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Calcul numérique de Theta par intégration par parties
dans un modéle de diffusion avec sauts

Résumé : Par le calcul de Malliavin nous obtenons une expression de Theta (la
sensibilité d’un prix d’option par rapport au temps restant jusqu’a ’exercice), avec
application aux options européennes et asiatiques & fonction de payoff irréguliére.
Dans le cas non-homogeéne en temps, notre formule s’applique a la dérivée par rapport
a la date d’exercice T, et sa preuve peut étre vue comme une généralisation de
I’argument de Dupire & des fonctions de payoff arbitraires. Dans le cas homogéne en
temps, notre résultat s’applique a la dérivée par rapport & la date courante ¢, mais
notre formule de représentation différe de celle obtenue par I’EDP de Black-Scholes
en termes de Delta et Gamma. Nous déterminons également des poids de variance
minimale, et des simulations numériques sont présentées.

Mots-clés : Grecs, Theta, analyse de sensibilité, diffusions avec sauts, calcul de
Malliavin.



Numerical computation of Theta in a jump-diffusion model 3

1 Introduction

Predicting the variations of option prices can be a difficult task, and in order to
make such predictions it is important to understand which factors contribute to the
movement of prices, and with what effect. The Delta, Gamma, Vega, Rho and Theta
of an option position, collectively known as the “Greeks”, provide a way to measure
the sensitivity of an option prices to factors such as spot price, volatility, interest
rate and time respectively.

Sensitivity analysis using the Malliavin calculus in finance has been developed by
several authors, starting with [7]. In this paper we aim at applying similar methods
to the computation of Theta, which measures the variations of an option price with
respect to the time until exercise, while other parameters remain constant. Our
argument consists in a combination of It6 calculus with integration by parts on the
Wiener space. Let

Ca,t,T) = = [¢(ST)‘St = "”]

denote the price at time t of a European type option with spot price x, interest
rate and volatility functions 7, o4(-), maturity 7', strike price K, payoff function ¢,
and price process (S¢)e[o,7]- In this general setting, two versions of Theta can be
computed, namely

Theta; = %—f(m,t,T), and Thetar = g—?(w,t,T).

Theta; is used for European options for which 7' is a fixed date, whereas Thetar can
be used in case T' is a free parameter, e.g. for the choice of the exercise date of a
European option, or for American type contracts.

As is well-known, Theta; is involved in the Black-Scholes PDE: for example, in
a continuous market with interest rate and volatility functions 7, o¢(-) we have

oC 1, 5, 0%C
Theta; = r.C(z,t,T) — :m"t%(a:,t,T) — 5270} (:E)W(a:,t,T). (1.1)

In case the Markov process (St);c[o,7] is time homogeneous, i.e. when the coefficients
r, o(-) are time independent, the price C satisfies

Clz,t,T) = e TR [¢(Sp_y)]

RR n° 5829



4 Delphine David, Nicolas Privault

and becomes a function of the remaining time 7 := 7" — t until exercise. In this case
we have

oC
Thetay = —Theta; = 8—(:17,t,t +7),
T

which will be simply denoted by Theta.

In this paper we compute Thetar in a time inhomogeneous setting, using the It
formula. In the homogeneous case this yields a representation formula which differs
from the one given for Theta, = —Thetap by the Black-Scholes PDE (1.1) in terms of

2

oC
the Greeks Delta e and Gamma 922 and relies on a single weight whose variance
x

is minimized indivicﬂfually. Since our approach is directly based on time derivatives,
it does not require the use of the first and second variation processes which would
be normally needed in the computation of Gamma by integration by parts. In the
particular case of European options in a continuous market, with price

Cla,t, T, K) = e~ I "SE[(Sy — K)* | S, = a],
our method extends the argument of [6] which yields the Dupire PDE

oC 1 0*C
Thetar = —KrTa—K(a:,t,T, K) + 51{20%(1()@(33,@1 K).

We also apply our method to Asian options.

We proceed as follows. In Section 2 we recall some notation on the Malliavin
calculus on the Wiener space and on stochastic calculus for jump processes. In
Section 3 we review the computation of Theta; via the Black-Scholes PDE in the
jump-diffusion case using the Greeks Delta and Gamma, and the computation of
Thetar via the Dupire PDE for European options in a continuous market. We note
that those representations formulas differ in general from the one obtained in this
paper. In Section 4, using the Malliavin calculus, we obtain an expression of Thetarp
in a jump-diffusion model which, in the time homogeneous case, reads

Theta = ¢ 7"E | A (u, v, w)o(S;) + /+oo(¢(ST +c(SH)y) — o(S7))uldy) |,

— 00

with arbitrary payoff function ¢(-) and Sy = =. Here, A;(u,v,w) is a random weight
which is explicitly computed, p(dz) and ¢(-) are respectively the (finite) Lévy measure
and the volatility coeflicient of the compound Poisson process driving (S} )ier, . Asin

INRIA



Numerical computation of Theta in a jump-diffusion model 5

[4], [5], differentiation is performed only with respect to the Brownian component of
the price process. The above expression is independent of the functional parameters
u,v,w, and in Section 5 we determine the parameters yielding the best numerical
performance by minimization of the variance of the weight A;(u,v,w), and find that
this minimum is attained when u,v,w are constant functions. Asian options are
considered in Section 6. Simulations for digital and European options, using the
Monte Carlo method, are presented in Section 7 to compare the performance of the
finite difference method to that of the Malliavin calculus approach. A localization
approach is presented in Section 8 to reduce the singularity points phenomenon on
the simulation graphs.

2 Notation

In this section we recall some facts and notation on the Malliavin calculus on the
Wiener space, cf e.g. [10], and on stochastic calculus with jumps, see e.g. and [3] for
a recent introduction with references. We work on a product

(Q,P) = (QW X Qx,PW ®Px)

of probability spaces on which are respectively defined a standard Brownian motion
(Wi)ter, and a compound Poisson process (X;);ecr, independent of (W;)er, , with
Lévy measure u(dy) and finite intensity

A= /OO yu(dy),

— 00

which can be represented as

=> Uy, teRy, (2.1)

where (IV¢)¢cr, is a Poisson process with intensity A and (Uy)>1 is an i.i.d. sequence
of random variables with probability distribution v(dzr) = A™'u(dz). We denote by
(Ft)ter.,. the filtration generated by (W, X¢)ser, -

We consider gradient and divergence operators D and J acting on the continuous

component of jump-diffusion random functionals. Let D : L?(Q) — L%*(Q x R})
denote the (unbounded) Malliavin gradient on the Wiener space, i.e.

Dt CUW,CUX ZlOtk akf th,...,th,WX)

RR n° 5829



6 Delphine David, Nicolas Privault

for I’ a random variable of the form

F(WW’WX) :f(th7"'7th7wX)7

where f(-,wx) € C;°(R"), Px(dwx)-a.s., is uniformly bounded on Qx. Denote by
(-,)r2(r,) and || - || the scalar product and norm in L*(R,), and define

D,F = (u,DF), wu¢€ L*(QxR,).

Let .
oo 2
I,(fn)(ww,wx) = n!/ falte, .. tn,wx)dWy, - - dWy,
0 0

denote the multiple stochastic integral of the symmetric function f,, € L*(R" x Qx)
with respect to Brownian motion (W;);ecr, . Recall that we have

Dtln(fn) = nIn—l(fn('7tan))7 te Ry,
and the isometry formula
E[In(fn)lm(gm)] = nll{n:m}EKfmgm>L2(R’+‘)]'

Any F € L?(Qw x Qx) ~ L*(Qw; L?(x)) admits a chaos decomposition of the
form

F = EIF|+ Y L(fa). (2.2)
n=1

where f,, € L*(R? x Qx), n > 1, and the domain Dom (D) of D consists in the set
of functionals F' written as (2.2) and satisfying

E [Z n!nllfnlliz(R@] <.
n=1

In the sequel we will generally drop the indices wyy, wx. The (unbounded) divergence
operator § : L?(Q2 x Ry) — L?(Q) adjoint of D, also called the Skorohod integral,
satisfies the duality relation

E[(DF,u)] = E[Fé(u)], F € Dom (D), wu € Dom (6),
and the divergence formula

0(uF) = Fé(u) — D, F, u € Dom (§), F € Dom (D), (2.3)

INRIA



Numerical computation of Theta in a jump-diffusion model 7

which shows that uF € Dom (§) provided uF € L?(Q2 x R;) and the right-hand
side belongs to L?(f2). Recall also that § coincides with Ité’s stochastic integral on
square-integrable adapted processes, in particular

5(u) :/ ’LLtth
0
for all adapted and square-integrable process (u¢)icr. , and
d(u) = I (u), ue L*(Ry).
In the sequel we will consider a Markovian jump-diffusion price process (S;)icr,

given by
dS; = at(St)dt + bt(St)th + Ct(St—)dXt,

Sy = «x,

where a;(+), by(+), ¢;(-) are C! Lipschitz functions, uniformly in ¢ € [0,7], T > 0. In
the case of a time homogeneous geometric model under the risk neutral measure, the
coefficients a(-), b(-) and ¢(-) will be given by

a(y) = y(r — An(y)),
b(y) = yo(y),

c(y) = yn(y),

where r and o(-), n(-) represent the interest rate, and the continuous and jump
volatility functions.

Ito’s formula for (S;)icr, reads
t t
6(S) = 6(S.) + / & (Su) (S, ) + / & (Su)bu(Su)dIV,,
1 t
+5 [ SIS+ 3 @5+l )AX) ~6(5,),

0 < s <t, and yields

(50 = Eos) +E[ [ #(Sa(s ] + 38 [ [ ¢S50

RR n° 5829



8 Delphine David, Nicolas Privault

t +o00
[ [ [ 05+ 2eu(0) - oS (2.4
For example, if
Xy =a N} + -+ agN?,  teRy, (2.5)
where (Ntk)teR+, k = 1,...,d, are independent Poisson processes with respective
intensities A1,...,\q, we have A = A1 4+ --- 4+ A\g and
A A
v(d) = 5 b0, (dz) + -+ + 5780, (d2),

and

E[¢(Sy)] = E[¢(Ss)] +E U: ¢’(Su)au(5u)du] + %E [/: ¢"(Su)bi(5u)du]
+Zd: AE [/t@)(su + apcu(Su)) — ¢(Su))du:| ,  0<s<t
k=1 S

In the linear case we let
a(y) = (r — M)y,

b(y) = oy,
c(y) = ny,

and get

{ dSs = rSsds + 0SsdWs + nS,— (dXs — Ads),
(2.6)

fb =,
with solution

2
St:a:exp<(r—)\7]—%>t+awt> H (1+nAXy), teRy. (2.7)

0<s<t
If (X¢)ier, has the form (2.5) we obtain
0'2 N1 Nd
Sy = xexp 7“—)\17—7 t+ oWy ) (14+nay)™ - (14+nag)™t, teR,.

INRIA



Numerical computation of Theta in a jump-diffusion model 9

3 PDE approaches to Theta

In this section we review the computation of Theta; and Thetar in particular cases,
using respectively the Black-Scholes and Dupire PDEs.

Consider an option with payoff function ¢ and price

C(a,t,T) = e~ h ™ [¢(ST)‘St = ”3] ‘

Since t s el rsdsC(S;,t,T) is a martingale, from (2.4), C(z,t, T) satisfies the Black-
Scholes PDE

oC

Theta; = E(m,t,T) (3.1)
oC 1 9*C
= th(l‘,t, T) - at(l‘)%(:E, t7T) - 553(33)@(% t7T)
+oo
—)\/ (C(z + zc(x),t,T)) — C(x,t,T))v(dz),
with 50
Delta = %(%@T) — i g [YT¢/(ST)‘St = Jf} , (3.2)

where (Y})ier, = (025¢)ter, is the first variation process solution of
dY; = aj(Sy)Yedt + b,.(S1)YedWy + ¢ (S~ ) Y- d Xy,
}/0 = 17

and

0%C
Gamma = W(%t,T) A (YT)2¢”(ST)‘S7§ = iﬂ} ;o (33)
where (Z;)icr, = (825;)icr, is the second variation process. Here, a}(z), bj(z) and
¢;(z) denote the partial derivatives of these functions with respect to z.

The first and second derivatives on ¢ in the expressions (3.2), (3.3) of Delta and

Gamma can be removed via integration by parts and the Malliavin calculus, as in
e.g. [5], [4], to yield an expression for Theta;. However the computation of Gamma

RR n° 5829



10 Delphine David, Nicolas Privault

directly involves the first and second variation processes Y; and Z;. Namely in [7],
the expression (3.2) is rewritten as

oC e~ ftT rsds T sz
Delta = € (2,6, 1) = """k | g(Sy) / Y,
t

Oz Tt b5 W5t = w] : (3.4)

using the expression of the Malliavin derivative of Sp € Dom (D) in terms of the
first variation process as:
Ys
bs(Ss)

D8¢(ST) = YT¢/(ST)7 0 S S S T, a.S., (35)

cf. [10]. In the next section we present a computation of Thetar by integration
by parts which, in the time homogeneous case, yields a different representation for
Theta; = —Thetar. It does not directly use the first and second variation processes,
and involves only elementary Wiener integrals of deterministic functions instead of
It6 stochastic integrals of adapted processes as in (3.5).

On the other hand, in the case of European options in a continuous market, i.e.
with ¢;(-) = 0, a;(y) = auy, with payoff function ¢(x) = (x — K)*, and price

Cla,t, T, K) = ¢~ I " SE[(Sy — K)* | Sy = a],

Dupire’s formula [6] reads

oC oC
(rr —ar)C + a7+ KTTa—K
br(K)= |2 5
2 0°C
0K?
oC . )
where 8—T(a:, t,T, K) coincides with Thetar. In other terms,
oC
Thetar = 8—T(a:,t,T, K) (3.6)
K?b4(K) 9*C oC
= — — — —(x,t, T, K
(aT TT)C(x7t7T7K)+ 9 8K2(:1:7t7T7K) KaTaK(m, Ly )7

2

where —g—g(az,t, T,y) coincides with the density function dP(St =y | Sy = x)/dy.
Y

Relation (3.6) can be proved by application of (2.4) on [0,7], differentiation with

INRIA



Numerical computation of Theta in a jump-diffusion model 11

respect to 7', and integration by parts with respect to dy on R. The computation of
Thetar presented in the next section follows the same steps, replacing integration
by parts on R with the duality formula on the Wiener space. As such it can be
viewed as a generalization of Dupire’s argument to arbitrary payoff functions in a
jump diffusion market.

4 Computation of Thetar

Consider an option with payoff function ¢ and price
O(z,8,T) = e~ )i ™4 [¢(5T)(st - m] .

Thetar can be approximated by finite differences as

Clz,t,(1+&)T) — C(z,t, (1 — &)T)

Thetar = T2

(4.1)

Alternatively, the derivative with respect to 7' can be put inside the expectation if
¢ is differentiable.

Consider (57;)se[t,00) given by the jump-diffusion equation
dSi s = as(Sig)ds + bs(S()dWs + ¢s(S] - )d X,
Sty =
Using It6’s formula and (2.4) we have:
Cla,t,T) = e~ ' T8 [(S2)]

T
_ (;ﬁ(x)—]E[ /t rse—ff’“v%(s;fs)ds]

T T
+E { / e_ftsTpdpq&'(St‘fs)as(SZs)ds}—HE[ / e—firpd%’(sgfs)bs(sgs)dws]

t t

T
+%IE [ /t e )i Tpd%”(ijs)bi(Sgs)ds}

T s +o00
+AE [/t e M rpdp/_ (A(SEs + 2e5(SEs)) — ¢(S§s))l/(dz)ds}

RR n° 5829



12 Delphine David, Nicolas Privault

T S T S
= o) - / roe TR [p(57,)] ds + / e I TR (57, )y (S7,)] dis

t

T
Ry

T s “+00
A / e I roivg [/ ((SE, + 2es(SEL)) — S(ST4)w(dz) | ds,

o0

hence Thetar can be expressed as

Thetar = %(e‘ftT“dsE [¢(5§T)]) (4.3)

= —rpe I TR [¢(S8)] + e K PR [¢(S2p)ar (SEp)]
1 T /! xr T
+§€_ft PR [¢ (St,T)b%(St,T)]

T oo
e ST redsg [ / (6(SFr + zer(SEr)) — 6(SEr)v(dz) |

—00

which differs from (3.1), including in the time-homogeneous case. Note that unlike
the PDE approach of Section 3, this method does not seem to be applicable to the
computation of Theta; in a time-inhomogeneous setting. The above expression fails
when ¢ is not twice differentiable. The aim of Proposition 4.1 below is to present
a Malliavin type formula for Thetar, which avoids the use of finite differences and
does not require any smoothness on ¢. This will allow us in particular to consider
non-smooth payoff functions, as e.g. in the case of digital options. The derivatives on
¢ will be removed by integration by parts on the Wiener space, using the expression

DSt we L2([t,T)). (4.4)

¢'(Sir) =

The jump component of the above formula is left untouched since it does not contain
any derivative.

Given u,v,w € L?([t,T]) such that DyStry DuSip, DwSir are a.s. non-zero, let
the weight A; 7(u, v, w) be defined by

Ii(u D2ge
brton) = -e5457) <o) 2 D)

DuSir ' [DuSiy P

INRIA
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1 ([ (0(SEr) b3 (Sir) D3 Sty I (w) D3, Sty
+: T 1 (0) — 2 (SE ) (SEp) LT, 2 2
2 ( ( DUSt7T ( ) ( t,T) T( t,T) |DUSt’T|2 DwSt7T |D'u)St7T|2

b3 (Str) (o 2Dt DyDiSfr  DuwDySErDiSEy
DS 1Dy Sy D,SE ’ D,SEy 1Dy SE 2
207 (SEr)br (Sir) D3 Sty
- ’ =T v W (SE)2 + V(ST bp(SEL).
D,Si; 1(v) + DSty + bp(SEr)” + b7 (SEr)br (Sir)

Recall that the Wiener integrals Iy(u), I1(v) and I;(w) in the above formula are
centered Gaussian random variables.

Proposition 4.1 Let u,v,w € L?([t,T]) such that DyStr, DuSip, DuwSPr are a.s.

non-zero, assume that Ayr(u,v,w) € L?(Q), and let ¢ : R — R be a Lipschitz
function. We have

Thetar =
T Foo
) [At7T(u, v, w)p(Sir) + )\/ (p(Siq + zer(SPr)) — ¢(SiT))v(dz)| .
Proof. Using (2.3) and (4.4) we get for u € L?([t,T]) and ¢, g7, sufficiently smooth:
x x gT(SIT) x
E [¢,(St,T)gT(St,T)] =E tg} Do (Sir)
DuSir

SZ’
— E <D¢(S§T),gj;(s'f:u>]
ury,

— x gT(Sf,T)
- el (152

i gr(Si7) g7 (Si7)
= E |o(Sir) —h(u) = Du | -5
i T (Dusth DSty
9r(SP7) D3 Sty

|Dqu,T|2

o [ 9r(SEr) .
= E|o(Sir) ( 5 St;T Ii(u) = gp(Sir) +
up T

With g7 (-) = ar(-) we obtain

" " - CLT(Sr ) - CLT(Sx )Dng
E[¢/(S}r)ar(Sfr)] = E [qs(st,T) ( Dgo 1) = ar(STn) + — 5 )|
uRt T u=t T

(435)

RR n° 5829
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14 Delphine David, Nicolas Privault

while gr(-) = b4(+) yields
E [¢"(Sip)b7 (Sir)] = E [¢'(Str)Ter(v)]

where )

b7 (S¢ )

Dy St

b3 (SEr) Dy Sty

11 (v) = 207 (SEp)0p(SE7) + -
1( ) ( t,T) T( t,T) |DvSt,T|2

Pt7T('l)) =
By a similar argument we get

E [¢”(Siff)b§(5tm I =E[¢'(Sip)Ter(v)]

)

= E (D) —tT

- st (5 (2 )

[ r D257 204 (52 ) by (SF D2S?¥
) ¢(S§T) (Dt,TSE;) <Il(w)+ t,T) _ T( t,T) T( t,T) (Il(v)+ t, T
wot T

_ DySiy DyStr DuSir
3.(S¢r) [ 1i(v)DywDySEy DuDiSir | 2DuDySizDiStr
— (v, w) — = z
DS Dy} DySE D, 57 Dy Si 72

+267(SEr)? + 207 (SEr)br(SEr))] -

Summing (4.5) with the above relation and using (4.3) we obtain

L) | DiSir
DySip  |DuSE|?

2 Qx / T x 2 Qx
R e e G
b2.(S2,) D,D,S%; D,D2S%; 2D, D,Si,D2S%,
D57, D,5%; ( s o) = D.Siy | DuSiP ))
U (SPr)? + VR (SEr)br (Sir).

Ay r(u,v,w) = —a'T(SZfT) —rr +ar(S{r) <

We conclude the proof by approximation of ¢ by Cg functions. g

INRIA



Numerical computation of Theta in a jump-diffusion model 15

In the time homogeneous case, denoting S by S7 and Ag - (u,v, w) by Ar(u,v,w)
we have

Cla,t,T) = "B [9(S7) |8, = o] = e "E[4(52)],
with 7 =T — ¢, and
Thetay = —Theta
— TR [(AT(u,v,w)gb(Sf) +A /

—0o0

“+oo

(B(S2 + c(57)y) - ¢<s¢>>u<dy>)] ,

where u,v,w € L%([0,7]) are such that D,S*, D,S*, D,S? are a.s. non-zero and
A (u,v,w) € L*(Q). For constant r, o and 7, i.e. in the linear case, we have

a(y) = (r — Ay,
b(y) = oy,
c(y) = ny,

and (2.7) yields
D,S = O'/ usdsSy,
0

hence D252 /|D,S*|?> = 1/S, and we get

7 Il(u) _g Il(w) IQ('UOU))
o [y usds 2 f(;- weds QfOT veds fOT weds’

where 7 = r — An. Theta is then given by
+00
Theta =e™""E [AT(u, v, w)p(ST) + )\/

— 00

(B(S2 (L +my)) — ¢<s¢>>u<dy>} ,

i.e. in the model of (2.5) we have

Theta =e ""E

d
Ar(u,0,w)$(ST) + D A(G(SF(1+nay)) - ¢(53f))] :

k=1

and if (X¢)icr, is a standard Poisson process with intensity A and jump size a, we
get
Theta = ¢~ [A(u, v, w)$(S%) + A(G((1 + an)SZ) — 6(S2))]

RR n° 5829
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If (X¢)ter, has infinitely many jumps on bounded time intervals, i.e. if u(R) = oo,
then (S¢)ier, is given by

dS; = a;(Sy)dt 4 by(Sp)dW; + ¢ (S, )d Xy,
So =z,

where (Xt)teR+ is the compensated pure jump martingale associated to (Xi)er, -
In this case It6’s formula reads

o(S) = / & (Su)an(Su)du + / & (S1)bu(Su)dW,, + / & (Su)bu(Su)A%,
/¢” SOV (S )du+ 3 ($(Su + cu(Su )AXL) = 6(S,-) — culSu JAXL (S, ),
s<u<t

0 <s<t, to yield
Bio(s0 = Elos) +E| [ d(sas] + 38 [ [ o sl
t “+00
AR [ [0 et st - zcu<su>¢’<su>>v<dz>du] .

However, in this case the last component in ¢'(S,) can not be isolated and dealt
with by integration by parts.

5 Optimization of convergence
By the results of the preceding section, the value of Theta in the geometric model
(2.6) is given by
+oo
Theta = ¢~ "E |$(SH)Aw,v.w) + A [ (057 +n5y) — oS )wdy) | . (5D
For any u € L*([0, 7]) such that [ usds # 0, letting

Ut
Jo usds’

U = € [0,7],

INRIA



Numerical computation of Theta in a jump-diffusion model 17

the weight A, (u,v,w) is expressed as

Arlon,v,w) = —r+ DI (i) ~ 1) + %12(@ o ).
g

Our goal is now to find functions w,v,w which minimize Var[A;(u,v,w)] in this
setting.

Proposition 5.1 The infimum on Var[A,(u,v,w)] is attained for any non-zero con-
stant functions u,v,w of the form us = ¢1, vy = o, ws = c3, s € [0, 7], and is given
by

1 1
inf Var[A-(u,v,w)] = Var[Aopt] = St R

where 7 =1 — A\n, with

W, o2 1 W2
Aopt = — e A ——=—-1). 2
Pt 7“—1—07_(7" 2>+27'<7' > (5-2)

Proof. Recall that the Cauchy-Schwarz inequality yields
. 1
al* > =, (5.3)
T

with equality if and only if a4, = 1/7, t € [0, 7].

Let
F(u,v,w) = Var[A;(u,v,w)]
) 2
S AR TPATD RN ‘7_~21~2~2 1~~2
= ol — i, m) + 2ol + glellal? + 4o, 0)
L U2~2 Loop o Lo 9
= g g +ZHUH il +Z(’07w>'
The optimal value of (u,v,w) solves
(d
d—gF(u+€h,v,w)|E:0 =0
d
—F(u,v+eh,w)j.—o = 0 (5.4)
de
dF( +¢h) 0
—F(u,v,w 0=
de » Uy le=0 )

RR n° 5829



18 Delphine David, Nicolas Privault

for all h € L%([0,7]), i.e.

2 (= r? [ ts) =5 ()~ @) [ has) <o,

%HwHQ <<h,17> — H@||2/OT hsds> +% <<@,w><h,w> — <@,w>2/07 hsds> =0,
and

% () = o1? [ ds) + glo1? ()~ 1? [ huas)
% (@,@(h,@ - <17,w>2/0T hsds> — ((h,ﬂ} (@, @) /OT hsds> 0.

Clearly, for all c¢1,cq,c3 # 0 the constant functions us; = c¢1, vs = ¢2, ws = c3,
s € [0, 7], are solutions of this problem. Let us show that this solution is unique. For
all h € L*([0,7]) such that [ hsds = 0, equation (5.4) yields

( 2%2

o2

(h, @) — i {h, @) = 0

[@|(h, %) + (B,@)(h, @) =0

o2(h,w) + ||8]|?(h, @) + (8, w)(h, D) — 27(h,q) = 0.

If a solution (@,?,w) different from (1/7,1/7,1/7) exists, then one can find h €
L*([0,7]) such that [J hyds = 0 and ((h,a), (h,0), (h,w)) # (0,0,0), hence the
determinant

lo1%I@]* = (3, @)[* =0 (5.5)

of the above linear system vanishes. From (5.3) and (5.5) we get

T O
Fluv,w) = —|lFa— —d|| + Zlol7a]* + ;1@ @)
1 2 1P 1
= —|ffa— ||+l
1| [T/ o SRR
2 m ) T'LLS—?'LUS ds +ﬁ

INRIA



Numerical computation of Theta in a jump-diffusion model 19

212

o

2

E
272’

which is greater than the optimal value found when 4, ¥, @ are constant functions.
Moreover, equality occurs only when ||3]|? = 1/7, ||@||> = 1/7, and

2 2

2

o 2
P — —w
2

o
2

=~ |F—

1
T )

. e 2 . L Sy - .
i.e. when 7t — %-w, v, w are constant, which implies that @ is also constant, except
when 7 = 0, in which case no constraint is imposed on wu.

We now need to prove that this solution corresponds to the global minimum of F.
Since F'(u,v,w) > 0, the infimum exists and we denote it by /. By continuity of F’
on L%([0,7])3 there exist a sequence (uy, Vn, Wy )nen such that

2]‘

I = lim E[A;(up, vy, wy)

We can assume that (uy,vy,w,) is bounded: if not, replace it by the bounded

sequence
( Up  Vp Wy >
lunll” loall llwnll ) pen”

on which F' takes the same values as on (uy,, vy, Wy )nen. Under this hypothesis, there
exists a sub-sequence (s, , Un, , Wy, )keN converging weakly to (u,v,w) in L2([0,7])3.
We have

E[AT(U7 v, w)AT (unk s Uny s wnk)]

) ” R 2
) P2 P - S
- r2+ﬁ(u,unk>—§(u,wnk>—E(unk,w)—i—z(w,wnk}
1, . . 1, . -
+Z<u7unk><w7wnk> + Z<u7wnk><w7unk>7

and by weak convergence of (uy, , Up, , Wn, )ken to (u, v, w) we get

lim E[A, (u, v, w)Ar (Un, , Uny > Wn, )] = B[|AS (u, v, w)]?].

n—~o0

Moreover,

0 > 1 —E[A(u,v,w)]

RR n° 5829
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= lim E[AT(’LLnk,Unk,wnk)2] - E[|AT(U7U7w)|2]

> lim EHAT(U,’U,U)) - AT(unmvnkawnk)P]
+2E[A L (w, v, W) Ay (U, Uy Wiy )] — 2E[| A (1, v, w)[?]
2 lim E[(AT(U,’U,'UJ) - AT(unk)UTLkvwnk))2]
+2 lim E[AT (U, v, w)AT (unk » Ung s wnk)]
—2]EHA7—(U,’U,UJ)‘2]
Z lim E[(AT(U,’U,'UJ) - AT(unk)UTLkvwnk))2]
> 0,

hence lim,, oo Ar(Up, , Un,, Wn, ) = Ar(u,v,w) in L?(Q) and
! = E[[As (w0, w)]?].

Thus the global minimum is attained for ¢« = o = w = 1/7. g

Note that inf, , ,er2((0,,)) Var[A-(u,v,w)] is minimal in terms of o and 7 when
(5F)icr, is an exponential Brownian motion, i.e. # =0¢?/2. In this case we have

i 1
u,v,welIng([OyT]) Val'[AT (U, v, w)} — ﬁ )

6 Asian options
Consider the price process (S¢)ier, given by
dSy = a(Sf)dt + b(Sy)dWy +nSyd Xy,

S§ =z,

i.e. we let ¢;(z) = nz. Recall that, cf. [11], the price

1 (7 i
C(;z;hy?t,T) = e_(T—t)TIE <T/ SZd’U, — K> ‘ft
0

at time ¢ of an Asian option with price process (S¥);cr, can be expressed as
17 -

<y+ — / S;_tds> (6.1)
T J

INRIA
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and

1/1 [t
=5 and y:; T Sydu — K | .
0

As in the setting of Furopean options, we may consider

oC oC
E(w,y,t,T) and Thetay = T
which however differ from each other in general, including when (S;)icr, is time
homogeneous. Here, Theta; can be computed from the Black-Scholes PDE for Asian
options in a jump-diffusion model, cf. Proposition 9 of [1], as

Thetat = (.73, Y, ta T)?

o0*C

1
V) gy

Theta; = rC(x,y,t,T)+ <— - a(y)) oc

G @t T) = 50)

t,T
T a”:?y? Y )

—(1+mn) )\/""00 Tt Jt T) C’(:U,y,t,T))u(dz).

In the setting of Asian options, our method applies both to Theta; and Thetar and
2

0
does not require the first and second derivatives — and vk It also does not use
Y Y
It6 calculus.

Proposition 6.1 Given u € L*([0,7]) such that [ D,S%ds #0, a.s., s € [0,7], let

D.S: S [ Sids/T (1 e+ I D?S%)
" D.,S7ds " D,S%ds YD, Seds
0 0 0

Alw) = —r—
and assume that A(u) € L*(Q2). We have

A(u) <y+ % /OT Sids) 1 .

Proof. Replacing z — (z — K)¥ in (6.1) by ¢ a C} function we define the time
derivative

Thetay = ze~ TVE

Theta? = gg(az y,t,T)

1 T
= gze T-UE [—rqb <y + —/ S;_tds>
T J
Sr 1T TR N
+< T _ﬁ\/t Ss_tds (Z5 <y+T/t Ss_td8> .
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Using (3.5) we have :
1 T
Theta? = —rge T-U'E [(;5 (y—i— T/ Sslds>]
0

Sl_l/TsldS Du¢ (y + Jy Sids/T)
T fy 0 D, [T Slds

1 T
= —rge T-U'E [gb <y+ —/ Sslds>]

T Jo

I St— [ Slds/T
—(T t)T]E D - ld T 0 ~s
+ze K ¢ y+ g ; S, 3>, 7 DuSids u>]

= —rze” TR [(;5 <y + 1 Sslds>

T Jo

17 Sl — [ Slds/T
—(T—t)r - 1 T 0 *s
+xe E [gb (y + T Ssds> 1) ( f(;. DoSlds u)]
I D, S}
— —(T—t)'r]E _/ Sld > (_ _ ur
ze [qb <y + T/, °s s r 7f07 D, Sds
St — (T Slds/T T D2Slq
+ T Tfo S S/ Il(u) + fOT u~'s S
JoD,Slds JoD,Slds

= ze TR [A(u)qﬁ (y + % /OT Sslds>] .

It remains to approximate z — (z — K)* by a sequence (¢n,)nen of C} functions.
O

Theta; can be computed in a similar way from

1 T—t . +
(y + T /(; Ss dS) s
and

¢ —(T—t) [ R St 1
Theta; = ze "E|re |y + = S;_.ds | + | y+ = Sgds ||,
t T /o T T /o

which yields after integration by parts:

s (ve g [ sé_sds)+] ,

C(x,y,t,T) = e~ T-O'E

Theta; = e~ T-O"E

INRIA
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with

Aw) = r— D5 e (1( - I D2S:vds>

JTDuS7ds | [ DuStds T D,Sds
In the geometric model (2.6) we have

Aw) = —r — JT usdsS? ST — [T S%ds/T ) 1o I7 (2 updp)? S2ds
Jo Jo updpS2ds o [ [5 updpSZds 17 J5 updpSeds

A(u) Y fOT usdsSE N St Lw) +o fo (fo updp) STds
Jo J5 wpdpStds o [§ [§ uydpSids Jo JS updpS2ds |-

7 Numerical simulations

In this section we consider the geometric Brownian model

dSs = rSyds + o SdW
St =,

and apply the Malliavin formula (5.1) with 4, = 05 = ws = 1/7, s € [0,7], to
compute
Thetar = —Thetay,

for European type options with non-smooth payoff functions. Formula (4.1) is used
for finite differences approximations.

7.1 Digital options
In case ¢ = 1( | ), the value of Theta can be computed analytically as

2

¥y
r e 2

a2
Theta =¢e™ " [ e 27 <— —

o a
—+7)—r/ dy |,
o 2 oo %\/ﬁy

with a = (In(K/z) —r7)/o, cf. e.g. [8], which yields the following graph:
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Number of trials=2e+04

Theoretical value

Theta value
15
1 F
V5%
SR
o
05 3: SN
2 SRS SISIRIRN.
”':’:::3:‘«\ N
=

I8
3555553 X
e tet et et sy
“.g:s::%:‘s«“sv«:
SIS
SISO

-0.5

T=1, =100, 0=0.15, 7=0.05, £ = 0.001
Figure 1 : Exact value of Theta as a function of ¢t and K

The next graphs allow us to compare the Monte Carlo simulations obtained by finite
differences and integration by parts, first in terms of number of samples and then as
functions of ¢ and K.
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0.315 T
Theoretical value
Integration by parts --------
Finite difference method -------
0.3145
I s
- N B R
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© ' ‘j N
3
s |
% 03135 Hof
] |
=
=
0.313 |
0.3125
0.312
5e+08 1e+09 1.5e+08 2e+09
Number of trials
T—=1, t=0.5, =100, 0=0.2, 7=0.1, k=110, e=0.01
Figure 2 : Estimation of Theta vs number of trials
Number of trials=2e+04
Finite difference method
Theta value

T=1, =100, 0=0.15, r=0.05, e=0.001
Figure 3 : Theta as a function of ¢ and K by finite differences
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Number of trials=2e+04

Integration by parts

Theta value

T=1, x=100, 0=0.15, r=0.05, £=0.001
Figure 4 : Theta as a function of ¢ and K by integration by parts
7.2 European options

In case ¢(x) = (x — K)*, Theta can be computed as

xo 2
Theta = ———¢ /2 + Kre ""N(c — o/7),
24/ 2mT ( \/_)

2

where ¢ = (0 — )/ and N(z) = [* e T %, cf. e.g. [8], which yields the

T —00

following graph.
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Number of trials=2e+04

Theoretical value
Theta value
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Figure 5 : Exact value of Theta as a function of ¢t and K

As in [4], the following graphs show that the finite difference approximation performs
better for European calls with ¢(z) = (z — K)™, but as seen in the previous section,
the Malliavin calculus approach performs better for digital options.
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Number of trials=2e+04
Finite difference method ——
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Theta as a function of ¢t and K by finite differences
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Figure 7 : Theta as a function of ¢ and K by integration by parts

The localization procedure applied in the next section will allow us to improve the

result of the Malliavin method.
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8 Localization

Payoff functions of the form

oY) =ik 400)(y)  and  é(y) = (y — K)*

have a singularity at y = K. The idea of localization is to decompose the payoff
function ¢ as
¢ = ge + he

in such a way that h. is twice differentiable and g. contains the singularity of ¢,
see e.g. [9] for digital options and [2] for European options. Applying the Malliavin
approach to ¢g. and using (4.3) we get

“+oo
Theta = e—”EKA(u,v,w)ge(s%H / <¢<S$+c<ssf>y>—¢<S$>>u<dy>)]
—re "R [he(S2)] + e T"E [AL(ST)a(SE)]
+%e—”1@ [RL(SE)H*(SE)] .

We applied the integration by parts method to get rid of the first and second deriva-
tives on g.. In the geometric model with the optimal weight A(u,v,w) this gives:

Theta = —re ""E[p(S7)]

—rT —rT W2
S Elge($5)W, ]+ & E [gE(Sf) <—T — oW, — 1)]
oT 2T T

2
+re B [STHL(ST)] + T TE [SEPhL(S7)]

For digital options we take

2 2
) = 3 (1+225) 1]_5,O]<y—K>+<1—§<1—y‘k) )1}0,5[@—}0

+ 1[e,+oo)(y - K)7

and obtain the following graphs by Monte-Carlo simulation:
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Number of trials=2e+04

Localized Malliavin formula
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Figure 8 : Theta as a function of ¢ and K by the localized Malliavin method

In the case of European options we take

he(y) .

=2 (K- )1 eqgy — K) + (y — K)1) o0y (y — K)

)

which yields the following graph by Monte Carlo simulation:
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Number of trials=2e+04

Localized Malliavin formula
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Figure 9 : Theta as a function of ¢ and K by the localized Malliavin method
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