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4
² |3ykg jky�`l`���`�|s��[½�]p4�o`�p3£ T [L|siV£¼pswoyVmoy�|3�]��[]`li»�lpsyky�`lik~�ps�]�Yn¡�ot�j�pÏrq`_jkj�`_y�i (A,C,G, T )jk[L|3j¬|3y�`Àpsy��o`_y�`l� n¡� jk[]`ÀiB|3^F`P�´|lg�Å Z.[]`Ï°�±X}�²³jky�`l`Àp3£

U
nqiF|3� n¡�]�_y�`�|si�n¡�otÃi�`lvµw]`_�]�l`

T 1 ⊂ T 2 . . . ⊂ T n ⊂ . . .
p3£ !]�on¡j�`·ikwomY²³jky�`l`li�p3£ T �L`�|s��[ T n

[L|l{4n¡�ot
n
�]p4�o`li�Å�Z.[]` T n

#Æi
|3y�`Xmowon¡r¡j�mµgÀikw]�l�l`li�ikn¡{�`_r¡g�n¡�]i�`_ykjkn¡�otFjk[]` 543��-3"5 � 3 � �
53#"�$ 3 �

W (n) = Un . . . U1
ª 5º¯

|si�£«psr¡rqpº��iVn¡� jk[]`��lps^¨~orq`_j�`Fn¡� !]�on¡j�`Fjky�`l`uÅ�Z.[]`F¤X¥-¦ i�`lvhw]`_�]�l`
U
nqiVy�`�|s�£«y�ps^¿rq`E£SjVj�p

ykn¡tu[hj�Å . n¡y�i�j�rq`_jkj�`_y
W (1) = U1

nqi�n¡�]i�`_ykj�`l�Ïn¡��jk[]`V�lps^¨~orq`_j�`¢n¡� !]�on¡j�`·jky�`l`�|3j�rq`_{�`_r
1
� )
�
3
�z�w]ikj-wo�]�o`_y-jk[]`Vy�phpsj���|3j-jk[]`V�]ph�o`¢jk[L|3jX�lpsyky�`lik~,ps�]�oi-j�p�jk[]`·rq`_jkj�`_y

U1
Å�b �]�Yw]�_jkn¡{�`_r¡g��,jk[]`

n¡�]i�`_ykjknqps�Ãp3£¶jk[]`»�1psy��
W (n) = Un . . . U1

nqiX^¬|s�o`F|si9£«psr¡rqpº��i:9-jkykgÏj�p�n¡�]i�`_ykj�n¡j·|3jXrq`_{�`_r
1
|3j�jk[]`·�]p4�o` N jk[L|3j9�lpsyky�`lik~�ps�]�oi�j�p¬jk[]`·rq`_jkj�`_y Un

Å�b³£+jk[onqi��]p4�o` N nqi�{s|s��|3�hj��Ln¡�]i�`_ykj
W (n)

|3j N �´n £ N nqiF�]psj¨{s|s��|3�hj���jkykg§j�pÇn¡�]i�`_ykj
W (n)

n¡� jk[]`Àikwomojky�`l`P[L|l{4n¡�ot N |si
y�p4psj��?|3j-jk[]`��]p4�o`Vjk[L|3j��lpsyky�`lik~�ps�]�oiXj�p�jk[]`¢rq`_jkj�`_y
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k
jk[L|3j.�lpsyky�`lik~�ps�]�oi´j�p·rq`_jkj�`_y

Un−k+1
nqi¶{u|s��|3�µj%�Y�´psy��

W (n)
nqi�jk[]`_��n¡�]i�`_ykj�`l�Ç|3j�jk[L|3j��]ph�o`uÅ

ÂÃ`��lps^¨~orq`_j�`�pswoy��lps�]ikjkykw]�_jknqps��mµg�rD|3m�`_r¡r¡n¡�ot¨jk[]`
n
²³jk[Pn¡�]i�`_ykj�`l�P�]p4�o`X��n¡jk[Àjk[]`X�1psy��

W (n)
ÅFc-�]`¨y�`�|s�Yn¡r¡g�psmoj�|3n¡�]iVjk[onqi��´|�gjk[]`»~oy�ph�l`li�iVp3£�|P�Yn¡tun¡j�|3r¶i�`�|3y���[Ãjky�`l`�ª«¤·e4Z�¯E��|si

i�j�|3j�`l�Pn¡��jk[]`X£¼psr¡rqp���n¡�otF~oy�ps~�puikn¡jknqps�KÅ
&('*),+�)�-�.0/�.�),132�452�4 8 7 3 � 
 ! ./533 ��� 0 5 0����	��� � 3���
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6 3 U = U1U2 . . .
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S �
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S �

A(0, 0)

C(0, 1)

T (1, 0)

G(1, 1)

S ���

S ���
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S ���

S 	
�

S ���

S 	��

S ��

S ��	

S ��	

S ���

S ���

S 	�	

S ��	
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S ���

AAA   

CAA   GAA   

TAA   

ACA   

CCA   GCA   

TCA   AGA   

CGA   GGA   

TGA   

ATA   

CTA   GTA   

TTA   

AAC   

CAC   GAC   

TAC   

ACC   

CCC   GCC   

TCC   AGC   

CGC   GGC   

TGC   

ATC   

CTC   GTC   

TTC   AAG   

CAG   GAG   

TAG   

ACG   

CCG   GCG   

TCG   AGG   

CGG   GGG   

TGG   

ATG   

CTG   GTG   

TTG   

AAT   

CAT   GAT   

TAT   

ACT   

CCT   GCT   

TCT   AGT   

CGT   GGT   

TGT   

ATT   

CTT   GTT   

TTT   
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T 

[1, 0]      

��� ������� °1[L|spui¨±�|3^F`F}�`_~oy�`li�`_�µj�|3jknqps�½p3£�jk[]` !]y�i�j
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�µw]�_rq`lpsjknq�o`li»p3£�jk[]`��

�
���-1 )�jk[oy�`E²

ps�on¡�]`�t�`_�]`Vjk[oy�¦29�¦�Z�±·°�±�¦�±XZ�±XZ�ÅXZ.[]`¢�lp4psy��Yn¡�L|3j�`li9£¼psy9`�|s��[Ç�hw]�_rq`lpsjknq�o`F|3y�`
��|3rq�_worD|3j�`l� y�`l�_woy�ikn¡{�`_r¡g½w]ikn¡�ot

(0.5, 0.5)
|si»ikj�|3ykjkn¡�ot~,puikn¡jknqps�KÅ Z.[]`�i�`lvhw]`_�]�l`�nqi

y�`�|s��£«y�ps^ rq`E£«j´j�p¢ykn¡tu[hj�Å¶x�psn¡�µj��hwo^Vm�`_y
3
�lpsyky�`li�~,ps�]�oi.j�p�jk[]` !]y�ikj

3
²³rq`_jkj�`_y��1psy��

ATG
Å�b�j�nqi�rqph��|3j�`l�Pn¡��jk[]`��lpsyky�`li�~,ps�]�Yn¡�ot�vµwL|s�Yy�|3�hj�Å¶Z.[]`�i�`l�lps�]�

3
²³rq`_jkj�`_y-�1psy��

TGC
�lpsyky�`li�~,ps�]�oi�j�p»~,psn¡�hj

4
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. n¡tuwoy�`F��y�`_~oy�`li�`_�µj�i�£¼psyXn¡�]ikj�|3�]�l`¨jk[]`»m�`_tun¡�o�on¡�ot�p3£´jk[]`¨�lps�]i�jkykw]�_jknqps�7p3£1jk[]`¬°�±X}�²
jky�`l`¨p3£�|�i�`lvµw]`_�]�l`

GAGCACAGTGGAAGGG
ÅFb �jk[onqi�!]tuwoy�`u�K`�|s��[Ã�]ph�o`�[L|si�m�`l`_�

rD|3m�`_r¡rq`l�Àmhg�n¡j�i�psy��o`_y-p3£�n¡�]i�`_ykjknqps�Çj�p»^¬|3¹�`�jk[]`·`E®]|3^¨~orq`�^Fpsy�`�y�`�|s�]|3morq`uÅ
Z.[]`�^¬|3n¡� y�`likwor¡j�i�p3£�pswoy¬~L|3~�`_y�|3y�`�jk[]`P£¼psr¡rqp���n¡�ot �lps�µ{�`_ykt�`_�]�l`�y�`likwor¡j�iº�1jk[]`�y�|3�Y²

�ops^ i�`lvµw]`_�]�l`
U
m,`_n¡�ot�ikwo~o~,pui�`l�Pj�p¨m,`��|3yk¹�p�{4nD|3�KÅ¶b�£

`n
|3�]� Ln

�o`_�]psj�`�y�`lik~�`l�_jkn¡{�`_r¡g
jk[]`¢rq`_�otujk[ p3£¶jk[]`�ik[]psykj�`likj·|3�]�Çp3£1jk[]`¢rqps�ot�`li�j-moy�|3�]��[Ãp3£¶jk[]`»°�±�}�²³jky�`l`u�,jk[]`_�

`n/ lnn0���� Ln/ lnn
6 ����� 3"5 +B3�0-1 ��� � . � 
 53"1�� . � � ��� 3:6 ��� � .�0���. � ª«Z.[]`lpsy�`_^ �YÅ65º¯EÅ9�Çpsy�`lpº{�`_y���n £

Dn
�o`_�]psj�`li�jk[]`�n¡�]i�`_ykjknqps�Ã�o`_~ojk[7|3�]�n £

Mn
nqiXjk[]`»rq`_�otujk[Ãp3£´|�wo�on £«psyk^¨r¡g��[]pui�`_� y�|3�Y²

�ops^ ~L|3jk[K�4jk[]`_�
Dn/ ln n

0����
Mn/ ln n

6 ����� 3"5 +B3�) �2�
5 �740 7") 1 )/. � . �:0 6 ��� � ��� 6 ��� � .�0���.
ª«Z.[]`lpsy�`_^ �]Å65º¯EÅ

��������'��
	��82�4 ¦ tun¡{�`_� °�±X}�²³jky�`l`P��n¡jk[]pswojFn¡j�i¨rD|3m�`_rqiÏªSn³ÅÆ`uÅ |�tun¡{�`_� ik[L|3~�`Pp3£9jky�`l`º¯»nqi
`lvhwon¡{u|3rq`_�µj¨j�p |Çr¡nqikj�p3£9�1psy��oi¨n¡� jk[]`Pi�`lvhw]`_�]�l`���n¡jk[]pswoj¨jk[]`_n¡yFpsy��o`_y�Å7��psy�`�~oy�`l�_nqi�`_r¡g��
ps�]`Ç��|3� |si�i�p4�_nD|3j�`���n¡jk[ |Ãik[L|3~�`�p3£¢°�±X}�²³jky�`l`u��| y�`_~oy�`li�`_�µj�|3jknqps� n¡� jk[]`Ïwo�on¡j�i�vhwL|3y�`
|si¢�o`li��_ykn¡m�`l�Ãm�`_rqp��·ÅÀÂ n¡jk[§|3�hg �]ph�o`�p3£.jk[]`¬jky�`l`ÇªS��[onq��[§nqiVn¡�7mon zk`l�_jknqps�7��n¡jk[ |À�´psy��
w = U1 . . . Ud

¯E�Y�´`V|si�i�p4�_nD|3j�`�jk[]`��l`_�µj�`_y9p3£�jk[]`V�lpsyky�`lik~,ps�]�Yn¡�ot�i�vµwL|3y�`
Sw
�

Xw ;�<>==

d
∑

k=1

`Uk

2d−k+1
+

X 0

2d
.

.LpsyP`E®]|3^¨~orq`u��. n¡tuwoy�`Ã�§ik[]pº��iPjk[onqiÀi�p3²���|3r¡rq`l������-5��:0 1 )���3 � � 
  53��
53 � 3���.�0 ./)������Ç£¼psy
jk[]`»~L|3ykjknq�_worD|3y¢�1psy��

GAGCACAGTGGAAGGG
Å���psy�`lp�{�`_y .�n¡tuwoy�` �P`_�L|3morq`liVw]i�j�p

vhwL|3r¡n¡j�|3jkn¡{�`_r¡g7�lps^¨~L|3y�`�jk[]`�psykn¡tun¡�L|3r�|3�]�Ãjk[]`��]psyk^¬|3r¡n¡©�`l� °�±X}�y�`_~oy�`li�`_�µj�|3jknqps�]i¨ps� |3�
`E®]|3^¨~orq`uÅ
e4`_{�`_y�|3r?y�`likwor¡j�i�|3y�`9¹h�]pº��� ª«i�`l`9��[L|3~KÅ¶�¢n¡�À��|3[o^Fpsw]� '65��*)S¯E�o�lps�]�l`_yk�on¡�ot¨jk[]`9[]`_n¡tu[µj��

jk[]`�n¡�]i�`_ykjknqps� �o`_~ojk[ |3�]�§jk[]`�~oy�p !]rq`�£«psy¨¤·e4Z(psmoj�|3n¡�]`l�§£Sy�ps^ ) ���B3�� 3����B3���.�ikw]�l�l`li�ikn¡{�`
i�`lvµw]`_�]�l`li��-[L|l{4n¡�ot jk[]` i�|3^F` �Ynqi�jkykn¡mowojknqps�KÅ b�jPnqiP£³|3y�£Sy�ps^ pswoy�ikn¡jkwL|3jknqps� ��[]`_y�`jk[]`
i�w]�l�l`li�ikn¡{�`Fn¡�]i�`_ykj�`l�Ã�1psy��oi¨|3y�`�ikjky�ps�otur¡gÃ�o`_~,`_�]�o`_�hj�£Sy�ps^ `�|s��[½psjk[]`_y�Å��¶|3yknqpsw]i¢y�`li�wor¡j�i
�lps�]�l`_yk�on¡�otÇjk[]`¨i�p3²���|3r¡rq`l�Ãa.`_yk�]pswor¡r¡n�^Fp4�o`_r-ªSmon¡�L|3ykg�jky�`l`li��Kn¡�]�o`_~�`_�]�o`_�µj�i�`lvµw]`_�]�l`li¢|3�]�
jk[]`Vj��´p¬rq`_jkj�`_y�i-[L|l{�`Vjk[]`Vi�|3^F`V~oy�psmL|3mon¡r¡n¡j�g 5��s�¬p3£�|3~o~�`�|3y�|3�]�l`º¯���|3�Ïm�`X£«pswo�]�Ïn¡�Ï�|3[Y²
^Fpsw]� '65��*)�Å�¦�rq�opsw]i-|3�]�Çeh[onq`_rq�oi('65 )K~oy�pº{�`�mµgÀ`_^¢m,`l�o�Yn¡�ot�n¡�Ï�lps�µjkn¡�hw]psw]i�jkn¡^F`u�ojk[L|3j�jk[]`
[]`_n¡tu[hj¬i�|3jknqi !L`li

Hn − log2 n → 0
n¡� ~oy�psmL|3mon¡r¡n¡j�g�Å ¦�rqi�p¤9yk^Fpsj�|,'ø�*)�~oy�pº{�`liFjk[L|3j¨jk[]`

[]`_n¡tu[hj�p3£�ikw]��[À¤·e4Z�i´nqi´�lps�]�l`_�µjky�|3j�`l� 9
E[Hn −E(Hn)]L

nqi�|sikg4^¨~oj�psjknq��|3r¡r¡gFm,pswo�]�o`l��£¼psy
|3�hg

L > 0
Å

.]psy1¤·e4Z �lps�]ikjkykw]�_j�`l�F£Sy�ps^¸n¡�]�o`_~,`_�]�o`_�hj´i�`lvhw]`_�]�l`li¶ps�P|3��|3r¡~o[L|3m�`_j¶��n¡jk[
m
rq`_jkj�`_y�i��

��n¡jk[§�]ps�]ikg4^¨^F`_jkyknq��ªSn³ÅÆ`uÅ��]ps�§`lvhwL|3r¶~oy�psmL|3mon¡r¡n¡jknq`li¨ps�½jk[]`¬rq`_jkj�`_y�iB¯·n³Å n³ÅÆ�7psy»�|3yk¹�p�{4nD|3�
i�pswoy��l`li��.x�n¡jkj�`_r 'Ú� 5�)�t�`_j�i�i�`_{�`_y�|3r�y�`likwor¡j�i�ps� jk[]`�n¡�]i�`_ykjknqps� �o`_~ojk[ |3�]� ps� jk[]`À[]`_n¡tu[µj�Å
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jk[]`�ykn¡tu[hjB¯EÅ
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¤X`lik~on¡j�`Vjk[]`Vn¡�]�o`_~�`_�]�o`_�]�l`�p3£�jk[]`¢i�`lvhw]`_�]�l`li��	x�n¡jkj�`_r�#Æi9�1psyk¹Ïi�`l`_^Fi-j�pFm�`·jk[]`¢�_rqpui�`likj9j�p
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�_woy�`_�]�l`liPn¡� |½y�|3�]�ops^�i�`lvµw]`_�]�l`p3£Vrq`_jkj�`_y�iÃªSn¡�]�o`_~�`_�]�o`_�µj�psyÀ�|3yk¹�p�{4nD|3� i�`lvµw]`_�]�l`liE¯EÅ
a´rqps^ |3�]�PZ.[]psykmowoyk� ' ��)Ktun¡{�`9jk[]`Xt�`_�]`_y�|3jkn¡�ot¨£«wo�]�_jknqps��p3£ jk[]` !]y�ikj�p4�l�_woy�`_�]�l`�p3£+|��´psy��
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'Ú� ��)��.ehj�`E£¼|3�]pº{ |3�]� x+|3¹�`li-'Ú�u�7)�Å½¥-ps�]`_jk[]`_rq`li�iº�¶psjk[]`_y¬|3~o~oy�p�|s��[]`li�|3y�`À�lps�]iknq�o`_y�`l� 9Pps�]`
p3£´jk[]`»^Fpsy�`»t�`_�]`_y�|3r�j�`l��[o�onqvhw]`li·nqiXjk[]`¨�|3yk¹�p�{��[L|3n¡�½`_^Vm�`l�o�Yn¡�ot�^F`_jk[]ph�n¡�hjky�ph�Yw]�l`l�
mhg .ow '65��7)�|3�]�Ã£«woykjk[]`_y¨�o`_{�`_rqps~o~,`l�§mµg4.ow |3�]���-pswojky�|si '65�5 )����-pswojky�|si '65��*)�Å¦(^¬|3y�²
jkn¡�otµ|3rq`�|3~o~oy�p�|s��[ ª«i�`l`¢±X`_ykm�`_y-|3�]� � n!'65��7)�� � n!'65º�*)��oÂ n¡r¡r¡nD|3^Fi('Ú���7)S¯.nqi�|3��|3r¡j�`_yk�L|3jkn¡{�`¢j�p
jk[]`��|3yk¹�p�{Ï��[L|3n¡�`_^¢m,`l�o�Yn¡�otÀ^F`_jk[]p4�Çj�p�i�psr¡{�`¢~oy�psmorq`_^Fi·|3y�pswo�]�x `_�o�]`_g '65��*)�±·|3^F`uÅ
Z.[]`li�`¬j �1p |3~o~oy�p�|s��[]`liF|3y�`��lps^¨~L|3y�`l�§n¡�½x�ps©��Y�µgµ|3¹�p�{ `_j»|3r³Å 'Ú�u�7)�ÅÏÂ [L|3j�`_{�`_y�^F`_jk[]p4�
ps�]`¬w]i�`li�� jk[]`��Ynqi�jkykn¡mowojknqps�§p3£�jk[]` !]y�ikj¢p4�l�_woy�`_�]�l`�p3£�|��1psy��§ikjky�ps�otur¡g7�o`_~�`_�]�oi¢ps�½n¡j�i
pº{�`_ykrD|3~o~on¡�ot�ikjkykw]�_jkwoy�`uÅ1Z.[onqi��o`_~�`_�]�o`_�]�l`·nqi�|3j�jk[]`·�lpsy�`Vp3£+pswoy�~oy�p4p3£«iºÅ
�Çpsy�`lpº{�`_y��¶pswoy»y�`likwor¡j�i»g4nq`_rq� |si�gh^¨~oj�psjknq�P~oy�ps~�`_ykjknq`li¨ps� jk[]`�rq`_�otujk[ p3£-jk[]`�rqps�ot�`li�j

ykwo�K����[onq��[ nqi¨|��L|3jkwoy�|3r�psmYzk`l�_j¨p3£�ikjkw]�Yg�Å b��§n³Å n³ÅÆ�?Å�|3�]� ikgh^¨^F`_jkyknq�Pi�`lvhw]`_�]�l`li���8�y����ui
|3�]� } �_{ �lik© 'Ú�*)�`likj�|3mor¡nqik[ |3r¡^FpuikjFi�woy�`�y�`li�wor¡j�i¬|3m,pswoj¨jk[]`Ptuy�pº��jk[ p3£-jk[]`Prqps�ot�`li�j¨ykwo�KÅ
Z.[]`li�`Fy�`likwor¡j�i¨|3y�`¬`E®Yj�`_�]�o`l�§j�pÏ�|3yk¹�p�{7��[L|3n¡�]i�n¡� eY|3^¬|3y�pº{s|4'Ú���*)���|3�]� ±�psy��ops�§`_j»|3r³Å
'65���)�ik[]p��)jk[L|3j�jk[]`�~oy�psmL|3mon¡r¡nqikjknq�¢m,`_[L|�{hnqpswoy-p3£+jk[]`·rq`_�otujk[Çp3£+jk[]`·rqps�ot�`likj�ykwo�Ïnqi��_rqpui�`_r¡g
|3~o~oy�p�®4n¡^¬|3j�`l�ÏmµgPjk[L|3j�p3£+jk[]`X^¬|N®4n¡^¢wo^ p3£�i�ps^F`�n³Å n³ÅÆ�?Å]`E®Y~�ps�]`_�µjknD|3rKy�|3�]�ops^ {s|3yknD|3morq`li�Å
Z.[]`P~L|3~,`_yFnqi¨psyktµ|3�on¡©�`l� |si»£¼psr¡rqp���i�Å b � e4`l�_jknqps� ���1`À`li�j�|3mor¡nqik[ jk[]`�|si�ikwo^¨~ojknqps�]i

|3�]���]psj�|3jknqps�]iV�1`»w]i�`�jk[oy�pswotu[]pswoj�ÅFe4`l�_jknqps� ��nqiX�o`_{�psj�`l� j�pÀ|3r¡^Fpuikj·ikwoy�`»�lps�µ{�`_ykt�`_�]�l`
p3£�jk[]`�ik[]psykj�`likjP|3�]� jk[]`Çrqps�ot�`likj¬moy�|3�]��[]`liPn¡� °�±X}�²³jky�`l`li�Å b�� e4`l�_jknqps� � |sikg4^¨~oj�psjknq�
m�`_[L|l{4nqpswoyXp3£�jk[]`Vn¡�]i�`_ykjknqps� �o`_~ojk[�nqi-i�jkw]�Ynq`l�?Å�¦-�|3~o~�`_�]�Yn ®Ç�o`�|3rqi9i�`_~L|3y�|3j�`_r¡g���n¡jk[�jk[]`
�ops^¬|3n¡� p3£1�o`"!]�on¡jknqps�Ãp3£1jk[]`¢t�`_�]`_y�|3jkn¡�otP£«wo�]�_jknqps� p3£´|��l`_ykj�|3n¡��´|3n¡jkn¡�otÀjkn¡^F`�y�`_rD|3j�`l�j�p
jk[]`�pº{�`_ykrD|3~o~on¡�ot�i�jkykw]�_jkwoy�`·p3£��´psy��oi�Å

� 	�
�
  ������% � ��
�� �#� �#� ������% ����


b � |3r¡r�jk[]`»i�`lvhw]`_r³�,jk[]`»i�`lvµw]`_�]�l`
U = U1 . . . Un . . .

nqiXikwo~o~�pui�`l��j�p¬m�`¨|¬�|3yk¹�p�{���[L|3n¡�
p3£Kpsy��o`_y

1
�µ��n¡jk[�jky�|3�]ikn¡jknqps��^¬|3jkykn ® tQ

ªS��[]`_y�` tQ
�o`_�]psj�`li¶jk[]`-jky�|3�]ik~�pui�`l�F^¬|3jkykn ®¬p3£

Q
¯

|3�]��n¡�µ{u|3yknD|3�µj�^F`�|si�woy�`V|si�n¡�on¡jknD|3r��Ynqikjkykn¡mowojknqps�KÅ
.]psy�|3�µg¢�o`_j�`_yk^¨n¡�onqi�jknq�.n¡� !]�on¡j�`�i�`lvµw]`_�]�l`

s
�srq`_j�w]i��o`_�]psj�`´mµg

s(j) jk[]`´�1psy��¢£¼psyk^F`l��mµg
jk[]`

j
!]y�ikj¶rq`_jkj�`_y�i.p3£

s
�µjk[L|3j´nqi1j�p¢i�|�g

s(j) ; < == s1 . . . sj
�h��[]`_y�`

si
�o`_�]psj�`li´jk[]`

ith
rq`_jkj�`_y´p3£

s
Å � `_j

p(s(j))
�o`_�]psj�`

p(s(j)) ; < == P(U1 = sj, . . . , Uj = s1)
Å-Z.[]`·�]`l`l�Ï£«psy-y�`_{�`_y�ikn¡�ot�jk[]`

ÐSÑ�Ò�Ð«Ó



(�),+-) .�0 1%2%340-546"7 8�5433 � 0�������7 0	� ��
 0�� 3��3��
53 � 3���.�0 ./)���� �

�´psy��
s(j) �lps^F`li1£«y�ps^¸jk[]`-�lps�]ikjkykw]�_jknqps��p3£Kjk[]`X°�±X}�²³jky�`l`u�hmL|si�`l��ps�¬y�`_{�`_y�i�`l��i�`lvhw]`_�]�l`li

ª 5º¯EÅ¾c-�]`Ç��|3� y�`_^¬|3yk¹ jk[L|3j�£«psyP|7i�n¡�oturq`E²³rq`_jkj�`_y��´psy��
u
�

p
(

u
) �o`_�]psj�`li�jk[]`Çn¡�µ{u|3yknD|3�µj

~oy�psmL|3mon¡r¡n¡j g�p3£�jk[]`·rq`_jkj�`_y
u
Å

�Çpsy�`lpº{�`_y��]�1`V�o`"!]�]`�jk[]`·�lps�]ikj�|3�hj�i

h+ ; < == lim
n→+∞

1

n
max

{

ln

(

1

p
(

s(n)
)

)

: p
(

s(n)
)

> 0
}

,

h− ; < == lim
n→+∞

1

n
min

{

ln

(

1

p
(

s(n)
)

)

: p
(

s(n)
)

> 0
}

,

h ; < == lim
n→+∞

1

n
E

[

ln
( 1

p
(

s(n)
)

)]

.

¤9w]`¢j�p�|3� |3yktuwo^F`_�µj·p3£¶ikwomY² |s�o�Yn¡jkn¡{4n¡j�g ª«i�`l`�x�n¡jkj�`_r 'Ú� 5 )S¯E�Ljk[]`li�`¢r¡n¡^¨n¡j�i�|3y�`V�´`_r¡r��o`"!]�]`l�
ªSn¡�Ï£¼|s�_j��]n¡��|»^Fpsy�`¢t�`_�]`_y�|3r�jk[L|3����|3yk¹�pº{hnD|3�i�`lvhw]`_�]�l`li�£«y�|3^F`_�1psyk¹]¯EÅ��Çpsy�`lpº{�`_y��,x�n¡jkj�`_r
i�[]p���i�jk[L|3j�jk[]`_y�`V`E®4nqikj�j �1p¬n¡� !]�on¡j�`·i�`lvhw]`_�]�l`li��o`_�]psj�`l�À[]`_y�`�mhg

s+
|3�]�

s−
i�w]��[�jk[L|3j

h+ = lim
n→∞

1

n
ln

(

1

p
(

s
(n)
+

)

)

,
|3�]�

h− = lim
n→∞

1

n
ln

(

1

p
(

s
(n)
−
)

)

.
ª¼��¯

.LpsyÀ|3�hg
j ≥ 1

��jk[]`Ç�]psj�|3jknqps� T j ; < == T j(W )
�o`_�]psj�`liPjk[]` !]�on¡j�`�jky�`l`���n¡jk[

j
�]ph�o`li

ªS��n¡jk[]pswoj��lpswo�hjkn¡�ot¬jk[]`9y�p4psjB¯E�Ymowon¡r¡j.£Sy�ps^ jk[]` !]y�ikj
j
i�`lvµw]`_�]�l`li

W (1), . . . ,W (j)
�Y��[onq��[

|3y�`�jk[]`�ikw]�l�l`li�ikn¡{�`�y�`_{�`_y�i�`l��~oy�`"!o®o`li1p3£Kjk[]`-i�`lvµw]`_�]�l`
Un
�4|si1�o`"!]�]`l�¬n¡� ª 5º¯EÅ T 0

�o`_�]psj�`li
jk[]`�jky�`l`�y�`l�Yw]�l`l� j�p�jk[]`�y�phpsj�ÅVb��~L|3ykjknq�_worD|3y��?jk[]`»y�|3�]�ops^ jky�`l`li·|3y�`�n¡�]�_y�`�|sikn¡�ot 9 T 0 ⊂
T 1 . . . ⊂ T j ⊂ . . . ⊂ T Å� `_j�w]i��o`"!]�]`

`n
ªSy�`lik~KÅ Ln

¯.|si.jk[]`Xrq`_�otujk[Ïp3£�jk[]`�ik[]psykj�`likj�~L|3jk[7ªSy�`lik~KÅ�jk[]`Xrqps�ot�`li�jB¯
£«y�ps^�jk[]`�y�phpsj�j�p�|9£¼`�|sikn¡morq`�`E®Yj�`_yk�L|3rL�]p4�o`�p3£?jk[]`�jky�`l` T n−1(w)

Å��Çpsy�`lpº{�`_y��
Dn
�o`_�]psj�`li

jk[]`�n¡�]i�`_ykjknqps���o`_~ojk[Pp3£
W (n)

n¡� T n−1
j�pVmowon¡rq� T n

Å .�n¡�L|3r¡r¡g
Mn
nqi1jk[]`�rq`_�otujk[�p3£�|·~L|3jk[

p3£ T n
�oy�|3�]�ops^¨r¡g�|3�]�Àwo�on £¼psyk^¨r¡g���[]pui�`_�Ïn¡�Àjk[]`

n
~�pui�ikn¡morq`X~L|3jk[]i�Å

Z.[]`¬£¼psr¡rqp���n¡�oty�|3�]�ops^ {u|3yknD|3morq`li�~orD|lg§|Ï¹�`_g7y�psrq`�n¡� jk[]`¬~oy�p4p3£¼i�Å .]psy»jk[]`�iB|3¹�`�p3£
~oy�`l�_nqi�nqps�K�Yrq`_j´w]i´y�`l��|3r¡r�jk[L|3j

s
nqi.�o`_j�`_yk^¨n¡�onqikjknq�u�ojk[]`9y�|3�]�ops^¨�]`li�i.nqi.wo�onqvhw]`_r¡g��Yw]`9j�pVjk[]`

t�`_�]`_y�|3jknqps�Àp3£�jk[]`9i�`lvhw]`_�]�l`
U
Å .�n¡y�ikj´�1`9�o`"!]�]`-£«psy.|3�µg�n¡� !]�on¡j�`-i�`lvhw]`_�]�l`

s
|3�]�F£¼psy´|3�hg

j ≥ 0
�

Xj(s) ; < ==

{

0
n £

s1
nqi��]psj�n¡� T j

max{k :
�´psy��

s(k) nqi�|3r¡y�`�|s�YgPn¡�]i�`_ykj�`l�Àn¡� T j}
ªS�]psjknq�l`-jk[L|3j

X0(s) = 0
¯EÅ�.]psy�|3�µg

k ≥ 0
�
Tk(s)

�o`_�]psj�`li¶jk[]`9ikn¡©�`�p3£Kjk[]` !]y�ikj1jky�`l`���[]`_y�`
s(k) nqi�n¡�]i�`_ykj�`l� 9

Tk(s) ; < == min{j : Xj(s) = k}
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ªS�]psjknq�l`·jk[L|3j
T0(s) = 0

¯EÅ
Z.[]`li�`Xj��´p»{s|3yknD|3morq`li�|3y�`Xn¡�À�YwL|3r¡n¡j g�n¡�Pjk[]`9£¼psr¡rqp���n¡�ot¬i�`_�]i�`�9+ps�]`X[L|si�`lvµwL|3r¡n¡j g�p3£�jk[]`

`_{�`_�hj�i
{Xj(s) ≥ k} = {Tk(s) ≤ j} ª���¯

|3�]���lps�]i�`lvhw]`_�µjkr¡g�� {Tk(s) = j} ⊂ {Xj(s) = k} Å��Çpsy�`lpº{�`_y��Yjk[]`�y�|3�]�ops^({u|3yknD|3morq` Tk(s)��|3�Ïm,`��o`l�lps^¨~�pui�`l�Ï|si.£¼psr¡rqp���iº�

Tk(s) =

k
∑

r=1

Zr(s),
ª#�h¯

��[]`_y�`
Zr(s) ;�<>== Tr(s) − Tr−1(s)

nqi¢jk[]`F�hwo^Vm�`_y�p3£�rq`_jkj�`_y�i�j�pÀy�`�|s�½m,`E£¼psy�`¨jk[]`¬moy�|3�]��[
jk[L|3j¢�lpsyky�`lik~,ps�]�oiVj�p

s
n¡�]�_y�`�|si�`li·mµg

1
Å�b�� ��[L|3j�£¼psr¡rqp���iº�

Zr(s)
��|3�Ãm�`»{hnq`_�´`l�½|si�jk[]`

�.|3n¡jkn¡�ot¬jkn¡^F`
j
p3£�jk[]`�!]y�i�j�ph�l�_woy�`_�]�l`¢p3£

s(r) n¡�Ïjk[]`�i�`lvµw]`_�]�l`

. . . Uj+Tr−1(s)Uj−1+Tr−1(s) . . . U1+Tr−1(s)s
(r−1),

n³ÅÆ`uÅ
Zr(s)

��|3�Ç|3rqi�p»m�`��o`"!]�]`l�Ï|si

Zr(s) = min{j ≥ 1
∣

∣Uj+Tr−1(s) . . . Uj+Tr−1(s)−r+1 = s1 . . . sr}.
a.`l��|3w]i�`Vp3£�jk[]`��|3yk¹�p�{4nD|3�on¡j�g�p3£+jk[]`�^Fp4�o`_r³�ojk[]`Xy�|3�]�ops^ {u|3yknD|3morq`li

Zr(s)
|3y�`·n¡�]�o`_~,`_�Y²

�o`_�hj�Å
� `_j·w]i·jk[]`_�½n¡�µjky�p4�Yw]�l`

Yr(s)
|si·m�`_n¡�ot�jk[]`¨�.|3n¡jkn¡�otÇjkn¡^F`Fp3£�jk[]` !]y�i�jVph�l�_woy�`_�]�l`�p3£

s(r) n¡�Ïjk[]`·i�`lvhw]`_�]�l`

. . . Uj+Tr−1(s)Uj−1+Tr−1(s) . . . U1+Tr−1(s),

jk[L|3j�nqi�j�p¨i�|lg

Yr(s) = min{j ≥ r
∣

∣Uj+Tr−1(s) . . . Uj+Tr−1(s)−r+1 = s1 . . . sr}.
¤9w]`.j�pXjk[]`.~�pui�ikn¡morq`�pº{�`_ykrD|3~o~on¡�otVm�`_j��1`l`_��jk[]`.~oy�`"!o®Y`li¶p3£

s(r−1) |3�]�»jk[]`�ikwY¨®o`li�p3£ s(r) �
�´`�[L|l{�`Vjk[]`·n¡�]`lvhwL|3r¡n¡j�g

Zr(s) ≤ Yr(s)
Å´ehn¡�]�l`Vjk[]`·i�`lvhw]`_�]�l`

(Un)n≥1
nqi�ikj�|3jknqps�L|3ykg��Ljk[]`

�lps�]�Yn¡jknqps�L|3r4�Ynqikjkykn¡mowojknqps�¢p3£
Yr(s)

tun¡{�`_�
Tr−1(s)

nqi?jk[]`��Ynqikjkykn¡mowojknqps�Vp3£Yjk[]` !]y�ikj ph�l�_woy�`_�]�l`
p3£	jk[]`¶�´psy��

s(r) n¡�»jk[]`1y�`�|3r¡n¡©º|3jknqps�Fp3£,|9��|3yk¹�pº{V��[L|3n¡�Fp3£	psy��o`_y 1 �s��n¡jk[»jky�|3�]ikn¡jknqps�»^¬|3jkykn ®
tQ
|3�]�P��n¡jk[Ïn¡�on¡jknD|3rK�Ynqikjkykn¡mowojknqps�Ïjk[]`Xn¡�h{s|3yknD|3�hj�^F`�|sikwoy�`uÅ�b �P~L|3ykjknq�_worD|3y�jk[]`��lps�]�Yn¡jknqps�L|3r

�Ynqi�jkykn¡mowojknqps�Ïp3£
Yr(s)

tun¡{�`_�
Tr−1(s)

nqi�n¡�]�o`_~�`_�]�o`_�µjXp3£
Tr−1(s)

Å
Z.[]`-t�`_�]`_y�|3jkn¡�otF£Swo�]�_jknqps�

Φ(s(r), t) ; < == E[tYr(s)]
nqi´tun¡{�`_�Àmµg�}�psmon¡��|3�]�P¤X|3w]�Yn¡� 'Ú�u��)�9

Φ(s(r), t) =
(

γr(t) + (1 − t)δr(t
−1)
)−1

,
ª¼��¯
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��[]`_y�`·jk[]`X£Swo�]�_jknqps�]i
γ
|3�]�

δ
|3y�`�y�`lik~�`l�_jkn¡{�`_r¡gÀ�o`"!]�]`l�Ï|si

γr(t) ; <>==
1 − t

tp
(

sr

)

∑

m≥1

Qm(s1, sr)t
m, δr(t

−1) ; <>==

r
∑

m=1

� 5
{sr ...sr−m+1=sm...s1}

tmp
(

s(m)
) ,

ª¼��¯

|3�]����[]`_y�`
Qm(u, v)

�o`_�]psj�`li�jk[]`.jky�|3�]i�n¡jknqps�¨~oy�psmL|3mon¡r¡n¡j�g�£Sy�ps^
u
j�p

v
n¡�

m
ikj�`_~]i�Å�b �»¦-~Y²

~�`_�]�Yn ®�¦ �1`�i�jkw]�YgVjk[]`��ops^¬|3n¡�Fp3£,�o`"!]�on¡jknqps��p3£
Φ(s(r), t)

��[]`_�
t
nqi+n¡�¬|-�]`_n¡tu[µm�pswoyk[]php4�

p3£
1
Å

��������'��
	���� 4 b�� jk[]`�~L|3ykjknq�_worD|3yÀ��|si�`���[]`_� jk[]`Çi�`lvµw]`_�]�l`Çp3£·�µw]�_rq`lpsjknq�o`li
(Un)n≥1

nqi
i�wo~o~,pui�`l��j�p»m�`9n¡�]�o`_~,`_�]�o`_�hj-|3�]�Pnq�o`_�µjknq��|3r¡r¡g��Ynqikjkykn¡mowoj�`l��|s�l�lpsy��Yn¡�ot¬j�p»jk[]`X�]ps���o`_t�`_�Y²
`_y�|3j�`l�½rD|l�

(pA, pC , pG, pT )
�+jk[]`Fjky�|3�]ikn¡jknqps� ~oy�psmL|3mon¡r¡n¡j g

Qm(s1, sr)
nqi¢`lvhwL|3r´j�p

p(sr)
�

|3�]��[]`_�]�l`
γr(t) = 1

Å
&('*),+�)�-�.0/�.�),1�� 4:2�4 � )���8 7 3'+ 3���3"540 ./) � + ��
 �
6?./)���� ���

Yr(s)
) � 0 . 1=340 � . � 3#" ��3 � ��� [0, 1+

κp
(

s(r)
)

[
��� 7 3"53

κ
) � 0 6 ��� � .�0���. ) ���B3�� 3����B3���. ��� r

0����
s �

� ) )��	� 3 .
γ
� 3���� . 3 . 7 3 � 36 ����� 1 0-5 +B3 � . 3"),+B3���� 0-1�
�3 ����. 7 3:./5 0�� � )/./)���� � 0 ./5") $

Q ��
 � 5 0-1 1
t ∈ [0, γ−1[

�
∣

∣γr(t) − 1
∣

∣ ≤ |1 − t|
1 − γt

κ′,

� 7 3"53
κ′ ) � 0���� . 7 3"5�6 ��� � .�0���. ) ���B3�� 3����B3���. ��� r

0����
s �

� ) ) )��

E
[

Yr(s)
]

≤
r
∑

j=1

� 5
{sr ...sr−j+1=sj ...s1}

p
(

s(j)
) + M,

� 7 3"53
M

) � ) ���B3�� 3 ���B3���. ��� r
0����

s �
�'5 �:���

�
Z.[]`�~oy�p4p3£+p3£�x�y�ps~�puikn¡jknqps�Ç�YÅ65�nqi�tun¡{�`_��n¡��¦�~o~�`_�]�Yn ®À¦¢Å

� �� ��� ��� ���(������� � � � "���� 


b � jk[onqi�i�`l�_jknqps� �´`Ç|3y�`Ï�lps�]�l`_yk�]`l� ��n¡jk[ jk[]`�|sikg4^¨~oj�psjknq��m�`_[L|l{4nqpswoy�p3£�jk[]`�rq`_�otujk[
`nªSy�`li�~KÅ Ln

¯´p3£�jk[]`·i�[]psykj�`likj¢ªSy�`lik~KÅ+rqps�ot�`likjB¯.moy�|3�]��[Çp3£+jk[]`¢°�±X}�²³jky�`l`uÅ
����� )�'�������� 4:2�4

`n

lnn

a.s.−→
n→∞

1

h+
,

0���� Ln

lnn

a.s.−→
n→∞

1

h−
.
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¦��l�lpsy��Yn¡�otFj�p»jk[]`X�o`"!]�on¡jknqps�Ïp3£
Xn(s)

�Yjk[]`Xrq`_�otujk[]i
`n
|3�]� Ln

|3y�`-£«wo�]�_jknqps�]i�p3£
Xn

9

`n = 1 + min
s∈A∞

Xn−1(s),
|3�]� Ln = 1 + max

s∈A∞
Xn−1(s).

ª³�u¯

Z.[]`�£¼psr¡rqp���n¡�ot ¹�`_gÃrq`_^¨^¬|�tun¡{�`li¨|3� |sikg4^¨~oj�psjknq��y�`likwor¡j¨ps�
Xn(s)

��wo�]�o`_yFikwon¡j�|3morq`À|si�²
i�wo^¨~ojknqps�]i�ps�

s
Å¶c-woy�~oy�php3£�p3£+Z.[]`lpsy�`_^ �YÅ65Xnqi�mL|si�`l��ps�Àn¡j�Å

����� ����� 4 � 4 ��3 .
s
73 � 
 6 7 . 7 0 . . 7 3"543 3�$ ) � . �

lim
n−→+∞

1

n
ln

(

1

p
(

s(n)
)

)

; < == h(s) > 0.
ª¼��¯

8 7 3��
Xn(s)

lnn

a.s.−→
n→∞

1

h(s)
.

��������'��
	�� � 4%� `_j
ṽ ; < == vv . . .

�lps�]iknqikj�p3£¶y�`_~�`_jkn¡jknqps�]i�p3£´|Frq`_jkj�`_y
v
Å�Z.[]`_�

Xn(ṽ)
nqi9jk[]`

rq`_�otujk[�p3£�jk[]`·moy�|3�]��[ |si�i�p4�_nD|3j�`l����n¡jk[
ṽ
n¡� T n

Å .]psy9i�w]��[�|Fi�`lvµw]`_�]�l`�ª¼|3�]�Ï`E®o�_r¡w]ikn¡{�`_r¡g
£¼psyXjk[]`_^�¯9jk[]`»y�|3�]�ops^¿{u|3yknD|3morq`

Yk(ṽ)
nqi·`lvhwL|3r�j�p

Tk(ṽ)
ÅF°´ps�]i�`lvhw]`_�µjkr¡g

Xn(ṽ)
nqiXjk[]`

rq`_�otujk[ p3£�jk[]`�rqps�ot�`likj¢ykwo� p3£�#
v
# n¡�

U1 . . . Un
Å�Â []`_�

(Un)n≥1
nqi»|�i�`lvhw]`_�]�l`�p3£�n³Å n³ÅÆ�?Å

jkyknD|3rqiº� 8�y����ui-|3�]��} �_{ �lik©�'Ú�*)�� 8�y����ui9|3�]�À} �_{ �lik©�' �*)��]x�`_jky�p�{ 'Ú�u�*) i�[]p��1`l��jk[L|3j

Xn(ṽ)

lnn

a.s.−→
n→∞

1

ln 1
p

,

��[]`_y�`
p ; < == P(Ui = v)

Å¶Z.[onqi��lps�µ{�`_ykt�`_�]�l`¢y�`likwor¡j�nqi�|»~L|3ykjknq�_worD|3y-��|si�`·p3£ � `_^¨^¬|��YÅÚ�YÅ
�'5 �:��� ��� � 3 �2� 0��

�����
ehn¡�]�l`

Xn(s) = k
£¼psy

n = Tk(s)
ª«i�`l`�}�`_^¬|3yk¹ ��¯E�Ymµg�^Fps�]psj�ps�onq�E²

n¡j gP|3yktuwo^F`_�hj�i��]n¡j�nqi�ikwY¬�_nq`_�µj-j�p»~oy�p�{�`Vjk[L|3j

lnTk(s)

k

a.s.−→
k→∞

h(s).

c-mh{hnqpsw]i�r¡gF£«y�ps^�jk[]`9�o`"!]�on¡jknqps��p3£
Tk(s)

�4�´`�[L|�{�`
P(Tk(s) = j) ≤ p

(

s(k)
) Å � `_j

0 < ε <
1
Å�}-pswotu[or¡g��

P
(

lnTk(s) < (1 − ε)kh(s)
)

= P
(

Tk(s) < exp((1 − ε)kh(s))
)

≤ exp
(

(1 − ε)kh(s)
)

p
(

s(k)
)

��psy�`lp�{�`_y��4|si�ikwo^¨~ojknqps�Ïª¼��¯ n¡^¨~or¡nq`li+jk[L|3j�jk[]`_y�`�`E®Ynqikj�i�|9�lps�]ikj�|3�µj
c1
�o`_~�`_�]�Yn¡�ot·ps�

ε
ikw]��[

jk[L|3j��o£«psy�|3r¡r
k ≥ 1

�
p(s(k)) ≤ c1 exp

(

−(1 − ε2)kh(s)
)
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|3�]��jk[]`_y�`E£«psy�`

P
(

lnTk(s) < (1 − ε)kh(s)
)

≤ c1 exp
(

−kh(s)(−ε2 + ε)
)

,

��[onq��[�nqi.jk[]`�t�`_�]`_y�|3r?j�`_yk^ p3£�|»�lps�µ{�`_ykt�`_�hj9i�`_yknq`li.��[]`_�
ε
nqi�ik^¬|3r¡rK`_�]pswotu[KÅ�ÂÃ`��o`l�Yw]�l`

£«y�ps^ a.psy�`_r ²á°.|3�µj�`_r¡r¡n � `_^¨^¬|¨jk[L|3j9|3r¡^Fpuikj�ikwoy�`_r¡g

lim inf
k→∞

lnTk(s)

k
≥ (1 − ε)h(s).

°´ps�h{�`_y�i�`_r¡g��L�|3yk¹�p�{Pn¡�]`lvhwL|3r¡n¡j�gPg4nq`_rq�oi

P
(

lnTk(s) > (1 + ε)kh(s)
)

≤ e−(1+ε)kh(s)
E[Tk(s)].

a´g�jk[]`��o`l�lps^¨~,pui�n¡jknqps�§ª#�h¯�|3�]�Pjk[]`�n¡�]`lvhwL|3r¡n¡j�g
Zr(s) ≤ Yr(s)

�ops�]`�[L|si

E[Tk(s)] ≤
k
∑

r=1

E[Yr(s)].

� .]y�ps^ |si�i�`_ykjknqps��n¡n¡nT¯�p3£+x�y�ps~�puikn¡jknqps�Ç�YÅ65u�	|3�]��ikn¡�]�l`
p(s(j)) ≥ p(s(r))

�o£«psy�|3�hg
j ≤ r

�

E[Tk(s)] ≤
( k
∑

r=1

r

p(s(r))

)

+ kM ≤ 1

p
(

s(k)
)

k(k + 1)

2
+ kM,

|3�]� !]�L|3r¡r¡g��

P

(

lnTk(s) > (1 + ε)kh(s)
)

≤
(

1

2

k(k + 1)

p
(

s(k)
) + kM

)

e−(1+ε)kh(s).

� .]y�ps^ jk[]`»|si�ikwo^¨~ojknqps� ª¼��¯E�Ljk[]`_y�`�`E®4nqi�j�i9|¬�lps�]ikj�|3�µj
c2
�o`_~�`_�]�Yn¡�ot�ps�

ε
i�w]��[Ïjk[L|3j-£¼psy

|3r¡r
k ≥ 1

�
p(s(k)) ≥ c2 exp

(

−(1 + ε2)kh(s)
)

,
��[onq��[�rq`�|s�oi�j�p

P

(

lnTk(s) > (1 + ε)kh(s)
)

≤ M ′k2e−kh(s)
(

ε−ε2
)

.

b j�nqi�jk[]`·t�`_�]`_y�|3r�j�`_yk^ p3£¶|F�lps�h{�`_ykt�`_�µj�i�`_yknq`li9|si-i�p4ps�Ç|si
ε < 1

Å�°´ps�]i�`lvhw]`_�µjkr¡g��,�Yw]`Vj�p
a.psy�`_r ²á°.|3�hj�`_r¡r¡n � `_^¨^¬|Y�

lim sup
k→∞

lnTk(s)

k
≤ (1 + ε)h(s),

��[onq��[Ï�lps�]�_r¡w]�o`li-jk[]`X~oy�php3£�p3£�rq`_^¨^¬| �YÅÚ�YÅ
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�
�
b j�nqi�n¡�]i�~on¡y�`l�À£«y�ps^ x�n¡jkj�`_r 'Ú� 5�)�Å.°1rq`�|3ykr¡gPjk[]`V�o`"!]�on¡jknqps�Ïtun¡{�`_�Çn¡�

8¶vµwL|3jknqps�½ª³�u¯.ghnq`_rq�oi

`n ≤ 1 + Xn−1(s+)
|3�]� Ln ≥ 1 + Xn−1(s−)

ª«�o`"!]�on¡jknqps�]i-p3£
s+
|3�]�

s−
�´`_y�`�tun¡{�`_��n¡�Ç��¯EÅ�Á9`_�]�l`u�omhg � `_^¨^¬|��YÅÚ�

lim sup
n→∞

`n

lnn
≤ 1

h+
, lim inf

n→∞
Ln

lnn
≥ 1

h−

|YÅÆi�Å

• � 5 �:����� �-5
`n
9

.]psy-|3�µgPn¡�hj�`_t�`_y
r
�Y�´`�[L|l{�`Vjk[]`Xn¡�]`lvµwL|3r¡n¡jknq`li

P(`n ≤ r) ≤
∑

s(r)∈Ar

P(Xn−1(s) ≤ r − 1) =
∑

s(r)∈Ar

P(Tr(s) ≥ n),
ª ��¯

��[]`_y�`-jk[]`X|3m,pº{�`9i�wo^Fi´|3y�`-j�|3¹�`_��pº{�`_y.jk[]`-i�`_j Ar p3£ �1psy��oi´��n¡jk[�rq`_�otujk[ r
ªT£¼psy.|·~oy�ps~,`_y

^F`�|3�on¡�ot p3£�jk[onqi�£¼psyk^VworD|Y�¶ps�]`�i�[]psworq�½y�`_~orD|s�l`
s
mhg½|3�µg½n¡� !]�on¡j�`P�1psy��§[L|l{4n¡�ot

s(r) |si
~oy�`"!o®?�-n¡� m�psjk[ ph�l�_woy�`_�]�l`liE¯EÅ�ÂÃ` |3mow]i�`p3£¢jk[onqiP�]psj�|3jknqps� £«y�ps^ �]p��¿ps�KÅ�ehn¡�]�l`�£¼psy
t ∈ [1, 1 + κp(s(r))]

�Yjk[]`9t�`_�]`_y�|3jkn¡�ot¨£«wo�]�_jknqps�]i
Φ(sj, t)

|3y�`��o`"!]�]`l��£¼psy�|3�µg
j ≤ r

ª«i�`l`
¦9i�i�`_ykjknqps�ÀnT¯1n¡�Çx�y�ps~,pui�n¡jknqps�Ç�YÅ65º¯E�]`�|s��[Çj�`_yk^ p3£+jk[]`�ikwo^ ª ��¯´��|3��m�`��lps�µjky�psr¡rq`l�Ïmµg

P(Tr(s) ≥ n) ≤ t−n
E[tTr(s)] ≤ t−n

r
∏

j=1

Φ(s(j), t).

b ��~L|3ykjknq�_worD|3y��,m�pswo�]�Yn¡�otP|3m�p�{�`�|3r¡r�jk[]`Vpº{�`_ykrD|3~o~on¡�ot�£Swo�]�_jknqps�]i � 5
{sj ...s1=sr...sr−j+1}

mhg
1n¡�7ª¼��¯E�]�1`·�o`l�Yw]�l`X£«y�ps^ ª¼��¯�|3�]��£«y�ps^ ¦9i�i�`_ykjknqps�Àn¡nT¯.p3£�x�y�ps~�puikn¡jknqps�Ç�YÅ65�jk[L|3j

P(Tr(s) ≥ n) ≤ t−n
r
∏

j=1

(

1 + (1 − t)

( j
∑

ν=1

1

tνp(s(ν))
+

κ′

1 − γt

)

)−1

.

� `_j
0 < ε < 1

Å�Z.[]`_y�`V`E®4nqikj�i-|»�lps�]ikj�|3�µj
c2 ∈]0, 1[

�o`_~,`_�]�Yn¡�ot�ps�or¡gPps�
ε
ikw]��[Ïjk[L|3j

p(s(j)) > c2α
j , with α ; < == exp(−(1 + ε2)h+)

ªT£¼psy·jk[]`�i�|3¹�`Fp3£�moy�`_{hn¡j g
c
�
c1
|3�]�

c2
�o`_�]psj�`��Yn&3?`_y�`_�µj��lps�]ikj�|3�µj�i¨|3r¡r1|3rqps�ot�jk[]`¨j�`E®YjB¯EÅ

ÂÃ`Xjk[]`_�Ï[L|l{�`

P(Tr(s) ≥ n) ≤ t−n
r
∏

j=1

(

1 + (1 − t)
(1 − (αt)−j

c2(αt − 1)
+

κ′

1 − γt

)

)−1

.
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°1[]p4puikn¡�ot
t = 1 + c2καr �L��[]`_y�` κ

nqi�jk[]`¢�lps�]ikj�|3�µjX�o`"!]�]`l�Çn¡�Ï¦-i�i�`_ykjknqps�ÏnT¯�p3£�x�y�ps~,puikn ²
jknqps���YÅ65u�ops�]`�t�`_j�i

P(Tr(s) ≥ n) ≤ t−n
r
∏

j=1

(

1 − καr−j αj − (1 + c2καr)−j

α(1 + c2καr) − 1
− αrc2κκ′

1 − γ(1 + c2καr)

)−1

.

��psy�`lp�{�`_y-ikn¡�]�l`·psmµ{4nqpsworqikg

lim
j→∞

αj − (1 + c2καr)−j

α(1 + c2καr) − 1
=

1

1 − α
,

|3�]�
c2κκ′/

(

1 − γ(1 + c2καr)
) nqi�wo�on £«psyk^¨r¡g½m,pswo�]�o`l� n¡�

r
�+jk[]`_y�`�`E®Ynqikj»j��´p�~,puikn¡jkn¡{�`

�lps�]i�j�|3�µj�i
λ
|3�]�

L
n¡�]�o`_~�`_�]�o`_�µj9p3£

j
|3�]�

r
ikw]��[�jk[L|3j

P(Tr(s) ≥ n) ≤ (1 + c2καr)−nL
r
∏

j=1

(

1 − λαr−j
)−1

.

b �Ï|s�o�Yn¡jknqps�K�ojk[]`�~oy�p4�Yw]�_j���|3��m�`Xm�pswo�]�o`l�Ï|3m,pº{�`�mµg

r
∏

j=1

(

1 − λαr−j
)−1

≤
∞
∏

j=0

(

1 − λαj
)−1

= R < ∞.

°´ps�]i�`lvµw]`_�hjkr¡g��
P(Tr(s) ≥ n) ≤ LR(1 + c2καr)−n.

.Lpsy
r = b(1 − ε) ln n

h+
c |3�]� ε

ik^¬|3r¡rK`_�]pswotu[K�Ljk[]`_y�`·`E®4nqi�j�i�|¨�lps�]ikj�|3�µj
R′ ikw]��[Àjk[L|3j

P(Tr(s) > n) ≤ R′ exp(−c2κnθ),

��[]`_y�`
θ = ε − ε2 + ε3 > 0

Å�ÂÃ`Xjk[]`_�Ï�o`l�Yw]�l`X£«y�ps^ ª ��¯´jk[L|3j

P(`n ≤ r) ≤ 4rR′ exp(−c2κnθ),

��[onq��[�nqi�jk[]`�t�`_�]`_y�|3r�j�`_yk^ p3£+|¨�lps�h{�`_ykt�`_�µjXi�`_yknq`li�Å¶c-�]�l`V|3tµ|3n¡�K�La´psy�`_r ²á°.|3�hj�`_r¡r¡n � `_^¨^¬|
|3~o~or¡nq`li9|3�]�

lim inf
n→∞

`n

lnn
≥ 1

h+

|YÅÆi�Å

• � 5 �:����� �-5 Ln
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Z�pF�lps^¨~orq`_j�`Vjk[]`X~oy�php3£k�]ps�]`X�]`l`l�oi�j�p¨i�[]p���jk[L|3j

lim sup
n→∞

Ln

lnn
≤ 1

h−

|YÅÆi�Å

¦-tµ|3n¡�K�4ikn¡�]�l`
Xn(s) = k

£¼psy
n = Tk(s)

�µmhg¨^Fps�]psj�ps�onq�_n¡j�g�|3yktuwo^F`_�hj�i.n¡j1ikwY¬�l`li´j�p¢ik[]p��
jk[L|3j

lim inf
k→∞

min
s

lnTk(s)

k
≥ h−

|YÅÆi�Å

� `_j
0 < ε < 1

Å+¦-i�n¡�¨jk[]`´~oy�`_{4nqpsw]i�~oy�php3£	£«psy+jk[]`�ik[]psykj�`li�j�moy�|3�]��[]`li���n¡j�ikwY¬�l`li�j�p-m�pswo�]�
|3m�p�{�`

P
(

min
s

Tk(s) < expkh−(1−ε)
)

mhg·jk[]`´t�`_�]`_y�|3rYj�`_yk^#p3£,|-�lps�µ{�`_ykt�`_�hj¶i�`_yknq`li�j�pX|3~o~or¡g¢a.psy�`_r ²á°.|3�µj�`_r¡r¡n � `_^¨^¬|YÅ¶c-mh{hnqpsw]i�r¡g��

P
(

min
s(k)∈Ak

Tk(s) < expkh−(1−ε)
)

≤
∑

s(k)∈Ak

P
(

Tk(s) < expkh−(1−ε)
)

.

°1[]p4puikn¡�ot
t ∈ [0, 1]

�	jk[onqi�n¡^¨~or¡nq`li�jk[L|3j

P
(

Tk(s) < expkh−(1−ε)
)

≤ P
(

tTk(s) > tn
)

,

��[]`_y�`
n ; < == exp(kh−(1−ε))

Å+Z.[]`��o`l�lps^¨~�puikn¡jknqps� ª#�h¯E��j�pst�`_jk[]`_y´��n¡jk[Fjk[]`�n¡�]�o`_~�`_�]�o`_�]�l`
p3£+jk[]`

Zj(s)
£¼psy

1 ≤ j ≤ k
�]ghnq`_rq�

P
(

tTk(s) > tn
)

≤ t−n
k
∏

j=1

E
[

tZj(s)
]

.

b �¬psy��o`_y´j�p·m�pswo�]��|3m�p�{�`-jk[]`�j�`_yk^
tn
ªS��n¡jk[

0 < t < 1
¯E�hrq`_j

t ; < == (1+ c/n)−1 m�`���[]pui�`_�K�
��[]`_y�`

c
nqi�|3�hgÀ�lps�]ikj�|3�µj9ikw]��[�jk[L|3j��o£«psy�|3r¡r

j ≥ 1
�

p
(

s(j)
)

≤ cβj , where β ; < == exp(−(1 − ε2)h−).
ª 5���¯

Z.[]`�t�`_�]`_y�|3jkn¡�ot£«wo�]�_jknqps�§p3£
Zj(s)

nqi�tun¡{�`_�§mhg7}�psmon¡� |3�]�§¤X|3w]�Yn¡� 'Ú�u�*)�|3�]�½i�jky�ps�otur¡g
�o`_~�`_�]�oi9ps�Çjk[]`¢p�{�`_ykrD|3~o~on¡�ot�ikjkykw]�_jkwoy�`�p3£�jk[]`·�´psy��

s(j) Å .Lpsy 0 < t < 1
�	jk[onqi�£«wo�]�_jknqps�

nqi��1`_r¡r��o`"!]�]`l�Ï|3�]��nqi�tun¡{�`_��mµgÃª«i�`l`�¦9i�i�`_ykjknqps�ÀnT¯�p3£+x�y�ps~�puikn¡jknqps�Ç�YÅ65º¯

E
[

tZj(s)
]

= 1 − (1 − t)

tjp
(

sj

)(

γj(t) + (1 − t)δj(t−1)
) ,
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��[]`_y�`
γj(t)

|3�]�
δj(t)

|3y�`��o`"!]�]`l�§n¡� ª¼��¯EÅ���psy�`lp�{�`_y���£«y�ps^ ¦9i�i�`_ykjknqps�½n¡nT¯·p3£�x�y�ps~�puikn ²
jknqps���YÅ65u��n¡j�nqi�psmh{hnqpsw]i1jk[L|3j�jk[]`_y�`�`E®Ynqikj�i¶|X�lps�]ikj�|3�hj

θ
n¡�]�o`_~�`_�]�o`_�µj.p3£

j
|3�]�

s
i�w]��[Fjk[L|3j��

£¼psy
t = (1 + 1/n)−1 �

γj(t) ≤ 1 + θ(1 − t).

ehn¡�]�l`9jk[]`�£Swo�]�_jknqps�
x 7→ (A + x)/(B + x)

n¡�]�_y�`�|si�`li´��[]`_�
B ≥ A

�o|3�]��ikn¡�]�l`9n¡�]`lvhwL|3r¡n¡j�g
ª 5���¯.[]psrq�oi��Yjk[]`�t�`_�]`_y�|3jkn¡�otF£«wo�]�_jknqps�Ïi�|3jknqi4!L`li

E[tZj(s)] ≤ 1 − c−1

βj
(

1
1−t + θ

)

+ c−1 + qk(s)
,

ª 5�5º¯

��[]`_y�`
qk(s)

�L�o`_~,`_�]�Yn¡�ot¬ps�Ïjk[]`�p�{�`_ykrD|3~o~on¡�otPikjkykw]�_jkwoy�`·p3£
s(k) �onqi��o`"!]�]`l��mµg

qk(s) ;�<>== max
1≤j≤k

j−1
∑

m=1

� 5
{sm...s1=sj ...sj−m+1}β

j−m

ª«�o`"!]�on¡jknqps� p3£
δj
�´`_y�`�tun¡{�`_�§n¡� ��¯EÅ�Â [L|3j�`_{�`_y�jk[]`�p�{�`_ykrD|3~o~on¡�ot½ikjkykw]�_jkwoy�`�nqi��

qk(s)
nqi

�lps�hjky�psr¡rq`l��mhg

0 ≤ qk(s) ≤
β

1 − β
.

ª 5���¯

Z.[hw]i��

k
∏

j=1

E[tZj(s)] ≤ exp

[

−
k
∑

j=1

ln
(

1 − c−1

βj
(

(1 − t)−1 + θ
)

+ c−1 + qk(s)

)−1
]

.

ehn¡�]�l`»jk[]`�£«wo�]�_jknqps�
x 7→ ln 1/(1 − x)

nqiXn¡�]�_y�`�|si�n¡�ot]� |N£«j�`_y�|P�lps^¨~L|3yknqi�ps�Ãm,`_j �1`l`_�7i�wo^
|3�]��n¡�µj�`_tuy�|3r�|3�]��|N£«j�`_y�jk[]`���[L|3�ot�`Vp3£+{s|3yknD|3morq`

y = βx
(

(1 − t)−1 + θ
) �]ps�]`�psmoj�|3n¡�]i

k
∏

j=1

E[tZj(s)] ≤ exp

[

− 1

lnβ−1

∫ (1−t)−1+θ

βk
(

(1−t)−1+θ
)
ln
(

1 − c−1

y + c−1 + qk(s)

)−1 dy

y

]

.

Z.[onqi´n¡�hj�`_tuy�|3r,nqi.�lps�h{�`_ykt�`_�µj�n¡�À|·�]`_n¡tu[hm,pswoyk[]p4ph�Àp3£
+∞ �µ[]`_�]�l`9jk[]`_y�`9`E®4nqikj�i.|¢�lps�]ikj�|3�µj

C
�Yn¡�]�o`_~,`_�]�o`_�hj-p3£

k
|3�]�

s
ikw]��[Àjk[L|3j

k
∏

j=1

E[tZj(s)] ≤ C exp

[

− 1

lnβ−1

∫ +∞

βk
(

(1−t)−1+θ
)
ln
(

1 − c−1

y + c−1 + qk(s)

)−1 dy

y

]

.
ª 5:��¯
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b�£
Li2(z) =

∑

k≥1 zk/k2 �o`_�]psj�`liPjk[]`��_rD|si�iknq��|3rX�Yn¡rqpstµ|3ykn¡jk[o^��-ps�]`Ç[L|si d
dy Li2(− v

y ) =
1
y log(1 + v/y)

�]��[onq��[Ïrq`�|s�oi�j�p»jk[]`X£¼psyk^VworD|

∫ +∞

ak

ln

(

1 − c−1

y + c−1 + qk(s)

)−1
dy

y
= Li2

(

−qk(s)

ak

)

− Li2

(

−1 + cqk(s)

cak

)

.

��psy�`lp�{�`_y��Ln¡�Ï|��]`_n¡tu[µm�pswoyk[]php4�Ïp3£ −∞ �

Li2(x) = −1

2
ln2(−x) + O(1),

ª 5��h¯

��[onq��[Àghnq`_rq�oiº�hwo�]�o`_y.jk[]`�|si�ikwo^¨~ojknqps�]i
ak → 0

|3�]�
qk(s) → 0

��[]`_�
k
j�`_�]�oi.j�p¢n¡� !]�on¡j g��

∫ +∞

ak

ln

(

1 − c−1

y + c−1 + qk(s)

)−1
dy

y
= Li2

(

−qk(s)

ak

)

+
1

2
ln2 ak + O(ln ak).

Z.[hw]i��ojk[]`�m�`_[L|l{4nqpswoy�p3£+jk[]`�n¡�µj�`_tuy�|3r n¡�7ª 5:��¯.�o`_~�`_�]�oi�ps��jk[]`V|sikg4^¨~oj�psjknq�li�p3£
qk(s)

Å
. n¡y�i�j�rq`_j�w]i��lps�]iknq�o`_y�jk[]`���|si�`·p3£�jk[]`X�´psy��oi

s(k) i�w]��[�jk[L|3j qk(s) < exp
(

−
√

k
) |3�]�

rq`_j
zk ;�<>== exp

(

−
√

k
) Å�.Lpsy�ikw]��[Ï�1psy��oi��ojk[]`¢|3m,pº{�`·`lvµwL|3r¡n¡j gPn¡^¨~or¡nq`li

∫ +∞

ak

ln

(

1 − c−1

y + c−1 + qk(s)

)−1
dy

y
≤ ln ak ln zk − 1

2
ln2 zk + O(ln zk).

°´ps�]i�`lvµw]`_�hjkr¡g��]��[]`_�
ak = βk

(

(1 − t)−1 + θ
)

∼ exp(−kh−(ε − ε2))
�]ps�]`�t�`_j�i

k
∏

j=1

E[tZj(s)] ≤ C exp

[

− ε

2(1 + ε)
k3/2 + O(k)

]

.

Z.[]`_y�`�|3y�`
4k �1psy��oi�p3£,rq`_�otujk[ k

�s[]`_�]�l`�{�`_ykgVy�pswotu[or¡g��µmµg�j�|3¹hn¡�otXjk[]`�ikwo^�pº{�`_y�jk[]`.�1psy��oi
p3£+rq`_�otujk[

k
ikw]��[�jk[L|3j

qk(s) < zk
�]|3�]��ikn¡�]�l`

t−n nqi�m�pswo�]�o`l�?�

∑

s(k)∈Ak | qk(s)<zk

P
(

Tk(s) < expkh−(1−ε)
)

≤ 4k exp

[

− ε

2(1 + ε)
k3/2 + O(k)

]

,

��[onq��[�nqi�jk[]`�t�`_�]`_y�|3r�j�`_yk^ p3£�|F�lps�µ{�`_ykt�`_�µjXi�`_yknq`li�Å
b�j�y�`_^¬|3n¡�]i�j�p§ikjkw]�Yg jk[]`���|si�`Ç��[]`_�

qk(s) ≥ zk
Å .Lpsy�jk[]`li�`Ç�1psy��oiº��rq`_j¬w]iPps�or¡g

�lps�]i�nq�o`_y�jk[]`�n¡�]`lvhwL|3r¡n¡j�gÃª 5���¯�|3�]�Àjk[]`_�

k
∏

j=1

E[tZj(s)] ≤ C ′ exp

[

− 1

lnβ−1

∫ +∞

βk
(

(1−t)−1+κ
)

ln
(

1 − c−1

y + c−1 + β(1 − β)−1

)−1 dy

y

]

.
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ehn¡�]�l`
x ≤ log(1 − x)−1 �]|N£«j�`_y�i�ps^F`X�´psyk¹Àp3£�n¡�hj�`_tuy�|3jknqps�K�

k
∏

j=1

E[tZj(s)] ≤ exp
(

− c−1

lnβ−1
kh−ε(1 − ε) + o(k)

)

.

Z.[]`9�L|3jkwoy�|3r�vhw]`likjknqps��|3yknqikn¡�ot¨�]pº� nqi.[]p�� ^¬|3�µg��1psy��oi
s(k) |3y�`�i�w]��[Àjk[L|3j qk(s) ≥ zk

�

� `_j�w]i��o`"!]�]`
Ek ;�<>==

{

s(k)
∣

∣

∣
qk(s) ≥ e−

√
k
}

.
��psy�`lp�{�`_y��	�_rq`�|3ykr¡g¬£«y�ps^ jk[]`·�o`"!]�on¡jknqps�Çp3£

qk(s)
�

|Ek| ≤
∣

∣

∣

{

s(k)
∣

∣

∣
∃j ≤ k :

j−1
∑

m=1

� 5
{sm...s1=sj ...sj−m+1}β

j−m ≥ e−
√

k
}
∣

∣

∣
.

� `_j�w]i��o`"!]�]`�jk[]`·i�`_j��4£«psy
j ≤ k

Sj(t) ; < ==
{

s(k)
∣

∣

∣

j−1
∑

m=1

� 5
{sm...s1=sj ...sj−m+1}β

j−m ≥ t
}

.

c-�]`·[L|si�jk[]`X£¼psr¡rqp���n¡�otFn¡�]�_r¡w]iknqps�K�

j−1
⋂

m=`

{

s(k)
∣

∣

∣

� 5
{sm...s1=sj ...sj−m+1} = 0

}

⊂ Sc
j

( βj−`

1 − β

)

,

��[]`_y�`´jk[]`´�]psj�|3jknqps�
Bc �o`_�]psj�`li+jk[]`.�lps^¨~orq`_^F`_�µj�|3ykg¨i�`_j�p3£ B n¡� Ak Å�ehn¡�]�l` e−

√
k = βj−`

1−β£¼psy
` ;�<>== j −

√
k/ ln

(

β−1
) �

Ek ⊂
k
⋃

j=1

j−1
⋃

m=`

{

s(k)
∣

∣

∣

� 5
{sm...s1=sj ...sj−m+1} = 1.

}

.

.�n¡�L|3r¡r¡g��ojk[]`·�µwo^Vm�`_y-p3£+�1psy��oi
s(k) ikw]��[Ïjk[L|3j qk(s) ≥ zk

nqi�m,pswo�]�o`l�Ï|3m�p�{�`·mµg

∣

∣Ek

∣

∣ ≤
k
∑

j=1

j−1
∑

m=`

4j−m ≤ 4

3
k4

√
k/ ln

(

β−1
)

.

b j�y�`_^¬|3n¡�]i�j�pF|3~o~or¡gÀa.psy�`_r ²á°.|3�µj�`_r¡r¡n � `_^¨^¬|F|3�]�

lim sup
n→∞

Ln

lnn
≤ 1

h−

|YÅÆi�Å
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��������'��
	���� 4 .]psy
ṽ
�lps�]iknqi�jkn¡�ot�p3£1y�`_~�`_jkn¡jknqps�]i·p3£.|�ikn¡�oturq`»rq`_jkj�`_y

v
�K��n¡jk[

p(v) ; < == p
��mhg

w]i�`�p3£�jk[]`·iB|3^F`X^F`_jk[]ph�?�]ps�]`V��|3�Ï`likj�|3mor¡nqik[Àjk[]`X£¼psr¡rqp���n¡�ot�n¡�]`lvµwL|3r¡n¡jknq`li 9

P(Xn(ṽ) < k) ≤ (1 + pk)−(n+1)
(

1 + pk (t1p)−k − 1

1 − t1p

)−1
,

P(Xn(ṽ) ≥ k) ≤ e
(

1 +
1

n + 1

(t2p)−k − 1

1 − t2p

)−1
,

��[]`_y�`
t1 ; < == 1+pk |3�]� t2 ; < == (1+1/n)−1 �s£«psy k m,`_n¡�ot�ikw]��[¨jk[L|3j�jk[]`´t�`_�]`_y�|3jkn¡�ot�£Swo�]�_jknqps�

Φ(s(k), t1)
nqi��o`"!]�]`l�?Å»Á-`_�]�l`¨ps�]`»��|3�Ã�o`_ykn¡{�`F|sikg4^¨~oj�psjknq�»~oy�ps~,`_ykjknq`li�£«psy�rqps�ot�`likjXykwo�]i�Å

��psy�`lp�{�`_y��hikn¡�]�l`´jk[]`.^¬|N®4n¡^¢wo^
Gn
p3£,jk[]`´£«pswoy+rqps�ot�`likj�ykwo�]i+n¡�

U1 . . . Un
nqi�i�^¬|3r¡rq`_y�jk[L|3�

jk[]`X[]`_n¡tu[hj-p3£+jk[]`¢°�±X}�²³jky�`l` T n
�oZ.[]`lpsy�`_^ �YÅ65�g4nq`_rq�oi

lim sup
n→∞

Gn

lnn
≤ 1

h−

|YÅÆi�Å

� ����
 � ����% � � � � �����

Z.[onqi�i�`l�_jknqps��nqi �o`_{�psj�`l��j�p�jk[]`´|sikg4^¨~oj�psjknq�1m,`_[L|�{hnqpswoy�p3£]jk[]`�n¡�]i�`_ykjknqps�»�o`_~ojk[»�o`_�]psj�`l�¢mµg
Dn
|3�]�Pj�p¢jk[]`9rq`_�otujk[Ïp3£+|�~L|3jk[�y�|3�]�ops^¨r¡gÀ|3�]�Pwo�on £¼psyk^¨r¡g���[]pui�`_���o`_�]psj�`l�Pmµg

Mn
ª«i�`l`

i�`l�_jknqps����¯EÅ
Dn
nqi¶�o`"!]�]`l��|si�jk[]`�y�|3�]�ops^¸rq`_�otujk[�p3£?jk[]`�~L|3jk[�rq`�|s�Yn¡�otVj�p�jk[]`��]ph�o`���[]`_y�`

W (n)
nqi·n¡�]i�`_ykj�`l�?� n¡�7psjk[]`_y·�´psy��oi��

Dn
nqi·jk[]`¬|3^Fpswo�hj�p3£��Yn¡tun¡j�i·j�pÀm�`F��[]`l��¹�`l�½m,`E£¼psy�`

jk[]`V~,pui�n¡jknqps��p3£
W (n)

nqi�£¼pswo�]�?Å�Z.[]`lpsy�`_^ �YÅ65Vn¡^¨^F`l�YnD|3j�`_r¡gÏn¡^¨~or¡nq`liX|:!]y�ikj9|si�gh^¨~oj�psjknq�
y�`li�wor¡j9ps�

Dn
Å�b �]�o`l`l�?�

Dn = `n
��[]`_�]`_{�`_y

`n+1 > `n
�L��[onq��[Ç[L|3~o~�`_�]i9n¡� !]�on¡j�`_r¡gÏp3£«j�`_�

|YÅÆiºÅ¡�oikn¡�]�l`
limn→∞ `n = ∞ |YÅÆi�Å�Á9`_�]�l`u�

lim inf
n→∞

Dn

lnn
= lim inf

n→∞
`n

lnn
=

1

h+

|YÅÆi�Å

ehn¡^¨n¡rD|3ykr¡g��
Dn = Ln

��[]`_�]`_{�`_y Ln+1 > Ln
�L|3�]�P[]`_�]�l`

lim sup
n→∞

Dn

lnn
= lim sup

n→∞

Ln

lnn
=

1

h−

|YÅÆi�Å

Z.[]`�£«psr¡rqpº��n¡�otFjk[]`lpsy�`_^ �lps^¨~orq`_j�`li�jk[]`V|sikg4^¨~oj�psjknq��m,`_[L|�{hnqpswoy�Å
����� )�'�������� 4:2�4

Dn

lnn

P−→
n→∞

1

h

0����
lim

n→∞
Mn

lnn

P−→
n→∞

1

h
.
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	���� 4 .Lpsy�|3� n³Å n³ÅÆ�?Å1i�`lvhw]`_�]�l`
U = U1U2 . . .

�´n¡� jk[]`���|si�`���[]`_� jk[]`�y�|3�]�ops^
{u|3yknD|3morq`li

Ui
|3y�`-�]psj.wo�on £¼psyk^¨r¡g��Ynqi�jkykn¡mowoj�`l��n¡� {A,C,G, T} �	Z.[]`lpsy�`_^ �]Å659n¡^¨~or¡nq`li.jk[L|3j

Dn
lnn

�op4`li��]psj��lps�µ{�`_ykt�`�|YÅÆi�Å+m�`l��|3w]i�`

lim sup
n→∞

Dn

lnn
≥ 1

h
>

1

h+
= lim inf

n→∞
Dn

lnn
.

�'5 �:��� ��� 8 7 3 � 543����
�

�
�
b j�ikwY¬�l`li�j�p¨�lps�]iknq�o`_y

Dn
ikn¡�]�l`XmµgÀ�o`"!]�on¡jknqps�Çp3£

Mn
�

P(Mn = r) =
1

n

n
∑

ν=1

P(Dν = r).

� `_j !o®
ε > 0

|3�]� |§~�puikn¡jkn¡{�`�n¡�µj�`_t�`_y
j0
Å � `_jÀw]iPn¡�µjky�p4�Yw]�l`Ãi�ps^F`�lps^¨~orq`_^F`_�hj�|3ykg

�]psj�|3jknqps�]iºÅ+ÂÃ`�~oy�p�{�`-Z.[]`lpsy�`_^ �]Å65�t�`_jkjkn¡�ot¢jk[]`��lps�µ{�`_ykt�`_�]�l`
limn→∞ P(An) = 0

����[]`_y�`

An ; < ==
{

U ∈ A∞ :
∣

∣

∣

Dn

lnn
− 1

h

∣

∣

∣
≥ ε

h

}

.

Z.[]`Xi�`_j
An
nqi´jk[]`_���o`l�lps^¨~,pui�`l��mhg¬n¡�µj�`_y�i�`l�_jknqps����n¡jk[Pjk[]`9i�`_j

Bn,j0

�o`"!]�]`l�Pm,`_rqpº��|3�]�
n¡j�i��lps^¨~orq`_^F`_�µj�|3ykg��

Bn,j0 ; < ==
⋂

j≥j0

{

U ∈ A∞ :
∣

∣

∣

1

j
ln
( 1

p
(

W (n)(j)
)

)

− h
∣

∣

∣
≤ ε2h

}

,

|3�]�Ï�lps�]i�`lvµw]`_�hjkr¡g
P
(

An

)

≤ P(An ∩ Bn,j0) + P(Rj0,ε),
ª 5���¯

��[]`_y�`
P(Rj0,ε) = P

(

sup
j≥j0

∣

∣

∣

1

j
ln
( 1

p
(

U (j)
)

)

− h
∣

∣

∣
≥ ε2h

)

,

|3�]�
U = U1, U2, . . .

nqi�jk[]`�t�`_�]`_yknq��~oy�p4�l`li�i-ªSy�`_^F`_^¢m,`_y´jk[L|3j¶jk[onqi¶~oy�ph�l`li�i�nqi¶i�j�|3jknqps�L|3ykgo¯EÅ
a´gVeh[L|3�o�]ps�Y²����l�Ïn¡r¡rD|3�Y²�a´y�`_n¡^¬|3�FZ.[]`lpsy�`_^ ª«i�`l`�£¼psy�`E®]|3^¨~orq`1a´n¡r¡r¡n¡�ot�ikrq`_g�' �*)S¯E�3jk[]`¶i�`l�lps�]�
j�`_yk^ p3£�ª 5���¯´nqi.m�pswo�]�o`l�Ç|3m�p�{�`u�Likn¡�]�l`

lim
j0→∞

P(Rj0,ε) = 0
£¼psy�`�|s��[

ε > 0.

��psy�`lp�{�`_y��LmµgP�o`"!]�on¡jknqps�Çp3£
Xn
�Yjk[]`�n¡�]i�`_ykjknqps�Ï�o`_~ojk[Ï��|3��m�`X��ykn¡jkj�`_�

Dn = Xn−1

(

W (n)
)

+ 1.
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ehn¡�]�l`
Xn(s)

£¼psy
Tk(s)

|3y�`�n¡���YwL|3r¡n¡j�g��

P(An ∩ Bn,j0) ≤
∑

r

Pn,r

∑

U(r)

P(Tr(U) = n),

��[]`_y�`�jk[]`�!]y�ikj�ikwo^&y�|3�ot�`li�p�{�`_y�n¡�hj�`_t�`_y�i
r
ikw]��[ jk[L|3j |r/ lnn − 1/h| ≥ ε/h

�K|3�]��jk[]`
i�`l�lps�]��ikwo^ y�|3�ot�`li�pº{�`_y�~oy�`"!o®o`li

U (r) ikw]��[Ïjk[L|3j

max
{∣

∣

∣

1

j
ln
( 1

p
(

U (j)
)

)

− h
∣

∣

∣
: j0 ≤ j ≤ r

}

≤ ε2h.

81|s��[ �1psy��
U (r) p3£¶jk[onqiXi�`l�lps�]�ikwo^ i�|3jknqi !L`liº�L£¼psy 1 ≤ j ≤ r

�?|3�]�Ç£¼psy9i�ps^F`»�lps�]ikj�|3�hj�i
c1 = c1

|3�]�
c2 = c2

ps�or¡gÀ�o`_~,`_�]�Yn¡�ot�ps�
ε
�

c2α
j
2 ≤ p

(

U (j)
)

≤ c1α
j
1, α1 ; < == exp(−(1 − ε2)h), α2 ; < == exp(−(1 + ε2)h).

�9ikn¡�ot�jk[]`�rqp��1`_y�ªSy�`lik~KÅ�wo~o~�`_yB¯�`li�jkn¡^¬|3j�`¨p3£
p
(

U (j)
) £¼psy

r ≤ r2 ; < == b(1 − ε) ln n
h c ªSy�`lik~KÅ£¼psy

r > r1 ; < == b(1 + ε) ln n
h c ¯�|3�]��|3yktuwon¡�ot�`E®]|s�_jkr¡gP|si�n¡��e4`l�_jknqps� �Y�]ps�]`Xt�`_j�i

P(An ∩ Bn,j0) = O(1)
(

exp
(

−Mnε(1−ε+ε2)
)

+ n
− c−1

1

ln α−1
1

ε+o(1)
+ e−(M ′+o(1))(ln n)3/2

)

��[]`_y�`
M
|3�]�

M ′ |3y�`�j��´pF~�puikn¡jkn¡{�`��lps�]ikj�|3�µj�i-n¡�]�o`_~�`_�]�o`_�µj-ps� n
Å
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	 � �  � % � ���2� ��� � % ��% � � � � ����� � � ��� � ����% ��� �  �#"$��%&���
Φ(s(r), t)

	���� � � � ��� ������
�
 � ����% ��� %>%��
Z.[]`_y�`¶`E®4nqikj�iK|.£Swo�]�_jknqps�

K(s1, sr,m)
wo�on £«psyk^¨r¡g9m,pswo�]�o`l�·mµgXjk[]`��lps�]ikj�|3�hj

K ; < == sups1,sr,m |K(s1, sr,m))|i�w]��[�jk[L|3j
Qm(s1, sr) − p

(

sr

)

= K(s1, sr,m)γm,
ª 5���¯

��[]`_y�`
γ
nqi�jk[]`·i�`l�lps�]�Ï`_n¡t�`_�µ{u|3r¡w]`Vp3£ jk[]`·jky�|3�]ikn¡jknqps�Ï^¬|3jkykn ®?Å¶°´ps�]i�`lvhw]`_�µjkr¡g��

|γr(t) − 1| =
∣

∣

∣

1 − t

tp
(

sr

)

∑

m≥1

K(s1, sr,m)(γt)m
∣

∣

∣

≤ γK

minu p(u)

|1 − t|
1 − γt

.

¦9i�i�`_ykjknqps�Àn¡nT¯.[]psrq�oi���n¡jk[
κ′ ; < == γK/minu p(u)

Å

	�� � � � � ��� ������
�
 � ����% ��� %>% %��
Z.[]`V�o`_ykn¡{s|3jknqps�Ïp3£+jk[]`�t�`_�]`_y�|3jkn¡�ot¬£Swo�]�_jknqps�

Φ(s(j), t)
rq`�|s�oi�j�p

E[Yr(s)] =

r
∑

j=1

� 5
{sr ...sr−j+1}
p
(

s(j)
) − γ′

r(1).

¦9i�i�`_ykjknqps�Ànqi�~oy�p�{�`l����n¡jk[
M ; < == γK/(1 − γ)minu p(u)

Å

	�� � � � � ��� ������
�
 � ����% ��� %��
c-�Àjk[]`·wo�on¡j��Ynqik¹ |t| < 1

�ojk[]`·i�`_yknq`li

S(t) ;�<>==
1

t

∑

m≥1

Qm(s1, sr)t
m ª 5º�u¯

nqi��1`_r¡r��o`"!]�]`l�Ï|3�]�Ïps�]`�[L|si�jk[]`·�o`l�lps^¨~�puikn¡jknqps�

1 − t

p
(

sr

)

t

∑

m≥1

Qm(s1, sr)t
m = 1 +

1 − t

p
(

sr

)

t

∑

m≥1

[

Qm(s1, sr) − p
(

sr

)]

tm.

Z.[]`�£Swo�]�_jknqps�
∑

m≥1

[

Qm(s1, sr) − p
(

sr

)]

tm
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nqi-|3�L|3r¡ghjknq��|3r¡r¡gÀ�lps�µjkn¡�hwL|3morq`Vj�pFjk[]`��ops^¬|3n¡�
γ|t| < 1

�L|3�]�Àjk[]`_��jk[]`�ikwo^

1 − t

tp
(

sr

)

∑

m≥1

Qm(s1, sr)t
m

�lps�h{�`_ykt�`li-ps�Àjk[]`Vi�|3^F`��ops^¬|3n¡�KÅ´c-�]`�[L|si�j�p¨�o`_j�`_yk^¨n¡�]`·jk[]`�©�`_y�pui�p3£

D(t) ; < == p
(

s(r)
)

tr +
(1 − t)p

(

s(r)
)

tr

p
(

sr

)

t

∑

z≥1

tz
[

Qz(s1, sr) − p
(

sr

)]

+ (1 − t)
[

1 +
r−1
∑

j=1

tjp
(

s(j)
) � 5

{sr−j ...s1=sr ...sj+1}
]

.

¦9i�ikwo^¨n¡�ot¨jk[L|3j-i�ps^F`
0 < t < 1

nqi�|�y�`�|3rKy�p4psj�p3£
D(t)

�ojk[]`_���´`�[L|l{�`

0 <
(1 − t)p

(

s(r)
)

tr

p
(

sr

)

t

∑

z≥1

tzQz(s1, sr)

= (t − 1)
[

1 +
r−1
∑

j=1

tjp
(

s(j)
) � 5

{sr−j ...s1=sr...sj+1}
]

< 0.

b j»nqi�jk[µw]iFpsmh{hnqpsw]i¨jk[L|3j¨jk[]`_y�`�|3y�`��]py�`�|3r�y�p4psj¨p3£
D(t)

n¡�
]0, 1[

Å �Çpsy�`lpº{�`_y��¶�´`À��|3�
y�`�|s�Yn¡r¡g���[]`l��¹¬jk[L|3j

0
|3�]�

1
|3y�`9�]psj1©�`_y�pui�p3£

D(t)
Å+ÂÃ`9�]pº� rqp4ps¹¨£¼psy�|·y�p4psj�p3£�jk[]`-£«psyk^

t = 1 + ε
��n¡jk[

ε > 0
�ojk[L|3j�nqi�j�p¨i�|lgÀikw]��[�jk[L|3j

ε =
(1 + ε)rp

(

s(r)
)

(

1 − ε
p(sr)(1+ε)

∑

z≥1 tz[Qz(s1, sr) − p(sr)]
)

(

1 +
∑r−1

j=1(1 + ε)jp
(

s(j)
) � 5

{sr−j ...s1=sr ...sj+1}
) .

ÂÃ`X[L|�{�`·jk[]`_��jk[]`Xn¡�]`lvhwL|3r¡n¡j�g

ε ≥ cp
(

s(r)
)

1 +
∑r−1

k=1 p
(

s(r−k)
)

≥ κp
(

s(r)
)

.

.�n¡�L|3r¡r¡g��,jk[]`¢t�`_�]`_y�|3jkn¡�ot�£«wo�]�_jknqps� p3£
Yr(s)

�o`_�]psj�`l�Ïmhg
Φ(s(r), t)

nqi9|3j9rq`�|sikjX�o`"!]�]`l�Çps�
[

0, 1 + κp
(

s(r)
)[ Å
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