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t}�[y4{w�7h]t©�uhSt©z]~>y4��v}|��[x4t©�uh±lE��¨u¯�h7����t¦�'x'v6�]�����yf��z7hSt����4��{}v}|�{6�©² yfxfh�t}�[��yuvw|��'x"�[�f�f{w�u��dfz7hR�uh��N² z]~>y4��vw|��'x
�fh§«m���'t¦����hv1xfh"�[z]{}|��4h]x'v1�u�'x4�§�4�[t�h]xº�[z7x4z7{����@�B² z]~>y4��v}|��[xº�uh���'x4t}h7{w�K��v}|��[x��uh����+��d4�[{}�'hmx4z]�hSt(
tw��|�{wh��Z�'yf{�~>yfh���h]tÀzS~>y4��vw|��'x4t��fh±lE��¨s¯�h7���'t}�[|�h7x>v9µf|�h]x��H�'t}z7h]t]¶��®�>h]t¦v9�f�[x4�¬xfz]�7h]twt}�[|�{wh¬�©² |�x>vw{}�u�uyf|�{wh
y4xfhRª³�[{wg¥y4����v}|��[x"�[z]xfz7{�����|�t}z7h��fh]tÀzS~>y4��vw|��'x4tÀ�uh¬l_��¨u¯±h]���[�Z�'yf{6�>��{���x>v}|�{©�B² h¨u|�t(vwh7x4�7h¬�©² yfxfh�t¦�'��yuvw|��'x
�H�[y4{k�uh]t�v}h7{wg+h]t1t}�[y4{w�7h]t�|�x4�uz7�Hh7xZ�f��x>vwt]¶�»k|�¼Hz]{}h]x>v}h]t�ª³�[{wg¥yf����vw|��'x4t1�uh��7h�v(rs�Zh��'x'v1z7v}z�yfv}|���|�t¦z]h]t
�4��x4t����$��|´v}v}z]{w��v}yf{wh[¶ � ² �[µu�(hS�ßvw|´ª��uh¥�7h�{����f�H�[{}v1h]t¦vm�uh���h]tm��x4�[��rut}h7{�h7vm�uh�g+�[x>vw{}h]{1�B² h¨u|�t(vwh7x4�7h�hv
�N² yfxf|��|�v}z��uh����+t¦�'��yuvw|��'x��4��x4t��u|�¼@z7{wh7x>vwt��]�[t]¶
�%Æ �S� Ä ¡�� � ��¢ lE��¨s¯�h7���NÈ>«m���'t¦���>®lE��¨u¯�h7���BÈ>h¨u|�t(vwh7x4�7h[Èfy4xf|��7|´vwz[¶
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c�d4h¬xsyfg+h7{w|��]���>t¦�'��yuvw|��'x���ªuvwdfh±�7�[yf�f��h]��«k���[t}���'®lE��¨s¯�h7����h]~>y4��v}|��[x4t6�f���Krst��1g$���(�'{6{w�[��h�|�x¥t¦h]�[h]{w�[�
�[�f�f��|��]��vw|��'x4tÀ|�xs�[�[���s|�x4�1|�x>vwh7{��[�ßvw|�x4�k��d4��{w�[hS�§�4��{}v}|����h]t���|21[h¬|�x3�f���'t¦g$���4d>rut}|��]t6�'{6|�x�µHh]��g��4d>rut}|��]t7¶
c�d4h§x4�[xuY{}h]����v}|��s|�t¦v}|��§«k���[t}���'®lE��¨s¯�h7���Zt}rut(vwh7g {}hS�[�ft

∂f

∂t
+ v · ∇xf + +

q

m
(E + v ×B) · ∇vf = 0,

∂E

∂t
− c2curlB = −

J

ε0
,

∂B

∂t
+ curlE = 0,

�u|��
E =

ρ

ε0
,

�u|��
B = 0,

¯�|�v}d
ρ =

∫
f dv
��x4�

J =
∫
fv dv
¶ c�dfh¹ª³yfx4�v}|��[x

f ≡ f(x,v, t)
{wh7�4{}hSt¦h]x'v�tXv}dfh��4��{}v}|����h

�fh7x4t}|´v(r_|�x �fd4�'t¦h$t}�4�[�7hX�[x4�
E ≡ E(x, t)

°
B ≡ B(x, t)

��{whXv}dfh$h]��hS�ßv}{w|��X�[x4��g+�[�[xfh7v}|�� �4h7���ft]¶3 ª³yfx4�f�[gXh]x>vw���6�f{}�'�Zh]{¦v(r���ªRlE��¨u¯�h7���B² t�hS~'yZ��v}|��[xZt�|�t�v}d4��v1v}dfh]r��[{}h�¯�h7����N�H�'t}h]���[xf��r�ª³�[{k��d4�[{}�'h
�[x4���yf{w{}h]x>v��fh7x4t}|´vw|�hSt

ρ
��xZ�

J
vwd4��vktw��vw|�t¦ª³r$vwdfh�t¦�[Y�]������hS���7�[x>v}|�xsyf|´v(r�h]~>y4��vw|��'x

∂ρ

∂t
+ div J = 0. 4+576

�Yª�v}d4|�t�{wh7����vw|��'x½�f�>hSt�xf�[v�df�[���©°6�'xfh<�7�[x��'h7{w|´ª³r_h]�[t}|���r¹vwd4��v¥v}dfh]{}h+|�t�xf�Et}�[��yuv}|��[x�v}�ElE��¨u¯±h]���N² t
hS~>y4��vw|��'x4t7¶ £ dfh]xEvwdfhXt}�[y4{w�7h]tm��ª±lE��¨u¯±h]���N² tmh]~>y4��v}|��[x4t§��{wh3�7�[g+�fyuvwh]�_µ>rºxsyfg+h7{w|��7������rºt}�[���s|�x4�
vwdfh<«m���'t¦����h]~>y4��vw|��'xÀ°�v}dfh]r½�u�_xf��v¥|�x/�[h]xfh7{����R�'h7{w|´ª³r �¹�u|�t}�7{}h7v}h<hS~>yf|����[��h]x'v�vw�¹v}d4h���'x>v}|�x>y4|´v(r
hS~>y4��vw|��'x¥��'gX�Z��v}|�µf��h±¯�|�v}d3v}d4h��f|�tw�{whvwh�ª³�[{wg���ªHlE��¨u¯�h7���B² t6hS~>y4��vw|��'x4t7¶9c6�"�[�4�u{}hSt}t6v}d4|�t9�f{w�[µf��h7gº°
g+h7v}df�u�ft�ª³�'{��fh7{w|��s|�xf�Xt}�[y4{w�7h]t��[h]{}|�ª³rs|�xf�+�X�u|�tw�{whvwh���[x>vw|�xsyf|�v(r$h]~>y4��v}|��[x�dZ�K�[h§µZh]h7x�|�x>v}{w�u�uy4�7h]�©°
t}h7h	ª³�'{Àh¨f�[gX�4��h98 5�:
; ¶=<m{S°S�[xfh��]��x���df�s�'t}h	v}���Hh7{}ª³�[{wg �1�7�[{w{}hS�ßvw|��'xk�[x"vwdfh¬�7�[g+�fyuvwh]�"h7��h]�v}{w|����Zh7���t}�<vwd4��v�|�v§{wh7g$�[|�x4tm�fdsrut¦|��7�[����r¹��'{}{wh]�v]¶ �®x��4{w�'�ßv}|��h'°Hv}dfh+����v¦vwh7{"���f�4{}�>�[��d¹|�tmyZt¦y4�[����r¹�f{whª³h]{}{wh]�©¶3 ���6v}df�>t¦h3��[{w{wh]�ßvw|��'x�g+h7v}df�u�ftkd4�K�[h�µHh7h]xE�7�[t¦vk|�x>v}�<�$�'h7xfh]{}|��§ª³{w�[g+h7¯��[{>1?8 5 �s° 5 . ; ¶�c�d4h¥��|�g �[ªvwdf|�tm�Z���Hh7{§|�tkv}�º�uh7�'h7���[�E��{}|��[�'{}�'y4t�g$��vwdfh7g$��v}|��7����v}d4h7�[{wr�ª³�[{mv}dfhSt¦h3�[h]xfh7{�����|�¸]h]��ª³�'{}g3yf����v}|��[x4t
�[ª9lE��¨u¯±h]���N² t�hS~>y4��vw|��'x4t7¶
c�dfh3�4���Hh7{m|�tm�[{w�'�[xf|�¸7h]���[t1ª³�[������¯1t]¶1�9|�{�t¦vm¯�h�{}hS�7�[���6v}dfhX�u|´¼@h7{wh7x>vm�7�[{w{}hS�ßvw|��'x�v(rs�Hh]t§��x4�º|�xu

vw{}�u�uyZ�h�v}d4h1�[h]xfh7{�����|�¸]h]�XlE��¨u¯�h7���B² t	h]~>y4��v}|��[x4t]¶ 3 ªèv}h]{Rv}dZ��v]°>¯�h1t¦y4�]�hSt}t}|��'h7��r��f{w���[h�v}d4h�h¨u|�t¦v}h]x4�h
|�x¹��xº�[�uhS~>y4��vwh"t}hv}v}|�xf�+��ªR�+t¦�'��yuvw|��'x�ª³�'{�h]�'��d�ª³�'{}g3yf����v}|��[xÀ¶

@ ACB � ����D½���9���3� -����9�9��-¬�������� �,��� B �$���
E9F+G HJILK�MONQP(KSR�TVU�IXWYP(MOZ[P(\^]SR-]!P(_`PbadcCe�ILK�U
� hv�y4t �4{�t¦v�{wh]�]�����Hv}dfh�·1h]��g+df�'�´vw¸��uh]�7�[g+�H�'t}|´vw|��'x���ª	�X�[h]�v}�'{±ª³y4x4�ßvw|��'x�|�x

L2(Ω)3
|�x>v}�3v}dfh�t}yfg

�[ª��¹v}{���x4t}�[h]{wt}h 4 ��f)��f �u|��[h7{w�[h]x4�hXª³{wh7h 6 ��x4�/�º���[xf�'|´vwy4�u|�x4��� 4 ��f)�7f �y4{}�Rª³{wh7h 6 �4�[{¦vS¶ � h7v Ω µZh��µH�[y4x4�uh]���'�Zh]x�t}hv1�[ª
R

3 °u¯�|´vwdº� � |��Zt}��df|�v}¸��7�[x>v}|�xsyf�[y4t�µH�[yfxZ�f��{wr Γ
¶

Ê�Ê Ó
g4øßÞßøßÝ
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�4�[{�h¨f�[gX�4��h'°sv}dfh"ª³�'������¯�|�x4�X�'{¦vwdf�[�'�[x4�[�H�fh]��'g+�Z�>t¦|�v}|��[x4t�|�x
L2(Ω)3

�]��x�µZh"ª³�'yfx4��|�x 8 � ;��
H0(div 0,Ω)

︷ ︸︸ ︷
L2(Ω)3 = ∇H1(Ω) ⊕ H1(Ω) ⊕ curlH0(curl ,Ω),

︸ ︷︷ ︸
H(curl 0,Ω)

H(div 0,Ω)
︷ ︸︸ ︷

L2(Ω)3 = ∇H1
0 (Ω) ⊕ H2(Ω) ⊕ curlH(curl ,Ω),

︸ ︷︷ ︸
H0(curl 0,Ω)

¯�d4h7{wh

H1(Ω) = {u ∈ L2(Ω)3 | curlu = 0, div u = 0, u · n|Γ = 0},

H2(Ω) = {u ∈ L2(Ω)3 | curlu = 0, div u = 0, u × n|Γ = 0},

�[{}h �Zxf|´vwh_�u|�g+h7x4t}|��'x4���k�[h]�v}�'{�t¦�Z�[�hSt7¶ c�dfhE¯�{w|´vw|�x4�
H(curl 0,Ω) 4 {}hSt¦�Hh]�v}|��[h]��r H(div 0,Ω) 6g+hS��x4t<v}d4��v

curl
Nª³{}h]h 4 {wh]t}�À¶ div

Nª³{}h]h 6 h]��h]gXh]x>vwt��[{}h���[xZt¦|��uh7{wh]�À°�¯�d4h7{wh]�[t H0(curl ,Ω) 4 {wht}�Hh]�ßvw|��'h7��r
H0(div ,Ω) 6 t(v���x4�_ª³�[{"h7��h7g+h]x'v�t§¯�|´vwd L2 curl 4 {}hSt¦�6¶ L2 div 6 °��[x4�_t}y4��d�v}d4��v"v}dfhv���xf�'h7x>v}|���� 4 {}hSt¦�À¶	xf�'{}g$�[� 6 v}{��[�7hm�'x�vwdfh�µZ�'yfx4�f�[{}r$���[xf|�t}dfhSt 4 t¦h]h§v}dfh"xfh7¨>vmpuh]�ßvw|��'x<ª³�'{1�uhv���|���t]¶ 6

c���t}yfg+g+�[{}|�¸7h'°4��xsr$ª³y4x4�ßvw|��'x¹|�x
L2(Ω)3

�7�[x¹µZh3�uh]�7�[g+�Z�>t¦hS��|�x>v}�+vwdfh¥t}yfg��[ª��Xv}{���x4t}�[h]{wt}h
4 ��f)��f �u|��[h]{}�'h7x4�7h<ª³{wh7h 6 �[x4� ���[xf�'|´vwy4�u|�x4��� 4 ��f)��f �y4{}��ª³{wh7h 6 �4�[{¦vS¶ lE��¨u¯�h7���B² tXh]~>y4��vw|��'x4tX�7��x5µZh�fh]��'g+�Z�>t¦hS��|�x�vwdfh�t}�4�[�7h]t

∇H1
0 (Ω)
��x4�

H(div 0,Ω)
�'t�ª³�[������¯1t �

{
∂tEL = −JL/ε0
div EL = ρ/ε0





∂tET − c2curlB = −JT /ε0
∂tB + curlET = 0
div ET = 0
div B = 0

¯�d4h7{wh
E = EL + ET

°
J = JL + JT

¯�|�v}d
EL,JL ∈ ∇H1

0 (Ω)
�[x4�

ET ,JT ∈ H(div 0,Ω)
¶

3 t}t}yfg+h"v}d4��v�v}dfh��7�[x>v}|�xsyf|´v(r�h]~>y4��vw|��'x 4+576 �u�shSt�xf��v�df�'���©¶ <mx�v}d4h��[xfh"d4�[x4�©°uvwdf|�t1h]~>y4��vw|��'x�fh7�Hh7x4�ft1�[xf��r<�[x�v}d4h����'xf�[|�v}y4�f|�x4�[�À�yf{w{wh7x>v1�uh7x4t}|�v(r
JL 4 µZhS�7��yZt¦h div JT = 0)

∂ρ

∂t
+ div JL = 0.

<mx�v}dfh��[v}dfh]{�d4��x4�À°u¯±h§xf��vw|��7h§v}d4��v�vwdfh"h7{w{}�'{±�'x<vwdfh"h7��h]�ßvw{}|�� �4h7���
E
vwd4��v1�s|��[����vwh]t¬v}dfh"h7��h]�v}{w|��

� �[y4twt����K¯�|�t±���u�7�[��|�¸7hS�$�[x+vwdfh§���'xf�[|�v}y4�f|�x4�[�4�4�[{¦v
EL
�[ª©v}dfh �4h7���©¶±�±�[xZt¦hS~'y4h7x>v}��r[°[v}dfh"��'{}{wh]�v}|��[x

g+h7v}df�u�ft�¯�|����À�[�ßv1�'xf��r<�[x
EL
¶
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E9F E � N�I�� P�� ]+\ WYP�����ILW�R-]!P(_
c�d4h����[{w|�t6��'{}{wh]�v}|��[x��f��v}hSt�µZ�[��1§v}� 5	��
 �[8 . ; °-8 � ; ¶��Yv	�7�[x4t}|�t(v�t6|�x3�7�[{w{}hS�ßv}|�xf�k��v9hS�[��d�vw|�g+h�t¦v}h7�¥v}dfhh]��hS�ßvw{}|�� �4h7���¹��'g+�fyuv}hS�º¯�|´vwd 3 g+�Hh7{wh[² t1���K¯ µsrº�+���'xf�[|�v}y4�f|�x4�[���4h]���¹�uh]{}|��s|�x4�+ª³{}�'g �+�H��vwh7x>v}|����
¯�|�v}d3|�t	�7�[g+�fyuvwh]�¥t}�1vwd4��v9v}d4h��7�[{w{}hS�ßvwh]� �4h]���¥h¨f�[�v}��r�t}��v}|�t �4hSt � �[y4twt7²S���K¯

div E = ρ/ε0
¶9·kh7x4�7h[°

vwdfh����[xf�'|´vwy4�u|�x4���©�4�[{¦v��[ª
E
|�t�g+�s�f| �4hS�º�[t�ª³�[������¯1t �

E ���������������� = E− � �� fÇ φ
¯�d4h7{wh

φ
|�t��fh �4xfhS��µ>r

�u|��
E ���������������� =

ρ

ε0
⇐⇒ ∆φ =

�u|��
E −

ρ

ε0
�[x4�

φ|Γ = 0,
¯�dfh]{}h

Γ
|�tRvwdfhkµH�[y4x4�f��{wr¥�[ª@v}dfhk�7�[g+�fyuv���vw|��'x4���H�u�[g$��|�xÀ¶	c�dfh �4h]���

E ���������������� tw��v¦|�t �4h]t±v}d4h§tw��g+h§µZ�'yfx4�f�[{}r$��'x4�u|�v}|��[x4t��'t
E
¶Rc�df|�t±g+h7v}df�u��|�t��[h]{}r+h��$�7|�h]x>v��[x4���'h7{wr$��[g+g+�[x4��r

yZt¦hS�º|�x_�[�f�f��|��]��vw|��'x4t7¶�·k��¯±h]�[h7{�|�vm{wh]~>yf|�{wh]t�vw����'g+�fyuv}h�v}dfhXt¦�'��yuvw|��'xºv}��� � ���4���'�h��f{w�[µf��h7g¿��v
hS�[��d$vw|�g+h�t¦v}h7�6°u¯�df|���d�d4�[t±v(¯��3g$���(�[{��u{w�K¯�µZ�[��1ut � |´v�|�t�xf�[x����u�7�[�H�[x4���f{}�'�4���>��vwh]t�|�xuª³�'{}g$��vw|��'x��v�|�x �Zxf|´vwh��[h]���u�|�v(r��<¯�df|���d�|�t�yfxf�4d>rut}|��]��������x4��|�v1�u�sh]t�xf�[v1�4��{�������h]��|�¸7h"�[t�¯�h7���À�[t�vwdfh�h¨u�f��|��7|´v
h7¨u�f{}hSt}t}|��[x+�[|��s|�xf�"vwdfh �Zh7���ftRª³{w�[g 3 g+�Hh7{wh[² t±�[x4�$�4�[{w�'�f�Kr@² t	���K¯1t7°'yfxf��h]twt±�'�+df�u�1�����[�'{}|�v}d4g+t¬��{wh
yZt¦hS�©¶

E9F�� � N�I�� c ��UQI!�#"%$ c _'&(UQP(_ WYP�����ILW�R-]!P(_
3 tÀ��x��[�´vwh7{wx4��vw|��'h9v}��v}d4h�g+hv}d4�s�"|�x>v}{w�u�uy4�hS�"|�x"vwdfhR�f{wh7�s|��[y4t6puh]�ßvw|��'xÀ°KlE��{��uh7{6�f{}�'�Z�>t¦hS�m�[xf��vwdfh7{
v(rs�Hh¹��ª���'{}{wh]�v}|��[x5|�x 5(� � 
 8 5 5�; ¶ ·k|�t�gXh7v}df�u� �7�[x4t}|�t¦vwt+|�x |�x'vw{}�u�uyZ�|�xf�/� �4t¦h]y4�u�[Y�7yf{}{wh7x>v$|�x3 g+�Zh]{}h'² t�hS~'yZ��v}|��[xº��xZ���[g+�[yfx>vwt±vw�<��[g+�fyfv}|�xf� �

E
n+1���������������� = E

n+1 + ∆t � �� fÇ [d(
�u|��

E
n −

ρn

ε0
)]

¯�d4h7{wh
E

n+1 |�t�v}dfh�yf�H�4��v}hS� �4h7���©°	y4t}|�x4� 3 g+�Zh]{}h'² t¥���K¯�¶��®x v}dfh��7�[t}h$��ª1�¹� �Zxf|´vwh��u|�¼Hh]{}h]x4�h�f|�tw�{whvw|�¸S��v}|��[x��[x¹�Xyfxf|�ª³�[{wg��7�[{¦vwh]t}|��[x�g+h]t}d�v}dfh��f|´¼@y4t}|��'xº�7�sh)�<�|�h7x>v
d
g¥y4t¦vktw��v}|�t¦ª³r

d ≤
1

2∆t

(
∆x2∆y2

∆x2 + ∆y2

)

ª³�'{�v}dfh�g+h7v}df�u��v}�+µHh�t(v���µf��h§ª³�[{1�+�[|��[h]x<vw|�g+h�t¦v}h7�6¶
� ��xf�>�u�[x 8 5 � ; �4{}�'�Z�>t¦hS���+���[{}|���vw|��'x��[ª9vwdfh�g+hvwdf�u�º¯�df|���d�v�� 1'h]t�|�x>v}�<�[�]��'yfx>v�v}dfh�h]{}{w�[{��'x� �[y4twt7²u���K¯ ��v�vw|�g+h�t¦v}h]�

tn+1
|�xZt(vwh]�[����ª

tn �

E
n+1���������������� = E

n+1 + ∆t � �� fÇ [d(
�u|��

E
n+1 −

ρn+1

ε0
)].

·kh$����t¦�ºt¦d4��¯±hS�ºv}d4��v�df|�t"g+h7v}df�u��|�t"hS~'y4|�������h7x>v§v}�º�Hh7{}ª³�[{wgX|�xf�3�(y4t¦v"�'xfh+|´vwh7{���vw|��'x_��ª��+*>�[�7�[µf|
t}�[���[h]{�ª³�'{3vwdfh � ���4���'�h�hS~>y4��vw|��'x y4t}h]� |�x,�±�'{}|�t]²�g+hvwdf�u�O�[x4�O�7�[x4t}h]~>yfh]x'vw��r½vwd4��v+df|�tXtw��dfh]gXh

Ê�Ê Ó
g4øßÞßøßÝ
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�]��xEµHhX|´vwh7{���v}hS�E��xZ�_��'xs�[h7{w�[hSt1�[t}rsg+�uv}�[v}|��7������r�vw��¯��[{w�4t'���[{w|�t]²Z¯�d4h7xEvwdfhX|´vwh7{���v}|��[x_x>y4g¥µHh7{§|�t
|�x4�7{}hS�[t}h]�©¶
l¹�'{}h+{wh]�7h7x>v}��r[°%�±����|�t}h ���#� 	 8 : ; �f{w�[�H�'t}h]�_v}�¹{wh7�f���[�7h3vwdfh *>�[��'µf|�t}�[���[h7{"µsr_� � �[y4t}t¦(psh7|��uh7��'xfh[¶ �®x4�uh]h]�©°±|´v<|�tX¯±h]�����1sxf��¯�xOv}d4��v+v}dfhº|�xf|´vw|��[�1��'x>�'h7{w�[h]x4�h<{���vwh 4 ���[h]{¥vwdfh �4{�t(v$|�v}h7{���vw|��'x4t 6|�g+�f{w���[h]t¬�u{w�[g$��v}|��7�[����r[°[¯�dfh7x<�'xfh1y4t}h]t±� � ��yZt}t¦®puh7|��uh7�Ht¦�'���'h7{S¶�c�dfh§���f�4�[{}h]x>v¬�u{w�K¯�µZ�[��1�|�t�vwd4��v

vwdfh+*>�[�7�[µf|�t}��d4h7g+h�|�t�ª³y4����r/�4��{�������h7�N°9¯�d4h7{wh]�[t � ��y4twt¦®psh]|��fh7�N² t¥|�t3xf��vS¶ 3 �v}y4�[����r[°	vwdf|�t¥|�t¥x4��vX�
�f| �<�y4�´v(r'°�t}|�x4�h¹�'xfhº{}hS����[h]{wt+� ��'g+�f��h7v}h]��r5�4��{�������h]�1�����[�'{}|�v}dfgº°±µ>r5{}h]xsyfg¥µHh7{w|�x4��vwdfh¹xf�u�uhSt7°
yZt¦|�xf�Xª³�[{�|�x4t¦vw��xZ�h��+��h]� � �����'��1$�[{��uh7{w|�x4�3�'xº�+t¦v}{wy4�ßvwyf{wh]��gXhSt¦d6°f�[t��uh]gX�'x4t¦v}{���v}hS��|�x 8 : ; ¶
E9F�� � N�I &bIX_�I!�-c K�]!T ILU`a�P���M���K!c R-]!P(_`Pba � c��	� ILK+K�
�\ I�	��c R-]!P _Q\
�®xZt(vwh]�[� ��ªm�7�[{w{}hS�ßv}|�xf�¹vwdfh����'xf�[|�v}y4�f|�x4�[�±h]��hS�ßvw{}|�� �4h]��� ���-�
���S�������
��� ��|�1'h�|�x vwdfh ���'{}|�t�g+hvwdf�u�©°3 t}t}�[yZt¥h7v+�[��8ë� ; |�x>vw{}�u�uy4�7h]�5�Eg+|´¨uhS�/ª³�[{wg¥y4����v}|��[x/��ª§lE��¨u¯�h7���B² t�hS~'yZ��v}|��[xZt¥¯�|�v}d�� � �[�[{���xf�'hg3yf��v}|��f��|�h7{S°sv}dZ��v1��|�x-1ut�vwdfh 3 g+�Hh7{wh"h]~>y4��vw|��'x�vw� � ��y4twt]²>���K¯�¶�c�df|�t�t¦�'��yfv}|��[x���ª9l_��¨u¯±h]���N² t�h]~>y4��
vw|��'x4t��'µuvw�[|�xfhS�º¯�|´vwdºv}df|�t1g+|�¨uh]��ª³�[{wg¥y4����v}|��[xº|�tk|��fh7x>v}|��7�[�©v}�<¯�dZ��vk|�t��[µfvw��|�xfhS�ºy4t¦|�xf�+vwdfh ���[{w|�t
�7�[{w{}hS�ßvw|��'xÀ¶
�Yv�¯��[t§vwdfh7x xf�[v}|��h]�½|�x 8 5 �s° 5 . ; v}d4��v¥lE��{��uh]{]² t§ª³�[{wg¥yf����vw|��'x��7�[yf��� ����t¦�ºµHh$h¨u�f{wh]twt¦hS�E|�x �g+�u�u|��4h]�_�[h]{wt}|��'x¹��ª±l_��¨u¯±h]���N² tkhS~'yZ��v}|��[xZt7°©��xZ�¹v}dZ��v§v}dfhXg+�s�f| �4hS�_lE��¨u¯±h]���N² tmh]~>y4��v}|��[x4t§��'yf���
µHh�ª³yf{}v}d4h7{��'h7xfh]{w�[��|�¸7hS��vw��|�x4�7��yZ�uhk�§v}d4|�{���1>|�x4�+�[ªHx4��v}yf{����Z��[{w{wh]�ßvw|��'x¥g+hvwdf�u� � ��ªèvwh7{Rvwdfh�h7����|��uvw|���7�[{w{}hS�ßvw|��'xX�[ª ���[{w|�t]°[vwdfhk�Z��{���µH�[��|��1�7�[{w{}hS�ßvw|��'xX�[ª6lE��{��uh]{±��dsrs�Hh7{wµZ�'��|��1��'{}{wh]�v}|��[x<�7�[yf���<����t}��µZh
|�x4�7��y4�fh]�©¶3 �]��[{��u|�xf�[��r[°>vwdfh �4x4�[�À�[h]xfh7{�����|�¸]h]�<ª³�[{wg¥yf����vw|��'x���ªRlE��¨s¯�h7���N² t�hS~'yZ��v}|��[x�{}hS�[�ft

∂E

∂t
− c2curlB + c2 � �� fÇ φ = −

J

ε0
,

∂B

∂t
+ curlE = 0,

g(φ) +
�u|��

E =
ρ

ε0
,

�u|��
B = 0,

¯�d4h7{wh
g
|�tm�$��|�xfh]�[{k�u|�¼Hh]{}h]x'vw|��[�6�'�Zh]{w��v}�[{S¶ �Yvm|�tkt¦v}{���|��[d>v¦ª³�'{}¯���{��$vw��t¦h]h�v}dZ��vkvwdfh¥�7�[{w{}hS�ßv}�'{

φ
|�t

t}�[��yuvw|��'x�vw� �
∂g(φ)

∂t
− c2∆φ =

1

ε0

(
∂ρ

∂t
+
�u|��

J

)
.

�®x+�4�[{¦vw|��7yf����{
φ
���[xf|�t}dfhSt��[tRt}�s�[x+�[t9v}d4hk��'x'vw|�xsyf|�v(r�hS~'yZ��v}|��[xX|�t�t}��v}|�t �Zh]�©°>�[twt¦yfg+|�xf�����f�4{}�'�f{}|���vwh

µH�[y4x4�f��{wr ��'x4�u|�v}|��[x4tXd4�K�'h�µHh7h]x ��df�'t}h7xÀ¶�·1h]x4�h�v}d4|�t$�'h7xfh]{w�[��|�¸7hS� ª³�[{wg¥y4����v}|��[xO�[ª§lE��¨u¯±h]���N² t
hS~>y4��vw|��'x4t§|�t"hS~'y4|�������h7x>v§v}��v}d4h$�[{w|��'|�x4�[�9l_��¨u¯±h]���N² tmhS~>y4��vw|��'x4t§|�x�v}dfh+�fdsrut}|��]���R�7�'t¦hStmµ4yuv�g+�[{wh
{w�[µ4y4t(v¬v}� 4 x>y4gXh]{}|��7�[� 6 �Zh]{¦vwyf{}µZ��v}|��[x$�[ª@v}dfh§t¦�'yf{w�7h]t]¶ £ hmt}d4�[���Ht¦h]h1|�xZ�uh7hS�Xv}d4��v¬v}d4|�t¬ª³�[{wg¥yf����vw|��'x|�t�¯�h7���´Y�Z�>t¦hS��|�x4�uh]�Zh]x4�uh]x'vw��r���ªR�X{}h]����v}|��[x�µHhv(¯�h7h]x

ρ
��x4�

J
¶

£ dfh]x
g(φ) = 0

��xZ�
g(φ) = φ/d

°9vwdfh<�[h]xfh7{�����|�¸7h]�_ª³�[{wg¥y4����v}|��[x ��[{w{wh]t}�Z�'x4�ft"{wh]t}�ZhS�ßv}|��[h]��r
vw�$v}d4h����[{w|�t1��x4�¹v}dfhXlE��{��uh7{ � � ��xf�>�u�[xº��'{}{wh]�v}|��[x4t]¶ �®x¹v}d4h]t}h3�7�'t¦hSt

φ
g¥yZt(v"t}��v}|�t(ª³r�����xf|�t¦d4|�xf�

»m|�{}|���df��hv�µZ�'yfx4�f�[{}r���[xZ�u|´vw|��'x4t]¶
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�®x��[{��uh7{¬v}�X�[h7v��3�fyf{wh7��r+d>rs�Hh7{wµZ�'��|��kª³�[{wg¥yf����vw|��'x<¯±h§��df�s�'t}h
g(φ) = ∂tφ/χ

2 ¶Rc�dfh"��'{}{wh]�v}�'{
φ
v}dfh]xº�[h7{w|��4h]t±v}d4h"ª³�[������¯�|�xf�+¯��K�'hmhS~>y4��vw|��'x �

∂2φ

∂t2
− (cχ)2∆φ =

χ2

ε0

(
∂ρ

∂t
+
�u|��

J

)
.

�®x��[{��uh7{±v}�+��������¯ v}dfh§h7{w{w�[{±v}{���x4t}�Z�'{¦vwh]�$µsr+vwdfh���[{w{wh]�ßvw�[{
φ
v}�+��hS�K�[h�vwdfh��u�[g$�[|�x

Ω
°f��µ4t}�[{wµf|�xf�

µH�[y4x4�f��{wr��7�[x4�u|�v}|��[xZt�g¥y4t¦v�µZh���df�>t¦h]x�ª³�'{
φ
¶�c�dfh]t}h��7��xºµHh"ª³�[{�h7¨u�[g+�f��h���v��'{w�fh7{ 5 �

∂φ

∂t
+ c

∂φ

∂n
∣∣Γ

= 0.

��Â �  u������� �-�Q����� ��������
	��)� ��	2��� ��� � � � ��� � �+� � �-��	��
���S��� ��
�������� ��� � � ��� �-�7� 	 �� 	)	���� dsrs�Zh]{}µH�[��|���7�[{w{}hS�ßvw|��'x 	 � � � ��	 ����
�S�?� � � � �7��� �������
� �Y� ��� � �!�d����� �
��� � � �)� � &(�	� � � � ������������
��
 �)� �
���'��� � ��	� � ��� 	2�
� � ���)� � �
� ��	 � � >� � ��� � �+� ����� �������
��f�(�)����� � ��� ��� �������
�����)� � ���
�����'�
��
 ��
�Y�
�)�����
��� ��� � �^��Y�
�����[����� �������� 	 �
�Y� � �
��� �Y������ ��� � ��� �-�7� � 	 � �'� � ��� ������ 	�
 "$�
�  ���>���X��
 ������� � "���� � �-� ��	�������Y��� �����������'f

� � �����"����¥���

� hv
Ω
µZh§��µH�[yfx4�fh]�$�'�Zh]x<�Z�'��rsdfhS�u{����Zt}hv���ª

R
3 ¯�|´vwd�� � |��Zt}��df|�v}¸§��'x'vw|�xsyf�'y4tRµH�[yfxZ�f��{wr Γ

¶ £ h
�fh7xf�[v}h"µsr

n
v}d4h�h¨sv}h]{}x4�[�©yfxf|�v1xf�[{wg$���À�uh �4xfhS����v1����gX�>t(v�h]�[h7{wr$�H�[|�x'v

Γ
�[ª

Ω
¶

c�dfhXt}�]������{��f{w�u�uy4�vwt1|�x
L2(Ω)3

�[x4�
H1(Ω)

��{wh�{wh]t}�ZhS�ßvw|��'h7��r��uh]xf��vwh]�ºµsr
(·, ·)0
��x4�

(·, ·)1
¶

� |��[h]x�� ����xZ�[��dºt¦�4�'�h
Q
°f¯�h�t¦d4�[���À�uh]xf��vwh"v}dfh��uyZ����|´v(r��f{}�u�uyZ�ßv�|�x

Q′ ×Q
µsr

〈., .〉Q
¶

£ h�{}hS�7�[���@vwdfh��uh �Zxf|´vw|��'xº��ª6vwdfh"ª³�[������¯�|�xf�$t}�4�[�7h]t �
H(div ,Ω) = { f ∈ L2(Ω)3 | div f ∈ L2(Ω) },

H(curl ,Ω) = { f ∈ L2(Ω)3 | curl f ∈ L2(Ω)3 },
¯�d4|���dº��{wh�·1|���µHh7{}vkt¦�Z�[�hSt�{}hSt¦�Hh]�v}|��[h7��r$ª³�'{�v}dfh�xf�'{}g$t �

‖f‖0,div =

(∫

Ω

(|f |2 + c2(div f)2) dx

)1/2

,

‖f‖0,curl =

(∫

Ω

(|f |2 + c2|curl f |2) dx

)1/2

.

c�dfh3g$���f�f|�xf�>t
γn 4 xf�[{wg$���6v}{��[�h 6 ��xZ� γτ 4 vw�[xf�[h]x'vw|��[�Àvw{w�'�h 6 ��{wh�{}hSt¦�Hh]�v}|��[h7��r��fh �4xfhS�E��xZ��7�[x>v}|�xsyf�[yZt±�'x�v}dfh �4{�t(vk�[x4��t¦hS��[xZ���[ª�vwdfh]t}h�t¦�4�'�hSt 4 t}h7h 8 � ;)6 �

γn : H(div ,Ω) → H−1/2(Γ), f 7→ f · n|Γ ,

γτ : H(curl ,Ω) → H−1/2(Γ)3, f 7→ f × n|Γ .
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� ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

·kh7x4�7h"¯±h��]��xº�uh �4x4h"v}dfh"ª³�'������¯�|�x4�X�7���>t¦hS��t}yfµ4t}�4�[�7h]t �
H0(div ,Ω) = { f ∈ H(div ,Ω) | f · n|Γ = 0 },

H0(curl ,Ω) = { f ∈ H(curl ,Ω) | f × n|Γ = 0 }.
£ h�t}d4�����À�uh7x4��v}h"µsr

X = H(curl ,Ω) ∩H(div ,Ω)
vwdfh�·1|���µZh]{¦vkt}�4�[�7h"h7x4�u��¯�h]��¯�|´vwd�v}dfh�xf�'{}g

‖f‖X =

(∫

Ω

(|f |2 + c2|curl f |2 + c2(div f)2 dx

)1/2

�[x4�
X0
|�vwtk����'t}h]��t}yfµ4t}�4�'�h

X0 = H0(curl ,Ω) ∩H(div ,Ω).

�4�[{1�X��|�xfhS��{1t}�4�[�7h
V ⊂ H(curl ,Ω)

°u¯±h�t}d4�����À�uh]xf��vwh§µsr

V (curl ) = {f ∈ V | curl curl f ∈ L2(Ω)3}.

� hv1y4t��[��t}�3{wh]�]�����©�X�7�[yf�4��h"��ª9{}hSt¦y4�´v�t�¯±h"t¦dZ�����©y4t¦h"����vwh7{��[x6¶ � hv
H
��x4�

M
µHh"v(¯±�+·1|���µZh]{¦v

t}�4�'�h]t]¶ £ h��7�[x4t}|��uh7{�v}d4h���[x>vw|�xsyf�'y4t�µf|���|�xfh]�[{�ª³�[{wg

b : H ×M → R,

�[x4��v}dfh�����{w|���v}|��[xZ���@�f{w�[µf��h7g � � � � ��� χ ∈M ′ 	 �b��� u ∈ H
������ � �-� �

b(u, µ) = 〈χ, µ〉 ∀µ ∈M.

c�d4h�µf|���|�xfhS��{�ª³�'{}g
b
|�t3�7�[x>v}|�xsyf�[yZt��[x

H ×M
°9d4h7x4�7h�|�vX�uh �4xfh]tX�EµH�[y4x4�uh]� ��|�xfh]�[{¥�'�Zh]{w��v}�[{

B ∈ L(H ;M ′)
µsr

〈Bv, µ〉 = b(v, µ) ∀v ∈ H, ∀µ ∈ M.
£ h��uh]xf��vwh§µsr

B′ ∈ L(M ;H ′)
v}dfh��fy4���À�'�Zh]{w��v}�'{±�[ª

B
°u¯�df|���d�|�t1�uh �4xfh]��µsr

〈v,B′µ〉 = 〈Bv, µ〉 = b(v, µ) ∀v ∈ H, ∀µ ∈ M.

c�d4h§�4{}h]�>|��[yZt��K�[{}|���vw|��'x4���@�f{w�[µ4��h]g)|�t�vwdfh7xºhS~'y4|�������h7x>v�vw�
(�)�Y�

u ∈ H
���� � �����
�

Bu = χ
�)�
M ′.

psh7v
V =

�"h]{
(B)
°�¯�df|���d |�t�� �7���>t¦hS�5��|�xfh]�[{�t}yfµ4t}�4�[�7h¹��ª

H
°1��xZ� ��[xZt¦|��uh7{�|´v�t<�H�[����{�t}hv

V ◦ = {g ∈ H ′;< g, v >= 0 ∀v ∈ V }
¶

�±Â �	�   �����X u� �� �f  Ä �¥� Â��	��
� � �-� ���
	)	�� & �)� � �Y��� ������������� �
������,���� �
�
	��������
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�����������
	�����������
������	��
�����
��� �!�#"$��%'&(��	)	+* ����,����
�����
�-� �

� � � �������>� �>%'� ��� �
β > 0

������ �����
�

inf
µ∈M

sup
v∈H

b(v, µ)

‖v‖X‖µ‖M
≥ β;

� �)� � ����� � �-����� � � �
B′
� � �
�$� ��� � � � � �^� ��� �+�

M
�
�

V ◦
� ���

‖B′µ‖H′ ≥ β‖µ‖M ∀µ ∈M ;

� �)�)� � ����� � �-����� � � �
B
� � �
�$� ��� � � � � ��� ��� �+�

V ⊥ �
�
M ′ �
�Y�

‖Bv‖M ′ ≥ β‖v‖H ∀v ∈ V ⊥.

� �����+��f psh]h"v}dfh�µH�s� 1<µsr � |�{w�[yf��vk��x4���1�K�s|��[{¦v 8 �
; °4��d4���6¶ �ß°�� : ¶
��Â���� 
 � 
ÑÆ�� � �X���

H
��� �	�[�)	 �������(� ��� �� �
�Y�

A : D(A) ⊂ H → H
� 	 �)�Y�>� � � �������
�S�
��f


 �
A
� � gX�'xf��vw�[xfh � �

(Av, v)H ≥ 0 ∀v ∈ D(A) 	� �
A
� � g+��¨u|�g$���Hg+�[xf�[v}�'xfh � �#� �
�����	� ��� ��������� ��%'� �����

λ > 0
���� �d� �-� �

I +λA : D(A) → H� � � ���S� f
�� ÂsÆ � Â � ����� 
 � � Â'Ä���Æ � 
 Ç�  � �L���

T > 0
�
���

A
� � ��%'�)� �
	 � � ���
�S�
�Y� � ������� � � � �)�

H
f � �-������ � �
	)	

u0 ∈ D(A)
� ��� � 	)	

f ∈ C1([0, T ];H) 	 � �-��������%'� ����� � ������,����b����� ������
� u � ����� � 

�)� �




u ∈ C0([0, T ];D(A)) ∩ C1([0, T ];H),
du

dt
+Au = f

�
�
[0, T ],

u(0) = u0.

4 � 6

� �����+��f c�dfh��f{w�s��ª9|�t��'|��'h7x�ª³�[{�h¨f�[gX�4��h"|�x�vwdfh�µH�>�'1<��ª ��{}z]¸7|�t#8 � ; °4��dZ���À¶ « � �ß¶
��Â �  u����� �L���

λ ∈ R
f � �-� ��������	2���

{
du

dt
+Au+ λu = f

�
�
[0, T ],

u(0) = u0.

�� � �>� ����� �-� ���
��� ��� �)���S� � � ��& �)� � ��� � �^� ���
��� �����'� eλtf(t) 	 ��
Q����� ���)� � v(t) = eλtu(t)
f � ������� ���
�>� 	�)�#� �d��,���� �
�
	2��� �#�S� �����	� �d� �-�
�

A
�
�
A + λI 	 ���
� λ ∈ R 	 � � � ��%'�)� �
	 � � ���
�S�
�Y� 	 �)�V�
���'��� �S�� � �Y	 
 � �-���[�)	)	������ � �����'� � ���>� ����� f

��Â �  u����� �L���
V

��� � � ���-�����[�)	 ������� ��� ��� �-� >� �+�
H 	 � ���d	���� a(., .) ����� ��
� � �)� ���
�^� ���)	 �)�����
���� ��� � �

V × V
f � �-��� ��������� ���

a
� � �b����� � ���
�����'��� 	 �)�����
� � �-����� � � �

A ∈ L(V, V ′)
f���� � �-�

����,�����	 	 &(� � �-� 	)	 �
	 ��� � ����� � � ��
 A � �-� 	 �)�����
� � �-����� � � � � ����� ����
�S��� �S�
a
�
�Y�d�'� �(����� ��


D(A) = {u ∈ V ; v 7→ a(u, v)
� �
��
� � �)� ���
�^� �
�

V
���
�[� �-� ��� ��� �+�

H}
� ��� 	 ��� � � 	)	 u ∈ D(A) 	 〈Au, v〉 = a(u, v) ∀v ∈ V

f � 
 ��
�-��������������
� 	 Au �� � ��� �>% �S����� ��� 	� �-� � �
�9� � � �-�#� ���-���)� 
 �!�
V
�)�
H 	 � � � ��
� � �)� ���
�^� 	��)�����
�L��� ��� � � H 	 �����)	)	��'���Y�
�S��� ��
 Au ∈ H ′

f
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5 � ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

� � ��

w2 ���������������6� �����)� B � ��

� �����- -������	��-¬������
£ h1¯���x>v�vw�¥t¦�'���'h�v}dfh1ª³�[������¯�|�xf���f{w�[µ4��h]g 4��Q576�� �9|�x4� E ° B ° p �uh �4xfhS�$�[x Ω× [0, T ]

¯�|�v}d$���[��yfhSt
|�x

R
3 ª³�[{

E
�[x4�

B
°4�[x4�

R
ª³�[{

p
°u�[h7{w|�ª³r>|�xf�Xv}d4h�h]~>y4��vw|��'x4t





∂E

∂t
− c2curlB + c2∇p = −

1

ε0
J,

∂B

∂t
+ curlE = 0,

div E =
1

ε0
ρ,

4 . 6

¯�|�v}dºµH�[yfxZ�f��{wr���'x4�u|�v}|��[x4t
E× n = 0

�[x
Γ, p = 0

�'x
Γ, 4 :^6

�[x4��|�xf|�v}|�������[xZ�u|´vw|��'x4t

E(., 0) = E0
°
B(., 0) = B0

�[x4�
p(., 0) = 0, 4 � 6

tw��vw|�t¦ª³rs|�x4�
div E0 = ρ(., 0)

�[x
Ω, div B0 = 0

�[x
Ω,

E0 × n = 0
�[x

Γ, B0 · n = 0
�'x

Γ.

�QF+G � N�IC\ ILWYP(_�U P���UQI!� ��_QWYP �QZ�K+ILU I�	��c R-]!P(_�\
c�d4h§hS~>y4��vw|��'x4t�ª³�[{

E
�[x4�

B
�7��xºµHh��uh]�7�[yf�4��hS��µsr<�'�[|�xf�Xv}�Xv}dfh�t}h]�7�[x4���[{��uh]{�|�x�v}|�g+h[¶

� � Æ��¬Æ � 
 � 
ÑÆ�� � � ������	���� � � 
 � � �L���
��� �
	)	�
 ��,���� � � 	���� �=� � ����� ���
	)	�� & �)� � �Y������	���� � � � �	� (�)��� E 	
B 	 p ���
	���� ��� �-�[� ���






∂2
E

∂t2
+ c2curl curlE + c2∇

∂p

∂t
= −

1

ε0

∂J

∂t
,

∂B

∂t
+ curlE = 0,

div E =
1

ε0
ρ,

4 � 6

& �)� � ��� ����� � ��
 ��
��� �)� ��� �-������� � ��� �)� �)� ��� 	���
�Y�
�)�����
�����
	�� �
���
∂E

∂t
(., 0) = E1,

& �)���
E1 = curlB0 −

1

ε0
J(., 0). 4�
 6

� �����+��f �Yª (E,B, p) |�t1�$t}y �<�|�h7x>vw��r�t¦g+�s��vwd�t}�[��yuv}|��[x�vw�X�4{}�'µf��h]g 4���576 °uv}dfh]xÀ°fv�� 1s|�xf�Xv}dfh"vw|�g+h�fh7{w|�����vw|��'h���ªRvwdfh �4{wt¦vkhS~'yZ��v}|��[x���x4�¹{wh7�4���'�|�xf�$v}d4h�v}h]{}g
∂tB
µ>r

−curlE
°Z¯�h¥�'µuvw�[|�xEv}dfh �4{wt¦v

hS~>y4��vw|��'x<��ª 4 � 6 ¶�c�d4hk|�xf|´vw|��[�©��[xZ�u|´vw|��'x 4 
 6 |�t±�[µuv���|�xfh]��µ>r$�7�[x4t}|��fh7{w|�xf��v}dfh �4{�t(v�h]~>y4��vw|��'x<��ª 4 . 6��v
t = 0
�[x4� 4 � 6 ¶�c�dfh�{wh]t¦v�|�t�|��uh]x'vw|��]���N¶

É³ç9ÊÀÉèÌ



�����������
	�����������
������	��
�����
��� �!�#"$��%'&(��	)	+* ����,����
�����
�-� 5'5

��hS�|��f{w�s�]������r'°u��h7v
(E,B, p)

µHh��+t¦�'��yuvw|��'x�vw�$�f{w�[µf��h7g 4�� � 6 ¶±�±�[x4t}|��uh7{

U =
∂E

∂t
− c2curlB + c2∇p+

1

ε0
J.

c�d4h7x �
∂U

∂t
=
∂2

E

∂t2
− c2curl

∂B

∂t
+ c2∇

∂p

∂t
+

1

ε0

∂J

∂t
= −c2curl (curlE +

∂B

∂t
) = 0.

3 t
U(., 0) = 0

�[�]��'{w�u|�xf�$vw� 4�

6 �[x4� 4 � 6 °©|�ª U |�t§t}y �<�|�h7x>vw��rEt}g+�>�[v}d�|�x_v}|�gXhX|�v"|�g+�f��|�hStkvwd4��v
U = 0
°u¯�d4h7x4�7h"v}dfh �4{�t¦v�hS~>y4��vw|��'x��[ª 4 . 6 ¶

�QF E � c%� ]!c R-]!P(_Qc=K a�P���M���K!c R-]!P(_ ]+_
E

�4{}�'g x4��¯��[xÀ°1¯�h_�'t}t}yfg+hEvwd4��v
J ∈ H(div ,Ω)

°1dfh]x4�h�|�xW�Z��{}v}|��yf����{
div J ∈ L2(Ω)

°§��x4�
ρ ∈ L2(Ω)

°�ª³�[{R�[���
t > 0
¶��f�'{9v}dfh��f{w�s��ª4�[ª4vwdfh �4x4�[�sc�d4h7�[{wh7gº°�¯�h�xfh7hS��vw�§|�x>v}{w�u�uy4�h

ψ ∈ H1
0 (Ω)vwdfh�yfxf|�~>yfh�t¦�'��yfv}|��[x�v}�

∆ψ = div J
¶�c�dfh7x

J̃ = J −∇ψ
��yfv}�[g$��v}|��7������r$�[h7{w|��4h]t

div J̃ = 0
¶

� � Æ��¬Æ � 
 � 
ÑÆ�� � � ������	���� � � � � � � ��,���� �
�
	2��� �[� �����>����	���� � ��� � 	 & �^���� ��
����� ��� � �)� � �-� ����%^�>�
�
�
����� � ��� ��� 	���� ��� ��	�� � ��� � �)�

E
� ���

P = −∂tψ/ε0 − c2∂tp
��b�)�Y�

(E, P ) ∈ X0 × L2(Ω)
���� �

� �-� � �





〈∂2
E

∂t2
,F
〉

X0

+ c2
(
curlE, curlF

)
0
+
(
P, div F

)
0

= −
1

ε0

〈∂J̃
∂t
,F
〉

X0

, ∀F ∈ X0,

(
div E, q

)
0

=
1

ε0

(
ρ, q
)
0
, ∀q ∈ L2(Ω),

4 � 6
�Y	 �^�

∂tB + curlE = 0 	 ��� ����� � ��
 ��
��� �)� ��� �-�����	� �
��� �)���)�����
	 >� ��� �)� ��� �-��� 	 � �
�Y� ��� � f
� �����+��f 3 twt¦y4gXh<v}d4��v¥�f{w�[µf��h7g 4�� � 6 d4�'t¥�Et}g+�s��v}d 4 t¦h]h<v}d4h<xfh¨sv+��h7g$��{>1 6 t¦�'��yfv}|��[x (E, p)

¶
c�d4h7x�ª³�[{k�[���

F ∈ X0
°f¯±h"d4�K�'h

−
1

ε0

〈∂J̃
∂t
,F
〉

X0

= −
1

ε0

〈∂J
∂t
,F
〉

X0

+
1

ε0

(∂∇ψ
∂t

,F
)
0

=
〈∂2

E

∂t2
,F
〉

X0

+ c2
〈
curl curlE,F

〉
X0

+ c2
〈
∇
∂p

∂t
,F
〉

X0

+
1

ε0

(
∇
∂ψ

∂t
,F
)
0

=
〈∂2

E

∂t2
,F
〉

X0

+ c2
〈
curl curlE,F

〉
H0(curl ,Ω)

+ c2
〈
∇
∂p

∂t
,F
〉

H(div ,Ω)

+
1

ε0

(
∇
∂ψ

∂t
,F
)
0

=
〈∂2

E

∂t2
,F
〉

X0

+ c2
(
curlE, curlF

)
0
−
(
c2
∂p

∂t
+

1

ε0

∂ψ

∂t
, div F

)
0
.

puhv
P = −∂tψ/ε0 − c2∂tp

¶ £ h"v}d4h7xº�[h7v�v}dfh�g+|�¨shS�����[{}|���vw|��'x4���Hª³�[{wg¥y4����v}|��[x 4 � 6 ¶
c�dfh�{wh]�7|��4{}�u�7�[�©�[twt¦h]{¦vw|��'x�|�t�t¦|�g+�f��h �
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5 � ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

� <mxfh¹�uh7{w|��[h]t3vwdfh �4{wt¦v$h]~>y4��v}|��[xO�[ª 4 � 6 |�x X ′
0

�f{}���s|��uh]� v}dfh¹t}�[��yuv}|��[x
(E, P )

|�t$t}g+�s��v}d
h7xf�'yf�[d6°u|´ª	�[xfh�t}hv�t

p(·, t) = −
1

c2

(∫ t

0

P (·, s)ds+
1

ε0
(ψ(·, t) − ψ(·, 0))

)
...

� c�dfh�t}h]��'x4���[xfh"|�t�h7�s|��fh7x>v}��r<vw{}yfh'¶
� c�dfh"v}d4|�{���h]~>y4��vw|��'x�d4�[���ft�|�x L2(Ω)

µsr��7�[x4t¦v}{wy4�ßvw|��'xÀ¶

��Â �  u����� ���?� �-� ���>���7���
�^�	�Y�����+� 	 &(�����7��� ������	 
d�
�>����� ��� � �-�
� ∂tJ̃
����	��
� � �[�S� X ′

0

f
� �
& 	 ���)� >� X0

� �Q� ��� ������� �!� ���
� �
H0(curl ,Ω)

� �����!�
H(div ,Ω) 	 � �-� >� � �
�������Q�)� �	 �^�����
��� ���
	����� �Q� �-�[� ���
	 � ��� �����f �X���=�^���>% ��	�� �)� �-�����#�)�?� ����& &(� ��� � 	 & �-� � &(�#� ���
� � ��
 � t}g+�s��v}d ���
	 �������
�

(E, p)
�

� L� �
E 	 &(��� ������� �>� �����
� curlE ∈ L2(Ω)3 	 & ���� �?�)� �Y	 ����� curl curlE ∈ (H0(curl ,Ω))′

f
� L� �

∂tp 	
&(� � ������� ��� � �-� � �

� � �
∇(∂tp) ∈ (H(div ,Ω))′ �

� �)� � 〈
∇(∂tp),F

〉
H(div ,Ω)

= −(∂tp, divF
)
0
	 ∀F ∈ H(div ,Ω)

f
� �� ��� 	)	 
 	 � �)� � ��
���>��� ���
���
� �S� � �-�����
���Y� � ��
 ��
��� �)� ��� �

p = 0
�)� ���	� �)�$��� � � �����-����f)f)f � �[���7�
�

�
�
∂tp

�>��	�� � � � �S� H1(Ω) 	 �����������-� 	�� �(��� � 	 F ∈ H(div ,Ω) 	
〈
∇(∂tp),F

〉
H(div ,Ω)

= (∇(∂tp),F
)
0

= −(∂tp, div F
)
0

+
〈
F · n, p

〉
H1/2(Γ)

,

��� �����
�
p|Γ

� � ��� � �-����f
� ���[���
� � ��
�-�����'����� � ��� �-� � � ��	�
Q���
�

(E, P )
f

� hv
b
µZh"vwdfh���'x'vw|�xsyf�'y4t�µf|���|�xfhS��{�ª³�[{wg��uh �4xfhS���'x

X0 × L2(Ω)
µsr �

b(u, λ) = (div u, λ)0 ∀(u, λ) ∈ X0 × L2(Ω).

� hv
A : X0 → X ′

0

°
B : X0 → L2(Ω)′

��x4�
B′ : L2(Ω) → X ′

0

vwdfh���|�xfhS��{��[�Hh7{���vw�[{�t��fh �4xfhS��µ>r �
〈AF,G〉 = c2(curlF, curlG)0, 〈BF, q〉 = (div F, q)0, 〈B′q,F〉 = 〈q,BF〉

ª³�'{
F,G ∈ X0

��x4�
q ∈ L2(Ω)

¶ �®x_v}dfh$t}h]~>yfh]�B°@¯�h¥|��uh7x>v}|�ª³r
L2(Ω)′

¯�|´vwd
L2(Ω)
¶ �Yv"|�tmh]�[t}r�v}�

t}h7h§vwd4��v
A
°
B
�[x4�

B′ �[{}h��7�[x>v}|�xsyf�[y4t]¶c�dfh3g+|´¨uh]�º���[{}|���vw|��'x4���©ª³�'{}g3y4��vw|��'x 4 � 6 �7�[x¹µZh3¯�{}|�v¦vwh7xEhS~'y4|�������h7x>vw��r � ��|�x4� (E, P ) ∈ X0 ×
L2(Ω)
t}y4��d�v}d4��v �





∂2
E

∂t2
+ AE + B′P = −

1

ε0

∂J̃

∂t

|�x
X ′

0,

BE =
1

ε0
ρ
|�x
L2(Ω)′.

4��'6
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£ h<t¦dZ�������[�f�[�uv�v}dfh$�4{}�s��ª���ª � |�{���yf��v���x4� �1�K�s|���{}v�8 �
; vw�Et¦d4��¯ v}dZ��v"v}df|�t"vw|�g+h<�uh]�Zh]x4�uh7x>vg+|�¨uh]���f{}�'µf��h7g)d4�'t1�Xyfxf|�~>yfh�t¦�'��yuvw|��'xÀ¶¬psh7v

V =
�"h7{

B = {v ∈ X0 | div v = 0},

Vρ = {v ∈ X0 | div v = ρ/ε0},

V ◦ = {g ∈ X ′
0 | 〈g, v〉 = 0 ∀v ∈ V },

V ⊥ = {u ∈ X0 |(u, v)X = 0 ∀v ∈ V }.

£ h�xf�[v}h[°fv}d4��vk�[|��[h]x��[x>r�h7��h7g+h7x>v
ϕ
��ª
H1

0 (Ω)
t¦yZ��d�vwd4��v

∆ϕ ∈ L2(Ω)
°4�[x4h�d4�[t

∇ϕ ∈ X0
¶

�®x¹�'�f�u|�v}|��[xÀ°svwdfh7{wh"df�[���ft�µsr<|�x>v}h7�'{w��v}|��[x�µ>r��4��{}vwt

(∇ϕ, v)X = (∇ϕ, v)0 = 0, ∀ϕ ∈ H1
0 (Ω)
t]¶ v]¶

∆ϕ ∈ L2(Ω), v ∈ V. 4!5 � 6
�®xº�[v}dfh]{�¯��[{��ft]°

∇ϕ
µHh7���[xf�>t�v}�

V ⊥ ¶�c�d4|�t��4{}�'�Zh]{¦v(r$¯�|����6µZh�y4t}h]��dfh]{}hS��ªèv}h]{]¶
�±Â �	�   � � �-� ���)	��)�����
�(��� ���

b
� ����� � ���[����� �)�7� � ��� � ��
��� �)� ��� � �)� ����� � ��� ��

X0 × L2(Ω)
�

inf
λ∈L2(Ω)

sup
v∈X0

b(v, λ)

‖v‖X‖λ‖0
≥ β.

� �����+��f £ h�xfh7hS��vw�+�f{}���'hkvwd4��v�vwdfh7{wh�h¨u|�t(v�t β > 0
t¦yZ��d�vwd4��v �

∀λ ∈ L2(Ω), sup
v∈X0

b(v, λ)

‖v‖X
≥ β‖λ‖0

� hv
λ ∈ L2(Ω)

¶�c�dfh7{wh�h7¨s|�t¦vwt
ξ ∈ H1

0 (Ω)
t¦y4��dEv}d4��v

∆ξ = λ
|�x

Ω
¶�l¹�'{}h]���[h]{]°

‖ξ‖1 ≤ C‖λ‖0¯�|�v}d
C > 0
|�x4�uh7�Hh7xZ�uh7x>v1��ª

λ
¶�c�dfh7x

u = ∇ξ
�[h]{}|��4h]t �

u ∈ L2(Ω)3,

div u = λ ∈ L2(Ω),

curlu = 0 ∈ L2(Ω)3,

u× n|Γ = ∇ξ × n|Γ = 0
�[t
ξ ∈ H1

0 (Ω).

·kh7x4�7h
u
µZh]���'xf�'t�vw�

X0
¶ <mx�vwdfh���vwdfh7{�dZ��x4�©°

b(u, λ) = (div u, λ)0 = ‖λ‖2
0

°f��x4�

‖u‖2
X = ‖u‖2

0 + ‖div u‖2
0

= ‖∇ξ‖2
0 + ‖λ‖2

0

≤ ‖ξ‖2
1 + ‖λ‖2

0

≤ (1 + C2)‖λ‖2
0.

c�d4h7{whª³�[{wh[°
b(u, λ)

‖u‖X
= ‖λ‖0

‖λ‖0

‖u‖X
≥ ‖λ‖0(1 + C2)−1/2,

Ê�Ê Ó
g4øßÞßøßÝ



5�: ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

�[x4��t¦�
sup

v∈X0

b(v, λ)

‖v‖X
≥
b(u, λ)

‖u‖X
≥ β‖λ‖0,

¯�|�v}d
β = (1 + C2)−1/2 |�x4�uh]�Zh]x4�uh]x'v1�[ª λ ¶

�� ÂsÆ � Â � � � �>����� �[� �-� � � �-� �)���)�����
	=� �
�S���
����� � 

(E0,E1) ∈ X0(curl ) ×X0, 4+5 576

� ��� �����
� �����[���
��� >���
ρ
� ���

J
���
��� � � 


J ∈ C2([0, T ];H(div ,Ω)), ρ ∈ C2([0, T ];L2(Ω)), (
∂ρ

∂t
+ div J)(., 0) = 0. 4!5 � 6

� ����� ����� ����%^�>��� � �����
�����
�Y�
	^���
������	��
�����
� ����� �-�
� � ������,���� ���
	���� ��� �
(E, P ) 	 � ����� � 

�)� �

E ∈ C0([0, T ];X0(curl )) ∩ C1([0, T ];X0) ∩ C2([0, T ];H(div ,Ω)),

P ∈ C0([0, T ];L2(Ω)).

� �����+��f ��� <mxºv}dfh3�[xfh�dZ��x4�©°Zv}d4h�µf|���|�xfh]�[{1ª³�'{}g
b
�[h]{}|��4h]t1v}dfh¥|�xuªè®t}yf�_��'x4�u|�v}|��[x¹|�x¹v}d4h3t}�4�[�7h

X0 × L2(Ω)
¶5c�dfh]xÀ°±�'�7��'{w�f|�xf�_v}� � h]gXg$� 5 ° B |�t+��x5|�t}�[g+�'{}�fd4|�t}g ª³{}�'g V ⊥ �[x>v}� L2(Ω)′

¶
·kh7x4�7h§v}dfh]{}h�h7¨s|�t¦vwt��Xyfxf|�~>yfh

E
⊥ ∈ V ⊥ t}y4��d�vwd4��v

BE
⊥ = ρ/ε0.

lE�[{wh7���[h]{]°s�uyfh§vw�$|�xfhS~>y4����|´v(r 4 |�|�| 6 |�x � h7g+g$� 5 �[x4���[t ρ ∈ C2([0, T ];L2(Ω))
°

E
⊥ ∈ C2([0, T ];V ⊥).

<mx¥v}dfh��[v}dfh]{	d4��x4�À°���h7v
ϕ ∈ H1

0 (Ω)
µZh��"t¦�'��yfv}|��[x�vw�

∆ϕ = ρ/ε0
¶ 3 �]��'{w�u|�xf�kv}� 4!5 � 6 ° ∇ϕ ∈ V ⊥ ¶��r<y4xf|�~>yfh]xfh]twt 4 B |�t1�[x�|�t¦�'g+�[{w�fdf|�t¦g �'x V ⊥ 6 ° E⊥ = ∇ϕ

¶�c�df|�t�|�g+�f��|�h]t�vwd4��v

AE
⊥ = 0,

��x4� (
E

⊥,F
)
X

=
(
E

⊥,F
)
0

= 0
ª³�[{1�[���

F ∈ V.

��� »mh7x4��v}h�µsr
AV
v}dfh���|�xfh]�[{��[�Hh7{���v}�'{��uh �4x4h]��µ>r

AV : X0 → V ′ °
F 7→ AV F

°4t}y4��d�v}d4��v

〈AV F,G〉 = c2(curlF, curlG)0, ∀(F,G) ∈ X0 × V.

�Yª
(E, P )

|�t��mt¦�'��yfv}|��[x"v}�kv}dfh�g+|´¨uhS���f{w�[µf��h7g 4�� 6 °�|�v�|�g+�f��|�hSt6vwd4��v E |�t9�kt}�[��yuv}|��[x"vw�kvwdfh�ª³�'������¯�|�x4��4{}�'µf��h]g){wh]t¦v}{w|��v}h]��v}�
V � ��|�x4� E ∈ Vρ

t¦yZ��d�vwd4��v �
∂2

E

∂t2
+ AV E = −

1

ε0

∂J̃

∂t

|�x
V ′.

3 �]��'{w�u|�xf�3v}� 4!5 � 6 °uv}df|�t��f{w�[µ4��h]g)|�t�hS~>yf|����[��h]x'v�vw� � �9|�xZ� W = E−E
⊥ ∈ V

t}y4��d�v}d4��v �
∂2

W

∂t2
+ AV W = −

1

ε0

∂J̃

∂t

|�x
V ′. 4+5 . 6

É³ç9ÊÀÉèÌ
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puhv¦vw|�x4�

u =

(
W

∂tW

)
, A =

(
0 −I
AV 0

)
, f =

(
0

−∂tJ/ε0

)
, u0 =

(
E0 −E

⊥(., 0)
E1 − ∂tE

⊥(., 0)

)
,

vwdf|�t��f{w�[µf��h7g)µHh]�7�[g+h]t
d

dt
u+Au = f, u(0) = u0. 4+5�: 6

�®x>vw{}�u�uy4�7h

H = V ×H(div 0,Ω)

D(A) = {u ∈ H | Au ∈ H} = V (curl ) × V.

� hv�y4t1�'�ug+|´v�ª³�'{�v}dfh�g+�'gXh]x>v�vwdfh"ª³�[������¯�|�xf� � h7g+g$�f¶
�±Â �	�   � � �-� � �����>�
�S�
�

I +A : D(A) → H
� �[� ��%'�)� � 	L� �
�Y�
�S�
�����
�

H
f

3 �]��[{��u|�xf��v}�_�1h7g$��{>1��u°9¯�h<�7��x/�[�f�f��rEv}d4h�·1|�����h����'t}|��f�¹c�dfh7�'{}h]g � �[twt¦y4gX|�xf��v}dZ��v u0 ∈
D(A)
�[x4�

f ∈ C1([0, T ], H)
°��f{}�'µf��h7g 4+5�: 6 d4�[t�� yfxf|�~'y4hEt¦�'��yuvw|��'x u ∈ C0([0, T ], D(A)) ∩

C1([0, T ], H)
¶

c�dfh�dsrs�H��v}d4h]t}h]t���ª�v}dfh�·k|�����h����'t}|��f�+c�dfh]�[{wh7g��7�[{w{}hSt¦�H�[xZ�$v}�
� f ∈ C1([0, T ], H) ⇐⇒ ∂tJ̃ ∈ C1([0, T ], H(div 0,Ω))

¶
c�dfh�{w|��'d'v1t}|��fh§d4�[���ft�¯�dfh7x

J ∈ C2([0, T ];H(div ,Ω))
��xZ�

ρ ∈ C2([0, T ];L2(Ω))
¶

� u0 ∈ D(A) ⇐⇒ E0 −E
⊥(., 0) ∈ V (curl )

��xZ�
E1 − ∂tE

⊥(., 0) ∈ V
¶

��hS�7��yZt¦h��[ª©v}dfhmd>rs�H��vwdfh]t}h]t±��x4�$�'t
curlE⊥ = 0

°'�'xfh1d4�'t
E0 −E

⊥(., 0) ∈ X0(curl )
¶�l¹�[{wh7���'h7{S°

div (E0 −E
⊥(., 0)) = div E0 − ρ(., 0)/ε0 = 0,

d4h7x4�7h
E0−E

⊥(., 0)
µZh]���'xf�'tRv}�

V (curl )
¶ �®xXv}d4hkt}�[g+h�¯��Kr'°

E1−∂tE
⊥(., 0) ∈ X0

°'�[x4�XµZhS�7�[y4t¦h
�[ª 4�
 6��

div (E1 −
∂E⊥

∂t
(., 0)) = div E1 −

1

ε0

∂ρ

∂t
(., 0)

= div (c2curlB0 − J(., 0)/ε0) −
1

ε0

∂ρ

∂t
(., 0)

= −
1

ε0
(div J +

∂ρ

∂t
)(., 0) = 0.

·kh7x4�7h
E1 − ∂tE

⊥(., 0)
µHh7���[xf�>t�v}�

V
¶

c�dfh]{}h7ª³�[{wh[°uvwdfh�dsrs�Z�[v}dfhSt¦hSt���ª	v}d4h�·1|�����h����'t}|��4�$c�dfh7�'{}h]g ��{wh������À�[h]{}|��4hS�©°4��xZ��¯�h��'hv1h¨u|�t(
vwh7x4�7h���x4��yfxf|�~>yfh7x4h]twt���ª

u ∈ C0([0, T ], D(A)) ∩ C1([0, T ], H),

Ê�Ê Ó
g4øßÞßøßÝ



5 � ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

¯�d4|���d�|�t1h]~>yf|��K�[��h]x>v�vw�

W ∈ C0([0, T ], V (curl )) ∩ C1([0, T ], V ) ∩ C2([0, T ], H(div 0,Ω)),

y4xf|�~>yfh¹t}�[��yuv}|��[x5v}� 4+5 . 6 ¶ pu|�x4�7h X0 = V ⊕ V ⊥ °�¯�h�dZ�K�[h�h¨u|�t¦v}h]x4�hº��xZ�Oyfx4|�~>yfh]xfh]twt+��ª§v}dfht}�[��yuvw|��'x
E
vw� 4�� 6 °4�[�]��[{��u|�xf�3v}�+v}d4h�t¦�f��|�v¦v}|�xf�

E = W + E
⊥ ∈ C0([0, T ], X0(curl )) ∩ C1([0, T ], X0) ∩ C2([0, T ], H(div ,Ω)).

� � �Yv	{}h]g+�[|�xZt©v}� �4x4�
P
¶ ��h]�]��y4t}h��[ªfv}dfh�|�xuªèYt}yf�¥�7�[x4�f|´vw|��'x 4 ��h7g+g$� 5 6 ° B′ |�t9��x�|�t¦�'g+�[{w�fdf|�t¦gª³{w�[g

L2(Ω)
�[x

V ◦ ¶���yuv

−
1

ε0

∂J̃

∂t
−
∂2

E

∂t2
−AE =

(
−

1

ε0

∂J̃

∂t
−
∂2

W

∂t2
−AW

)
+

(
−
∂2

E
⊥

∂t2
−AE

⊥

)
∈ V ◦.

·kh7x4�7h§v}dfh]{}h�h7¨s|�t¦vwt��Xyfxf|�~>yfh
P
|�x
L2(Ω)
t¦y4��d�v}dZ��v

B′P = −
1

ε0

∂J̃

∂t
−
∂2

E

∂t2
−AE ∈ V ◦.

jmt¦|�xf�+xf��¯ |�xfhS~>y4����|´v(r 4 |�| 6 �[ª � h7g+g$� 5 °f��x4��vwdfh"ªÑ�[�v�vwd4��v

−
∂J̃

∂t
−
∂2

E

∂t2
−AE ∈ C0([0, T ], L2(Ω)3),

¯�h"�[µuv���|�x�vwd4��v
P ∈ C0([0, T ];L2(Ω)).

c��<��'gX�4��h7v}h§v}dfh��4{}�s��ª(°u¯�h"xfh7hS��v}�+�f{w���[h � h7g+g$� . ¶
� �����+��f 8 �¬{}�s��ª9��ª � h7g+g$� . ¶ ; � h7v1y4t�t¦d4��¯Wv}dZ��v I +A

|�t�g$��¨s|�g$���©g+�[x4��v}�'xfh§�[x
H
¶

�±�'x4t}|��uh]{
u ∈ D(A)

¶

((I +A)u, u)H = (u1 − u2, u1)V + (u2 + AV u1, u2)0,div 0

=

∫

Ω

(
|u1|

2 + c2|curlu1|
2 − u1 · u2 − c2curlu1 · curlu2

+ |u2|
2 + c2curlu1 · curlu2

)
dx

=

∫

Ω

(
c2|curlu1|

2 + |u1|
2 + |u2|

2 − u2 · u1

)
dx ≥ 0.

·kh7x4�7h§v}dfh��'�Zh]{w��v}�[{
I +A
|�t�gX�'xf��vw�[xfh'¶

�±�'x4t}|��uh]{1xf��¯
f ∈ H
¶ £ h¥���s� 1�ª³�[{

u ∈ D(A)
t¦yZ��dºv}d4��v

(2I + A)u = f
°4v}d4��vm|�t7°H¯±h¥���s� 1�ª³�[{

u1 ∈ V (
�7yf{}�

)
��xZ�

u2 ∈ V
t¦y4��d�v}dZ��v
{

2u1 − u2 = f1 ∈ V,
2u2 + AV u1 = f2 ∈ H(

�u|��
0,Ω).

É³ç9ÊÀÉèÌ
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c�d4|�t�t}rut(vwh7g�|�t�h]~>yf|�������h7x>v�v}�
{
u2 = 2u1 − f1
4u1 + AV u1 = f2 + 2f1.

c�d4h¥µf|���|�xfhS��{mª³�[{wg
(u1, v1) 7→ (4u1, v1)0 + c2(curlu1, curl v1)0

|�t"�7�[x>v}|�xsyf�[y4tm��x4�_��sh7{��|��[h��'x
vwdfh�����'t}h]��t}yfµ4t}�4�[�7h

V
��ª
X0
¶
f2 + 2f1 ∈ H(

�u|��
0,Ω)
�uh �4xfh]tk�3��|�xfh]�[{k��'x'vw|�xsyf�'y4t�ª³�[{wg)�'x

V
¶

»myfh"vw�3vwdfh � ��¨sYl¹|����[{���g)c�dfh]�[{wh7gº°>v}dfh]{}h�h7¨s|�t¦vwt��Xyfxf|�~>yfh
u1 ∈ V

t}y4��d�vwd4��v

〈4u1 + AV u1, v1〉V = (f2 + 2f1, v1)
ª³�'{1�����

v1 ∈ V.

£ h��f{w���[h§xf��¯Wvwd4��v
c2curl curlu1 = f2 + 2f1 − 4u1

|�x�vwdfh�t¦h]x4t}h§�[ª9�u|�t¦v}{w|�µfyfv}|��[x4t]¶
� hv

ϕ
µHhm�[x>r3ª³yfx4�v}|��[x<|�x

D(Ω)
¶Rc�dfh7{wh1h7¨s|�t¦vwt¬��yfxf|�~'y4h

λ ∈ H1
0 (Ω)
t}y4��d+vwd4��v

∆λ = divϕ
¶¬puhv

ψ = ϕ−∇λ � ¯±h"�[h]{}|�ª³r$h]�'t¦|���r3vwd4��v (∇λ, ψ) ∈ H0(curl ,Ω)× V
¶ <mxfhmdZ�[t]°uµ>r<�fh �4xf|�v}|��[x���ª

u1
°

〈c2curl curlu1, ψ〉V = 〈AV u1, ψ〉V = (f2 + 2f1 − 4u1, ψ)0.

lE�[{wh7���[h]{
〈c2curl curlu1,∇λ〉H0(curl ,Ω) = 0.

c�d4h7{whª³�[{wh[°
c2curl curlu1 = f2 + 2f1 − 4u1

ª³�[������¯1t�|�x
D(Ω)′
��xZ��t}�

u1 ∈ V (curl )
¶

£ h��fh]�uy4�7h<vwdfh�h7¨u|�t¦v}h]x4�h<�[ª
u2 = 2u1 − f1 ∈ V

¶ c�dfh��'�Zh]{w��v}�[{
2I + A

|�t¥�'x'vw�E�[x
H
°

¯�d4h7x4�7h
I +A
|�t�g$��¨u|�g$�[�©gX�'xf��vw�[xfh"�'x

H
¶

c�dfh�|�xf|�v}|����À�4{}�'µf��h]g��7�[x �Zx4������r�µZh�t}�[���[hS�©¶
�� ÂsÆ � Â � ��� ��� ��� � 
 ���
� �-��������� 
 
 � 	 � 
�� � �
���

B0 ∈ H0(div 0,Ω) ∩H(curl ,Ω),

�Y������	���� � � � � �-�
� � ������,����[��� 	 ��� ��� � (E,B, p)
�
����� � 

�)� �

E ∈ C0([0, T ], X0(curl )) ∩ C1([0, T ], X0) ∩ C2([0, T ], L2(Ω)3),

B ∈ C1([0, T ], H0(div 0,Ω) ∩H(curl ,Ω)) ∩ C2([0, T ], H0(div 0,Ω)),

p ∈ C1([0, T ], H1
0 (Ω)).

� �����+��f p>vw�[{¦vw|�x4�$ª³{}�'g�vwdfh�¯�h]� 1�t}�[��yuv}|��[x (E, P )
�[µuv���|�xfh]��ª³{w�[g c�dfh7�'{}h]g¿�u°Z¯�h�µfyf|����

B
��xZ�

p
°sv}dfh]xº¯±h��f{w���[hkv}d4��v

(E,B, p)
|�t��+t(vw{}�'xf�$t¦�'��yuvw|��'x�vw�+�f{}�'µf��h7g 4�� � 6 ¶»myfh§v}� 4 � 6 ° div E = ρ/ε0
|�x
L2(Ω)
ª³�'{��[���

t
¶�c�dfh§µH�[yfx4�4��{wr+�7�[x4�f|´vw|��'x

E×n|Γ = 0
ª³�[������¯1t

ª³{w�[g)v}dfh"ªÑ�'�ßv�v}dZ��v
E
|�t�|�x�v}d4h�t¦�4�'�h

X0
¶��4�[{1�����

φ ∈ D(Ω)3
°f¯�h§dZ�K�[h

(
∂2

E

∂t2
+ c2curl curlE −∇P, φ)0 = −

1

ε0
(
∂J̃

∂t
, φ)0,

Ê�Ê Ó
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d4h7x4�7h

∇P =
1

ε0

∂J̃

∂t
+
∂2

E

∂t2
+ c2curl curlE

|�x
L2(Ω).

£ h��uhS�uy4�h§vwd4��v
P ∈ C0([0, T ], H1(Ω))

¶�c�dsy4t]°
P|Γ

d4�[t��Xg+h]�[xf|�x4�3|�x
L2(Γ)
¶�c��+�f{w���[hmv}d4��v1|´v

|�t±h]~>y4���4v}�3¸7h7{w�4°'��h7v±y4t¬vw� 1[hkt}y �<�|�h7x>vw��r+g$��xsr3v}h]t¦v�ª³yfx4�ßvw|��'x4t]¶�¶�¶R��h]�]�����fv}dZ��v
Ω
|�t����H�[��r>d4h]�u{w�[xÀ°

t}��vwd4��v�|�vwt�µH�[yfx4�4��{wr$|�t���'g+�Z�>t¦hS�<��ª6ªÑ�[�hSt
(Γk)k
¶�c�dfh§yfxf|��[x

∪kD(Γk)
|�t��uh7x4t}h§|�x

L2(Γ)
¶¬pu�4°

ª³�'{±�¥�[|��[h7x<ªÑ�[�h
Γk0

°s��hv
λ ∈ D(Γk0

)
¶ 3 �7��'{w�f|�xf��v}�¥�¬{}�'�Z�>t¦|�v}|��[x . ¶ ����ªb8 5�; °>vwdfh7{whkh7¨s|�t¦vwt v ∈ X0t}y4��d�v}d4��v

v · n|Γ = λ
¶¬jmt¦|�xf�Xv}df|�t

v
�'t��3v}h]t¦v�ª³yfx4�v}|��[xº|�x 4 � 6 °f¯±h �Zx4��v}d4��v

0 =

∫

Γ

Pv · n dΓ =

∫

Γk0

P λ dΓ.

�®xº�[v}dfh]{�¯��[{��ft]°
P|Γ = 0

��x4�
P ∈ C0([0, T ], H1

0 (Ω))
¶

<mx½v}d4h$��v}d4h7{�d4�[x4�
J ∈ C2([0, T ], H(div ,Ω))

°9¯�dfh7x4�7h
ψ ∈ C2([0, T ], H1

0 (Ω))
¶��f{w�[gov}dfh

hS~>y4����|´v(r
∂p

∂t
=

1

c2
(−

1

ε0

∂ψ

∂t
− P )

�[x4��ª³{}�'g
p(., 0) = 0

°u¯±h �4x4�[����r��'hv
p ∈ C1([0, T ], H1

0 (Ω))
¶ � h7v�x4��¯

B
µHh��+t¦�'��yuvw|��'x�vw�

∂B

∂t
= −curlE, B(., 0) = B0.

£ h[1sxf��¯ vwd4��v
curlE ∈ C0([0, T ], H0(div 0,Ω) ∩H(curl ,Ω)) ∩ C1([0, T ], H0(div 0,Ω))

°4t¦|�x4�7h

curlE · n|Γ = curl (E × n)|Γ = 0.

3 t
B0 ∈ H0(div 0,Ω)∩H(curl ,Ω)

°>¯�h �Zx4������rX�[h7v
B ∈ C1([0, T ], H0(div 0,Ω)∩H(curl ,Ω))∩

C2([0, T ], H0(div 0,Ω))
¶

� � ��

w2 ���������������6� �����)� B � �����	���½��
�- -±���9�	��-����7���
�¬{}�'µf��h]g 4 � 576 ��'x4t}|�t¦vwt�|�x �4x4�u|�xf� E,B : Ω × [0, T ] → R

3 �[x4� p : Ω × [0, T ] → R
t¦y4��d�vwd4��v





∂E

∂t
− c2curlB + c2∇p = −

1

ε0
J

∂B

∂t
+ curlE = 0

p+ div E =
ρ

ε0

4+5 � 6

�[���'xf�X¯�|´vwd�vwdfh�|�xf|´vw|��[�6��'x4�u|�v}|��[x4t 4 � 6 �[x4�<vwdfh�µH�[yfx4�4��{wr���'x4�u|�v}|��[x4t 4�: 6 ¶c�dfh"g$��|�xº�u|´¼@h7{wh7xZ�h§¯�|´vwd�vwdfh"�f{wh7�s|��'y4t�psh]�v}|��[x 4 h7����|��uvw|��"�7�[{w{}hS�ßv}|��[x 6 |�t±v}d4��v]°4t}|�xZ�h§�[xfh"�7�[x{wh7�4���'�h
p
µsr
ρ/ε0−div E

°Kv}dfh]{}h�|�t�x4�kxfh]h]��ª³�'{R�kg+|�¨shS� 4 �[{	t}�'�f�u��hY�Z�'|�x>v 6 ª³�[{wg¥y4����v}|��[x�|�x>�'�[���s|�xf�µH��vwd
E
��x4�

p
¶	��{w�s��ªÑt�¯�|����©vwdfh7xºµHh"v}hS��dfxf|��7������r�t¦|�g+�f��h7{�dfh]{}h'¶�¶�¶
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c��<t}|�g+�f��|´ª³r�v}dfh3t¦h7v¦v}|�xf�+ª³yf{}v}d4h7{S°f¯±h��]��x¹��'x4t}|��uh]{�v}d4��v
ρ = 0
¶ �®xZ�uh7hS�º|´ª

ρ ∈ Ck([0, T ], L2(Ω))
°

vwdfh7{wh�h7¨s|�t¦vwt
ϕ ∈ Ck([0, T ], H1

0 (Ω))
t}y4��dºv}dZ��v

∆ϕ = ρ/ε0
°Z|N¶1h[¶

∇ϕ
{w�[yf�'df��r��f���Krst1v}dfh3{}�'��h��[ª

E
⊥ ��ª±puyfµ4t}h]�ßvw|��'x : ¶ë�s¶"pshv}v}|�xf� W = E −∇ϕ

��x4�
J̃ = J + ε0∂t(∇ϕ)

°@v}d4h¥�f{wh7�s|��[y4tk�f{}�'µf��h7g
�]��x µHh<¯�{}|�v¦vwh7x/¯�|�v}d �º����x4|�t}df|�xf�_t}�[yf{��hXv}h]{}g |�x�vwdfh����[t¦v�h]~>y4��v}|��[xÀ¶ £ h<v}dsy4t¥�7�[x4t}|��uh7{�vwd4��v
ρ = 0
|�x�v}d4h�t¦hS~'y4h7�N¶

�9F+G � N�IC\ ILWYP(_�U P���UQI!� ��_QWYP �QZ�K+ILU I�	��c R-]!P(_�\
� � Æ��¬Æ � 
 � 
ÑÆ�� � � ������	���� � � 
 � � � ��,���� � � 	������ � � ��������	���� � � � �	��(�)��� E,B, p

��� 	 ��� ��� �-�[�S�




∂2
E

∂t2
+ c2curl curlE− c2∇div

∂E

∂t
= −

1

ε0

∂J

∂t
∂B

∂t
= −curlE

p = −divE

4+5 � 6

& �)� � ��� ����� � ��
 ��
��� �)� ��� �-������� � ��� �)� �)� ��� 	���
�Y�
�)�����
�����
	�� �
��� ��� � f
c�dfh��4{}�s��ª9|�t��'g+|´v}v}h]�À°4t¦|�x4�7h�|´v1|�t��[h]{}r�t}|�gX|�����{�v}�+vwdfh��f{w�>�[ª��[ª���{w�[�H�'t}|´vw|��'x 5 ¶

�9F E � c%� ]!c R-]!P(_Qc=K a�P���M���K!c R-]!P(_ ]+_
E

c��kµ4yf|������k�K�[{}|���vw|��'x4���[ª³�[{wg¥yf����vw|��'xÀ°S��h7v9y4t9�[twt}yfg+hRv}d4��v�vwdfh7{wh¬h7¨u|�t¦vwt9�kt}g+�>�[v}d�t}�[��yuv}|��[x
(E,B, p)vw���f{w�[µ4��h]g 4 �±� 6 ¶ 3 tmv}��v}dfhX{}hS~>yf|�{wh]�_t¦g+�s��vwdfxfh]twt]°Z¯�h¥{whª³h]{kvwdfh3{wh]�'�uh7{kv}�º��h7g$�[{�1 : °@¯�|�v}d p{wh7�4���'�h]��µsr

∂tp = −∂tdiv E
¶ � |��'h7x

F
|�x
X0
°f¯�h"d4�K�[h

−
1

ε0

〈∂J
∂t
,F
〉

X0

=
〈∂2

E

∂t2
,F
〉

X0

+ c2
〈
curl curlE,F

〉
X0

− c2
〈
∇div

∂E

∂t
,F
〉

X0

=
〈∂2

E

∂t2
,F
〉

X0

+ c2
〈
curl curlE,F

〉
H0(curl ,Ω)′

− c2
〈
∇div

∂E

∂t
,F
〉

H(div ,Ω)

=
〈∂2

E

∂t2
,F
〉

X0

+ c2
(
curlE, curlF

)
0
+ c2

(
div

∂E

∂t
, div F

)
0
.

3 µZ���'h[°'¯±h1�[{}h����s� 1s|�x4�mª³�'{
E ∈ X0

¶Rc�df|�tR����{w|���v}|��[x4�[�sª³�[{wg¥yf����vw|��'x$�7��x+µHh1¯�{w|´v}v}h7x$hS~>yf|����[��h]x'vw��r ��Zx4�
E ∈ X0

t}y4��d�v}d4��v

∂2
E

∂t2
+ AE + B

∂E

∂t
= −

1

ε0

∂J

∂t

|�x
X ′

0, 4+5 
 6
¯�d4h7{whmvwdfh���|�xfhS��{�ª³�'{}g$t���{wh"xf��¯ �uh �4xfhS��µsr

〈AF,G〉 = c2
(
curlF, curlG

)
0
, 〈BF,G〉 = c2

(
div F, div G

)
0
,

ª³�'{
F,G ∈ X0

¶��f{w�[g)�4{}�'µf��h]g 4!5 

6 °4�[xfh��7�[x¹t¦|�g+�f��r�{}h]µfyf|�����v}d4h �4{wt¦v�h]~>y4��v}|��[x���ª 4!5 � 6 |�x X ′
0

°
�4{}���s|��uh]�����'�[|�x

E
|�t�t¦g+�s��vwd�h]xf�[y4�[dÀ¶

Ê�Ê Ó
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c�d4h¥µH�[yfx4�4��{wrº�7�[x4�f|´vw|��'x_�[x
E
ª³�'������¯1t1ª³{w�[g vwdfhX�fh �4xf|�v}|��[x���ª�vwdfh+t¦�4�'�h

X0 =
·

0(curl ,Ω) ∩·
(div ,Ω)

¶��9|�x4������r[°uvwdfh��[xfh"�'x
p = −divE

|�t��7�[x>vw�[|�x4h]��|�x�v}d4h��K�[{}|���vw|��'x4���Hª³�'{}g3yf����v}|��[xÀ¶
psh7v

u =

(
E

∂tE

) °
A =

(
0 −I
A B

) °
f =

(
0

−∂tJ/ε0

) �[x4�
u0 =

(
E0

E1

) ¶�c�dfh
�4{}�'µf��h]g 4!5 

6 ¯�|�v}dº|�x4|´vw|��[�6��'x4�u|�v}|��[x4t 4 � 6 ��xZ� 4�
 6 v}d4h7xº{}hS�[�ft

du

dt
+Au = f

|�x
X ′

0
2
, u(., 0) = u0. 4+5 � 6

psh7v
H = X0 × L2(Ω)3

�[x4�
D(A) = {u ∈ X0 ×X0;Au1 + Bu2 ∈ L2(Ω)3}

¶
�±Â �	�   � � �-� � �����>�
�S�
�

I +A : D(A) → H
� �[� ��%'�)� � 	L� �
��� � � ���7f

� �����+��f � h7v u ∈ D(A)
¶¬c�dfh]x

((I +A)u, u)H = (u1 − u2, u1)X0
+ (u2 + Au1 + Bu2, u2)0

=

∫

Ω

(|u1|
2 + c2|curlu1|

2 + c2(div u1)
2 − u1 · u2 − c2curlu1 · curlu2

− c2div u1div u2 + |u2|
2 + c2curlu1 · curlu2 + c2(div u2)

2) dx

=

∫

Ω

(c2|curlu1|
2 + c2(div u1)

2 + c2(div u2)
2 − c2div u2 div u1

+ |u1|
2 + |u2|

2 − u2 · u1) dx

≥ 0.

·kh7x4�7h
I +A
|�t±g+�'xf��vw�[xfh'¶ � hv

f ∈ H
¶ £ hm���s� 1+ª³�[{

u ∈ D(A)
t¦y4��d�v}d4��v

(2I +A)u = f
°svwd4��v

|�t
{

2u1 − u2 = f1 ∈ X0,
2u2 + Au1 + Bu2 = f2 ∈ L2(Ω)3.

c�d4|�t�t}rut(vwh7g�|�t�h]~>yf|�������h7x>v�v}�
{
u1 = 1

2 (u2 + f1),
4u2 + Au2 + 2Bu2 = 2f2 −Af1.

3 t
f1 ∈ X0

��x4�
f2 ∈ L2(Ω)3

°
2f2 − Af1

|�t��º��'x'vw|�xsyf�'y4t§��|�xfhS��{§ª³�[{wgo�'x
X0
¶$c�dfh$µ4|���|�x4h]��{

ª³�'{}g
(u2, v2) 7→< 4u2 + Au2 + 2Bu2, v2 >X0

|�t1�7�[x>v}|�xsyf�[y4t��[x4�º��sh7{��|��[h"�'x
X2

0

¶±»myfh"vw�$v}dfh
� ��¨s®l¹|����[{���g¤c�dfh]�[{wh7gº°>v}dfh]{}h§h¨u|�t(v�t

u2 ∈ X0
t}y4��d<vwd4��v

(4I +A+ 2B)u2 = 2f2 −Af1
|�x
X ′

0

¶
c�d4h7x

u1 = 1
2 (u2 + f1) ∈ X0

�[x4�
Au1 +Bu2 = f2 − 2u2 ∈ L2(Ω)3

¶R·1h]x4�h
2I +A

|�t��[x>v}�X��x4�
vwdfh��[�Hh7{���vw�[{

I +A
|�t�g$��¨u|�g$���©g+�[xf�[v}�'xfh[¶

�� ÂsÆ � Â � � ��� �����[���
��� >� ���
��� � � 

J ∈ C2([0, T ], L2(Ω)3)

( �
���
ρ ∈ C1([0, T ], L2(Ω))

)
,
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����� � 

(E0,B0) ∈ X0 ×H0(div 0,Ω), E1 ∈ X0, AE0 + BE1 ∈ L2(Ω)3,

� �-��� �Y������	���� � � 
 � �-� � � ������,���� ���
	���� ��� � �
����� � 

�)� �
E ∈ C1([0, T ], X0) ∩ C2([0, T ], L2(Ω)3),

B ∈ C2([0, T ], H0(div 0,Ω)),

p ∈ C1([0, T ], L2(Ω)).

� �����+��f 3 �7�7�[{��u|�xf�$v}� � h]g+g+� : °©¯�hX�]��x_�[�f�f��rºv}dfh+·1|�����h7 ���>t¦|��f��c�d4h7�[{wh7g vw��vwdfh3hS~>yf|����[��h]x'v�4{}�'µf��h]g 4+5 � 6 ¶§c�d4h¥dsrs�Z�[v}dfhSt¦hSt1�[xºvwdfh+t¦�'yf{w�7h"v}h]{}g$t§��x4�¹�'xºv}dfh+�f��vw�$g+h]�[x¹v}dZ��v u0 ∈ D(A)�[x4�
f ∈ C1([0, T ], H)

¶Rc�dfh]xº�f{}�'µf��h7g 4+5 � 6 dZ�[t��Xyfxf|�~>yfh�t¦�'��yfv}|��[x u �[h7{w|�ª³r>|�xf�
u ∈ C0([0, T ], D(A)) ∩ C1([0, T ], H).

c�d4h§{wh7�'yf����{w|´v(r${wh]t}yf��vwt��[x
E
°
p
�[x4�

B
ª³�[������¯ {}hS�[�u|���r[¶

� � ��

w2 ���������������6� �����)� B � B�� �½��� �½��
�- -±�����	��-��9����
�¬{}�'µf��h]g 4 · 576 �7�[x4t}|�t¦vwt�|�x �4x4�u|�xf� E,B : Ω × [0, T ] → R

3 �[x4� p : Ω × [0, T ] → R
t¦yZ��d�vwd4��v






∂E

∂t
− c2curlB + c2∇p = −

1

ε0
J

∂B

∂t
+ curlE = 0

∂p

∂t
+ div E =

ρ

ε0

4+5	�'6

�[���'xf�X¯�|´vwd�vwdfh�|�xf|´vw|��[�6��'x4�u|�v}|��[x4t 4 � 6 �[x4�<vwdfh�µH�[yfx4�4��{wr���'x4�u|�v}|��[x4t

E× n = 0
�'x

Γ,
∂p

∂t
+ c

∂p

∂n
= 0
�[x

Γ.

c�d4h7x�|´ª
p
|�t��$t}y �<�|�h7x>vw��r�t}g+�s��v}dºt}�[��yuv}|��[xÀ°u|�vktw��v}|�t �4h]t�vwdfh"ª³�[������¯�|�xf�$t}rst¦v}h]g






∂2p

∂t2
− c2∆p =

1

ε0

(
∂ρ

∂t
+ div J

) �'x
Ω × [0, T ],

∂p

∂t
+ c

∂p

∂n
= 0
�'x

Γ × [0, T ],

p(., 0) = 0,
∂p

∂t
(., 0) = 0

�[x
Ω.

4 ��� 6
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�'� ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

� � Æ��¬Æ � 
 � 
ÑÆ�� � � ��� � � �����
�����
��� 	 ���
������	��
�����
� �!� ��������	2��� � ��� �?� � ��(�)���
p(t) ∈ H1(Ω)

���� �
� �-� � ��� � �
	)	

q ∈ H1(Ω)
&(���-�	� �

d2

dt2
(p, q)0 + c2(∇p,∇q)0 + c

d

dt

∫

Γ

pq dΓ =
1

ε0
(
∂ρ

∂t
+ div J, q)0. 4 � 576

£ h�t}hv]°sª³�'{
p, q ∈ H1(Ω)

°

〈Ap, q〉 = c2(∇p,∇q)0, 〈Cp, q〉 = c

∫

Γ

pq dΓ.

£ h�v}dsy4t��fh �4xfh�µH�[yfxZ�uh]�X��|�xfhS��{	�[�Hh7{���vw�[{�t
A, C ∈ L(H1(Ω), H1(Ω)′)

¶Rc�dfh�����{w|���v}|��[xZ���s�f{w�[µf��h7g
4 � 5�6 �]��x�µZh�{wh7¯�{w|�v¦v}h]x � (�)��� p(t) ∈ H1(Ω)

������ � �-� �
∂2

∂t2
p+ Ap+ C

∂p

∂t
=

1

ε0
(
∂ρ

∂t
+ div J)

�'x
H1(Ω)′.

c�d4|�t�|�t �4x4�[����r<hS~'y4|�������h7x>v�v}� �Zx4�u|�xf�
u = (p, ∂tp) ∈ H

t¦yZ��d�vwd4��v

d

dt
u+Au = f

¯�d4h7{wh§¯�h�t¦h7v
A =

(
0 −I
A C

)
, f =

(
0

(∂tρ+ div J)/ε0

)
,

H = H1(Ω) × L2(Ω),

D(A) = {v ∈ H1(Ω) ×H1(Ω) | Av1 + Cv2 ∈ L2(Ω)}.

�±Â �	�  �� � �-� � �����>�
�S�
�
I +A : D(A) → H

� �[� ��%'�)� � 	L� �
��� � � ���7f
� �����+��f £ h���[xZt¦|��uh7{�vwdfh�tw�7����h]��tw�7������{��f{w�u�uy4�v��'x H1(Ω) �

(u, v)1,? =

∫

Ω

(c2∇u · ∇v + u v) dx
ª³�[{

u, v ∈ H1(Ω).

� hv
u = (u1, u2) ∈ D(A)

¶

((I +A)u, u)H =

∫

Ω

(c2|∇u1|
2 + u2

1 + u2
2) dx+ (−u2, u1)1,? + (Au1 + Cu2, u2)0 dx

=

∫

Ω

(c2|∇u1|
2 + u2

1 + u2
2 − u2u1) dx+ c

∫

Γ

u2
2 dΓ

≥ 0.

É³ç9ÊÀÉèÌ



�����������
	�����������
������	��
�����
��� �!�#"$��%'&(��	)	+* ����,����
�����
�-� � .

·kh7x4�7h
I +A
|�t±g+�'xf��vw�[xfh'¶ � hv

f ∈ H
¶ £ hm���s� 1+ª³�[{

u ∈ D(A)
t¦y4��d�v}d4��v

(2I +A)u = f
°svwd4��v

|�t
{

2u1 − u2 = f1 ∈ H1(Ω),
2u2 + Au1 + Cu2 = f2 ∈ L2(Ω),

¯�d4|���d�|�t1h]~>yf|��K�[��h]x>v�vw�
{
u1 = 1

2 (u2 + f1),
4u2 + Au2 + 2Cu2 = 2f2 −Af1 ∈ H1(Ω)′.

c�d4h�µ4|���|�x4h]��{9ª³�'{}g%�fh �4xfhS��ª³{w�[g v}dfh��[�Hh7{���vw�[{
4u2+Au2+2Cu2 ∈ H1(Ω)′

|�tR�7��hS��{w��r��7�[x>v}|�xsyf�[y4t
�[x4����sh7{��|��[h"�[x

H1(Ω)2
¶�c�dfh���|�x4h]��{�ª³�'{}g

2f2 −Af1
|�t1��'x>v}|�x>y4�[y4t��[x

H1(Ω)
¶ 3 �f�f��rs|�x4�+v}dfh

� ��¨s®l¹|����[{���g¾c�d4h7�[{wh7gº°©vwdfh7{wh$h¨u|�t(v�t���yfxf|�~>yfh
u2 ∈ H1(Ω)

t¦yZ��d_vwd4��v
4u2 + Au2 + 2Cu2 =

2f2 −Af1
¶

� hv
u1 = 1

2 (u2 + f1)
°>v}dfh]x

u1 ∈ H1(Ω)
��x4�

Au1 + Cu2 = f2 − 2u2 ∈ L2(Ω)
°udfh]x4�h

u ∈ D(A)
¶

c�d4h§�'�Zh]{w��v}�'{
2I +A : D(A) → H

|�t��[x>v}�Z°udfh7xZ�h
I +A
|�t�g$��¨s|�g$���©g+�[x4��v}�'xfh[¶

»mh �4x4h"v}dfh"ª³yfxZ�ßv}|��[xZ���6t}hv

E(∆, H1(Ω)) = {q ∈ H1(Ω) | ∆q ∈ L2(Ω)}.

� � Æ��¬Æ � 
 � 
ÑÆ�� � ���
p(., 0) = 0 	 ∂tp(., 0) = 0

� ���
(∂tρ + div J) ∈ C1([0, T ], L2(Ω)) 	 ��������Y������	���� � � 
 � � � � �)� � � ��� ��,���� ���
	 �������
�

p
���� � �����
�

{
p ∈ C0([0, T ], E(∆, H1(Ω))) ∩ C1([0, T ], H1(Ω)) ∩ C2([0, T ], L2(Ω)),

� � ���
c
∂p

∂n
+
∂p

∂t
= 0

�
�
Γ.

4 �[� 6

� �����+��f 3 �4�f��rs|�xf�+v}d4h�·1|�����h����'t}|��4�Xc�d4h7�[{wh7gº°svwdfh��f{w�[µf��h7g)dZ�[t��Xyfxf|�~>yfh�¯±hS� 1<t}�[��yuv}|��[x
p ∈ C1([0, T ], H1(Ω)) ∩ C2([0, T ], L2(Ω)).

�4�[{1�[x>r+vwh]t¦v�ª³yfx4�v}|��[x
ϕ ∈ D(Ω)

°fv}d4h��K�[{}|���vw|��'x4���Hª³�'{}g3yf����v}|��[x�{}hS�[�ft

(
∂2p

∂t2
, ϕ)0 + c2(∇p,∇ϕ)0 =

1

ε0
(
∂ρ

∂t
+ div J, ϕ)0,

¯�d4h7x4�7h
∂2p

∂t2
− ∆p =

1

ε0
(
∂ρ

∂t
+ div J), 4 � . 6

�[x4�_t}�
∆p ∈ C0([0, T ], L2(Ω))

¶��®x½��vwdfh7{§¯±�'{w�4t7°
p ∈ C0([0, T ], E(∆, H1(Ω)))

¶ �®x��4��{}v}|��y4���[{]°
vwdfh7{wh"df�[���ft]°f�[�]��[{��u|�xf�3v}�+v}d4h"�[µZ���'h[°

∂tp|Γ
|�x
H1/2(Γ)

°4��xZ�
∂np|Γ
|�x
H−1/2(Γ)

¶
�4�[{1�[x>r+vwh]t¦v�ª³yfx4�v}|��[x

ϕ ∈ C∞(Ω)
°fv}dfh�����{w|���v}|��[xZ���Hª³�[{wg¥yf����vw|��'x�rs|�h7���ft

(
∂2p

∂2t
− c2∆p, ϕ)0 + c

〈
c
∂p

∂n
+
∂p

∂t
, ϕ
〉

H1/2(Γ)
=

1

ε0
(
∂ρ

∂t
+ div J, ϕ)0.

Ê�Ê Ó
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� : ����� �)�����Q� ��������	 � �
	�� �
����������=��� ��	���� 	�� ����
�Y� ���Y���Y�
������ ���

3 �]��'{w�u|�xf�3v}�+h]~>y4�[��|�v(r 4 � . 6 ¯�df|���dº|�t����[��|���|�x L2(Ω)
°4¯±h"d4�K�'h

〈
c
∂p

∂n
+
∂p

∂t
, ϕ
〉

H1/2(Γ)
= 0, ∀ϕ ∈ C∞(Ω).

�®xº�[v}dfh]{�¯��[{��ft]°

c
∂p

∂n
+
∂p

∂t
= 0
|�x
H−1/2(Γ).

pu|�x4�7h
∂tp|Γ
µHh7���[xf�>t�v}�

C0([0, T ], H1/2(Γ))
°4v}dfh��[µZ���'hmhS~>y4����|´v(r�df�[���ft�|�x�vwdfh�����[twt}|��]���©t¦h]x4t}h[¶

c�df|�t�{wh]t}yf��v��]��x�µZh�|�g+�f{w���[h]�À°>¯�d4h7x�v}dfh��f�[g$��|�x
Ω
|�t���[xs�'h¨©¶

� Æ � Æ � �Ñ u� Ã � � �>����� �[� �-� � �
� �
�)�
Ω
� �
��
� �
�>% 	 � �-���

p ∈ C0([0, T ], H2(Ω)).

� �����+��f c�df|�t�|�t�� t¦v}{���|��[d>v}ª³�[{w¯��[{w����'x4t¦hS~>yfh7x4�7h¹��ª�vwdfhEªÑ�'�ßv<vwd4��vS°kt¦|�x4�7h ∂np|Γ
µHh7���[xf�>t$v}�

C0([0, T ], H1/2(Γ))
°
∇p
|�t��+�7�[x>v}|�xsyf�[y4t�ª³y4x4�ßvw|��'x��[ª

t
|�x�v}d4h�t¦�4�'�h

{f ∈ H(curl ,Ω) ∩H(div ,Ω) | f · n|Γ ∈ H1/2(Γ)}.

3 �]��'{w�u|�xf�¹vw� 8 
7; 8ë�±dZ���uvwh7{ ���¥°	�f�À¶ � : 
 (� : � ; °6vwdf|�t3ª³yfxZ�ßv}|��[xZ����t¦�4�'�h�|�t+�[�v}y4�[����r |�g3µZhS�f�uhS� |�x
H1(Ω)3

¯�dfh7x
Ω
|�t��7�[xs�[h7¨©¶

£ h"v}dfh]x¹��[xZ���y4�uh�µsr�t}�[���>|�xf�3v}dfh�dsrs�Hh7{wµZ�'��|��7�[����r���'{}{wh]�v}hS�<�f{w�[µf��h7g 4 · 5 6 ¶
� Æ � Æ � �Ñ u� Ã � � �>����� �[� �-� �(� �-� ��� ��� ���� �
����� � 


ρ ∈ C2([0, T ], L2(Ω)), J ∈ C1([0, T ], H(div ,Ω)),

� ��� �����
� ����� �)� �)� ��� 	 ��
��� �)� ��� �-� �
����� � 


p(., 0) = 0,
∂p

∂t
(., 0) = 0, (E0,B0) ∈ X0 ×X.

� ��������������	����
(H1)

�-�
� � ������,���� ��� 	 ��� ��� �$& �)� �
p
� �[�)� � � � � �
�Y�

E ∈ C0([0, T ], X0) ∩ C1([0, T ], H(div ,Ω)), B ∈ C0([0, T ], X) ∩ C1([0, T ], H0(div ,Ω)).

� �����+��f 3 t (∂tρ+ div J) ∈ C1([0, T ], L2(Ω))
°4¯�h��7�[x��[�f�f��r$v}dfh��4{}h]�>|��[yZt���{}�'�Z�>t¦|�v}|��[x�¯�dfh]x4�h

vwdfh�h¨u|�t(vwh7x4�7h���x4��yfxf|�~>yfh7xfhSt}t1��ª

p ∈ C0([0, T ], E(∆, H1(Ω))) ∩ C1([0, T ], H1(Ω)) ∩ C2([0, T ], L2(Ω)),

t}�[��yuvw|��'x�vw� 4 ��� 6 ¶�c�df|�t�|�g+�f��|�h]t�|�x�v}yf{wx

(
J

ε0
+ c2∇p) ∈ C0([0, T ], H(div ,Ω)), � �[x4� (

ρ

ε0
−
∂p

∂t
) ∈ C1([0, T ], L2(Ω)).

É³ç9ÊÀÉèÌ



�����������
	�����������
������	��
�����
��� �!�#"$��%'&(��	)	+* ����,����
�����
�-� �'�

lE�[{wh7���[h]{]°
p
µZh]|�x4�<t¦�'��yuvw|��'x�vw� 4 ��� 6 °f¯�h�d4�K�[h

∂

∂t
(
ρ

ε0
−
∂p

∂t
) + div (

J

ε0
+ c2∇p) =

1

ε0
(
∂ρ

∂t
+ div J) −

∂2p

∂t2
+ c2∆p = 0.

3 tÀh7¨s�Hh]�v}hS�©°
p
�[�]��'yfx>vwt©ª³�'{ÀvwdfhRvw�[{}�'hvwh]�"dsrs�Zh]{}µH�[��|��¬��[{w{wh]�ßvw|��'x"�[x"v}d4h±��'x>v}|�x>y4|´v(r§h]~>y4��v}|��[x 4!5 6 ¶£ h��7�[x�vwdfh7x¹�[�f�f��r�c�dfh7�'{}h]g 5 v}�<�7�[x4�7��y4�fh[¶ �®x4�uh]h]�©°fyZt¦h§v}d4h�����[twt¦|��7�[�@t}hv}v}|�xf�

u =

(
E

cB

)
, A =

(
0 −c curl

c curl 0

)
, f =

(
J/ε0 + c2∇p

0

)
, u0 =

(
E0

cB0

)
,

¯�|�v}d
H = L2(Ω)3×L2(Ω)3

°>��x4�
D(A) = H0(curl ,Ω)×H(curl ,Ω)

¶	c�dfh��[twt}yfg+�uv}|��[x4t9�[ªHc�dfh7
�'{}h]g 5 ��{wh¬hS�[t}|���r���dfh]��1'h]�©¶�c�dfh��'�f�u|�v}|��[x4�[�'{wh7�'yf����{w|´v(r§�[x�vwdfh��u|��'h7{w�[h]x4�h±��ªuv}d4h±h]��hS�ßv}{w�[g$�[�[xfh7v}|���Zh7���©°4��xZ�<vwdfh�����xf|�t¦d4|�xf�+xf�'{}g$�[�@v}{��[�h§��ª9v}d4h�g+�[�[xfh7v}|�� �4h7���©°4t¦v}h]g ª³{}�'g)vwdfh�{}h]����v}|��[x4t}df|��4t

div E =
ρ

ε0
−
∂p

∂t
,
��x4� ∂B

∂t
= −curlE.

� �������	����-����

8 5�; ��¶ 3 t}t}�[y4t]°©�	¶��±|��[{}��hvS° *[{S¶�°©�	¶  3 ¶À�1�K�s|��[{¦vS° � ¶6ps�[x4xfh7x4�f{��4��1'h7{S° � ��-� ��� ��S������7�
�����
�V�!��� �-�
���)� � ��	�� � �-� ���X�!� ����� ���
	 �������
� �S��"$��%'&(��	)	+* �9��,����
�����
��� �)� � ���
	 
 ���>� ���
	�� �
� �
�)� °[lE��v}dÀ¶Kl¹hvwdÀ¶3 �f�f�N¶Hpu�7|B¶4�'� 4!5	� � � 6 �f�6¶ : �>�K : � � ¶

8 � ; ��¶ 3 twt¦�'y4t7°4�9¶Z»kh]�[�[xZ�©° � ¶Z·1h7|�x>v}¸]h[°4�	¶ 3 ¶Z�k�K�>|���{}v]° *Z¶Zpsh]�[{wz[°�� � � �b� �)� ����	2��� ��� � � ������������ �Q��� 	 ���)� � � �-�#� �^�������+�
�)� ���������
��� 	Y"$��%'&(��	)	 ��,����
�����
�-� ° *'�[yf{wx4���4��ª9�±�[g+�fyfvw��vw|��'x4���Z��dsrut¦|��7t
5 � � 4!5(� � . 6 �f�À¶Z�'�[�K(� . 
 ¶

8 . ; �m¶ �+¶ ��|�{w�ftw�����N° 3 ¶ �§¶ � ��xf�>�u�[xÀ° � 	��
��� ��� � 
 ������ �7��� >� � �Y��� ��� ���)� ��	2�
�����
� ° �®x4t¦v}|�v}yfv}h��[ª
�¬d>rut}|��]t7°��±{w|�t(vw�[� 4!5(� �-5 6 �6¶ . � � ¶

8 : ; �	¶ �����[|�t}h[°��9¶$�±|��[{}��hvS°+*'{]¶�°���¶Xpsh]x'vw|�t]°�� � � ��	�� � �-��� ��� ���V� � ���� ��� � � �-� 	�� >�7� � � � � � ���� 	 ��� ��� �O�'��� � ,���� � ��� �-� � ���L	2� ����� � "$��%'&(��	)	 ��� � � ���������� ��� � " � � � � °§c6hS��dfxf|��7���3��h�H�[{}v�� � 3 � »§� �(� � »���p 3 � l � p � � . »[< �[� : � ��
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