wuxX�qwu|�Z�Z�j�goZLY[x+e/Z�g�{XZ[�+sukXmin�Z�m/ezk+n©¢
�Owujyg

x
wukf¦�lLp@k+w�gon�suj+e�{Xk¡eocfehgiW�Y[Z�xIsykXm�su­XgoZ�j+n�m���Z�ezcfezgoWLY�Z/{fn��Rl�miZ�j@gon�Z��¼symi{Xn�j+wun�miZ�ezkXn��Ow�j@g,X

[
s2

c2f
+ k2

]
p̂− ∂2p̂

∂y2
= δ(y − h) y > 0,

9 7X§^:���w ;

[
s2

c2P
+ k2

]
φ̂− ∂2φ̂

∂y2
= 0 y < 0,

9 7+§�:K�O­�;

[
s2

c2S
+ k2

]
ψ̂ − ∂2ψ̂

∂y2
= 0 y < 0,

9 7X§^:��u|';





wK�uZ�|G��ZLe$gimosyn�e�|�suj+{Xn©gin�syj+e�{fZ�gom}w�j+eoY[n�eieon�syj

sv̂sy = − 1

ρf

∂p̂

∂y
y = 0,

9 7+§�:K��{e;

(λ+ 2µ)
∂v̂sy
∂y

+ λikv̂sx = −sp y = 0,
9 7X§^:���Z";

∂v̂sx
∂y

+ ikv̂sy = 0. y = 0.
9 7X§^:��O¹O;





Z�g

v̂sx = ikφ̂+
∂ψ̂

∂y
,

9 7+§�:K�O�D;

v̂sy =
∂φ̂

∂y
− ikψ̂.

9 7X§^:��OU�;





 �!�_" $#
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ZGj Z�j {fl�{fkXn�gG¹¶wy|�n���ZLY[Z�j@gG�qw%¹ºsymoY[Z {XZLe�ezsy��kfgin�syj+e 9 Z�j n�j@gomisf{fkXnqeowuj@gG��ZLeGsuj+{fZ�eG{XZ�xXmiZLeiezn�suj�n�j+|�n©¢
{XZ�j@goZy�

pi
�XZ�g�mil�E+l�|}UXn�Zy�

pr
;KX

p̂ = p̂i + p̂r
9 7+§�:"7uw ;

p̂i =
1

2kf
e−|y−h|kf

9 7X§^:'7�­�;

p̂r = AR e
−ykf

9 7+§�:"7u|";

φ̂ = AP eykP
9 7X§^:'7u{�;

ψ̂ = AS e
ykS

9 7+§�:"7�ZJ;

v̂sx = ikAP e
ykP + ASkSe

ykS
9 7+§�:"7O¹O;

v̂sy = AP kP e
ykP − ikAS e

ykS ,
9 7+§�:"7��D;





wK�yZL|
kf =

(
k2 + s2

c2
f

) 1
2 �
kP =

(
k2 + s2

c2
P

) 1
2 Z�g

kS =
(
k2 + s2

c2
S

) 1
2 §

G3ZLe�|�sdZ�«%|�n�ZLj@gie
AR
�
AP
Z�g
AS
ezsyjyg�Z�jIezkXn�goZ%{fl�goZLmoY[n�jXlLe�ª��>® w�nq{fZ%{fZLe�l�pykIwOgon�sujIeG{fZ�gimiwuj+ezY[nqeh¢

eon�suj 9 7X§^:��u{!;�� 9 7+§�:K�OZ';$Z�g 9 7X§^:��O¹�;KX

skPAP − iksAS = − 1

2ρf
e−hkf +

kf
ρf
AR,

9 7+§�:L�yw ;

(λ+ 2µ)
[
z2
PAP − ikkSAS

]
+ λik [ikAP +ASkS ] = −s

[
1

2kf
e−hkf +AR

]
,

9 7X§^:��u­�;

ikkPAP +ASz
2
S + ik [AP kP − ikAS] = 0,

9 7+§�:L�y|';





eosun�gL�fx+��k+e^ezn�Y[xX��ZLY[Z�j@g X





kf
ρf
AR − skPAP + iksAS =

1

2ρf
e−hkf ,

sAR +
[
(λ+ 2µ)z2

P − λk2
]
AP − 2iµkkSAS = − s

2kf
e−hkf ,

2ikkPAP +
[
z2
S + k2

]
AS = 0.

_`_ba(ced3f3g.h



�y� � ���������D�(���

G3ZLe�eosu��kfgon�sujIe�{fZ/|�Z�eocdezgoWLY[Z�eL® lL|�min��uZ�j@gYX

AR =
kf
[
(λ(k2

P − k2) + 2µk2
P )(k2

S + k2) − 4µk2kSkP
]
− ρfs

2kP (k2
S − k2)

kf [(λ(k2
P − k2) + 2µk2

P )(k2
S + k2) − 4µk2kSkP ] + ρfs2kP (k2

S − k2)

e−hkf

2kf
,

AP =
s(k2

S + k2)

kf [(λ(k2
P − k2) + 2µk2

P )(k2
S + k2) − 4µk2kSkP ] + ρfs2kP (k2

S − k2)
e−hkf ,

AS =
−2iskkP

kf [(λ(k2
P − k2) + 2µk2

P )(k2
S + k2) − 4µk2kSkP ] + ρfs2kP (k2

S − k2)
e−hkf .

�GsujI|

p̂r =
R(k, s)

2kf
e−(y+h)kf

Z�g
p̂i =

1

2kf
e−|y−h|kf

v̂sx = v̂Psx + v̂Ssx
Z�g

v̂sy = v̂Psy + v̂Ssy ,

v̂Psx =
ikTP (k, s)

2kP
e ykP −hkf

Z�g
v̂Psy =

TP (k, s)

2
e ykP −hkf ,

v̂Ssx =
TS(k, s)

2
e ykS−hkf

Z�g
v̂Ssy = − ikTS(k, s)

2kS
e ykS−hkf .

wK�yZL|

R =
kf
[
(λ(k2

P − k2) + 2µk2
P )(k2

S + k2) − 4µk2kSkP
]
− ρfs

2kP (k2
S − k2)

kf [(λ(k2
P − k2) + 2µk2

P )(k2
S + k2) − 4µk2kSkP ] + ρfs2kP (k2

S − k2)
,

TP =
2skP (k2

S + k2)

kf [(λ(k2
P − k2) + 2µk2

P )(k2
S + k2) − 4µk2kSkP ] + ρfs2kP (k2

S − k2)
,

TS =
−4iskkPkS

kf [(λ(k2
P − k2) + 2µk2

P )(k2
S + k2) − 4µk2kSkP ] + ρfs2kP (k2

S − k2)
.

�
��� ��� ���d��°�S
�L²�

�f²"R¶°�S �
�P² �
�d°�
��d� � �
� �
\^suk+e
jXsyk+e
n�j@golLmoZ�eoeoZ�misujIe kXjXnqp@kXZ�Y[Z�j@gFw�k |�w��q|�k+�d{XZ

p
Z�g
vsx
�O��ZV|�w��q|�k+�@{fZ

vsy
l�giwuj@g3gomiWLe:eon�Y[n���wun�miZu§

� �Xµ>´u�
µ � �
pr
� ZGj�w

p̃r(x, y, s) =
1

2π

∫ +∞

−∞

R(k, s)

2kf
e−(y+h)kf−ikxdk.

9 7X§^:���;

 �!�_" $#
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ZGj�x8syeoZ

k =
ps

cf
, k̃ff =

√
1 + p2, k̃fP =

√
c2f
c2P

+ p2, k̃fS =

√
c2f
c2S

+ p2

x+kXn�e R(p) = R( p
cf
, 1),
x8sukXm�sy­fgoZLjXn�m

R(p) =
k̃ff

[
(λ(k̃2

fP − p2) + 2µk̃2
fP )(k̃2

fS + p2) − 4µp2k̃fS k̃fP

]
− c2fρf k̃fP (k̃2

fS − p2)

k̃ff

[
(λ(k̃2

fP − p2) + 2µk̃2
fP )(k̃2

fS + p2) − 4µp2k̃fS k̃fP

]
+ c2fρf k̃fP (k̃2

fS − p2)

  Z/p@kXn3{XsujXjXZ

p̃r(x, y, s) =
1

2π

∫ +∞

−∞

R(p)

2k̃ff
e
− s

cf
[(y+h)k̃f+ipx]

dp
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r =

√
x2 + (y + h)2

�
cos θ =

x

r

�
sin θ =

(y + h)

r

§ �^Z���w�Y�L�Y[Z[Y%w�jXn�W�miZ p@kXZ�xIsykXm���Z
|Lw��q|�kX�¼{XZ

ur
ª���w[eoZL|�gon�suj�xXmol�|�l�{fZ�j@goZy�fsuj�Y[suj@gomiZ/pyk+Z2X

\ ezn | cos θ| < cf
cP

�+wu��symie

pr(x, y, t) = 0, t <
r

cf
,

pr(x, y, t) =
<e
[
R(γ+

f (t))
]

2π

√
t2 − r2

c2f

, t >
r

cf
,
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cF
cP

i
cF
cS

y + h −→ 0
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y + h
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wK�uZ�|
γ+
f (t) = −i cf t

r
cos θ + | sin θ|

√
c2f t

2

r2
− 1.

\ ezn | cos θ| > cf
cP

w���sum}e

pr(x, y, t) = 0, t < t1

pr(x, y, t) = −
=m

[
R̃(υ+

f (t))
]

2π

√
r2

c2f
− t2

, t1 < t <
r

cf

pr(x, y, t) =
<e
[
R̃(γ+

f (t))
]

2π

√
t2 − r2

c2f

,
r

cf
< t

wK�uZ�|

υ+
f (t) = −i


cf t

r
cos θ + | sin θ|

√

1 −
c2f t

2

r2


 ,

Z�g

t1 = r| sin θ|
√

1

c2f
− 1

c2P
− r cos θ

cP
.
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t1fP = t1 = r| sin θ|
√

1
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− 1
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− r cos θ
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t1fS = r| sin θ|
√

1

c2f
− 1

c2S
− r cos θ

cS
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� �Xµ>´u�
µ � �
vPsx

ZGj�w

ṽPsx(x, y, s) =
1

2π

∫ +∞

−∞

ikTP (k, s)

2kP
eykP −hkf−ikxdk

9 7X§^:J>�;

ZGj�x8syeoZ

k =
ps

cP
, k̃PP =

√
1 + p2, k̃Pf =

√
c2P
c2f

+ p2, k̃PS =

√
c2P
c2S

+ p2

x+kXn�e TP (p) = c2PTP ( p
cP
, 1)
xIsykXm�su­XgoZ�j+n�m

TP (p)=2k̃PP
k̃2
PS + p2

k̃f

[
(λ(k̃2

PP − p2)+ 2µk̃2
PP )(k̃2

PS + p2) − 4µp2k̃PS k̃PP

]
+ c2P ρf k̃PP (k̃2

PS − p2)
,

|�Z/pyk+n3{fsuj+jXZ

ṽPsx(x, y, s) =
1

2π

∫ +∞

−∞

ipTP (p)

2cP k̃PP
e
− s

cP
[−yk̃P P +hk̃P f +ipx] dp

9 7X§^:L�<;

ZGj�kfgin���n�eoZ�m}w/{fsyj+|$kXj*|�syjygisukXm¬{ ® n�jygil��ymiw�gon�suj[ezn�Y[n��qw�n�moZ�ª/|�Z���kXnXkfgin���n�eol�x8sukXmF|Lw��q|�kX��Z�m¬�<® syj+{fZVgimiwuj+eh¢
Y[nqezZ�{+w�j+e:��Z�|�wye¬{fZ�{fZ�kX¦ Y[n���n�Z�kf¦[wu|�syk+ezgonqpyk+ZLeL§:  Z�|�syj@gosuk+mF|�suk+xIZ��<® w�¦fZ$n�Y%w��yn�j+wun�miZVZ�j[kXj[x8sun�jyg
ia
wK�uZ�| |a| < 1

§ G¼Z�e�|�sukXx+kXmoZ�eG{XZ �qw*¹ºsyj+|�gin�syj TP /k̃PP eosuj@g���Z�e�|�sukXx+kXmoZ�eG{XZLeG¹ºsuj+|�gon�suj+e k̃PP �
k̃PS
Z�g
k̃Pf
� |�® ZLezgz¢£ªO¢£{fn�moZ���Z�e[{fZ�Y[n�¢¸{fmisun�goZ�e�n�Y%w��yn�j+wun�miZLe�{fl�A+jXn�ZLe�moZ�ezx8ZL|�gon��uZLY�ZLj@g x+wum |p| > 1

�
|p| > cP /cS

Z�g |p| > cP /cf
§G  syY�Y[Z

cP > cS > cf
�+��Z |�suj@gosykXm�{ ® n�j@golL�um}wOgin�syj�j+Z�gom}wK�uZLmieoZ�x+wue

��ZLe�|�sukXxXk+moZ�e^{fZ TP /kP §�adn¬syj ezk+xXxIs@ezZ[{fZ�xX��k+e�pyk+Z ��ZLe�x �u��ZLe�{fZ TP ezsyj@g�ª��>® Z�¦dgolLmon�Z�k+m�{fZ[|�Z|�suj@gosykXm��@syj�Y[syjygimoZy�X|�syY�Y[Z�{Xwuj+eV��Z�|Lwue�{fZ�{XZ�kf¦�Y[n���n�Z�kX¦�wu|�suk+ezgonqp@kXZLeL�fp@kXZ2X

vPsx(x, y, t) = 0, t < t0P

vPsx(x, y, t) =
1

2π
<e




T̃P (γ+
P (t))

(
1 + γ+

P (t)2
) 1

2
∂FP
∂p

(γ+
P (t), t)


 , t > t0P

wK�yZL|

FP (p, t) = −y
(
1 + p2

) 1
2 + h

(
c2P
c2f

+ p2

) 1
2

+ ipx− cP t

Z�g
t0P
Z�g
γ+
P (t)
{fl�giZ�miY�n�jXl�e {fZ��qw�Y�L�Y[Z�Y[wujXn�W�miZ^p@kXZ

t02
Z�g
γ+
2 (t)
{Xwuj+e ��Z�|�wye {fZ�{fZ�kX¦*Y�n���n�ZLkf¦

wy|�syk+ehgin�p@kXZ�eVwK�uZL|
h 6= 0

�fZ�j¡miZ�Y[xX�qw �Lw�j@g$miZLeox8ZL|�gin��yZ�Y[Z�j@g
c1
Z�g
c2
x+w�m

cf
Z�g
cP
§
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� �Xµ>´u�
µ � �
vSsx

ZGj�w

ṽSsx(x, y, s) =
1

4π

∫ +∞

−∞

TS(k, s)eykP −hkf−ikxdk
9 7X§^:L�<;

ZGj�x8syeoZ

k =
ps

cS
, k̃SS =

√
1 + p2, k̃Sf =

√
c2S
c2f

+ p2, k̃SP =

√
c2S
c2P

+ p2

x+kXn�e TS(p) = c2STS( p
cS
, 1)
x8sukXm�sy­fgoZLjXn�m

TS(p) =
−4ipk̃SP k̃SS

k̃Sf

[
(λ(k̃2

SP − p2) + 2µk̃2
SP )(k̃2

SS + p2) − 4µp2k̃SS k̃SP

]
+ c2Sρf k̃SP (k̃2

SS − p2)
,

|�Z/pyk+n3{fsuj+jXZ

ṽSsx(x, y, s) =
1

4π

∫ +∞

−∞

TS(p)

cS
e
− s

cS
[−yk̃SS+hk̃Sf+ipx] dp

9 7X§ ���<;

  syY[Y�Z${Xw�jIe3��Z |Lwue3{XZ${fZLkf¦/Y[n���n�ZLkf¦�wu|�suk+ezgonqp@kXZLe3jXsukIe¼x8sukX�ysuj+e
{fl�AIjXn�m
��Z |�syj@gosuk+m
{ ® n�j@gil��um}wOgin�syj
wuk�giZ�Y[x+e

t
|�syY[Y�Z�kXj+Z/x+w�mogon�Z/{fZ��>® Z�j+eoZ�Y ­X��Z

Γ̃
{XZLe�eosu��kfgon�sujIe${XZ/�>® lLp@k+w�gon�suj FS(p, t) = 0

wK�yZL|

FS(p, t) = −y
(
1 + p2

) 1
2 + h

(
c2S
c2f

+ p2

) 1
2

+ ipx− cSt

\^suk+eGx8sukX�ysuj+e^l��ywu��ZLY[Z�j@g�|Lw��q|�kX��Z�m
t0S
�R��Z goZLY�xIeG{ ® w�mimin��yl�Z�{fZ �>® sujI{fZ�a w�k¨x8sun�j@g

(x, y)
§/\�syk+e

j+s�gosyj+e
p0S
��w�m}wu|�n�jXZ[{fsykX­X��Z�{fZ FS(p, t0)

§�  suY[Y[Z jXsyk+e��<® wK�ysuj+eG�dk¼�
p0S
ZLezg/n�Y%wu�un�j+w�n�moZ xXkXm

Z�gL�
{ ® wuxXmiWLe���Z%��ZLY�Y[Z��X§ 7f� |p0S | < 1
§ G¼Z�e�|�sykXxXkXmiZLe�{fZ%�qw�¹ºsuj+|�gon�suj TS eosuj@g���ZLe/|�sukXxXk+moZ�e/{fZLe¹ºsyj+|�gin�syj+e

k̃SS
�
k̃SP
Z�g
k̃Sf
�R|u® Z�ehgo¢¸ª�¢¸{Xn�miZ/��Z�eG{XZ�Y[n©¢£{fmisun�goZ�e�n�Y[wu�un�j+w�n�miZLe�{fl�A+jXn�ZLeGmoZ�ezx8ZL|�gon��uZLY�ZLj@g

xIw�m |p| > 1
� |p| > cS/cP

Z�g |p| > cS/cf
§F  syY[Y�Z

cS < cP
n��RZLezgVxIs@eoeon�­+��Z�p@kXZ |p0S | > cS/cP

Z�g
{Xsuj+|�p@kXZ���Z�|�syj@gosuk+m¬gom}wK�uZLmieoZ ��ZLe |�suj@gisukXm}e�§¬  suj@gom}w�n�miZ�Y[Z�j@gFw�k%|�wu��|�kX�I{XZ��>® suj+{XZ�r¥jXsukIeF{fZ��dmisuj+e
ZLj�|�suj+eolLp@kXZLj+|�Z/{fnqezgon�jX�ukXZLm�{fZ�kX¦�|�wyeKX |p0S | ≤ cS

cP

Z�g |p0S | > cS

cP

§

� R
|p0S| ≤ cS

cP

.
�Gwuj+e^|�Z�|�wye���ZLe�|�sukXxXk+moZ�e�jXZ/gimiwK�yZ�m}ezZLjyg�x+wye���ZLe^|�suj@gosykXm}eVZ�g^syj�Y�syj@gomiZ

¹¶wy|�n���ZLY[Z�j@g�pyk+Z

vSsx(x, y, t) = 0, t < t0S ,

vSsx(x, y, t) =
1

2π
<e




TS(γ+
S (t))

∂FS
∂p

(γ+
S (t), t)


 , t > t0S ,

wK�yZL|
γ+
S (t)
{fl�goZ�miY[n�j+l�ZV{fZ �qw�Y�LLY�ZVY%w�j+n�WLmoZ$pyk+Z

γ+
2 (t)
{Xw�jIe
��ZV|�wue
{fZV{fZ�kX¦�Y�n���n�ZLkf¦�wu|�suk+ezgonqp@kXZLe

wK�yZL|
h 6= 0

�XZ�j�moZLY[xX��w���wujyg�miZLeoxIZ�|�gin��yZ�Y[Z�j@g
c1
Z�g
c2
x+w�m

cf
Z�g
cS
§
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|p0S| > cS

cP

� \�sukIe wK�usyj+e:miZ�xXmilLeoZ�j@goly�yeokXmF�qwYA+�ykXmoZ^�u�f�@��Z^|�suj@gosykXm
Γ̃
§ �£�IZLezg l��dnq{fZ�j@g p@kXZ

eoZ�k+�
Υ+ x8Z�kfg�jXsyk+eVx8Z�miY�Z�gzgimoZ/{fZ/|�syj@gosuk+mojXZLmV��w[|�sykXxXkXmiZu§ �£� Z�ehgV¹¶wu|�n���Z/{fZ�{fl�goZ�miY[n�j+Z�mV��Z�giZ�Y[x+e

t1S
{ ® w�mimin��yl�ZG{XZ/�>® suj+{XZ�{XZ�g	L�giZu�+|u® Z�ehg���Z�goZLY�xIeVgoZL�3p@kXZ FS(i cS

cP
, t1S) = 0

X

t1SP = −y
(

1

c2P
− 1

c2S

) 1
2

+ h

(
1

c2f
− 1

c2S

) 1
2

− 1

cS
x.

9 7X§ �D:J;

\^suk+e�wuxXx8Z���suj+e
Υ
��Z�eosuk+ez¢¸Z�j+eoZ�Y ­X��Z�{fZ

Υ+ {fl�A+j+n¼x+w�m

Υ = [υ+(t1SP ) = i
cS
cP

; υ+(t0S) = p0S ]

Z�g�jXsukIeVxIs@ezsyj+e

ΞS(p) =
TS(p)

4π
e
− s

cS
[−yk̃SS+hk̃Sf+ipx].

C �uZ�|�{fZLeVjXsugiw�gon�suj+e�eon�Y[n���wun�miZLeVª%|�Z�����Z�e�{fZ���w%eoZL|�gon�suj�xXmol�|�l�{fZ�j@goZ��O�Xsyj�Y[suj@gimoZ/p@kXZ

∫ +∞

−∞

ΞS(p)dp = −
∫

Γ

ΞS(p) dp− lim
ρ→+∞

[∫

Υ−ρ

ΞS(p) dp+

∫

Υ+ρ

ΞS(p) dp

]

Z�g�suj��ulLmon�A+Z/p@kXZ

lim
ρ→+∞

∫

Υ±ρ

ΞS(p)dp =

∫

Υ

T ±
S (p)

4πcS
e

s
cS

[−yk̃SS+hk̃Sf+ipx] dp

wK�yZL|

T ±
S (p) =

−4ipk̃±SP k̃SS

k̃Sf

[
(λ( z̃±SP

2 − p2) + 2µ z̃±SP
2
)(k̃2

SS + p2) − 4µp2k̃SS k̃
±
SP

]
+ c2Sρf z̃

±
SP (k̃2

SS − p2)
,

Z�g

k±SP = ±i
√
−
(
p2 +

c2S
c2P

)
.

\^suk+e¬wK�ysuj+e
�dk 9 x+w��yZ �@��;:p@kXZ
t 7→ υ+(t)

Z�ehg¬kXj+Z$­+n thZ�|�gon�suj%{fZ
[t1SP ; t0S ]

�yZ�m}e
Υ = [i cS

cP
; p0S ]

�
j+suk+eVx8sukX�ysuj+eV{fsyj+|�Z��RZL|�gokXZLm���Z�|}UIw�jX�yZ�Y[Z�j@g�{fZ/�Ow�min�wu­X��Z

p = υ+
S (t)
x8suk+m�su­fgiZ�jXn�m

lim
ρ→+∞

∫

Υ±ρ

ΞS(p)dp =
1

4π

∫ t0

t1SP

T ±
S (υ+

S (t))

∂FS
∂p

(υ+
S (t), t)

e−st dt.

� � � ���� ������ ����(!�
Υ

−ρ = Υ −

1

ρ

�/ 
Υρ = Υ +

1

ρ
.

 �!�_" $#
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=m(p)

<e(p)

Γ− Γ+
i

−i

Υ−

Υ+

i
cS
cP

−i cS
cP

−i cS
cf

i
cS
cf

p0

�
n��ukXmiZ����eX:v�Z�xXmilLeoZ�j@giw�gon�suj�{fZ
Γ̃

_`_ba(ced3f3g.h
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M j�miZ�Y%wumip@k+wujyg�p@kXZ
T −
S (υ+

S (t))

∂FS
∂p

(υ+
S (t), t)

= − T +
S (υ+

S (t))

∂FS
∂p

(υ+
S (t), t)

syj��yl�minBAIZ�p@kXZ�X

lim
ρ→+∞

[∫

Υ−ρ

ΞS(p) dp+

∫

Υ+ρ

ΞS(p) dp

]
=− 1

4π

∫ t0

t1SP

<e




T +
S (υ+

S (t))

∂FS
∂p

(υ+
S (t), t)


 e

−stdt.

�
n�j+w���Z�Y[ZLjyg,X

vSsx(x, y, t) = 0, t < t1SP ,

vSsx(x, y, t) =
1

2π
<e




T +
S (υ+

S (t))

∂FS
∂p

(υ+
S (t), t)


 , t1SP < t < t0S ,

vSsx(x, y, t) =
1

2π
<e




TS(γ+
S (t))

∂FS
∂p

(γ+
S (t), t)


 , t > t0S .

ZGj¡{flLY�syj@gomiZ���Z/��Z�Y[Y[ZY7+§ � ZLj�miZ�Y%wumip@k+wujyg�p@kXZ���w[|�suj+{fn�gon�suj
t1SP = t

eL® l�|�min©g

−y
(

1

c2P
− 1

c2S

) 1
2

+ h

(
1

c2f
− 1

c2S

) 1
2

− x

cS
= t

|�Z/pyk+n¼ZLezg�­Xn�ZLj¡�>® lLp@k+w�gon�suj¡{fk�ezZL�uY[Z�j@g
[C(t)J(t)]

{fl�AIjXn¼xXmilL|�lL{fZLY�Y[ZLjyg�§

� ' �����3����	V�
�/�
������� ���
���
���[����� ������� !�� �$��!��$��! ���¡��	V�:���[���

G3Z$|Lw��q|�kX�fjdkXY[lLmonqp@kXZ${XZ$�qw�|�sujd�ysu��kfgon�suj Z�j�giZ�Y[x+e:ZLjygimoZV��ZLe
¹ºsujI|�gon�sujIe¬{fZ�»�moZLZ�j p@kXZVjXsyk+e
�uZLjXsuj+e
{XZ�{XlL|�min�moZ�Z�g�k+j�giZ�miY[Z�eosuk+mi|�ZGxXmilLeoZ�j@giZ�|�Z�mogiwun�jXZ�e�{fn�«%|�kX��golLe X

:u§NG¼Z�eV¹ºsuj+|�gon�suj+e�{XZ/»�miZ�ZLj�ezsyjyg�eon�j+�ukX��n�WLmoZ�eVw�k�goZ�Y[x+e^{ ® wumomin��ul�Z�{fZ��<® syj+{fZ �
�f§NG¼Z�|�suj@gosykXm

Γ
j¼® Z�ehg�x+wye$gosykOthsukXm}e�|�syjXjdk�Z�¦fxX��nq|�n�goZLY[Z�j@g �

7X§NG¼Z�e�ezn�jX�ykX��wumon�gol�eV{fZLe$¹ºsyj+|�gin�syj+e�{fZ�»�miZ�Z�j�jXZ�eosuj@g�x+wueVj+suj�xX��kIeVgosykOthsukXm}eVZ�¦fxX��nq|�n�goZLeL§
G3Z*­Xkfg[{fZ�|�Z�gzgiZ�eoZL|�gon�suj¥ZLezg {fZ�Y�syj@gomiZ�m�|�suY[Y[Z�j@g�milLeosuk+{fmiZ*|�Z�e�xXmisu­+��WLY�Z�e�§¡r:suk+m |�ZL��w¡j+suk+e
{Xl�giwun�����Z�misuj+e[�<® wu���ysumin©giUXY[Z�{fZ�mol�ezsy��kXgon�sujP{fk xXmisu­X��W�Y[Z�{fZ¨|�sykXxX�qw��yZ EIkXn�{XZ�¢£ehgimok+|�gokXmiZ 9 7+§�:";��V��w
milLeosu��kfgin�syj�{fk�|�wye�{fZ�kX¦�Y[n���n�ZLkf¦�wy|�syk+ehgin�p@kXZ�e�e�® Z�j¡{fl�{fkXn�g�¹¶wu|�n���Z�Y[Z�j@gL§
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� ��� ��� ��� 
 �����
P

G3Z/|}U+w�Y[x¡{fZ/xXmiZLeiezn�suj�ZLezg^{fsujXj+l�xIw�m,X

P (x, y, t) =

∫ t

0

p(x, y, τ)f(t− τ) dτ
9 �I§�:J;

  syY[Y�Z
p
eoZ/{flL|�suY[xIs@ezZ�ZLj

pi + pr
�fsyj�x8Z�kXg�l��ywu��ZLY[Z�j@g�{flL|�suY[xIs@ezZLm

P
ZLj

P i + P r
wK�uZ�|-X

P i(x, y, t) =

∫ t

0

pi(x, y, τ)f(t − τ) dτ
Z�g

P r(x, y, t) =

∫ t

0

pr(x, y, τ)f(t− τ) dτ

� � � � � � �+µ¶´u�
µ � �
P i

afsun�g
r? =

√
x2 + (y − h)2

Z�g
t0 = r?/cf

��Z goZLY[x+e¬{ ® w�mimon��ulLZ {fZV�>® sujI{fZ n�j+|�n�{fZLj@goZ�w�k xIsyn�j@g
(x, y)
§

v^w�xXx8Z���suj+e�p@kXZ
pi(x, y, t)

Z�ehg�jdkX����Z/x8suk+m
t < t0

X





P i(x, y, t) = 0
eon
t ≤ t0 (⇐⇒ x 6∈ ΩI (t))

P i(x, y, t) =

∫ t

t0

pi(x, y, τ)f(t − τ) dτ
eon
t > t0 (⇐⇒ x ∈ ΩI (t))

9 �+§ ��;

ZGj {fl�|�suY[x8syeoZ[�>® n�j@giZ�mi�Kwu����Z[{fZ[goZLY�xIe
[t0 ; t]

Z�j
Nt
n�j@goZLmo�Owu����ZLe�{fZ%Y�L�Y[Z[��sujX�ykXZ�kXm

dt
§ ZGj�w

wu��symie

P i(x, y, t) =

Nt∑

i=1

∫ t0+idt

t0+(i−1)dt

pi(x, y, τ)f(t − τ) dτ.

�£� Z�¦fn�ezgoZ�{fZ�jXsyY�­XmiZ�kIezZ�e$goZL|}U+jXn�p@kXZ�eVxIZLmoY[Z�gzgiwuj@g^{fZ/|�w��q|�k+��ZLm���Z�eVn�j@golL�um}w���ZLe

∫ t0+idt

t0+(i−1)dt

pi(x, y, τ)f(t− τ) dτ,

|�suY[Y[Z���w�Y[l�giUXsf{fZ {fZ�e%miZL|�g}w�jX�y��Z�e��${fZLe%gom}w�x8W ��Z�e��V{fZ adn�Y[x+eosujPsuk {fZ »�wuk+eoe 9 x+wum%sum}{fmoZ�{fZ
eosux+UXn�ezgonq|�w�gon�suj |�misunqeoeiw�j@giZ";�§�r
sykXm�eon�Y[xX��nBAIZ�m�jXsugomiZ%xXmisux8sye�jXsyk+e/xXmilLeoZ�j@gosyj+e�nq|�n �qw¡Y[l�giUXsf{fZ%��w
x+��k+e ezn�Y[xX��Z*ª�Y[Z�gzgimoZ�Z�j sdZ�kX�dmiZ X��qw�Y[l�goU+sd{XZ�{fZLe�moZ�|�giwujX�u��ZLeL§�r:sykXm

i > 1
suj¥w�x+xXmosK¦fn�Y[Z�m}w

{Xsuj+|��<® n�j@gol��ymiwu��Z
∫ t0+idt

t0+(i−1)dt

pi(x, y, τ)f(t − τ) dτ

xIw�m

pi(x, y, t0 + (i− 1)dt)f(t− (t0 + (i− 1)dt)) dt =
f(t− (t0 + (i− 1)dt))

2π
√

(t0 + (i− 1)dt)2 − t20
dt.

�	�

��
 � �*����
 ��& + � � � a) ����
(
+  ����3a ���� �� �����*a% �(�� � �%+,	���
��%3
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r¬wum�|�syj@gomiZu��x8sukXm
i = 1

��suj jXZ x8Z�kfg�xX��k+e�kXgon���nqezZLm�|�Z�gogoZ¨¹ºsymoY kX��Z¨xXkXnqeop@kXZ���w miwy|�n�jXZ |Lw�mimolLZ
eL® w�jXjdkX��Zu§¬]�j+Z/xXmoZLY[n�WLmoZ�nq{fl�Z/|�syj+eon�ezgoZ/ª[w�xXx+mosK¦fn�Y�ZLm

∫ t0+dt

t0

pi(x, y, τ)f(t − τ) dτ

xIw�m

pi(x, y, t0 + idt)f(t− (t0 + idt)) dt =
f(t− (t0 + idt))

2π
√

(t0 + idt)2 − t20
dt,

Y%wun�e¬|u® Z�ehgFkXj+Z�w�xXxXmisK¦fn�Y%w�gon�suj�x8Z�k[xXmilL|�n�eoZVxXkXnqeop@kXZ
pi
�Ow�min�ZV¹ºsymzgiZ�Y[Z�j@gFezk+m¬�>® n�j@giZ�mi�Kwu����Z

[t0 ; t0 +
dt]
§ ZGj���kXn¼xXmil�¹ºlLmoZLmiw�{fsujI|G�<® w�xXxXmisK¦fn�Y%w�gon�suj�eokXn��Ow�j@goZ�X

∫ t0+dt

t0

pi(x, y, τ)f(t−τ) dτ ' f(t− t0)
∫ t0+dt

t0

pi(x, y, τ) dτ = f(t− t0)
∫ t0+dt

t0

dτ

2π
√
τ2 − t20

.

�GZ/xX��k+eL�fsuj¡�ulLmon�A+ZG¹¶wu|�n���Z�Y[Z�j@g^p@kXZ�X

∫ t0+dt

t0

dτ√
τ2 − t20

= argch

(
1 +

dt

t0

)
.

ZGj¡|�wu��|�kX��Z�m}w {fsyj+|#X

P i(x, y, t) ' f(t− t0)

2π
argch

(
1 +

dt

t0

)
+

Nt∑

i=2

f(t− (t0 + (i− 1)dt)

2π
√

(t0 + (i− 1)dt)2 − t20
dt.

9 �+§ 7<;

G ® wu���ysumin©giUXY[ZG{fZ�|�wu��|�kX� {fZ
P i
ZLezg$miZ�xXmisf{fkXn�gVeokXmV��ZGg}w�­X��ZLwukT: 9 �qw�¹ºsyj+|�gin�syj�x8su�qw�n�miZ

(x, y)
x8Z�miY[Z�g

{¼® sy­fgoZLjXn�m
��Z�e
|�sdsum}{fsujXj+l�ZLe¼xIsy��wun�miZLe
{fk�x8sun�jyg
(x, y)

Z�g
jXsukIe
wK�ysuj+e¼wuxXx8Z���l
C
��Z �uZ�|�giZ�kXm
|�suj@giZ�j+wujyg

��ZLe�{XsujXjXlLZLeVxXUdcfeon�p@kXZ�e�{fZ/�>® Z�¦fx8l�min�ZLj+|�Z�X
cf
�
cS
�
cP
�
ρf
§�§�§ ;�§

� � � ��� � �+µ¶´u�
µ � �
P r

ZGj�ezk+xXxIs@ezZ�Y%w�n�j@goZ�jIw�j@g�p@kXZ
r
Z�g
θ
eosuj@g���ZLe/|�sdsum}{fsujXj+l�ZLe^xIsy��wun�miZLe�{fk�x8sun�jyg

(x, y + h)
Z�g/suj

x8syeoZ
t0f = r/cf

��Z�giZ�Y[x+e�{ ® w�mimin��yl�Z�{fZ/�>® sujI{fZ�mol�E+lL|}UXn�Z�Z�g

t1 = r| sin θ|
√

1

c2f
− 1

c2P
− r cos θ

cP
< t0f ,

��Z�goZLY�xIe�{ ® w�mimon��ulLZ�{fZ/�<® suj+{fZ�gOL�goZ�{Xl�A+jXn3x+w��yZ��y�f§

ZGj�x8syeoZ

prv(x, y, t) =





0
eon
t < t0f (⇐⇒ x 6∈ ΩR(t)),

<e
[
R(γ+

f (t))
]

2π

√
t2 − r2

c2f

eon
t > t0f (⇐⇒ x ∈ ΩR(t)),

 �!�_" $#
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� �
(x, y, t, dt, C):

(r, theta) = polaire (x, y − h)�
t0 = r/cf7 �"R
t ≤ t0

�Xµ>°�
O�
�

Pi = 0� �"R�S
°�S
�

Nt = (t− t0)/dt>
Pi = f(t− t0) ∗ argch(1 + dt/t0)/(2 ∗ pi)� U °I� 


i
� �

2 � Nt
� �!R 

�

�
tau = t0 + (i− 1) ∗ dt:L�
Pi = Pi+ f(t− tau)/(2 ∗ pi ∗ sqrt(t2/r2 − 1/cf2)) ∗ dt:�: � S U °8� 


:�� � S �'R

T
wu­X��Z�:<X C ���usumin�goUXY[Z/{fZ/|�wu��|�kX�3{fZ
P i

Z�gL�+eon | cos θ| > cf/cP
X

prt (x, y, t) =





0
ezn
t < t1

syk�eon
t > t0f (⇐⇒ x 6∈ ΩtefP (t)),

−
=m

[
R(υ+

f (t))
]

2π

√
r2

c2f
− t2

ezn
t1 < t < t0f (⇐⇒ x ∈ ΩtefP (t)).

ZGj�x8Z�kfg^wu��symieV{fl�|�suY[x8syeoZ�m
P r
Z�j¡kXj+Z�syj+{fZ�{fZ�gOL�goZ

P rt
Z�g�kXjXZ/sujI{fZ�{fZ��usy��kXY[Z

P rv
wK�uZ�|-X





P rv (x, y, t) = 0,
eon
t ≤ t0f ,

P rv (x, y, t) =

∫ t

t0f

prv(x, y, τ)f(t− τ) dτ,
ezn
t > t0f ,

Z�g




P rt (x, y, t) = 0,
ezn
t ≤ t1

suk
cos θ ≤ cf

cP
,

P rt (x, y, t) =

∫ t

t1

prt (x, y, τ)f(t − τ) dτ,
eon
t1 < t < t0f

Z�g
cos θ >

cf

cP
,

P rt (x, y, t) =

∫ t0f

t1

prt (x, y, τ)f(t− τ) dτ
eon
t0f ≤ t

Z�g
cos θ >

cf

cP
.

ZGj¡w�k+miw�{fsujI|
P r(x, y, t) = P rt (x, y, t) + P rv (x, y, t)

_`_ba(ced3f3g.h
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� �Xµ>´u�
µ � �
P rv (x, y, t)

� ZGj[ezkXx+xIs@ezZ�p@kXZ��<® n�j@goZLmo�Ow�����Z
[t0f ; t]

eoZ�{flL|�suY[x8syeoZ$ZLj
Nt1
n�j@giZ�mi�Kwu����ZLe

{XZ�Y�LLY�Z/��suj+�ukXZLkXm
dt1
§ ZGj�w%wu��symieKX

P rv (x, y, t) =

Nt1∑

i=1

∫ t0f +idt1

t0f +(i−1)dt1

<e
[
R(γ+

f (τ))
]

2π
√
τ2 − t20f

f(t− τ) dτ.

wK�yZL| R Z�g γ+
f

{fl�AIjXn�Z�e�x+wu�uZ��u�f§

r:sykXm
i > 1
�fsuj�w�x+xXmosK¦fn�Y[Z�m}w��<® n�j@gol��ymiwu��Z

∫ t0f +idt1

t0f +(i−1)dt1

<e
[
R(γ+

f (τ))
]

2π
√
τ2 − t20f

f(t− τ) dτ.

xIw�m

<e
[
R(γ+

f (t0f + idt1))
] f(t− (t0f + (i− 1)dt1))

2π
√

(t0f + (i− 1)dt1)2 − t20f

dt

Z�gL�Xx8suk+m�n
�

:y�fsuj�kfgon���nqeoZ�m}w �<® w�xXxXmisK¦fn�Y%w�gon�suj�eokXn��Ow�j@goZ�X

∫ t0f +dt1

t0f

<e
[
R(γ+

f (τ))
]

2π
√
τ2 − t20f

f(t− τ) dτ = <e
[
R(γ+

f (t0f ))
]
f(t− t0f )

∫ t0f +dt1

t0f

dτ

2π
√
τ2 − t20f

.

ZGj¡|�wu��|�kX��Z�m}w {fsyj+|#X

P rv (x, y, t) '
<e
[
R(γ+

f (t0f ))
]
f(t− t0f )

2π
argch

(
1 +

dt1
t0f

)

+

Nt1∑

i=2

<e
[
R(γ+

f (t0f + (i+ 1)dt1))
]
f(t− (t0f + (i− 1)dt1))

2π
√

(t0f + (i− 1)dt1)2 − t20f

dt.

9 �+§ � ;

� �Xµ>´u�
µ � �
P rt (x, y, t)

� ZGj ezk+xXxIs@ezZ�p@kXZ��<® n�j@goZLmo�Ow�����Z
[t1; min(t0f , t)]

eoZ�{XlL|�syY[xIs@ezZ�Z�j
Nt2n�j@goZLmo�Ow�����ZLeV{fZ/Y�L�Y[Z/��sujX�ykXZ�kXm

dt2
§ ZGj¡w[w���sum}eKX

P rt (x, y, t) = −
Nt2∑

i=1

∫ t1+idt2

t1+(i−1)dt2

=m
[
R(υ+

f (τ))
]

2π
√
t20f − τ2

f(t− τ) dτ.

wK�yZL|
υ+
f

{fl�A+jXn�Z�xIw��uZ/�y�f§

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 >��

afn
t < t0f

suj¡|�w��q|�k+��ZLmiw�eowuj+e�{fn�«*|�kX��gol

P rt (x, y, t) ' −
Nt2∑

i=1

=m
[
R(γ+

f (t1 + (i+ 1)dt1))
]
f(t− (t1 + (i− 1)dt2))

2π
√
t20f − (t1 + (i− 1)dt2)2

dt.
9 �+§ ��;

afn�jXsyj�syj�{fZ��dm}w�kfgin���nqezZLm��>® w�xXx+mosK¦fn�Y[w�gon�suj

−
∫ t0f

t0f−dt2

=m
[
R(υ+

f (τ))
]

2π
√
t20f − τ2

f(t−τ) dτ = −=m
[
R(υ+

f (t0f ))
]
f(t− t0f )

∫ t0f

t0f−dt2

dτ

2π
√
t20f − τ2

ZLj�miZ�Y%wumip@k+wujyg�p@kXZ2X
∫ t0f

t0f−dt2

dτ√
t20f − τ2

= − arccos(1 − dt2
t0f

).

ZGj¡|�wu��|�kX��Z�m}w {fsyj+|#X

P rt (x, y, t) ' −
Nt2−1∑

i=1

<e
[
R(υ+

f (t1 + (i+ 1)dt2))
]
f(t− (t1 + (i− 1)dt2))

2π
√
t20f − (t1 + (i− 1)dt1)2

dt

+
<e
[
R(υ+

f (t0f ))
]
f(t− t0f )

2π
arccos

(
1 − dt2

t0f

)
.

9 �+§ �<;

G ® wu���ysumin©giUXY[Z�{XZ�|�w��q|�k+�¼{fZ
P r
ZLezg�{XlL|�min�g^ezkXm���Z�giwu­X��Z�w�k��

� � � ��� ��� 
 �����
V s

� ��� � � � �+µ¶´u�
µ � �
V Psx

� �Xµ>´u�
µ � �
t0P .

  suY[Y[Z�jXsukIeF�<® wK�ysuj+e:�dk¼�@��ZG|�w��q|�k+�I{fk%giZ�Y[x+e { ® wumomin��ul�Z�{XZ��>® sujI{fZ
P
jXlL|�ZLeiezn�goZ

{XZGgimosykX�uZLmV��w[m}wu|�n�jXZ
ξ = ξ0P

{fZ

t′P (ξ) =
ξ

cf
√
ξ2 + h2

+
ξ − x

cP
√

(x − ξ)2 + y2
.

9 �+§?>�;

v�Z�Y%w�m}p@kXsuj+eVp@kXZ�X

t′′P (ξ) =
h2

cf (ξ2 + h2)
3
2

+
2 (x− ξ)2 + y2

cP ((x− ξ)2 + y2)
3
2

> 0

Z�g^p@kXZ
t′P (0) = − x

cP
√
x2 + y2

Z�g
t′P (x) =

x

cf
√
x2 + h2

.

_`_ba(ced3f3g.h



�y� � ���������D�(���

���
(x, y, t, dt1, dt2, C):

(r, theta) = polaire (x, y + h)�
t0 = r/cf7 �'R
t ≤ t0

�Xµ¶°�
O�
�

Pr = 0� �'R�S
°�S
�

Nt1 = (t− t0)/dt1>
p = −i ∗ cos(theta)�
Pr = f(t− t0) ∗ reel(R(p, C)) ∗ argch(1 + dt1/t0)/(2 ∗ pi)� U °8� 


i
� �

2 � Nt1
� �!R 

�

:L�
tau = t0 + (i− 1) ∗ dt1:�:
p = −it/tau ∗ cos(theta) + abs(sin(theta)) ∗ sqrt(tau2/t02 − 1):��
Pr = Pr + f(t− tau) ∗ reel(R(p, C))/(2 ∗ pi ∗ sqrt(t2 − t02)) ∗ dt1:'7 � S U °I� 


:�� ��S �"R
:�� �'R

cos(theta) > cf/cP
�Xµ>°�
O�

:L�
t1 = r ∗ abs(sin(theta)) ∗ sqrt(1/c2f − 1/c2P ) − r ∗ cos(theta)/cP:J> �"R
t > t1

�Xµ>°�
O�
:L�

Nt2 = (min(t, t0) − t1)/dt2:L� U °8� 

i
� �

1 � Nt2− 1
� �!R 

�

���
tau = t1 + (i− 1) ∗ dt2�D:
p = −i

(
t/t0 ∗ cos(theta) + abs(sin θ) ∗ sqrt(1 − t2/t02)

)
�u�

Pr = Pr − f(t− tau) ∗ imag(R(p, C))/(2 ∗ pi ∗ sqrt(t02 − t2)) ∗ dt2��7 � S U °8� 

�O� �"R

t0 > t
�Xµ>°�
O�

�u�
tau = t1 + (Nt2 − 1) ∗ dt2���
p = −i

(
t/t0 ∗ cos(theta) + abs(sin θ) ∗ sqrt(1 − t2/t02)

)
�<>

Pr = Pr − f(t− tau) ∗ imag(R(p, C))/(2 ∗ pi ∗ sqrt(t02 − t2)) ∗ dt2��� �"R�S
°�S
���

p = −i ∗ cos(theta)7u�
Pr = Pr − f(t− t0) ∗ imag(R(p, C)) ∗ arccos(1 − dt2/t0)/(2 ∗ pi) ∗ dt27!: � S �'R

7y� � S �'R
7�7 ��S �"R

T
w�­X��Z��DX C ���ysumin©giUXY[Z�{XZ�|Lw��q|�kX�¼{XZ
P r

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �e:

�GsujI|
t′P (0)t′P (x) < 0

Z�g
t′P (ξ)

wu{fY[Z�g�kXjXZ�kXjXnqp@kXZ/miwy|�n�jXZu�X|�suY[xXmin�eoZ�Z�j@gomiZ
0
Z�g
x
p@kXn¼Y[n�j+n�Y[nqezZ

tP (ξ)
§ �GZ/xX��k+eVn��3ZLezg�l��dn�{XZ�j@g�pyk+Z�gosukXgoZ�miwy|�n�jXZ/{fZ

t′P
ZLezg�l��ywu��ZLY[Z�j@g�miwy|�n�jXZ/{fZ���w�¹ºsyj+|�gin�syj

√
(ξ2 + h2)

√
(x− ξ)2 + y2 t′P (ξ) =

ξ
√

(x− ξ)2 + y2

cf
+

(ξ − x)
√
ξ2 + h2

cP
Z�g�x+w�m�|�suj+eolLp@kXZLjyg�{fk¡x8su��cdj��uY[Z/{fZ�{fZL�umilG� X

Poly(ξ) =

(
ξ
√

(x− ξ)2+y2

cf
+

(ξ − x)
√
ξ2 + h2

cP

)(
ξ
√

(x− ξ)2 + y2

cf
− (ξ − x)

√
ξ2 + h2

cP

)

=
ξ2(x− ξ)2 + y2

c2f
− (ξ − x)

2
ξ2 + h2

c2P
eosun�g

c2P c
2
SPoly(ξ) = (c2P −c2f )ξ4−2x(c2P −c2f )ξ3 +((x2 +y2)c2P −(x2 +h2)c2f )ξ

2 +2c2fh
2ξ−c2fh2x2.9 �+§ �<;

G3Z/|�w��q|�k+� j@k+Y�lLmonqp@kXZ/{fZ
ξ
ezZ�¹ºZ�m}w[{fsujI|�{XZ/��w�Y%w�jXn�W�miZ/ezk+n��Ow�j@giZ#X

:u§Vsuj�|�wu��|�kX��Z���ZLe�p@k+w�gomiZ�miwy|�n�jXZLeV{fZ
Poly

�

�f§Vsuj�|}U+Z�m}|}UXZFx+wumoY[nd|�ZLe
m}wu|�n�jXZ�e¼�qw^eoZ�kX��Z m}wu|�n�jXZ molLZ�����Z${fZ
t′P
|�suY[xXmin�eoZFZLjygimoZ$��Z�g

x
Z�g¬ezsy��kfgin�syj

{fZ
t′P (ξ) = 0

§
�£�IjXZ�miZLezgoZ�wu��symie¬x+��k+e p@k¼® ª/|Lw��q|�kX��Z�m

tP (ξ0P )
§:\^suk+e w�xXx8Z�����ZLmosyj+e

t(x, y, h, cf, cP )
�qw�¹ºsyj+|�gin�syj*pyk+n

j+suk+eVx8Z�miY[Z�g^{fZ/|�wu��|�kX��Z�m�|�Z�giZ�Y[x+e�{ ® w�mimin��yl�Zu§

� �Xµ>´u�
µ�� �
γ+
P (t).

\^suk+eG{fsujXj+suj+e�nq|�n
kXjXZ�Y[l�goUXsf{fZ�{XZ�|�wu��|�kX�
{fZ
γ+
P (t)
�8|�Z�gogoZ�Y[l�goUXsf{fZ�j3® Z�ehg

|�Z�mogiwun�jXZLY[Z�j@g¬x+wue¬�qw�xX��k+eFZ�«%|Lwu|�Z$ZLj�goZ�miY[Z�{fZVgoZLY[x+e {fZ�|Lw��q|�kX�+Y[wun�e¬|u® Z�ehg |�Z�����Z�p@kXn+jXsuk+e w�x+w�mik
�qw�xX��k+e�eon�Y[xX��Z/ª[Y�Z�gzgimoZ�Z�j¡sdZ�k+�@miZ�jdkXY[l�min�p@kXZLY�ZLj@gL§

ZGj��ulLmon�A+Z�¹¶wu|�n���Z�Y[ZLjyg�p@kXZ
p = γ+

P (t)
Z�ehg�lL�ywu��ZLY�ZLj@g$m}wu|�n�jXZ/{fk¡x8su��cdj��uY[Z/{fZ�{fZL�umilG�%eokXn��Owujyg X

PP (p, t) = ap4 + b(t)p3 + c(t)p2 + d(t)p+ e(t) = 0.
9 �I§ � ;

_`_ba(ced3f3g.h



�@� � ���������D�(���

wK�yZL|-X

a =
(
x2 + y2 + h2

)2 − 4h2y2 9 �I§�:��uw ;

b(t) = 4 i cP t x
(
x2 + y2 + h2

) 9 �+§^:L��­�;

c(t) = 2

[
y2
(
x2 + y2 − h2

)
+
c2P h

2

c2f

(
x2 − y2 + h2

)
− c2P t2

(
3x2 + y2 + h2

)
]

9 �I§�:��u|";

d(t) = 4 i cP t x

(
y2 +

c2P h
2

c2f
− c2P t

2

)
9 �+§^:L�u{�;

e(t) =

(
y2 − c2P h

2

c2f

)2

+ c2P t
2

(
c2P t

2 − 2y2 − 2
c2P h

2

c2f

)
9 �I§�:���ZJ;





MFj�Z��RZ�g X

y2
(
1 + p2

)
=


cP t− ip02x− h

(
c2P
c2f

+ p2

) 1
2




2

,

eosun�gL�fZLj�{fl��yZ���suxXx+wuj@gV|}U+wyp@kXZ�goZ�miY[Z�X

y2
(
1 + p2

)
= (cP t− ip02x)

2
+ h2

(
c2P
c2f

+ p2

)
− 2h (cP t− ip02x)

(
c2P
c2f

+ p2

) 1
2

x+kXn�e

4h2 (cP t− ip02x)
2

(
c2P
c2f

+ p2

)
=

[
y2
(
1 + p2

)
− (cP t− ip02x)

2 − h2

(
c2P
c2f

+ p2

)]2

.

G3ZLe¼|�sdZ�«*|�n�Z�j@gie
{fZ
PP
ezsyjyg3wu��symie¼su­fgiZ�jdk+e ZLj�{fl��yZ���suxXx+wuj@g¼��Z�eRgoZLmoY[ZLe
{fZF|�Z�gzgiZ {fZLmojXn�W�miZ¬lLp@k+w�gon�suj¼§

G3Z/|�w��q|�k+�¼{fZ
γ+
P (t)
ezZ�¹ºZ�m}w[{fsujI|�{XZ/��w�Y%w�jXn�W�miZ/ezk+n��Ow�j@giZ#X

:u§Vsuj�|�wu��|�kX��Z���ZLe�p@k+w�gomiZ�miwy|�n�jXZLeV{fZ
PP (p, t)

�

�f§Vsuj�|}UXZLmi|}UXZ�x+wumoY[n¼|�Z�eVmiwy|�n�jXZLeV�<® kXjXnqpyk+Z�m}wu|�n�j+Z�{XZ FP (p, t)
ª xIw�mogon�Z�mil�ZL����Z�xIs@ezn�gon��uZ � � �

\^suk+e�wuxXx8Z�����ZLmosyj+e
gamma(x, y, h, t, cf, cP )

��w ¹ºsyj+|�gin�syj p@kXn/j+suk+e¡x8Z�miY[Z�g {fZ¥|�wu��|�kX��Z�m¨|�Z�gzgiZ
m}wu|�n�j+Zu§
�/� _�+,���������3a��0�)	��*��� � ������ ��*a������/ ���� 	Ja������  ��*���*���� ! ��-(�+,��� a������� �%+,(
+.a% ����-��+,(0��� ����&"&"��g�3 ��3

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �<7

� �Xµ>´u�
µ � �
V Psx

� ZGj�w X




V Psx(x, y, t) = 0
ezn
t ≤ t0S (⇐⇒ x 6∈ ΩP (t))

V Psx(x, y, t) =

∫ t

t0S

vPsx(x, y, τ)f(t − τ) dτ
eon
t > t0S (⇐⇒ x ∈ ΩP (t)),

9 �+§^:�:J;

s �
vPsx
Z�ehg�{fl�A+j+n x+wum���Z*giUXl�symoWLY�Z 7+§�:FZGj�{flL|�suY[xIs@ezZ��>® n�j@giZ�mi�Kwu����Z�{fZ�goZLY�xIe

[t0P ; t]
ZLj

Ntn�j@goZLmo�Ow�����ZLeV{fZ/Y�L�Y[Z/��sujX�ykXZ�kXm
dt
§ ZGj¡w[wu��symie

V Psx(x, y, t) =

Nt∑

i=1

∫ t0+idt

t0+(i−1)dt

vPsx(x, y, τ)f(t− τ) dτ.

r:sykXm
i > 1

jXsyk+eVx8sukX�ysuj+e�eiw�j+e�{Xn©«*|�k+�©gil/lL|�min�moZ#X

∫ t0+idt

t0+(i−1)dt

vPsx(x, y, τ)f(t − τ) dτ

' dt

2π
<e




T̃P (γ+
P (t0P + (i− 1)dt))

(
1 + γ+

P

2
(t0P + (i− 1)dt)

) 1
2 ∂FP
∂p

(γ+
P (t0P + (i− 1)dt), t)


f(t−(t0P + (i− 1)dt)),

Y%wun�e
p = γ+(t0P )

Z�ehg�kXj+Z/miwy|�n�jXZ/{fsukX­+��Z/{fZ FP (p, t0P )
X

∂FP
∂p

(γ+(t0P ), t0P ) = 0,

|�Z�gogoZ�w�x+xXmosK¦fn�Y%wOgon�suj�j¼® Z�ehg^{Xsuj+|�xX��k+e��Ow��qw�­+��Z�x8sukXm
i = 1
§F��w�j+e�|�Z�|�wyeVjXsuk+eVkXgon���nqezZLmosyj+e

dγ+
P (t)

dt


=

cP
∂FP
∂p

(γ+
P (t), t)


 '
t→t

+

0P

ζP (t0P )

√
1

t2 − t20P
,

wK�yZL|

ζP (t0P ) =

√
t+ t0P

2cP g′′(γ
+
P (t0P ))

Z�g
g′′(p) = − y

1 + p2
+

h
c2
2

c2
1

+ p2

�ysun�mV��ZLY�Y[Z��X§ 7
.

ZGj�x8Z�kfg^{fsyj+|�lL|�mon�miZ-X

∫ t0P +dt

t0P

vPsx(x, y, t)f(t− τ)'f(t− t0P )

2πcP
<e



ζ(t0P )TP (γ+

P (t0P ))
(
1 + γ+

P

2
(t0P )

) 1
2



∫ t0P +dt

t0P

dt√
t2 − t20P

,

_`_ba(ced3f3g.h



�u� � ���������D�(���

� �����
(x, y, t, dt, C):
t0 = t(x, y, h, cf, cP )� �"R
t ≤ t0

�Xµ>°�
O�
7

V Psx = 0� �"R�S
°�S
�

Nt = (t− t0)/dt�
p = gamma(x, y, h, t0, cf, cP )>
z = zeta(x, y, h, t, cP, cf, p, t0)/cP�
V Psx = f(t− t0) ∗ reel(zeta ∗ cP ∗ TP(p, C)/sqrt(1 + p2)) ∗ argch(1 + dt/t0)/(2 ∗ pi)� U °8� 


i
� �

2 � Nt
� �!R 

�

:L�
tau = t0 + (i− 1) ∗ dt:�:
p = gamma(x, y, h, tau, cf, cP ):��
df = deriveef(x, y, h, cf, cP, tau, p):'7
V Psx = V Psx+ f(t− tau) ∗ reel(TP(p, C)/(sqrt(1 + p2) ∗ df)) ∗ dt:�� � S U °8� 


:�� � S �'R

T
w�­+��Z,7!X C ���ysumin©giUXY[Z�{XZ�|�w��q|�k+�¼{fZ
V Psx

eosun�g

V Psx(x, y, t) '
f(t− t0P )

2πcP
<e



ζ(t0P )TP (γ+

P (t0P ))
(
1 + γ+

P

2
(t0P )

) 1
2


 argch

(
1 +

dt

t0P

)
dt

+

Nt∑

i=2

f(t−(t0P + (i−1)dt))

2π
<e




T̃P (γ+
P (t0P + (i− 1)dt))

(
1 + γ+

P

2
(t0P + (i− 1)dt)

) 1
2 ∂FP
∂p

(γ+
P (t0P + (i− 1)dt), t)


dt.

G ® wu���ysumin©giUXY[Z�{XZ�|�w��q|�k+�¼{fZ
V Psx
ZLezg^{flL|�mon�g�ezkXm���Z�giwu­X��ZLw�kF7

� ��� ��� � �+µ¶´u�
µ � �
V Ssx

� �Xµ>´u�
µ � �
t0S

� � �
γ+
S (t)

�@² � �
υ+
S (t)

�   Z�|�wu��|�kX�¼eoZG¹¶wun©g^{XZ/��w�Y�L�Y[Z�¹¶w ��suj¡p@kXZ/xIsykXm
V Psy

X

t0S = t(x, y, h, cf, cS)
Z�g

γ+
S (t) = gamma(x, y, h, t, cf, cS).

ZGj�xIs@ezZ
p0S = γ+

S (t0S)
§*  suY[Y[Z[jXsukIeG�<® wK�usujIe^�dk¼�3eon |p0S | < cS/cP

�¼j+suk+e�{fZL�@misujIe�|Lw��q|�kX��Z�m
υ+
S (t)
x8sukXm

t1SP < t < t0S
wK�yZL|

tSP = y

(
1

c2P
− 1

c2S

) 1
2

+ h

(
1

c2f
− 1

c2S

) 1
2

+
|x|
cS
.

 �!�_" $#
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3���(�4����5�6 �@�

\^suk+e�eiwK�usujIe�l��@w���Z�Y[Z�j@gL� gosykOthsuk+mieG{ ® wuxXmiWLeG��Z ��ZLY�Y[Z%�f§ 7f� p@kXZu� x8sukXm
t1SP < t < t0S

�
υ+
S (t)
Z�ehg

�qw*eoZ�kX��Z�m}wu|�n�j+Z�{fZ FS(p, t)
eon©gikXl�Z�{Xw�jIe��<® n�j@goZ�mi�Ow�����Z

i[cS/cP ; 1]
§ �£�
Z�ehg^lL�dn�{fZLj@g�p@kXZ

υ+
S (t)
Z�ehg

lL�ywu��ZLY�ZLj@g m}wu|�n�jXZ�{fZ
PS(p, t)

�fs��
PS
Z�ehgV��Z�x8su��c@j �uY[Z�{XZ�{fZL�umil���su­fgiZ�jdk�ª�x+w�mogon�m${XZ

PP
{fl�A+jXn

xIw�m 9 �I§ � ;$Z�j�moZLY�x+��w���w�j@g
cP
x+w�m

cS
§WG¼Z/|Lw��q|�kX�¼{fZ

υ+
S (t)
eoZ�¹ºZ�m}w�{Xsuj+|�{fZ/�qw�Y[wujXn�W�miZ�eokXn��Ow�j@goZ�X

:u§Vsuj�|�wu��|�kX��Z���ZLe�p@k+w�gomiZ�miwy|�n�jXZLeV{fZ
PS(p, t)

�

�f§Vsuj�|}UXZLmi|}UXZ�x+wumoY[n �qw�eoZ�k+��Z�{fZ/|�ZLeVm}wu|�n�jXZ�e�ezn�gokXlLZ/{Xw�j+e��>® n�j@giZ�mi�Kwu����Z
i[cS/cP ;1]

§
\^suk+e w�xXx8Z�����ZLmosyj+e

upsilon(x, y, h, t, cf, cS)
�qw�¹ºsuj+|�gon�suj~p@kXn jXsuk+e¨xIZLmoY[Z�g�{fZ |�wu��|�kX��Z�m |�Z�gzgiZ

m}wu|�n�j+Zu§

ZGj�x8syeoZ

vSsxv(x, y, t) =





0
ezn
t < t0S (⇐⇒ x 6∈ ΩS(t)),

1

2π
<e




TS(γ+
S (t))

∂FS
∂p

(γ+
S (t), t)



ezn
t > t0S (⇐⇒ x ∈ ΩS(t)),

Z�gL�+eon |p0S | ≤ cS

cP

X

vSsxt(x, y, t) =





0
eon
t < t1SP

syk�eon
t > t0S (⇐⇒ x 6∈ ΩteSP (t)),

1

2π
<e




TS(υ+
S (t))

∂FS
∂p

(υ+
S (t), t)




eon
tSP < t < t0S (⇐⇒ x ∈ ΩteSP (t)).

ZGj�x8Z�kfg^wu��symieV{fl�|�suY[x8syeoZ�m
V Ssx
Z�j¡kXj+Z�syj+{fZ�{fZ�gOL�goZ

V Ssxt
Z�g�kXjXZ�sujI{fZ�{fZ��usy��kXY[Z

V Ssxv
wK�uZ�|�X





V Ssxv(x, y, t) = 0,
eon
t ≤ t0S ,

V sxvS (x, y, t) =

∫ t

t0S

vSsxv(x, y, τ)f(t− τ) dτ,
eon
t > t0S ,

Z�g




V Ssxt(x, y, t) = 0,
eon
t ≤ t1SP

suk |p0S | ≤ cS

cP
,

V Ssxt(x, y, t) =

∫ t

t1SP

vSsxt(x, y, τ)f(t− τ) dτ,
eon
t1SP < t < t0S

Z�g |p0S | > cS

cP
,

V Ssxt(x, y, t) =

∫ t0S

t1SP

vSsxt(x, y, τ)f(t− τ) dτ
eon
t1SP ≤ t

Z�g |p0S | > cS

cP
.
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�y� � ���������D�(���

� �Xµ>´u�
µ � �
V Ssxv

� ZGj¨ezkXx+xIs@ezZ�pyk+Z��>® n�jygiZ�mi�Ow�����Z
[t0S ; t]

eoZ {fl�|�suY[x8syeoZ�Z�j
Nt1
n�j@goZ�mi�Ow�����Z�e^{fZ

Y�LLY�Z/��suj+�ukXZLkXm
dt1
§ ZGj�x8Z�kXg^w���sum}e l�|�min�miZ#X

V Ssxv(x, y, t) '
f(t− t0S)

2πcS
<e



ζ(t0S)TS(γ+

S (t0S))
(
1 + γ+

S

2
(t0S)

) 1
2


 argch

(
1 +

dt1
t0S

)
dt

+

Nt1∑

i=2

f(t− (t0S + (i− 1)dt1))

2π
<e




T̃S(γ+
S (t0S + (i− 1)dt1))dt1

(
1+ γ+

S

2
(t0S + (i− 1)dt1)

) 1
2 ∂FS
∂p

(γ+
S (t0S+(i− 1)dt1), t)


.

� �Xµ>´u�
µ � �
V Ssxt

� ZGj*eokXxXx8syeoZGp@kXZG�>® n�j@giZ�mi�Kwu����Z
[t1SP ; min(t0S , t)]

eoZG{XlL|�syY[xIs@ezZ�ZLj
Nt2
n�j@goZLmz¢

�Owu����ZLe�{fZ/Y�LLY�Z���sujX�ykXZ�k+m
dt2
§ adn

t < t0S
�+suj¡|�w��q|�k+��ZLmiw�w���sum}eVeowuj+e�{fn�«%|�kX��gol

V Ssxt(x, y, t) '

Nt2∑

i=1

f(t− t1SP +(i− 1)dt2)

2π
<e




T̃S(υ+
S (t1SP + (i− 1)dt2))dt2

(
1+υ+

S

2
(t1SP + (i−1)dt2)

) 1
2 ∂FS
∂p

(υ+
S (t1SP +(i−1)dt2), t)


.

afn�jXsyj¼�y|�suY[Y[Z�x8sukXmF��Z�|�wu��|�kX�I{XZ��>® suj+{XZ^{fZ��ysu��kXY[Zu��syj*{fZ��dm}wGkXgon���nqezZLm �<® wuxXxXmisK¦fn�Y%wOgin�syj¼�Osu­XgoZ�jdkXZ
�ym��y|�Z�w�k���ZLY[Y�Z��X§ 7

∫ t0S

t0S−dt2

vSsxt(x, y, t)f(t− τ)'f(t− t0S)

2πcS
<e



ζ(t0S)TS(υ+

P (t0S))
(
1 + υ+

P

2
(t0S)

) 1
2



∫ t0S

t0S−dt2

dt√
t20S − t2

.

ZGj¡|�wu��|�kX��Z�m}w {fsyj+|#X

V Ssxt(x, y, t) '
f(t− t0S)

2πcS
<e



ζ(t0S)TS(υ+

P (t0S))
(
1 + υ+

P

2
(t0S)

) 1
2


 arccos

(
1− dt2

t0S

)

+

Nt2−1∑

i=1

f(t1SP + (i− 1)dt2))

2π
<e




T̃S(υ+
S (t1SP + (i− 1)dt2))dt2

(
1 + υ+

S

2
(t1SP + (i−1)dt2)

) 1
2 ∂FS
∂p

(υ+
S (t1SP + (i−1)dt2), t)


.

G ® wu���ysumin©giUXY[Z�{XZ�|�w��q|�k+�¼{fZ
V Ssx
ZLezg�{XlL|�min�g^ezkXm���Z�giwu­X��Z�w�k��+§

 �!�_" $#



���������	��
�����
���
�������������������
 �!�"���#����$%�'&������(�	��)*���,+-�'�.�/���0�(�1�2���!
3���(�4����5�6 �Q>

��� ���
(x, y, t, dt1, dt2, C):
t0 = t(x, y, h, cf, cS)� �'R
t ≤ t0

�Xµ¶°�
O�
7

V Ssx = 0� �'R�S
°�S
�

Nt = (t− t0)/dt�
p = gamma(x, y, h, t0, cf, cS)>
p0 = p�
z = zeta(x, y, h, t, cS, cf, p, t0)/cS�
V Ssx = f(t− t0) ∗ reel(z ∗ TS(p, C)/sqrt(1 + p2)) ∗ argch(1 + dt/t0)/(2 ∗ pi):L� U °8� 


i
� �

2 � Nt
� �eR 

�

:�:
tau = t0 + (i− 1) ∗ dt:��
p = gamma(x, y, h, tau, cf, cS):'7
df = deriveef(x, y, h, cf, cS, tau, p):��
V Ssx = V Ssx+ f(t− tau) ∗ reel(TS(p, C)/(sqrt(1 + p2) ∗ df)) ∗ dt1:�� � S U °I� 


:L� ��S �"R
:J>·�'R

abs(p0) > cS/cP
�Xµ¶°�
O�

:L�
t1 = y ∗ sqrt(1/c2P − 1/c2S) + h ∗ sqrt(1/c2f − 1/c2S) − x/cS:L� �"R
t > t1

�Xµ>°�
O�
���

Nt2 = (min(t, t0) − t1)/dt2�D: U °8� 

i
� �

1 � Nt2 − 1
� �!R 

�

�u�
tau = t1 + (i− 1) ∗ dt2��7
p = gamma(x, y, h, tau, cf, cS)�O�
df = deriveef(x, y, h, cf, cS, tau, p)�u�
V Ssx = V ssx+ f(t− tau) ∗ reel(TS(p, C)/(sqrt(1 + p2) ∗ df)) ∗ dt2��� � S U °8� 


�<> �"R
t0 > t

�Xµ>°�
O�
���

tau = t1 + (Nt2 − 1) ∗ dt2���
p = gamma(x, y, h, tau, cf, cS)7u�
df = deriveef(x, y, h, cf, cS, tau, p)7!:
V Ssx = V ssx+ f(t − tau) ∗ reel(TS(p, C)/(sqrt(1 + p2) ∗ df)) ∗ dt27y� �"R�S
°�S

7�7
p = p07��
z = zeta(x, y, h, t, cS, cf, p, t0)/cS7y�
V Ssx = V Ssx+7u�
f(t− t0) ∗ reel(zeta ∗ TS(p, C)/sqrt(1 + p2)) ∗ argch(1 + dt/t0)/(2 ∗ pi)7 > � S �'R

7u� � S �'R
7u� ��S �"R

T
w�­+��Z/��X C ���ysumin©giUXY[Z/{fZ�|�wu��|�kX�¼{fZ
V Ssx
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� � �Xµ>´u�
µ � �¨µ � �¸°�S
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� �QS � �eS
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