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PRQTSVUXWZY�[ZS%\T]^Y�_a`cbed9]^[OS
f `cgihj[aUlkmP fon

p-qsr^r gs`XU�t^[ `c[Zu�v^[a`�u�v^[w\yx9zi{9|i}B~���_a�T`Xbe[a`l|i���s}�~���z rNqi� [ZS

�?�7�a�Z�3�N�i�s� k�SX[Zd9]^[a\9UXb qi�-rNq `VUcb�u � [ qs��� gs`cb�Ucv^Y r `cg r g9SV[OtK�TQ��m]Nt3h q \N[���|s�s�s�9�
beS�S�Uc]NtRbe[Zt�v^[Z`X[�����v^b�ucv�]NSX[ZS q \
q t qsr UXbe�s[�` q \NtRg�Y)\9]^Yy�;[Z`�gi� rNq `XUXb�u � [ZS q U�[ q u�v � [a\^[a` q Ucbegs\ q \Nt � ] q ` q \�Uc[a[ZS�Ucv q U�UXv^[ rNq `XUXb�u � [ SVQRSVUX[ZY¡\^[a�s[Z`�tRbe[ZS
gs]RUO¢�£%vNbeS qs��� gs`cb�Ucv^Y"beS-[ZS r [Zuab qs��� Q�]NSX[��¤] � �¤gs` qir^r `Xg3¥Rb�Y q Ucbe\ �¦q \^gs\ � be\^[ q `y�¤\^g�`XY qi� be§a[Zt5�%�^[ZQT\^Y q \T¨R© q umªNg3���5b�\'Ucv^[
S r [Ou�b qi� u q SV[l��v^[a`c[-UXv^[«SX[ � [Zu¬Ucb�g�\��¤]N\Nu¬Ucb�g�\NS�u q \�U qi­ [-UXvN[m§a[a`cg�� qs� ]N[s�9[s¢ � ¢�be\¦Ucv^[«SVbeYy] ��q Ucb�g�\¦gs� q ` q `X[-[a�s[Z\�U�]NSXb�\ �
q \
®°¯-±^²i³¬´Eµi¶;·�¸�¹=±;º»®°´=´�®°¶T¼ qir^r `Xg q u�v,¢-k-Y�gs\ � giUcv^[a`m`c[ZSX] � U�Sa� q ua[a\9UX` qi��� beY�b�UmUcv^[ag�`X[ZY½b�S r `cg¾�s[Zt'�9Q'b�\5tR]Nu¬Ucb�g�\,�¿� q SX[Zt'g�\
UXv^[y`X[OSV] � Ulgi� p _a\TQ9b���ÀOÁ�z9Âi�Ã�¤g�`lSX]^Y¦S-gi� q ` q \5tRgsY"\T]^Yy�;[a`mgi�1b�\5tR[ r [a\5tR[a\�U«` q \NtRgsY½� q `cb q � � [ZSZ¢Äkl\ qi� UX[Z`X\ q UX[ r `XgTgs�
beS qi� SVg � b��s[Z\,�;� q SX[ZtDgs\ q \Ågs`cb � b�\ qi� u�[a\9UX` qi��� b�Y�b�UmUXvN[ags`c[aYÆ�¤gs`lUX`cb q \ � ] �eq ` q `X` q QTS�gs�oY q `VUcbe\ ��qi� [�b�\5u�`c[aY�[a\9UcSmS r `c[ q t
q u�`cg�ScS � [a\^[Z` q UXbegs\NS���b�UcvDtRb�Ç¿[a`c[a\9U-` q \NtRgsY"SXb�§Z[ZSZ¢
ÈDÉ�Ê¿ËcÌ
Í �¾Î��s� �^[aQT\^Y q \T¨T© q uDªNg3���«\^gs\^\^[ ��q UXbe�s[BSX[ � [Zu�UXbegs\Ï�¤]^\5u¬UXbegs\Ð�«�^be\ q `cQ�SX[ � [Zu�UXbegs\Ï�¤]^\5u¬UXbegs\Ð�«b�\9UX[a` q u�UXbe\ �
rNq `XUXb�u � [ÃSXQRS�Uc[aY'�3[�¥TUXbe\Nu�UXbegs\�Ucb�Y�[s�¾` q \Nt^gsYÑ\T]^Yy�;[a`�gi� rNq `VUcbeu � [OSa�¾u�[a\9UX` qi��� beY�b�U�Ucv^[ag�`X[ZY'�3SX[Zd9]^[Z\�UXb qi�9q \ qi� QRSVb�SZ�OSVUXg r^r be\ �
UXbeY�[��Nkl\NSXuagsYy�;[«Ucv^[ag�`X[ZY��RUX`cb q \ � ] ��q ` q `c` q Q¦gi��Y q `XUXbe\ ��qs� [mbe\Nua`X[ZY�[Z\�UcSZ¢
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∗∗ ñ	/JVäõc/�ß hOßáà�ßáã¬ò -&i /ÃõRj�4�6�8c6Äó�k MJlmM�- ÝÅó�T�ï3î"UsõRViå�è�ò3ù�î�O�Wn^\]L_ca�]fe0oqp\_:r�]L^\Z�`�Z�_�gse�g�b
†† /JT�é¾è�åçê�î�ô�î�òaêNïOî l ècê�ÞcT�ô-ècê=ßutaí3î�àXõ�vÐò3ß h�î�å�à�ß êDT�wNè�åçßáàfx�öçöçöEõ�j�7L8:7�5�y�ö�kAkRñ5Ý M ;�ñ	v�÷OñÐõ�V¾å=è�ò3ù�î�OfWz^�{�oqp:_:r�]H^\Z�`�|c]L}�~�e*p:^Ra��R�"�\]�bcaHd����fe g:b

Unité de recherche INRIA Rennes
IRISA, Campus universitaire de Beaulieu, 35042 RENNES Cedex (France)

Téléphone : 02 99 84 71 00 - International : +33 2 99 84 71 00
Télécopie : 02 99 84 71 71 - International : +33 2 99 84 71 71



� � 
��������7��	��'� �)$�
��Ð	��a�Ä����
����7��&����������
	��a���
��
��7
��
	���&Ð&Ð
y�
	"��
 &Ð� ��.��a����� &Ð+�&,	��-� ��� �)$�
��Ð	��a�Ä������&

�	� ��

� � � � g�]NS�_�UX]5tRb�g�\NS�]^\ qi�e� gs`cb�UXv^Y�[ rNq `VUcbeua] ��q be`X['SV_Od�]N[a\�Ucb�[ ��r `cg r g�SX_ rNq `��m]Nt3h q \^[ ��|s�s�s�9�¬�Äd�]Nb�]RUcb � beSX[
]^\ \^g�Yy�^`X[ qi� _ q UXgsbe`c[ytR[ rNq `VUcbeua] � [OS�� ucv q d9]^[ � _a\^_Z` q UXbegs\D[aU d9]^b ��q ` q \9UXb�Umd9]^[ � [�SXQRS�UcWaY�[
tR[ rNq `XUXb�u�] � [ZSm\^[�S�� _�UX[Zb�\9U
h q Y q b�Sa¢��Ä[�U qi�e� gs`cb�UXv^Y�[�[ZSVUoS r _Zu�b qi� [aY�[Z\�U1]RUcb � [ r gs]^` qsr^r `cgRucvN[a`�]N\
ªNgsU1\^g�\T¨ � be\^_ q b�`c[«�ç\^gs`cY qi� beSX_O��tR[��N[aQT\^Y q \T¨T© q ui�
t q \NS � [�u q S rNq `XUXb�u�] � be[a`%g�� � [OS��¤gs\Nu�UXbegs\NS�t^[�SX_ � [Zu¬Ucb�g�\ r [Z]^�s[a\9U r `X[Z\NtR`c[ ��q � qi� [a]^`�§a_a`cgN�R[s¢ � ¢^t q \NS �eq SXbeYy] �eq UXbegs\'t�� ]^\
_a�sWa\N[aY�[a\�Uo` q `X[ rNq ` ®°¯l±^²i³¬´Eµi¶;·c¸l¹=±;º»®°´=´=®°¶9¼ ¢ � g�]NS r `Xg�]^�sgs\5S rNq `1`X_Ou�]^`c`X[Z\Nu�[Ä]N\
UXv^_Zgs`cWaY�[%u�[Z\�Uc` qs�T� b�Y�b�UX[s��`X[ r g�S q \�U1SV]N`
� [
`X_OSV] � U q U«tR[ p _Z\9QTb%��ÀOÁ�z�Âs� r gs]^` ��q SXgsY�Y�[
t�� ]^\ \^g�Yy�^`X[ qs� _ q Ucgsbe`X[ytR[
� q `cb q � � [ZS qi� _ q UXg�b�`c[ZS-b�\Nt^_ r [a\Nt q \�Uc[ZSZ¢ � gs]NS
tRgs\^\^g�\NS q ]NScSXb,]^\^[ q ]^UX`c[ r `c[a]^��[s�N`c[ r g9S q \�UlSV]N`-]N\'UXvN_ags`cWaY�[yu�[a\9UX` qi�Ð� b�Y�b�UX[ygs`cb � be\ qi�,r gs]^`l]^\DU q � � [ q ]�Uc`Xb q \ � ] ��q be`X[
t�� q uaua`Xg�beScSV[ZY�[Z\�U�S�t^[ Y q `XUXbe\ �9qi� [ZS�`X_ rNq `XUXb�S%SX]^`-tR[ZS � _Z\^_a` q Ucb�g�\NS�t^[«U q b ��� [ZS qi� _ q Ucgsbe`X[OS�tRb�Ç;_Z`X[Z\�Uc[ZSZ¢
�wÍ �O� Ë ��� � � ªNgiU7t^[��^[ZQ9\NY q \T¨T© q ui�Z�¤gs\5u¬UXbegs\
tR[�SX_ � [Zu�UXbegs\ r g9SVb�UXbe�s[Ãg�]�\T] ��� [s�¾�¤gs\Nu�UXbegs\
tR[�SX_ � [Zu¬Ucb�g�\��^be\ q be`c[s�¾SXQRS�UcWaY�[
tR[ rNq `XUXb�u�] � [OS7[a\�be\�UX[Z` q u¬Ucb�g�\,�¾Uc[aY r Sot�� [a¥9Ucb�\5u¬UXbegs\Ð�s\^g�Yy�^`X[ qi� _ q Ucgsbe`c[�tR[ r5q `XUXb�u�] � [ZSZ�¾Ucv^_ag�`XWZY�[�ua[a\9UX` qi�R� beY�b�Uc[s� q \ qs� QRSX[
SV_Od�]N[a\�Ucb�[ ��� [s�RUX[ZY r S-t�� q `c`��aUZ�TUXv^_Zgs`cWaY�[ t�� kl\NSXuagsYy�;[��TU q � � [ q ]�Uc`cb q \ � ] ��q be`c[«t�� q uaua`Xg�beScSV[ZY�[a\�U�S�t^[ Y q `VUcb�\ �9qi� [ZSZ¢
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£%v^[ r `Xg�� � [ZYIu�g�\NSXbetR[Z`X[Ot«v^[a`c[ob�SäUXvN[ rNq `XUXb�u � [ qir^r `cgO¥RbeY q Ucb�g�\«gi�TUcv^[ � be\^[ q `Ä�¤]^\N\^gs`cY qs� b�§Z[ZtN�;ªNg¾� q \Nt gs�TUXv^[ q SXSXgRuab q Uc[Zt
\^gs\ � be\^[ q `��¤\Ngs`cY qs� be§a[OtN�ÃªNg¾���^tR[��N\^[Zt��TQ

〈γn, φ〉 = E[φ(Xn)

n∏

k=0

gk(Xk) ]
q \Nt 〈µn, φ〉 =

〈γn, φ〉
〈γn, 1〉 ,

�¤gs` q \9Q¦�;g�]^\NtR[Ot�Y�[ q SX]^` q � � [-�¤]N\Nu¬Ucb�g�\
φ
�T��vN[a`c[ {Xk , k = 0, 1, · · · , n} b�S q��Åq ` ­ g¾��u�v q be\ ��b�Ucv be\^b�UXb qi�är `cgs� q �Nb � b�UjQtRbeSVUX`cbe�^]RUXbegs\

η0
q \Nt'UX` q \NSXb�UXbegs\ ­ [a`c\^[ � S {Qk , k = 1, · · · , n} � q \NtD��v^[a`c[ {gk , k = 0, 1, · · · , n} q `c[ � be�s[a\D�;g�]^\NtR[OtY�[ q SX]^` q � � [Å\Ngs\^\^[ ��q UXbe�s[Å�¤]^\Nu¬Ucb�g�\NSZ� ­ \^g3��\ q S�SX[ � [Zu¬Ucbegs\�gs`��NUX\^[OSXS �¤]^\Nu¬Ucbegs\NSZ¢ £%v^beS r `cgs� � [aY v q S �;[a[Z\���b�tR[ � Q

S�Uc]NtRbe[Zt�� ��� q \NtBUXv^[¦�¤gRu�]5S�v^[a`c[�b�S�g�\BUcv^[?S r [Zuab qs� u q SX[���v^[a`c[�Ucv^[�SV[ � [Zu�UXbegs\ �¤]^\Nu¬Ucb�g�\NSyu q \ r g�ScSXb�� � QDU qi­ [�UXvN[¦§Z[a`Xg
� qi� ]^[s¢ � � [ q ` � Q

γk = gk (γk−1 Qk) = gk (µk−1 Qk) 〈γk−1, 1〉
q \Nt

γ0 = g0 η0 ,
�VÀO�

gs`�[Zd9]^be� qs� [Z\�U � Q
γk = γk−1 Rk

��vN[a`c[DUXv^[B\^gs\N\^[ �9q UXbe�s[K�¤]^\^\^g�`XY qs� be§a[OtN� ­ [Z`X\N[ �
Rk

beS tR[��N\^[ZtÏ�9Q
Rk(x, dx′) =

Qk(x, dx′) gk(x′)
�^v^[Z\Nu�[

〈γk, 1〉 = 〈µk−1 Qk, gk〉 〈γk−1, 1〉
q \Nt 〈γ0, 1〉 = 〈η0, g0〉 ,

�=|s�
q \Nt'Ucv^[
Y�be\^beY qi�7q ScSV]NY r UXbegs\ÅY q tR[�Ucv^`Xg�] � v^g�]RU-Ucv^b�S rNqir [a`mb�S-Ucv q U 〈γn, 1〉 > 0

�¿gs`m[Zd9]^be� qs� [Z\�U � Q Ucv q U 〈η0, g0〉 > 0q \Nt 〈µk−1 Qk, gk〉 > 0
�¤g�` q \TQ

k = 1, · · · , n
��gsUXv^[Z`X��b�SX[�Ucv^[ r `cgs� � [aY beSo\^gsUÃ�Ä[ �e� tR[��5\^[Ztä¢1£%v^[Z`X[ q `X[�Y q \9Q r ` q u¬UXb�u qs�

SVb�UX] q UXbegs\NS%��vN[a`c[mUcv^[�SX[ � [Zu¬Ucb�g�\ �¤]^\Nu¬Ucb�g�\NS-u q \ r g9SXSXbe� � Q�U qi­ [«Ucv^[�§a[a`cg�� qi� ]^[

• SVbeYy] ��q Ucb�g�\ gs� q ` q `X[«[a�s[Z\�U-]NSXb�\ ��q \ ®°¯-±N²¾³¬´jµ¾¶¿·c¸y¹=±;º»®°´=´�®°¶T¼ qir^r `Xg q u�v�� �^�NPR[Zu¬Ucb�g�\ ÀO|^¢ |��=����Às�N}��=�

• SVbeYy] ��q Ucb�g�\ gi� q�� q ` ­ g3�Åu�v q b�\ u�gs\Nt^b�Ucb�g�\^\^[Zt gs`�u�g�\NSVUX` q be\^[ZtÅUcg'�Tb�SVb�U q�� be�s[a\ SX[Zd9]^[a\5u�[�gs�%SV]N�NS r5q u�[OS«gs�ÄUXvN[S�U q Uc[%S rNq ua[ �°UXvNbeS1b�\5u � ]NtR[ZS7UX` q u ­ be\ �«q Y�gs�^b � [�be\
UXv^[ r `X[OSV[Z\Nu�[�gs�5gs�NSVU q u � [ZS! ���v^[a\
UXvN[%Y�gs�^b � [�b�S7v^betNtR[a\��;[Zv^be\Nt
q \Dgs�NSVU q u � [s�NgRuZu � ]NSVbegs\'g^uau�]N`cS q \5t'\^g?gs�NSX[a`c� q UXbegs\�b�S q � q b �eq � � [ q U qi�e� �5v^g¾�Ä[a�s[Z`�UXvNbeSlbe\R�¤gs`cY q UXbegs\Åu q \ÅSVUXb ��� �;[
]NSV[Otä�^��b�Ucv q SV[ � [Ou¬UXbegs\ �¤]^\Nu�UXbegs\'[Od�] qi� UXg�UXv^[�be\NtRb�u q UXg�`��¤]^\5u¬UXbegs\'gs��UXv^[�`c[ � b�g�\�vNbet^tR[Z\'�9Q?Ucv^[�gs�NSVU q u � [O�¬�

• SVbeYy] ��q Ucb�g�\ gs� q `Z¢ �¿¢Rb�\�UXvN[ U q b � gi� q�� b��s[Z\ r `cgs� q �^b � b�U�Q�tRbeSVUX`cbe�^]RUXbegs\Ð�

• \^gs\ � be\^[ q `!� � UX[Z`Xbe\ � ��b�UXv'�;gs]^\5tR[Zt�gs�NSX[a`c� q UXbegs\�\^gsb�SX[s�

• b�Y r^� [aY�[a\9U q UXbegs\Ïgs� q ³V²#"��T¹¬´=® $Ä·�µ¾´=®ç²¾¶ qsr^r `cg q ucv�be\Ï\^gs\ � be\^[ q `%� � Uc[a`cb�\ � ��]NSXbe\ � Uc`X]N\Nu q Ucbegs\�gi��UXv^[ � b ­ [ � bev^gTgRt�¤]^\Nu¬Ucb�g�\&��ÀO�R�,ÀOz'�E�

• qi�e� gs`cb�UXv^Y¦Slgs� qirNr `Xg3¥Rb�Y q UX[y\^g�\ � be\^[ q `(� � UX[a`cbe\ � �ä��v^[Z`X[
vNbet^tR[Z\ SVU q UX[ q \NtÅg��NSX[a`c� q Ucb�g�\ q `X[�SVbeYy] ��q Uc[Zt?h�gsbe\�U � Q��q \NtÅ��v^[a`c[�Ucv^[�SXbeYy] �eq UX[OtDg��NSV[Z`X� q Ucb�gs\Db�Sm� qi� b�t q Uc[Zt qi�9q be\NSVU-Ucv^[ q u¬UX] qi� g��NSX[a`c� q Ucb�g�\&� )N�äzR��À¾Â9��ÀZ{��=�ä[s¢ � ¢;��v^[a\
UXv^[Z`X[mb�SÄ\^g
[�¥ r^� b�u�b�U�[�¥ r `c[ZScSVbegs\ q � q b �eq � � [-�¤gs`ÄUXv^[ � b ­ [ � bev^gTgRt��¤]^\5u¬UXbegs\Ð�Tg�`Ä��v^[a\ q�� b ­ [ � bev^gTg^t��¤]^\Nu¬Ucb�g�\ tRgR[ZSÄ\^giU
[a�s[a\'[�¥RbeSVU��ç\^gs\ q t^tRb�UXbe�s[ g��NSV[Z`X� q Ucb�gs\ \^gsb�SV[��R\^gsb�SX[¬¨��¤`c[a[«g��NSV[Z`X� q UXbegs\NSZ�9[aUcus¢ ��¢

£%v^b�SÃ�Äg�` ­ v q So�;[a[Z\ q \^\^g�]^\Nua[Zt�be\*��À3|'�E� q \Nt¦b�U�beSÃg�` �9q \^be§a[Ot q S1�¤g �e� g3�-SZ¢ n \ PT[Zu¬Ucbegs\ |R�sUcv^[
�ç]NSX] qi� �1\^gs\5SV[Od�]N[a\�Ucb qs�
rNq `XUXb�u � [ qi�e� g�`Xb�UXvNY�b�S r `c[ZSX[a\�Uc[Ztä� q \5tBUcv^[ r giUc[a\9UXb qi� tRb,+?u�] � UjQBUcv q U q `cbeSX[ZS b��%Ucv^[�SX[ � [Zu¬Ucbegs\ �¤]^\Nu�UXbegs\NS
u q \ r g�ScSVbe� � Q
U qi­ [ UXvN[�§a[Z`Xg�� qs� ]N[s�^b�¢ [s¢^UXv^[ r g�ScSVbe� � [ [�¥TUXbe\Nu�UXbegs\'gi��UXv^[ rNq `VUcbeu � [�SXQRS�Uc[aY'�^b�S q t^t^`X[ZScSX[Ztä¢ p [��N\^[Zt

L
1
[a`c`Xg�`�[OS�Ucb�Y q UX[ZS

q `c[�SVU q UX[Zt�be\¦£%vN[ags`c[aY |R¢á|R�i�¤g�`1UXvN[ r ]^` r g�SX[�gi�äuagsY rNq `cb�SVg�\
��b�UXv�Ucv^[lSX[Zd9]^[Z\�UXb qi�NrNq `VUcbeu � [ qs��� gs`cb�Ucv^Y'� q \Nt
Ucv^[lua[a\�Uc` qs�
� beY�b�U¦Ucv^[ag�`X[ZY r `cg3�s[OtKbe\-� �R��PT[Ou¬Ucb�g�\�Á^¢ ).�-beS¦`c[Zu qs��� [Zt,¢ n \�PR[Zu¬Ucb�g�\��^�ÃUcv^[ÅSX[Zd9]^[a\9UXb qi��rNq `VUcbeu � [ qi�e� gs`cb�Ucv^Y qi� `c[ q t^Q
r `Xg r g�SX[Zt�b�\/��À0)^�ÐÀ�À1��beSlb�\9UX`cgRtR]Nua[Ztä�5��v^b�ucvÅ]NSV[OS q \ q t qsr UXbe�s[�` q \NtRgsY½\9]^Yy�;[Z`lgs� rNq `XUXb�u � [ZS q Ul[ q ucv � [Z\^[a` q Ucb�g�\ q \5t
q ]RUcgsY q Ucbeu qi�e� Q ­ [Z[ r S%Ucv^[ r5q `XUXb�u � [�SXQTSVUc[aY qi� be�s[s�^b=¢ [�¢^��v^b�u�v'[a\NSX]^`c[ZS%b�U�S�\^g�\T¨9[a¥9Ucb�\5u¬UXbegs\Ð¢Ã£%v^[�Y q be\Du�g�\�UX`cbe�^]RUXbegs\5S%gs�
UXv^b�S%��gs` ­?q `c[

L
1
[a`c`Xg�`�[ZSVUXbeY q UX[OS�S�U q UX[Ot b�\D£%v^[ags`c[aY"�^¢ ) q \5t q u�[Z\�Uc` qs�¿� b�Y�b�U�UXv^[Zgs`c[aY"SVU q Uc[Zt be\'£%v^[ag�`X[ZY �N¢áÂR¢7kl\

b�\9UX[a`c[ZSVUXbe\ � �¤[ q UX]^`c[%gi�5UXv^[-SV[Od9]^[a\9UXb qi�RrNq `XUXb�u � [ qi�e� gs`cb�UXv^Y b�S�UXv q U q �^¥R[Ot r [a`X�°g�`XY q \Nu�[%u q \
�;[ � ] q ` q \9UX[a[Ot�be\ q t^� q \Nua[s�
q U7Ucv^[�[�¥ r [Z\NSV[%gs� q ` q \NtRg�Y u�gsY r ]RU q Ucb�g�\ qi� [aÇ;g�`VU2 ÐUcv^b�Sou�gs] � t
�;[-SX[a[a\ q S q \ q t qir Ucb��s[%`c] � [�UXg q ]RUcgsY q Ucbeu qi�e� QyucvNgTg�SX[
UXv^[y\T]^Yy�;[a`mgs� rNq `VUcbeu � [OSa¢-£�g � [aU q � q be`mu�g�Y rNq `cbeSXgs\'gi�1UXv^[y\^g�\NSX[Zd9]^[a\9UXb qi��q \NtDSX[Zd9]^[Z\�Ucb qs�ÐrNq `VUcbeu � [ qs��� gs`cb�Ucv^Y¦Sa�^Ucv^[
UXbeY�[�¨ q �s[a` qi� [Zt ` q \Nt^gsY"\T]^Yy�;[a`mgi�oSVbeYy] ��q Uc[Zt rNq `VUcbeu � [OSa�N��v^b�ucvÅbeS q \'be\NtRb�u q UXg�`-gi�1v^g¾�IYy]Nu�vÅuagsY r ]RU q Ucb�g�\ qi� [�Ç¿gs`XU
v q S �;[a[a\�]5SV[Otä�lbeS ]5SV[Ot q S q \^gs`cY qi� b�§Zb�\ � � q u¬Ucgs`O¢(£%v^[ t^b�Ç¿[a`c[a\�U'�;[av q �Tbegs]^` gi��UXv^[BUj��g r5q `XUXb�u � [ qi�e� g�`Xb�UXv^Y¦S�beS
b �e� ]5S�Uc` q UX[Zt g�\ UXv^[ SXbeY r^� [�[�¥ q Y rN� [?gs���^be\ q `cQ SV[ � [Ou¬Ucb�g�\ �¤]N\Nu¬Ucb�g�\NS �°U qi­ be\ � gs\ � QBUXv^[�� qi� ]^[��Dgs`�ÀO��¢ n \KPT[Ou¬Ucb�g�\3)N�
SVg�Y�[�� q SVb�u r `Xg r [a`XUXbe[ZS q `X[ r `Xg¾�s[Zt �¤gs`lSX]^Y¦S�gs� q ` q \NtRgsY"\9]NYy�;[a`lgi�7b=¢ b�¢ tä¢N` q \NtRg�Y"� q `cb q � � [ZSZ�R[ZS r [Zu�b qi�e� Q?��vN[a\�Ucv^b�S
` q \NtRgsY \T]^Yy�;[a`�b�S q SVUXg rNr b�\ � UXbeY�[�� q \Nt q u�gs\5tRb�Ucbegs\ qi� �s[a`�SVbegs\�gs�ÐUXv^[�u�[a\9UX` qi�¿� beY�b�U�UXv^[Zgs`c[aY'� ­ \^g¾��\ be\�SX[Zd9]^[Z\�Ucb qs�
q \ qs� QRSXbeS q S«UXvN[¦kl\NSXuagsYy�;[�Ucv^[ags`c[aY q \Nt r `cg3�s[Ot b�\4��ÀO}5�=��beS�SVU q UX[Ot be\ £%vN[ags`c[aY6)N¢»ÂT¢�k u�[Z\�Uc` qs�7� beY�b�U�UXv^[Zgs`c[aY �¤g�`
-�- ò87�S19�4�9



| ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

UX`cb q \ � ] ��q ` q `c` q QTSmgi��Y q `XUXbe\ ��qs� [�b�\5u�`c[aY�[a\9UcS�S r `X[ q t q ua`Xg9SXS � [Z\^[a` q Ucb�g�\NSm��b�UXv tRb�Ç¿[a`c[a\9U�` q \Nt^gsY�SXb�§Z[ZSZ�,b�S�S�U q UX[Ot be\
£%v^[ag�`X[aY )5¢�ÀO�^¢
£%v^[ `c[aY q b�\^be\ � rNq `VU'gi�yUXvNbeS'�Ägs` ­ b�S'tR[Z�sgiUX[Ot�Ucg r `XgRgi�çS gi�yUcv^[ Y q be\Ñ`X[OSV] � U�Sa¢

L
1 [Z`X`cgs` [OS�Ucb�Y q Uc[ZS �¤gs`�Ucv^[\^gs\NSX[Zd9]^[Z\�UXb qs�-q \Nt�SV[Od9]^[a\9UXb qi��r5q `XUXb�u � [ qi�e� g�`Xb�UXv^Y¦SZ�ÄSVU q Uc[Zt b�\�£%vN[ags`c[aY¦S?|R¢á| q \Nt �N¢ )5� q `c[ r `Xg¾�s[Zt be\�PR[Zu¬Ucb�g�\NS�z

q \Nt�}N�7`c[ZS r [Zu�UXbe�s[ � Qs¢B£%v^[�u�[Z\�Uc` qs�Ä� beY�b�U�UXv^[Zgs`c[aY#�¤g�`yUXv^[�SX[Zd9]^[Z\�Ucb qs�ÄrNq `XUcbeu � [ qi�e� g�`Xb�UXvNY��1SVU q Uc[Zt be\ £%v^[ag�`X[ZY¡�^¢»ÂT�
beS r `cg¾�s[ZtBbe\�PT[Zu�UXbegs\KÂ �9Q be\NtR]5u¬UXbegs\Ð��� q SV[OtBgs\ UXv^[�u�[Z\�UX` qi�o� b�Y�b�U�UXv^[ag�`X[ZY#S�U q Uc[Zt b�\ £%vN[ags`c[aY )N¢»Â?�¤gs`ySX]^Y¦S�gi� q
` q \NtRgsY�\9]NYy�;[a`�gi��b=¢ b�¢ tä¢,` q \Nt^gsY�� q `Xb q � � [ZSZ� q \5t q \ qs� Uc[a`c\ q Uc[ r `cgTgi��beS � be�s[a\ b�\�PT[Ou¬UXbegs\ {^�Ð� q SX[ZtBg�\BUXv^[?ua[a\�Uc` qs�
� beY�b�U-Ucv^[ag�`X[ZY½S�U q Uc[Zt�be\D£%v^[ag�`X[ZY )N¢eÀZ�
�¤gs`�UX`cb q \ � ] �eq ` q `X` q QRS�gi�7Y q `XUXbe\ �9qi� [«be\Nu�`c[aY�[Z\�UcSlS r `c[ q t q u�`cg�ScS � [a\^[a` q Ucbegs\NS
��b�Ucv't^b�Ç¿[a`c[a\9U-` q \NtRgsY"SXb�§Z[ZSZ¢
��be\ qi�e� Q���£%v^[Zgs`c[aY¦S�)N¢»Â q \Nt�)N¢eÀO� q `c[ r `cg3�s[Otybe\¦k r^r [a\NtRb�u�[OSÃk q \5t��«�s`c[ZS r [Zu�UXbe�s[ � Qs� q \Nt�SVg�Y�[%[ � [aY�[a\9U q `XQy`X[OSV] � U�S

q `c[ r `cg3�s[Ot�be\'k r^r [a\NtRb�¥ �m¢
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£%v^[ [Z�sg � ]RUXbegs\�gi��Ucv^[�\^gs`cY qi� be§a[ZtB�ç\^gs\ � be\^[ q `��ÃªNg¾� {µk , k = 0, 1, · · · , n} b�S�tR[OSXua`Xbe�;[Zt �9Q?Ucv^[ �¤g �e� g¾��be\ � tRb qi� ` q Y

µk−1 −−−−−−−−−→ ηk = µk−1 Qk −−−−−−−−−→ µk = gk · ηk ,

��b�Ucv�be\^b�UXb qi� u�gs\5tRb�Ucb�g�\
µ0 = g0 · η0

�R��vN[a`c[mUcv^[ \NgiU q UXbegs\ · tR[Z\^giUc[ZS�UXv^[ r `cgih�[Zu¬Ucbe�s[ r `cgRtR]Nu�UZ¢ n U%�¤g �e� g3�-S��¤`Xg�Y ��|�� q \5t
�¤`Xg�Y UXvN[�tR[��N\^b�Ucb�g�\ Ucv q U

E[
n∏

k=0

gk(Xk) ] = 〈γn, 1〉 =
n∏

k=0

〈ηk, gk〉 ,

b�¢ [s¢RUXvN[�[�¥ r [Zu¬U q Ucb�g�\ gs� q�r `cgRtR]Nu¬U-beS�`X[ r^��q u�[Ot��9Q?Ucv^[ r `cgRtR]Nu¬U-gi��[�¥ r [Ou¬U q UXbegs\NSZ¢ � gsUXb�u�[«Ucv q U�Ucv^[�` q UXbeg

ρk =

sup
x∈E

gk(x)

〈ηk, gk〉
beS q \Bbe\NtRb�u q Ucgs` gi�Äv^g¾� tRb,+¦ua] � U q � be�s[a\ r `cgs� � [aY�beS  «b�\Nt^[a[Zt,� q ��q ` � [
� qi� ]^[�gi�

ρk
Y�[ q \NSmUXv q U�`X[ � begs\NSm��v^[Z`X[
Ucv^[

SV[ � [Ou¬UXbegs\B�¤]^\Nu�UXbegs\
gk
b�S ��q ` � [�v q �s[ q SXY qs���or `cgs� q �^b � b�UjQÅ]^\5tR[a`

ηk
¢?£%vN[�b�tR[ q �;[av^be\NtBUXv^[ rNq `XUXb�u � [ qir^r `cg q ucvBbeS UXg

� gTg ­ �¤g�` q \ qsr^r `cgO¥RbeY q UXbegs\

µk ≈ µN
k =

N∑

i=1

wi
k δ

ξi
k

,

b�\DUXvN[��¤gs`cYÆgi�7Ucv^[y�Ä[Zb � v�Uc[Zt'[ZY r b�`cb�u qi��r `Xg�� q �^b � b�U�Q�tRb�SVUX`cb��^]^UXbegs\ q SXSXgRuab q UX[Zt���b�UXvDUcv^[ rNq `VUcbeu � [ySXQRS�Uc[aY
(ξi

k, wi
k , i =

1, · · · , N)
�ä��v^[a`c[

N
t^[a\^giUc[ZSlUcv^[�\9]^Yy�;[Z`«gs� rNq `XUXb�u � [ZSZ¢ £%v^[��Ä[ab � v9UcS q \Nt r g�SXb�UXbegs\NSmgi�oUXvN[ r5q `XUXb�u � [ZS q `c[
ucv^g9SV[Z\Åb�S

SV]Nu�v q � q Q?UXv q U�UXv^[�[Z�sg � ]RUXbegs\�gs��UXv^[ qir^r `cgO¥RbeY q Uc[«SX[Zd9]^[Z\Nu�[ {µN
k , k = 0, 1, · · · , n} b�S�t^[ZScu�`cb��;[Ot��TQ?UXv^[��¤g �e� g¾��b�\ �tRb qs� ` q Y

µN
k−1 −−−−−−−−−→ ηN

k = SN (µN
k−1 Qk) −−−−−−−−−→ µN

k = gk · ηN
k ,

��b�Ucv�be\^b�UXb qi� u�gs\5tRb�Ucb�g�\ÏtR[��N\^[Ot��TQ
µN

0 = g0 · ηN
0

q \Nt
ηN
0 = SN (η0)

����v^[Z`X[DUXvN[Å\^gsU q UXbegs\
SN (µ)

tR[Z\^giUc[ZS¦UXvN[
[aY r be`Xb�u qs�Ãr `cgs� q �^b � b�U�Q tRb�S�Uc`cb��^]RUcbegs\ q ScSVg^u�b q UX[Ot ��b�Ucv q \

N
¨TS q Y r^� [?��b�UXv u�gsY�Y�gs\ r `Xg�� q �^b � b�U�Q tRbeSVUX`cbe�^]RUXbegs\

µ
¢ n \

r ` q u¬Ucbeua[s� rNq `XUXb�u � [ZS

• q `c[ SV[ � [Ou¬Uc[Zt q uau�g�`ct^b�\ � UXg�Ucv^[abe`-`X[OS r [Zu�UXbe�s[«��[ab � v�U�S (wi
k−1 , i = 1, · · · , N)

��SV[ � [Ou¬UXbegs\'SVUX[ r �¬�

• Y�g¾�s[ q uZu�g�`ctRbe\ � Ucg�Ucv^[ �Åq ` ­ g3� ­ [Z`X\N[ � Qk
�¤Yy]^U q Ucb�g�\DS�Uc[ r ���

• q `c[«�Ä[ab � v9UX[Ot �9Q�[Z� qi� ] q UXbe\ � UXvN[��NUX\^[OSXS%�¤]^\Nu¬Ucbegs\ gk
�¤�Ä[Zb � v�Ucb�\ � S�Uc[ r ��¢

P9U q `VUcb�\ � �¤`cgsY#��ÀO� q \Nt b�\9UX`cgRtR]Nuab�\ � Ucv^[ rNq `XUXb�u � [ qir^r `Xg3¥Rb�Y q Ucb�g�\

γN
k = gk SN (µN

k−1 Qk) 〈γN
k−1, 1〉 = gk ηN

k 〈γN
k−1, 1〉 ,

q \Nt
γN
0 = g0 SN (η0) = g0 ηN

0 ,

ö0; - ö M
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�¤gs`%UXvN[�]^\^\^gs`cY qi� be§a[Zt � � b�\^[ q `¬�ÃªNg¾���Rb�U-beS�[ q SVb � Q?SX[a[Z\ UXv q U

〈γN
k , 1〉 = 〈ηN

k , gk〉 〈γN
k−1, 1〉

q \Nt 〈γN
0 , 1〉 = 〈ηN

0 , g0〉 ,
�����

v^[a\Nua[
γN

k

〈γN
k , 1〉 = gk · ηN

k = µN
k

q \Nt γN
0

〈γN
0 , 1〉 = g0 · ηN

0 = µN
0 .

� g¾�Ä[a�s[Z`Z�Äb��«UXv^['�¤]N\Nu¬UXbeg�\
gk
u q \ r g�ScSVbe� � Q U qi­ [�UXv^[D§Z[a`cg � qi� ]^[s� q \Nt [Z�s[a\�b�� 〈ηk, gk〉 > 0

��b�U�u q \ v qsr^r [a\ UXv q U
〈ηN

k , gk〉 = 0
�Tb�¢ [s¢Tb�U�u q \�v qirNr [Z\?UXv q UÄUXv^[«[a� qs� ] q Ucb�g�\¦gi�,UXv^[m�¤]^\Nu¬Ucb�g�\

gk
`X[aUX]^`c\NSoUcv^[m§Z[a`Xgy� qs� ]^[-�¤gs` qi�e� Ucv^[ r5q `XUXb�u � [ZS

� [a\N[a` q UX[Ot q UÄUXv^[«[a\5t?gi�,UXvN[mYy]RU q Ucb�g�\ S�Uc[ r  7be\ SX]Nucv q SXb�Uc] q Ucb�g�\,�9UXv^[ rNq `XUXb�u � [mSXQRS�Uc[aY¦S�tRbe[ZSÄg�]RU q \5t�Ucv^[ qi�e� g�`Xb�UXv^Y
u q \N\^giUÃuags\�Ucbe\9]^[s¢1k�`c[abe\^b�UXb qi� b�§ q UXbeg�\ r `Xg^u�[Zt^]^`X[�v q S1�;[Z[a\ r `cg r g9SV[Zt q \Nt�SVUX]5tRb�[Ot�b�\ �áz5�=�9b�\¦��v^b�ucv�Ucv^[ rNq `VUcbeu � [-SXQRS�Uc[aY
beS � [Z\^[a` q Uc[Zt q �¤`c[ZSXvy�°`cgsY q \ q `c�^b�Uc` q `XQ `X[OS�U q `XUXbe\ �mr `cgs� q �^b � b�UjQ�t^beSVUX`cb��N]RUXbegs\

ν
¢7k � UX[Z`X\ q UXbe�s[ � Q��¾g�\^[%u�g�] � t
�;[�be\�Uc[a`c[ZSVUX[Ot

�9Q?UXvN[ �;[Zv q �9begs`%gs��UXvN[ qs��� gs`cb�UXv^Y ]N\�UXb � UXv^[�[a¥9Ucb�\5u¬UXbegs\�UXbeY�[�gi��UXvN[ rNq `XUXb�u � [�SVQRSVUX[aY'�NtR[��N\^[Ot��9Q

τN = inf{k ≥ 0 : 〈ηN
k , gk〉 = 0} .

� \NtR[Z`ÄUXv^[ q SXSX]^Y r Ucb�g�\�Ucv q U 〈γn, 1〉 > 0
�9UXv^[ r `Xg�� q �^b � b�U�Q

P[τN ≤ n]
UXv q UÄUXv^[ qs�e� gs`cb�UXv^Y u q \N\^giU�uags\9UXbe\9]^[m] r UXgyUXvN[

UXbeY�[�be\NSVU q \�U
n
� gT[OSÄUXg¦§a[a`cg���b�UXv'[�¥ r g�\^[a\9UXb qi� ` q UX[ � �R�N£%vN[ags`c[aYÆÂR¢ )5¢�À��=¢

��� � ���
� É��
	��
	 � ��b�\ q `cQ'SX[ � [Zu�UXbegs\ � n \ UXv^[¦S r [Ou�b qi� u q SX[
gi�Ä�^b�\ q `XQÅSV[ � [Ou¬Ucb�g�\Å�¤]^\Nu¬Ucb�g�\NS��¤U qs­ b�\ � gs\ � Q'UXv^[�� qi� ]^[�� gs`
ÀO�¬�^b=¢ [�¢Rbe\NtRb�u q UXg�`��¤]^\5u¬UXbegs\5S

gk = 1Ak

gi� ��gs`c[ � SV]^�5SV[aUcS��¤g�` q \TQ
k = 0, 1, · · · , n

�^b�U-v^g � t^S

p0 = 〈η0, g0〉 = P[X0 ∈ A0] ,
q \Nt

pk = 〈ηk, gk〉 = P[Xk ∈ Ak | X0 ∈ A0, · · · , Xk−1 ∈ Ak−1] ,�¤gs` q \TQ
k = 1, · · · , n

� q \5t b�U��¤g ��� g¾�-SÄ�¤`cgsY#��|��ÃUcv q U

Pn = P[X0 ∈ A0, · · · , Xn ∈ An] = 〈γn, 1〉 =

n∏

k=0

〈ηk, gk〉 .

�m\ UXv^[ ¼9²Z² �?¹a¸�´ {τN > n} �RUXv^[�\^g�\NSX[Zd9]^[a\9UXb qi�ärNq `VUcbeu � [ qi�e� g�`Xb�Ucv^Y `c[ZSX] � U�S%be\ UXvN[ �¤g �e� g¾��b�\ ��qirNr `Xg3¥Rb�Y q UXbegs\NS

pk ≈ pN
k = 〈ηN

k , gk〉 =
|IN

k |
N

��v^[a`c[
IN
k = {i = 1, · · · , N : ξi

k ∈ Ak} ,

tR[a\^gsUX[ZSÄUXvN[ SV[aU�gs��SV]5uau�[OSXSV�¤] �¿rNq `XUXb�u � [ZSÄ��b�UXv^be\ q \
N
¨RS q Y r^� [m��b�UXv�u�g�Y�Y�g�\ r `Xg�� q �^b � b�U�Q¦tRb�S�Uc`Xbe�^]RUcb�g�\

η0
�°�¤g�`

k = 0
�

q \Nt
µN

k−1 Qk
�°�¤g�`

k = 1, · · · , n
�¬� q \Nt b�U��¤g �e� g3�-S��¤`cgsY �����ÄUXv q U

Pn ≈ PN
n = 〈γN

n , 1〉 =

n∏

k=0

〈ηN
k , gk〉 =

n∏

k=0

|IN
k |
N

.

n \BgsUXv^[Z` �Ägs`�t^SZ�¿UXv^[ r `Xg�� q �^b � b�U�Q
Pn

gs� q SX]Nuaua[ZScS��¤] � SX[Zd9]^[a\5u�[�b�S qsr^r `cgO¥RbeY q UX[Ot q SmUXvN[ r `Xg^tR]Nu¬U�gi�ÃUcv^[��¤` q u¬Ucb�g�\ gs�
SV]NuZu�[ZScSV�¤] �ÄrNq `VUcbeu � [OS q U
[ q ucv � [Z\^[a` q Ucb�g�\,� q \Nt [ q u�v Uc` q \NSXb�Ucb�g�\ r `cgs� q �Nb � b�UjQ

pk
SX[ rNq ` q UX[ � QBb�S qirNr `Xg3¥Rb�Y q UX[Zt q S�Ucv^[

�¤` q u¬UXbegs\Bgi��SV]5uau�[OSXSV�¤] �7rNq `VUcb�u � [ZS q U«UXv^[¦uags`c`X[ZS r gs\NtRbe\ ��� [a\^[a` q Ucbegs\,¢ � giUcbeua[
UXv q U UXv^[¦u�g�Y r ]RU q UXbegs\ qs� [aÇ;g�`VUO�äb=¢ [�¢;Ucv^[
\9]^Yy�;[a`

N
gi��SXbeYy] �eq UX[Ot rNq `VUcbeu � [OS q U�[ q u�v � [Z\^[a` q Ucb�g�\,�9b�S $��T¸ � be\ q tR� q \Nu�[��T��v^[a`c[ q SÄUXv^[�\9]^Yy�;[a` |IN

k | gs��SX]Nuaua[ZScS��¤] �rNq `XUXb�u � [ZS q U�UXv^[
k
¨�Ucv � [a\^[a` q Ucb�g�\�b�S ³Vµi¶���²¾¯ � q \Nt�uags] � t [a�s[a\'�;[ §Z[a`Xg5¢

£%v^[y�¤g ��� g3��be\ � `c[ZSX] � UcSlv q �s[
�;[a[a\ g��RU q b�\^[Ot'�¤gs`mUXvN[
\^gs\5SV[Od�]N[a\�Ucb qs��rNq `VUcbeu � [ qi�e� gs`cb�UXv^YÆ��b�UXv q u�g�\NS�U q \9Um\9]NYy�5[Z`
N
gi� rNq `VUcbeu � [OS� q \^g�\ q SXQTY r UXgsUXb�um[OS�Ucb�Y q Uc[ � �^�^£%vN[ags`c[aYÆÂR¢ )5¢ �.�

sup
φ : ‖φ‖=1

E| 1{τN > n} 〈µN
n , φ〉 − 〈µn, φ〉 | ≤ c0

n√
N

+ P[τN ≤ n] ,

q \Nt q ua[a\�Uc` qs�ä� beY�b�U�UXv^[Zgs`c[aY ��SV[Z[ � �^�NPR[Zu¬Ucb�g�\'Á^¢ ).�ä�¤g�` q S � b � v�U � Q tRb�Ç;[Z`X[Z\�U qi�e� g�`Xb�UXvNY¦�
√

N [ 1{τN > n} 〈µN
n , φ〉 − 〈µn, φ〉 ] =⇒ N(0, v0

n(φ)) ,

b�\�tRb�SVUX`cb��^]^UXbegs\ q S
N ↑ ∞ �R��b�Ucv q \�[�¥ r^� b�u�b�U%[�¥ r `c[ZScSVbegs\¦�¤g�`ÄUcv^[ q SXQTY r UXgsUXb�ul� q `Xb q \Nua[s¢ n \�Ucv^[ SXbeY rN� [ u q SX[m��v^[a`c[lUXvN[�^UX\^[OSXS��¤]^\Nu�UXbegs\NS q `X[ r g�SXb�Ucb��s[��Ðb=¢ [s¢�u q \^\^giU�U qi­ [�UXvN[?§a[a`cg'� qs� ]N[s�ÐUXv^[OSV[?`X[OSV] � U�S q `X[¦�Ä[ �e� ¨ ­ \^g¾��\ q \Nt u q \ �;[��¤g�]^\Nt

b�\ �»Â9� f `Xg r g�SXb�Ucb�g�\�|R¢ Á^� �Äg�`Xg ����q `XQ?|R¢á|i�.�=�T��v^[a`c[mUXv^[ r `XgTgs�Ð`X[ � be[ZS�g�\ q u�[Z\�UX` qi�¿� beY�b�U�UXv^[ag�`X[ZY �¤g�`�UX`cb q \ � ] �eq ` q `X` q QRSÃgs�
Y q `VUcb�\ ��qi� [«be\Nu�`c[aY�[a\9UcSZ�Rg�`%be\ � Á^�N£%v^[ag�`X[ZY ).�E�R��v^[a`c[«UXv^[�S q Y�[�u�[Z\�Uc` qs�ä� beY�b�U�Ucv^[ag�`X[ZY b�S%g��RU q b�\^[Ot �9Q�be\NtR]Nu�UXbegs\,¢
�Ngs`yUcv^[ r ]^` r g�SX[�gi�luagsY rNq `cb�SVg�\ ��b�UXv�Ucv^[�SX[Zd9]^[Z\�UXb qi��rNq `XUcbeu � [ qs��� gs`cb�Ucv^Y'��Ucv^[��¤g ��� g¾��b�\ � \^g�\ q SXQTY r UXgsUXb�u¦[Z`X`cgs`

[ZSVUXbeY q UX[OS q `c[ r `cg3��[Zt�be\DPT[Ou¬Ucb�g�\DzR¢
-�- ò87�S19�4�9



) ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

��� ÉTÍ � É � � 	 � 	�� ®°´
	D´
	N¸
¸ ��´�®°¶;·a´=®ç²¾¶ ´�®°¯¦¸
τN ��¸ $Ã¶;¸ ��" �

τN = inf{k ≥ 0 : 〈ηN
k , gk〉 = 0} ,

®°´8	^²iº �3¹

E | 1{τN > n}
〈γN

n , 1〉
〈γn, 1〉 − 1 | ≤ zN

n + P[τN ≤ n] ,
�
)T�

µ¾¶��
sup

φ : ‖φ‖=1

E| 1{τN > n} 〈µN
n , φ〉 − 〈µn, φ〉 | ≤ 2 zN

n + P[τN ≤ n] ,
��z��

� 	^¸a³V¸
´
	N¸�¹a¸����N¸a¶;·�¸ {zN
k , k = 0, 1, · · · , n} ¹aµ¾´=®�¹
$�¸�¹ ´
	^¸yº»®°¶;¸�µ¾³�³X¸c·��R³�¹¬®ç²¾¶

zN
k ≤ ρk (1 +

√
ρk√
N

) zN
k−1 +

√
ρk√
N

µi¶��
zN
0 ≤

√
ρ0√
N

.
��}��

��É ���R��� � 		� 	 £%v^[ �¤gs`�u�be\ � Uc[a`cY be\ �ç}���b�S √
ρk/

√
N
� q \Nt

limsup
N↑∞

[
√

N zN
k ] ≤ ρk limsup

N↑∞
[
√

N zN
k−1] +

√
ρk ,

q \Nt
limsup

N↑∞
[
√

N zN
0 ] ≤ √

ρ0 .

� giUcbeua[lUcv q U%��b�UXv q �^¥R[Zt�\9]^Yy�;[a`
N
gi��SXbeYy] �eq UX[Ot rNq `VUcbeu � [OSa��Ucv^[ r [a`X�¤gs`cY q \Nua[lbeS √

ρk/
√

N
q \Nt tR[ r [Z\Nt^S�gs\

ρk
 q S

q `X[OSV] � UZ�^b�U-b�S�\^giU r g�ScSVbe� � [mUcg � ] q ` q \�Uc[a[«b�\ q t^� q \Nua[ q �^¥R[Zt r [a`X�¤gs`cY q \Nu�[��RSVbe\Nua[
ρk
beS�\^giU ­ \^g3��\Ð¢

�Ngs`mu�g�Y r^� [aUX[Z\^[ZScSa�NUcv^[
ua[a\�Uc` qs�Ð� b�Y�b�UlUcv^[ag�`X[ZY½g��RU q b�\^[Ot'be\/� �^�äPT[Zu�UXbegs\ Á^¢ ).�Ð�¤g�` q S � b � v�U � Q'tRb�Ç;[Z`X[a\9U qs��� gs`cb�Ucv^Y½beS
`X[Ou qi�e� [Zt��;[ � g¾��¢
��� ÉTÍ � É � � 	�

��� É � � Í �¾� ��� 	�� ®°´
	D´
	^¸
¸ ��´�®°¶¿·�´=®ç²¾¶ ´=®°¯�¸

τN �s¸ $o¶¿¸ � " �

τN = inf{k ≥ 0 : 〈ηN
k , gk〉 = 0} ,

®°´8	^²iº �3¹
√

N [ 1{τN > n}
〈γN

n , 1〉
〈γn, 1〉 − 1 ] =⇒ N(0, V 0

n ) ,

µ¾¶��
√

N [ 1{τN > n} 〈µN
n , φ〉 − 〈µn, φ〉 ] =⇒ N(0, v0

n(φ)) ,

®°¶ �¾®�¹¬´=³¬® "��R´=®ç²¾¶ µ3¹
N ↑ ∞ ��� ²i³yµi¶ � "�²��R¶���¸ �?¯¦¸�µ3¹1�R³Xµ "aº�¸ � �R¶¿·�´=®ç²¾¶ φ � � ®°´
	D´
	^¸
µ¾¹ � ¯-±¿´E²i´�®ç· �¾µ¾³¬®çµ¾¶¿·c¸

V 0
n =

n∑

k=0

var(gk Rk+1:n 1, ηk)

〈ηk, gk Rk+1:n 1〉2 ,

µ¾¶��

v0
n(φ) =

n∑

k=0

var(gk Rk+1:n (φ − 〈µn, φ〉), ηk)

〈ηk, gk Rk+1:n 1〉2 ,

³V¸�¹=±^¸�·�´=®
�3¸aº � � � 	^¸a³X¸

Rk+1:n φ(x) = Rk+1 · · ·Rn φ(x) = E[φ(Xn)
n∏

p=k+1

gp(Xp) | Xk = x] ,

� ²¾³
µ¾¶ � k = 0, 1, · · · , n � � ®°´
	D´
	^¸�·c²¾¶��¾¸�¶5´�®ç²i¶ Rn+1:n φ(x) = φ(x) ��� ²¾³
µ¾¶ � x ∈ E
�

ö0; - ö M



��� ¸����N¸a¶5´�®çµ¾º��-µ¾³¬´=®ç·�º�¸ � º ¼9²¾³¬®°´
	T¯Æ´
	^µi´���¸c¸j±5¹�´
	N¸���µi³¬´�®ç·aº�¸ ��� ¹¬´j¸�¯ � º»®
�¾¸ z

��É ���R��� � 	�� 	 � gsUXb�u�[ UXv q U

〈η0, g0 R1:n (φ − 〈µn, φ〉) 〉 = 〈γ0 R1:n, φ − 〈µn, φ〉 〉 = 〈γn, φ − 〈µn, φ〉 〉 = 0 ,

q \Nt
〈ηk, gk Rk+1:n (φ − 〈µn, φ〉) 〉 = 〈µk−1 Rk:n, φ − 〈µn, φ〉 〉 =

〈γn, φ − 〈µn, φ〉 〉
〈γk−1, 1〉

= 0 ,

�¤gs` q \TQ
k = 1, · · · , n

�^v^[Z\Nu�[ UXv^[ �¤g ��� g¾��b�\ � [Zd9]^be� qs� [Z\�U�[�¥ r `c[ZScSXb�g�\�v^g � t^S%�¤gs`%UXvN[ q SXQ9Y r UcgiUcbeu«� q `Xb q \Nua[

v0
n(φ) =

n∑

k=0

〈ηk, |gk Rk+1:n [φ − 〈µn, φ〉] |2 〉
〈ηk, gk Rk+1:n 1〉2 .

��� � ���
� É �
	�� 	 � ��be\ q `cQ?SX[ � [Zu�UXbegs\ � n \ UXvN[�S r [Zuab qs� u q SV[ gi���^be\ q `cQ�SX[ � [Zu¬Ucb�g�\��¤]N\Nu¬Ucb�g�\NSa�Nb�U-v^g � t^S

Rk+1:n 1(x) = P[Xk+1 ∈ Ak+1, · · · , Xn ∈ An | Xk = x] ,

�¤gs` q \9Q
k = 0, 1, · · · , n

�¿��b�UXvÅUXv^[�u�gs\T�s[a\�Ucbegs\
Rn+1:n 1(x) = 1

�;�¤g�` q \TQ
x ∈ E

� q \NtDb�Um�¤g �e� g3�-S-�¤`cgsY £%v^[ag�`X[ZY |R¢ )
UXv q U

√
N [ 1{τN > n}

PN
n

Pn
− 1] =⇒ N(0, V 0

n ) ,

b�\DtRb�S�Uc`Xbe�^]RUcb�g�\ q S
N ↑ ∞ �^��b�Ucv�UXv^[ q SXQTY r UXgsUXb�um� q `cb q \Nu�[

V 0
n =

n∑

k=0

(
1

pk
− 1) +

n∑

k=0

1

pk

var(Rk+1:n 1, µk)

〈µk, Rk+1:n 1〉2 .

n \NtR[a[Otä�NSXb�\Nua[
g2

k = gk
�^b�U-vNg � t^S

var(gk Rk+1:n 1, ηk)

〈ηk, gk Rk+1:n 1〉2 =
〈ηk, gk |Rk+1:n 1|2〉
〈ηk, gk Rk+1:n 1〉2 − 1

=
1

pk

〈µk, |Rk+1:n 1|2〉
〈µk, Rk+1:n 1〉2 − 1

= (
1

pk
− 1) +

1

pk
[
〈µk, |Rk+1:n 1|2〉
〈µk, Rk+1:n 1〉2 − 1] ,

�¤gs` q \TQ
k = 0, 1, · · · , n

¢

� �¦����� ���
	���
�� $'
��Ð	����Ä�a��
����y�����¬	����

£%v^[ r ]^` r g9SV[Bgi��Ucv^b�S��Ägs` ­ beS UXg�S�Uc]NtRQ q SX[Zd9]^[Z\�Ucb qs�«rNq `VUcbeu � [ qi�e� g�`Xb�UXvNY�� qi� `X[ q tRQ r `Xg r g�SX[Zt�b�\ �eÀ�)^� À�À1�E�m��v^b�ucv
q ]RUcgsY q Ucbeu qi�e� Q ­ [a[ r S-UXv^[ r5q `XUXb�u � [ySXQRS�Uc[aY qi� b��s[��;b�¢ [s¢;��v^b�u�vÅ[Z\NSV]N`X[ZSlb�UcSm\^g�\T¨9[a¥TUXbe\Nu¬Ucb�g�\,¢m�^g�` q \9Q � [Z�s[ �

H > 0
� q \Nt

�¤gs` q \TQ
k = 0, 1, · · · , n

�NtR[��N\^[ UXv^[�` q \5tRgsY \9]^Yy�;[Z`-gi� rNq `VUcbeu � [OS

NH
k = inf{N ≥ 1 :

N∑

i=1

gk(ξi
k) ≥ H sup

x∈E
gk(x)} ,

��v^[a`c[�Ucv^[
` q \5tRgsY�� q `cb q � � [ZS
ξ1
0 , · · · , ξi

0, · · ·
q `X[yb=¢ b=¢ tä¢¿��b�UcvBuagsY�Y�gs\ r `Xg�� q �^b � b�U�Q't^beSVUX`cb��N]RUXbegs\

η0
�¤�¤gs`

k = 0
�¬� q \Nt

��v^[a`c[s�9u�gs\Nt^b�Ucb�g�\ qi�e� Qy��¢ `O¢ UO¢iUXv^[
σ
¨ qs��� [a�^` q

HH
k−1

� [a\N[a` q UX[Ot
�9Q
UXv^[ rNq `VUcb�u � [-SVQRSVUX[aY ]^\9UXb � UXv^[
(k−1)̈

�Ucv � [a\^[Z` q UXbegs\,�
UXv^[ ` q \NtRgsY � q `cb q � � [ZS

ξ1
k, · · · , ξi

k, · · · q `c[lb=¢ b�¢ tä¢R��b�Ucv�u�g�Y�Y�g�\ r `cgs� q �^b � b�U�Q¦tRb�S�Uc`Xbe�^]RUcb�g�\ µH
k−1 Qk

�°�¤g�`
k = 1, · · · , n

�¬¢
£%v^[ rNq `VUcbeu � [ qirNr `Xg3¥Rb�Y q UXbegs\ {µH

k , k = 0, 1, · · · , n} b�Sl\^g¾� rNq ` q Y�[�Uc[a`cb�§Z[Zt��TQ�UXv^[ � [a�s[ � H > 0
� q \5tDb�U�Sl[Z�sg � ]RUXbegs\

beS-tR[ZScu�`cb��;[Ot��TQ?UXv^[ �¤g ��� g¾��b�\ � tRb qi� ` q Y

µH
k−1 −−−−−−−−−→ ηH

k = SNH
k (µH

k−1 Qk) −−−−−−−−−→ µH
k = gk · ηH

k ,

-�- ò87�S19�4�9



} ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

��b�Ucv�b�\^b�UXb qi� uags\NtRb�UXbegs\�t^[��N\^[Ot
�9Q
µH

0 = g0 ·ηH
0

q \Nt
ηH
0 = SNH

0 (η0)
¢7P9U q `XUXbe\ � �¤`Xg�Y �VÀO� q \Nt
b�\9UX`cgRtR]Nuab�\ � Ucv^[ rNq `XUXb�u � [

qir^r `cg3¥TbeY q Ucb�g�\
γH

k = gk SNH
k (µH

k−1 Qk) 〈γH
k−1, 1〉 = gk ηH

k 〈γH
k−1, 1〉 ,

q \Nt
γH
0 = g0 SNH

0 (η0) = g0 ηH
0 ,

�¤gs`%UXvN[�]^\^\^gs`cY qi� be§a[Zt � � b�\^[ q `¬�ÃªNg¾���Rb�U-beS�[ q SVb � Q?SX[a[Z\ UXv q U

〈γH
k , 1〉 = 〈ηH

k , gk〉 〈γH
k−1, 1〉

q \Nt 〈γH
0 , 1〉 = 〈ηH

0 , g0〉 ,
�EÂi�

v^[a\Nua[
γH

k

〈γH
k , 1〉 = gk · ηH

k = µH
k

q \Nt γH
0

〈γH
0 , 1〉 = g0 · ηH

0 = µH
0 .

� � [ q ` � Q��
NH

k ≥ H
q \Nt b�� 〈µH

k−1 Qk, gk〉 > 0
~ q SV] +?uab�[Z\�Ulu�g�\NtRb�UXbegs\ �¤gs`-��v^beu�v'beS

ĝk(x) = Qk gk(x) = E[gk(Xk) | Xk−1 = x] > 0 ,

�¤gs` q \TQ
x
b�\�Ucv^[�SV] r^r gs`XU�gs�

µH
k−1

~ Ucv^[a\ UXv^[ ` q \NtRg�Y \T]^Yy�;[a`
NH

k

gs� r5q `XUXb�u � [ZSÄb�S q ¢ SZ¢ �N\^b�UX[s�NSX[a[�PT[Zu�UXbegs\ )��;[ � g3��¢
� gs`c[ag¾�s[a`

〈ηH
0 , g0〉 = 〈SNH

0 (η0), g0〉 =
1

NH
0

NH
0∑

i=1

g0(ξ
i
0) ≥

H

NH
0

sup
x∈E

g0(x) > 0 ,

q \Nt

〈ηH
k , gk〉 = 〈SNH

k (µH
k−1 Qk), gk〉 =

1

NH
k

NH
k∑

i=1

gk(ξi
k) ≥ H

NH
k

sup
x∈E

gk(x) > 0 ,

�¤gs` q \TQ
k = 1, · · · , n

�9b�¢ [s¢sUcv^[ rNq `XUXb�u � [lSVQRSVUX[aY(\^[a�s[Z`ÄtRb�[OSog�]RU q \Nt�UXvN[ qs�e� gs`cb�UXv^Y u q \ qi� � q QRSou�gs\9UXbe\9]^[��9�9Q�u�g�\NS�Uc`X]5u��
UXbegs\,¢

��É ���R��� � 	��
	mn Ul�¤g �e� g¾�-S%�¤`cgsY��,[ZY�Y q )N¢ ���;[ � g3�ÑUcv q U NH
0

H
→ ρ0

b�\ r `cgs� q �^b � b�U�Qs� q \Nt'b�\D�Tbe[a�Igs� p [ZY q ` ­ )N¢ )Å�¤beb��

�;[ � g3���Rb�� 〈µH
k−1 Qk, gk〉 > 0

Ucv^[a\ NH
k

H ρH
k

→ 1
b�\ r `cgs� q �^b � b�UjQ q S

H ↑ ∞ �^��v^[Z`X[

ρH
k =

sup
x∈E

gk(x)

〈µH
k−1 Qk, gk〉

,

�¤gs` q \TQ
k = 1, · · · , n

¢
��É ���R��� � 	 �
	 ��gs` q \TQ

k = 0, 1, · · · , n
q \Nt q \TQyb�\9UX[ � [a`

i ≥ 1
� � [�U

FH
k,i = FH

k,0∨σ(ξ1
k, · · · , ξi

k)
�s��vN[a`c[

FH
0,0 = {∅,Ω}�°�¤gs`

k = 0
� q \Nt

FH
k,0 = HH

k−1

�¤�¤gs`
k = 1, · · · , n

�«�9QBu�g�\9�s[Z\�UXbegs\Ð¢�£%v^[¦` q \NtRgsY�\9]^Yy�;[Z`
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k

b�S q S�Ucg r^r be\ � UXbeY�[
��¢ `O¢ UO¢

FH
k = {FH

k,i , i ≥ 0} �R��v^b�ucv qi�e� g3�-SÄUXg¦tR[��N\^[«Ucv^[ σ
¨ qi�e� [Z�^` q

FH
k,NH

k

= HH
k

 1u � [ q ` � Q
NH

k

beS%Y�[ q SX]^` q � � [m��¢ `O¢ UZ¢

HH
k

� q \Nt�Ucv^[a`c[��¤gs`c[mUcv^[�` q \NtRg�Y � q `cb q � � [

σH
k = NH

0 + · · · + NH
k ,

beS�Y�[ q SX]^` q � � [«��¢ `O¢ UZ¢
HH

k

¢
��� � ���
� É � 	 � 	 � ��b�\ q `XQ�SX[ � [Zu¬Ucb�g�\ � n \�Ucv^[�S r [Zu�b qi� u q SX[ gi���Nb�\ q `XQ�SX[ � [Zu�UXbegs\ �¤]^\5u¬UXbegs\5Sa�^UXv^[�SX[Zd9]^[Z\�Ucb qs�ärNq `VUcbeu � [ qs��� g��
`Xb�UXv^Y½`X[ZSX] � UcS%be\�UXv^[ �¤g �e� g3��be\ �¦qir^r `cg3¥TbeY q Ucb�g�\NS

pk ≈ pH
k = 〈ηH

k , gk〉 =
H

NH
k

��vN[a`c[
NH

k = inf{N ≥ 1 : |IN
k | = H} ,

�¤gs` q \TQ?be\�Uc[ � [Z`
H ≥ 1

� q \5t ��v^[a`c[«�¤gs` q \TQ?be\�Uc[ � [Z`
N ≥ 1

IN
k = {i = 1, · · · , N : ξi

k ∈ Ak} ,
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η0
�°�¤g�`

k = 0
�

q \Nt
µH

k−1 Qk
�°�¤g�`

k = 1, · · · , n
�¬� q \Nt b�U��¤g �e� g3�-S��¤`cgsY �EÂi�ÄUXv q U

Pn ≈ PH
n = 〈γH

n , 1〉 =

n∏

k=0

〈ηH
k , gk〉 =

n∏

k=0

H

NH
k

.

� giUcbeua[�Ucv q U�UXv^[ qsr^r `cgO¥RbeY q UXbegs\
µH

k = gk · ηH
k

gs�^U q be\^[Ot v^[Z`X[ b�S
[a¥ q u¬U � Q Ucv^[�[aY r be`Xb�u qs�Är `Xg�� q �^b � b�U�Q tRbeSVUX`cbe�^]RUXbegs\
q ScSVgRuab q UX[Zt ��b�Ucv q \

H
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tRbeSVUX`cbe�^]RUXbegs\
g0 · η0

�¤�¤gs`
k = 0

� q \Nt
gk · (µH

k−1 Qk)
�°�¤g�`

k = 1, · · · , n
�¬¢ � [Z`X[ qi�9q be\,�oUXv^[ r `Xg�� q �^b � b�U�Q
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NH

k

gs�7SVbeYy] ��q Uc[Zt rNq `VUcbeu � [OS�\N[a[Zt^[Zt�Ucg � [�U
H
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k
¨9UXv � [a\N[a` q UXbegs\Ð�TbeS ³Vµi¶���²¾¯ ¢

£%v^[�Y q be\Bu�g�\�Uc`Xbe�^]RUcb�g�\NSmgi�ÃUXv^b�S rNqsr [Z` q `c[�Ucv^[
�¤g �e� g3��be\ � `X[OSV] � UcSm�¤gs`mUcv^[�SV[Od9]^[a\9UXb qi��r5q `XUXb�u � [ qs��� gs`cb�UXv^Y���b�Ucv q
` q \NtRgsY \T]^Yy�;[a`1gi� r5q `XUXb�u � [ZSZ�itR[��N\N[Zt
�9Q�Ucv^[ � [a�s[ �

H > 0
 q \^g�\ q SXQTY r UXgiUcbeuÄ[ZSVUXbeY q Uc[ �¤��vNbeu�v�� q S qs� `c[ q tRQ g��RU q b�\^[Ot

b�\&��À�Ài�N£%v^[Zgs`c[aY½zR¢ ).�,be\ q tRb�Ç;[Z`X[Z\�Uluags\�Uc[�¥TU����NSV[Z[�£%v^[ag�`X[ZY"�^¢ )��;[ � g¾�

sup
φ : ‖φ‖=1

E| 〈µH
n − µn, φ〉 | ≤ cn√

H
,

q \Nt q ua[a\�Uc` qs�ä� beY�b�U�UXv^[Zgs`c[aY'�^SX[a[�£%v^[Zgs`c[aY"�^¢»Â��;[ � g¾�
√

H 〈µH
n − µn, φ〉 =⇒ N(0, vn(φ)) ,

b�\DtRb�S�Uc`Xbe�^]RUcb�g�\ q S
H ↑ ∞ �^��b�Ucv q \�[�¥ r^� b�u�b�U�[a¥ r `X[OSXSXb�g�\?�¤g�`%UXv^[ q SVQTY r UcgiUXb�u«� q `cb q \Nua[s¢
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k−1 Qk, gk〉 > 0 � ²i³yµi¶ � k = 1, · · · , n �

µ¦¹1��� ·a®ç¸a¶N´%·c²i¶��i®°´�®ç²i¶ � ²i³ � 	R®ç· 	Å®�¹

ĝk(x) = Qk gk(x) = E[gk(Xk) | Xk−1 = x] > 0 ,

� ²¾³
µ¾¶ � x
®°¶ ´
	^¸�¹��O±�±^²i³¬´%² � µH

k−1 �
´
	^¸a¶

E | 〈γ
H
n , 1〉

〈γn, 1〉 − 1 | ≤ zH
n

µi¶��
sup

φ : ‖φ‖=1

E| 〈µH
n − µn, φ〉 | ≤ 2 zH

n ,
��{��

� 	^¸a³V¸
´
	N¸�¹a¸����N¸a¶;·�¸ {zH
k , k = 0, 1, · · · , n} ¹aµ¾´=®�¹
$�¸�¹ ´
	^¸yº»®°¶;¸�µ¾³�³X¸c·��R³�¹¬®ç²¾¶

zH
k ≤ ρk (1 + ωH + ω2

H) zH
k−1 + ωH (1 + ωH ρk) ,

��Á��
µ¾¶��

zH
0 ≤ ωH (1 + ωH ρ0) ,

� 	^¸a³V¸ ωH =
1

H

√
H + 1

®�¹y² � ²¾³ �s¸a³ 1/
√

H
�

��É ���R��� � 	 �
	 �lr Ucg�v^b � v^[a`�g�`ctR[Z`¦UX[a`cY¦Sa�%UXvN[D�¤g�`cuab�\ � UX[Z`XY*b�\ �çÁ9��b�S
1/
√

H
[�¥ q u�U � QI�¤��v^b�ucvÏb�S?[Zd9]^be� qs� [Z\�U?UXg

q

ρH
k /

q

NH
k

�Rbe\'�9be[a�Ñgs� p [aY q ` ­ �^¢eÀO��� q \Nt

limsup
H↑∞

[
√

H zH
k ] ≤ ρk limsup

H↑∞
[
√

H zH
k−1] + 1

q \Nt
limsup

H↑∞
[
√

H zH
0 ] ≤ 1 .

n \Dg r^r g9SVb�UXbegs\�UXg¦UXvN[�\^g�\NSV[Od9]^[a\9UXb qi�,r5q `XUXb�u � [ qi�e� g�`Xb�UXvNY��^\NgiUXb�u�[�Ucv q Umb�UmbeS r g9SXSXb�� � [�vN[a`X[�UXg � ] q ` q \9UX[a[ be\ q tR� q \5u�[ q
�^¥R[Zt r [a`X�¤gs`cY q \Nua[mgs�
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√
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[a¥ q u¬U � Q��T��b�Ucv^gs]RU q \TQ ­ \^g¾� � [Ot � [«gs�

ρk
� q U%Ucv^[�[�¥ r [a\NSX[ gi��]NSXb�\ �¦q \ q t qir UXbe�s[«` q \Nt^gsY
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NH

k
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be\ r `cgs� q �^b � b�UjQ��1v^[a\Nua[

ρH
k → ρk

be\
r `Xg�� q �^b � b�U�Q��R�¤g�` q \9Q

k = 1, · · · , n
� q \Nt'b�Ul�¤g �e� g3�-S��¤`Xg�Y p [aY q ` ­ �^¢eÀ UXv q U NH

k

H
→ ρk

b�\ r `Xg�� q �^b � b�U�Q q S
H ↑ ∞ �N�¤g�`q \9Q

k = 0, 1, · · · , n
¢

-�- ò87�S19�4�9



{ ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

��� ÉTÍ � É � � 	�� 	�� � 〈µH
k−1 Qk, gk〉 > 0 � ²i³yµi¶ � k = 1, · · · , n �

µ¦¹1��� ·a®ç¸a¶N´%·c²i¶��i®°´�®ç²i¶ � ²i³ � 	R®ç· 	Å®�¹

ĝk(x) = Qk gk(x) = E[gk(Xk) | Xk−1 = x] > 0 ,

� ²¾³
µ¾¶ � x
®°¶ ´
	^¸�¹��O±�±^²i³¬´%² � µH

k−1 �
´
	^¸a¶

√
H [

〈γH
n , 1〉

〈γn, 1〉 − 1 ] =⇒ N(0, Vn) ,
�VÀZ�9�

µ¾¶��
√

H 〈µH
n − µn, φ〉 =⇒ N(0, vn(φ)) ,

�VÀsÀO�
®°¶ �¾®�¹¬´=³¬® "��R´=®ç²¾¶ µ3¹

H ↑ ∞ ��� ²i³yµi¶ � "�²��R¶���¸ �?¯¦¸�µ3¹1�R³Xµ "aº�¸ � �R¶¿·�´=®ç²¾¶ φ � � ®°´
	D´
	^¸
µ¾¹ � ¯-±¿´E²i´�®ç· �¾µ¾³¬®çµ¾¶¿·c¸

Vn =

n∑

k=0

var(gk Rk+1:n 1, ηk)

〈ηk, gk Rk+1:n 1〉2
1

ρk
,

µ¾¶��

vn(φ) =
n∑

k=0

var(gk Rk+1:n (φ − 〈µn, φ〉), ηk)

〈ηk, gk Rk+1:n 1〉2
1

ρk
,

³V¸�¹=±^¸�·�´=®
�3¸aº � � � 	^¸a³X¸

Rk+1:n φ(x) = Rk+1 · · ·Rn φ(x) = E[φ(Xn)

n∏

p=k+1

gp(Xp) | Xk = x] ,

� ²¾³
µ¾¶ � k = 0, 1, · · · , n � � ®°´
	D´
	^¸�·c²¾¶��¾¸�¶5´�®ç²i¶ Rn+1:n φ(x) = φ(x) ��� ²¾³
µ¾¶ � x ∈ E
�

n \��Tbe[a�Ñgi� p [ZY q ` ­ |^¢ z^�9Ucv^[ �¤g �e� g3��be\ � [Zd9]^be� qi� [a\9U�[�¥ r `c[ZScSVbegs\ v^g � t^S��¤g�`%UXv^[ q SVQTY r UcgiUXb�u«� q `cb q \Nua[

vn(φ) =

n∑

k=0

〈ηk, |gk Rk+1:n [φ − 〈µn, φ〉] |2 〉
〈ηk, gk Rk+1:n 1〉2

1

ρk
.

��É ���R��� � 	�� 	 £%g r `cg3�s[�£%v^[ags`c[aY"�N¢áÂR�Tb�U-b�S%[Z\^gs] � v�Ucg r `cg3�s[«UXv q U

√
H

〈γH
n − γn, φ〉
〈γn, 1〉 =⇒ N(0, Vn(φ)) ,

�VÀO|s�

�¤gs` q \TQ?�;g�]^\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu�UXbegs\
φ
�^��v^[Z`X[«Ucv^[ q SXQTY r UXgiUcbeu«� q `Xb q \Nu�[

Vn(φ)
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Vn(φ) 〈γn, 1〉2 = var(g0 R1:n φ, η0)
1

ρ0
+

n∑

k=1

var(gk Rk+1:n φ, ηk)
〈γk−1, 1〉2

ρk
,

�VÀZ�9�

gs`�[Zd9]^be� qi� [a\9U � Q?�9Q

Vn(φ) =
n∑

k=0

var(gk Rk+1:n φ, ηk)

〈ηk, gk Rk+1:n 1〉2
1

ρk
,

SVbe\Nu�[
〈γn, 1〉 = 〈γ0 R1:n, 1〉 = 〈η0, g0 R1:n 1〉 ,

q \Nt�SXb�\5u�[
〈γn, 1〉 = 〈γk−1 Rk:n, 1〉 = 〈γk−1, 1〉 〈ηk, gk Rk+1:n 1〉 ,

�¤gs` q \TQ
k = 1, · · · , n

¢ n \NtR[Z[Ztä�^\NgiUXb�u�[ UXv q U

〈µH
n − µn, φ〉 = 〈 γH

n

〈γH
n , 1〉 , φ − 〈µn, φ〉 〉 =

〈γn, 1〉
〈γH

n , 1〉 〈γ
H
n − γn

〈γn, 1〉 , φ − 〈µn, φ〉 〉 ,

�¤gs` q \9Q �;gs]^\5tR[Zt'Y�[ q SV]^` q � � [«�¤]^\5u¬UXbegs\
φ
� q \Nt'b�Ul�¤g �e� g¾�-S%�¤`cgsYÆ£%v^[ag�`X[ZY½�^¢ )�UXv q U 〈γH

n , 1〉 → 〈γn, 1〉 b�\ r `cgs� q �^b � b�U�Qq S
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Vn = Vn(1)
q \Nt

vn(φ) =
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√
H 〈µH

n − µn, φ1〉, · · · ,
√
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£�g � [�U q � q b�`�uagsY rNq `cb�SVg�\�gi�äUXv^[m\^g�\NSX[Zd9]^[a\9UXb qi�;q \5t?SV[Zd9]^[Z\�Ucb qs�5rNq `XUXb�u � [ qi�e� gs`cb�UXv^Y¦SZ�iUXvN[-Ucb�Y�[�¨ q �s[a` qi� [Zt�` q \Nt^gsY

\9]^Yy�;[a` gi�ÄSVbeYy] ��q UX[Ot r5q `XUXb�u � [ZSZ�5��vNbeu�v beS q \Åbe\NtRb�u q Ucgs`mgs�ov^g¾� Yy]Nu�vBu�g�Y r ]RU q UXbegs\ qs� [�Ç¿gs`XUmv q Sl�;[Z[a\ ]NSX[Ztä�äu q \Å�;[
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H ↑ ∞ �^v^[a\5u�[�]^\NtR[Z`%Ucv^[ q ScSV]^Y r Ucb�g�\NS%gi�7£%v^[Zgs`c[aY"�^¢»ÂT� q \5t ]NSXb�\ � Ucv^[yP � ]RUcS ­ Q � [ZY�Y q

[
1

n + 1

n∑

k=0

NH
k ]1/2 〈γH

n − γn, 1〉
〈γn, 1〉 =⇒ N(0, V ∗

n ) ,

q \Nt

[
1

n + 1

n∑

k=0

NH
k ]1/2 〈µH

n − µn, φ〉 =⇒ N(0, v∗
n(φ)) ,

b�\DtRb�S�Uc`Xbe�^]RUcb�g�\ q S
H ↑ ∞ �^��b�Ucv�UXv^[ q SXQTY r UXgsUXb�um� q `cb q \Nu�[

V ∗
n = [

1

n + 1

n∑

k=0

ρk ] Vn
q \Nt

v∗
n(φ) = [

1

n + 1

n∑

k=0

ρk ] vn(φ) ,

`X[OS r [Zu�UXbe�s[ � Q�����vN[a`X[
Vn

q \Nt
vn(φ)

q `c[�tR[��N\^[Ot b�\K£%vN[ags`c[aY)�N¢áÂR¢ � giUcbeua[¦Ucv q UyUcv^[ q SXQTY r UXgsUXb�u¦� q `cb q \Nua[ZS
V 0

n

q \5t
v0

n(φ)
tR[��5\^[Zt b�\ £%v^[ag�`X[ZY |^¢ )?�¤g�`mUXv^[�\^g�\NSV[Od9]^[a\�Ucb qi��rNq `XUXb�u � [ qs��� gs`cb�Ucv^Y�uagsbe\Nu�b�tR[
��b�UcvÅUcv^[ q SXQTY r UXgiUcbeuy� q `Xb q \Nua[ZS

V ∗
n

q \5t
v∗

n(φ)
�¤gs`�UXv^[?`c[a\^g�`XY qs� be§a[OtBSX[Zd9]^[Z\�UXb qi�ÃrNq `XUXb�u � [ qi�e� g�`Xb�UXvNY�`c[ZS r [Zu¬Ucbe�s[ � Qs��b�\ Ucv^[�S r [Zu�b qi� u q SX[¦��v^[a`c[

ρ0 =
ρ1 = · · · = ρn

¢
��� � ���
� É � 	�� 	 � ��be\ q `cQ�SV[ � [Ou¬UXbegs\ � n \ÏUcv^[ S r [Ou�b qi� u q SX[ gi�y�^b�\ q `cQ�SV[ � [Ou¬Ucb�g�\��¤]^\Nu¬Ucb�g�\NSZ�-UXvN[ SX] r^r gs`XU gs�

µH
k−1

beS
u�gs\9U q b�\^[Ot b�\

Ak−1
� q \Nt b��

Qk(x,Ak) = P[Xk ∈ Ak | Xk−1 = x] > 0 ,
�¤gs` q \TQ

x ∈ Ak−1
�TUcv^[a\'b�U��¤g �e� g3�-S��¤`cgsY"£%vN[ags`c[aY"�N¢áÂ�UXv q U

√
H (

PH
n

Pn
− 1) =⇒ N(0, Vn) ,

b�\DtRb�S�Uc`Xbe�^]RUcb�g�\ q S
H ↑ ∞ �^��b�Ucv�UXv^[ q SXQTY r UXgsUXb�um� q `cb q \Nu�[

Vn =

n∑

k=0

(1 − pk) +

n∑

k=0

var(Rk+1:n 1, µk)

〈µk, Rk+1:n 1〉2 ,

SVbe\Nu�[
1/ρk = 〈ηk, gk〉 = pk

�¤gs` q \TQ
k = 0, 1, · · · , n

¢
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ÀZ� ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

� � �a� ��	 	��������7�-� & ��� &Ð���������
	���
���
���
��¬+¦&���&

n \�Ucv^beS SX[Zu�UXbegs\,�-SXgsY�[Å� q SXbeu r `cg r [Z`VUcb�[OS q `c[ r `cg3�s[Ot �¤gs`�SV]^Y¦S�gi� q ` q \NtRg�Y \T]^Yy�;[a` gs��b�¢ b=¢ tä¢Ä` q \5tRgsY � q `Xb q � � [ZSZ�
[ZS r [Zu�b qi�e� Q���v^[a\ UXvNbeS¦` q \5tRgsY \9]NYy�;[a`?b�S q S�Ucg r^r be\ � Ucb�Y�[�¢ �,[�U

ξ1, · · · , ξi, · · ·
�;[Db�¢ b�¢ tä¢Ã` q \NtRgsY � q `cb q � � [ZS���b�Ucv

u�gsY�Y�gs\ r `cgs� q �^b � b�U�Q�tRb�S�Uc`Xbe�^]RUcb�g�\
µ
� q \5t � [�U

Λ
�;[ q \^gs\N\^[ ��q UXbe�s[��;g�]^\NtR[Ot'Y�[ q SX]^` q � � [ �¤]^\Nu¬Ucb�g�\,� r g9SXSXb�� � Q�U qi­ be\ �

UXv^[�§a[Z`Xg�� qi� ]^[�¢1�^g�` q \9Q
H > 0

�Nu�g�\NSVb�tR[Z`�UXvN[�S�Ucg r^r be\ � UXbeY�[

NH = inf{N ≥ 1 :

N∑

i=1

Λ(ξi) ≥ H λ} ��vN[a`c[
λ = sup

x∈E
Λ(x) .

�ÃÉ � � � 
 	��
	 � � 〈µ,Λ〉 > 0 � ´
	N¸�¶ ´
	^¸�¹�´j²c±�±;®°¶T¼�´=®°¯�¸ NH
®�¹yµ � ¹ � $o¶N®°´j¸
µ¾¶ �¦®°¶5´E¸E¼i³Xµ#"�º�¸ �

�������
	�� ��Q¦Ucv^[�SVUX`cgs\ ����q �Ñgi� �eq ` � [m\T]^Yy�;[a`�Sa�^b�U��°g �e� g¾�-SÄUcv q U

1

N

N∑

i=1

Λ(ξi) −→ 〈µ,Λ〉 ,

q ¢ Sa¢ q S
N ↑ ∞ � q \5t b�� 〈µ,Λ〉 > 0

�RUcv^[a\
N∑

i=1

Λ(ξi) −→ ∞ ,

q \Nt UXv^[ �5\^b�Uc[ � [a�s[ �
H λ

b�S�`X[ q u�v^[Zt q �°Uc[a` q �N\^b�UX[�\9]^Yy�;[a`
gi��SVUX[ r Sa��b=¢ [�¢,UXvN[�S�Ucg r^r be\ � UXbeY�[
NH

beS q ¢ SZ¢��N\^b�Uc[s¢ n \
q t^tRb�UXbegs\Ð�T�¤g�` q \9Q

a > 0

P[NH > N ] = P[

N∑

i=1

Λ(ξi) < H λ] = P[exp{−a

N∑

i=1

Λ(ξi)} > e−a H λ] ≤ ea H λ rN ,

�9Q�be\NtR[ r [Z\NtR[a\Nua[s�N��v^[a`c[

r = E[exp{−aΛ(ξ)}] =

∫

E

e−a Λ(x) µ(dx) = 〈µ, e−a Λ〉 ,

q \Nt'b�U-�¤g ��� g¾�-S%�¤`Xg�Y �Ð[aY�Y q �m¢eÀ UXv q U
r < 1

b�� q \Nt�gs\ � Q b�� 〈µ,Λ〉 > 0
¢�£%vNbeS r `cg3��[ZS�Ucv q U-Ucv^[ySVUXg rNr b�\ � UXbeY�[

NH
beS

b�\9UX[ � ` q � � [s� q \Nt�Ucv^[�[ZSVUXbeY q UX[

E[NH ] =
∞∑

N=0

P[NH > N ] ≤ ea H λ
∞∑

N=0

rN ≤ ea H λ

1 − r
< ∞ ,

v^g � t^SZ¢
�ÃÉ � � � 
 	 �
	 � � 〈µ,Λ〉 > 0 � ´
	N¸�¶ ´
	^¸y³X²��s¼5	Å¸�¹¬´�®°¯¦µ¾´j¸

sup
φ : ‖φ‖=1

{E | 〈SNH (µ) − µ,Λφ〉 |2 }1/2 ≤ ωH λ ,

µ¾¶��?´
	^¸y³V¸ $o¶¿¸ � ¸¬¹¬´�®°¯¦µ¾´j¸
sup

φ : ‖φ‖=1

E | 〈SNH (µ) − µ,Λφ〉 | ≤ ωH [ 〈µ,Λ〉 + ωH λ ] ,

	^²¾º � � � 	^¸a³X¸ ωH =
1

H

√
H + 1

®�¹y² � ²¾³ ��¸�³ 1/
√

H
�

�������
	�� �Ð[�U

δH = Λ(SNH (µ) − µ)
q \5t

δ′H =
Λ(SNH (µ) − µ)

〈SNH (µ),Λ〉 .

� giUcbeua[«Ucv q U

δH = δ′H 〈SNH (µ),Λ〉 = δ′H [ 〈µ,Λ〉 + 〈δH , 1〉 ] = δ′H [ 〈µ,Λ〉 + 〈δ′H , 1〉 〈SNH (µ),Λ〉 ] ,

v^[a\Nua[
| 〈δH , φ〉 | ≤ | 〈δ′H , φ〉 | λ , ö0; - ö M



��� ¸����N¸a¶5´�®çµ¾º��-µ¾³¬´=®ç·�º�¸ � º ¼9²¾³¬®°´
	T¯Æ´
	^µi´���¸c¸j±5¹�´
	N¸���µi³¬´�®ç·aº�¸ ��� ¹¬´j¸�¯ � º»®
�¾¸ ÀsÀ

q \Nt
| 〈δH , φ〉 | ≤ | 〈δ′H , φ〉 | [ 〈µ,Λ〉 + | 〈δ′H , 1〉 | λ ] ,�¤gs` q \TQ?�;g�]^\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu�UXbegs\

φ
¢ n U��¤g �e� g3�-S��¤`cgsY#�°UXvN[ r `cgTgi��gs�c� �Ð[aY�Y q zR¢ )�be\ �eÀsÀ��,UXv q U

sup
φ : ‖φ‖=1

{E | 〈δ′H , φ〉 |2 }1/2 ≤ 1

H

√
H + 1 = ωH ,

��v^beu�vBbeY�Y�[ZtRb q Uc[ � Q r `Xg¾�s[ZSmUXv^[�`cgs] � vÅ[OS�Ucb�Y q UX[s� q \Nt ]NSXb�\ � Ucv^[	� q ]Nu�v9Q�¨^PRucvT� q `XUX§
b�\N[Zd9] qi� b�UjQ q \NtÅUcv^[ � be\ ­ g¾�-S ­ b
UX`cb q \ �s� [«be\^[Zd9] qs� b�U�Q?QTbe[ � t^S

E | 〈δH , φ〉 | ≤ E[ | 〈δ′H , φ〉 | [ 〈µ,Λ〉 + | 〈δ′H , 1〉 | λ ] ]

≤ {E | 〈δ′H , φ〉 |2 }1/2 [ 〈µ,Λ〉 + {E | 〈δ′H , 1〉 |2 }1/2 λ ]

≤ ωH [ 〈µ,Λ〉 + ωH λ ] ‖φ‖ ,
��v^beu�v r `Xg¾�s[ZS�UXv^[�`c[��N\^[Ot [ZSVUXbeY q UX[�¢
�ÃÉ � � � 
 	 � 	 � � 〈µ,Λ〉 > 0 � ´
	N¸�¶ NH

H ρ
→ 1

µ¾¶ � H

NH
→ 1

ρ

®°¶
L

2 µ3¹ H ↑ ∞ � � ®°´
	D³Xµi´E¸ 1/
√

H � � 	N¸�³X¸ ρ =
λ

〈µ,Λ〉
�

�������
	�� �Ngs` q \TQ
N ≥ 1

�Nt^[��N\^[

DN =

N∑

i=1

Λ(ξi)
q \Nt

MN =

N∑

i=1

[Λ(ξi) − 〈µ,Λ〉 ] = DN − N 〈µ,Λ〉 .

�ÄQ tR[��5\^b�Ucb�g�\'gi��UXvN[�S�Ucg r^r be\ � UXbeY�[
NH

�Rb�U-v^g � t^S

H λ ≤ DNH
= DNH−1 + Λ(ξNH

) ≤ (H + 1)λ ,
v^[a\Nua[s�^] r gs\DSV]^�^UX` q u¬Ucb�\ �

H λ
UXvN`Xg�] � v^g�]RU

0 ≤ DNH
− H λ ≤ λ .

� SXb�\ � UXv^[�tR[Ou�gsY r g9SVb�UXbegs\
NH 〈µ,Λ〉 − H λ = DNH

− H λ − MNH
,q \Nt�Ucv^[ UX`cb q \ �s� [«be\^[Zd9] qs� b�U�Q?QTbe[ � t^S

|NH 〈µ,Λ〉 − H λ| ≤ |DNH
− H λ| + |MNH

| ≤ λ + |MNH
| .

PTb�\5u�[ 〈µ,Λ〉 > 0
�äb�U«�¤g �e� g3�-Sl�¤`cgsY �,[ZY�Y q )N¢eÀyUXv q U«UXv^[¦S�Ucg r^r be\ � UcbeY�[

NH
b�S«b�\9UX[ � ` q � � [s� q \NtÅb�U«�¤g �e� g3�-Sl�¤`cgsY�Ucv^[

� qs� t�betR[Z\�Ucb�U�Qs�5SX[a[ [s¢ � ¢ ��ÀO�R� f `cg r g�SXb�UXbegs\ n�� ¨ )¾¨^|RÀ��E��Ucv q U

E[DNH
] = E[NH ] 〈µ,Λ〉 q \Nt

E|MNH
|2 = E[NH ] var(Λ, µ) ,

v^[a\Nua[
E|MNH

|2 =
var(Λ, µ)

〈µ,Λ〉 E[DNH
] ≤ (H + 1)λ2 ,

SVbe\Nu�[
var(Λ, µ) = 〈µ,Λ2〉 − 〈µ,Λ〉2 ≤ 〈µ,Λ2〉 ≤ λ 〈µ,Λ〉 � q \5t SVbe\Nua[ DNH

≤ (H + 1)λ
¢ � SXb�\ � UXv^[ � b�\ ­ g3�-S ­ b

UX`cb q \ �s� [«be\^[Zd9] qs� b�U�Q?QTbe[ � t^S

{E|NH 〈µ,Λ〉 − H λ|2}1/2 ≤ λ + {E|MNH
|2}1/2 ≤ (

√
H + 1 + 1)λ ,

q \Ntä�^] r gs\DtRbe�9b�tRbe\ � �TQ
H λ

Ucv^`cgs] � v^gs]RU

{E|NH

H ρ
− 1|2}1/2 ≤ 1

H
(
√

H + 1 + 1) = ωH +
1

H
,

��v^[a`c[
ωH

b�S�gi��gs`�tR[Z`
1/
√

H
¢ÃPTbe\Nu�[

NH ≥ H
�^b�U-v^g � t^S

| H

NH
− 1

ρ
| ≤ NH

H
| H

NH
− 1

ρ
| =

1

H λ
|NH 〈µ,Λ〉 − H λ| ,

v^[a\Nua[
{E| H

NH
− 1

ρ
|2}1/2 ≤ 1

H
(
√

H + 1 + 1) = ωH +
1

H
. 2
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ÀO| ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

��É ���R��� 
 	�
 	 kwtRb�`c[Zu�U � gTg ­ be\�UXg¦UXvN[ r `XgTgs�çS%gs� �,[aY�Y q )5¢ | q \Nt �Ð[aY�Y q )N¢ ��SXv^g¾�-S�Ucv q U q uags\NtRb�UXbegs\ qi� �s[a`�SVbeg�\ gs�
UXv^[¦S q Y�[�`c[ZSX] � U�S«v^g � t^S ]^\NtR[a` Ucv^[��¤g �e� g3��be\ ��q SXSX]^Y r Ucb�g�\NSa¢��^g�` q \9Q

H > 0
� � [�U

ξH
1 , · · · , ξH

i , · · · �;[�b=¢ b=¢ tä¢ä` q \NtRg�Y� q `cb q � � [ZSÄu�gs\5tRb�Ucbegs\ qi�e� Q���¢ `O¢ UO¢9UXv^[
σ
¨ qi�e� [Z�^` q

FH �T��b�Ucv uagsY�Y�gs\ u�g�\NtRb�UXbegs\ qs�5r `Xg�� q �^b � b�U�Q¦tRb�S�Uc`Xbe�^]RUcb�g�\ µH
� � [aU

Λ
�;[

q \^gs\^\^[ ��q UXbe�s[«�;gs]N\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu¬Ucb�g�\,� r g9SXSXbe� � Q¦U qi­ be\ � Ucv^[�§a[Z`Xg�� qi� ]^[s� q \Nt�uags\NSXbet^[a`�Ucv^[�S�Ucg r^r b�\ � Ucb�Y�[

NH = inf{N ≥ 1 :

N∑

i=1

Λ(ξi) ≥ H λ} ��vN[a`c[
λ = sup

x∈E
Λ(x) .

n � 〈µH ,Λ〉 > 0
�RUXvN[a\ �¤b°�ÄUcv^[�`Xg�] � v [OS�Ucb�Y q Uc[

sup
φ : ‖φ‖=1

{E[ | 〈SNH (µH) − µH ,Λφ〉 |2 | FH ] }1/2 ≤ ωH λ ,

q \Nt�Ucv^[�`X[��N\^[Zt�[ZSVUXbeY q UX[

sup
φ : ‖φ‖=1

E[ | 〈SNH (µH) − µH ,Λφ〉 | | FH ] ≤ ωH [ 〈µH ,Λ〉 + ωH λ ] ,

v^g � tä�^��v^[a`c[
ωH

gs��gs`�tR[a`
1/
√

H
� q \Nt �¤beb��

{E[ | NH

HρH
− 1|2 | FH ]}1/2 ≤ ωH +

1

H

q \5t {E[ | H

NH
− 1

ρH
|2 | FH ]}1/2 ≤ ωH +

1

H
,

��b�Ucv
ρH =

λ

〈µH ,Λ〉
¢

£%v^[��¤g �e� g¾��be\ � ua[a\�Uc` qi�T� beY�b�U7UXv^[Zgs`c[aY'� ­ \Ng3��\
be\�SX[Zd9]^[a\9UXb qi�^q \ qi� QRSXbeS q SÐUcv^[�k-\5SXuagsYy�;[ÄUcv^[ag�`X[ZY��iv q S7�5[Z[a\ r `cg3�s[Ot
b�\ �eÀZ}5�N�¤g�`ÃSV]NY�Sogi� q ` q \NtRgsY \T]^Yy�;[a`Ãgs�¿b�¢ b=¢ t,¢s` q \NtRg�Y � q `cb q � � [ZSZ�iSX[a[ qi� SVg � {^�9£%v^[ag�`X[ZY n ¢ �N¢�À��Ngs` ��ÀOÁR�9£%v^[Zgs`c[aY(|R¢ )��.�E¢
��� ÉTÍ � É � 
 	 � � �����O� Í �B� É � 	 � ²¾³ µ¾¶ �

H > 0 � º�¸a´ ρH > 0
"c¸�µ���¸�´j¸�³¬¯�®°¶N®�¹¬´=®ç·�·c²i¶^¹¬´jµ¾¶N´ � µi¶��
º�¸�´ XH

1 , · · · , XH
i , · · ·"c¸y® � ® � � � ³Xµ¾¶ �s²i¯ �3µi³¬®çµ "aº�¸�¹ � ®°´
	��Z¸a³X²?¯�¸�µ¾¶ µi¶��%�¾µ¾³¬®çµ¾¶¿·c¸ σ2

H

� � � rH = bHρHc → ∞ � ® �
NH

HρH
−→ 1 ,

®°¶¦±;³X²#"cµ "a®°º�®°´ � � µi¶��?® � ´
	^¸ � ®°¶ �s¸'"c¸a³�¼�·�²¾¶ �¾®°´=®ç²¾¶

E[1
{|X

H
i

σH
| ≥ c

√
rH}

|X
H
i

σH
|2] −→ 0 ,

	^²¾º �3¹ � ²¾³
µi¶ � c > 0 � ´
	N¸�¶

1√
NH

NH∑

i=1

XH
i

σH
=⇒ N(0, 1)

µ¾¶ � 1√
HρH

NH∑

i=1

XH
i

σH
=⇒ N(0, 1) ,

®°¶ �¾®�¹¬´=³¬® "��R´=®ç²¾¶ µ3¹
H ↑ ∞ �

��É ���R��� 
 	 � 	 � SVbe\ � Ucv^[
P � ]^UcS ­ Q � [aY�Y q � q \Nt'SXbe\Nu�[ √
NH√
HρH

→ 1
b�\ r `Xg�� q �Nb � b�U�Q q S

H ↑ ∞ �^Ucv^[�Uj��g?u�g�\9�s[a` � [Z\Nu�[
`X[OSV] � UcS q `X[ b�\5tR[a[Zt�[Zd9]^be� qs� [Z\�UO¢
£%v^[�\^[a¥9U
UXv^[Zgs`c[aY r `Xg¾�Tbet^[ZS q SVUX`cgs\ � [a`�`X[OSV] � UO����b�UXv qDr `c[Zu�b�SX[�S�U q UX[ZY�[a\�U
g�\ Ucv^[ u�g�\9�s[Z` � [a\Nua[�gs�-u�g�\NtRb�UXbegs\ qs�

ucv q ` q u¬Uc[a`cbeSVUXb�u��°]N\Nu¬Ucb�g�\NSa�Tb�\ q S r [Ou�b qi� u q SX[-��v^[a`c[-�;gsUXv
σ2

H

q \Nt
ρH

q `c[�` q \Nt^gsY � q `cb q � � [OSa¢ n UÄb�SÃ]NSV[Ot¦b�\ q \¦[ZScSX[a\�Ucb qs�
� q Q�b�\ÅPT[Zu�UXbegs\ÅÂR�Rbe\ Ucv^[ r `cgTgi��gs�7£%v^[ag�`X[ZY �N¢áÂy�9Q�be\NtR]Nu�UXbegs\,¢
��� ÉTÍ � É � 
 	�� 	 � ²¾³Åµi¶ �

H > 0 � º�¸a´ XH
1 , · · · , XH

i , · · · "�¸D® � ® � � � ³Xµ¾¶ �s²i¯ �3µi³¬®çµ "aº�¸�¹ ·�²¾¶��i®°´�®ç²i¶;µiº°º � � � ³ � ´ � ´
	N¸ σ �µ¾º ¼9¸0"a³Xµ
FH � � ®°´
	��O¸a³V²'·c²i¶��¾®°´=®ç²¾¶¿µ¾º7¯�¸�µ¾¶ µ¾¶ ��·c²i¶��¾®°´=®ç²¾¶¿µ¾º��¾µ¾³¬®çµ¾¶¿·c¸ σ2

H � µi¶���º�¸a´ ρH > 0
"c¸�µ

FH
�
¯�¸�µ3¹1�R³Xµ "aº�¸�³ � � �

� � rH = bHρHc → ∞ ®°¶¦±¿³X² "�µ "a®°º»®¤´ � � ® �

FH(d) = P[ | NH

HρH
− 1| > d | FH ] −→ 0 , ö0; - ö M



��� ¸����N¸a¶5´�®çµ¾º��-µ¾³¬´=®ç·�º�¸ � º ¼9²¾³¬®°´
	T¯Æ´
	^µi´���¸c¸j±5¹�´
	N¸���µi³¬´�®ç·aº�¸ ��� ¹¬´j¸�¯ � º»®
�¾¸ ÀZ�

®°¶¦±;³X²#"cµ "a®°º�®°´ � � ²¾³
µ¾¶ � d > 0 � µi¶��?® � ´
	^¸�·c²i¶��¾®°´=®ç²¾¶¿µ¾º � ®°¶���¸0"�¸�³�¼'·c²i¶��i®°´�®ç²i¶

RH(c) = E[1
{|X

H
i

σH
| ≥ c

√
rH}

|X
H
i

σH
|2 | FH ] −→ 0 ,

	^²¾º �3¹�®°¶¦±¿³X² "�µ "a®°º»®¤´ � � ²¾³
µi¶ � c > 0 � ´
	N¸�¶ � ²i³yµi¶ � $��T¸ �¦³X¸cµiº,¶��R¯ "�¸a³ u

E[ exp{i u√
HρH

NH∑

j=1

XH
j

σH
} | FH ] −→ exp{− 1

2 u2} ,
�VÀ�)T�

®°¶
L

1 µ3¹ H ↑ ∞ � � � ®°¶ µ � �i®°´�®ç²i¶ σH√
ρH

→ σ√
ρ

®°¶¦±¿³X² "cµ#"a®°º»®¤´ � � ´
	N¸�¶ � ²¾³
µi¶ � $��9¸ �¦³V¸�µ¾ºÐ¶��R¯ "�¸�³ u

E[ exp{i u
√

H
1

NH

NH∑

j=1

XH
j } | FH ] −→ exp{− 1

2

u2 σ2

ρ
} ,

�VÀOz��

®°¶
L

1 µ3¹ H ↑ ∞ �
� SVbe\ � Ucv^[ �Ð[a�;[OS � ]^['tRgsY�be\ q Uc[Zt u�gs\T�s[a` � [a\5u�[�UXv^[Zgs`c[aY'�Ãb�U¦b�S¦SX] +?u�be[a\�U¦UXg r `cg3�s[ UXv q UÅ�VÀ�)9� q \5tÑ��À3zs�
v^g � tKbe\

r `Xg�� q �^b � b�U�Q�¢7£%vN[ r `cgTgs�Ðgs�7£%v^[ag�`X[ZY )N¢»Â�b�S r g9S�U r gs\^[Ot?Ucg¦k rNr [a\NtRb�¥'k�¢
��É ���R��� 
 	�� 	ln ����À�)T�Äv^g � t^SZ�TUcv^[a\'be\ rNq `VUcbeua] ��q `

ZH =
1√

HρH

NH∑

j=1

XH
j

σH
=⇒ N(0, 1) ,

b�\DtRb�S�Uc`Xbe�^]RUcb�g�\ q S
H ↑ ∞ ¢

��É ���R��� 
 	�� 	ln �
FH(d) → 0

be\ r `Xg�� q �^b � b�U�Q��¤g�` q \9Q
d > 0

�,�çgs`�[Zd9]^be� qi� [a\9U � Q¦be\
L

1
]NSXb�\ � Ucv^[ �,[Z�;[ZS � ]^[ tRg�Y�b�\ q UX[Ot

u�gs\T�s[a` � [Z\Nu�[«UXv^[Zgs`c[aY?�¬�^Ucv^[a\D[Zd9]^be� qs� [Z\�U � Q
E[FH(d)] → 0

�¤g�` q \TQ
d > 0

�;SVbe\Nua[ UXvN[ZSV[�`O¢ �¿¢ � S q `X[�\^gs\N\^[ �9q UXbe�s[s�^��vNbeu�v
Y�[ q \NS%UXv q U NH

HρH
→ 1

be\ r `Xg�� q �^b � b�U�Q q S
H ↑ ∞ ¢

£%v^[ ��q SVU1`c[ZSX] � U1gs�5Ucv^b�SoSX[Zu¬Ucb�g�\�b�S q u�[Z\�Uc` qs�R� b�Y�b�UoUXv^[Zgs`c[aYw�¤gs`7Uc`Xb q \ � ] ��q ` q `X` q QRS�gi�¿Y q `VUcbe\ ��qi� [�be\Nua`X[ZY�[Z\�U�S1S r `c[ q t
q u�`cg�ScS � [a\^[Z` q UXbegs\NS���b�UXv�` q \NtRg�Y SVbe§a[OSa¢ n U?b�S�]5SV[Ot be\ q \ [ZScSV[Z\�Ucb qs� � q Q�be\�PT[Ou¬Ucb�g�\�{^��be\ q \ qi� UX[Z`X\ q UX[ r `cgTgi�mgs�
£%v^[ag�`X[aY"�N¢áÂR¢
��� ÉTÍ � É � 
 	 ��� 	 � ²¾³¦µ¾¶ �

k = 0, 1, · · · , n � ºe¸�´ FH
k = {FH

k,i , i ≥ 0} "�¸?µ¾¶ ®°¶;·a³X¸cµ¾¹¬®°¶9¼'¹a¸ ���N¸a¶;·c¸?² � σ �
µ¾º ¼9¸0"a³Xµ3¹ � º�¸a´

NH
k

"�¸�µy¹¬´E²�±s±;®°¶T¼�´=®�¯¦¸ � � ³ � ´ �
FH

k � � 	R®ç· 	Dµ¾º¤º�² � ¹«´E² �s¸ $o¶¿¸«´
	N¸ σ �
µiº ¼9¸0"a³Xµ

HH
k = FH

k,NH
k

� µ3¹�¹1�R¯�¸«´
	^µ¾´ FH
0,0 = {∅,Ω}� � ²i³ k = 0 � µ¾¶ � FH

k,0 = HH
k−1

� � ²¾³ k = 1, · · · , n ��� µ¾¶ ��º�¸a´ {XH
k,i , i ≥ 1} "�¸«µ�¹a¸ ���N¸�¶¿·c¸«² � ¹����Nµ¾³X¸m®�¶5´E¸E¼s³Xµ "aº�¸m³Xµ¾¶ �s²i¯

�3µi³¬®çµ "aº�¸�¹
µ �sµc±¿´E¸ ��´j²
FH

k � ¹1�N· 	'´
	^µi´
E[XH

k,i | FH
k,i−1] = 0 ,

�VÀZ}��

E[ |XH
k,i|2 | FH

k,i−1] = V H
k,0 ,

�VÀ3Âs�
µ¾¶��

E[ |XH
k,i|2 1{|XH

k,i| > ε} | FH
k,i−1] ≤ Y H,ε

k,0 ,
�VÀZ{9�

� ²¾³
µ¾¶ � i ≥ 1 � � 	^¸a³V¸ V H
k,0

µi¶��
Y H,ε

k,0

µ¾³X¸y¯¦¸cµ¾¹��R³Xµ#"�ºe¸ � � ³ � ´ �
FH

k,0

� � � � ²i³yµi¶ � ε > 0

n∑

k=0

NH
k V H

k,0 −→ Wn
µi¶�� n∑

k=0

NH
k Y H,ε

k,0 −→ 0 ,
�VÀZÁ��

®°¶¦±;³X²#"cµ "a®°º�®°´ � � ´
	^¸a¶

SH
n =

n∑

k=0

NH
k∑

i=1

XH
k,i =⇒ N(0,Wn) ,

®°¶ �¾®�¹¬´=³¬® "��R´=®ç²¾¶ µ3¹
H ↑ ∞ �

£%v^[ r `XgTgs�¿gi�,£%v^[ag�`X[ZY )5¢�ÀO�«b�S r g9S�U r gs\^[Zt�UXgyk r^r [a\Nt^b�¥ �m¢1£%v^[-b�tR[ q b�S1UXgy`X[Z��`Xb�UX[
SH

n

q S q SXbe\ �s� [-SX]^Y q ua`Xg9SXS qs���
� [a\N[a` q UXbegs\5Sa� q \Nt«UXg-]NSX[ q u�[a\9UX` qi�s� b�Y�b�UÐUXv^[Zgs`c[aY��¤gs`,UX`cb q \ � ] �eq ` q `c` q QRS¿gi�RY q `XUXbe\ ��qs� [1b�\5u�`c[aY�[a\�U�S �á|R�3£%v^[Zgs`c[aY |R¢ {^¢ )9|5�E¢
-�- ò87�S19�4�9



À�) ����� ¸���ºeµ¾¶��
	�� ��
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� � �7�¦��� ����� � �������-� ��� �

�^g�` q \9Q?�;g�]^\NtR[Ot Y�[ q SV]^` q � � [m�¤]^\Nu�UXbegs\
φ

1{τN > n} 〈µN
n , φ〉 − 〈µn, φ〉 = 1{τN > n} 〈µN

n − µn, φ〉 − 1{τN ≤ n} 〈µn, φ〉 ,

q \Nt g�\ UXv^[ ¼9²Z² �?¹a¸a´
AN

n = {τN > n} b�U-v^g � t^S

〈µN
n − µn, φ〉 =

〈γN
n , φ〉

〈γN
n , 1〉 − 〈γn, φ〉

〈γn, 1〉 =
〈γN

n − γn, φ〉
〈γn, 1〉 − 〈µN

n , φ〉 〈γN
n − γn, 1〉
〈γn, 1〉 ,

v^[a\Nua[

| 1{τN > n} 〈µN
n , φ〉 − 〈µn, φ〉 |

≤ 1{τN > n}
| 〈γN

n − γn, φ〉 |
〈γn, 1〉 + ‖φ‖ 1{τN ≤ n} + ‖φ‖ 1{τN > n}

| 〈γN
n − γn, 1〉 |
〈γn, 1〉 ,

q \Nt�SXb�Y�b ��q ` � Q

1{τN > n} 〈γN
n , φ〉 − 〈γn, φ〉 = 1{τN > n} 〈γN

n − γn, φ〉 − 1{τN ≤ n} 〈γn, φ〉 ,

v^[a\Nua[
| 1{τN > n} 〈γN

n , φ〉 − 〈γn, φ〉 |
〈γn, 1〉 ≤ 1{τN > n}

| 〈γN
n − γn, φ〉 |
〈γn, 1〉 + ‖φ‖ 1{τN ≤ n} .

£%v^beS-SXv^g3�-S�Ucv q Uy�
)T� q \Nt ��z��ÄvNg � t ��b�UXv

zN
n = sup

φ : ‖φ‖=1

E[ 1
AN

n

| 〈γN
n − γn, φ〉 |
〈γn, 1〉 ] ,

q \Nt�Ucg r `cg3�s[�£%v^[ag�`X[ZY"|^¢ |
b�U-beS�[a\^g�] � v UXg r `Xg¾�s[mUcv q U�UXvN[�SX[Zd9]^[Z\Nu�[�tR[��N\^[Ot �TQ

zN
k = sup

φ : ‖φ‖=1

E[ 1
AN

k

| 〈γN
k − γk, φ〉 |
〈γk, 1〉 ]

q \5t
AN

k = {τN > k} ,

�¤gs` q \TQ
k = 0, 1, · · · , n

S q UcbeS �N[OSÄUcv^[ � be\^[ q `�`X[Ou�]^`�SXb�g�\B�ç}9�¬¢
�������
	 � 	��
	�� �
�
����� ��� � �Ngs`

k = 0
�^b�U-v^g � t^S

〈γN
0 − γ0, φ〉 = 〈δN

0 , φ〉 ,

�¤gs` q \TQ?�;g�]^\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu�UXbegs\
φ
�^��v^[Z`X[

δN
0 = g0 (ηN

0 − η0) = g0 (SN (η0) − η0) ,

�9Q tR[��5\^b�Ucb�g�\,¢o£%v^[Z`X[a�¤gs`c[

zN
0 = sup

φ : ‖φ‖=1

E[ 1
AN

0

| 〈γN
0 − γ0, φ〉 |
〈γ0, 1〉

] ≤ sup
φ : ‖φ‖=1

E
| 〈δN

0 , φ〉 |
〈γ0, 1〉

.

� giUcbeua[«Ucv q U
E | 〈δN

0 , φ〉 | ≤ 1√
N

[ var(g0 φ, η0) ]1/2 ≤ 1√
N

[ sup
x∈E

g0(x) 〈η0, g0〉 ]1/2 ‖φ‖ ,

q \Nt ] r g�\'tRbe�Tbet^b�\ � �9Q 〈γ0, 1〉 = 〈η0, g0〉
�^b�U-v^g � tNS

[ sup
x∈E

g0(x) 〈η0, g0〉 ]1/2

〈γ0, 1〉
= [

sup
x∈E

g0(x)

〈η0, g0〉
]1/2 =

√
ρ0 ,

ö0; - ö M



��� ¸����N¸a¶5´�®çµ¾º��-µ¾³¬´=®ç·�º�¸ � º ¼9²¾³¬®°´
	T¯Æ´
	^µi´���¸c¸j±5¹�´
	N¸���µi³¬´�®ç·aº�¸ ��� ¹¬´j¸�¯ � º»®
�¾¸ ÀOz

v^[a\Nua[
zN
0 ≤

√
ρ0√
N

.

�^g�` q \9Q
k = 1, · · · , n

�^b�U-v^g � t^S

γN
k − γk = gk ηN

k 〈γN
k−1, 1〉 − gk (γk−1 Qk)

= gk (γN
k−1 Qk − γk−1 Qk) + gk (ηN

k − µN
k−1 Qk) 〈γN

k−1, 1〉 ,

v^[a\Nua[
〈γN

k − γk, φ〉 = 〈γN
k−1 − γk−1, Qk(gk φ)〉 + 〈δN

k , φ〉 〈γN
k−1, 1〉 ,

�¤gs` q \TQ?�;g�]^\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu�UXbegs\
φ
�^��v^[Z`X[

δN
k = gk (ηN

k − µN
k−1 Qk) = gk (SN (µN

k−1 Qk) − µN
k−1 Qk) ,

�9Q tR[��5\^b�Ucb�g�\,¢o£%v^[Z`X[a�¤gs`c[

sup
φ : ‖φ‖=1

E[1
AN

k
| 〈γN

k − γk, φ〉 | ] ≤ sup
φ : ‖φ‖=1

E[1
AN

k−1
| 〈γN

k−1 − γk−1, Qk(gk φ)〉 | ]

+ sup
φ : ‖φ‖=1

E[ 1
AN

k−1
| 〈δN

k , φ〉 | 〈γN
k−1, 1〉 ]

≤ sup
x∈E

gk(x) sup
φ : ‖φ‖=1

E[1
AN

k−1
| 〈γN

k−1 − γk−1, φ〉 | ]

+ sup
φ : ‖φ‖=1

E[ 1
AN

k−1
| 〈δN

k , φ〉 | 〈γN
k−1, 1〉 ] ,

q \Nt ] r g�\'tRbe�Tbet^b�\ � �9Q 〈γk, 1〉 = 〈ηk, gk〉 〈γk−1, 1〉
�^b�U-v^g � t^S

zN
k = sup

φ : ‖φ‖=1

E[ 1
AN

k

| 〈γN
k − γk, φ〉 |
〈γk, 1〉 ]

≤
sup
x∈E

gk(x)

〈ηk, gk〉
sup

φ : ‖φ‖=1

E[ 1
AN

k−1

| 〈γN
k−1 − γk−1, φ〉 |
〈γk−1, 1〉

]

+ sup
φ : ‖φ‖=1

E[ 1
AN

k−1

| 〈δN
k , φ〉 | 〈γN

k−1, 1〉
〈γk, 1〉 ] ,

b�¢ [s¢
zN
k ≤ ρk zN

k−1 + εN
k ,

�=|i�9�
��b�Ucv Ucv^[ � gRu qs� [Z`X`cgs`

εN
k = sup

φ : ‖φ‖=1

E[ 1
AN

k−1

| 〈δN
k , φ〉 | 〈γN

k−1, 1〉
〈γk, 1〉 ] ,

q S��¤gs`�u�be\ � Uc[a`cY'¢ � giUcbeua[«UXv q U-gs\ Ucv^[ ¼�²O² �?¹�¸a´
AN

k−1 ∈ FN
k−1

E[ | 〈δN
k , φ〉 | | FN

k−1 ] ≤ 1√
N

[ var(gk φ, µN
k−1 Qk) ]1/2

≤ 1√
N

[ sup
x∈E

gk(x) 〈µN
k−1 Qk, gk〉 ]1/2 ‖φ‖ ,

v^[a\Nua[

E[ | 〈δN
k , φ〉 | 〈γN

k−1, 1〉 | FN
k−1 ] ≤ 1√

N
[ sup
x∈E

gk(x) 〈µN
k−1 Qk, gk〉 ]1/2 〈γN

k−1, 1〉 ‖φ‖

≤ 1√
N

[ sup
x∈E

gk(x) 〈γN
k−1 Qk, gk〉 〈γN

k−1, 1〉 ]1/2 ‖φ‖ ,
-�- ò87�5�6�4�7L8:S�9:N�9:j
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q \Nt ] r g�\'tRbe�Tbet^b�\ � �9Q 〈γk, 1〉 = 〈γk−1 Qk, gk〉 = 〈ηk, gk〉 〈γk−1, 1〉
�^b�U-v^g � t^S

[ sup
x∈E

gk(x) 〈γN
k−1 Qk, gk〉 〈γN

k−1, 1〉 ]1/2

〈γk, 1〉

= [

sup
x∈E

gk(x)

〈ηk, gk〉
〈γN

k−1 Qk, gk〉
〈γk−1 Qk, gk〉

〈γN
k−1, 1〉

〈γk−1, 1〉
]1/2

≤ √
ρk [ 1 +

| 〈γN
k−1 − γk−1, Qk gk〉 |
〈ηk, gk〉 〈γk−1, 1〉

]1/2 [ 1 +
| 〈γN

k−1 − γk−1, 1〉 |
〈γk−1, 1〉

]1/2

≤ √
ρk [ 1 + 1

2

| 〈γN
k−1 − γk−1, Qk gk〉 |
〈ηk, gk〉 〈γk−1, 1〉

+ 1
2

| 〈γN
k−1 − γk−1, 1〉 |
〈γk−1, 1〉

] ,

]NSVbe\ � UXvN[�SVUX` q b � v9UV�¤gs`c� q `ct�[OS�Ucb�Y q Uc[ √
1 + x

√
1 + y ≤ 1+ 1

2 x+ 1
2 y
�s��v^b�u�v�v^g � t^S��¤gs` q \9Q�\^g�\^\^[ �9q Ucb��s[�`c[ qi� \9]^Yy�;[Z`cS

x ≥ 0
q \Nt

y ≥ 0
¢o£%v^[a`c[��¤g�`X[

εN
k ≤

√
ρk√
N

[ 1 + 1
2 E[ 1

AN
k−1

| 〈γN
k−1 − γk−1, Qk gk〉 |
〈ηk, gk〉 〈γk−1, 1〉

]

+ 1
2 E[ 1

AN
k−1

| 〈γN
k−1 − γk−1, 1〉 |
〈γk−1, 1〉

] ]

≤
√

ρk√
N

[ 1 + 1
2 ρk sup

φ : ‖φ‖=1

E[ 1
AN

k−1

| 〈γN
k−1 − γk−1, φ〉 |
〈γk−1, 1〉

]

+ 1
2 E[ 1

AN
k−1

| 〈γN
k−1 − γk−1, 1〉 |
〈γk−1, 1〉

] ]

≤
√

ρk√
N

[ 1 + ρk sup
φ : ‖φ‖=1

E[ 1
AN

k−1

| 〈γN
k−1 − γk−1, φ〉 |
〈γk−1, 1〉

] ]

≤
√

ρk√
N

(1 + ρk zN
k−1) ,

q \Nt r^� ] ��� be\ � Ucv^beS�[OS�Ucb�Y q UX[ be\�UcgD�=|i�9�ÄQ9be[ � t^S

zN
k ≤ ρk (1 +

√
ρk√
N

) zN
k−1 +

√
ρk√
N

. 2

� � �7�¦��� ����� � �������-� � � �

�^g�` q \9Q?�;g�]^\NtR[Ot Y�[ q SV]^` q � � [m�¤]^\Nu�UXbegs\
φ

〈µH
n − µn, φ〉 =

〈γH
n , φ〉

〈γH
n , 1〉 − 〈γn, φ〉

〈γn, 1〉 =
〈γH

n − γn, φ〉
〈γn, 1〉 − 〈µH

n , φ〉 〈γH
n − γn, 1〉
〈γn, 1〉 ,

v^[a\Nua[

| 〈µH
n − µn, φ〉 | ≤ | 〈γH

n − γn, φ〉 |
〈γn, 1〉 + ‖φ‖ | 〈γH

n − γn, 1〉 |
〈γn, 1〉 .

£%v^beS-SXv^g3�-S�Ucv q Uy�ç{9�ÄvNg � t^S%��b�UXv

zH
n = sup

φ : ‖φ‖=1

E[
| 〈γH

n − γn, φ〉 |
〈γn, 1〉 ] ,

q \Nt�Ucg r `cg3�s[�£%v^[ag�`X[ZY �N¢ )�b�U-beS�[a\^g�] � v UXg r `Xg¾�s[mUcv q U�UXvN[�SX[Zd9]^[Z\Nu�[�tR[��N\^[Ot �TQ

zH
k = sup

φ : ‖φ‖=1

E[
| 〈γH

k − γk, φ〉 |
〈γk, 1〉 ] ,

ö0; - ö M
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�¤gs` q \TQ
k = 0, 1, · · · , n

�NS q UcbeS �N[ZS�UXvN[ � be\^[ q `%`c[Zua]^`�SVbegs\ �çÁ���¢
�������
	 � 	��
	�� �
�
����� ���
� �Ngs`

k = 0
�^b�U-v^g � t^S

〈γH
0 − γ0, φ〉 = 〈δH

0 , φ〉 ,

�¤gs` q \TQ?�;g�]^\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu�UXbegs\
φ
�^��v^[Z`X[

δH
0 = g0 (ηH

0 − η0) = g0 (SNH
0 (η0) − η0) ,

�9Q tR[��5\^b�Ucb�g�\,¢o£%v^[Z`X[a�¤gs`c[

zH
0 = sup

φ : ‖φ‖=1

E[
| 〈γH

0 − γ0, φ〉 |
〈γ0, 1〉

] = sup
φ : ‖φ‖=1

E[
| 〈δH

0 , φ〉 |
〈γ0, 1〉

] .

n U%�¤g ��� g¾�-S��¤`Xg�Y UXvN[�`X[��N\^[Zt [OS�Ucb�Y q Uc[ gs� �,[aY�Y q )5¢ |yUXv q U

E | 〈δH
0 , φ〉 | ≤ ωH [ 〈η0, g0〉 + ωH sup

x∈E
g0(x) ] ‖φ‖ ,

q \Nt ] r g�\'tRbe�Tbet^b�\ � �9Q 〈γ0, 1〉 = 〈η0, g0〉
�^b�U-v^g � tNS

〈η0, g0〉 + ωH sup
x∈E

g0(x)

〈γ0, 1〉
= 1 + ωH

sup
x∈E

g0(x)

〈η0, g0〉
= 1 + ωH ρ0 ,

v^[a\Nua[
zH
0 ≤ ωH (1 + ωH ρ0) .

�^g�` q \9Q
k = 1, · · · , n

�^b�U-v^g � t^S

γH
k − γk = gk ηH

k 〈γH
k−1, 1〉 − gk (γk−1 Qk)

= gk (γH
k−1 Qk − γk−1 Qk) + gk (ηH

k − µN
k−1 Qk) 〈γH

k−1, 1〉 ,

v^[a\Nua[
〈γH

k − γk, φ〉 = 〈γH
k−1 − γk−1, Qk(gk φ)〉 + 〈δH

k , φ〉 〈γH
k−1, 1〉 ,

�¤gs` q \TQ?�;g�]^\NtR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu�UXbegs\
φ
�^��v^[Z`X[

δH
k = gk (ηH

k − µN
k−1 Qk) = gk (SNH

k (µH
k−1 Qk) − µH

k−1 Qk) ,

�9Q tR[��5\^b�Ucb�g�\,¢o£%v^[Z`X[a�¤gs`c[

sup
φ : ‖φ‖=1

E | 〈γH
k − γk, φ〉 | ≤ sup

φ : ‖φ‖=1

E | 〈γH
k−1 − γk−1, Qk(gk φ)〉 |

+ sup
φ : ‖φ‖=1

E[ | 〈δH
k , φ〉 | 〈γH

k−1, 1〉 ]

≤ sup
x∈E

gk(x) sup
φ : ‖φ‖=1

E | 〈γH
k−1 − γk−1, φ〉 |

+ sup
φ : ‖φ‖=1

E[ | 〈δH
k , φ〉 | 〈γH

k−1, 1〉 ] ,

q \Nt ] r g�\'tRbe�Tbet^b�\ � �9Q 〈γk, 1〉 = 〈ηk, gk〉 〈γk−1, 1〉
�^b�U-v^g � t^S

zH
k = sup

φ : ‖φ‖=1

E[
| 〈γH

k − γk, φ〉 |
〈γk, 1〉 ]

≤
sup
x∈E

gk(x)

〈ηk, gk〉
sup

φ : ‖φ‖=1

E[
| 〈γH

k−1 − γk−1, φ〉 |
〈γk−1, 1〉

]

+ sup
φ : ‖φ‖=1

E[
| 〈δH

k , φ〉 | 〈γH
k−1, 1〉

〈γk, 1〉 ] ,
-�- ò87�S19�4�9
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b�¢ [s¢
zH
k ≤ ρk zH

k−1 + εH
k ,

�=|RÀ3�
��b�Ucv Ucv^[ � gRu qs� [Z`X`cgs`

εH
k = sup

φ : ‖φ‖=1

E[
| 〈δH

k , φ〉 | 〈γH
k−1, 1〉

〈γk, 1〉 ] ,

q S��¤gs`�u�be\ � Uc[a`cY'¢ n U��¤g ��� g3�-S��¤`cgsY UXv^[�`c[��N\N[Zt [ZSVUXbeY q Uc[ gi� p [aY q ` ­ )N¢ )'�¤b°�ÄUcv q U

E[ | 〈δH
k , φ〉 | | HH

k−1 ] ≤ ωH [ 〈µH
k−1 Qk, gk〉 + ωH sup

x∈E
gk(x) ] ‖φ‖ ,

v^[a\Nua[

E[ | 〈δH
k , φ〉 | 〈γH

k−1, 1〉 | HH
k−1 ] ≤ ωH [ 〈µH

k−1 Qk, gk〉 + ωH sup
x∈E

gk(x) ] 〈γH
k−1, 1〉 ‖φ‖

≤ ωH [ 〈γH
k−1 Qk, gk〉 + ωH sup

x∈E
gk(x) 〈γH

k−1, 1〉 ] ‖φ‖ ,

q \Nt ] r g�\'tRbe�Tbet^b�\ � �9Q 〈γk, 1〉 = 〈γk−1 Qk, gk〉 = 〈ηk, gk〉 〈γk−1, 1〉
�^b�U-v^g � t^S

〈γH
k−1 Qk, gk〉 + ωH sup

x∈E
gk(x) 〈γH

k−1, 1〉

〈γk, 1〉

=
〈γH

k−1 Qk, gk〉
〈γk−1 Qk, gk〉

+ ωH

sup
x∈E

gk(x)

〈ηk, gk〉
〈γH

k−1, 1〉
〈γk−1, 1〉

≤ 1 +
| 〈γH

k−1 − γk−1, Qk gk〉 |
〈ηk, gk〉 〈γk−1, 1〉

+ ωH ρk [ 1 +
| 〈γH

k−1 − γk−1, 1〉 |
〈γk−1, 1〉

] .

£%v^[a`c[��¤gs`c[

εH
k ≤ ωH [ 1 + E[

| 〈γH
k−1 − γk−1, Qk gk〉 |
〈ηk, gk〉 〈γk−1, 1〉

]

+ ωH ρk [ 1 + E[
| 〈γH

k−1 − γk−1, 1〉 |
〈γk−1, 1〉

] ] ]

≤ ωH [ 1 + ρk sup
φ : ‖φ‖=1

E[
| 〈γH

k−1 − γk−1, φ〉 |
〈γk−1, 1〉

]

+ ωH ρk [ 1 + E[
| 〈γH

k−1 − γk−1, 1〉 |
〈γk−1, 1〉

] ] ]

≤ ωH [ 1 + ρk zH
k−1 + ωH ρk (1 + zH

k−1) ] ,

q \Nt r^� ] ��� be\ � Ucv^beS�[OS�Ucb�Y q UX[ be\�UcgD�=|RÀ3�ÄQ9be[ � t^S

zH
k ≤ ρk (1 + ωH + ω2

H) zH
k−1 + ωH (1 + ωH ρk) . 2

� � �7�¦��� ����� � �������-� � � ��� + ��� � ���o	������

n \��9be[a� gi� p [aY q ` ­ �^¢ { q �;g¾�s[s��Ucv^[ r `cgs� � [aY)`c[ZtR]Nua[ZS�Ucg r `Xg¾�s[ ��ÀO|��¬�7b=¢ [�¢ÐUXg r `cg3�s[ q SVQTY r UXgsUXb�u¦\^gs`cY qi� b�UjQ �¤g�`�Ucv^[
]^\^\^gs`cY qi� be§a[Zt � be\^[ q `%ªNg3��¢o£%v^[ r `XgTgs� � be�s[a\��;[ � g¾�Ï�¤g ��� g3�-S�Ucv^[ qir^r `cg q ucv gi�!� Á^�N£%v^[ag�`X[aY ) �,�TQ?be\NtR]5u¬UXbegs\Ð¢
�������
	 � 	��
	�� �
�
����� ����� � gsUXb�u�[ �N`cSVU%Ucv q U

〈γH
0 − γ0, φ〉 = 〈SNH

0 (η0) − η0, g0 φ〉 =
1

NH
0

NH
0∑

j=1

XH
0,j(φ) ,

ö0; - ö M
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��v^[a`c[
XH

0,j(φ) = g0(ξ
j
0)φ(ξj

0) − 〈η0, g0 φ〉 ,

�¤gs` q \9Q
j = 1, · · · , NH

0

� q \Nt ��v^[a`c[
ξ1
0 , · · · , ξj

0, · · ·
q `c[�b=¢ b=¢ tä¢,` q \NtRg�Y�� q `Xb q � � [ZS«��b�UXv uagsY�Y�gs\ r `cgs� q �^b � b�UjQ t^beSVUX`cb �

�^]RUXbegs\
η0
�ov^[Z\Nu�[ Ucv^[�` q \NtRg�Y¡� q `Xb q � � [OS

XH
0,1(φ), · · · , XH

0,j(φ), · · · q `c[ b�¢ b=¢ tä¢1��b�Ucv §a[Z`XgBY�[ q \ q \NtK��b�Ucv � q `Xb q \5u�[

var(g0 φ, η0)
be\NtR[ r [a\NtR[Z\�Ulgs�

H > 0
¢ n U��¤g ��� g¾�-S��¤`cgsY �Ð[aY�Y q )5¢ ��UXv q U NH

0

H
→ ρ0

b�\ r `Xg�� q �^b � b�U�Q q S
H ↑ ∞ �Nv^[a\5u�[UXv^[ q SXSX]^Y r UXbegs\NS%gs�7£%v^[ag�`X[ZY )5¢ z q `c[ S q UcbeS �N[Zt,� q \Nt�Ucv^[�be\NtR]Nu¬Ucbegs\ q ScSV]^Y r Ucb�g�\ �VÀO|��Äv^g � t^S q U-SVUX[ r

0
�^��b�Ucv

V0(φ) 〈γ0, 1〉2 = var(g0 φ, η0)
1

ρ0
.

klScSV]^Y�[�\^g3��Ucv q U�UXvN[ be\NtR]5u¬UXbegs\ q SXSX]^Y r UXbegs\ ��À3|s�Äv^g � tNS q UlS�Uc[ r
(k − 1)

¢ � giUXb�u�[ UXv q U

γH
k − γk = γH

k − γH
k−1 Rk + (γH

k−1 − γk−1)Rk ,

v^[a\Nua[
〈γH

k − γk, φ〉 = 〈γH
k − γH

k−1 Rk, φ〉 + 〈γH
k−1 − γk−1, Rk φ〉 ,

�¤gs` q \9QD�;gs]^\5tR[Zt Y�[ q SX]^` q � � [��¤]^\Nu�UXbegs\
φ
� q \NtDUcv^[ ��q SVUmUc[a`cY � gT[OS-Ucg §Z[a`cg�be\ r `Xg�� q �^b � b�U�Q q S

H ↑ ∞ ¢ � gsUXb�u�[ qi� SVgUXv q U

〈γH
k − γH

k−1 Rk, φ〉 = 〈SNH
k (µH

k−1 Qk) − µH
k−1 Qk, gk φ〉 〈γH

k−1, 1〉 =
1

NH
k

NH
k∑

j=1

XH
k,j(φ) ,

��v^[a`c[
XH

k,j(φ) = [ gk(ξj
k)φ(ξj

k) − 〈µH
k−1 Qk, gk φ〉 ] 〈γH

k−1, 1〉 ,
�¤gs` q \9Q

j = 1, · · · , NH
k

� q \Nt���vN[a`c[s�9uags\NtRb�UXbegs\ qi�e� Q
��¢ `O¢ UO¢iUcv^[
σ
¨ qi�e� [a�^` q

HH
k−1

� [a\^[Z` q UX[Zt��9Q
Ucv^[ rNq `VUcbeu � [lSXQRS�Uc[aY(] r
UXg UXv^[

(k−1)
¨�UXv � [a\^[Z` q UXbegs\,�¾UXvN[�` q \NtRg�Yw� q `Xb q � � [OS

ξ1
k, · · · , ξj

k, · · · q `c[%b�¢ b=¢ t,¢i��b�UXv?u�gsY�Y�gs\ r `Xg�� q �^b � b�U�Qyt^beSVUX`cbe�^]RUXbegs\
µH

k−1 Qk
�,v^[Z\Nu�[�Ucv^[�` q \NtRg�Y � q `cb q � � [ZS

XH
k,1(φ), · · · , XH

k,j(φ), · · · q `c[
b=¢ b�¢ tä¢ä��b�UXv §Z[a`cg�uags\NtRb�UXbegs\ qi� Y�[ q \ q \NtB��b�Ucvu�gs\5tRb�Ucb�g�\ qi� � q `cb q \Nu�[
(σH

k (φ))2 = var(gk φ, µH
k−1 Qk) 〈γH

k−1, 1〉2 .
n \��Tbe[a�Ñgi� p [ZY q ` ­ )5¢ )D�¤beb°�

FH(d) = P[ | NH
k

HρH
k

− 1| > d | HH
k−1 ] −→ 0

��b�UXv
ρH

k =

sup
x∈E

gk(x)

〈µH
k−1 Qk, gk〉

,

b�\ r `Xg�� q �Nb � b�U�Qy�¤gs` q \9Q
d > 0

� q S
H ↑ ∞ ¢ n UÃ�¤g ��� g3�-S1�¤`cgsY(£%v^[Zgs`c[aY(�^¢ ) q \Nt �,[ZY�Y q �m¢á|«UXv q U 〈γH

k−1, 1〉 → 〈γk−1, 1〉
�

〈µH
k−1 Qk, gk〉 → 〈ηk, gk〉

q \Nt
var(gk φ, µH

k−1 Qk) → var(gk φ, ηk)
be\ r `cgs� q �^b � b�UjQ��,v^[a\Nua[

ρH
k → ρk

q \Nt
σH

k (φ) →
σk(φ)

b�\ r `Xg�� q �Nb � b�U�Q q S
H ↑ ∞ �^��b�Ucv

σ2
k(φ) = var(gk φ, µk−1 Qk) 〈γk−1, 1〉2 .

£%v^[a`c[��¤gs`c[s�TUXv^[ q SXSX]^Y r Ucb�g�\NS�gs�7£%v^[ag�`X[ZY )N¢»Â q `c[ S q UcbeS �N[Otä� q \5t��¤gs` q \9Q �^¥R[Ot `c[ qi� \9]^Yy�;[Z`
u
�Rb�U-v^g � t^S

E[ exp{i u
√

H 〈γH
k − γH

k−1 Rk, φ〉} | HH
k−1]

= E[ exp{i u
√

H
1

NH
k

NH
k∑

j=1

XH
k,j(φ)} | HH

k−1] −→ exp{− 1
2 u2 σ2

k(φ)

ρk
} ,

�=|s|��

-�- ò87�S19�4�9
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b�\
L

1 q S H ↑ ∞ ¢ � gsUXb�u�[ UXv q U

E[ exp{i u
√

H 〈γH
k − γk, φ〉} ] − exp{− 1

2 u2 σ2
k(φ)

ρk
− 1

2 u2 Vk−1(Rk φ) 〈γk−1, 1〉2}

= E[ E[ exp{i u
√

H 〈γH
k − γH

k−1 Rk, φ〉} | HH
k−1] exp{i u

√
H 〈γH

k−1 − γk−1, Rk φ〉} ]

− exp{− 1
2 u2 σ2

k(φ)

ρk
} E[ exp{i u

√
H 〈γH

k−1 − γk−1, Rk φ〉} ]

+ exp{− 1
2 u2 σ2

k(φ)

ρk
} E[ exp{i u

√
H 〈γH

k−1 − γk−1, Rk φ〉} ]

− exp{− 1
2 u2 σ2

k(φ)

ρk
} exp{− 1

2 u2 Vk−1(Rk φ) 〈γk−1, 1〉2} ,

q \Nt�Ucv^[ UX`cb q \ �s� [«be\^[Zd9] qs� b�U�Q?QTbe[ � t^S

|E[ exp{i u
√

H 〈γH
k − γk, φ〉} ] − exp{− 1

2 u2 σ2
k(φ)

ρk
− 1

2 u2 Vk−1(Rk φ) 〈γk−1, 1〉2} |

≤ E|E[ exp{i u
√

H 〈γH
k − γH

k−1 Rk, φ〉} | HH
k−1] − exp{− 1

2 u2 σ2
k(φ)

ρk
} |

+ |E[ exp{i u
√

H 〈γH
k−1 − γk−1, Rk φ〉} ] − exp{− 1

2 u2 Vk−1(Rk φ) 〈γk−1, 1〉2} | ,

��v^[a`c[oUXv^[ �N`cSVUÐUc[a`cY � gR[ZSäUcgl§Z[a`cg-]NSXbe\ � �=|s|s��� q \5t UXvN[�SV[Ou�g�\Nt UX[a`cY � gR[ZS,UXgl§Z[a`cglSXbe\Nu�[ÃUXv^[Äbe\NtR]5u¬UXbegs\ q SXSX]^Y r Ucb�g�\?�VÀO|��
v^g � t^S q U-SVUX[ r

(k − 1)
� q S

H ↑ ∞ ¢o£%vN[a`X[a�¤gs`c[s�TUXv^[�be\NtR]Nu�UXbegs\ q ScSV]^Y r Ucb�g�\ ��ÀO|��Äv^g � t^S q U-SVUX[ r k
�^��b�Ucv

Vk(φ) 〈γk, 1〉2 =
σ2

k(φ)

ρk
+ Vk−1(Rk φ) 〈γk−1, 1〉2 ,

q \Nt b�UX[Z` q UXbe\ � Ucv^[ q �;g¾�s[«`c[ ��q Ucb�g�\ QTb�[ � t^S

Vn(φ) 〈γn, 1〉2 = V0(R1:n φ) 〈γ0, 1〉2 +

n∑

k=1

σ2
k(Rk+1:n φ)

1

ρk

= var(g0 R1:n φ, η0)
1

ρ0
+

n∑

k=1

var(gk Rk+1:n φ, ηk)
〈γk−1, 1〉2

ρk
,

��v^beu�v�b�SÃUXvN[m[�¥ r `c[ZScSXb�g�\ � be�s[a\?be\B�VÀZ���1�¤gs`ÄUcv^[ q SVQTY r UcgiUXb�u-� q `cb q \Nu�[�¢ n \��Tb�[Z��gi� p [ZY q ` ­ �^¢ {^��Ucv^beS �N\^b�SVvN[ZSÃUcv^[ r `XgTgs�
gi�7£%v^[Zgs`c[aY"�^¢»ÂT¢

� ����	��%�7��
 	��¡$ �7��� � ����� ���������-� � � �

£%v^[ qi� UX[Z`X\ q UX[ r `cgTgs� � b��s[Z\K�;[ � g3� �¤g �e� g¾�-SyUcv^[ qsr^r `cg q ucv�gs� � �^� �Äv qir Uc[a`¦Á��E�ÃSX[a[ qi� SXg �»ÂT� f `cg r g9SVb�UXbegs\ |R¢ Á^� �Ägs`cg � �
�eq `XQ |R¢á|i���E� q \Nt `c[ � b�[OS g�\ q \ qsr^r `cgO¥RbeY q UX[¦tR[ZuagsY r g�SXb�Ucbegs\ gi� √

H 〈γH
n − γn, φ〉 b�\ UX[a`cY¦S�gi� q UX`cb q \ � ] �eq ` q `c` q QDgs�Y q `VUcb�\ ��qi� [ b�\Nua`X[ZY�[a\�U�Sa�Ã��b�UXv q tRb�Ç;[Z`X[Z\�U¦` q \NtRgsY�\9]^Yy�;[Z`

σH
n = NH

0 + · · · + NH
n

gi�«SV]Nu�v be\Nu�`c[aY�[a\9UcS�gs\ [ q u�v
tRb�Ç¿[a`c[a\9U�`cg3� gs�ÄUXv^[ q `c` q Qs¢�£%v^b�S�`X[Od9]^b�`c[ZS q S r [Ou�b,�5u�ua[a\9UX` qi�1� b�Y�b�U�Ucv^[ag�`X[ZY���SX[a[¦£%vN[ags`c[aY#{^¢eÀ��;[ � g¾���Ð��v^b�ucv b�S gs�
b�\Nt^[ r [a\Nt^[a\�Ulbe\�UX[Z`X[OS�UO¢

�,[aU
f = (f0, f1, · · · , fn)

�;[ q \ q `c�^b�UX` q `cQyu�g �e� [Zu¬Ucb�g�\�gi�ä�;gs]^\5tR[Zt�Y�[ q SV]^` q � � [%�¤]^\Nu¬Ucb�g�\NSZ¢7�Ngs` q \9Q
i = 1, · · · , NH

0

�
UXv^[�` q \NtRg�Y � q `cb q � � [

XH
0,i(f) =

1

ρ0

√
H

[f0(ξ
i
0) − 〈η0, f0〉]

��v^[a`c[
ρ0 =

sup
x∈E

g0(x)

〈η0, g0〉
,

beS�Y�[ q SX]^` q � � [l��¢ `Z¢ UZ¢
FH

0,i

�R��v^[a`c[
ξ1
0 , · · · , ξi

0, · · ·
q `X[mb�¢ b=¢ tä¢R` q \NtRgsY � q `cb q � � [OSo��b�UXv�uagsY�Y�gs\ r `cgs� q �^b � b�UjQ¦t^beSVUX`cbe�^]RUXbegs\

η0
¢ � gs`c[ag¾�s[a`

E[XH
0,i(f) | FH

0,i−1] = 0 ,
�=|i���
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q \Nt
E[ |XH

0,i(f)|2 | FH
0,i−1] =

1

(ρ0

√
H)2

var(f0, η0) = V H
0,0(f) ,

�=|�)9�

��b�Ucv Ucv^[�u�g�\9�s[Z\�UXbegs\
FH

0,0 = {∅,Ω} ¢ � gsUXb�u�[ UXv q U

|XH
0,i(f)| ≤ 1

ρ0

√
H

2 ‖f0‖
q \Nt

ρ0 ≥ 1 ,

v^[a\Nua[«�¤g�` q \9Q
ε > 0

E[ |XH
0,i(f)|2 1{|XH

0,i(f)| > ε} | FH
0,i−1]

≤ 1

ρ0 H
(2 ‖f0‖)2 1

{ 1√
H

2 ‖f0‖ > ε}
= Y H,ε

0,0 (f) .

�=|sz��

�^g�` q \9Q
k = 1, · · · , n

�RUcv^[�` q \NtRg�Y � q `cb q � � [

ρH
k =

sup
x∈E

gk(x)

〈µH
k−1 Qk, gk〉

,

beS�Y�[ q SX]^` q � � [«��¢ `O¢ UZ¢
HH

k−1 = FH
k,0

� q \Nt��¤g�` q \9Q
i = 1, · · · , NH

k

�RUcv^[�` q \NtRgsY � q `Xb q � � [

XH
k,i(f) =

〈γH
k−1, 1〉

ρH
k

√
H

[fk(ξi
k) − 〈µH

k−1 Qk, fk〉] ,

beSÃY�[ q SX]^` q � � [���¢ `Z¢ UZ¢
FH

k,i

����v^[Z`X[��9u�g�\NtRb�UXbegs\ qs��� Q
��¢ `O¢ UZ¢sUXv^[
σ
¨ qs��� [a�^` q

HH
k−1

� [a\^[a` q Uc[Zt��TQ
UXv^[ r5q `XUXb�u � [lSVQRSVUX[aY(] r UXg
UXv^[

(k − 1)̈
�Ucv � [a\^[Z` q UXbegs\,�^UXvN[y` q \NtRgsY½� q `cb q � � [OS

ξ1
k, · · · , ξi

k, · · · q `c[�b=¢ b=¢ tä¢5��b�UXv uagsY�Y�gs\ r `cgs� q �^b � b�UjQ�t^beSVUX`cbe�^]RUXbegs\
µH

k−1 Qk
¢ � gs`c[ag¾�s[a`

E[XH
k,i(f) | FH

k,i−1] = 0 ,
�=|i}��

q \Nt

E[ |XH
k,i(f)|2 | FH

k,i−1] =
〈γH

k−1, 1〉2

(ρH
k

√
H)2

var(fk, µH
k−1 Qk) = V H

k,0(f) ,
�=|�Âi�

��v^[a`c[«UXv^[�` q \NtRg�Y � q `cb q � � [
V H

k,0(f)
b�S%Y�[ q SV]^` q � � [«��¢ `Z¢ UZ¢

HH
k−1 = FH

k,0

¢ � giUXb�u�[ UXv q U

|XH
k,i(f)| ≤ 〈γH

k−1, 1〉
ρH

k

√
H

2 ‖fk‖
q \5t

ρH
k ≥ 1 ,

v^[a\Nua[«�¤g�` q \9Q
ε > 0

E[ |XH
k,i(f)|2 1{|XH

k,i(f)| > ε} | FH
k,i−1]

≤ 〈γH
k−1, 1〉2
ρH

k H
(2 ‖fk‖)2 1

{〈γ
H
k−1, 1〉√

H
2 ‖fk‖ > ε}

= Y H,ε
k,0 (f) ,

�=|i{9�

��v^[a`c[«UXv^[�` q \NtRg�Y � q `cb q � � [
Y H,ε

k,0 (f)
b�S%Y�[ q SV]N` q � � [«��¢ `Z¢ UZ¢

HH
k−1 = FH

k,0

¢
��� ÉTÍ � É � � 	 � 	 � ²i³yµ¾¶ � ·c²iº°º�¸�·�´=®ç²¾¶

f = (f0, f1, · · · , fn)
² � "c².�R¶���¸ �?¯¦¸cµ¾¹��R³Xµ#"�ºe¸ � �R¶;·a´=®ç²¾¶^¹

SH
n (f) =

n∑

k=0

NH
k∑

i=1

XH
k,i(f) =⇒ N(0,Wn(f)) ,

®°¶ �¾®�¹¬´=³¬® "��R´=®ç²¾¶ µ3¹
H ↑ ∞ � � ®°´
	Åµ¾¹ � ¯-±¿´E²i´�®ç· �¾µ¾³¬®çµ¾¶¿·c¸

Wn(f) =
1

ρ0
var(f0, η0) +

n∑

k=1

〈γk−1, 1〉2
ρk

var(fk, ηk) .
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f 7−→ SH

n (f)
b�S � b�\N[ q `?�¤��v^b�u�v be\Nu�b�tR[Z\�U qs��� Q b�Y r^� b�[OS«Ucv q U�UXv^[¦Y qir^r b�\ �

f 7−→
Wn(f)

b�S�d�] q tR` q UcbeuO�¬�¿Ucv^[�`c[ZSX] � U gi�%£%v^[ag�`X[ZY�{^¢eÀ�beS [ q SVb � QD[�¥TUX[Z\NtR[Zt Ucg q \9Q u�g ��� [Zu�UXbegs\
f = (f0, f1, · · · , fn)

gi�
d
¨

tRb�Y�[Z\NSVbegs\ qi� �5g�]^\NtR[Ot¦Y�[ q SX]^` q � � [%�¤]^\5u¬UXbegs\5Sa�T]NSVbe\ � UXv^[ �Ä` q Y�_a`�¨ � g � t�tR[Z�Tbeua[s� q \Nt¦b�UÄ�¤g �e� g3�-S1�¤`cgsY(UXv^[«S�Uc`X]Nu�UX]^`c[-gs�
UXv^[ q SVQTY r UXgsUXb�um� q `cb q \Nu�[mUXv q U�UXv^[�` q \Nt^gsY � q `Xb q � � [ZS

(

NH
0∑

i=1

XH
0,i(f), · · · ,

NH
k∑

i=1

XH
k,i(f), · · · ,

NH
n∑

i=1

XH
n,i(f)) ,

q `c[«Yy]RUc] qi�e� Q�be\NtR[ r [a\NtR[Z\�UO� q SVQTY r UcgiUcbeu qi�e� Q q S
H ↑ ∞ ¢

�������
	 �
	 �
	 � � �
� ��� ��� � n U«�¤g �e� g3�-Sm�¤`Xg�Y��=|i�9� q \NtK�=|i}9�¬�¿�¤`cgsY ��|.)9� q \Nt ��|9Âi�¬� q \NtÅ�¤`Xg�Y��=|sz�� q \NtK�=|i{9�¬�¿UXv q U
UXv^[ q SXSX]^Y r Ucb�g�\NS¦��ÀO}��¬�Ä�VÀ3Âs� q \5t ��ÀO{��mgs�%£%v^[Zgs`c[aY6)5¢�ÀO� q `c[�S q UcbeS �N[Otä�Ð`X[OS r [Ou¬UXbe�s[ � Q�¢ n U��¤g ��� g3�-S«�¤`cgsY#£%v^[Zgs`c[aY �N¢ )
q \Nt �Ð[aY�Y q �m¢ |�Ucv q U 〈γH

k−1, 1〉 → 〈γk−1, 1〉
q \Nt

var(fk, µH
k−1 Qk) → var(fk, ηk)

be\ r `Xg�� q �^b � b�U�Q q S
H ↑ ∞ �9�¤gs` q \9Q

k = 1, · · · , n
¢Ã£%v^[a`c[��¤gs`c[s�Rb�U��¤g ��� g¾�-SÄ�¤`cgsY p [aY q ` ­ �^¢eÀmUcv q U

n∑

k=0

NH
k V H

k,0(f) =
NH

0

H ρ0

1

ρ0
var(f0, η0) +

n∑

k=1

NH
k

H ρH
k

〈γH
k−1, 1〉2
ρH

k

var(fk, µH
k−1 Qk)

−→ Wn(f) =
1

ρ0
var(f0, η0) +

n∑

k=1

〈γk−1, 1〉2
ρk

var(fk, ηk) ,

q \Nt
n∑

k=0

NH
k Y H,ε

k,0 (f) ≤ NH
0

ρ0 H
(2 ‖f0‖)2 1

{ 1√
H

2 ‖f0‖ > ε}

+

n∑

k=1

NH
k

ρH
k H

〈γH
k−1, 1〉2 (2 ‖fk‖)2 1

{〈γ
H
k−1, 1〉√

H
2 ‖fk‖ > ε}

−→ 0 ,

b�\ r `cgs� q �^b � b�UjQ q S
H ↑ ∞ � q \Nt UXv^[ r `cgTgi�Ð�¤g ��� g¾�-S��¤`Xg�Y"£%v^[Zgs`c[aY )N¢eÀZ�N¢

�������
	 � 	��
	�� �
�
����� ����� �Ngs` q \TQ?�;gs]^\5tR[Zt�Y�[ q SX]^` q � � [m�¤]^\Nu¬Ucb�g�\
φ
�RUXv^[ �¤g ��� g¾��b�\ � tR[Ou�gsY r g�SXb�UXbegs\ v^g � tNS

〈γH
n − γn, φ〉 =

n∑

k=1

〈γH
k − γH

k−1 Rk, Rk+1:n φ〉 + 〈γH
0 − γ0, R1:n φ〉

=
n∑

k=1

〈γH
k−1, 1〉 〈gk (ηH

k − µH
k−1 Qk), Rk+1:n φ〉 + 〈g0 (ηH

0 − η0), R1:n φ〉

=

n∑

k=1

〈γH
k−1, 1〉 〈ηH

k − µH
k−1 Qk, fk〉 + 〈ηH

0 − η0, f0〉 ,

��v^[a`c[«UXv^[�u�g �e� [Ou¬UXbegs\
f = (f0, f1, · · · , fn)

gi���;g�]^\NtR[Ot Y�[ q SV]^` q � � [m�¤]^\Nu�UXbegs\NS-beS-tR[��N\N[Zt��9Q

fk(x) = gk(x)Rk+1:n φ(x) ,

�¤gs` q \TQ
k = 0, 1, · · · , n

�^��b�UXv�UXvN[�uags\T�s[a\�Ucb�g�\
Rn+1:n φ = φ(x)

�R�¤gs` q \9Q
x ∈ E

¢ � gsUXb�u�[ UXv q U

〈ηH
0 − η0, f0〉 =

1

NH
0

NH
0∑

i=1

[f0(ξ
i
0) − 〈η0, f0〉 ]

=
1√
H

NH
0∑

i=1

XH
0,i(f) + (1 − NH

0

H ρ0
) 〈ηH

0 − η0, f0〉 ,

ö0; - ö M



��� ¸����N¸a¶5´�®çµ¾º��-µ¾³¬´=®ç·�º�¸ � º ¼9²¾³¬®°´
	T¯Æ´
	^µi´���¸c¸j±5¹�´
	N¸���µi³¬´�®ç·aº�¸ ��� ¹¬´j¸�¯ � º»®
�¾¸ |i�

q \Nt

〈γH
k−1, 1〉 〈ηH

k − µH
k−1 Qk, fk〉 =

〈γH
k−1, 1〉
NH

k

NH
k∑

i=1

[fk(ξi
k) − 〈µH

k−1 Qk, fk〉 ]

=
1√
H

NH
k∑

i=1

XH
k,i(f) + 〈γH

k−1, 1〉 (1 − NH
k

H ρH
k

) 〈ηH
k − µH

k−1 Qk, fk〉 ,

�¤gs` q \TQ
k = 1, · · · , n

¢o£ qi­ be\ � Ucv^[�SV]^Y"gs���;giUcv'SXbet^[ZS��¤g�`
k = 0, 1, · · · , n

QTb�[ � t^S

√
H 〈γH

n − γn, φ〉 = SH
n (f) + εH

0 (f) +

n∑

k=1

〈γH
k−1, 1〉 εH

k (f) ,

��v^[a`c[

εH
0 (f) =

√
H (1 − NH

0

H ρ0
) 〈ηH

0 − η0, f0〉 ,

q \Nt ��v^[Z`X[

εH
k (f) =

√
H (1 − NH

k

H ρH
k

) 〈ηH
k − µH

k−1 Qk, fk〉 ,

�¤gs` q \TQ
k = 1, · · · , n

¢ � SVbe\ � Ucv^[ � q ]Nu�v9Q�¨RPRu�v9� q `XUX§%be\^[Od�] qi� b�U�Qs��b�UÃ�¤g �e� g¾�-S1�¤`Xg�YÆ�°Ucv^[ r `cgTgi�¿gi��� �,[aY�Y q )5¢ � q \Nt��¤`Xg�Y
UXv^[�`cgs] � v [ZSVUXbeY q UX[�gi� �,[ZY�Y q )N¢á|�UXv q U

E|εH
0 (f)| ≤

√
H {E|1 − NH

0

H ρ0
|2 }1/2 {E |〈ηH

0 − η0, f0〉|2 }1/2

≤
√

H (ωH +
1

H
) ωH ‖g0‖ ‖R1:n φ‖ ,

q \Nt be\��Tbe[a�Ñgs� p [aY q ` ­ )N¢ )'�çb�� q \Nt �çb�b°�

E[ |εH
k (f)| | HH

k−1] ≤
√

H {E[ |1 − NH
k

H ρH
k

|2 | HH
k−1] }1/2 {E[ |〈ηH

k − µH
k−1 Qk, fk〉|2 | HH

k−1] }1/2

≤
√

H (ωH +
1

H
) ωH ‖gk‖ ‖Rk+1:n φ‖ ,

�¤gs` q \TQ
k = 1, · · · , n

�^v^[Z\Nu�[

E |
√

H 〈γH
n − γn, φ〉 − SH

n (f) | ≤ ω′
H [ ‖g0‖ ‖R1:n φ‖ +

n∑

k=1

E[ 〈γH
k−1, 1〉 ] ‖gk‖ ‖Rk+1:n φ‖ ] ,

��v^[a`c[
ω′

H =
√

H (ωH +
1

H
) ωH

beS�gi��g�`ct^[a`
1/
√

H
¢ n U��¤g ��� g¾�-SÄ�¤`cgsY UXv^[ q �;g3�s[�tRbeScu�]NScSXb�g�\�UXv q U

√
H 〈γH

n − γn, φ〉 − SH
n (f) −→ 0 ,

b�\ r `cgs� q �^b � b�U�Qs� q \Nt�b�U��¤g ��� g¾�-SÃ�¤`Xg�Y £%v^[ags`c[aY )N¢eÀZ��Ucv q U √
H 〈γH

n − γn, φ〉 uags\9�s[Z` � [ZSÃb�\�tRb�SVUX`cb��^]^UXbegs\ q S H ↑ ∞ Ucg q
� q ]NScSVb q \ ` q \5tRgsY � q `Xb q � � [«��b�Ucv'§a[a`cg�Y�[ q \ q \Nt ��b�Ucv�� q `cb q \Nu�[

Wn(f) =
1

ρ0
var(g0 R1,n φ, η0) +

n∑

k=1

〈γk−1, 1〉2
ρk

var(gk Rk+1,n φ, ηk) ,

��v^beu�v r `cg¾�s[ZS���À3|s�l��b�Ucv Ucv^[�[a¥ r `X[OSXSXb�g�\ � be�s[a\Bb�\ �VÀZ�9���¤g�`mUcv^[ q SVQTY r UcgiUXb�uy� q `cb q \Nu�[�¢ n \ �9be[a� gi� p [aY q ` ­ �^¢ {^�;Ucv^b�S
�N\^b�SVv^[OS�Ucv^[ r `cgTgi��gs�7£%v^[ag�`X[ZY �N¢»ÂT¢

� ���¦����� �a� � �y� ���
	�&

£%v^[%�N`�SVU q ]RUcv^gs` � ` q Uc[��¤] �e� QBUcv q \ ­ S � q U q u�v q � q Q � ]NS��¤gs`
v^[Z`�u q `X[a�¤] � `c[ q tRbe\ � gs� q \�[ q ` � b�[Z`y�s[a`�SVbegs\ gi��Ucv^beS
��gs` ­ �
q \NtD�¤gs`«SX] �s� [ZSVUXbe\ � Ucv^[ r `cgTgi� � be�s[a\Åbe\ k r^r [a\Nt^b�¥ kw�¤g�`lUcv^[�SV[Ou�g�\Nt rNq `XUmgi�Ä£%v^[ag�`X[ZY )N¢»ÂT¢ � [
�;giUcvDUcv q \ ­'f b�[Z`X`c[
� [ �8� gs` qi� �¤gs`«v^b�S«� q `cY SV] r^r gs`XUZ� q \NtD�¤gs` SX] ��� [ZSVUXbe\ � UXvN[ qs� Uc[a`c\ q Uc[ qsr^r `cg q u�v,�;� q SV[OtDg�\ q u�[a\9UX` qi��� b�Y�b�U«UXvN[ags`c[aY
�¤gs`%UX`cb q \ � ] �eq ` q `X` q QTSÄgs��Y q `XUXbe\ ��qs� [«be\Nu�`c[aY�[a\9UcSZ�R��vNbeu�v�b�S��¤g ��� g¾�Ä[Zt be\DPT[Ou¬Ucb�g�\'{
�¤gs`%Ucv^[ r `cgTgi��gs�7£%v^[ag�`X[ZY �N¢áÂR¢
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����� �Ngs` q \TQ
H > 0

�^\^gsUXb�u�[«Ucv q U

ZH =
1√

HρH

NH∑

i=1

XH
i

σH
=

√
rH√

HρH
[

1√
rH

rH∑

i=1

XH
i

σH
+

1√
rH

(

NH∑

i=1

XH
i

σH
−

rH∑

i=1

XH
i

σH
) ]

= aH (SH + OH) ,

�=|iÁ9�

��b�Ucv

aH =

√
rH√

HρH
≤ 1 , OH =

1√
rH

(

NH∑

i=1

XH
i

σH
−

rH∑

i=1

XH
i

σH
)

q \Nt
SH =

1√
rH

rH∑

i=1

XH
i

σH
.

� giUcbeua[«Ucv q U
0 ≤ 1 − aH = 1 −

√
rH√

HρH
≤ 1 −

√
rH√

rH + 1
≤ 1

2 rH + 1
= ε(rH) ,

��v^[a`c[«UXv^[�SVUX` q b � v9UV�¤gs`c� q `ct?[OS�UcbeY q UX[
1 −

√
x√

x + 1
≤ 1

2x + 1

vNg � t^S��¤gs` q \9Q�\^gs\^\^[ ��q UXbe�s[«`c[ qi� \9]^Yy�;[Z`
x ≥ 0

� q \Nt

E[ |SH | | FH ] ≤ 1 ,

]NSVbe\ � Ucv^[ � q ]Nu�v9Q�¨^PRucvT� q `XUX§«be\^[Zd9] qi� b�UjQ�¢1£%vN[a`c[��¤gs`c[s�T�¤gs` q \TQ �^¥R[Zt�`X[ qi� \9]^Yy�;[Z`
u

E[ exp{i u√
HρH

NH∑

j=1

XH
j

σH
} | FH ] − exp{− 1

2 u2}

= E[ exp{i uZH} | FH ] − exp{− 1
2 u2}

= E[ exp{i uZH} − exp{i u SH} | FH ]

+ E[ exp{i u√
rH

rH∑

j=1

XH
j

σH
} | FH ] − exp{− 1

2 u2} .

£%v^[ �eq S�U«UX[a`cY�u q \ �;[�u�g�\�Uc`Xg ��� [ZtÅ[ q SXb � Q��¿]NSXb�\ � u ��q ScSVb�u qs� [ZSVUXbeY q Uc[ZS«b�\ UXvN[�u�[Z\�UX` qi�7� beY�b�U UXvN[ags`c[aY��¤gs`�SV]^Y¦S«gi�Äb�¢ b=¢ t,¢
` q \NtRgsY � q `Xb q � � [OSa¢ � gs`c[ag¾�s[a`O���¤g�` q \TQ

B > 0
q \5t q \TQ

0 < d < 1

E[ | exp{i uZH} − exp{i u SH} | | FH ]

≤ E[ 1{|OH | ≤ B} | exp{i uZH} − exp{i u SH}| | FH ]

+ E[ 1{|OH | > B} | exp{i uZH} − exp{i u SH}| | FH ]

≤ |u| ((1 − aH) E[ |SH | | FH ] + aH B) + 2 P[ |OH | > B | FH ]

≤ |u| (ε(rH) + B) + 2 P[ |OH | > B , | NH

HρH
− 1| ≤ d | FH ] + 2 P[ | NH

HρH
− 1| > d | FH ] ,

q \NtDUXv^[�SV[Ou�gs\5t'UX[Z`XY u q \ �;[�u�gs\9UX`cg �e� [Ot']5SVbe\ � UXv^[�©lg � Y�g � gs`Xg3� Y q ¥TbeY qi� b�\^[Od9] qi� b�U�Q�� qs� g�\ � Ucv^[ � be\^[ZSmgs�1Ucv^[ r `XgTgs�
gi�!� {R�N£%vN[ags`c[aY n ¢ �^¢eÀ��E¢
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�Ngs` q \TQ �^¥R[Zt�`X[ qi� \9]^Yy�;[Z`

u

E[ exp{i u SH} | FH ] = E[ exp{i u√
rH

rH∑

j=1

XH
j

σH
} | FH ] = (ΦN (u))rH ,

�9Q�be\NtR[ r [Z\NtR[a\Nua[s�N��v^[a`c[

ΦH(u) = E[ exp{i u√
rH

XH
j

σH
} | FH ] ,

tRgT[ZS%\^gsU-t^[ r [a\Nt�g�\
j = 1, · · · , rH

� q \Nt b�U%�¤g ��� g¾�-S��¤`Xg�Y �,[ZY�Y q �m¢ �
Ucv q U

|ΦH(u) − (1 − 1
2

u2

rH
)| ≤ 1

6 c
|u|3
rH

+ RH(c)
u2

rH
,

�¤gs` q \TQ
c > 0

¢ � SVbe\ � UXv^[�SVUX` q b � v9UV�¤gs`c� q `ct'[OS�Ucb�Y q Uc[ |xr − yr| ≤ r |x − y| �¿��v^b�u�v v^g � t^Sl�¤g�` q \9Q'be\�Uc[ � [a` r
q \NtD�¤gs`

q \9Q u�g�Y rN� [a¥�\9]^Yy�;[Z`cS
x, y

SV]Nu�v Ucv q U |x| ≤ 1
q \Nt |y| ≤ 1

�^Q9be[ � t^S

|(ΦH(u))rH − (1 − 1
2

u2

rH
)rH | ≤ rH |ΦH(u) − (1 − 1

2

u2

rH
) | ≤ 1

6 c |u|3 + RH(c)u2 .

� SXb�\ � UXv^[?S q Y�[�[ZSVUXbeY q Uc[ qi�9q be\ q \Nt Ucv^[?SVUX` q b � v9UV�¤gs`c� q `ct [ZS�UcbeY q UX[ |e−x − (1 − x)| ≤ 1
2 x2

�Ð��v^b�u�v v^g � t^S«�¤gs` q \9Q
\^gs\^\^[ ��q UXbe�s[«`c[ qi� \9]^Yy�;[Z`

x ≥ 0
�^QTb�[ � t^S

| exp{− 1
2 u2} − (1 − 1

2

u2

rH
)rH | ≤ rH | exp{− 1

2

u2

rH
} − (1 − 1

2

u2

rH
) | ≤ 1

8

u4

rH
.

�ÄgsYy�^be\^be\ � UXvN[ q �;g3�s[ [ZSVUXbeY q UX[OS�UXg � [aUXv^[a` q \5t ]NSVbe\ � Ucv^[ UX`cb q \ ��� [«be\^[Od�] qi� b�U�Qs�^QTb�[ � t^S

|E[ exp{i u SH} | FH ] − exp{− 1
2 u2}| ≤ 1

6 c |u|3 + RH(c)u2 + 1
8

u4

rH
,

���s�9�

q \Nt g�\ UXv^[ ¼9²Z² �?¹a¸a´ {rH > r}

|E[ exp{i u SH} | FH ] − exp{− 1
2 u2}| ≤ 1

6 c |u|3 + RH(c)u2 + 1
8

u4

r
.

I
� giUXb�u�[ UXv q U

|NH − rH | ≤ |NH − HρH | + 1 ≤ | NH

HρH
− 1| HρH + 1 ,

v^[a\Nua[Db�� | NH

HρH
− 1| ≤ d

��UXv^[Z\ |NH − rH | ≤ d (rH + 1) + 1 = dH
� q \Nt [ab�UXvN[a`

rH − ddHe ≤ NH ≤ rH
gs`

rH ≤ NH ≤ rH + ddHe ¢o£%v^[a`c[��¤g�`X[��9�¤gs` q \9Q B > 0
q \Nt q \9Q

0 < d < 1

P[ |OH | > B , | NH

HρH
− 1| ≤ d | FH ]

≤ P[ |
NH∑

i=1

XH
i

σH
−

rH∑

i=1

XH
i

σH
| > B

√
rH , |NH − rH | ≤ ddHe | FH ]

≤ P[ max
rH−ddHe≤N≤rH

|
rH∑

i=1

XH
i

σH
−

N∑

i=1

XH
i

σH
| > B

√
rH | FH ]

+ P[ max
rH≤N≤rH +ddHe

|
N∑

i=1

XH
i

σH
−

rH∑

i=1

XH
i

σH
| > B

√
rH | FH ]

≤ 2
1

B2 rH
ddHe

≤ 2
d (rH + 1) + 2

B2 rH
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]NSVbe\ � Ucv^[�©lg � Y�g � gs`Xg3��Y q ¥RbeY qi� b�\N[Zd9] qi� b�UjQ�� q \Nt gs\ Ucv^[ ¼�²O² �?¹a¸�´ {rH > r} ∈ FH

P[ |OH | > B , | NH

HρH
− 1| ≤ d | FH ] ≤ 2

d (r + 1) + 2

B2 r
.

I
�Äg�Yy�^b�\Nb�\ � UXv^[ q �;g¾�s[«[OS�Ucb�Y q Uc[ZSZ�R]NSXbe\ � UXv^[ Uc`Xb q \ �s� [«b�\N[Zd9] qi� b�UjQ q \Nt U qi­ be\ �

B = d1/3
�^QTbe[ � t^S

|E[ exp{i u√
HρH

NH∑

j=1

XH
j

σH
} | FH ] − exp{− 1

2 u2} |

≤ 2 · 1{rH ≤ r} + RH(c)u2 + 2FH(d)

+ 1
6 c |u|3 + 1

8

u4

r
+ |u| (ε(r) + d1/3) + 4

d (r + 1) + 2

d2/3 r
.

£ qs­ b�\ �
d
SXg¦Ucv q U

d → 0
q \Nt

d2/3 r → ∞ ��vN[a\
r ↑ ∞ �;b�U«beS r g�ScSVbe� � [��¤gs` q \9Q a > 0

�;UXg%�5\Nt
r > 0

�eq ` � [�[Z\^gs] � v,�
c > 0

SXY qi�e� [a\^g�] � vÐ�^SV]5ucv Ucv q U

1
6 c |u|3 + 1

8

u4

r
+ |u| (ε(r) + d1/3) + 4

d (r + 1) + 2

d2/3 r
< 1

2 a ,

b�\'��v^b�ucvDu q SV[

P[ |E[ exp{i u√
HρH

NH∑

j=1

XH
j

σH
} | FH ] − exp{− 1

2 u2} | > a]

≤ P[ 2 · 1{rH ≤ r} + RH(c)u2 + 2FH(d) > 1
2 a] ,

��v^beu�v � gT[OSÄUXg�§Z[a`cg q S
H ↑ ∞  7UXvNbeS%Uc[a`cY�be\ q UX[ZS%UXv^[ r `cgTgi��gs�%��À0)9��¢

£�g r `Xg¾�s[��VÀOz��¬�R\^gsUXb�u�[ UXv q U

√
H

1

NH

NH∑

j=1

XH
j =

HρH

NH

σH√
ρH

1√
HρH

NH∑

j=1

XH
j

σH
= cH ZH ,

��v^[a`c[
cH =

HρH

NH

σH√
ρH

q \Nt
c =

σ√
ρ

,

q \Nt ��v^[Z`X[
ZH

b�S�tR[��N\^[Zt�be\ �=|iÁ9�¬�RvN[a\Nua[

E[ exp{i u
√

H
1

NH

NH∑

j=1

XH
j } | FH ] − exp{− 1

2

u2 σ2

ρ
}

= E[ exp{i u cH ZH} ] − exp{− 1
2 u2 c2}

= E[ exp{i u cH ZH} − exp{i u cZH} | FH ]

+ E[ exp{i u c√
H ρH

NH∑

j=1

XH
j

σH
} | FH ] − exp{− 1

2 u2 c2} .
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£%v^[ ��q SVU%UX[Z`XY � gT[ZSÄUcg�§a[Z`Xg�b�\
L

1 q S H ↑ ∞ �^]NSXb�\ � ��À�)T�¬¢ � gs`c[ag¾�s[a`Z�9�¤gs` q \9Q b > 0
q \5t q \9Q

0 < d < 1

E|E[ exp{i u cH ZH} − exp{i u cZH} | FH ] |

≤ E| exp{i u cH ZH} − exp{i u cZH} |

≤ E[ 1
{| σH√

ρH
− σ√

ρ
| ≤ b , | NH

HρH
− 1| ≤ d}

| exp{i u cH ZH} − exp{i u cZH} | ]

+ 2 P[ | NH

HρH
− 1| > d] + 2 P[ | σH√

ρH
− σ√

ρ
| > b] .

£%v^[ ��q SVU-U��Äg?Uc[a`cY�S � g¦UXg�§Z[a`cg q S
H ↑ ∞ �¿�9Q q ScSV]^Y r Ucb�g�\ q \5t'be\Å�Tbe[a� gi� p [aY q ` ­ )N¢ Á^¢ � [�¥TUZ�¿b�� | NH

HρH
− 1| ≤ d

�

UXv^[Z\'u � [ q ` � Q |HρH

NH
− 1| ≤ d

1 − d

� q \Nt�SXbe\Nu�[

cH − c =
HρH

NH

σH√
ρH

− σ√
ρ

= (
HρH

NH
− 1)

σH√
ρH

+ (
σH√
ρH

− σ√
ρ
) ,

UXv^[Z\�b�U-v^g � t^S

1
{| σH√

ρH
− σ√

ρ
| ≤ b , | NH

HρH
− 1| ≤ d}

|cH − c| ≤ d

1 − d
(

σ√
ρ

+ b) + b =

d
σ√
ρ

+ b

1 − d
.

£%v^[a`c[��¤gs`c[s�;]NSXb�\ � UXv^[�SVUX` q b � v9UV�¤g�`X� q `�t�[ZSVUXbeY q Uc[ |ei x − ei x′ | ≤ min(|x − x′|, 2) ��vNbeu�v v^g � t^S-�¤g�` q \TQ�`c[ qs� \9]^Yy�;[a`�S
x, x′

�^Q9be[ � t^S

E[ 1
{| σH√

ρH
− σ√

ρ
| ≤ b , | NH

HρH
− 1| ≤ d}

| exp{i u cH ZH} − exp{i u cZH} | ]

≤ E[ 1
{| σH√

ρH
− σ√

ρ
| ≤ b , | NH

HρH
− 1| ≤ d}

min(|u| |cH − c| |ZH |, 2) ]

≤ E min(|u|
d

σ√
ρ

+ b

1 − d
|ZH |, 2) ,

v^[a\Nua[ ]NSXbe\ � ��À0)9�ÄQTbe[ � t^S

limsup
H↑∞

E|E[ exp{i u cH ZH} − exp{i u cZH} | FH ] |

≤ limsup
H↑∞

E[ 1
{| σH√

ρH
− σ√

ρ
| ≤ b , | NH

HρH
− 1| ≤ d}

| exp{i u cH ZH} − exp{i u cZH} | ]

≤ E min(|u|
d

σ√
ρ

+ b

1 − d
|Z|, 2) ,

b�\��Tbe[a�Ñgi� p [aY q ` ­ )N¢ {^�T��vN[a`c[
Z
b�S q S�U q \Nt q `ct � q ]5SXSXb q \ `Z¢ �¿¢ä�ç��b�Ucv'§a[a`cg�Y�[ q \ q \5t�]^\Nb�U-� q `cb q \Nu�[3�¬¢7��b�\ qi�e� Q��R]NSXb�\ �

UXv^[ �,[Z�;[ZS � ]^[�tRg�Y�be\ q UX[Zt�uags\T�s[a` � [a\5u�[lUcv^[ag�`X[ZY��Rb�U��¤g �e� g3�-S�Ucv q U

E[ exp{i u cH ZH} − exp{i u cZH} | FH ] −→ 0 ,

b�\
L

1 q S H ↑ ∞ �NSVbe\Nua[ b > 0
q \Nt

0 < d < 1
q `X[ q `X�Nb�Uc` q `XQ� 7Ucv^b�S%UX[a`cY�b�\ q UX[OS�UXvN[ r `XgRgi��gi�%�VÀOz��¬¢
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� � �7�¦��� ����� ���������-� � �����

�ÄQ�tR[��N\^b�Ucb�g�\,�
SH

n

b�S1��`Xb�UVUc[a\ q S q tRgs]N� � [-SX]^Y g3��[a` � [Z\^[a` q Ucb�g�\NS���b�UXv¦t^b�Ç¿[a`c[a\9Uo` q \Nt^gsY SXbe§a[ZS2 ÐUcv^[�b�tR[ q b�S7Ucg�`X[Z��`Xb�UX[
UXv^b�S q S q SVbe\ ��� [lSV]NY q u�`cg�ScS qi�e�N� [a\^[Z` q UXbegs\NSZ� q \Nt�UXg�]NSX[ q u�[Z\�Uc` qs�^� beY�b�UÃUcv^[ag�`X[ZY �¤gs`oUc`Xb q \ � ] ��q ` q `X` q QRS7gi�äY q `VUcb�\ �9qi� [
b�\Nua`X[ZY�[a\�U�S�� |R�^£%v^[ag�`X[ZY |R¢ {^¢ )9|��=¢ � giUcbeua[lUcv q U�Ucv^[

i
¨�Ucv rNq `VUcbeu � [m��b�Ucv^b�\ UXv^[

k
¨�UXv � [Z\^[a` q Ucb�g�\�u q \ �;[ q SXSXgRuab q Uc[Zt¦be\ q

]^\^b�d�]N[m� q Q¦��b�Ucv q \�be\�Uc[ � [Z`
p
�;[aUj�Ä[Z[a\

1
q \5t

σH
n = NH

0 + · · ·+ NH
n

 1u � [ q ` � Q
pk,i = σH

k−1 + i
� q \Nt�uags\9�s[Z`cSX[ � Q
UXvN[

` q \NtRgsY be\�Uc[ � [Z`cS
kp
q \5t

ip
q `X[�tR[��N\^[Ot��9Q

kp = inf{k ≥ 0 : σH
k ≥ p} q \Nt

ip = p − σH
kp−1 ,

��b�Ucv Ucv^[�u�g�\9�s[Z\�UXbegs\
σH
−1 = 0

�^g�`%be\'giUXvN[a`��Ägs`�t^S
kp = k

q \Nt
ip = i

b�� q \Nt gs\ � Q�b��

σH
k−1 + 1 ≤ p = σH

k−1 + i ≤ σH
k ,

��b�Ucv
1 ≤ i ≤ NH

k

�NSV[Z[���b � ]N`X[�Às¢

k �����	��

��
������������

c s c

1 i NH

k

c c c s c c

1 σH

0 = NH

0 σH

k−1 + 1

?

p = σH

k−1 + i

6

σH

k = σH

k−1 + NH

k

σH

n

��b � ]N`X[�À  1£%v^[
i
¨�Ucv rNq `XUXb�u � [«��b�UXvNb�\�UXvN[

k
¨�Ucv � [Z\^[a` q Ucb�g�\B� q �;g3�s[3�¬�^SX[a[a\ q S�UXvN[

p̈
9UXv rNq `VUcbeu � [ q u�`cg�ScS qs���ä� [Z\^[a` q Ucb�g�\NS

�¤�;[ � g¾�l�

�^g�` q \9Q
k = 0, 1, · · · , n

q \Nt q \9Q�b�\9UX[ � [a`
i ≥ 1

{kp = k, ip = i} = {p = σH
k−1 + i, i ≤ NH

k } ∈ FH
k,i−1 ⊂ FH

k,i ,

SVbe\Nu�[ {p = σH
k−1 + i} ∈ HH

k−1

q \Nt {i ≤ NH
k } ∈ FH

k,i−1

�N��v^b�ucv qi�e� g3�-S%UXg?t^[��N\^[�Ucv^[
σ
¨ qi�e� [Z�^` q

GH
p = FH

kp,ip

be\�Ucv^[
]NSV] qi� � q Q/ «�TQ tR[��5\^b�Ucb�g�\,�

A ∈ GH
p

b�� q \NtBgs\ � QDb��
A ∩ {kp = k, ip = i} ∈ FH

k,i

�¤gs` q \9Q
k = 0, 1, · · · , n

q \Nt q \TQ
b�\9UX[ � [a`

i ≥ 1
¢ � SXbe\ � UXvNbeS�\^[Z� �eq �;[ � b�\ � gs��UXv^[ rNq `VUcb�u � [ SXQRS�Uc[aY"Q9be[ � t^S

SH
n =

n∑

k=0

NH
k∑

i=1

XH
k,i =

σH
n∑

p=1

UH
p ,

��v^[a`c[«UXv^[�UXbeY�[yucv q \ � [Ot�` q \5tRgsY � q `Xb q � � [
UH

p = XH
kp,ip

beS�Y�[ q SV]^` q � � [«��¢ `Z¢ UZ¢
GH

p

�R�¤g�` q \TQ
p = 1, · · · , σH

n

 1be\NtR[Z[Zt
�¤gs` q \TQ���gs`c[ � SV]^�5SV[aU

B
� q \9Q

k = 0, 1, · · · , n
q \Nt q \9Q�b�\9UX[ � [a`

i ≥ 1

{UH
p ∈ B} ∩ {kp = k, ip = i} = {XH

k,i ∈ B} ∩ {kp = k, ip = i} ,

v^[a\Nua[ {UH
p ∈ B} ∈ GH

p

�5SXb�\Nua[ {XH
k,i ∈ B} ∈ FH

k,i

q \Nt {kp = k, ip = i} ∈ FH
k,i−1

¢ � gs`c[ag¾�s[a`Z�TUcv^[�` q \Nt^gsY"� q `Xb q � � [
σH

n

beS q SVUXg rNr b�\ � Ucb�Y�[���¢ `O¢ UZ¢
GH = {GH

p , p ≥ 1}  mbe\NtR[Z[Ztä�ä�¤g�` q \9QDbe\�Uc[ � [Z` p ≥ 1
� q \9Q

k = 0, 1, · · · , n
q \Nt q \9Q
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b�\9UX[ � [a`
i ≥ 1

{σH
n = p} ∩ {kp = k, ip = i} = {σH

n = p} ∩ {p = σH
k−1 + i, 1 ≤ i ≤ NH

k }

=





∅ ,
b��

k 6= n
�

{p = σH
k−1 + i} ∩ {NH

k = i} ,
b��

k = n
�

v^[a\Nua[ {σH
n = p} ∈ GH

p

SVbe\Nu�[ {p = σH
k−1 + i} ∈ HH

k−1

q \Nt {NH
k = i} ∈ FH

k,i

¢
�������
	 � 	��
	�� �
�
��� �
����� � £�g qir^r^� Q £%v^[ag�`X[ZY"|^¢ {N¢ )9|�be\ �á|5�,UXg

SH
n =

σH
n∑

p=1

UH
p ,

��v^[a`c[
σH

n

b�S q SVUXg rNr b�\ � UXbeY�[«��¢ `O¢ UZ¢
GH = {GH

p , p ≥ 1} � q \Nt?��vN[a`X[mUXv^[«` q \5tRgsY � q `Xb q � � [ UH
p

b�S�Y�[ q SX]^` q � � [l��¢ `O¢ UZ¢
GH

p

�¤gs` q \9Q
p = 1, · · · , σH

n

��Ucv^[l�¤g �e� g3��be\ � UXv^`c[a[«u�gs\5tRb�Ucb�g�\NSÃv q �s[-Ucgy�;[«ucvN[Zu ­ [Zt  q Y q `XUXbe\ �9qi� [-b�\Nua`X[ZY�[Z\�U r `cg r [Z`VU�Qs�
UXv^[�uags\9�s[Z` � [a\Nua[mgs�7u�gs\5tRb�Ucb�g�\ qi� � q `cb q \Nu�[ZSZ� q \Nt q uags\NtRb�Ucb�g�\ qi� �,be\NtR[Z�;[a` � uags\NtRb�UXbeg�\,¢1£%v^[OSV[ UXv^`c[a[�uags\Nt^b�Ucb�g�\NS��¤g �e� g3�
b�Y�Y�[ZtRb q Uc[ � Q?�¤`Xg�Y �VÀZÁ�� q \Nt��¤`cgsY

σH
n∑

p=1

E[UH
p | GH

p−1] = 0 ,

σH
n∑

p=1

E[ |UH
p |2 | GH

p−1] =
n∑

k=0

NH
k V H

k,0 ,

q \Nt
σH

n∑

p=1

E[ |UH
p |2 1{|UH

p | > ε} | GH
p−1] =

n∑

k=0

NH
k Y H,ε

k,0 ,

��v^beu�v��¤g ��� g¾� �¤`cgsY���ÀZ}9�¬�;�VÀ3Âi� q \NtD�VÀZ{��7`c[ZS r [Zu�UXbe�s[ � Qs�s]5SVbe\ ��r `cg r [Z`VUcb�[OS1gi�¿UXvN[ r5q SVU
σ
¨ qi�e� [a�N` q

GH
p−1

�TSV[Z[ �,[aY�Y q S �«¢eÀ
q \Nt �«¢á|m�;[ � g¾��� q \Nt�]5SVbe\ � UXv^[ r `c[ZSX[a`c� q UXbegs\
gi�;Ucv^[-Y q `VUcb�\ ��qi� [ r `Xg r [a`XUjQy]^\NtR[Z`1UXbeY�[lucv q \ � [s��SV[a[ �Ð[aY�Y q �«¢ � �;[ � g3��¢
n \NtR[a[Otä�^b�U��¤g �e� g¾�-S��¤`Xg�Y �,[ZY�Y q �m¢ � q \Nt��¤`cgsY#��ÀO}����TUXv q U

E[UH
p | GH

p−1] = 0 ,
�¤gs` q \TQ?be\�Uc[ � [Z`

p ≥ 1
�^v^[Z\Nu�[

σH
n∑

p=1

E[UH
p | GH

p−1] = 0 .

PTb�Y�b �eq ` � Q��Rb�U��¤g ��� g3�-S��¤`cgsY �Ägs`cg �e�eq `XQ �«¢ ) q \Nt��¤`cgsY �VÀ3Âs�¬�TUcv q U

E[ |UH
p |2 | GH

p−1] = V H
kp,0 ,

�¤gs` q \TQ?be\�Uc[ � [Z`
p ≥ 1

�^v^[Z\Nu�[

σH
n∑

p=1

E[ |UH
p |2 | GH

p−1] =

σH
n∑

p=1

V H
kp,0 =

n∑

k=0

σH
k∑

p=σH
k−1

+1

V H
kp,0 =

n∑

k=0

NH
k V H

k,0 ,

SVbe\Nu�[
kp = k

b��
σH

k−1 + 1 ≤ p ≤ σH
k

¢o��be\ qi�e� Q��^b�U��¤g �e� g3�-S��¤`cgsY �Ägs`cg �e�eq `XQ �«¢ z q \Nt��¤`Xg�Y �VÀZ{9�¬�TUcv q U

E[ |UH
p |2 1{|UH

p | > ε} | GH
p−1] ≤ Y H,ε

kp,0 ,

�¤gs` q \TQ?be\�Uc[ � [Z`
p ≥ 1

q \Nt q \9Q
ε > 0

�^v^[Z\Nu�[

σH
n∑

p=1

E[ |UH
p |2 1{|UH

p | > ε} | GH
p−1] ≤

σH
n∑

p=1

Y H,ε
kp,0 =

n∑

k=0

σH
k∑

p=σH
k−1

+1

Y H,ε
kp,0 =

n∑

k=0

NH
k Y H,ε

k,0 ,

SVbe\Nu�[
kp = k

b��
σH

k−1 + 1 ≤ p ≤ σH
k

¢
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	 � � A ∈ GH
p−1 �

´
	^¸a¶
A ∩ {kp = k, ip = i} ∈ FH

k,i−1 �
²i³
µ¾¶ �

k = 0, 1, · · · , n
µi¶�� µ¾¶ � ®°¶5´E¸E¼9¸�³

i ≥ 1
�

�������
	�� p [Ou qi�e� Ucv q U
kp = k

q \5t
ip = i

b�� q \Nt g�\ � Q?b��

σH
k−1 + 1 ≤ p = σH

k−1 + i ≤ σH
k ,

��b�Ucv
1 ≤ i ≤ NH

k

 1[ab�UXvN[a`
i = 1

�^be\���v^b�u�v'u q SX[

{kp = k, ip = i} = {kp−1 = k − 1, ip−1 = NH
k−1} ,

gs`�[ � SV[
i ≥ 2

�^be\���v^b�u�v'u q SX[
{kp = k, ip = i} = {kp−1 = k, ip−1 = i − 1} .

£%v^[a\��¤gs` q \9Q
A ∈ GH

p−1

�^[ab�UXv^[Z`
i = 1

�^be\���v^b�u�v'u q SX[

A ∩ {kp = k, ip = 1} = A ∩ {kp−1 = k − 1, ip−1 = NH
k−1} ∈ FH

k−1,NH
k−1

= FH
k,0 ,

gs`�[ � SV[
i ≥ 2

�^be\���v^b�u�v'u q SX[

A ∩ {kp = k, ip = i} = A ∩ {kp−1 = k, ip−1 = i − 1} ∈ FH
k,i−1 ,

q \Nt be\��;gsUXvDu q SX[ZS
A ∩ {kp = k, ip = i} ∈ FH

k,i−1

¢
�ÃÉ � � ��� 	 �
	 � � � ²i³yµi¶ � k = 0, 1, · · · , n

´
	N¸�³Xµi¶��s²i¯ �¾µ¾³¬®çµ "aº�¸
Fk

®�¹�¯�¸�µ3¹1�R³Xµ "aº�¸ � � ³ � ´ �
FH

k,0 �
´
	^¸a¶ � ²¾³
µ¾¶ � ®�¶5´E¸E¼9¸�³

p ≥ 1 � ´
	^¸y´�®°¯¦¸
·�	^µi¶9¼9¸ ��³Xµ¾¶ �s²i¯ �3µi³¬®çµ "aº�¸
Gp = Fkp

®�¹�¯¦¸cµ3¹1�R³Xµ "aº�¸ � � ³ � ´ �
GH

p−1

�
�������
	�� �Äg�\9�s[a`�SX[ � Qs�

kp−1 = k
q \Nt

ip−1 = i
b�� q \Nt gs\ � Q�b��

σH
k−1 + 1 ≤ p − 1 = σH

k−1 + i ≤ σH
k ,

��b�Ucv
1 ≤ i ≤ NH

k

 1[ab�UXvN[a`
i = NH

k

�^be\���v^b�ucvDu q SV[

{kp−1 = k, ip−1 = i} = {kp = k + 1, ip = 1} ,

gs`�[ � SV[
i ≤ NH

k − 1
�^be\���vNbeu�v'u q SX[

{kp−1 = k, ip−1 = i} = {kp = k, ip = i + 1} .

£%v^[a\,�R�¤g�` q \TQ���gs`c[ � SX]^�NSX[�U
B

{Gp ∈ B} ∩ {kp−1 = k, ip−1 = i, i = NH
k }

= {Fkp
∈ B} ∩ {kp = k + 1, ip = 1, i = NH

k }

= {Fk+1 ∈ B} ∩ {kp = k + 1, ip = 1} ∩ {i = NH
k } ∈ FH

k,i ,

SVbe\Nu�[��;giUXv {Fk+1 ∈ B} ∈ FH
k+1,0 = FH

k,NH
k

q \Nt {kp = k + 1, ip = 1} ∈ FH
k+1,0 = FH

k,NH
k

� q \Nt qs� Uc[a`c\ q Ucb��s[ � Q

{Gp ∈ B} ∩ {kp−1 = k, ip−1 = i, i ≤ NH
k − 1}

= {Fkp
∈ B} ∩ {kp = k, ip = i + 1, i ≤ NH

k − 1}

= {Fk ∈ B} ∩ {kp = k, ip = i + 1} ∩ {i ≤ NH
k − 1} ∈ FH

k,i ,

SVbe\Nu�[ {Fk ∈ B} ∈ FH
k,0 ⊂ FH

k,i

� {kp = k, ip = i + 1} ∈ FH
k,i

q \Nt {i ≤ NH
k − 1} ∈ FH

k,i

¢ �Äg�Yy�^be\^b�\ � UXvN[ZSX[«U��Äg?u q SX[ZS
Q9be[ � t^S {Gp ∈ B} ∩ {kp−1 = k, ip−1 = i} ∈ FH

k,i

�^v^[a\5u�[ {Gp ∈ B} ∈ GH
p−1

¢
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��| ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

�ÃÉ � � ��� 	 � 	 � � � ²i³
µ¾¶ � k = 0, 1, · · · , n
µi¶�� µ¾¶ � ®�¶5´E¸E¼9¸�³

i ≥ 1

E[Fk,i | FH
k,i−1] = 0 ,

´
	N¸�¶ � ²¾³
µi¶ � ®°¶N´j¸=¼9¸a³ p ≥ 1 � ´
	^¸y´�®°¯¦¸
·�	^µi¶9¼9¸ ��³Xµ¾¶ �s²i¯ �¾µ¾³¬®çµ "aº�¸
Gp = Fkp,ip

¹�µi´�®�¹
$�¸¬¹

E[Gp | GH
p−1] = 0 .

� Í � Í � �ç�R� Ê � 		
 	 � � � ²¾³
µ¾¶ � k = 0, 1, · · · , n
µi¶�� µ¾¶ � ®°¶N´j¸=¼9¸�³

i ≥ 1

E[Fk,i | FH
k,i−1] = F̂H

k ,

� 	^¸a³V¸�´
	^¸
³Xµ¾¶���²¾¯ �3µi³¬®çµ "aº�¸
F̂H

k

®�¹�¯¦¸cµ¾¹��R³Xµ#"�ºe¸ � � ³ � ´ �
FH

k,0 �
´
	^¸a¶ � ²i³
µi¶ � ®�¶5´E¸E¼9¸�³ p ≥ 1 � ´
	^¸
´�®°¯¦¸�·�	^µi¶9¼9¸ � ³Xµi¶��s²i¯

�3µi³¬®çµ "aº�¸�¹
Gp = Fkp,ip

µ¾¶ �
ĜH

p = F̂H
kp

¹aµ¾´=®�¹ � �

E[Gp | GH
p−1] = ĜH

p .

�������
	�� � giUXb�u�[ UXv q U
E[Fk,i − F̂H

k | FH
k,i−1] = 0 ,

]^\NtR[a`�Ucv^[ q ScSV]^Y r Ucb�g�\,� q \5t b�U��¤g ��� g¾�-SÄ�¤`cgsY �,[ZY�Y q �«¢ � q �;g¾�s[mUXv q U

E[Gp − ĜH
p | GH

p−1] = 0 ,

gs`�[Zd9]^be� qi� [a\9U � Q
E[Gp | GH

p−1] = ĜH
p ,

SVbe\Nu�[
ĜH

p

beS�Y�[ q SX]^` q � � [«��¢ `O¢ UZ¢
GH

p−1

�^b�\'�Tb�[Z�Ñgi� �,[ZY�Y q �«¢ |^¢
� Í � Í � �ç�R� Ê � 	 �
	 � � � ²¾³
µ¾¶ � k = 0, 1, · · · , n

µi¶�� µ¾¶ � ®°¶N´j¸=¼9¸�³
i ≥ 1

Fk,i ≤ F ∗
k ,

� 	^¸a³V¸�´
	^¸�³Xµi¶���²¾¯6�¾µ¾³¬®çµ "aº�¸
F ∗

k

®�¹
¯�¸�µ3¹1�R³Xµ "aº�¸ � � ³ � ´ �
FH

k,0 �
´
	N¸�¶ � ²¾³¦µ¾¶ � ®°¶N´j¸=¼9¸a³ p ≥ 1 � ´
	N¸�´�®°¯¦¸¦·�	^µ¾¶T¼�¸ ��³Xµi¶��s²i¯�3µi³¬®çµ "aº�¸�¹

Gp = Fkp,ip

µ¾¶ �
G∗

p = F ∗
kp

¹aµi´�®�¹ � �

E[Gp | GH
p−1] ≤ G∗

p .

�������
	�� � giUXb�u�[ UXv q U
E[max(Fk,i − F ∗

k , 0) | FH
k,i−1] = 0 ,

SVbe\Nu�[
max(Fk,i − F ∗

k , 0) = 0
]^\NtR[a`�UXvN[ q ScSV]^Y r Ucb�g�\,� q \5t b�U��¤g ��� g¾�-SÄ�¤`cgsY �,[ZY�Y q �«¢ � q �;g¾�s[mUXv q U

E[max(Gp − G∗
p, 0) | GH

p−1] = 0 ,

v^[a\Nua[ ]NSXbe\ � UXv^[���[a\5SV[Z\ be\^[Od�] qi� b�U�Q?QTbe[ � t^S

max(E[Gp − G∗
p | GH

p−1], 0) = 0
b=¢ [�¢

E[Gp − G∗
p | GH

p−1] ≤ 0 ,

gs`�[Zd9]^be� qi� [a\9U � Q
E[Gp | GH

p−1] ≤ G∗
p ,

SVbe\Nu�[
G∗

p

b�S%Y�[ q SX]^` q � � [«��¢ `O¢ UO¢
GH

p−1

�^be\��Tbe[a�Ñgs� �,[aY�Y q �«¢á|R¢
�������
	 � 	�� � � ����� � � � ��be`cSVUZ�^`X[Ou qi�e� UXv^[ �¤g �e� g3��be\ � betR[Z\�Ucb�U�Q

N∧M∑

i=1

1{I = i} =

M∑

i=1

1{N ≥ i} 1{I = i} ,

ö0; - ö M



��� ¸����N¸a¶5´�®çµ¾º��-µ¾³¬´=®ç·�º�¸ � º ¼9²¾³¬®°´
	T¯Æ´
	^µi´���¸c¸j±5¹�´
	N¸���µi³¬´�®ç·aº�¸ ��� ¹¬´j¸�¯ � º»®
�¾¸ �s�

��v^beu�v'beS�[ q SXb � Q?g��RU q b�\^[Ot ]NSVbe\ � SX]^Y�Y q UXbegs\��TQ rNq `XUcSZ¢1�^g�` q \9Q
A ∈ GH

p−1

� q \Nt q \TQ?be\�Uc[ � [Z`
M ≥ 1

E[Gp 1A

n∑

k=0

1{kp = k}
NH

k ∧M∑

i=1

1{ip = i}]

= E[Gp 1A

n∑

k=0

1{kp = k}
M∑

i=1

1{NH
k ≥ i} 1{ip = i}]

=
n∑

k=0

M∑

i=1

E[Gp 1A ∩ {kp = k, ip = i} 1{NH
k ≥ i}]

=

n∑

k=0

M∑

i=1

E[Fk,i 1A ∩ {kp = k, ip = i} 1{NH
k ≥ i}] .

� giUcbeua[«Ucv q U
A ∩ {kp = k, ip = i} ∈ FH

k,i−1

be\��Tbe[a�Ñgi� �Ð[aY�Y q �«¢�À q \Nt {NH
k ≥ i} ∈ FH

k,i−1

�^v^[Z\Nu�[

E[Fk,i 1A ∩ {kp = k, ip = i} 1{NH
k ≥ i}]

= E[ E[Fk,i | FH
k,i−1] 1A ∩ {kp = k, ip = i} 1{NH

k ≥ i}] = 0 ,

]^\NtR[a`�Ucv^[ q ScSV]^Y r Ucb�g�\,� q \5t

E[Gp 1A

n∑

k=0

1{kp = k}
NH

k ∧M∑

i=1

1{ip = i}] = 0 ,

gs`�[Zd9]^be� qi� [a\9U � Q

E[G+
p 1A

n∑

k=0

1{kp = k}
NH

k ∧M∑

i=1

1{ip = i}] = E[G−
p 1A

n∑

k=0

1{kp = k}
NH

k ∧M∑

i=1

1{ip = i}] .

��v^[a`c[
G+

p = max(Gp, 0)
q \Nt

G−
p = max(−Gp, 0)

¢o��be\ qi�e� Q��^]NSVbe\ � Ucv^[�Y�g�\^giUcgs\^[�u�g�\9�s[Z` � [a\Nu�[mUXv^[Zgs`c[aY QTbe[ � t^S

E[G+
p 1A] = E[G+

p 1A

n∑

k=0

1{kp = k}
NH

k∑

i=1

1{ip = i}]

= lim
M↑∞

E[G+
p 1A

n∑

k=0

1{kp = k}
NH

k ∧M∑

i=1

1{ip = i}]

= lim
M↑∞

E[G−
p 1A

n∑

k=0

1{kp = k}
NH

k ∧M∑

i=1

1{ip = i}]

= E[G−
p 1A

n∑

k=0

1{kp = k}
NH

k∑

i=1

1{ip = i}] = E[G−
p 1A] ,

gs`�[Zd9]^be� qi� [a\9U � Q
E[Gp 1A] = 0

�^v^[a\Nua[
E[Gp | GH

p−1] = 0
�NSXb�\5u�[

A ∈ GH
p−1

b�S q `X�Nb�Uc` q `XQs¢

� �Æ$�$B��� �����

�ÃÉ � � � � 	 � 	 � ¸�´
Λ
"c¸
µ¦¶;²i¶N¶¿¸=¼9µ¾´=®
�3¸�¯¦¸cµ¾¹1�R³Vµ#"aº�¸ � �R¶¿·�´=®ç²¾¶ � º�¸a´ µ "�¸
µm±¿³X² "�µ "a®°º»®¤´ � ¯¦¸�µ3¹1�R³X¸ � µ¾¶ �¦º�¸a´ a > 0

� � 	^¸a¶
〈µ, e−a Λ〉 < 1

® � µi¶�� ²¾¶Nº � ® � 〈µ,Λ〉 > 0
�

�������
	�� n \9UX`cgRtR]Nu�be\ � UXvN[ Y�[ q SX]^` q � � [ SV[�U
A = {x : Λ(x) > 0} �^b�U-v^g � tNS

〈µ, e−a Λ〉 =

∫

E

e−a Λ(x) µ(dx) =

∫

E\A

µ(dx) +

∫

A

e−a Λ(x) µ(dx) = 1 −
∫

A

[1 − e−a Λ(x)]µ(dx) ,
-�- ò87�5�6�4�7L8:S�9:N�9:j



�.) ����� ¸���ºeµ¾¶��
	�� ��
 �����aµ¾¶¿¸

q \NtKSVbe\Nu�[�UXv^[�b�\9UX[ � ` q \Nt
[1 − e−a Λ(x)]

b�S r g9SVb�UXbe�s[�g�\ UXvN[�SV[aU
A
�1UXv^[Z\ 〈µ, e−a Λ〉 = 1

b�� q \Nt g�\ � Q b��
µ(A) = 0

¢
PTb�Y�b �eq ` � Q

〈µ,Λ〉 =

∫

E

Λ(x)µ(dx) =

∫

A

Λ(x)µ(dx) ,

q \Nt�SXb�\5u�[«Ucv^[�b�\9UX[ � ` q \Nt
Λ(x)

b�S r g9SVb�UXbe�s[ gs\ Ucv^[�SV[aU
A
�RUXv^[Z\ 〈µ,Λ〉 = 0

b�� q \Nt gs\ � Q�b��
µ(A) = 0

¢
�ÃÉ � � � � 	 �
	 � ²¾³«µi¶ � "c².�R¶��s¸ �
¯�¸�µ3¹1�R³Xµ "aº�¸ � �R¶¿·�´=®ç²¾¶ φ � µ¾¶ ��µ¾¶ � � ±N²3¹�¹¬® "�º � ³Xµ¾¶ �s²¾¯ � ±;³X²#"cµ#"�®°º�®°´ � �i®�¹¬´�³¬® "��R´�®ç²i¶^¹ µ, µ′

sup
φ : ‖φ‖=1

E|var(φ, µ′) − var(φ, µ)| ≤ 3 sup
φ : ‖φ‖=1

E| 〈µ′ − µ, φ〉 | .

�������
	�� £%v^[ �¤g �e� g3��be\ � t^[Zu�g�Y r g�SXb�Ucb�g�\ v^g � t^S

var(φ, µ′) − var(φ, µ) = 〈µ′ − µ, |φ|2〉 + 2 〈µ′ − µ, φ〉 〈 1
2 (µ′ + µ), φ〉 ,

v^[a\Nua[
|var(φ, µ′) − var(φ, µ)| ≤ | 〈µ′ − µ, |φ|2〉 | + 2 ‖φ‖ | 〈µ′ − µ, φ〉 | . 2

�ÃÉ � � � � 		� 	 � ¸a´
Y
"�¸�µ ³Xµ¾¶ �s²¾¯ �¾µi³¬®çµ "aº�¸ � ®°´
	 �Z¸a³X² ¯�¸�µ¾¶ µi¶��'·c²��¾µi³¬®çµ¾¶¿·c¸ s2 � � ²i³�µ¾¶ � c > 0

µ¾¶ � � ²i³�µi¶ � ³X¸�µ¾º¶ �R¯ "c¸a³
u

|E[ exp{i u Y }] − (1 − 1
2 u2 s2)| ≤ 1

6 c s2 |u|3 + E[ 1{|Y | > c} |Y |2 ] u2 .

�������
	�� �N`Xg�Y UXvN[�£ q Q � g�`�[a¥ rNq \NSXb�g�\

ei x = 1 + i x −
∫ 1

0

(1 − λ)x2 ei λ x dλ = 1 + i x − 1
2 x2 −

∫ 1

0

(1 − λ)x2 [ei λ x − 1] dλ ,

q \Nt��¤`cgsY UXv^[�[OS�Ucb�Y q Uc[

|
∫ 1

0

(1 − λ)x2 [ei λ x − 1] dλ| ≤





[a

∫ 1

0

(1 − λ)λ dλ]x2 = 1
6 a x2 ,

b�� |x| ≤ a
�

[2

∫ 1

0

(1 − λ) dλ]x2 = x2 ,
b�� |x| > a

�

��v^beu�v'�;giUXv'v^g � t��¤gs` q \9Q�`X[ qi� \9]^Yy�;[a`
x
�^b�U��¤g �e� g¾�-S

|ei x − (1 + i x − 1
2 x2) | ≤ 1

6 a x2 + 1{|x| > a} x2 ,

v^[a\Nua[s�RU qs­ b�\ �
a = c |u|

|E[ exp{i u Y }] − (1 − 1
2 u2 s2)| ≤ E| exp{i u Y } − (1 − 1

2 u2 |Y |2) |

≤ 1
6 c s2 |u|3 + E[ 1{|Y | > c} |Y |2 ] u2 . 2

ö0; - ö M
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