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� �H¥|�jvw¥¤vhr¶~�u s0fhk1A z|kjuhkjy¯r��3���tk��Huh� ~�u r0s�~?��f3��r0s0z|��� �H¥|�jvw¥¤vhr¯³´~�y"�ªvwi�� �wy�~?�tktr�r�ktr ½ �¾u
p?kt�js0z|~�uº�Ç§¨k1y�kj¦az|kj§Ès0fhk1�t~�i��wvws%�Hs0z|~�u!~H³

Thetat
¦?zd��s0fhk:Ê©¥d����Ëa«ªp?��fh~�¥|ktr�}ÌÁ<» z¤uÅs0fhk

�²vwi��[«¬�[z®
vhr0z|~�u!� ��r�k¯vhr0z¤uw�Äs0fhkÇÍ(y�ktkjË[rOÁ<kj¥¤s%�Ä�Huh��Í7�Hi�i·�[�B�Huh�¼s0fhk¶�t~�i��wvws%�Hs0z|~�u ~H³
ThetaT

¦azd�"s0fhk7Á(vw�wz¤y�k�}ÌÁ<»¼³´~�y�»8vwy�~��
k �HuÇ~��ws0z|~�uhr�z¤u����t~�u-s0z¤uavh~�vhr�i·�Hy0Ë�kjs ½ ADk<uh~�s�k
s0f3�Hs"s0fh~Rr�k�y�kj�wy�ktr�kjuas%�Hs0z|~�uhr)³\~�y0i"vw¥d��r"�[z®Ïkjy�z¤uÅ��kjuhkjy%�H¥Ì³\y�~�i s0fhk·~�uhk·~��ws%�Hz¤uhkt� z¤uÅs0fwz|r
�3�H�
kjy ½��¬u¶p?kt�js0z|~�u
�h�avhr0z¤uw�"s0fhk�n��H¥¤¥¤zd�t¦?z¤u:� �H¥|�jvw¥¤vhr �a§¨k(~��ws%�Hz¤u¶�Hu1k±°[�wy�ktr�r0z|~�u1~H³

ThetaTz¤uÇ�<�ªvwi��[«¬�[z®
vhr0z|~�u�iO~?�wkj¥Ï§�fwz|��fW�3z¤u�s0fhk<s0z¤iOk7fh~�iO~���kjuhkt~�vhr(� ��r�kR�wy�k ���wr

Theta = e−τr
E

[

Λτ (u, v, w)φ(Sτ ) +

∫ +∞

−∞
(φ(Sτ + c(Sτ )y) − φ(Sτ ))µ(dy)

]

,

§�z¤s0f¯�Hy0�wz¤s0y%�Hy0qO�3�tq�~H¶³\vwuh�js0z|~�u
φ(·) �Huh� S0 = x

½��@kjy�kR�
Λτ (u, v, w)

z|r©�7y%�Huh�w~�iÈ§¨kjz¤�Rfas
§�fwz|�%f+z|rWk±°[�w¥¤z|�jz¤s0¥¤q<�t~�i��wvws�kt�Ï�

µ(dx)
�Huh�

c(·) �Hy�k8y�ktr0�
kt�js0z¤¦�kj¥¤q@s0fhk@µ :huwz¤s�k¹¸ BWxj¦?q@iOk ��r�vwy�k�Huh�"s0fhk©¦�~�¥d�Hs0z¤¥¤z¤s¬q)�t~ak�4·�jz|kjuasÌ~H³3s0fhk¨�t~�i��
~�vwuh��}�~�z|r%r�~�u��wy�~a�tktr�r��[y0z¤¦?z¤uw�
(St)t∈R+

½��(r#z¤u

���#î � �
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; ��>¬� ;í� >¬�[�[z®Ïkjy�kju-s0zd�Hs0z|~�u�z|r©�
kjy²³\~�y0iOkt�¯~�uw¥¤qO§�z¤s0f¯y�ktr0�
kt�jsBs�~+s0fhk<Ê©y�~ §�uwzd�Hu��t~�i��
~�uhkju-s�~H³
s0fhk@�wy0z|�tk(�wy�~a�tktr%r ½8eBfhk7�H�L~¹¦�k(k±°[�wy�ktr�r0z|~�u:z|r©z¤uh�wkj�Lkjuh�wkjuas�~H³ s0fhk@³Jvwuh�js0z|~�u3�H¥
�3�Hy%�HiOkjs�kjy�r
u, v, w

�Ì�Huh�Dz¤uºp?kt�js0z|~�u¼��§¨k:�wkjs�kjy0i�z¤uhk·s0fhk·�3�Hy%�HiOkjs�kjy�r)qaz|kj¥|�[z¤uw��s0fhkO�
ktr0s+uavwiOkjy0z|� �H¥
�
kjy²³´~�y0i·�Huh�tk��-q�i�z¤uwz¤i�z¤À¹�Hs0z|~�u¶~H³Ïs0fhk�¦R�Hy0zd�Huh�tk(~H³
s0fhk�§¨kjz¤�Rfas

Λτ (u, v, w)
�h�Huh� :huh�·s0f3�Hs

s0fwz|rOi�z¤uwz¤i+vwi z|r·�Hs0s%�Hz¤uhkt�!§�fhkju
u, v, w

�Hy�kÇ�t~�uhr0s%�Hu-s·³Jvwuh�js0z|~�uhr ½ �@r�zd�Hu!~��ws0z|~�uhr1�Hy�k
�t~�uhr�z|�wkjy�kt�ºz¤u p?kt�js0z|~�u �[½ paz¤i"vw¥d�Hs0z|~�uhrO³´~�yO�[z¤�Rz¤s%�H¥@�Huh�!»Ìvwy�~��Lk �Hu�~��ws0z|~�uhr¹�¨vhr�z¤uw�Äs0fhk
n�~�u-s�k��B�Hy0¥|~�iOkjs0fh~a�Ï���Hy�k7�wy�ktr�kju-s�kt��z¤u�p?kt�js0z|~�u1<"s�~O�t~�i��3�Hy�k7s0fhk��Lkjy²³´~�y0i·�Huh�tk�~H³�s0fhk
:huwz¤s�k·�[z®
kjy�kjuh�tk�iOkjs0fh~?�Äs�~¯s0f3�Hs+~H³Bs0fhkOn��H¥¤¥¤zd�t¦?z¤u � �H¥|�jvw¥¤vhr"�H�w�wy�~����%fW½·��¥|~a� �H¥¤z¤À¹�Hs0z|~�u
�H�w�wy�~����%fÄz|r��wy�ktr%kju-s�kt��z¤uÄp?kt�js0z|~�uD�·s�~·y�kt�[vh�tk)s0fhk)r0z¤uw�Rvw¥d�Hy0z¤s¬qÆ�L~�z¤uas�r<�wfhkjuh~�iOkjuh~�uÄ~�u
s0fhk7r�z¤i+vw¥d�Hs0z|~�uÇ�Ry%�H�wfhr¹½

� ������B��	����

�¾uDs0fwz|r)r�kt�js0z|~�u §©k·y�kt� �H¥¤¥©r�~�iOk�³Ý���js�r��Huh�Duh~�s%�Hs0z|~�u¼~�u s0fhk·n��H¥¤¥¤zd�t¦?z¤u¼� �H¥|�jvw¥¤vhr"~�uÅs0fhk
A z|kjuhkjyBr0�3���tkR�a�±³#kR½ �h½ ;FE ��>¬�?�Huh�:~�u:r�s�~a�%f3��r0s0z|�@� �H¥|�jvw¥¤vhr©§�z¤s0f)�²vwi��hr �ar%ktk�kR½ �h½Ì�Huh�1;í� >�³´~�y
�)y�kt�tkjuas�z¤uas0y�~a�[vh�js0z|~�uÆ§�z¤s0f�y�k±³\kjy�kjuh�tktr¹½CADk7§¨~�y0Ë¶~�uÇ���wy�~?�[vh�js

(Ω, P ) = (ΩW × ΩX , PW ⊗ PX)
~H³#�wy�~��3�H�wz¤¥¤z¤s¬q¶r0�3���tktr�~�u¶§�fwz|�%fÇ�Hy�k<y�ktr0�Lkt�js0z¤¦�kj¥¤q¯�wk�:huhkt���)r0s%�Huh�h�Hy���Ê©y�~ §�uwzd�HuÇiO~�s0z|~�u
(Wt)t∈R+

�Huh�����t~�i��L~�vwuh��}#~�z|r�r�~�uÇ�wy�~a�tktr�r
(Xt)t∈R+

z¤uh�wkj�Lkjuh�wkjuas�~H³
(Wt)t∈R+

�[§�z¤s0f
B xj¦aq:iOk ��r0vwy�k

µ(dy)
�Huh� :huwz¤s�k7z¤uas�kjuhr0z¤s¬q

λ =

∫ ∞

−∞
yµ(dy),

§�fwz|�%fÇ� �Hu��
k<y�kj�wy�ktr�kju-s�kt����r

Xt =

Nt
∑

k=1

Uk, t ∈ R+,
µ´�[½FE¹¸

§�fhkjy�k
(Nt)t∈R+

z|r��(}#~�z|r�r�~�u��wy�~?�tktr�r�§�z¤s0f�z¤u-s�kjuhr0z¤s¾q
λ
�Huh�

(Uk)k≥1
z|r��Hu�zÝ½ zÝ½Ã�Ï½#r�kt{avhkjuh�tk

~H³8y%�Huh�w~�i ¦��Hy0zd�H�w¥|ktr@§�z¤s0fÇ�wy�~��3�H�wz¤¥¤z¤s¾qÇ�[z|r0s0y0z¤�wvws0z|~�u
ν(dx) = λ−1µ(dx)

½ ADk"�wkjuh~�s�k��-q
(Ft)t∈R+

s0fhk :h¥¤s0y%�Hs0z|~�u���kjuhkjy%�Hs�kt���aq
(Wt, Xt)t∈R+

½

ADk:�t~�uhr0z|�wkjy��Ry%���[z|kju-s·�Huh�¼�[z¤¦�kjy0��kjuh�tk¶~��
kjy%�Hs�~�y�r
D
�Huh�

δ
���js0z¤uw�Ä~�u s0fhk¯�t~�uas0z¤u-vh~�vhr

�t~�i��
~�uhkju-s1~H³¿�²vwi��[«¬�[z®Lvhr0z|~�u�y%�Huh�w~�i ³Jvwuh�js0z|~�u3�H¥|r¹½ B kjs
D : L2(Ω) → L2(Ω × R+)�wkjuh~�s�k�s0fhk·µJvwu-�
~�vwuh�wkt�3¸�n��H¥¤¥¤zd�t¦?z¤u��Ry%���[z|kju-s(~�u�s0fhk�A z|kjuhkjy�r0�3���tkR�[zÝ½ÃkR½

DtF (ωW , ωX) =

n
∑

k=1

1[0,tk](t)∂kf(Wt1 , . . . ,Wtn , ωX)

î�î ë�HJILK±õLM



� � ��� �  0	%����� ���?	�,�� ��	�
 ���5��/�� �L		� �����5�

³´~�y
F
�)y%�Huh�w~�i ¦R�Hy0zd�H�w¥|k�~H³�s0fhk<³´~�y0i

F (ωW , ωX) = f(Wt1 , . . . ,Wtn , ωX),

§�fhkjy�k
f(·, ωX) ∈ C∞

b (Rn)
�
PX(dωX)

«¾�[½Ãr¹½¤�Wz|r<vwuwz®³´~�y0i�¥¤q��
~�vwuh�wkt�Ä~�u
ΩX

½�Á<kjuh~�s�k��-q
〈·, ·〉L2(R+)

�Huh� ‖ · ‖ s0fhk�r�� �H¥d�Hy��wy�~?�[vh�js@�Huh�¯uh~�y0i z¤u
L2(R+)

�3�Huh���wk�:huhk

DuF = 〈u,DF 〉, u ∈ L2(Ω × R+).

B kjs

In(fn)(ωW , ωX) = n!

∫ ∞

0
· · ·
∫ t2

0
fn(t1, . . . , tn, ωX)dWt1 · · · dWtn

�wkjuh~�s�k@s0fhk@i+vw¥¤s0z¤�w¥|k<r0s�~?��f3��r0s0z|�@z¤u-s�kj�Ry%�H¥W~H³Ws0fhk(r0q?i�iOkjs0y0z|��³\vwuh�js0z|~�u
fn ∈ L2(Rn

+ ×ΩX)§�z¤s0fÇy�ktr0�Lkt�js�s�~·Ê¨y�~¹§�uwzd�HuÇiO~�s0z|~�u
(Wt)t∈R+

½Ì��kt� �H¥¤¥Ïs0f3�Hs�§©k7f3�t¦�k

DtIn(fn) = nIn−1(fn(·, t, ωX)), t ∈ R+,

�Huh��s0fhk<z|r�~�iOkjs0y0q:³\~�y0i"vw¥d�

E[In(fn)Im(gm)] = n!1{n=m}E[〈fn, gm〉L2(Rn
+

)].

�@u-q
F ∈ L2(ΩW × ΩX) ' L2(ΩW ;L2(ΩX))

���[i�z¤s�r��Ç�%f3��~Rr��wkt�t~�i��L~Rr�z¤s0z|~�u¼~H³�s0fhk
³´~�y0i

F = E[F ] +

∞
∑

n=1

In(fn),
µ´�[½í��¸

§�fhkjy�k
fn ∈ L2(Rn

+ × ΩX)
�
n ≥ 1

���Huh�Çs0fhk��w~�i·�Hz¤u
Dom (D)

~H³
D
�t~�uhr0z|r0s�r�z¤u�s0fhk+r%kjs

~H³#³\vwuh�js0z|~�u3�H¥|r
F
§�y0z¤s0s�kjuÆ��r+µ´�[½í��¸��Huh��r%�Hs0z|r²³\qaz¤uw�

E

[ ∞
∑

n=1

n!n‖fn‖2
L2(Rn

+
)

]

< ∞.

�¾u+s0fhk¨r�kt{avhkj¥-§¨k¨§�z¤¥¤¥?��kjuhkjy%�H¥¤¥¤q+�[y�~��"s0fhk¿z¤uh�[z|�tktr
ωW

�
ωX

½ eBfhk<µJvwu-�
~�vwuh�wkt�3¸ �[z¤¦�kjy0��kjuh�tk
~��
kjy%�Hs�~�y

δ : L2(Ω × R+) → L2(Ω)
���H�²~�z¤uas+~H³

D
� �H¥|r%~¶� �H¥¤¥|kt��s0fhk1paË�~�y�~�fh~a�Dz¤u-s�kj�Ry%�H¥Ý�

r`�Hs0z|r�:3ktr�s0fhk7�[v3�H¥¤z¤s¬q¶y�kj¥d�Hs0z|~�u

E[〈DF, u〉] = E[Fδ(u)], F ∈ Dom(D), u ∈ Dom(δ),

�Huh��s0fhk7�[z¤¦�kjy0��kjuh�tk7³´~�y0i+vw¥d�

δ(uF ) = Fδ(u) − DuF, u ∈ Dom(δ), F ∈ Dom (D),
µ´�[½í��¸

���#î � �
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§�fwz|�%f�r0fh~¹§�r�s0f3�Hs
uF ∈ Dom(δ)

�wy�~¹¦az|�wkt�
uF ∈ L2(Ω × R+)

�Huh�¼s0fhk¶y0z¤�Rf-s²«Ýf3�Huh�
r�z|�wk��
kj¥|~�uw��r@s�~

L2(Ω)
½��@kt� �H¥¤¥#�H¥|r�~1s0f3�Hs

δ
�t~�z¤uh�jz|�wktr@§�z¤s0f��¾s@wÂÃr@r0s�~?��f3��r�s0z|��z¤u-s�kj�Ry%�H¥8~�u

r%{-v3�Hy�k±«Ýz¤uas�kj�Ry%�H�w¥|k"���h�H�ws�kt���wy�~?�tktr�r�ktr¹�[z¤u¶�3�Hy0s0z|�jvw¥d�Hy

δ(u) =

∫ ∞

0
utdWt

³´~�y��H¥¤¥ ���h�H�ws�kt�Æ�Huh�Çr�{-v3�Hy�k±«Ýz¤uas�kj�Ry%�H�w¥|k��wy�~?�tktr�r
(ut)t∈R+

�h�Huh�

δ(u) = I1(u), u ∈ L2(R+).

�¾u!s0fhkÆr�kt{-vhkj¥�§¨k�§�z¤¥¤¥(�t~�uhr0z|�wkjy¶�Än��Hy0Ë�~¹¦azd�HuÅ�²vwi��[«¬�[z®Lvhr0z|~�u �wy0z|�tk��wy�~?�tktr�r
(St)t∈R+�Rz¤¦�kjuÇ�-q







dSt = at(St)dt + bt(St)dWt + ct(St−)dXt,

S0 = x,
§�fhkjy�k

at(·)
�
bt(·)

�
ct(·)

�Hy�k C1 BÏz¤�hr��%fwz¤s0À+³\vwuh�js0z|~�uhr ��vwuwz®³\~�y0i�¥¤q¶z¤u
t ∈ [0, T ]

�
T > 0

½��¾u
s0fhk�� ��r�k�~H³W�<s0z¤iOk�fh~�iO~���kjuhkt~�vhr¨��kt~�iOkjs0y0z|��iO~?�wkj¥3vwuh�wkjyÌs0fhk�y0z|r0Ë�uhkjvws0y%�H¥3iOk ��r0vwy�kR�-s0fhk
�t~?k�4·�jz|kju-s�r

a(·) � b(·) �Huh� c(·) §�z¤¥¤¥W�Lk<�Rz¤¦�kjuÇ�-q






















a(y) = y(r − λη(y)),

b(y) = yσ(y),

c(y) = yη(y),

§�fhkjy�k
r
�Huh�

σ(·) � η(·) y�kj�wy�ktr�kjuas:s0fhk�z¤uas�kjy�ktr0s¯y%�Hs�kR�@�Huh� s0fhk��t~�uas0z¤u-vh~�vhrÇ�Huh� �²vwi��¦�~�¥d�Hs0z¤¥¤z¤s¾q¯³Jvwuh�js0z|~�uhr¹½

�¾s@wÂÃrB³´~�y0i+vw¥d�)³´~�y
(St)t∈R+

y�k ���wr

φ(St) = φ(Ss) +

∫ t

s
φ′(Su)au(Su)du +

∫ t

s
φ′(Su)bu(Su)dWu

+
1

2

∫ t

s
φ′′(Su)b2

u(Su)du +
∑

s<u≤t

(φ(Su− + cu(Su−)∆Xu) − φ(Su−)) ,

0 ≤ s ≤ t
�h�Huh��qaz|kj¥|�wr

E[φ(St)] = E[φ(Ss)] + E

[∫ t

s
φ′(Su)au(Su)du

]

+
1

2
E

[∫ t

s
φ′′(Su)b2

u(Su)du

]
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+λE

[∫ t

s

∫ +∞

−∞
(φ(Su + zcu(Su)) − φ(Su))ν(dz)du

]

.
µ´�[½ �a¸

�3~�y�k±°w�Hi��w¥|kR�hz®³
Xt = a1N

1
t + · · · + adN

d
t , t ∈ R+,

µ´�[½í��¸
§�fhkjy�k

(Nk
t )t∈R+

�
k = 1, . . . , d

�B�Hy�k�z¤uh�wkj�Lkjuh�wkjuas1}#~�z|r�r�~�u��wy�~?�tktr�r�ktrO§�z¤s0f!y�ktr0�
kt�js0z¤¦�k
z¤uas�kjuhr0z¤s0z|ktr

λ1, . . . , λd
�[§¨k+f3�t¦�k

λ = λ1 + · · · + λd
�Huh�

ν(dx) =
λ1

λ
δa1

(dx) + · · · + λd

λ
δad

(dx),

�Huh�

E[φ(St)] = E[φ(Ss)] + E

[∫ t

s
φ′(Su)au(Su)du

]

+
1

2
E

[∫ t

s
φ′′(Su)b2

u(Su)du

]

+
d
∑

k=1

λkE

[
∫ t

s
(φ(Su + akcu(Su)) − φ(Su))du

]

, 0 ≤ s ≤ t.

�¾u¶s0fhk<¥¤z¤uhk �Hy@� ��r%k<§¨k7¥|kjs






















a(y) = (r − λη)y,

b(y) = σy,

c(y) = ηy,
�Huh����kjs







dSs = rSsds + σSsdWs + ηSs−(dXs − λds),

S0 = x,

µ´�[½í��¸

§�z¤s0fÆr�~�¥¤vws0z|~�u

St = x exp

((

r − λη − σ2

2

)

t + σWt

)

∏

0<s≤t

(1 + η∆Xs), t ∈ R+.
µ´�[½=<R¸

�¬³
(Xt)t∈R+

f3��r�s0fhk(³´~�y0i µ´�[½í��¸©§¨k+~��ws%�Hz¤u

St = x exp

((

r − λη − σ2

2

)

t + σWt

)

(1 + ηa1)
N1

t · · · (1 + ηad)
Nd

t , t ∈ R+.

���#î � �
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� Cº,�� ��)�"�
����
 )�82 ���
Theta

�¾u:s0fwz|r©r%kt�js0z|~�u:§©k(y�kj¦az|kj§ s0fhk<�t~�i��wvws%�Hs0z|~�u�~H³
Thetat

�Huh�
ThetaT

z¤u1�3�Hy0s0z|�jvw¥d�Hy�� ��r%ktr �
vhr�z¤uw��y�ktr0�Lkt�js0z¤¦�kj¥¤q¯s0fhk�Ê©¥d���%Ë-«ªp?�%fh~�¥|ktr(�Huh��Á(vw�wz¤y�k�}¿Á(»¿r ½

�©~�uhr�z|�wkjy@�Hu�~��ws0z|~�uÇ§�z¤s0f��3� q�~H�³Jvwuh�js0z|~�u
φ
�Huh�¶�wy0z|�tk

C(x, t, T ) = e−
R T

t
rsds

E

[

φ(ST )
∣

∣

∣St = x
]

.

paz¤uh�tk
t 7→ e

R T

t
rsdsC(St, t, T )

z|r8��i·�Hy0s0z¤uw�-�H¥|kR�R³Jy�~�i µ´�[½ �a¸±�
C(x, t, T )

r%�Hs0z|r�:3ktr�s0fhk©Ê©¥d���%Ë-«
p?�%fh~�¥|ktr�}ÌÁ<»

Thetat =
∂C

∂t
(x, t, T )

µ´�[½FE¹¸

= rtC(x, t, T ) − at(x)
∂C

∂x
(x, t, T ) − 1

2
b2
t (x)

∂2C

∂x2
(x, t, T )

−λ

∫ +∞

−∞
(C(x + zct(x), t, T )) − C(x, t, T ))ν(dz),

§�z¤s0f

Delta =
∂C

∂x
(x, t, T ) = e−

R T

t
rsds

E

[

YT φ′(ST )
∣

∣

∣
St = x

]

,
µ´�[½í��¸

§�fhkjy�k
(Yt)t∈R+

= (∂xSt)t∈R+

z|r�s0fhk�:hy�r0s�¦��Hy0zd�Hs0z|~�uÆ�wy�~a�tktr%r�r�~�¥¤vws0z|~�uÆ~H³






dYt = a′t(St)Ytdt + b′t(St)YtdWt + c′t(St−)Yt−dXt,

Y0 = 1,

�Huh�

Gamma =
∂2C

∂x2
(x, t, T ) = e−

R T

t
rsds

E

[

ZT φ′(ST ) + (YT )2φ′′(ST )
∣

∣

∣
St = x

]

,
µ´�[½í��¸

§�fhkjy�k
(Zt)t∈R+

= (∂2
xSt)t∈R+

z|r�s0fhk+r�kt�t~�uh�Ç¦��Hy0zd�Hs0z|~�uÆ�wy�~a�tktr�r¹½¨�(kjy�kR�
a′t(z)

�
b′t(z)

�Huh�
c′t(z)

�wkjuh~�s�k7s0fhk��3�Hy0s0zd�H¥ �wkjy0z¤¦��Hs0z¤¦�ktr@~H³#s0fhktr%k<³Jvwuh�js0z|~�uhr�§�z¤s0f�y�ktr0�
kt�js�s�~
z
½

eBfhk8:hy�r0s��Huh�:r%kt�t~�uh�¶�wkjy0z¤¦��Hs0z¤¦�ktr�~�u
φ
z¤u:s0fhk7k±°[�wy�ktr�r0z|~�uhr�µ´�[½í��¸t�
µ´�[½í��¸©~H³�Á<kj¥¤s%�)�Huh�

Í��Hi�i·�¶� �HuD�
k�y�kjiO~ ¦�kt�D¦?zd�¯z¤uas�kj�Ry%�Hs0z|~�u �-q��3�Hy0s�r)�Huh�Äs0fhk�n��H¥¤¥¤zd� ¦az¤u � �H¥|�jvw¥¤vhr ����r+z¤u
kR½ �h½);í� >¬� ; ��>¬�ws�~�q?z|kj¥|�Ç�HuÇk±°[�wy�ktr�r0z|~�u�³\~�y

Thetat
½Ì�(~ §¨kj¦�kjy(s0fhk��t~�i��wvws%�Hs0z|~�u�~H³ÌÍ��Hi�i·�

î�î ë�HJILK±õLM



E � � ��� �  0	%����� ���?	�,�� ��	�
 ���5��/�� �L		� �����5�

�[z¤y�kt�js0¥¤q�z¤u-¦�~�¥¤¦�ktr�s0fhk :hy�r�s7�Huh�Är%kt�t~�uh�Æ¦R�Hy0zd�Hs0z|~�uÄ�wy�~?�tktr�r�ktr
Yt
�Huh�

Zt
½"l(�HiOkj¥¤qÆz¤u ;=< >¬�

s0fhk7k±°[�wy�ktr�r0z|~�u µ´�[½í��¸©z|r�y�kj§�y0z¤s0s�kju���r

Delta =
∂C

∂x
(x, t, T ) =

e−
R T

t
rsds

T − t
E

[

φ(ST )

∫ T

t

Ys

bs(Ss)
dWs

∣

∣

∣St = x

]

,
µ´�[½ �a¸

vhr�z¤uw�Æs0fhk:k±°?�wy�ktr%r0z|~�uÅ~H³�s0fhk:n��H¥¤¥¤zd�t¦?z¤u �wkjy0z¤¦R�Hs0z¤¦�k¯~H³
ST ∈ Dom(D)

z¤u s�kjy0iOr�~H³�s0fhk
:hy�r�s�¦��Hy0zd�Hs0z|~�u��wy�~?�tktr�r���r?D

Ys

bs(Ss)
Dsφ(ST ) = YT φ′(ST ), 0 ≤ s ≤ τ, a.s.,

µ´�[½í��¸

�±³0½ ;FE � >¬½º�¬u¼s0fhk¯uhk±°[sOr�kt�js0z|~�u!§©k¶�wy�ktr�kju-s:���t~�i��wvws%�Hs0z|~�u ~H³
ThetaT

�-q z¤u-s�kj�Ry%�Hs0z|~�u
�aqÇ�3�Hy0s�r<§�fwz|�%fW�Ïz¤u�s0fhk�s0z¤iOk"fh~�iO~���kjuhkt~�vhr"� ��r�kR�
q?z|kj¥|�wr<�:�[z®Ïkjy�kju-s�y�kj�wy�ktr%kju-s%�Hs0z|~�uÄ³´~�y
Thetat = −ThetaT

½#�¾s¨�w~?ktr¨uh~�s©�[z¤y�kt�js0¥¤qOvhr%k�s0fhk.:hy�r�sB�Huh�1r�kt�t~�uh�·¦R�Hy0zd�Hs0z|~�u:�wy�~a�tktr�r%ktr �
�Huh��z¤ua¦�~�¥¤¦�ktr�~�uw¥¤qÇkj¥|kjiOkju-s%�Hy0q1A z|kjuhkjy7z¤u-s�kj�Ry%�H¥|r7~H³©�wkjs�kjy0i�z¤uwz|r�s0z|�)³Jvwuh�js0z|~�uhr<z¤uhr0s�k ����~H³
�¾s@�r0s�~?��f3��r0s0z|��z¤u-s�kj�Ry%�H¥|r�~H³Ì���h�H�ws�kt���wy�~?�tktr�r�ktr@��r�z¤u µ´�[½í��¸j½

Î@u�s0fhk+~�s0fhkjy�f3�Huh�Ï�3z¤u�s0fhk+� ��r%k�~H³�»Ìvwy�~��Lk �Hu�~��ws0z|~�uhr�z¤uÆ�O�t~�u-s0z¤u-vh~�vhr(i·�Hy0Ë�kjs �3zÝ½ÃkR½
§�z¤s0f

ct(·) = 0
�
at(y) = αty

�[§�z¤s0fÇ�3�tq�~H�³Jvwuh�js0z|~�u
φ(x) = (x − K)+

�h�Huh�¶�wy0z|�tk

C(x, t, T,K) = e−
R T

t
rsds

E[(ST − K)+ | St = x],

Á(vw�wz¤y�kRÂÃr�³\~�y0i"vw¥d� ;í� > y�k ���wr

bT (K) =

√

√

√

√

√

√

2
(rT − αT )C +

∂C

∂T
+ KrT

∂C

∂K

K2
∂2C

∂K2

§�fhkjy�k ∂C

∂T
(x, t, T,K)

�t~�z¤uh�jz|�wktr�§�z¤s0f
ThetaT

½Ì�¾u�~�s0fhkjy�s�kjy0iOr �

ThetaT =
∂C

∂T
(x, t, T,K)

µ´�[½í��¸

= (αT − rT )C(x, t, T,K) +
K2b2

T (K)

2

∂2C

∂K2
(x, t, T,K) − KαT

∂C

∂K
(x, t, T,K),

§�fhkjy�k −∂2C

∂y2
(x, t, T, y)

�t~�z¤uh�jz|�wktr�§�z¤s0f�s0fhk7�wkjuhr0z¤s¾q·³\vwuh�js0z|~�u
dP (ST = y | St = x)/dy

½
�@kj¥d�Hs0z|~�u µ´�[½í��¸+� �Hu �
k1�wy�~ ¦�kt�Å�-qÅ�H�w�w¥¤z|� �Hs0z|~�uº~H³¯µ´�[½ �a¸+~�u

[0, T ]
�8�[z®Ïkjy�kju-s0zd�Hs0z|~�uº§�z¤s0f

���#î � �



����������	�
����
��������������	����������! "�#���$	%�&�('����)�+*�,�	 -.�0/�	����1�$�2,0��� E�E

y�ktr��Lkt�jsBs�~
T
�w�Huh�1z¤uas�kj�Ry%�Hs0z|~�u��-q1�3�Hy0s�r�§�z¤s0f¯y�ktr0�
kt�js©s�~

dy
~�u

R
½8eBfhk<�t~�i��wvws%�Hs0z|~�uÇ~H³

ThetaT
�wy�ktr�kjuas�kt� z¤uDs0fhk·uhk±°?s"r�kt�js0z|~�uD³´~�¥¤¥|~ §�r+s0fhk·r%�HiOkOr�s�kj�hr � y�kj�w¥d���jz¤uw�Æz¤u-s�kj�Ry%�Hs0z|~�u

�aqÅ�3�Hy0s�r·~�u
R
§�z¤s0f�s0fhk¶�[v3�H¥¤z¤s¬q ³\~�y0i"vw¥d�Ä~�uºs0fhk A z|kjuhkjyOr0�3���tkR½¼�@r�r0vh�%f!z¤sO� �Huº�
k

¦?z|kj§¨kt�¼��r"����kjuhkjy%�H¥¤z¤À¹�Hs0z|~�uº~H³�Á(vw�wz¤y�kRÂÃr��Hy0�RvwiOkju-s)s�~Æ�Hy0�wz¤s0y%�Hy0q �3�tq�~H!³\vwuh�js0z|~�uhr+z¤u¼�
�²vwi����[z®
vhr0z|~�u�i·�Hy0Ë�kjs ½

� ���������������	��������
ThetaT

�©~�uhr�z|�wkjy@�Hu�~��ws0z|~�uÇ§�z¤s0f��3� q�~H�³Jvwuh�js0z|~�u
φ
�Huh�¶�wy0z|�tk

C(x, t, T ) = e−
R T

t
rsds

E

[

φ(ST )
∣

∣

∣St = x
]

.

ThetaT
� �Hu��
k��H�w�wy�~t°[z¤i·�Hs�kt�Ç�aq�:huwz¤s�k��[z®Ïkjy�kjuh�tktr@��r

ThetaT =
C(x, t, (1 + ε)T ) − C(x, t, (1 − ε)T )

2Tε
.

µ	�h½FE¹¸

�@¥¤s�kjy0u3�Hs0z¤¦�kj¥¤q��Ïs0fhk��wkjy0z¤¦R�Hs0z¤¦�k�§�z¤s0f�y�ktr��Lkt�js(s�~
T
� �Hu��
k"�wvws<z¤uhr0z|�wk)s0fhk�k±°[�Lkt�js%�Hs0z|~�u�z®³

φ
z|r��[z®Ïkjy�kju-s0zd�H�w¥|kR½

�©~�uhr0z|�wkjy
(Sx

t,s)s∈[t,∞)
�Rz¤¦�kju��aq:s0fhk©�²vwi��[«¬�[z®
vhr0z|~�uÆkt{av3�Hs0z|~�u







dSx
t,s = as(S

x
t,s)ds + bs(S

x
t,s)dWs + cs(S

x
t,s−)dXs,

Sx
t,t = x.

µ	�h½í��¸

m(r0z¤uw�O�¾s@wÂÃrB³´~�y0i+vw¥d�O�Huh� µ´�[½ �a¸B§¨k7f3� ¦�k�D

C(x, t, T ) = e−
R T

t
rsds

E
[

φ(Sx
t,T )
]

= φ(x) − E

[
∫ T

t
rse

−
R s

t
rpdpφ(Sx

t,s)ds

]

+E

[∫ T

t
e−

R s

t
rpdpφ′(Sx

t,s)as(S
x
t,s)ds

]

+ E

[∫ T

t
e−

R s

t
rpdpφ′(Sx

t,s)bs(S
x
t,s)dWs

]

+
1

2
E

[
∫ T

t
e−

R s

t
rpdpφ′′(Sx

t,s)b
2
s(S

x
t,s)ds

]

+λE

[∫ T

t
e−

R s

t
rpdp

∫ +∞

−∞
(φ(Sx

t,s + zcs(S
x
t,s)) − φ(Sx

t,s))ν(dz)ds

]
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E � � ��� �  0	%����� ���?	�,�� ��	�
 ���5��/�� �L		� �����5�

= φ(x) −
∫ T

t
rse

−
R s

t
rpdp

E
[

φ(Sx
t,s)
]

ds +

∫ T

t
e−

R s

t
rpdp

E
[

φ′(Sx
t,s)as(S

x
t,s)
]

ds

+
1

2

∫ T

t
e−

R s

t
rpdp

E
[

φ′′(Sx
t,s)b

2
s(S

x
t,s)
]

ds

+λ

∫ T

t
e−

R s

t
rpdp

E

[
∫ +∞

−∞
(φ(Sx

t,s + zcs(S
x
t,s)) − φ(Sx

t,s))ν(dz)

]

ds,

fhkjuh�tk
ThetaT

� �Hu��
k7k±°?�wy�ktr%r�kt�Ç��r

ThetaT =
∂

∂T

(

e−
R T

t
rsds

E
[

φ(Sx
t,T )
]

) µ	�h½í��¸

= −rT e−
R T

t
rpdp

E
[

φ(Sx
t,T )
]

+ e−
R T

t
rpdp

E
[

φ′(Sx
t,T )aT (Sx

t,T )
]

+
1

2
e−

R T

t
rpdp

E
[

φ′′(Sx
t,T )b2

T (Sx
t,T )
]

+λe−
R T

t
rsds

E

[
∫ +∞

−∞
(φ(Sx

t,T + zcT (Sx
t,T )) − φ(Sx

t,T ))ν(dz)

]

,

§�fwz|�%fÄ�[z®
kjy�r@³\y�~�i>µ´�[½FE¹¸j�Lz¤uh�j¥¤vh�[z¤uw�¯z¤u�s0fhk"s0z¤iOk±«Ýfh~�iO~���kjuhkt~�vhr+� ��r�kR½<l@~�s�k"s0f3�Hs<vwuw¥¤z¤Ë�k
s0fhk)}ÌÁ<» �H�w�wy�~�����fÄ~H³©p?kt�js0z|~�uD�[�3s0fwz|r@iOkjs0fh~?�Æ�w~?ktr�uh~�s<r�ktkji�s�~O�
k)�H�w�w¥¤z|� �H�w¥|k)s�~·s0fhk
�t~�i��wvws%�Hs0z|~�u�~H³

Thetat
z¤uÇ�)s0z¤iOk±«Ýz¤uwfh~�iO~���kjuhkt~�vhr(r%kjs0s0z¤uw�h½ÌeBfhk��H�L~¹¦�k�k±°[�wy�ktr�r0z|~�u¯³Ý�Hz¤¥|r

§�fhkju
φ
z|r�uh~�s�s¬§�z|�tk1�[z®
kjy�kjuas0zd�H�w¥|kR½:eBfhk1�Hz¤i ~H³B}Ìy�~��L~Rr0z¤s0z|~�u �h½FE��
kj¥|~ §.z|r+s�~¶�wy�ktr�kju-s

�:n��H¥¤¥¤zd�t¦?z¤uÄs¬q?�Lk"³´~�y0i+vw¥d�1³´~�y
ThetaT

�L§�fwz|��fÅ� ¦�~�z|�wr<s0fhk�vhr�k)~H³ :huwz¤s�k��[z®Ïkjy�kjuh�tktr��Huh�
�w~?ktr(uh~�s7y�kt{-vwz¤y�kO�HuaqÆr0iO~?~�s0fwuhktr�r7~�u

φ
½+eBfwz|r<§�z¤¥¤¥¿�H¥¤¥|~ § vhr<z¤u��3�Hy0s0z|�jvw¥d�Hy�s�~¯�t~�uhr0z|�wkjy

uh~�u[«¬r�iO~a~�s0f��3�tq�~H:³\vwuh�js0z|~�uhr ����r8kR½ �h½ z¤u�s0fhkB� ��r�kB~H³��[z¤�Rz¤s%�H¥h~��ws0z|~�uhr ½�eBfhkB�wkjy0z¤¦R�Hs0z¤¦�ktr8~�u
φ
§�z¤¥¤¥��
k�y�kjiO~¹¦�kt�¯�-qOz¤uas�kj�Ry%�Hs0z|~�u¶�-q1�3�Hy0s�r©~�u:s0fhk)A z|kjuhkjy�r0�3���tkR�?vhr0z¤uw�)s0fhk<k±°?�wy�ktr�r�z|~�u

φ′(Sx
t,T ) =

Duφ(Sx
t,T )

DuSx
t,T

, u ∈ L2([t, T ]).
µ	�h½ �a¸

eBfhk#�²vwi��·�t~�i��
~�uhkju-s©~H³Ls0fhk��H�
~ ¦�kB³´~�y0i+vw¥d�7z|r8¥|k±³Js8vwuas�~�vh��fhkt�:r0z¤uh�tkBz¤s¿�w~?ktr8uh~�sÌ�t~�u-s%�Hz¤u
�Huaq¶�wkjy0z¤¦��Hs0z¤¦�kR½

Í(z¤¦�kju
u, v, w ∈ L2([t, T ])

r0vh��fOs0f3�Hs
DuSx

t,T

�
DvS

x
t,T

�
DwSx

t,T

�Hy�k��[½Ãr ½#uh~�u[«ÝÀ kjy�~w�a¥|kjs
s0fhk<§©kjz¤�Rf-s

Λt,T (u, v, w)
�
k7�wk�:huhkt�¶�aq

Λt,T (u, v, w) = −a′T (Sx
t,T ) − rT + aT (Sx

t,T )

(

I1(u)

DuSx
t,T

+
D2

uSx
t,T

|DuSx
t,T |2

)

���#î � �



����������	�
����
��������������	����������! "�#���$	%�&�('����)�+*�,�	 -.�0/�	����1�$�2,0��� E �

+
1

2

((

b2
T (Sx

t,T )

DvSx
t,T

I1(v) − 2bT (Sx
t,T )b′T (Sx

t,T ) +
b2
T (Sx

t,T )D2
vS

x
t,T

|DvSx
t,T |2

)(

I1(w)

DwSx
t,T

+
D2

wSx
t,T

|DwSx
t,T |2

)

+
b2
T (Sx

t,T )

DwSx
t,T DvSx

t,T

(

I1(v)
DwDvS

x
t,T

DvSx
t,T

− 〈v, w〉 −
DwD2

vS
x
t,T

DvSx
t,T

+2
DwDvS

x
t,T D2

vS
x
t,T

|DvSx
t,T |2

)

−
2b′T (Sx

t,T )bT (Sx
t,T )

DvSx
t,T

(

I1(v) +
D2

vS
x
t,T

DvSx
t,T

))

+ b′T (Sx
t,T )2 + b′′T (Sx

t,T )bT (Sx
t,T ).

�@kt� �H¥¤¥�s0f3�Hs�s0fhk A z|kjuhkjy·z¤u-s�kj�Ry%�H¥|r
I1(u)

�
I1(v)

�Huh�
I1(w)

z¤uºs0fhkÇ�H�
~ ¦�k:³´~�y0i+vw¥d�D�Hy�k
�tkjuas�kjy�kt��Í7�Hvhr%r0zd�Hu¶y%�Huh�w~�i ¦R�Hy0zd�H�w¥|ktr ½
� � Õ��ÌÕ ���T��� Õ����	��
���#�

u, v, w ∈ L2([t, T ])
/L�"
� �% ���

DuSx
t,T

�
DvS

x
t,T

�
DwSx

t,T

���� ���F/��
�����J*�� ���G��� � / /������ �% ���

Λt,T (u, v, w) ∈ L2(Ω)
� ���+, � �#�

φ : R → R � �&���C	 � / 
� 0	����
�����+
 ��	�������� �  �� � �

ThetaT =

e−
R T

t
rsds

E

[

Λt,T (u, v, w)φ(Sx
t,T ) + λ

∫ +∞

−∞
(φ(Sx

t,T + zcT (Sx
t,T )) − φ(Sx

t,T ))ν(dz)

]

.

� ���2�G��� m(r0z¤uw�1µ´�[½í��¸¿�Huh�Çµ	�h½ �a¸#§©k���kjs8³´~�y
u ∈ L2([t, T ])

�Huh�
φ
�
gT
�-r�v 4·�jz|kju-s0¥¤q�r0iO~?~�s0f D

E
[

φ′(Sx
t,T )gT (Sx

t,T )
]

= E

[

gT (Sx
t,T )

DuSx
t,T

Duφ(Sx
t,T )

]

= E

[〈

Dφ(Sx
t,T ),

gT (Sx
t,T )

DuSx
t,T

u

〉]

= E

[

φ(Sx
t,T )δ

(

gT (Sx
t,T )

DuSx
t,T

u

)]

= E

[

φ(Sx
t,T )

(

gT (Sx
t,T )

DuSx
t,T

I1(u) − Du

(

gT (Sx
t,T )

DuSx
t,T

))]

= E

[

φ(Sx
t,T )

(

gT (Sx
t,T )

DuSx
t,T

I1(u) − g′T (Sx
t,T ) +

gT (Sx
t,T )D2

uSx
t,T

|DuSx
t,T |2

)]

.

A z¤s0f
gT (·) = aT (·) §¨k�~��ws%�Hz¤u

E
[

φ′(Sx
t,T )aT (Sx

t,T )
]

= E

[

φ(Sx
t,T )

(

aT (Sx
t,T )

DuSx
t,T

I1(u) − a′T (Sx
t,T ) +

aT (Sx
t,T )D2

uSx
t,T

|DuSx
t,T |2

)]

,

µ	�h½í��¸
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E � � ��� �  0	%����� ���?	�,�� ��	�
 ���5��/�� �L		� �����5�

§�fwz¤¥|k
gT (·) = b2

T (·) q?z|kj¥|�wr

E
[

φ′′(Sx
t,T )b2

T (Sx
t,T )
]

= E
[

φ′(Sx
t,T )Γt,T (v)

]

,

§�fhkjy�k

Γt,T (v) =
b2
T (Sx

t,T )

DvS
x
t,T

I1(v) − 2bT (Sx
t,T )b′T (Sx

t,T ) +
b2
T (Sx

t,T )D2
vS

x
t,T

|DvS
x
t,T |2

.

Ê©q¶��r0z¤i�z¤¥d�Hy@�Hy0�RvwiOkjuas�§¨k���kjs

E
[

φ′′(Sx
t,s)b

2
s(S

x
t,s)
]

= E
[

φ′(Sx
t,T )Γt,T (v)

]

= E

[

Γt,T (v)
Dwφ(Sx

t,T )

Dw(Sx
t,T )

]

= E

[

φ(Sx
t,T )δ

(

w
Γt,T (v)

DwSx
t,T

)]

= E

[

φ(Sx
t,T )

(

Γt,T (v)

DwSx
t,T

I1(w) − Dw

(

Γt,T (v)

DwSx
t,T

))]

= E

[

φ(Sx
t,T )

(

Γt,T (v)

DwSx
t,T

(

I1(w) +
D2

wSx
t,T

DwSx
t,T

)

−
2b′T (Sx

t,T )bT (Sx
t,T )

DvSx
t,T

(

I1(v) +
D2

vS
x
t,T

DvSx
t,T

)

+
b2
T (Sx

t,T )

DwSx
t,T DvSx

t,T

(

I1(v)DwDvS
x
t,T

DvSx
t,T

− 〈v, w〉 −
DwD2

vS
x
t,T

DvSx
t,T

+
2DwDvS

x
t,T D2

vS
x
t,T

|DvSx
t,T |2

)

+2b′T (Sx
t,T )2 + 2b′′T (Sx

t,T )bT (Sx
t,T )
)]

.

pavwi�i�z¤uw�Äµ	�h½í��¸©§�z¤s0f�s0fhk��H�
~ ¦�k�y�kj¥d�Hs0z|~�u��Huh�¶vhr0z¤uw��µ	�h½í��¸©§¨k+~��ws%�Hz¤u

Λt,T (u, v, w) = −a′T (Sx
t,T ) − rT + aT (Sx

t,T )

(

I1(u)

DuSx
t,T

+
D2

uSx
t,T

|DuSx
t,T |2

)

+
1

2

(

Γt,T (v)

(

I1(w)

DwSx
t,T

+
D2

wSx
t,T

|DwSx
t,T |2

)

−
2b′T (Sx

t,T )bT (Sx
t,T )

DvSx
t,T

(

I1(v) +
D2

vS
x
t,T

DvSx
t,T

)

+
b2
T (Sx

t,T )

DwSx
t,T DvSx

t,T

(

I1(v)
DwDvS

x
t,T

DvSx
t,T

− 〈v, w〉 −
DwD2

vS
x
t,T

DvSx
t,T

+
2DwDvS

x
t,T D2

vS
x
t,T

|DvSx
t,T |2

))

+b′T (Sx
t,T )2 + b′′T (Sx

t,T )bT (Sx
t,T ).

ADk7�t~�uh�j¥¤vh�wk+s0fhk7�wy�~?~H³#�aq¯�H�w�wy�~ °?z¤i·�Hs0z|~�u�~H³
φ
�-q C2

b

³\vwuh�js0z|~�uhr ½
�

���#î � �
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����
��������������	����������! "�#���$	%�&�('����)�+*�,�	 -.�0/�	����1�$�2,0��� E �

�¾u�s0fhk7s0z¤iOk+fh~�iO~���kjuhkt~�vhr<� ��r�kR�3�wkjuh~�s0z¤uw�
Sx

0,τ

�-q
Sx

τ

�Huh�
Λ0,τ (u, v, w)

�-q
Λτ (u, v, w)§©k7f3�t¦�k

C(x, t, T ) = e−(T−t)r
E

[

φ(ST )
∣

∣

∣St = x
]

= e−τr
E [φ(Sx

τ )] ,

§�z¤s0f
τ = T − t

�h�Huh�

ThetaT = −Thetat

= e−τr
E

[(

Λτ (u, v, w)φ(Sx
τ ) + λ

∫ +∞

−∞
(φ(Sx

τ + c(Sx
τ )y) − φ(Sx

τ ))ν(dy)

)]

,

§�fhkjy�k
u, v, w ∈ L2([0, τ ])

�Hy�kOr0vh�%fDs0f3�Hs
DuSx

τ

�
DvS

x
τ

�
DwSx

τ

�Hy�k·�[½Ãr ½�uh~�u[«ÝÀ kjy�~��Huh�
Λτ (u, v, w) ∈ L2(Ω)

½Ì�h~�y��t~�uhr0s%�Huas
r
�
σ
�Huh�

η
�hzÝ½ÃkR½�z¤u�s0fhk7¥¤z¤uhk �Hy�� ��r�kR�[§©k7f3�t¦�k























a(y) = (r − λη)y,

b(y) = σy,

c(y) = ηy,

�Huh�Åµ´�[½=<R¸©qaz|kj¥|�wr

DuSx
τ = σ

∫ τ

0
usdsSx

τ ,

fhkjuh�tk
D2

vS
x
τ /|DvS

x
τ |2 = 1/Sτ

�Huh�¯§¨k7��kjs

Λτ (u, v, w) = −r +
r̂

σ

I1(u)
∫ τ
0 usds

− σ

2

I1(w)
∫ τ
0 wsds

+
I2(v ◦ w)

2
∫ τ
0 vsds

∫ τ
0 wsds

,

§�fhkjy�k
r̂ = r − λη

½ÌeBfhkjs%��z|r�s0fhkjuÇ�Rz¤¦�kju��-q

Theta = e−rτ
E

[

Λτ (u, v, w)φ(Sx
τ ) + λ

∫ +∞

−∞
(φ(Sx

τ (1 + ηy)) − φ(Sx
τ ))ν(dy)

]

,

zÝ½ÃkR½�z¤uÇs0fhk7iO~a�wkj¥W~H³"µ´�[½í��¸B§¨k7f3� ¦�k

Theta = e−rτ
E

[

Λτ (u, v, w)φ(Sx
τ ) +

d
∑

k=1

λk(φ(Sx
τ (1 + ηak)) − φ(Sx

τ ))

]

,

�Huh�Æz®³
(Xt)t∈R+

z|r(�1r0s%�Huh�h�Hy���}#~�z|r�r�~�u��wy�~a�tktr�r(§�z¤s0f�z¤u-s�kjuhr0z¤s¾q
λ
�Huh�·�ªvwi���r0z¤À k

a
��§¨k

��kjs
Theta = e−rτ

E [Λτ (u, v, w)φ(Sx
τ ) + λ(φ((1 + aη)Sx

τ ) − φ(Sx
τ ))] .

î�î ë�HJILK±õLM
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�¬³
(Xt)t∈R+

f3��r@z¤u :huwz¤s�kj¥¤q¶i·�Hu-q��²vwi��hr(~�uÇ�
~�vwuh�wkt��s0z¤iOk�z¤uas�kjy0¦��H¥|r¹�3zÝ½ÃkR½Bz®³
µ(R) = ∞ �

s0fhkju
(St)t∈R+

z|r��Rz¤¦�kju��aq







dSt = at(St)dt + bt(St)dWt + ct(St−)dX̃t,

S0 = x,

§�fhkjy�k
(X̃t)t∈R+

z|r+s0fhk1�t~�i��Lkjuhr%�Hs�kt� �wvwy�k+�ªvwi��Åi·�Hy0s0z¤uw�-�H¥|k¶��r�r�~?�jzd�Hs�kt�Ds�~
(Xt)t∈R+

½
�¾u¶s0fwz|r�� ��r�k7�¾s@wÂÃrB³´~�y0i+vw¥d�Oy�k ���wr

φ(St) = φ(Ss) +

∫ t

s
φ′(Su)au(Su)du +

∫ t

s
φ′(Su)bu(Su)dWu +

∫ t

s
φ′(Su)bu(Su)dX̃u

+
1

2

∫ t

s
φ′′(Su)b2(Su)du +

∑

s<u≤t

(

φ(Su− + cu(Su−)∆Xu) − φ(Su−) − cu(Su−)∆Xuφ′(Su−)
)

,

0 ≤ s ≤ t
�[s�~Oqaz|kj¥|�

E[φ(St)] = E[φ(Ss)] + E

[∫ t

s
φ′(Su)au(Su)du

]

+
1

2
E

[∫ t

s
φ′′(Su)b2

u(Su)du

]

+λE

[∫ t

s

∫ +∞

−∞
(φ(Su + zcu(Su)) − φ(Su) − zcu(Su)φ′(Su))ν(dz)du

]

.

�(~ §©kj¦�kjy �Ìz¤u¼s0fwz|r�� ��r�k1s0fhk:¥d��r0s��t~�i��L~�uhkjuas�z¤u
φ′(Su)

� �Hu uh~�s��
k:z|r�~�¥d�Hs�kt�º�Huh� �wk �H¥¤s
§�z¤s0fÇ�-q:z¤u-s�kj�Ry%�Hs0z|~�u��-q:�3�Hy0s�r ½

� � �+��	`��	������	���� ��������� �����
A��8�)���

Ê©qÆs0fhk�y�ktr0vw¥¤s�r7~H³¨s0fhk��wy�kt�tkt�[z¤uw�Çr%kt�js0z|~�uW�Ws0fhk)¦��H¥¤vhk�~H³BeBfhkjs%�¯z¤u�s0fhk���kt~�iOkjs0y0z|��iO~?�wkj¥
µ´�[½í��¸Bz|r��Rz¤¦�kju��-q

Theta = e−rτ
E

[

φ(Sx
τ )Λ(u, v, w) + λ

∫ +∞

−∞
(φ(Sx

τ + ηSx
τ y) − φ(Sx

τ ))ν(dy)

]

.
µ´�[½FE¹¸

�3~�y@�Hu-q
u ∈ L2([0, τ ])

r�vh��f�s0f3�Hs ∫ τ
0 usds 6= 0

�w¥|kjs0s0z¤uw�

ũt =
ut

∫ τ
0 usds

, t ∈ [0, τ ],

���#î � �



����������	�
����
��������������	����������! "�#���$	%�&�('����)�+*�,�	 -.�0/�	����1�$�2,0��� E?<

s0fhk<§©kjz¤�Rf-s
Λτ (u, v, w)

z|r�k±°[�wy�ktr�r�kt�Ç��r

Λτ (u, v, w) = −r +
r̂

σ
I1(ũ) − σ

2
I1(w̃) +

1

2
I2(ṽ ◦ w̃).

Î@vwy:��~��H¥(z|r·uh~¹§�s�~ :huh��³Jvwuh�js0z|~�uhr
u, v, w

§�fwz|�%f i�z¤uwz¤i�z¤À k
Var[Λτ (u, v, w)]

z¤u s0fwz|r
r%kjs0s0z¤uw�h½
� � Õ��ÌÕ ���T��� Õ���� ��
 �! �(	%��� � ��� ���

Var[Λτ (u, v, w)]
	 /.� ������	 � �G, �#�����������+���J* �?���G� 
���J*

/#����� � �L���+
 ��	����"/
u, v, w

��� �% � �#���L�
us = c1

�
vs = c2

�
ws = c3

�
s ∈ [0, τ ]

� ���+, 	 /���	 � �#�

� �

inf
u,v,w

Var[Λτ (u, v, w)] = Var[Λopt] =
1

2τ2
+

1

σ2τ

∣

∣

∣

∣

r̂ − σ2

2

∣

∣

∣

∣

2

,

�  "���G� r̂ = r − λη
� � 	%�% 

Λopt = −r +
Wτ

στ

(

r̂ − σ2

2

)

+
1

2τ

(

W 2
τ

τ
− 1

)

.
µ´�[½í��¸

� ���2�G������kt� �H¥¤¥Ïs0f3�Hs�s0fhk �B�Hvh��faq-«ªp?�%f-§©�Hy0À�z¤uhkt{av3�H¥¤z¤s¬q¯q?z|kj¥|�wr

‖ũ‖2 ≥ 1

τ
,

µ´�[½í��¸

§�z¤s0fÆkt{-v3�H¥¤z¤s¾q:z®³Ì�Huh�¶~�uw¥¤q¯z®³
ũt = 1/τ

�
t ∈ [0, τ ]

½

B kjs

F (u, v, w) = Var[Λτ (u, v, w)]

=
r̂2

σ2
‖ũ‖2 − r̂〈ũ, w̃〉 +

σ2

4
‖w̃‖2 +

1

4
‖ṽ‖2‖w̃‖2 +

1

4
〈ṽ, w̃〉2

=
1

σ2

∥

∥

∥

∥

r̂ũ − σ2

2
w̃

∥

∥

∥

∥

2

+
1

4
‖ṽ‖2‖w̃‖2 +

1

4
〈ṽ, w̃〉2.

eBfhk+~��ws0z¤i·�H¥W¦��H¥¤vhk+~H³
(u, v, w)

r�~�¥¤¦�ktr







































d

dε
F (u + εh, v, w)|ε=0 = 0

d

dε
F (u, v + εh,w)|ε=0 = 0

d

dε
F (u, v, w + εh)|ε=0 = 0,

µ´�[½ �a¸
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³´~�y��H¥¤¥
h ∈ L2([0, τ ])

��zÝ½ÃkR½

2r̂2

σ2

(

〈h, ũ〉 − ‖ũ‖2

∫ τ

0
hsds

)

− r̂

(

〈h, w̃〉 − 〈ũ, w̃〉
∫ τ

0
hsds

)

= 0,

1

2
‖w̃‖2

(

〈h, ṽ〉 − ‖ṽ‖2

∫ τ

0
hsds

)

+
1

2

(

〈ṽ, w̃〉〈h, w̃〉 − 〈ṽ, w̃〉2
∫ τ

0
hsds

)

= 0,

�Huh�

σ2

2

(

〈h, w̃〉 − ‖w̃‖2

∫ τ

0
hsds

)

+
1

2
‖ṽ‖2

(

〈h, w̃〉 − ‖w̃‖2

∫ τ

0
hsds

)

+
1

2

(

〈ṽ, w̃〉〈h, ṽ〉 − 〈ṽ, w̃〉2
∫ τ

0
hsds

)

− r̂

(

〈h, ũ〉 − 〈ũ, w̃〉
∫ τ

0
hsds

)

= 0.

�¨¥|k �Hy0¥¤q���³\~�y¶�H¥¤¥
c1, c2, c3 6= 0

s0fhk��t~�uhr0s%�Huas1³\vwuh�js0z|~�uhr
us = c1

�
vs = c2

�
ws = c3

�
s ∈ [0, τ ]

�w�Hy�k�r%~�¥¤vws0z|~�uhr¿~H³Ïs0fwz|rÌ�wy�~��w¥|kji�½ B kjs¿vhr¿r�fh~ §�s0f3�Hs¿s0fwz|r¨r�~�¥¤vws0z|~�u1z|r8vwuwz|{avhkR½8�h~�y
�H¥¤¥

h ∈ L2([0, τ ])
r0vh�%f�s0f3�Hs ∫ τ

0 hsds = 0
�hkt{av3�Hs0z|~�uÅµ´�[½ �a¸©q?z|kj¥|�wr































2r̂2

σ2
〈h, ũ〉 − r̂〈h, w̃〉 = 0

‖w̃‖2〈h, ṽ〉 + 〈ṽ, w̃〉〈h, w̃〉 = 0

σ2〈h, w̃〉 + ‖ṽ‖2〈h, w̃〉 + 〈ṽ, w̃〉〈h, ṽ〉 − 2r̂〈h, ũ〉 = 0.

�¬³��Dr�~�¥¤vws0z|~�u
(ũ, ṽ, w̃)

�[z®
kjy�kjuasO³\y�~�i
(1/τ, 1/τ, 1/τ)

k±°?z|r0s�r¹�¿s0fhkju ~�uhkÇ� �Hu :huh�
h ∈

L2([0, τ ])
r0vh�%f s0f3�Hs ∫ τ

0 hsds = 0
�Huh�

(〈h, ũ〉, 〈h, ṽ〉, 〈h, w̃〉) 6= (0, 0, 0)
�7fhkjuh�tk�s0fhk

�wkjs�kjy0i�z¤u3�Huas
‖ṽ‖2‖w̃‖2 − |〈ṽ, w̃〉|2 = 0

µ´�[½í��¸
~H³�s0fhk��H�
~ ¦�k�¥¤z¤uhk �Hy@r0q?r�s�kji ¦��Huwz|r0fhktr¹½8�wy�~�i µ´�[½í��¸��Huh� µ´�[½í��¸B§¨k7��kjs

F (u, v, w) =
1

σ2

∥

∥

∥

∥

r̂ũ − σ2

2
w̃

∥

∥

∥

∥

2

+
1

4
‖ṽ‖2‖w̃‖2 +

1

4
|〈ṽ, w̃〉|2

=
1

σ2

∥

∥

∥

∥

r̂ũ − σ2

2
w̃

∥

∥

∥

∥

2

+
1

2
‖ṽ‖2‖w̃‖2

≥ 1

τσ2

∣

∣

∣

∣

∫ τ

0

(

r̂ũs −
σ2

2
w̃s

)

ds

∣

∣

∣

∣

2

+
1

2τ2

���#î � �
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=
1

τσ2

∣

∣

∣

∣

r̂ − σ2

2

∣

∣

∣

∣

2

+
1

2τ2
,

§�fwz|�%fÆz|r��Ry�k �Hs�kjy@s0f3�Hu�s0fhk+~��ws0z¤i·�H¥#¦R�H¥¤vhk7³´~�vwuh��§�fhkju
ũ
�
ṽ
�
w̃
�Hy�k+�t~�uhr0s%�Huas�³\vwuh�js0z|~�uhr ½

n�~�y�kt~ ¦�kjy ��kt{-v3�H¥¤z¤s¾q¶~a�t�jvwy�r�~�uw¥¤q:§�fhkju ‖ṽ‖2 = 1/τ
� ‖w̃‖2 = 1/τ

���Huh�

∥

∥

∥

∥

r̂ũ − σ2

2
w̃

∥

∥

∥

∥

2

=
1

τ

∣

∣

∣

∣

r̂ − σ2

2

∣

∣

∣

∣

2

,

zÝ½ÃkR½�§�fhkju
r̂ũ − σ2

2 w̃
�
ṽ
�
w̃
�Hy�k7�t~�uhr�s%�Hu-s �w§�fwz|�%f�z¤i��w¥¤z|ktr�s0f3�Hs

ũ
z|r��H¥|r�~��t~�uhr�s%�Hu-s �hk±°w�tkj�ws

§�fhkju
r̂ = 0

�[z¤u�§�fwz|�%fÇ� ��r�k7uh~��t~�uhr�s0y%�Hz¤u-s�z|r�z¤i��L~Rr�kt�Ç~�u
u
½

ADk)uh~¹§ uhktkt��s�~1�wy�~¹¦�k�s0f3�Hs7s0fwz|r7r�~�¥¤vws0z|~�uD�t~�y0y�ktr0�
~�uh�wr<s�~¯s0fhk)�R¥|~��3�H¥8i�z¤uwz¤i+vwi ~H³
F
½

paz¤uh�tk
F (u, v, w) ≥ 0

�Ls0fhk+z¤u :hi"vwi�k±°[z|r0s�r<�Huh�Ç§©k��wk±uh~�s�k)z¤s@�-q
l
½(Ê¨q��t~�uas0z¤u-vwz¤s¾q�~H³

F~�u
L2([0, τ ])3

s0fhkjy�k�k±°[z|r0s���r�kt{avhkjuh�tk
(un, vn, wn)n∈N

r0vh�%f�s0f3�Hs

l = lim
n→∞

E[Λτ (un, vn, wn)2].

ADkÄ� �Hu ��r�r0vwiOk�s0f3�Hs
(un, vn, wn)

z|r¶�
~�vwuh�wkt� Dºz®³)uh~�s �(y�kj�w¥d���tkÄz¤sÇ�-q s0fhkÄ�L~�vwuh�wkt�
r%kt{-vhkjuh�tk

(

un

‖un‖
,

vn

‖vn‖
,

wn

‖wn‖

)

n∈N

,

~�u�§�fwz|�%f
F
s%�HË�ktr�s0fhkBr%�HiOk©¦R�H¥¤vhktrÌ��r#~�u

(un, vn, wn)n∈N

½�m@uh�wkjy�s0fwz|r�f-q?�L~�s0fhktr0z|r¹��s0fhkjy�k
k±°[z|r0s�r©��r0vw�[«¬r�kt{avhkjuh�tk

(unk
, vnk

, wnk
)k∈N

�t~�u-¦�kjy0�Rz¤uw��§©k �HËa¥¤q�s�~
(u, v, w)

z¤u
L2([0, τ ])3

½
ADk<f3� ¦�k

E[Λτ (u, v, w)Λτ (unk
, vnk

, wnk
)]

= r̂2 +
r̂2

σ2
〈ũ, ũnk

〉 − r̂

2
〈ũ, w̃nk

〉 − r̂

2
〈ũnk

, w̃〉 +
σ2

4
〈w̃, w̃nk

〉

+
1

4
〈ũ, ũnk

〉〈w̃, w̃nk
〉 +

1

4
〈ũ, w̃nk

〉〈w̃, ũnk
〉,

�Huh���-q:§¨k �HË¶�t~�u-¦�kjy0��kjuh�tk)~H³
(unk

, vnk
, wnk

)k∈N

s�~
(u, v, w)

§¨k7��kjs

lim
n→∞

E[Λτ (u, v, w)Λτ (unk
, vnk

, wnk
)] = E[|Λτ (u, v, w)|2].

n�~�y�kt~ ¦�kjy �

0 ≥ l − E[|Λτ (u, v, w)|2]
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= lim
n→∞

E[Λτ (unk
, vnk

, wnk
)2] − E[|Λτ (u, v, w)|2]

≥ lim
n→∞

E[|Λτ (u, v, w) − Λτ (unk
, vnk

, wnk
)|2]

+2E[Λτ (u, v, w)Λτ (unk
, vnk

, wnk
)] − 2E[|Λτ (u, v, w)|2]

≥ lim
n→∞

E[(Λτ (u, v, w) − Λτ (unk
, vnk

, wnk
))2]

+2 lim
n→∞

E[Λτ (u, v, w)Λτ (unk
, vnk

, wnk
)]

−2E[|Λτ (u, v, w)|2]
≥ lim

n→∞
E[(Λτ (u, v, w) − Λτ (unk

, vnk
, wnk

))2]

≥ 0,

fhkjuh�tk
limn→∞ Λτ (unk

, vnk
, wnk

) = Λτ (u, v, w)
z¤u

L2(Ω)
�Huh�

l = E[|Λτ (u, v, w)|2].
eBfavhr�s0fhk<�R¥|~��3�H¥�i�z¤uwz¤i+vwi z|r@�Hs0s%�Hz¤uhkt�¯³\~�y

ũ = ṽ = w̃ = 1/τ
½

�

l(~�s�kDs0f3�Hs
infu,v,w∈L2([0,τ ]) Var[Λτ (u, v, w)]

z|rÇi�z¤uwz¤i·�H¥�z¤u s�kjy0iOr�~H³
σ
�Huh�

r
§�fhkju

(Sx
t )t∈R+

z|r��Hu�k±°?�
~�uhkju-s0zd�H¥#Ê©y�~ §�uwzd�HuÇiO~�s0z|~�uW�hzÝ½ÃkR½
r̂ = σ2/2

½Ì�¬u¶s0fwz|r�� ��r�k<§¨k+f3�t¦�k

inf
u,v,w∈L2([0,τ ])

Var[Λτ (u, v, w)] =
1

2τ2
.

� � 23	��� ���"��	����)2

�©~�uhr�z|�wkjy�s0fhk7�wy0z|�tk7�wy�~?�tktr�r
(St)t∈R+

�Rz¤¦�kjuÇ�-q






dSx
t = a(Sx

t )dt + b(Sx
t )dWt + ηSx

t−dXt,

Sx
0 = x,

zÝ½ÃkR½�§©k�¥|kjs
ct(z) = ηz

½Ì��kt� �H¥¤¥ s0f3�Hs �h�±³²½.;FE�E�>¬�hs0fhk<�wy0z|�tk

C(x, y, t, T ) = e−(T−t)r
E

[

(

1

T

∫ T

0
Sx

udu − K

)+
∣

∣

∣Ft

]

�Hs�s0z¤iOk
t
~H³Ì�HuÇ�@r�zd�Hu�~��ws0z|~�u�§�z¤s0f��wy0z|�tk7�wy�~?�tktr�r

(Sx
t )t∈R+

� �Hu��Lk7k±°[�wy�ktr�r�kt����r

C(x, y, t, T ) = xe−(T−t)r
E

[

(

y +
1

T

∫ T

t
S1

s−tds

)+
]

µ´�[½FE¹¸

���#î � �
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�Huh�

x = St
�Huh�

y =
1

x

(

1

T

∫ t

0
Sudu − K

)

.

�(rBz¤u�s0fhk�r%kjs0s0z¤uw�O~H³�»8vwy�~��
k �HuÆ~��ws0z|~�uhr¹�w§¨k7i·� q¶�t~�uhr0z|�wkjy

Thetat =
∂C

∂t
(x, y, t, T )

�Huh�
ThetaT =

∂C

∂T
(x, y, t, T ),

§�fwz|�%f!fh~ §©kj¦�kjy1�[z®Ïkjy�³Jy�~�i�k ���%f�~�s0fhkjyOz¤uº��kjuhkjy%�H¥Ý�¨z¤uh�j¥¤vh�[z¤uw� §�fhkju
(St)t∈R+

z|r�s0z¤iOk
fh~�iO~���kjuhkt~�vhr¹½Ì�@kjy�kR�

Thetat
� �Hu1�Lk��t~�i��wvws�kt�O³\y�~�i.s0fhk�Ê©¥d���%Ë-«ªp?�%fh~�¥|ktr©}¿Á(»Å³´~�y¿�(r0zd�Hu

~��ws0z|~�uhr�z¤uÇ�(�²vwi��[«¬�[z®Lvhr0z|~�uÇiO~a�wkj¥Ý�w�±³0½Ì}8y�~��
~Rr0z¤s0z|~�uÆ��~H³.;FE#>¬�h��r

Thetat = rC(x, y, t, T ) +

(

1

T
− a(y)

)

∂C

∂y
(x, y, t, T ) − 1

2
b2(y)

∂2C

∂y2
(x, y, t, T )

−(1 + η)λ

∫ +∞

−∞

(

C
(

x,
yz

1 + η
, t, T

)

− C(x, y, t, T )
)

ν(dz).

�¾u¯s0fhk<r�kjs0s0z¤uw�O~H³#�(r0zd�Hu¶~��ws0z|~�uhr �w~�vwy�iOkjs0fh~?���H�w�w¥¤z|ktr��L~�s0f¯s�~
Thetat

�Huh�
ThetaT

�Huh�
�w~?ktr�uh~�s�y�kt{avwz¤y�k�s0fhk�:hy�r0s@�Huh��r�kt�t~�uh�Æ�wkjy0z¤¦��Hs0z¤¦�ktr ∂C

∂y

�Huh� ∂2C

∂y2

½¿�¾s��H¥|r�~O�w~?ktr�uh~�s�vhr�k
�¾s@�� �H¥|�jvw¥¤vhr ½
� � Õ��ÌÕ ���T��� Õ���� ��
�� 		� ���

u ∈ L2([0, τ ])
/L�"
� �% ���� ∫ τ

0 DuSx
s ds 6= 0

� � �5/ � �
s ∈ [0, τ ]

� � �#�

Λ(u) = −r − DuSx
τ

∫ τ
0 DuSx

s ds
+

Sx
τ −

∫ τ
0 Sx

s ds/T
∫ τ
0 DuSx

s ds

(

I1(u) +

∫ τ
0 D2

uSx
s ds

∫ τ
0 DuSx

s ds

)

,

���+, ��/ /L����� �% ����
Λ(u) ∈ L2(Ω)

� � �  �� � �

ThetaT = xe−(T−t)r
E

[

Λ(u)

(

y +
1

T

∫ τ

0
S1

sds

)+
]

.

� ���2�G��� �@kj�w¥d���jz¤uw�
x 7→ (x − K)+

z¤u µ´�[½FE¹¸��-q
φ
� C1

b

³\vwuh�js0z|~�uÅ§©k1�wk�:huhk1s0fhk1s0z¤iOk
�wkjy0z¤¦R�Hs0z¤¦�k

eBfhkjs%� φ
T =

∂C

∂T
(x, y, t, T )

= xe−(T−t)r
E

[

−rφ

(

y +
1

T

∫ T

t
S1

s−tds

)

+

(

S1
T−t

T
− 1

T 2

∫ T

t
S1

s−tds

)

φ′
(

y +
1

T

∫ T

t
S1

s−tds

)

]

.
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m(r0z¤uw�Æµ´�[½í��¸B§¨k7f3� ¦�k�D

Thetaφ
T = −rxe−(T−t)r

E

[

φ

(

y +
1

T

∫ τ

0
S1

sds

)]

+xe−(T−t)r
E

[

(

S1
τ − 1

T

∫ τ

0
S1

sds

)

Duφ
(

y +
∫ τ
0 S1

sds/T
)

Du

∫ τ
0 S1

sds

]

= −rxe−(T−t)r
E

[

φ

(

y +
1

T

∫ τ

0
S1

sds

)]

+xe−(T−t)r
E

[〈

Dφ

(

y +
1

T

∫ τ

0
S1

sds

)

,
S1

τ −
∫ τ
0 S1

sds/T
∫ τ
0 DuS1

sds
u

〉]

= −rxe−(T−t)r
E

[

φ

(

y +
1

T

∫ τ

0
S1

sds

)]

+xe−(T−t)r
E

[

φ

(

y +
1

T

∫ τ

0
S1

sds

)

δ

(

S1
τ −

∫ τ
0 S1

sds/T
∫ τ
0 DuS1

sds
u

)]

= xe−(T−t)r
E

[

φ

(

y +
1

T

∫ τ

0
S1

sds

)(

−r − DuS1
τ

∫ τ
0 DuS1

sds

+
S1

τ −
∫ τ
0 S1

sds/T
∫ τ
0 DuS1

sds

(

I1(u) +

∫ τ
0 D2

uS1
sds

∫ τ
0 DuS1

sds

))]

= xe−(T−t)r
E

[

Λ(u)φ

(

y +
1

T

∫ τ

0
S1

sds

)]

.

�¾s(y�kji·�Hz¤uhr7s�~¶�H�w�wy�~t°[z¤i·�Hs�k
x 7→ (x − K)+

�-qÄ�:r�kt{avhkjuh�tk
(φn)n∈N

~H³ C1
b

³Jvwuh�js0z|~�uhr ½
�

Thetat
� �Hu��
k7�t~�i��wvws�kt��z¤uÇ��r0z¤i�z¤¥d�Hy�§B�tq:³\y�~�i

C(x, y, t, T ) = xe−(T−t)r
E

[

(

y +
1

T

∫ T−t

0
S1

sds

)+
]

,

�Huh�

eBfhkjs%� φ
t = xe−(T−t)r

E

[

rφ

(

y +
1

T

∫ T−t

0
S1

t−sds

)

+
S1

T−t

T
φ′
(

y +
1

T

∫ T−t

0
S1

sds

)

]

,

§�fwz|�%f�q?z|kj¥|�wr@�Z³\s�kjy�z¤u-s�kj�Ry%�Hs0z|~�u��-q:�3�Hy0s�r2D

eBfhkjs%�
t = xe−(T−t)r

E

[

Λ̃(u)

(

y +
1

T

∫ T−t

0
S1

t−sds

)+
]

,

���#î � �
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§�z¤s0f

Λ̃(u) = r − DuSx
τ

∫ τ
0 DuSx

s ds
+

Sx
τ

∫ τ
0 DuSx

s ds

(

I1(u) +

∫ τ
0 D2

uSx
s ds

∫ τ
0 DuSx

s ds

)

.

�¾u¶s0fhk<��kt~�iOkjs0y0z|��iO~?�wkj¥¨µ´�[½í��¸©§©k7f3�t¦�k

Λ(u) = −r −
∫ τ
0 usdsSx

τ
∫ τ
0

∫ s
0 updpSx

s ds
+

Sx
τ −

∫ τ
0 Sx

s ds/T

σ
∫ τ
0

∫ s
0 updpSx

s ds

(

I1(u) + σ

∫ τ
0

(∫ s
0 updp

)2
Sx

s ds
∫ τ
0

∫ s
0 updpSx

s ds

)

�Huh�

Λ̃(u) = r −
∫ τ
0 usdsSx

τ
∫ τ
0

∫ s
0 updpSx

s ds
+

Sx
τ

σ
∫ τ
0

∫ s
0 updpSx

s ds

(

I1(u) + σ

∫ τ
0

(∫ s
0 updp

)2
Sx

s ds
∫ τ
0

∫ s
0 updpSx

s ds

)

.

� ���������
	������23	%� �"�����	����)2

�¾u¶s0fwz|r�r�kt�js0z|~�uÇ§¨k��t~�uhr0z|�wkjy�s0fhk7��kt~�iOkjs0y0z|�+Ê©y�~ §�uwzd�HuÆiO~a�wkj¥
{

dSs = rSsds + σSsdWs

St = x,

�Huh� �H�w�w¥¤qºs0fhkÆn��H¥¤¥¤zd�t¦?z¤u ³\~�y0i"vw¥d� µ´�[½FE¹¸O§�z¤s0f
ũs = ṽs = w̃s = 1/τ

�
s ∈ [0, τ ]

��s�~
�t~�i��wvws�k

ThetaT = −Thetat

³´~�y�»8vwy�~��
k �HuÆs¾qa�
k�~��ws0z|~�uhr�§�z¤s0fÇuh~�u[«¬r0iO~?~�s0f��3�tq�~HÄ³\vwuh�js0z|~�uhr ½©�h~�y0i+vw¥d��µ	�h½FE¹¸©z|r�vhr�kt�
³´~�y :huwz¤s�k��[z®Ïkjy�kjuh�tktr@�H�w�wy�~ °?z¤i·�Hs0z|~�uhr ½

����� ���
	��
������������
�����

�¾u�� ��r�k
φ =



[K,+∞)

�[s0fhk7¦R�H¥¤vhk7~H³�eBfhkjs%�·� �Hu¶�Lk7�t~�i��wvws�kt���Hu3�H¥¤qas0z|� �H¥¤¥¤q���r

Theta = e−rτ



e−
a2

2τ

( r

σ
− σ

2
+

a

2τ
√

2πτ

)

− r

∫ ∞

a√
τ

e−
y2

2

√
2π

dy



,

§�z¤s0f
a = (ln(K/x) − rτ)/σ

�h�±³0½8kR½ �h½(;í� >¬�[§�fwz|�%fÇq?z|kj¥|�wr�s0fhk<³´~�¥¤¥|~ §�z¤uw�·�Ry%�H�wf D
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Number of trials=2e+04

Theoretical value

  80  90  100  110  120  130  140  150  160
Strike K  0.5
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 0.7
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 0.9

  1

Time t
-0.5

 0

 0.5

 1

 1.5

Theta value

T �
ER�

x �
E �R�[�

σ �
�[½FE �[�

r �
�[½í�R�[�

ε = 0.001��z¤�Rvwy�k�E$D8»�°h���js�¦��H¥¤vhk7~H³8eBfhkjs%�O��r���³Jvwuh�js0z|~�uÇ~H³
t
�Huh�

K

eBfhk�uhk±°?s¿�Ry%�H�wfhr©�H¥¤¥|~¹§�vhrÌs�~"�t~�i��3�Hy�k�s0fhk@nÆ~�uas�k �B�Hy0¥|~+r�z¤i+vw¥d�Hs0z|~�uhrB~��ws%�Hz¤uhkt�O�aq :huwz¤s�k
�[z®Ïkjy�kjuh�tktr��Huh�1z¤u-s�kj�Ry%�Hs0z|~�u��aqO�3�Hy0s�r ��:hy�r0sBz¤u1s�kjy0iOrB~H³ uavwi+�
kjy�~H³�r%�Hi��w¥|ktr��Huh�:s0fhkju���r
³\vwuh�js0z|~�uhr�~H³

t
�Huh�

K
½
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 0.312

 0.3125

 0.313

 0.3135

 0.314

 0.3145

 0.315

5e+08 1e+09 1.5e+08 2e+09

T
he

ta
 V

al
ue

Number of trials

Theoretical value
Integration by parts

Finite difference method

T �
ER�

t �
�[½í�[�

x �
E �R�[�

σ �
�[½í�[�

r �
�[½FER�

K �
E�E �[�

ε �
�[½í� E

��z¤�Rvwy�k"� D8»Ìr0s0z¤i·�Hs0z|~�uÆ~H³8eBfhkjs%��¦[r�u-vwi"�Lkjy(~H³#s0y0zd�H¥|r
Number of trials=2e+04

Finite difference method

  80  90  100  110  120  130  140  150  160
Strike K  0.5
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 0.7
  0.8

 
 0.9

  1

Time t
-0.5

 0

 0.5

 1

 1.5

Theta value

T �
ER�

x �
E �R�[�

σ �
�[½FE �[�

r �
�[½í�R�[�

ε �
�[½í�R� E

��z¤�Rvwy�k"� D8eBfhkjs%�O��r��"³\vwuh�js0z|~�uÇ~H³
t
�Huh�

K
�-q�:huwz¤s�k��[z®Ïkjy�kjuh�tktr
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Number of trials=2e+04

Integration by parts

  80  90  100  110  120  130  140  150  160
Strike K  0.5

 
 0.6 

 0.7
  0.8

 
 0.9

  1

Time t
-0.5

 0

 0.5

 1

 1.5

Theta value

T �
ER�

x �
E �R�[�

σ �
�[½FE �[�

r �
�[½í�R�[�

ε �
�[½í�R� E

�#z¤�Rvwy�k � D8eBfhkjs%�O��r@�)³Jvwuh�js0z|~�uÆ~H³
t
�Huh�

K
�aq¯z¤u-s�kj�Ry%�Hs0z|~�uÇ�aq¯�3�Hy0s�r

����� ����������� �� ����� �������

�¾u�� ��r�k
φ(x) = (x − K)+

�weBfhkjs%��� �HuÇ�Lk7�t~�i��wvws�kt����r

Theta =
xσ

2
√

2πτ
e−c2/2 + Kre−rτN(c − σ

√
τ),

§�fhkjy�k
c =

(

σ − a
τ

)√
τ
�Huh�

N(x) =
∫ x
−∞ e−

y2

2
dy√
2π

�@�±³²½ kR½ �h½ ;í� >¬��§�fwz|��f q?z|kj¥|�wr¯s0fhk
³´~�¥¤¥|~ §�z¤uw�·�Ry%�H�wfW½
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Finite difference method
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Integration by parts
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φ(y) =


[K,+∞)(y)

�Huh�
φ(y) = (y − K)+

f3� ¦�k¶�Çr0z¤uw�Rvw¥d�Hy0z¤s¾q �Hs
y = K
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φ
��r

φ = gε + hε

z¤uºr0vh�%f��Æ§©�tq s0f3�Hs
hε

z|r�s¾§�z|�tk¶�[z®
kjy�kjuas0zd�H�w¥|kÇ�Huh�
gε
�t~�u-s%�Hz¤uhr�s0fhk¶r�z¤uw�Rvw¥d�Hy0z¤s¬q¼~H³

φ
�
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gε
�Huh�¯vhr�z¤uw��µ	�h½í��¸©§©k7��kjs

Theta = e−τr
E

[(

Λ(u, v, w)gε(S
x
τ ) + λ

∫ +∞

−∞
(φ(Sx

τ + c(Sx
τ )y) − φ(Sx

τ ))ν(dy)

)]

−re−τr
E [hε(S

x
τ )] + e−τr

E
[

h′
ε(S

x
τ )a(Sx

τ )
]

+
1

2
e−τr

E
[

h′′
ε(S

x
τ )b2(Sx

τ )
]

.
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gε
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Λ(u, v, w)
s0fwz|r��Rz¤¦�ktr?D

Theta = −re−rτ
E [φ(Sx

τ )]

+r
e−rτ

στ
E [gε(S

x
τ )Wτ ] +

e−rτ

2τ
E

[

gε(S
x
τ )

(

W 2
τ

τ
− σWτ − 1

)]

+re−rτ
E
[

Sx
τ h′

ε(S
x
τ )
]

+
σ2

2
e−rτ

E
[

Sx
τ

2h′′
ε(S

x
τ )
]

.
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hε(y) =
1

2

(

1 +
y − K

ε

)2 

]−ε,0](y − K) +

(

1 − 1

2

(

1 − y − k

ε

)2
)



]0,ε[(y − K)

+


[ε,+∞)(y − K),
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Number of trials=2e+04

Localized Malliavin formula
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hε(y) =
1

4ε
(y − (K − ε))2



[−ε,ε](y − K) + (y − K)
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Number of trials=2e+04

Localized Malliavin formula
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