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^`_badcfeEgYhPa!ai_`g(jCkmlonop?qrh
sLt kvudhEcxw=yvz|{bh

} yv~�~|k t c�{bh t hP���rh t ����h�z(�N�m�?�`�����y t a!�v�m�N�����P�m�-~�ym�mhPa

�����P�E�/�r�m�m� w=km�mn����rqrz���cik t a¡ ¢k t g£y�  t ymgYhE¤6k tf¥  ¢k t a¦~ChP�En§ ¢_`nozr�TzrhE¤¨l©kN�mn��EaPª3yvz�{�{bh t no«?nozr�Tyvqb¬
cfkmg�y/cfno�Pyvlol©_�ci��hEk t hEg~ t k/«mh t a�ymz�{��Ekmz�ainoa¦cihPz���_�®v��kmgY~rloh�cfhEzrhOaia!{rnoym�mzrk?a¦hOaE¯x°6cfkmgYn��± ¢qrz���cik t a²y t h
lokm�Nno�PaL ¢k t gYymzrno~rqrl�y/cinozr��ai_?g-j|kNloa³ymz�{��Ekmz�� t hEcih±{bkmg�yvnoz�aPª`¤!�rn©loh±kvcf�rh t  ¢qrz���cik t a!y t h¡l©kN�mn���c t ymz�ad¬
 ¢k t gYh t axci��yvc�gYyG_�yN{r{´�Ekmzrz�hP��cfn©«NhPa²k t±t hP�Eq t aino«mh-a¦c t q���ciq t hPaPª\k t g�yG_�yvl©cih t cf�rh�a¦hPgYymz?cin��Ea²kv �y
lokm�Nno�m¯�µ³�rhYa¦hPgYymz?cin��-a¦c t q���cfq t h-km Lci�rh�  t yvgYhE¤6k tf¥ noa²gYkb{bhEl�ci��hEk t h�cfno��yma²kN~r~|k?a¦hO{Tcikcf�rh-«Nh t n§¬
 ¢q�z���cfn©kNz�yvl�a¦cd_`l©h³km ¶cihEzYq�aihP{�noz���l�ymafa¦n��Eyml?lokm�Nno�m¯�µ³�rn�aL�EkmgYhPaA�El©k?a¦h6cik±cf�rh�aihEg�yvz?cin��Ea�km \{rhPaf� t n©~bcfn©kNz
lokm�Nno�PaEªvymz�{�¤6h³a¦�rk/¤·n©z�{rhEhP{(ci�|y/c�ci�rh³lokm�Nno�

ALC
�Pyvz-j|h t hEjrqrnol©c�q|a¦nozr�²l©kN�mn��L ¢qrz|��cik t aP¯�µ³��noa�km¸Ch t a

cf�rhxnogYgYhP{bn�y/cfhxym{b«/ymzNc�yv�Nh³ci��yvc�«/y t noymz?cfaAkm 
ALC

�Eyvz�jCh�hE¹`~�l©k t hO{�yvz�{YnogY~rl©hPgYhEz?cihO{ºyvlogYkNa¦cA ¢k t
  t hEhN¯´µ³�rn�a t hE~Ck t c��EkmgYhPa(¤!n§cf�»h�¹`cfhEz�ain©«Nh�yv~�~|hPz�{bn���hPa�{bhOai� t nojrnozr��noz·{bh�c�yvnol6y�cik`kmlojCkG¹�km �l©kN�mn��
 ¢q�z���cfk t a�¼W{bhE½�zrn©cinokmz�aPª�yvlo�mk t n©ci��gYaPª?ci�rhPk t hEg�aPªryvz�{�~ t k?km Waf¾�¯
¿ÁÀ?Â\ÃfÄ(Å �/Æ��m� l©kN�mn��vªL��kNgY~|kNzrhEz?cfaPªAgYkb{bqrlohPaYyvz�{Ç ¢qrz���cfk t aEªLci�rhPk t hEg:~ t k/«mhPaPª�cd_`~|hT���rhP� ¥ nozr��ª
ym~r~rlono�Py/cfn©kNz{bhP«mhPl©kN~r~|hPgYhEz?c
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	� ���� � � w3hPa� ¢kmz|��cihPq t a�lokm�Nnop?qrhOaA ¢k t gYhEz?c�q�z�a¦_ba¦ciePg�h¡~|h t gYhEc¦cfymz?c³{bh²a¦~��P�En§½|h t {bhxzrkNqr«mhPl©lohPa
lokm�Nnop?qrhOa�h�c�{�� hPz·{�� t no«mh t yvqbcfkmg�y/cfnop?qrhPgYhEz?c�l©hOa({��PgYkmz�a¦c t y/cfhEq t a�{bh�cf���Ek t ePgYhPaPª�ymn©z�ain�p?qrh�{bhPa
{rnoym�mzrk?adcfnop?qrhOa({bh��kmz|a¦n�adcfhEz��EhG®v��kmgY~rl���cfq�{bhN¯+w3hOa� ¢kNz���cfhEq t a-yvcikNg�n�p?qrhPa�aikmz?c-{bhOa(lokm�Nnop?qrhOa(g�y/¬
z�n©~rq�loymzNcY{bhPa�ai_?g-j|kNl©hOa(hEc�{bhOaY{bkmg�yvnozrhOa(��kNz�� t h�c�aEª�c�yvz�{bn�aYp?qrh�lohPa�yvqbc t hOa� ¢kNz���cfhEq t a(aikmz?cY{bhPa
c t ymz�a¦ ¢k t gYyvcihPq t a�{rh�lokm�mn�p?qrhPa(pNq�n�~ChEqr«NhEz?c�yvudkmqbcfh t {rhPa���kmz�zrhP��cihEq t a(kmq»{bhOa(a¦c t q���cfq t hOa t �P�Eq t ¬
aino«mhPaPª³kmq hPz���k t hÁgYkb{bn©½�h t loy»a��Eg�ymzNcfnop?qrh+{�� q�zrh´lokm�Nnop?qrhN¯�w=h´a¦cd_?loh´{bh´loy»a��Eg�ymzNcfnop?qrh+{bh´��h
ai_badcfeEgYh�hOadc±��hEloqrn�{bh(l�yYcf���Ek t noh-{bhOa�gYkb{beElohPa¡~rloqbc��mc²p?qrh-l©h�adcd_`loh�«�� t n© ¢kmz���cinokmzrz�hEl�aikmq�«mhEz?cxqrcinol§¬
n�a��EhYhEz�lokm�mn�p?qrh���l�ymafa¦n�p?qrhm¯	��hºa¦cd_`l©hºaih t ym~r~ t kb���rh�{rh�loyÁa��Eg�yvz?cfnop?qrh�{bhOa�l©kN�mn�p?qrhPa�{bhº{rhPaf� t n©~b¬
cfn©kNz3ªCh�cxzrkNq�a�gYkNzNc t kNz�a�{�� yvnolol©hPq t a¡p?qrh�l�y�l©kN�mn�p?qrh

ALC
~ChEqbc���c t h t hP�Ekmz�a¦c t qrn©cih�hEz´qbcinol©n�afyvz?cxlohPa

 ¢kNz���cfhEq t a²l©kN�mn�p?qrhPaP¯���hEl�y�km¸ t h�l�� yG«/yvz?cfym�mh�nogYg��O{bn�y/c�p?qrh�{rhPa±«/y t noymz?cihPa²{bh
ALC

~ChEq�«mhEz?c ��c t h
hE¹b~rl©k t �PhPa�h�cLnogY~rl��EgYhEz?c��PhPaA~ t hOaip?qrh³� t y/cfqrn©cihEgYhPzNcO¯!��h t yv~r~Ck t cAhPa¦c�ym�P��kmgY~�ym�mz��³{bh³zrkNg(j t hEq�aihPa
ymzrzrhE¹`hOaA{��P� t no«/yvz?cAhEzº{��Ecfymn©lrq�zrh!j|k#"ocfh%$±kmqbcfn©l�aL{bh³ ¢kNz���cfhEq t a�lokm�mn�p?qrhPa!¼I{���½|zrn§cfn©kNz�aPªNyvlo�mk t n©ci��g�hOaEª
cf���Ek t ePgYhPa6h�c�~ t hEq�«mhPa�¾�¯
&&Å �O� Ã ��' � � lokm�Nnop?qrhNª¡�EkmgY~|k?aiymz?cfaPªxgYkb{bqrlohPah�cT ¢kmz|��cihPq t aEª²{��EgYkmz|adc t yvcinokmz {bh�cf���Ek t ePg�hOaEª
«(� t n§½C�Ey/cfn©kNz�{bh±cd_`~Chmªr{��P«mhPl©kN~r~|hPgYhEz?cx{�� yv~r~rlon��Ey/cfn©kNz�a
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6 hx~ t hOa¦hPzNc6y�  t yvgYhE¤6k tf¥  ¢k t jrqrnol�{bn©z��(hEg-j|hO{r{rymjrl©h¡yvqbcfkmg�y/cfno��ci�rhPk t hEg ~ t k/«Nh t a� ¢k t7���8�9����:;�=<?>�@A �B�C���9� ¯�µ³�rh�  t ymg�hP¤�k ti¥ {bh�½�z�hPa A �B�C���ED���F�G������� yma!lokm�Nno���EkmgY~|kNzrhEz?c�aGH� ¢k t noz�a¦cfymz���hNª�kmz�h(��kNg�~Ckv¬
z�hEz?c�g�yG_±jCh�cf�rh6~ t kN~|k?a¦n©cinokmz|yvl?l©kN�mn��vª/yvzrkmci�rh t �EkmgY~CkmzrhPzNc�g�yG_±j|h6ci��h�noz?cih t «/yvl`lokm�mn��vª/ymloaik¡�Pyvlol©hO{
noz?cih t «/yvl�aP¯�w3kN�mn��� ¢qrz���cik t a��Pyvz�j|h���kmgY~CkNaihP{+cik� ¢k t g£zrhP¤¨lokm�Nno�PaEª� ¢k t noz�a¦cfymz���hNª�~ t km~CkNain©cinokmz�yml
lokm�Nno�¡kmzTnoz?cih t «/yvl�aE¯I yN���»lokm�mn��� ¢q�z���cfk t ��yma-n§c�a�k/¤!zÇ~ t k`km ¶¬Icf�rhEk t _Nª�¤!��no���·�Pyvz»jChn©gY~rlohEgYhEz?cfhP{·yNa-y�ci�rhPk t hEg
~ t k/«Nh t ¯ 6 h�{bhPain t h¡ci��yvc6cf�rh�~ t k`kv ¶¬Uci�rhPk t _Yymz�{�ci�rh±cf�rhEk t hPg ~ t k/«Nh t kv �ci�rh���kNgY~|k?a¦n©cinokmzkv �l©kN�mn��
 ¢q�z���cfk t a¡ai�rkmq�lo{ t hPaiqrl©cx  t kmg1cf�rh-�EkmgY~|k?a¦n©cinokmz´kv Lcf�rh-~ t k`kv ¶¬Uci��hEk t nohPa�ymz�{Ácf�rh�cf�rhEk t hPg~ t k/«Nh t a
km =cf�rh���kNg�~Ckmz�hEz?c!l©kN�mn��x ¢q�z���cfk t aE¯

°xl©l3lokm�Nno�¡ ¢qrz|��cik t a!ymz�{�ci�rhPn t �EkmgY~CkNain§cfn©kNz�a6n©gY~rlohEgYhEz?cxyY��kNgYg�kNz �JK�L>G�MD�NC��> ¯�µ³�rn�a³g�y ¥ hOa³n§c
~CkNafain©jrloh±cikº�Ekmz�a¦c t q���c��mhEz�h t no�±yv~�~rl©n��Eyvcinokmz�a6cf��y/c²�EyvzTjCh�noz�adc�yvz?cin�y/cfhP{¤!n©ci��yYlokm�mn��±��kNg�~Ckmz�hEz?cP¯
��kNz`«mh t aihElo_mªP�Eq�a¦cikmgYnPOEhO{�l©kN�mn��EaËj�qrn©l©c�q�a¦nozr�!cf�rh�lokm�Nno�A ¢qrz���cfk t a��Pyvz�jCh >G:RQ�>�@C@S>�@ noz(yvz-yv~r~rlon��Ey/cfn©kNz
cf��y/cx�EkmgY~rlo_º¤!n©ci�ci�rn�a!noz?cih t  Wym�Ehm¯

w=km�mn��( ¢qrz���cfk t a�a¦~ChP�En§ ¢_+a¦km ¶cd¤6y t hY��kNg�~Ckmz�hEz?cfa²kv¸C¬Uci�rhE¬Îai�rhEl© ²¼ �ET²µ�^r¾�ª\cf�rh�«/yvlono{�y/cinokmz�kv �ci�rh
�EkmgY~CkNain§cfn©kNz�kv �¤!��no��� t hO{bq��EhPa=cik±y� ¢k t g�km rcd_`~|hE¬Î���rh ¥ n©zr�|ª/yvz�{�ci�rhPn t �EkmgY~|k?a¦n©cinokmz-yvqbcfkmg�y/cfno�Pyvlol©_
t hPaiqrl©cfaËnoz�yvz�ymqbcikNgYyvcin���ci�rhPk t hEg ~ t k/«Nh t ¯3w3km�Nno�� ¢qrz|��cik t a=�Eyvz�jChLymafaihEg(j�l©hO{¡j`_¡loyG_`gYhEz3ªGyvz|{¡q|a¦hO{
t kmqrcinozrhElo_Tn©z�a¦_ba¦cihPg-¬ÎlohE«mhPl�~ t kN� t yvgYgYn©zr�|ªCaiq�����yma±��kNg�~�n©loh t aEª\kN~|h t yvcinozr��ai_badcfhEg�aEª\½|l©hE¬Îai_badcfhEg�aEª
ymz�{�n©zb ¢k t g�yvcinokmzTa¦_ba¦cihEg�aP¯

°xz�n©gY~rlohEgYhPzNc�y/cfn©kNzÁkv Lyvlol3lokm�mn��² ¢qrz���cik t axn©zTcf�rh(yv~�~|hPz�{bn���hPa-¼Wymz�{TgYk t hO¾³n�a�yG«/yvnoloymjrloh�yma�ymzT¡~ChEz�^`kmq t �Eh´a¦km ¶cd¤6y t h´l©noj t y t _mªxyG«/yvnol�yvjrloh´y/cVU�W8WSX4YBZ8Z�[\[8[4]9^`_F^\aCbc]�dS_eZSf\bCg�h8i8ZSd\iS_8_�i8Z\f\j�k�dSl\g\¯
s�t kN~|h t cfn©hOa!kv Ajrqrnol©c¡lokm�mn��Eax�EyvzÁjCh(���rhO� ¥ hO{ymqbcikNg�y/cin��Eyml©lo_m¯³w3kN�mn��² ¢qrz���cik t axy t h�nogY~rlohEgYhEz?cihO{�ymaT �6ymgYlËg�kb{bq�l©h² ¢qrz���cik t aP¯
monGm �������E�qpr�T7��=,!2 ����#/����'47±������� )������,!���=���� �sr��Ë��,�'4�

t zvu � } ��w|ª���h t �N�?xÎª�¤6h���yG«mhÁ~ t kN~|k?a¦hO{ w=km�Nno�Pyvl t zb ¢k t g�yvcinokmz ^`_ba¦cihEg�aºci��yvcy t hÁjrqrnol©cqr~Ckmz y
«/y t n�yvz?c�km =�rk t g�yvl���kmz��EhE~bc³°�z�yml©_bainoayu z 6|{S{ xÎª?z|yvgYhElo_�w=km�Nno�Pyvl ��kNz���hP~bc6°xz�yvlo_ba¦n�a}u � } �m��xU¯Aµ³�rh

~�~��q���9�����



w 	 >G�9� ����� ��@S�����

  t yvgYhP¤�k ti¥ n�aL�NhEzrh t n��³n©zYcf�rhxaihEz�aih³ci�|y/c�ymz?_-l©kN�mn��³¤!�rkNaih�{bhO{bq���cfn©kNz t hPloyvcinokmz- ¢k t g�aLy�l�y/c¦cfno�Eh��Eymz
jChY~rloqr�m�NhP{`¬În©z=¯	��k/¤6hE«mh t ª\n© �kNzrh-lohPyG«NhPaxci�rhYlokm�Nno��cikvc�yvlol©_Áq�z�{bh�½|zrhP{Ëª3ci�rhPz+kNzrh-~�qbcfa²cfk?kg(q|���
t hPai~Ckmz�ain©j�n©lon§cd_(kmzYci��h�hEz�{b¬Uq�aih t a�k t kmz�y ¥ zrk/¤!l©hO{b�mhE¬Uj|ymaih6yN{bgYn©zrn�a¦c t y/cik t ¯ t c�n�aAqrzrlon ¥ hElo_(cf�rhE_��Eymz
{rhPain©�Nz�aiq����Yy¡lokm�Nno�³�EkmgY~|kNzrhEz?c�ci��hEg�a¦hPl©«NhPaP¯�
6_�q|a¦nozr�²ci�rh³  t yvgYhP¤�k ti¥ {bhP«mhPl©kN~|hO{(noz�ci�rn�aLy t cin���lohmª
kNzrh��Eymz�{rhPain©�Nz�ycfk?kNl©jCkG¹´km �lokm�mn��Y��kNg�~Ckmz�hEz?cfaPª�ymz�{+ci�rh�q�aih t �|yma±kmz�l©_´ci�rh t hPai~|kNz�ain©jrnolon§cd_�km 
�EkmgY~CkNain©zr�(ci�rk?a¦h��EkmgY~|kNzrhEz?c�aE¯�µ³�rh�{bhPaino�mz�km =cf�rhPaih²w=km�Nno�Pyvl t zb ¢k t g�y/cinokmzT^`_badcfhEg�a³n�a�cf�rh±g�yvnoz
gYkmcino«Gyvcinokmz� ¢k t cf�rnoa t hOa¦hOy t ���3¯

�xk/¤�hP«mh t ªC¤�h�j|hPl©nohE«Nh(cf�rhYyv~r~rlon��Ey/cfn©kNz´af��km~Ch�kv Lcf�rnoa t hPaihPy t ���Á�Nk?hOaxjChE_Nkmz�{�kmq t w3kN�mn��Eyml t zb¬
 ¢k t g�yvcinokmz»^`_badcfhEg�aP¯Á^bhE«mh t ymlAn©zr ¢k t gYyvcinokmz�~ t kb��hPafain©zr��{rkmg�yvnoz�a���yG«Nh�l©kN�mn���¬Îj�ymaihP{���kNgY~|kNzrhEz?cfa
noz´¤!��no����lokm�Nno�(~rl�yG_`a¡y�� t q��Enoyml t kmloh��³hN¯ �|¯©ª\lokm�mn���¬Îj�yNa¦hO{�nozb ¢k t g�y/cfn©kNz t h�c t nohE«/yvl u ^b�´�m�rªC« } �6w { ��xUª
lokm�Nno��¬Uj|ymaihP{�{bn�yv�NzrkNainoayu s k`kN�N�`xÎªbl©kN�mn���¬Îj�ymaihP{Y~ t km� t ymgYg�nozr� u w3lokN�`�?ªb�´^ { ��xUªblokm�Nno��¬Uj�yNa¦hO{Y~ t km� t yvg
ymz�yvlo_ba¦n�a uÚ^b� }s6|{ �rªË°x�+^r^ { �rª �³^r^ {C{ xU¯�µ³�rhOa¦h���kNg�~Ckmz�hEz?cfa²gYkb{bhElAyvz´n©zb ¢k t g�yvcinokmz´~ t kb��hOaiainozr�
{rkmg�yvnoz�n©z�l©kN�mn��vª?yvz�{ºymloaik�cf�rhE_Yj t n©z���cik(ci�rhx  t kNz?c�a¦kNl©qrcinokmz�a�n©z�¤!�rno����l©kN�mn��!noa�ci��hxg�yvnozºhEz��mnozrhm¯
µ³��noaA�Pyvz(jCh³n©loloq�adc t yvcihO{(j`_±ci��h³{rn§¸\h t hEz��Eh³j|hEcd¤�hPhEz�q�a¦nozr�±yxlokm�Nno��kv C~ t km� t yvg�a�yvz�{(~ t km� t yvgYgYnozr�
nozTl©kN�mn��v¯I «NhEzºnozºnozb ¢k t g�y/cfn©kNz�~ t kb�EhPafa¦nozr��{bkNgYymn©z|aL¤!�rh t h!c t yN{bn©cinokmz�yml©lo_(lokm�Nno��{rk?hOaLzrkmc�~rl�yG_Yy�� t q���n�yvl
t kmloh�n©c6�|yma�j|hPhEz�~ t kN~|k?a¦hO{Ycik-hEg(jChP{�y�lokm�Nno�¡��kmgY~CkmzrhPz?c�noz�kvcf�rh t ¤!n�a¦h�z�kvc³l©kN�mn���¬Îj�ymaihP{Yai_`a¦cihPg�aE¯
��k t n©z|adc�yvz��EhmªLnoz3u t 
 { �?x!cf�rhymqbci��k t a(~ t km~CkNaihºcfk+gYkb{bhPl³p?q�yml©n©cd_Çkv ²a¦h t «`n���h+¼�¡k?^r¾-��kNz�{bn©cinokmz�a
noz�lokm�Nno�mªCymz�{Tcik�g�y ¥ h-yv~r~rlon��Ey/cfn©kNz�a²���rhP� ¥ {b_`z�yvgYn��Eyml©lo_�cf��y/c²ci��h(~rl�y/ci ¢k t gkNz�¤!�rn����Áci��hE_ t q�z
hPzb ¢k t ��hOa�ci�rh��Ekmz�{bn©cinokmz ¢k t y�ai~ChP��n©½�hO{p?q�yml©n©cd_ºkm �aih t «?n���hN¯

µ³�rh�lokm�Nno�±nozTq�aih�n©zci��hPaih�a¦_ba¦cihEg noa�kv ¶cihPzÁzrkvcx{rh�½�zrhO{j?_y�a¦nozr�Nl©h±~rq t h�{bhO{bq���cfn©kNzÁa¦_ba¦cihEgTª
j�qbc t y/cf�rh t n§c±��kmg-jrnozrhPa¡a¦hP«mh t yvl=l©kN�mn��Ea³cfkm�mhEci�rh t ¯¡µ³�rh({bhOa¦no�mzrh t km �yvz�yv~�~rl©n��EyvcinokmzÁ��yNa!cfk�g�y ¥ h
ymz NS@�� �?� ~ t k`kv �kv ��Ekmz�ainoa¦cihPz���_�yvz�{�yvz NC@��e��� n©gY~rlohEgYhEz?c�y/cinokmz�¼¢nU¯ hm¯oªry(cf�rhEk t hPg ~ t k/«mh t ¾AhP«mh t _
cfn©gYh±�rh�{bhOa¦no�mz�a³y-zrhE¤ NC@��e��� l©kN�mn��v¯A^`n©z|��h²ci�rhOa¦h±lokm�Nno�Pa�y t h²kv ¶cfhEz«Gy t n�yvz?c�a�km �y-g�k t h±a¦cfyvz|{ry t {
lokm�Nno�¡¤6h��Eyvlol\ci��hEg �G�8�9�L��: �=<?>�@ A �B�C���9� ¯t z»k t {rh t cfk� WyG«Nkmq t aihE~|y t y/cinokmz�km x��kmz|��h t z�aPª�n©c-n�a-n©gY~Ck t cfyvz?c-ci��yvc(ci��h�yv~�~rl©n��Eyvcinokmz�cf��y/c�noa
j|ymaihP{�kmz�y±lokm�mn��6hEzr�Nn©z�hmªNymz�{�ci��h!l©kN�mn��³hEzr�Nn©zrh!n©cfaihEl© dª?j|hx{rhPain©�NzrhP{YaihE~�y t yvcihElo_m¯�µ³�rn�aAn©gY~rlonohPaAcf��y/c
cf�rh�noz?cih t  Wym�Eh�kv �ci��h(lokm�mn��±hEz��mnozrh�a¦��kmqrl�{Tzrkvc²{bhE~ChEz�{�kmzci�rh-l©kN�mn��±n§c�a¦hPl§ d¯!µ³�rn�a�n�a�¤!�|y/cx¤6h��Eyml©l>G: Q�>�@S@CNCQG� A �J��� kv �ci�rh�lokm�Nno�±��kNgY~|kNzrhEz?cP¯

��k t noz�a¦cfymz���hNª�~ t yN��cin��Eyml�p?qrh t _?¬ yvz�ai¤�h t nozr�Ta¦_ba¦cihPgYa(kv ¶cfhEz»q�aih�y´g�n©¹`ciq t hºkm �l©kN�mn���yvz�{»�Ekmzb¬
� t hEcih±��kNg�~�qbcfyvcinokmz�aP¯�¡qrh t n©hOa³y t h¡jrq�n©l©c�¤!n§cf��lokm�Nno�PyvlË��kNzrzrhO��cino«mhOaEªbymz�{�¤!n©ci�~rq t hElo_ºkN~|h t yvcinokmz�yml
�Ekmz�a¦c t q���cfa�lon ¥ h!¤!n©l�{`¬ �Ey t {raP¯�µ³�rn�aAq�aiq�yml©lo_(�Eymq�aihPa�zrk���y t g&j|hO�Eyvq|a¦h³cf�rh�p?qrh t _?¬Îymz�a¦¤6h t nozr�¡ai_badcfhEg
n�a�z�kvc¡yN��ciq|yvlol©_Ty�ci�rhPk t hEg~ t k/«mh t ª�ymz�{ci�`q�a¡{bk`hPa�z�kvc¡yN��ciq|yvlol©_�n©gY~rlohEgYhEz?c±y�l©kN�mn��v¯ t z�{bhPhP{ËªCnoz
gYk?adc³�EymaihPa6y-j|k`kmlohPymz�p?qrh t _Ynoa6q�aihP{ºcik-½�l©cih t ��kNz�� t h�cfh¡a¦c t n©z��Na�ci��yvc³�Ekmz?cfymn©z�zrk(¤!nolo{b¬Î�Py t {raEª`yvz|{
z�k�jCk`kmlohPymz�EkmzrzrhO��cfn©«NhPaP¯

�xk/¤�hP«mh t ª\kmzrhY�Eymz´nog�yv�mnozrhYyl©kN�mn���¬Îj�ymaihP{Áp?qrh t _?¬ yvz�ai¤�h t nozr��ai_badcfhEg�a²n©z�¤!�rn����+p?qrh t nohPa±yvz|{
{�y/cfy�yN��ciq|yvlol©_»q|a¦hci��h�aiymg�hTl�yvzr�Nq�yv�Nhm¯ �rk t n©z|adc�yvz��Ehmª6kmzrhTg�yG_»q�aihci�rhT ¢qrlolxl�yvz��mq�ym�mh�¤!n©ci�
�Ekmzrz�hP��cfn©«NhPa�yvz�{·¤!n©l�{`¬ �Ey t {ra-jCkvci�  ¢k t {bhOai� t nojrnozr�´hPz?c t n©hOa-noz ymz·nozb ¢k t g�y/cfn©kNz ai_`a¦cihPgTª�yvz�{» ¢k t
p?qrh t _`nozr��cf�rhEg u � } ��wCxU¯Aµ³�rhPzºci��h²p?qrh t _?¬ yvz�ai¤�h t nozr��ai_`a¦cihPg g(q�a¦c6{rhP��n�{bh±a¦kNgYh�ci��n©zr�-¤!�rn������Eymz
jCh�¤ t n§cicihEzÁyNa

description v query
¼W¤!�rh t h

v
gYhPymz�a³lokm�mn��EymlË��kmz|a¦hOpNq�hEz��Eh²km �cf�rh�lokm�mn��²q�aihP{n©z

{rhPaf� t n©~bcfn©kNz�a³yvz�{p?qrh t nohPa�¾�ªbyvz�{�n©c³g-q�a¦c³�|yG«mh¡ci�rh± ¢qrlol3�Eym~�ym�En§cd_�km �y-ci��hEk t hEg ~ t k/«Nh t  ¢k t y�l©kN�mn��
¤!��kNaih�a¦_`z?cfyv¹-n�aAci��h¡{bhOai� t no~bcinokmz\®/p?qrh t _`n©z��²l�yvz��mq�ym�mhm¯�µ³�rhx���rkNno�Eh!kv 3y�~�y t cfno�Eqrl�y t lokm�mn���{bhP~|hPz�{ra

��� ~����
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kNz�ci�rhºym~r~rlono�Py/cinokmz=ª=jrqbc�pNq�h t _N¬ yvz|a¦¤6h t n©z���n�a��mhPzrh t no�Yymz�{�{bhE~ChEz�{�a(aikmlohElo_�kmz�ci��h�h�¹bnoa¦cihPz���h�km 
v
¯ t  C¤�h6zrhEhO{�cfk²aihE~�y t yvcihPl©_±{bhPaino�mz�cf�rh³yv~r~rlon��Ey/cfn©kNz-ymz�{�n©cfa�lokm�mn����EkmgY~CkmzrhPzNc�aEªGcf�rhEz-¤!�rk±a¦�rkNqrl�{

{rhE«mhPl©kN~�cf�rh±hEg-j|hO{r{bhP{lokm�Nno�±��kNgY~|kNzrhEz?cfa��

mon�� ���, 7���������� ��#����,.2�,���,!����)T'4,!�-� ��#T7�� ����#/����'47±������� )���� p
�6,!�=������� � r��Ë��,�'

t z+ci��noa�aihP��cinokmz3ªË¤6hY~ t hOa¦hPz?c²kNq t «?nohE¤�a²kNz´cf�rh�°!��cik t a²km Lci�rhº{rhE«mhPl©kN~rgYhEz?c±kmz+ymz+nozb ¢k t g�y/cfn©kNz
~ t kb��hOaiainozr�xai_`a¦cihPgT¯�	�kmcih�ci��yvc�°!��cik t a�y t h�zrkmc�zrhO��hOaiafy t n©lo_²n©z��Py t z�y/cfhP{±noz(kNzrh�~Ch t aikmzsH/hOym���(°!��cik t
g�yG_��?y/ci��h t aihE«mh t yml|~Ch t aikmz�a³~CkNafa¦nojrlo_ºzrkmc³lono«?nozr��y/c³cf�rh�aiymgYh¡cfn©gYhN¯ t zTai�rk t cOª`°!��cik t a!y t h t kNl©hOaEª
t y/cf�rh t cf��yvzT~Ch t a¦kNz�aE¯L^`kNgYh�cinogYhPaPªr°!��cfk t a³gYyG_�hE«mhPz�jCh�noz��Ey t z�yvcihO{ºnozT�EkmgY~rqbcfh t ~ t km� t ymg�aE¯6 ��yvc± ¢kmlol©k/¤�a²n�a t y/cf�rh t a¦cfymz�{ry t {�noz+ci�rhYnozb ¢k t g�y/cinokmz�a¦_ba¦cihPg ¼¢hPai~ChP��n�yvlolo_�{ry/c�y/¬Îj�ymaihO¾¡��kNg-¬
g-qrzrn©cd_Tj|hO�Eyvq|a¦h�n©c¡�|ymaxyN{bkm~rcihP{Tk t �?yvzrn�afy/cinokmzÁa¦cfymz�{ry t {ra!km Ln©z|{bq�a¦c t _ymz�{�ym{rg�nozrn�adc t yvcinokmz3ª|jrqbc
¤6h�cf�rn©z ¥ n§c²noa¡zrkvc²¤!no{rhElo_TyN�E�EhE~bcfhP{Áj`_�ci�rhYym�Pym{bhPg�n����EkmgYg(qrz�n§cd_� ¢k t kvcf�rh t¡¥ noz�{ra¡kv Lnozb ¢k t g�y/¬
cfn©kNz�~ t kb��hOaiainozr�-ai_badcfhEg�aEªb¤!��h t h²n©c³cihPz�{ra6cik� ¢kNl©lok/¤ gYk t h�ym�EyN{bhEgYn��¡a¦cfymz�{ry t {ra6noz�¤!��no���Ta¦hP«mh t yml
°!��cik t a³y t h���kNl©l�yv~�aihP{�n©z?cfk�kmzrhNª`ci�rh } hOa¦hOy t ���rh t ¯

µ³�rhT½ t a¦c�°!��cfk t n�aYci�rh�µ³��hEk t n�adc?H!�rhÁn©z`«NhEz?cfa�ymz ymj�a¦c t ym��c�  t yvgYhE¤6k tf¥ ª�lon ¥ hmª� ¢k t noz�adc�yvz��Ehmª
t hEl�y/cfn©kNz�yvlËyml©�NhEj t yrª`l�y/c¦cfno�Eh²ci�rhPk t _mªbk t lokm�Nno�m¯t  bcf�rh�ymj�adc t yN��cË  t yvgYhE¤6k tf¥ ��yNa=ym~r~rlono�Py/cinokmz|aEªPci�rhPz�y�aihP��kNz�{�°!��cfk t ªEcf�rh6^b_`a¦cihPg s�t kN� t yvgYgYh t ª
nogY~rlohEgYhEz?cfa�¼¢~|y t cxkv f¾!ci�rh(ci�rhPk t _�noz´y �\>GF>G�9��� ai_badcfhEg ¢k t ci�rhOa¦h(ym~r~rlono�Py/cfn©kNz�aE¯�µ³��noa t hOa¦q�l§c�a�noz
ai_badcfhEg�a³lon ¥ h±{�y/cfyv¬Uj|ymaihPaPª`a¦cfyvcin��±yvz�yml©_baih t aEª`k t lokm�Nno�²~ t km� t ymg�gYnozr�-ai_badcfhEg�aP¯

µ³�rhPz·cf�rhci�rn t {·°!��cfk t ªAci��hT°x~r~rlono�Py/cfn©kNz�
¡hPain©�Nzrh t ª�yv~�~rl©nohPa-cf�rhÁyvj�a¦c t ym��c(  t yvgYhE¤6k tf¥ cfk�y
�Ekmz�� t hEcihkmjbudhO��cfn©«Nhj`_ �J �9�LN�e� ��N�� �J\� y��NhEzrh t n���ai_badcfhEgT¯ µ³�rn�aº�Eymz jCh�{bkNzrhTj?_ ��kNg�~CkNainozr��y
{�y/cfyv¬Uj|ymaih²af���rhEg�y�ª?k t y�~ t kN� t yvg ~ t km~Ch t cd_mª`k t y-lokm�Nno�²~ t km� t ymgT¯

��noz�yvlol©_NªLcf�rh�¡a¦h t ªLci�rh� ¢kmq t ci� °!��cfk t ªLg�yvnozNc�yvnoz�a�yvz�{·q�a¦hOaYyvz ym~r~rlono�Py/cfn©kNz3¯ ��hTp?qrh t n©hOa-y
{�y/cfyv¬Uj|ymaihmªC�rh�yvz�yml©_baihPa¡~ t kN� t yvg�aPª�k t �rh t qrz�a²l©kN�mn���~ t km� t ymg�aE¯�µ³�rh��xaih t n�a¡km ¶cihPz+noz��Ey t z|y/cihO{
nozT~ t km� t yvg�aP¯
��h t c�yvnozrl©_NªCci�rh��xaih t ��kNqrlo{�j|hYyvz�yml©_baihP{ ¢q t ci��h t n©z�°!{bgYn©zrn�a¦c t y/cik t aPª I z�{`¬��xaih t aEª\h�c��v¯ ��k/¤³¬

hP«mh t ª�¤6h�adcfkm~ ��h t h+jChP�Pyvq�aih+n©cTnoacf�rh t hEl�y/cfn©kNz jCh�cd¤6hEhEz%ci��h�^`_ba¦cihPg sLt kN� t yvgYgYh t yvz�{ ci�rh
°x~r~rlono�Py/cfn©kNz�
¡hPaino�mzrh t ci��yvcLn©z?cih t hOadc�aAq�a�Hvcf�rh!½ t adcAkNzrh�� t hPyvcihPaAy±�NhEzrh t n��³a¦_ba¦cihPgªNyvz�{-ci��hxa¦hO��kNz�{
kNzrh±n©z|adc�yvz?cin�y/cfhPa³n©cP¯

mon�� � ,!��,³�����6���Kr 7���28�����3��7��-����7��������

z²hPzrh t n���n©cd_�n�a-kv ¶cihPz yN���rn©hP«mhO{�j?_Ç{bhOa¦no�mz�n©zr�+y�l�yvzr�Nq�yv�Nh��Yhm¯ ��¯oª�y+{ry/c�y/¬Îj�ymaih�af���rhEg�y´loymzr�mq�ym�mhNª
yºloyvc¦cin���h-km~Ch t y/cfn©kNzl�yvz��mq�ym�mhmªCyvz�{Áy�~ t km� t yvgYgYnozr�Yloymzr�mq�ym�mhN¯%��k tit hPai~Ckmz�{bnozr�Nl©_Nª�noz�adc�yvz?cin�y/cfn©kNz
n�a±{bkmz�h�j`_Á~ t km� t ymgYg�nozr��ymz�{���kmgY~CkNain©z�� ��hN¯ �|¯©ª3{ t yG¤!nozr��y{ry/c�y/¬Îj�ymaih-af���rhPgYy�ª3��kNg�~CkNainozr��ymz
ymj�a¦c t ym��c!{bkNgYymn©z� ¢k t a¦cfyvcin���yvz�yml©_bainoaPª`k t �EkmgY~|k?a¦nozr�Yy�l©kN�mn��¡~ t kN� t yvgT¯6 h(~ t km~CkNaih²cik�{rkYci�rh�aiymg�h± ¢k t lokm�mn���¬Îj�yNa¦hO{ºcfk?kNloaP¯ t z�{bhEhO{ËªCkmzTkmzrh(��yvz�{cf�rh-^`_ba¦cihPg sLt kv¬
� t ymgYg�h t noa���kNg�~Ch�cfhEz?cL ¢k t jrqrnolo{rn©zr�-y�l©kN�mn��!a¦q�j�a¦_ba¦cihPgªNjrqbc6�rhx{bk`hPaLzrkvc ¥ zrk/¤ ci��h¡yv~�~rl©n��EyvcinokmzsH

~�~��q���9�����
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��h!kmzrlo_ ¥ zrk/¤�a�cf�rh t yvzr�Nh³kv 3yv~r~�l©n��Eyvcinokmz�aP¯ T¡z�ci��h�kvcf�rh t �|yvz�{�cf�rhx°�~�~rl©n��Eyvcinokmz 
¡hPain©�Nzrh tL¥ zrk/¤�a
cf�rh³yv~r~rlon��Ey/cfn©kNz3ªGjrqbcAn�a=�NhEzrh t yml©lo_¡z�kvcA��kmgY~Ch�cfhEz?c� ¢k t j�qrn©l�{bnozr�±yxlokm�Nno�Laiqrj�ai_badcfhEgT¯ t z�ci��noa�y t cin���lohmª
¤6h�¤!nol©l\ym��c6yNa�^`_ba¦cihEg sLt km� t ymgYg�h t a�j`_�~ t k/«?n�{bnozr��hPl©hPg�hPz?cfy t _-�EkmgY~CkmzrhPzNc�aA ¢k t afy/ ¢hPl©_�jrqrnolo{rn©zr�
y(l©kN�mn���aiqrj�ai_`a¦cihPgTª`ymz�{ºymloaik(yma6µ³�rhPk t noa¦cfa�j?_Y�Nn©«`nozr�� ¢k t g�yvl t hOa¦q�l§c�a�kNz�ci�rh±��kNgY~|k?a¦n©cinokmzºl�yG¤�aLkm 
cf�rhPaih���kNg�~Ckmz�hEz?cfaP¯6 h�h�¹b~rlok t h±�rk/¤ cfkYai_badcfhEg�y/cfno�Pyvlol©_�jrqrnolo{lokm�mn��Ea6q�ainozr�Yj�ymaino�±�EkmgY~|kNzrhEz?c�a6ci��yvc�¤�h��Eyml©l A �B�C���D������������� ¯ 
6_ � ��kNz�a¦c t q���cfn©kNz´kv !yTlokm�mn�����¤�h�gYhPymz´cf�rhº{bhE½�zrn©cinokmzÇkv 6n§c�a�ai_?z?c�y/¹Ëª=n©cfa�aihEg�ymzNcfno�PaEª
ymz�{-n§c�aAyvj�a¦c t ym��c�nogY~rl©hPgYhEz?cfyvcinokmzYymaAy²{bhP{bq|��cinokmz�ai_badcfhEgT¯�°xl©lrlokm�Nno�� ¢qrz���cik t a�¤6h!{bhPaf� t n©jCh6n©z�ci��noa
y t cfno�El©h���yG«Nh�ymloaikyT�Ekmz�� t hEcihYn©gY~rlohEgYhPzNc�y/cfn©kNz�yNa²ymz�yN��cfq�yvlAgYkb{bqrlohm¯�°xa²cf�rn�a�n©gY~rlohEgYhPzNc�y/cfn©kNz
n�a¡j�ymaihP{ÁkNz�gYkb{bqrloh( ¢qrz|��cik t a¡kv ET �6yvgYlIªClokm�mn��� ¢q�z���cfk t a¡�Pyvz�jCh�{rn t hP��cilo_T�EkmgY~CkNaihP{Ánoz T �6ymg�l
n©cfaihEl© dªvaik�ci��h t h�n�a=z�k¡zrhPhP{�cikx~ t kN� t yvg�y ����:�� ���G>�� ¯ t z� WyN��c�ci�rh³l�yvzr�Nq�yv�NhA ¢k t ��kNg�~CkNainozr�! ¢qrz���cik t a
n�a±a¦nogY~rlohmª=ymz�{Ácf�rh t h-n�a²zrkTzrhEhO{Ácfk�lohPy t z´ci�rh T �6yvgYl�l�yvzr�Nq�yv�Nh�n©z�k t {bh t cfk�jrq�n©l�{+�Eq�a¦cikmgYnPOEhO{
lokm�Nno�PaE¯ I ¹ryvgY~rlohPaxy t h¡�Nn©«NhEzn©z�^`hO��cinokmz w
mon�� $&
�Ë���-'4��5�,!2 �������E���

µ³��h t yvzr�NhLkv rlokm�Nno�� ¢q�z���cfk t a��Pyvz�jCh�«Nh t _¡l�y t �mhN¯ t z�ci��noa�y t cin���lohL¤6h��Ekmz�aino{rh t  ¢k t noz�a¦cfyvz|��h�~ t kb{bq���cfa
ymz�{�aiqrg�a³kv �l©kN�mn��EaPª?~ t kN~|k?a¦n©cinokmz�a²¼¢kNzy t j�n§c t y t _- ¢k t g(qrl�yma�¾�ª`noz?cih t «/yvl�aEª`g-qrl§cfnoaih�c�aEªraikmgYh±��kNz�� t h�cfh
{rkmg�yvnoz�aYlon ¥ hnoz?cihP�mh t aYk t a¦c t nozr�NaT¼¢hN¯ �|¯©ª � jChE�Nn©z ¤!n©ci����ª � ��kNz?cfyvnoz�a��d¾�ª

AIK
¼Wy�gYk`{�yvl�hP~rnoa¦cihPgYno�

lokm�Nno� u w3hE« { �`x¶¾�¯�^`hEh±cf�rh�yv~�~|hPz�{bn���hPa6 ¢k t y- ¢qrl©l�l©n�a¦cP¯
µ³�rh(¤!�rkmloh±  t ymgYhE¤6k tf¥ noax�mhOy t hP{�cik/¤³y t {ra³g�yvzrno~rqrl�y/cfn©zr��lokm�Nno�Pa�yma�~�y t cin�yvlËk t {bh t nozr�?aEªr¤!��h t h

cf�rh!k t {bh t nozr�²noaLy±ai~|hO��n�yvlon=OOy/cfn©kNzC®G�NhEzrh t yml©nPOPyvcinokmz t hEl�y/cinokmz=¯�µ³�rn�a t hEl�y/cinokmz t hP��hPn©«NhPa�«/y t n©kNq�a�z�yvgYhOaEª
{rhE~ChEz�{bnozr�¡kmz±ci��h���kNz?cih�¹`c �3{bhP{bq|��cinokmz=ª/hEz?cfymn©logYhEz?cPª/aiqrj�aiqrgY~bcinokmz3¯�µ³�rh�l�y/cicih t ªG¤!�rn�����noa= ¢kmq�z�{�noz
{rhPaf� t n©~bcfn©kNzºlokm�mn��EaPªm�|yma�kmq t ~ t h� ¢h t hEz|��hxyNa�n©c6jCh�cicih t a³aiqr�m�NhPa¦cfaAcf�rh±a¦~ChP�Enoyml©nPOPyvcinokmzC®/�mhEz�h t yvlon=OOy/cinokmz
k t {rh t n©zr�|¯�µ³�rn�a t hPp?qrn t hPg�hPz?c� ¢k t ~�y t cin�yvl�k t {bh t nozr�Na³hE¹b�El©q|{bhPa¡zrkmzr¬UgYkmz�kvcikNzrn��±l©kN�mn��EaP¯ 	�kmcih�cf��y/c
z�kmzb¬ÎgYkmzrkmcikmz�no�En§cd_�n�a�a¦hPlo{bkNg%y!�NkNymlvn©z�n©cfaihEl© dªvyvz|{²ci��yvc=zrkvcfk t n©kNq�ail©_¡zrkmzb¬ÎgYkmzrkmcikNzrno�� ¢hOy/cfq t hOaË��yG«Nh
yTgYkNzrkvcfkmzrn�� t hPz�{bh t nozr�eH�hm¯ ��¯oª���lokNaihP{ 6 k t l�{�°xafa¦q�g�~rcinokmz»�Eymz�j|h t h
	�hO��cfhP{�n©z�cf�rhºgYkmz�kvcikNzrn��
gYkb{rymlËl©kN�mn��

AIK
¯6 h-¤!nolol��Ekmz�aino{rh t yNaxy�g�kmcino«/y/cinozr�ºhE¹ryvgY~rloh-yvz+yv~r~rlon��Ey/cfn©kNzT ¢k t {bhPyml©nozr��¤!n©ci�´jrn©j�l©nokm� t ym~r�rn��

hPz?c t n©hOaE¯ I ym��� hEz?c t _ ��ymay·{bhOai� t no~bcfn©kNz g�ym{bh+kv �n©cfaTyvqbcf�rk t z�yvgYh?¼Wa�¾�ª�cfn§cfl©hNªxcd_`~Ch´km -��k/«Nh t ª
~�qrjrlonoai�rh t ªryvz|{�{ryvcihN¯�µ³��h �¡a¦h t z�yG«`n©�?y/cfhPa�ci� t kmqr�N��yYaih�c!kv �hEz?c t n©hOa³j`_º��kmgY~�y t nozr�Y{bhPaf� t no~bcinokmz�a
¤!n©ci�Çp?qrh t nohPa¡ci�|y/c(y t h�¤ t n©c¦cfhEz�n©z�ci��hºaiymg�hYl�yvzr�Nq�yv�Nhm¯ µ³�rhºyv~�~rl©n��Eyvcinokmz�yvz�ai¤�h t a²z�yG«`no�Nyvcinokmz
p?qrh t nohPa�j`_±l©n�adc�a�kv �hPzNc t nohPa=ci�|y/c�gYyvcf���(ci�rh³p?qrh t n©hOaEªvymz�{�lonoa¦cfa�km |a¦q�jCp?qrh t nohPa=ci��yvcL�Eyvz-��kmgY~rlohEgYhPzNc
cf�rh��Eq tit hEz?c(kNzrh�cfkÁ ¢k t g	y�g�k t h�~ t hO��n�a¦h�p?qrh t _N¯�^`k´{bkNn©zr�|ª�¤�hº�|yG«mhºyÁlokm�Nno��¬Uj�yNa¦hO{´z�kvcinokmzÇkm 
z|yG«?no�NyvcinokmzY¤!�rh t h�g�yvcf���rnozr�(y�p?qrh t _�n�a�jChEnozr�(noz�aikmgYh�~rl�ym�Ehmª`yvz�{�aiqrj\p?qrh t n©hOa�y t h!lonoz ¥ aLcfk(kvcf�rh t
~�loyN��hPaP¯A�rk t n©z�a¦cfymz���hNªbl©hEc�q�a�yNaiaiqrgYhxcf�rh± ¢kmlolok/¤!n©zr�YhPzNc t _�a¦hEc �

•
h�i a���_��i�g�W8_��

1 ���bCl8W\UejS_ Y�����^?XKf ^?g�k���� W�^`WefSi Y����SUei���l8g�kefSi��ej8j���� � XebCXeiS_"!$#eb%�&�� X8l�#efe^\a`UeiC_ Y
��'�iCg�k\l�^�g(���)� i\bS_ Y+*-,/.�0|ª
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•
h�i a���_��i�g�W8_��

2 ���bCl8W\UejS_ Y�����^?XKf ^?g�k���� W�^`WefSi Y����SUei���l8g�kefSi��ej8j���� � UebS_�h"!��Cj�� iS_� X8l�#efe^\a`UeiC_ Y
���8iCg�W\l�_/����j ] ��� ��i8bS_ Y+*$,���.|ª

•
h�i a���_��i�g�W8_��

3 ���bCl8W\UejS_ Y�����^?XKf ^?g�k���� W�^`WefSi Y��&��l�a�W��8j	�SW jS_�^�iea%���RUebS_�h"!��Cj�� iS_� � i8bC_ Y+*-,���
|¯
°xzÁyvz�ai¤�h t cik�ci�rh�p?qrh t _ �W�^`WefSi Y �CjCg8W bK^?g�a �&��l8g�k f\i �

n�a �UebS_�h !/�Cj�� iC_ X\l�#Kfe^\a?UeiS_ Y ����iCg8W\l�_����8j ] � � i\bS_ Y+*-,���� ]8] *$,�0��XebCXeiC_ !$#eb%�-� X\l�#Kfe^\a?UeiS_ Y ��' iCg8k\l�^?g(� � i\bS_ Y+*-,/0�� ]8]
������
jChP�Pyvq�aih�aihE«mh t yml\hEz?c t n©hOa�¼ iCg�W8_/�

1
yvz|{ iCg�W8_��

2
¾!��yG«mh�y�{bhOai� t no~bcinokmz�ci�|y/cxhPzNc�yvnoloa6cf�rh(p?qrh t _´¼WnI¯ hm¯oª

cf�rhE_�y t h�~CkNafain©jrloh�yvz|a¦¤6h t af¾�ªvyvz�{-cf�rh�yv~r~�l©n��EyvcinokmzYyma ¥ a�cf�rh�q�aih t cfk²g�y ¥ h³�rn�aLp?qrh t _�gYk t h!a¦~ChP�En§½|�
j`_Ya¦q��m�mhOadcfn©z��(a¦kNgYh t hPl©hP«/yvz?c t h�½�zrhPgYhEz?cfaP¯ 	�kvcfh�cf��y/cEb�l�W\UejS_v^Sa � ��^?XKfe^�g�k��³n�aLzrkmc6y t hPl©hP«Gymz?c
t h�½|zrhEgYhEz?c�jChP�Eymq�aih�n§c�n�a±c t qrhYkv !yvlolLg�y/c����rnozr�ThEz?c t n©hOaE¯º��k t hP«mh t _�~CkNafa¦nojrloh�yvz�ai¤�h t iCg8W8_��T¤�h
�|yG«mh
h8iea���_��iCg�W8_�� � v � lei�_��\ª/yvz�{� ¢k t hE«mh t _ t hElohE«/ymzNc t h�½�z�hEgYhEz?c���ci��h± ¶kNl©lok/¤!nozr�Y�rkml�{ra
�m¯6ci�rh t h�hE¹bnoa¦cfa!y�~CkNafa¦nojrloh±ymz�ai¤�h t i

1
aiq�����ci��yvcyh8iea���_��i

1 � v �\ªryvz�{
�b¯6ci�rh t h�hE¹bnoa¦cfa!y�~CkNafa¦nojrloh±ymz�ai¤�h t i

2
aiq�����ci��yvcyh8iea���_��i

2 � 6v �\¯t z-kmci�rh t ¤6k t {raPª/y t h�½�z�hEgYhEz?c�g(q�a¦c t hOadc t n���c�ci�rh!aih�c�kv �~CkNafain©jrloh!yvz�ai¤6h t a3¤!�rnol©h!yG«Nkmn�{bn©z��!cik±g�y ¥ h
n©c�hEgY~bcd_N¯ 6 h�¤!n©lolAzrkvc��Nkymz`_Á ¢q t ci�rh t n©z�ci��hº{bhPaf� t n©~rcinokmz�kv �cf�rn�a�yv~r~�l©n��Eyvcinokmz ¼WaihEh u � } �Cw�x¢¾�¯6 h�ain©gY~rlo_ºzrkmcih±ci�|y/c �
�m¯!{bhPaf� t no~bcinokmz�aPªvp?qrh t nohPaPªvyvz�{-yvz�ai¤�h t a=j|hPl©kNzr�¡cik¡ci�rh!afyvgYh�lokm�Nno�Pyvl?loymzr�mq|yv�mhNªG¤!�rno������kNg(jrnozrhPa
l©kN�mn��Eyml3a¦_`g(jCkml�a³yvz�{hE¹`~ t hOaiain©kNz�a³a¦q|���yNa!adc t nozr�NaPª`z`qrg(jCh t aEªbk t n©z?cfh t «GymloaPªryvz|{

�b¯³kmzrh��PyvzT{bhPain©�Nzy�ainog�nol�y t yv~r~�l©n��Eyvcinokmz¤!n§cf�TyY{bn©¸\h t hEz?c!l©kN�mn��vªbhm¯ ��¯oª` ¢k t g�ymzrn©~�qrloyvcinozr��a¦km ¶c¦¬
¤6y t h+��kmgY~CkmzrhPz?cfaP¯ µ³�`q�aPª�n©cn�a�nogY~|k t c�yvz?c�cf��y/cÁyvlol±{bn§¸\h t hEz?cl©kN�mn��Ea�ai��y t h�y·��kNgYg�kNz
n©z?cfh t  Wym��h³ ¢k t jChEnozr�(ymjrl©h³cfk(aihE~�y t yvcihElo_�¤ t n§cfh!~ t km� t yvg�a� ¢k t ci�rhxz�yG«`n©�?y/cinokmzYai_`a¦cihPg ymz�{- ¢k t
ci�rh�lokm�Nno�±aiqrj�ai_badcfhEg n©c�q�aihPaP¯

mon�� � 
' '47���r
6 h�{rh�½�zrhºcik`kml�a� ¢k t jrqrnol�{bn©z�� N�������: N�� ��� cf�rhEk t hPg ~ t k/«Nh t a² ¢k tV�G�8�9�L��: �=<?>�@ A �B�C�����  ¢k t yml©lok/¤!n©z��
�¡a¦h t a�¤!�rk�y t hYzrkvc-aikm~��rnoa¦cin��EyvcihO{+lokm�Nno��yN��cfk t aE¯ 	xkvcfh�yvl�a¦kcf��y/c�cf�rh �¡a¦h t g�yG_´jCh�yT~ t km� t yvg
n©cfaihEl©  ��hm¯ ��¯oª�y�gYkmjrnoloh´yv�NhEz?c t q�zrzrnozr�»kmz y���kNa¦c�a¦_ba¦cihPg u t 
 { �?xÎ¯ µ³�rnoa t q�l©hOa�kmqbc�n©z?cih t yN��cfn©«Nh
cf�rhEk t hPg ~ t k/«mh t aP¯

� yml©n�{ry/cfn©z���yxcf�rhEk t hPg&~ t k/«mh t jrqrnol§cLj`_(q|a¦nozr��kmq t cik`kml�a�g(q�a¦cLjChxymaAain©gY~rloh�yma�~CkNafain©jrlohm¯A^`kNg�h
¥ noz�{ kv xcd_`~Ch�¬ ���rhP� ¥ nozr�´n�aYn�{bhPyml6jChP�Pyvq�aih�ci�rh�°x~r~rlono�Py/cinokmz 
xhOa¦no�mz�h t ªLci��kmqr�N�·n©cºgYyG_ÇjChTgYk t h
aikm~��rnoa¦cin��EyvcihO{ºcf��yvz�ci�rh �¡a¦h t ªbn�a!zrkmc�yYl©kN�mn��¡yN��cik t ¯

~�~��q���9�����
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��noz�yvlol©_Nªmcf�rh t hPaiqrl©cinozr�±ci�rhPk t hEg¨~ t k/«Nh t a�g(q�a¦c���yG«Nh³y(��kmgYgYkmzYnoz?cih t  Wym�Eh�a¦k±cf��y/cAcf�rhE_Y�Eymz�j|h>G: Q�>�@S@C>�@ n©z��mhPzrh t n��-ym~r~rlono�Py/cinokmz|aE¯-^bqrj�aiqrgY~bcinokmzÇyvlo�mk t n©ci��gYaxcih t gYnoz�y/cfhYn©z�yvlol�ci�rh�lokm�Nno����kNg-¬
~Ckmz�hEz?cfa�ci��yvc6¤6h±{bh�½�z�hm¯Aµ³�`q�aEª?cf�rh¡lokm�Nno�¡��kNg�~Ckmz�hEz?cfa6�Eymzºj|h�afy/ ¢hPl©_YhEg-j|hO{r{bhO{ºnoz�yv~�~rl©n��Eyvcinokmz�a
yNa³jrl�ym� ¥ ¬UjCkG¹bhPaP¯

µ³�rn�aTy t cin���loh�n�a�k t �?yvzrnPOEhO{ yma� ¢kmlol©k/¤�aP¯ ����ym~bcih t �»n©z?c t kb{bq��EhPa�ci�rh�zrkmcinokmz�a�kv �lokm�Nno�Pa�yvz|{
lokm�Nno�- ¢qrz|��cik t aPª�¤!�rno���Çy t hYj�yNa¦hO{+kNzÇ{bh�½�z�n§cfn©kNz�a� ¢k t a¦_`z?cfyv¹\ª�a¦hPg�yvz?cin��EaPª=kN~|h t yvcinokmz�aPª�ymz�{�l©kN�mn��
~ t kN~|h t cfn©hOaE¯ ����ym~bcih t �+{bh�c�yvnoloa-ci��h�Ekmz�� t hEcih�nogY~rlohEgYhEz?cfyvcinokmz kv xlokm�Nno�º ¢qrz���cfk t aYyma���w  ¢q�z���¬
cfk t aE¯ ����yv~rcih t w�h�¹ryvgY~rlon©½�hPa³cf�rh�q�aih�km �lokm�Nno�² ¢q�z���cfk t aEª�ymz�{ ����ym~bcih t ��~ t hPaihEz?cfa t hEl�y/cfhP{¤6k tf¥ ª
�Ekmz��El©q|{bhPa¡yvz�{�a¦cfyvcihOa� ¢qbcfq t h-¤6k tf¥ ¯xµ³�rh(z`qrgYh t kNq�axym~r~|hPz�{bn���hOax�Nn©«Nh�ci��h� ¢qrlolAyvz�{�{rh�cfymn©lohP{´{bh�¬
af� t no~bcinokmz+kv �lokm�Nno�( ¢qrz���cik t a±yvz�{+��kNg(jrnoz�y/cfk t aE¯�µ³��hE_���kNz�a¦cin©ciqbcfhYy�½ t adc²cik`kNl©jCkG¹�kv ��Eq�a¦cikmgYnPOEhO{
ymz�{�hEg-j|hO{r{ryvj�l©h�lokm�Nno�Y��kNgY~|kNzrhEz?cfaP¯�°.l�y t �mhY~�y t c�kv 6ci��hPaihºyv~r~ChEz�{rno�EhPa�n�a�g�ym{bh�km 6~ t k`kv Wa±km 
lokm�Nno�¡~ t km~Ch t cinohPaP¯
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t  �yvz °x~r~rlono�Py/cinokmz 
¡hPaino�mzrh t ��ymaYcfk»{bh�½|zrh�yÇ��q�a¦cikNgYn=OPhP{ l©kN�mn��j?_·ci�rh´g�hOyvz�aºkv ���kmgY~CkNain©z��
~ t nogYn§cfn©«Nhº��kmgY~CkmzrhPz?cfaPª3ci��hPaihº��kmgY~CkmzrhPz?cfa�ai�rkmq�lo{�jChºkv !y � ��n©�N�b¬UlohE«NhEl ��ª�a¦kci�|y/c�cf�rh t hPaiqrl§cfn©z��
lokm�Nno��aiqrj�ai_`a¦cihPg£�Eymz+jChY~ t k/«mhEz´cikTjChY�Ek tft hO��cO¯ t z�{bhPhP{Ëª�n§ �ci�rh�~ t nogYn§cfn©«NhY�EkmgY~CkmzrhPzNc�a±y t h(cfk?k
lok/¤³¬Îl©hP«mhElUª�~ t k/«`nozr�´cf�rh���k tit hP��cizrhOaia�km xci��h t hOa¦q�l§c�n�aºa¦nogYn©l�y t cfk�~ t k/«`nozr��ci�rh��Ek tft hO��cfzrhPafa�kv ²y
~ t kN� t yvgT¯Áµ³�?q|aEªA¤6h�{bhO��n�{bhP{�cfk+{bhE½�zrh�l©kN�mn��Eyvl���kmgY~CkmzrhPz?cfa(ci��yvc�y t hº«Nh t _+��lokNaih�cfk´jCh�lokm�mn��Ea
cf�rhEg�aihElo«mhOaE¯L^`k�{bkNn©zr�|ªb¤�h�ymj�yvz|{bkmz��kmgY~rqrcfy/cfn©kNz�yvlËhE¹b~ t hOaiaino«?n©cd_mª`jrqrc�¤�h�¤!nol©l3aihEh±cf��y/c�~ t k/«`nozr�
�Ek tft hO��cfzrhPafa�n�a!zrkYgYk t h²ci��ymzcd_?~Ch�¬ ���rhO� ¥ nozr�|¯T¡q t n�{bhPyn�a¡cikÁ��kNz�a¦n�{bh t cf��y/c�y�l©kN�mn��(noz?cih t ~ t h�c�a²n§c�a² ¢k t g(qrl�yma²yma¡ ¢qrz���cinokmz�a±km �cf�rhEn t y/cfkmg�aE¯

6_�ymj�a¦c t ym��cfn©z���yvcikmgYn��¡ ¢k t g(qrl�yma�  t kmg cf�rh�loymzr�mq|yv�mh²kv �y�l©kN�mn��¡¤6h±kmjbc�yvnoz�¤!�|y/c!¤�h��Pyvlol3y A �B�C���D����������� ¯²° lokm�Nno�± ¢q�z���cfk t �Eyvz´j|h�yv~r~rlonohP{Tcfk�yºlokm�Nno��cik��NhEzrh t yvcih(yºzrhE¤�lokm�Nno�m¯¡�rk t noz�a¦cfyvz|��hmªCn© 
~ t kN~|k?a¦n©cinokmz�yml�lokm�Nno�-n�a�yvj�a¦c t ym��cihP{´k/«mh t n©cfa�yvcikmgYn��� ¢k t g-qrl�ymaPªË¤�hYkmjrcfyvnoz+ylokm�Nno�( ¢qrz���cik t �Pyvlol©hO{
Prop

ªb¤!�rno���¤6h±�Pyvzyv~r~rlo_�cfk�ªrafyG_mªby�l©kN�mn��xkNz�nozNcfhE�Nh t nozNcfh t «/yvl�aEª
Interval(Int)

ªbcik� ¢k t g ~ t km~Ckv¬
ain©cinokmz�ymlËl©kN�mn��xkNznoz?cih t «/yvl�aPª

Prop(Interval(Int))
¯t z·^`hO��cfn©kNzÇ�r¯©��¤6hY½ t adc({rh�½�zrhYcf�rh�ai_`zNc�y/¹+ymz�{+ci�rh�a¦hPgYymz?cin��Ea�km ³yTlokm�Nno�mª=¤!�rn�����noa�yÁ�EloyNad¬

ain��Eyvl�¤6yG_�kv �ai~|hO��n© ¢_?nozr�´y�l©kN�mn��v¯Áµ³�rh+¼Iyvj�a¦c t ym��c�¾�ai_`z?cfy/¹+cihPl©l�a�¤!��yvc ¥ noz�{�kv ! ¢k t g-qrloyNa��EymzÇj|h
hE¹b~ t hOaiaihP{Çymz�{»g�ymzrn©~�qrloyvcihO{ËªLyvz�{»ci�rhTaihEg�yvz?cin��Ea�cihPl©l�a�¤!��y/cYgYhPyvz�n©zr���Eymz»j|h�mno«mhPz�cik+ci�rhOa¦h
 ¢k t g-qrl�ymaP¯ µ³�rhPz noz ^`hP��cinokmz �b¯Ú��¤6hTn©z?c t kb{bq��EhÁy+aih�cºkm ¡km~Ch t y/cfn©kNz�a-ci��yvcºyv~r~rlo_»kNz· ¢k t g-qrloyNaE¯
µ³��hPaih!km~Ch t y/cinokmz|aLy t h!{bh�½�z�hP{�ymaL ¢qrz���cinokmz�a�¤�k ti¥ nozr�±kmzrlo_-yvcLci�rh¡a¦_`z?cfyN��cin��Eymlbl©hP«mhPlIªN¤!�rno����g�y ¥ hPa
cf�rhEg	{bn t hO��cilo_´nogY~rlohEgYhEz?cfymjrlohmª�ymz�{���kNz�adcfn§cfqbcihYcf�rh�h�¹bhO��qbc�yvjrlohY«mh t ain©kNz+km �ci��hºl©kN�mn��v¯ t z�k t {bh t
 ¢k t cf�rhPaihxkN~|h t yvcinokmz�aLcik(g�y ¥ hxaihEz�aih�¤�¯ t ¯ cP¯�cf�rh¡aihEg�yvz?cfno�PaEª?~ t km~Ch t cinohPa t hEl�y/cfn©z���ci�rh¡j|hP��yG«`n©kNq t km 
kN~|h t yvcinokmz�ax¤!n§cf�+aihEg�yvz?cfno�Pa¡y t h(yNaiaikb��n�y/cfhP{Tcfkºci��hPaih-kN~|h t yvcinokmz�aP¯¡µ³�rhYa¦cfy/cfhEgYhEz?c²kv �~ t km~Ch t cinohPa
kNz�l©kN�mn��Ea t hPp?qrn t hOa±~ t k`km WaEª���kmg-jrnoz�y/cfn©kNz�a�kv ³~ t km~Ch t cinohPa±~rl�yG_�cf�rh t kmlohYkv ³cd_`~|hOaEª�yvz�{+cf�rhEk t hPgYa
kNzÁ~ t km~Ch t cinohPa�~�loyG_�ci�rh t kNl©h�cd_?~Ch�¬ ���rhO� ¥ nozr� t qrlohPaP¯x��n©z�yml©lo_mªCnoz+^`hP��cinokmz+�r¯ ��¯©�Nª�lokm�Nno�Paxy t h({bhE½�zrhO{
yNa�cf�rhY��kmg-jrnoz�y/cfn©kNz�kv �ai_`zNc�y/¹ËªËa¦hPg�yvz?cin��EaPªCymz�{�kN~|h t yvcinokmz�a�HËyvz�{�l©kN�mn��� ¢qrz���cik t a²y t h-{bhE½�zrhO{´yma
 ¢q�z���cfn©kNz�a³  t kmg lokm�Nno�Pa�cfk�l©kN�mn��EaP¯

~�~��q���9�����
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^b_?z?c�y/¹�n�a�kv ¶cihPz�{rh�½�zrhO{�  t kmg¨y¡ain©�Nz�y/cfq t h�km |y/cfkmg�aAyvz�{-��kNzrzrhP��cik t aP¯ �xk/¤�hP«mh t ªGn©z�k t {bh t cfk±yml©lok/¤
 ¢k t �Ekmz�� t hEcih�{bkmg�yvnoz�a²yvz�{´��kmz|� t h�cih�adc t q|��ciq t hOaEª\¤6h-���rk`kNaih�cfk���yG«Nh(y�g�k t h(�mhEz�h t yvl�{bh�½�z�n§cfn©kNz
km -ai_?z?c�y/¹Ë¯ ��h t h´¤6h�{bk·zrkmcjCkvcf�rh t ymj|kNqbc�cf�rh���kmz|� t h�cih�a¦_`z?cfyv¹ yma�n§cÁn�a�udq�a¦c�y»g�y/cicih t km 
~ t hEc¦cd_?¬U~ t noz?cinozr��ymz�{ ~�y t a¦nozr����kmgY~�y t hO{Çcfk+cf�rh�yvj|adc t yN��c�a¦_`z?cfyv¹»¤!�rno��� ��kNz�aino{bh t  ¢k t g(qrl�ymaYyma
aih�ci¬Icf�rhEk t hEcin��Eyml\a¦c t q���ciq t hPa�¼Whm¯ ��¯oªb~�yvn t aPª`½�zrn©cih�aih�c�aEªbnoz?cih t «/yvl�a�¾�¯

�À������ � �WÅ����
	��ËÂ� �O�����
�  yvj�a¦c t ym��c�a¦_`z?cfyv¹
AS

� � N��>Ge��: >���NCQ A > ��>G� � D �9� �9�e��� ���B>����;��� >> A >G:R>Ge�4� D�� ����� � N���> ��N AJA >�@  ¢k t g(q�loyNa��
°¡a�kNq t l©kN�mn��Ea�y t h¡g�yvnozrl©_�{bhOa¦no�mz�hP{Y ¢k t nozb ¢k t g�y/cfn©kNz�a¦_ba¦cihPgYaPª?n§c³noa6q�aih� ¢q�l|cfk-{bn�a¦cinozr�mqrn�ai�ºcd¤6k

aiqrj�aih�c�a³kv Aa¦_`z?cfyv¹ �

• TELL ⊆ AS
noa6cf�rh�aiqrj�aih�c�kv � ¢k t g(qrl�yma6cf��y/cx�Pyvzj|h�q|a¦hO{�nozTkmjbudhO��c�{bhPaf� t no~bcinokmz�aPª

• ASK ⊆ AS
noa³cf�rh�aiqrj�aih�c!kv � ¢k t g(qrl�yma�cf��y/cx�Pyvzj|h�q�aihP{nozp?qrh t nohPaP¯

	xk¡��kNz�a¦c t yvnozNc�noa�~rqbc�kmz±cf�rhPaih�cd¤6kxaiqrj�aih�c�aEªGh�¹r�EhE~bc�ci�rhP_±ai�rkNqrlo{�zrkvc�j|h6hEgY~bcd_ �3hN¯ �|¯©ªOci��hE_��Eymz
jChx{bn�aWudkmnozNc6k t z�kvcPªNci��hE_Y�Eyvz�jChxhOp?q�yvl�cik

AS
k t z�kvcP¯ 6 hEz�cf�rhE_�y t h!zrkmc�{bh�½|zrhP{�hE¹b~rl©n���n©cilo_mªNci�rhP_

y t hxhPp?q�yvl|cik(ci�rhx ¢qrlol\aih�c³kv Ë ¢kNg(qrl�yma
AS

¯�µ³��h¡{bn�adcfn©z|��cinokmz�j|hEcd¤�hPhEz
TELL

¬U ¢k t g(qrl�ymaPªNymz�{
ASK

¬
 ¢k t g-qrl�yma�noa6nog�~Ck t cfymz?c�¤�¯ t ¯ cP¯Alokm�Nno�x~ t kN~|h t cfn©hOaEªbyNa�ai�rk/¤!zºnozT^bhP��cfn©kNz�r¯ �rª?jChP�Pyvq�aih t hPp?qrn t hEgYhEz?cfa
  t kmg n©zb ¢k t g�yvcinokmzTa¦_ba¦cihEg�a³g�yG_ºzrkmc!j|h±cf�rh�aiymgYh²kNz�cf�rhEgT¯

	xk/¤�ª6n©cºn�a�n©gY~Ck t cfymzNc�cfk»y/cicfym��� yÇaihEg�yvz?cfno�Pa�cik»y�lokm�mn��n©z k t {rh t cikÇ�Nn©«Nh�y+gYhOyvzrnozr��cik
 ¢k t g-qrl�ymaxymz�{ÁkN~|h t yvcinokmz�aP¯xw3n ¥ h-n©z+{bhPaf� t n©~rcinokmzÁlokm�mn��EaPª| ¢k t g(qrl�yma¡y t h�zrkvc²n©z?cfh t ~ t hEcihO{Áj`_�c t qrci�b¬
«/yml©qrhOaEª�jrqbc�j`_+aih�c�a�kv ³nozNcfh t ~ t h�cfyvcinokmz�aY¼Wk t noz�{bno«`no{bq|yvl�af¾�¯��rk t g-qrloyNa±y t h��Nn©«NhEzÇyTa¦hPg�yvz?cin��Ea±j`_
lonoz ¥ n©zr�¡ci��hEg�cfk �JK�L>G� �F�B>G��N�� ���� � ¯�µ³�rhPaih6n©z?cih t ~ t hEcfy/cfn©kNz�a��Eyvz(j|h³qrz�{rh t adcfk?kb{-yma�~|k?aiainojrl©h�kmjbudhO��c�aEª
ymz�{ t hP��no~ t kb�Eyvlolo_mª� ¢k t g(qrl�yma-�EyvzÇjChqrz�{bh t a¦cik`kb{Çyma(h�¹b~ t hPafa¦nozr�´y��Ekmz�a¦c t yvnoz?c�®G½�l§cfh t ®G~�yvc¦cfh t z+kNz
~CkNafain©jrlohkmjbudhO��cfaP¯ �Ák t hEk/«Nh t ªAn§c�n�aY~|k?aiain©j�l©hcik�{bhE½�zrh�y+~�y t cin�yvl³k t {bh t nozr��kmz·noz?cih t ~ t h�c�y/cfn©kNz�aEª
¤!��no���noa�q�a¦hE ¢qrlË ¢k t n©z�a¦cfymz���h²cfkY{rh�½�zrh�noz?cih t «/yvl�a³nozTy��NhEzrh t n��x¤³yG_m¯

�À������ � �WÅ�����	��3À �»� � � � �N����� ���`>G N � ��e��N �
AS

� N aihEg�yvz?cfno�Pa
S
Q�N`�G>�@*��

AS
� � N �eN��J�

(I, |=,≤)
� � � >G�B>

• I
� �oNR�G>G�4� D noz?cih t ~ t h�c�y/cfn©kNz�a � ��� > n©z?cih t ~ t hEcfy/cfn©kNz{rkmg�yvnoz �

• |=⊆ I × AS
� �oN afy/cfnoa¦ Wym��cinokmz t hPloyvcinokmz Q�>��!� >�>� �Je��>�� ���B>���N�� ����e�oN�F@yD����9:;� A N`���

• ≤
� � N � N��9� ��N A ���B@C>G�9�J\� �� ���e>7�G>G�

I
�

i |= f
��>�NS@`�#"

i
� �7N g�kb{bhPl � D

f $ � 	����7>%�`>G� � D����9: � A N f ∈ AS
�
M(f) = {i ∈ I | i |= f}

@S>������>9���� > �G>��E� D;N AJA :R�?@C> A � � D D����9:;� A N
f
� 	 ��� >&��>G� �yD����9:;� A N`�

f, g ∈ AS
�4N� hEz?cfymn©logYhEz?c t hEl�y/cinokmz � �@S>(' F>�@ N��)"

f
>�K�LN�� A �

g $ � * M(f) ⊆ M(g)
�

µ³�rh(hEz?cfymn©logYhEz?c t hPloyvcinokmznoa�zrhE«Nh t q�aihP{� ¢k t g�yvlol©_�n©zcf�rnoa t hP~|k t cOªbjrqbcx¤6h�jChElon©hP«mh�n©c�~ t k/«`n�{bhPa
y��Nk?kb{�n©z?cfqrn§cfn©kNz ¢k t ci��h±  t hOpNq�hEz?c!q�aiym�mh²n©zT~ t k`kv Wa³km �cf�rh±n©z��El©q|a¦nokmzTkv �a¦hEcfa!km �gYkb{bhEl�aP¯

��� ~����
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T¡~Ch t y/cfn©kNz�a³{bh�½|zrh�ci��h�n©z?cih t  WyN��h²ci� t kNqr�m�¤!�rn����TyYlokm�Nno�±�Pyvzj|h�q�aihP{j`_�~ t kN� t yvg�aE¯ sLt km~Ch t cinohPa
y t h±yvjCkmqrc!ci�rh�yN{bhPp?q�yvcinokmz�km �cf�rhPaih±km~Ch t y/cfn©kNz�a³¤�¯ t ¯ cP¯Aa¦hPg�yvz?cin��EaP¯

µ³�rhY ¢k t g-qrl�yma±{bh�½|zrhYci�rh�l�yvz��mq�ym�mh(km �cf�rh�lokm�mn��vª\cf�rhºaihEg�yvz?cin��Ea�{rh�½�zrhOa±n§c�a�nozNcfh t ~ t h�cfyvcinokmz3ª
ymz�{�ymz �J:�� A >G: >�K�LN�� ���� {rh�½�zrhOa6�rk/¤ ci�rh±lokm�Nno�xn©gY~rlohEgYhEz?c�a6ymz �JK�L>G�MD�NC��> ci�|y/c!noa³�EkmgYgYkmz�cfk�yml©l
lokm�Nno�PaE¯�µ³�rn�a���kNgYg�kNz�noz?cih t  WyN��h²noa!g�yN{bh±kv �yYaih�c�km �km~Ch t y/cfn©kNz�aPª?¤!��no���Ty t h�{bh�½�z�hP{j|hPl©k/¤�¯Aµ³�rh
gYk?adc�nog�~Ck t cfymz?c�km~Ch t y/cinokmz+noa�ci�rh �9�eQ�����:��F� ���� ¯ t c�cihOadc�a�¤!�rh�cf�rh t y ¢k t g-qrl�y�n�a�gYk t h�a¦~ChP�En§½|�
cf��yvzTyvz�kvci��h t ¯ 
6hO�Eyvq|a¦h¡kv =cf�rh�ain©gYnoloy t n©cinohPa6jCh�cd¤6hEhEzkmq t   t yvgYhP¤�k ti¥ yvz|{�{bhOai� t no~bcfn©kNz�lokm�mn��EaPª`¤�h
t hEq|a¦h²ci��hEn t z�yvgYhPa!ymz�{zrkvc�y/cfn©kNz�a� ¢k t km~Ch t y/cfn©kNz�a�¼¢hN¯ �|¯©ª

v
 ¢k t aiqrj�aiqrgY~bcinokmzC¾�¯

µ³�rh t h±n�a!zrk���kNz�a¦c t yvnozNcOªbh�¹r��hP~bc! ¢k t cf�rhEn t cd_`~ChPaPªbkmzT¤!��y/c!kN~|h t yvcinokmz�a!�PyvzT{bk�¯�^`k|ªb¤�h�{rh�½�zrh
 ¢k t hPyN����kN~|h t yvcinokmz�~ t kN~|h t cfn©hOa6ci��yvc t hEl�y/cfh²ci�rh�aihEg�yvz?cfno�Pa!yvz�{�ci�rh�kN~|h t yvcinokmz�a6km �y�lokm�mn��v¯

��k t hPyN���ºkm~Ch t y/cfn©kNz3ª`¤�h²h�¹b~rl�yvnoz�n©cfa6~rq t ~CkNaihmª`n§c�a6cd_`~|hNªbn§c�a6{rh� Wyvq�l§c�{bhE½�zrn©cinokmz3ªrymz�{º¤6h²{rh�½�zrh
y(a¦hEc�kv 3~ t kN~|h t cfn©hOa�ci��yvc6ym~r~rlo_-cfk�n©cP¯ sLt km~Ch t cinohPa�gYyG_ t hP��hPn©«Nh�a¦hP«mh t yml�{bh�½|zrn§cfn©kNz�a6��k tft hPai~|kNz�{bnozr�
cfk´{bn©¸Ch t hPz?c-ai�Ekm~ChPa �(kNzrh�~|kNn©z?c�kv ³ci�rh�km~Ch t y/cinokmzÇ{bkNg�yvnoz3ª=cf�rhºhPzNcfn t hºkN~|h t yvcinokmzÇ{bkmg�ymn©z3ª�yvz|{
noz?cih t gYhP{rnoyvcihY{bkmg�yvnoz�a²j�yNa¦hO{�kmz

TELL
ª=yvz|{

ASK
¯-µ³�rhY~ t km~Ch t cinohPa²km 6{bhE Wyvqrl©c�{bh�½�z�n§cfn©kNz�y t h

�Nn©«NhEz�j|hOa¦n�{bh±ci��hEgT¯

�������	� 
���
>

µ³��h�~rq t ~|k?a¦hYkv 6ci��h �L��� noa�cik t h�ciq t z+ci�rh�g�k?adc��NhEzrh t yml� ¢k t g(qrl�ykv 6ci�rh�lokm�Nno�m¯ t c�q�aiq�yvlol©_´noa�y
ASK

¬U ¢k t g(qrl�yrª�ymz�{Tzrkmc²y
TELL

¬I ¢k t g-qrl�yr¯ t cxg�yG_�jCh�qrz|{bh�½�z�hP{Ë¯ 6 ��hEz�{bhE½�zrhP{3ª|n©cfa¡h�¹b~ChP��cfhP{
gYhOyvzrnozr�Ynoa6cf��y/c�n©c���yNa³hE«mh t _�noz?cih t ~ t h�c�y/cfn©kNzyNa!y-gYkb{bhPlI¯

� Â���À �
AS ∪ {undef }

¯
Æ À�����À Æ��

def > =def > 6= undef

� Å � � ' À � À �
cp> =def def > ⇒ M(>) = I

Æ À�� ��� 'W�m�
>d =def undef

cp>d

��������� �����������
⊥

µ³��h(~rq t ~CkNaih(kv �ci�rh Q���� �L��: n�a¡cik t h�cfq t z�ci��h-lohPyNadc²�mhEz�h t yvl3 ¢k t g-qrl�y�kv Lcf�rh�l©kN�mn��v¯ t c²q�aiq�yml©lo_Tnoa
z�hEn©ci�rh t y

TELL
¬I ¢k t g-qrl�yrª�z�k t y

ASK
¬U ¢k t g(qrl�yr¯!^`k�ª|¤!�rhEz+{bh�½�z�hP{Ëª|n§c�a t kmloh�noaxg�yvnozrl©_�cik�gYy ¥ h

~CkNafain©jrloh²ci�rh�~ t k`kv �kv �a¦kNg�h±~ t km~Ch t cinohPaP¯ t cfa!hE¹b~|hO��cihO{g�hOyvzrnozr�Yn�a6ci��yvc�n§c���yNa³zrkYgYk`{rhElU¯
� Â���À �

AS ∪ {undef }
¯

Æ À�����À Æ��
def ⊥ =def ⊥ 6= undef

~�~��q���9�����
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� Å � � � �P� À � �m�
cs⊥ =def def ⊥ ⇒ M(⊥) = ∅

Æ À�� ��� 'W�m�
⊥d =def undef

cs⊥d

��������� �������	� �  ��
	��
v

µ³��h!~rq t ~|k?a¦h!km  �9�eQ��9��: ��� ���� noaLcik±cihOadc�¤!�rh�cf�rh t y² ¢k t g(qrl�y±noaLg�k t h�ai~ChP��n©½|�³cf��yvz�ymzrkvcf�rh t ¯�µ³��noa
n�a¡ci�rh�gYk?adc±q�aih� ¢qrlAkN~|h t yvcinokmz+yNa²n§c�n�a±q�a¦hO{�noz+nozb ¢k t g�y/cfn©kNz+ai_badcfhEg�a¡cikÁ��kNg�~�qbcih�yvz|a¦¤6h t a�cfky
p?qrh t _

q
¯(°xz´kNjbudhP��c

o
n�a±a¦q|���+yvz+yvz�ai¤�h t n© �n©cfa±{bhOai� t no~bcfn©kNz

d(o)
noa±aiqrj�aiqrgYhP{�j`_Tcf�rh�p?qrh t _

q¼
d(o) v q

¾�¯ t cfa!hE¹`~ChP��cihO{�gYhOyvzrnozr�Ynoa6cfkYj|h�hOpNq�n©«/yvlohEz?c!cfk-cf�rh�noz���loq�ain©kNz�km �aih�c�a³kv �g�kb{bhPloaP¯
� Â���À �

AS × AS → bool
¯

� Å � � � �P� À � � � �
(f : AS, g : AS)

�
csv(f, g) =def f v g ⇒ M(f) ⊆ M(g)
csv =def ∀f, g ∈ AS : csv(f, g)

� Å � � ' À � À � �
(f : AS, g : AS)

�
cpv(f, g) =def M(f) ⊆ M(g) ⇒ f v g
cpv =def ∀f, g ∈ AS : cpv(f, g)
cp′

v =def ∀d ∈ TELL, x ∈ ASK : cpv(d, x)
Æ À�� ��� 'W�m�

f vd g =def false

csvdt zÁk t {bh t cik�yG«mkmn�{� Wyvl�a¦h�~CkNain©cino«mhPa(¼Wyvz�ymz�ai¤�h t ci��yvc¡ai�rkmqrl�{Tzrkmcxj|h-yvz�yvz|a¦¤6h t ¾�ªrnozb ¢k t g�y/cfn©kNz
ai_badcfhEg�aYq�aiq�yvlolo_ t hOpNq�n t h�Ekmz�ain�adcfhEz��E_

csv
¯ µ=kÇyG«mkNno{Ç Wyvl�a¦hTzrhP�Ny/cfn©«NhPaT¼¢gYn�aiaihP{ ymz�a¦¤6h t a�¾�n©cºnoa

aiq��º��nohEz?c!cfk���yG«mh±cf�rh�~�y t cin�yvl���kmgY~rloh�cfhEzrhOaia
cp′

v

ªr¤!�rn����Ánoa³c t q�h�noa!gYk t h�lokm�Nno�Pa6ci��ymzT ¢qrl©l���kNg-¬
~�l©hEcihEz�hPafaEª3ymz�{´yml©lok/¤�a� ¢k t gYk t h�h��º��nohEz?c±n©gY~rlohEgYhPzNc�y/cfn©kNz�aE¯-µ³�rnoa²n�a²¤!�rh t h(cf�rh�g�kmcino«/y/cinokmz´ ¢k t
{rnoa¦cinozr�mq�noai�rnozr�

TELL
¬U ¢k t g(q�loyNaEªbyvz|{

ASK
¬U ¢k t g(qrl�ymaP¯

��������� � ���������� ��
 ���
u

µ³��h�~rq t ~|k?a¦h´kv  ������9��F�G� ���� n�a�cik a¦q�g qr~ ci�rh+n©zb ¢k t g�yvcinokmz kv (�Ç ¢k t g(qrl�yma�noz kNzrhmª!nU¯ hN¯�cik
t h�cfq t zºci��h²gYk?adc³�mhPzrh t yvl| ¢k t g(qrl�y(ci��yvc³n�a³a¦q�j�a¦q�g�hO{�j`_Ycf�rh²cd¤�kYy t �mqrgYhPzNc� ¢k t g(qrl�ymaP¯ t c!�Pyvzj|h
~|y t cin�yvlol©_T{bh�½|zrhP{Ë¯ 6 �rhEz�ci�rh(cd¤�ky t �mqrgYhEz?c! ¢k t g-qrloyNaxy t h�noz��EkmgY~�y/cfn©j�l©hNª|n©c±ai�rkNqrlo{ t h�cfq t zÁci�rh
�Ekmz?c t ym{rno��cinokmz3ªNn§ �{rh�½�zrhO{Ë¯ t cfa�h�¹b~ChP��cihP{�gYhPyvz�n©zr�-noa�cik�jCh¡hOpNq�n©«/yvlohEz?c�cik�cf�rh²n©z?cih t aihP��cinokmzºkm =a¦hEcfa
km �gYkb{bhEl�aP¯
� Â���À �

AS × AS → AS ∪ {undef }
¯

Æ À�����À Æ �(�
(f : AS, g : AS)

�
def u(f, g) =def f u g 6= undef

def u =def ∀f, g ∈ AS : defu(f, g)
defstu =def ∀f, g ∈ AS : M(f) ∩ M(g) 6= ∅ ⇒ defu(f, g)

��� ~����
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� Å � � � �P� À � � � �
(f : AS, g : AS)

�
csu(f, g) =def def u(f, g) ⇒ M(f u g) ⊆ M(f) ∩ M(g)
csu =def ∀f, g ∈ AS : csu(f, g)

� Å � � ' À � À � �
(f : AS, g : AS)

�
cpu(f, g) =def def u(f, g) ⇒ M(f u g) ⊇ M(f) ∩ M(g)
cpu =def ∀f, g ∈ AS : cpu(f, g)

Æ À�� ��� 'W�m�
f ud g =def undef

csud
∧ cpud6 �rhPz�cf�rh���kNz/udqrz���cinokmznoa�cikmcfyml©lo_�qrz�{bhE½�zrhO{+¼I{bh� Wymqrl§c!jChE��yG«`nokmq t ¾�ª`n©c!noa6jCkvci�T��kNz�ainoa¦cihPzNc!yvz|{

�EkmgY~rloh�cfhm¯&µ³�rh+zrhEhO{  ¢k t g�y ¥ nozr�·��kNz/udqrz���cinokmz gYk t h´{rh�½�zrhO{ q�aiq�yvlolo_ �EkmgYhPa�  t kNg ~ t kN~|h t cd_
~ t k`kv WaPªvhOa¦~ChP�Enoyml©lo_-ymj|kNqbc t hO{bq��EhP{bzrhOaiax¼I^`hO��cinokmzº�r¯ �r¯ �?¾�¯ 
xhE½�zrnozr����kNz/udqrz���cinokmzº�Eymz�yvl�a¦k±jCh�q�aih� ¢qrl
 ¢k t ��kNg�~|ym��cfn©z���p?qrh t nohPa³k t kvci��h t ��kNg(jrnoz�yvcinokmz�a6kv � ¢k t g(q�loyNaE¯

��������� � 
 � �	����� ��
 ��
t

µ³��h�~�q t ~CkNaihYkv  @�� � �9��F�G� ���� noa²cfkÁ�mhPzrh t y/cfh(cf�rhYg�k?adc��NhEzrh t yml� ¢k t g-qrl�yma²¤!�rkNaihYgYk`{rhEl�a�y t h�yml©l
gYkb{bhPloa!km AhEn©ci�rh t y t �mqrgYhPzNc! ¢k t g-qrl�ymaP¯ t cfaxh�¹b~|hO��cfhP{TgYhPymzrn©z���noa�cik�jCh�hPp?qrno«/yvlohEz?c!cik�cf�rh�qrz�n©kNz
km �gYkb{bhEl�aPª�yma!ai�rk/¤!z�j`_��kmz|a¦n�adcfhEz��E_ºyvz�{T�EkmgY~rloh�cihPzrhPafa³~ t km~Ch t cinohPaP¯

� Â���À �
AS × AS → P(AS)

¯
� Å � � � �P� À � � � �

(f : AS, g : AS)
�

cst(f, g) =def

⋃

h∈ftg M(h) ⊆ M(f) ∪ M(g)
cst =def ∀f, g ∈ AS : cst(f, g)

� Å � � ' À � À � �
(f : AS, g : AS)

�
cpt(f, g) =def

⋃

h∈ftg M(h) ⊇ M(f) ∪ M(g)
cpt =def ∀f, g ∈ AS : cpt(f, g)

Æ À�� ��� 'W�m�
f td g =def {f, g}

cstd
∧ cptd

��������� � �����
	 ��	����	 
 ���
6

µ³��h-~rq t ~CkNaihYkv  A � � >�� ���B@C>G�9�J\� n�a²cikcfhPa¦c±¤!��h�ci��h t yº ¢k t g-qrl�y�a¦cfy t c�a¡jCh� ¢k t hYyvz�kvci��h t  ¢k t g(qrl�yrª
yN�E�Ek t {bn©z���cik»cf�rh´~|y t cin�yvlxk t {rh t n©zr�ÇkNz nozNcfh t ~ t h�cfyvcinokmz�aP¯&µ³�rh�a¦nogY~rlohPa¦c�h�¹rymg�~�l©h�n�a�~ t kNj�yvj�l©_
noz?cih t «/yvl�aºkNz nozNcfhE�Nh t aEª�¤!��h t h´nozNcfh t ~ t h�cfyvcinokmz�a�y t h�nozNcfhE�Nh t aEª�ymz�{ ci��h+~�y t cfnoyml¡k t {rh t n©zr�Çn�a�ci�rh
z|y/ciq t yml=kmz�hm¯xµ³�rh-n©z?cfh t «Gyml

[1, 5]
a¦cfy t c�a�jCh� ¢k t h�cf�rh(noz?cih t «/yvl

[3, 4]
jChP�Eymq�aih�ci�rh-l©k/¤6hPa¦cxgYkb{bhEl�kv 

cf�rh�l�y/c¦cfh t n�a!a¦g�yml©loh t cf��yvzci��h�l©k/¤6hPa¦c6gYkb{bhPl3kv �ci�rh± ¢k t gYh t ¯

� Â���À �
AS × AS → bool

¯

~�~��q���9�����
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� Å � � � �P� À � � � �
(f : AS, g : AS)

�
cs6(f, g) =def f 6 g ⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
cs6 =def ∀f, g ∈ AS : cs6(f, g)

� Å � � ' À � À � �
(f : AS, g : AS)

�
cp6(f, g) =def (∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j) ⇒ f 6 g
cp6 =def ∀f, g ∈ AS : cp6(f, g)

Æ À�� ��� 'W�m�
f 6d g =def false

cs6d

��������� �   �
	 � 	 ����	 
 ���
0

µ³��h�~rq t ~|k?a¦hxkv \ci�rh �$� �e>��
���B@S>��9�J8� n�aAcfk�cihOadc6¤!�rh�cf�rh t y² ¢k t g(qrl�y�hPz�{raLjCh� ¢k t h¡yvzrkmci�rh t  ¢k t g(qrl�yrª
yN�E�Ek t {bn©z��xcfk±ci�rh!~�y t cfnoymlrk t {bh t nozr�²kmzYn©z?cfh t ~ t hEcfyvcinokmz�aP¯ t z�ci��hxyvjCk/«mh6h�¹ryvgY~rlohmªmci�rh!noz?cih t «/yvl

[3, 4]hPz�{ra³jCh� ¢k t h±cf�rh±n©z?cih t «/yml
[1, 5]

¯

� Â���À �
AS × AS → bool

¯

0
� �Y� Å�� � � �P� À � � �(�

(f : AS, g : AS)
�

cs0(f, g) =def f 0 g ⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
cs0 =def ∀f, g ∈ AS : cs0(f, g)

0
� �Y� Å � � ' À � À �(�

(f : AS, g : AS)
�

cp0(f, g) =def (∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j) ⇒ f 0 g
cp0 =def ∀f, g ∈ AS : cp0(f, g)

Æ À�� ��� 'W�m�
f 0d g =def false

cs0d

��������� ��� � ���
	�� � � � � �� � ��
 � �
^bkmgYhT~ t kN~|h t cfn©hOaYy t h�zrkmc t hPloyvcihP{»cik�kmz�hkN~|h t yvcinokmz3ª�jrqbc�cik�cf�rhÁa¦_`z?cfyv¹·k t cik�cf�rhÁa¦hEcYkm ²yml©l
kN~|h t yvcinokmz�aP¯ 
6hE ¢k t h±{rh�½�zrnozr��yºl©n�adc�km La¦q����Á~ t kN~|h t cfn©hOaEªr¤6h±½ t adc�z�hEhP{cfkºh�¹`cfhEz�{cf�rh({bhE½�zrn©cinokmz�a
km �ai_`zNc�y/¹�ymz�{a¦qrj|a¦qrgY~bcfn©kNzcik�a¦hEcfa!km = ¢k t g-qrloyNaE¯

�À������ � �WÅ���� � ����>�
P(X)

@S>������>9�7��� > � � � >����G>G�}� D
X �

• AS∗ =def P(AS)
�

• ASK ∗ =def P(ASK )
�

• TELL∗ =def {F ∈ P({⊥} ∪ TELL ∪ ASK ) | F ∩ {⊥} ∪ TELL 6= ∅}
�

• F v∗ G =def

∨







∃f ∈ F, g ∈ G : f v g
∃f ∈ F : f v ⊥
∃g ∈ G : > v g

��� ~����
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	������������� �G�

• closedu(F ) =def ∀f 6= f ′ ∈ F : f u f ′ = undef
�

• closedt(G) =def ∀g 6= g′ ∈ G : g t g′ ⊆ G
�

� ' '6Æ À �O�v� � � � Å �/���r� À �ÎÀ �r���� À �N�
df =def TELL ⊆ ASK

�O�b� � � � �b�!' À � �
f : AS

�
f
��yma!yYgYkb{bhPlI¯

st(f) =def M(f) 6= ∅
st =def ∀f ∈ AS : st(f)
st ′ =def ∀d ∈ TELL : st(d)

� �(��� ' À � Å���� �
f : AS

�
f
��yma³kNzrh�yvz|{�kNzrl©_�kmzrh±gYkb{bhElU¯

sg(f) =def |M(f)| = 1
sg =def ∀f ∈ AS : sg(f)
sg ′ =def ∀d ∈ ASK : sg(d)

� À Æ���� À Æ � �
(F : AS∗, G : AS∗ �G�
reduced(F, G) =def closedu(F ) ∧ closedt(G) ⇒

(
⋂

f∈F M(f) ⊆
⋃

g∈G M(g) ⇒ F v∗ G)
reduced =def ∀F, G ∈ AS ∗ : reduced(F, G)
reduced ′ =def ∀F ∈ TELL∗, G ∈ ASK ∗ : reduced(F, G)
reduced .left =def ∀F ∈ AS∗, g ∈ AS : reduced(F, {g})
reduced .right =def ∀f ∈ AS , G ∈ AS∗ : reduced({f}, G)
reduced .top =def ∀g ∈ AS : reduced(∅, {g})
reduced .bot =def ∀f ∈ AS : reduced({f}, ∅)
reduced .bot ′ =def ∀d ∈ TELL : reduced({d}, ∅)

	�kmcih-ci��yvc
reduced .left

hPz?cfyvnol�a
reduced .top

ª\ymz�{Tcf��y/c
reduced .right

hPz?cfyvnol�a
reduced .bot

ª
¤!�rn�����hPz?cfyvnol�a

reduced .bot ′
¯ 	�kvcfhºyvl�a¦kcf��y/c

reduced(∅, ∅)
n�a�yvlo¤6yG_ba¡c t qrh�¼W~ t k/«`n�{bhP{´ci��h

n©z?cfh t ~ t hEcfyvcinokmzT{bkmg�yvnoznoa³zrkmc�hEgY~bcd_r¾�¯

��������� � ��� � � � ���
s�t kN~|h t cfn©hOa�y t h t y/cf�rh t cihP����zrno�PyvlUªNjChP�Pyvq�aih�cf�rhE_Y��yG«Nh�jChEhEz�n©z?c t kb{bq��EhP{�~ t km� t hOaiaino«mhElo_�nozºk t {bh t cik
~ t k/«NhLa¦kNg�h�~ t kN~|h t cfn©hOaËkmz(l©kN�mn��Ea3ymz�{±l©kN�mn��� ¢qrz���cik t aP¯�µ³�rn�a=yNaiaiqrgYhPa=¤�h���yG«mh�yxadc�y t cinozr�!~|kNn©z?cOª/nI¯ hm¯
aikmgYh�nozrn©cin�yvl=~ t kN~|h t cfn©hOa!¤�h-y t h�n©z?cih t hOadcfhP{Tnoz3¯ t z�{bhPhP{ËªCn©zTcf�rh-�Ekmz?cihE¹`c�kv An©zr ¢k t gYyvcinokmzÁai_`a¦cihPg�aEª
¤6h6zrhEhO{�cik±yvz|a¦¤6h t p?qrh t n©hOaE¯ t z�^`hO��cfn©kNz��b¯Ú�b¯ ��¤6h³yvl t hOym{b_±a¦��k/¤Çci��yvc��Ekmz�ain�adcfhEz��E_

csv
yvz�{(~�y t cin�yvl

�EkmgY~rloh�cfhEzrhOaia
cp′

v

y t h t hPp?qrn t hP{�kmzTa¦qrj|a¦qrgY~bcfn©kNzTn©zTk t {bh t cfk�yvz�ai¤�h t pNq�h t n©hOa!��k tft hP��cfl©_N¯
°¡aºkmq t l©kN�mn��Eaºy t hÁj�qrn©l©c�j`_ ��kmgY~CkNain©z��»a¦qrjr¬Ulokm�Nno�PaYj?_ l©kN�mn�� ¢qrz���cik t aPª!n§c�n�aºnogY~|k t c�yvz?c�cik

q�z�{bh t a¦cfyvz|{�cf��y/c�cf�rh�~ t km~Ch t cinohPa t hOp?qrn t hP{+kmz�hPyN����aiqrjb¬Îlokm�mn��Ea²¤!nol©l�zrkvc�jChYci�rhºafyvgYhmª�yvz�{�¤!nol©l
{rhE~ChEz�{´kmz�hOym���Álokm�mn��± ¢qrz|��cik t ¯±�rk t noz�a¦cfymz���hNªCy�l©kN�mn��� ¢qrz���cik t g�yG_hEzb ¢k t �Eh-yº~ t kN~|h t cd_hE«NhEzÁn© 
n©cxn�a�zrkmc¡afy/cin�a¦½�hP{j`_aiqrjb¬Îlokm�mn��EaP¯³µ³�rh�kvcf�rh t ¤6yG_ t kNqrz�{Ëª�aikmgYh�~ t kN~|h t cfn©hOa!g�yG_�jCh t hOp?qrn t hP{kNz
aiqrjb¬Îlokm�mn��EaPª?hE«mhPz�n© �n©c!noa6zrkmc³aik-noz�ci�rh±jrqrnol©c³lokm�Nno�m¯�µ³��noa³hE¹`~�loymn©z�a�¤!�`_º¤6h¡noz?c t k`{rq���h²g(q�����gYk t h
~ t kN~|h t cfn©hOa�cf��yvzTzrhPhP{bhO{kmz�ci�rh�lokm�Nno�Pa�q|a¦hO{�nozTn©zr ¢k t gYyvcinokmzTa¦_ba¦cihPgYaP¯

~�~��q���9�����
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T¡~Ch t y/cfn©kNz�a
u
ª
t
ª
>
ª
⊥
y t hyvlol!{bh�½�z�hP{ kmzÇcf�rhÁa¦_`z?cfyv¹�km ¡aikmgYh�lokm�Nno�mªLjrqbc�ci��hE_·y t h�zrkvc

z�hP��hOaiafy t nol©_���kmz�zrhP��cino«mhPa�kv Ëcf�rhxlokm�Nno�mª?ain©gY~rlo_�j|hO�Eyvq|a¦hxci�rh²��kmz�zrhP��cino«mhPa�kv =y�lokm�Nno�xy t h�~�y t c�km Ëci�rh
ai_`z?cfy/¹Ëª?yvz�{Yg�yG_(jCh¡{rn§¸\h t hEz?cL  t kmg¨ci�rhOa¦hxkm~Ch t y/cinokmz|aE¯A^`nog�nol�y t l©_Nªvci��h¡ai_?z?c�y/¹�ymz�{�ci��h¡aihEg�yvz?cin��Ea
g�yG_�{rh�½�zrh±zrhP�Nyvcinokmzk t p?q�yvz?cfn§½�h t aPª?ci�rkNqr�m�cf�rhE_�y t h�ymj�a¦hPz?c6  t kmg ci�rh�aih�c�km �km~Ch t y/cfn©kNz�aP¯

	xkvcih±cf��y/cxaikmgYh�kN~|h t yvcinokmz�a±¼W�Ekmz/udq�z���cfn©kNz3ªrc�yvqbcfkmlokm�m_Nªbyvz�{T��kNz?c t ym{bn���cfn©kNz|¾6�EyvzjCh�kmzrlo_º~�y t ¬
cfnoyml©lo_({bhE½�zrhO{¼Wj`_�q�ain©zr�

undef
¾�n© Cn©cLnoa���kmz`«NhEzrnohEz?cPªvymz�{(ci��yvcAci�rhPn t ~ t kN~|h t cfn©hOa�ym~r~rlo_�kmz�l©_�kNz�ci�rh

{rkmg�yvnozY¤!�rh t h!ci��hE_Yy t h³{rh�½�zrhO{Ë¯L^`k�n©c�n�aLhPyNa¦_(cik�g�y ¥ h³ci��hEg.aiyvcin�ad ¢_-ci�rhOa¦hx~ t kN~|h t cfn©hOaEªml©n ¥ hx�Ekmzb¬
ain�adcfhEz��E_�yvz�{���kNg�~�l©hEcihEz�hPafaEª3j`_ ¥ hEhP~rn©z���cf�rhEg qrz�{bhE½�zrhP{3¯ } hP{bq��EhP{bz�hPafa���kmq�zNcfh t j�yvl�yvz|��hPaxci��noa
c t no«`noyml©n©cd_ºj`_ t hPp?qrn t nozr�-ci�rhOa¦h�kN~|h t yvcinokmz�a�cfk�jCh({bhE½�zrhO{ >GF���C� � ¯�°�z�{�cf�rnoa�~ t kN~|h t cd_�n�a t hPp?qrn t hO{
noz�a¦kNgYh!l©kN�mn��� ¢q�z���cfk t a�n©z�k t {bh t cik�yN���rn©hP«mh³a¦q�j�a¦q�g�~rcinokmz���kNg�~�l©hEcihEz�hPafaEªN¤!�rno���Yn�aL� t q��EnoymlrymaAafyvn�{
ymj|k/«Nhm¯

� n�� �������E��� 7(��2 ���(�����£��
�����������

t z�cf�rn�a(aihP��cfn©kNz�¤�hY ¢k t g�yvlolo_+{bhE½�zrh�cf�rh���l�ymafa�km ³lokm�Nno�PaEª�yvz�{�cf�rhEz�cf�rh��EloyNaia�km 6lokm�Nno�� ¢q�z���cfk t aEª
¤!��no���Ty t h² ¢qrz���cfn©kNz�a³  t kmg lokm�Nno�Pa�cik�lokm�mn��EaP¯

�������	� � ����
 � �
° A ������� n�aLcf�rh±ymafa¦kb��n�y/cfn©kNz�kv =ymz�yvj�a¦c t ym��c�ai_?z?c�y/¹Ëª?y-a¦hPg�yvz?cin��EaPª?ymzºnog�~�l©hPg�hPz?cfy/cfn©kNz3ªbyvz�{�y�cd_`~|h
g�yN{bh±kv Ay�aih�c!km �~ t km~Ch t cinohPaP¯Aµ³�rh���l�ymafa³kv �yvlol3l©kN�mn��Ea6n�a�{bhEz�kvcihO{�j`_

L
¯

�À������ � �WÅ���� 	���Å � � ��� � A �������
L
� � N � �$� A >

(ASL, SL, PL, TL)
� � � >G�B>

ASL

� ���L��� > NCQ���� �BNS���� ��K�LN �;� D��;No��>G�q� D D����9: � A N`���
SL

� � N ��>G: N�e� ����� Q�N`�G>�@;��
ASL

�
PL

� � N� �J:�� A >�: >�K�LN�� ���� � � � > �N �G>G�y� DR� �e>���N�� ���� ��� Q�N`�G>�@ ��
ASL

�EN�F@
TL

� �;���e> cd_`~|h � Do��� > A �B�C��� �E� � > � � N �G>��y� D ���B� �e>G�9� ��>����� N�� N��B>o��N�� � � ' >�@ Q � ��� >G�BN�� ���� ��� � � � � � �G>G:RN�e� ���9� �
� � >G F>���>����GN�� ���4��� >R��N�� � �MD�NS��� ����"�B> A N�� ����

|=
� D N A �B�C���

L
�q� AJA Q�> �q�9�J� ��>�

|=L

�E��� >R�JK�L>G�
	
���B>G�LN�� ���� @S��: N��J

I
�q� AJA Q�> �q�9�J� ��>G

IL

�
���e> :R�?@C> A �
M(f)

�q� AJA Q�> �q�9�J� �L>G
ML(f)

� N��@ >�NC� ���� >G�BN�� ����
op

�q� AJA Q�> �q�9�J� ��>�
opL

�

��������� � ����
 ��� ����� ����	 �
6 h��|yG«mh±udq�a¦cY{rh�½�zrhO{Çlokm�mn��EaP¯ ���B�C���
D���F�G�L����� c�y ¥ hºl©kN�mn��Ea-yma�~|y t yvgYh�cfh t a�yvz�{ t h�cfq t z·yÁlokm�mn��v¯
w=km�Nno�� ¢qrz|��cik t a(yvl�a¦kÁ��yG«Nh�y�a¦_`z?cfyv¹Ëª�y�aihEg�yvz?cfno�PaEª�y�a¦hEc(kv ³km~Ch t y/cfn©kNz�aPª�ymz�{�yTcd_`~|hNª�jrqrc(ci��hE_
y t hºyml©l6yvj�a¦c t ym��cihO{�k/«mh t kNzrhºk t gYk t hºlokm�mn��Ea�ci��yvc�y t hº��kNz�aino{bh t hO{�yma� ¢k t g�yml�~�y t ymg�hEcih t aP¯Á�rk t
noz�a¦cfymz���hNª\ci�rhYlokm�mn��( ¢qrz���cfk t

Prop(X)
n�a²ci��h�~ t kN~|k?a¦n©cinokmz�yml�lokm�Nno�mª\¤!�rkNaih�yvcikNgYa²��yG«Nh-jChEhPz�ymjb¬

a¦c t ym��cihO{Tj?_�ci��h� ¢k t g�yvl�~�y t yvgYh�cfh t
X
ª|yvz|{��EymzTci�`q�a�jCh t hE~�loyN��hP{Tj`_gYk t h(��kNg�~�l©hE¹� ¢k t g-qrloyNaE¯

µ³��hEz+ci�rh���l�ymafaino�-~ t km~CkNain§cfn©kNz�yvl�lokm�mn��-noa t hP��kNz�a¦c t q���cfhP{�j`_´ym~r~rlo_`n©zr��ci��h	��kmgY~|k?a¦h t cfkci�rhYh�¹`¬
~ t hOaiain©kNz

Prop(Atom)
HNyvz|{�cf�rh!��kmgY~CkNaihP{(l©kN�mn��

Prop(Interval(Int))
t hP~rl�ym��hOa3cf�rh���l�ymafaino�6y/cfkmg�a

j`_�n©z?cih t «/ymloa!kNzÁn©z?cfhE�mh t aP¯�µ³��noax~ t kb�EhPafa³noax«mh t _�ain©gYnoloy t cikºci�rh(�EkmgY~CkNain§cfn©kNzkm AgYyvci�rhPg�y/cin��±h�¹`¬
~ t hOaiain©kNz�ax  t kNg km~Ch t y/cinokmz|a(¼¢hN¯ �|¯©ª

+,−,×
¾�ª\k t �EkmgY~rloh�¹�~ t km� t ymg�gYnozr��cd_`~ChPa¡  t kNg j�ymain���cd_`~ChPa

¼Whm¯ ��¯oª
int , bool

¾²yvz|{�cd_`~Chº��kmz|adc t q���cik t a�¼¢hN¯ �|¯©ª
array , list

¾�¯ t c�n�a�yvl�a¦k~CkNafa¦nojrloh-cfkÁ{bh�½�z�hYyzrhP¤

��� ~����
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lokm�Nno�¡ ¢qrz|��cik t yNa!yY~�y t yvgYh�cfh t n=OPhP{��kNg�~CkNain©cinokmzTkv �h�¹bn�adcfn©zr�Y ¢q�z���cfk t aE¯ 6 h(�Pyvlol=aiq����Áy� ¢qrz���cfk t y����:RQG�JFN��L��� �Lhm¯ ��¯oª
λX.Prop(Interval(X))

¯6 hY ¢k t g�yvlol©_�{bhE½�zrh�ci��hº��l�ymafa¡km �lokm�Nno�- ¢qrz���cik t aP¯Rz²no«mhPz
L
ci�rhº�EloyNaia²km �lokm�mn��EaPª\ci��hº��l�ymafa¡km 

lokm�Nno�� ¢q�z���cfk t a
F
noz���loq�{bhOa(yml©l� ¢qrz���cfn©kNz�a(  t kNg£cfqr~rlohPa-kv !l©kN�mn��Ea±cfk´lokm�Nno�PaE¯Áµ³�rh�ai~ChP��n�yvl6�EyNa¦hºkm 

lokm�Nno�� ¢qrz���cik t a6¤!n§cf��y t n©cd_��-�Ek tft hOa¦~Ckmz�{�aAcik-ci��h±�EloyNaia�kv �l©kN�mn��Ea
L
¯Lµ³�rh¡z�kvcfyvcinokmz

F/n
noa6q�aihP{ºcik

afyG_�cf��y/c
F
noa�y�lokm�mn��³ ¢qrz|��cik t ¤!n©ci��y t n©cd_

n
ªNnU¯ hN¯©ª`hE¹`~ChP��cinozr�

n
lokm�Nno�PaAn©z�k t {bh t cfk(~ t kb{bq��Ehxy�l©kN�mn��v¯

w=h�c
AS

jCh�cf�rh-�EloyNaia�kv Lyvlol�ai_`z?cfy/¹bhOaEª
S
j|h�cf�rh-�EloyNaiaxkv Lyvlol�aihEg�ymzNcfno�PaEª

P
j|h(ci�rh���l�ymafa!kv Lyvlol

aih�c�a6kv �kN~|h t yvcinokmz�aPª`yvz�{
T
ci��h±�EloyNaia6km �yvlolËl©kN�mn��!cd_`~ChPaP¯Lµ³�rh²ai_`z?cfy/¹ºkm �y-l©kN�mn��� ¢qrz|��cik t noa!ain©gY~rlo_

y( ¢qrz���cinokmz  t kmg.ci��h�a¦_`z?cfyv¹`hOa�km =cf�rh�l©kN�mn��� ¢q�z���cfk t a�¤!��no���Ty t h¡n©cfa!y t �NqrgYhEz?cfaPª?cik�ci��h±ai_`z?cfy/¹ºkm 
cf�rh t hPaiqrl§cfn©z���lokm�Nno�m¯

�À������ � �WÅ�����	���Å � � ����� � �m� Å � � � l©kN�mn��� ¢qrz|��cik t
F
� �oN � �$� A >

(ASF , SF , PF , TF )
� � >G�B>

•
���e> NSQ9�9� �BNC�G� � ��e��N �

ASF

� � N/D���F�G� ���� � D � � �e>
AS

n → AS
� �9�e� � ���eN��

ASF (L1,...,Ln) = ASF (ASL1
, . . . , ASLn

) �

•
���e> ��>G: N�e� �����

SF

� � N D������� ���� � D ��� �e>
Sn → S

� �9�e� � ���eN��
SF (L1,...,Ln) = SF (SL1

, . . . , SLn
) �

•
���e> �J:�� A >�: >�K�LN�� ����

PF

� � N D���F�G� ���� � D ��� �e>
P

n → P
� �9�e� � ���eN��

PF (L1,...,Ln) = PF (PL1
, . . . , PLn

) �

•
���e> ��� �e>

TF

� �oN}D������� ���� � D7��� � >
Tn → T

�q���e� � ��� N��
TF (L1,...,Ln) = TF (TL1

, . . . , TLn
)
�

t zºk t {rh t cfk�nol©loq�a¦c t y/cih�ci�rn�a�ymj�a¦c t ym��c�zrkvcfn©kNz�kv 3lokm�mn��³ ¢qrz|��cik t ª`yvz|{�~ t hE~�y t h!hE¹bymgY~rl©hOaL�Nn©«NhEz�noz
z�h�¹`cxa¦hO��cfn©kNz�aEª�¤�h�ai�rk t cilo_�{bhOai� t nojCh�y( ¢hP¤�l©kN�mn��x ¢q�z���cfk t a�¼¶cf�rh({bhEcfyvnolohP{T{bhPaf� t no~bcinokmzkv �kmq t l©kN�mn��
 ¢q�z���cfk t a�y t h�yG«Gymn©l�yvj�l©hYnoz+cf�rh�ym~r~|hPz�{bn���hOaf¾�¯ 6 hº��l�ymafa¦n© ¢_�cf�rhEg	ym�E�Ek t {bnozr�cikTci��hEn t�t kNl©hYnoz�ci�rh
�EkmgY~CkNain§cfn©kNz�km �lokm�mn��Ea �
�%��� � � �r� Å �G� y t h±�/¬ y t _Y ¢qrz���cik t a t hE~ t hPaihEz?cinozr��«/y t n©kNq�a³��kmz|� t h�cih�{bkNg�yvnoz�a

• Unit/0
��cf�rh�lokm�mn��²��yG«`n©z���yYain©zr�Nl©h± ¢k t g-qrl�yrªbyvz�{TyYain©zr�Nl©h±noz?cih t ~ t h�c�y/cinokmz=ª

• Atom/0
��cf�rh���l�ymafaino�PyvlËy/cfkmg�aEª

• Int/0
��noz?cihP�mh t aPª

• Card/0
��cf�rh�{bhP� t hOymain©z��-����ymn©zkv �z�y/cfq t yvl�a� ¢k t h�¹b~ t hPafa¦nozr� � yvc�l©hOyma¦c

n
�²~�yvc¦cih t z|aEª

• String/0
�Aa¦c t n©zr�?a³yvz�{Taiqrj�a¦c t n©zr�Y~�yvc¦cfh t z�a�¼W�Ekmz?cfymn©z�aPªra¦cfy t cfa6¤!n©ci�3ª�¯E¯P¯f¾�ª

� Å�� �P�E� ���v� Å �/� {bh�½|zrh±ci�rh�a¦c t q���ciq t h±kv � ¢k t g(qrl�yma³yvz|{�noz?cih t ~ t h�c�y/cinokmz|a

• Sum/2
��ci�rh�{rnoaWudkmnoz?c�qrzrnokmzTkv A�(lokm�Nno�Pa�¼¢jCkvcf�Tai_`z?cfy/¹�ymz�{n©z?cfh t ~ t hEcfyvcinokmz�{rkmg�yvnoz|¾�ª

• Prod/2
��ci�rh�~ t kb{bq���c�kv ��-lokm�Nno�Pa�¼¢jCkvci�Áai_`zNc�y/¹�ymz�{�n©z?cih t ~ t hEcfy/cfn©kNz�{bkNg�yvnoz|¾�ª

• Multiset/1
��g(qrl©cin�a¦hEcfa³k/«Nh t  ¢k t g(qrl�yma³km =cf�rh�a¦q�jb¬Ulokm�Nno�mª

�����P�E�/�r�m� Å �/� h�¹`cihPz�{�ci�rh�ymj�adc t yN��c!a¦_`z?cfyv¹�¤!n©ci�rkNqbcx����yvz��mnozr�(cf�rh�nozNcfh t ~ t h�cfyvcinokmz{bkmg�yvnoz

~�~��q���9�����
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• Top/1
�Aym{�{ra!yT¼W��kNgY~rl©hEcihG¾�cikm~cfk-cf�rh�aiqrjb¬Îl©kN�mn��vª

• Interval/1
��noz?cih t «/yvl�a³k/«mh t «/yvloqrhOa6cfy ¥ hEzTyma6cf�rh± ¢k t g(qrl�yma³km =cf�rh�a¦q�jb¬Ulokm�Nno�mª

• Prop/1
����lokNaiq t hºkv !cf�rh�ai_`zNc�y/¹�j`_+cf�rh��´j|k`kNl©hOyvz»��kNzrzrhO��cik t a�¼Wyvz|{ËªAk t ª�zrkvc�¾�ªAcf�rh

�Ekmg-jrn©z|y/cinokmz|a�km �cf�rhPaih���kNzrzrhP��cik t a³noz���� ��� ¬U ¢k t g(qrl�yma³n�a��Ekmz�a¦c t yvnozrhP{3ª
�YÆ�� � � Å �G� ��hElo~�cfkYhEz�aiq t h±aikmgYh±~ t km~Ch t cinohPa!y t h±aiyvcin�ad½|hP{

• Set/1
�Ayv~r~rlonohPa�ci�rh±~Ck/¤�h t aih�cLcfk(cf�rh±n©z?cfh t ~ t hEcfyvcinokmz�{bkNg�yvnozsH`n§c t hP{bq��EhPa�ci�rh²zrhPhP{� ¢k t

cf�rh�~ t km~Ch t cd_
reduced

cfk-cf�rh�¤6hPy ¥ h t ~ t km~Ch t cd_
reduced .right

ª

• Bottom/1
��ym{r{�a!y(jCkvcicikmg cik�ci�rh±lokm�Nno�mª`ymz�{�h�¹`cihPz�{ra6ci��h±{rh�½�zrn©cinokmzkv �n§c�a!��kNz/udqrz���¬

cfn©kNzsHrn©c t hP~rl�ym��hOa�ci�rh�zrhPhP{� ¢k t cf�rh�~ t km~Ch t cd_
reduced ′ j`_ºcf�rh�~ t km~Ch t cd_ sg ′ ª

• Single/1
��ym~r~rlon©hOa!kmzT ¢k t g-qrl�yma6ci��h�hE~rn�a¦cihEgYn���gYkb{ryvlon§cfn©hOa�km �cf�rh�lokm�Nno�±° t�� u w3hP« { �`xLH

n©c�hEzb ¢k t �EhPaxci�rhY~ t km~Ch t cd_
sg ′ ¼���� � � ¬I ¢k t g-qrl�yma²��yG«mh�y�ainozr�mloh-gYkb{bhPl�¾�ª=yvz�{´�rhElo~�a¡cik

noz?c t kb{bq���h²cf�rh���l©k?a¦hO{ 6 k t l�{�°¡aiaiqrgY~bcinokmzÇ¼Ia¦hPh�^bhP��cfn©kNz w�¯Ú�b¯ �N¾�¯
z²no«mhPz+aikmgYh-lokm�Nno�Pa

L1, ..., Ln

ª\ci��h-cd_`~Ch-km Lci��hY�EkmgY~CkNaihP{Álokm�Nno�
L = F (L1, ..., Ln)

n�a±��kNg-¬
~�qbcihO{+j`_

TF

  t kNg
TL1

, ..., TLn

¼ 
¡h�½�z�n§cfn©kNz·�m¾�¯ ��kNz�� t h�cfhElo_
TF

n�a�yaih�c�km �cf�rhEk t hPgYa t hEl�y/cfn©z��
cf�rh�~ t km~Ch t cinohPa6kv �ci��h�l©kN�mn��Ea

L1, ..., Ln

cfk-cf�rh�~ t km~Ch t cinohPa³km �cf�rh�l©kN�mn��
L
¯Lµ³�rhPaih²ci�rhPk t hEg�a³��yG«Nh

yml©l\cf�rh± ¢k t g
property of L ⇐ conjunction of properties of L1, ..., Ln.

^bn©gYnoloy t lo_mª3~ t kN~|h t cfn©hOa¡kNz+lokm�Nno�Pa±y t hY�Ekmz�ain�{bh t hP{+yma²cd_`~|h�yNaiain©�NzrgYhEz?cfaPª
Li : properties

ª�aikci��yvc
~ t k/«`nozr�!ci�|y/c

L
��yNa�a¦kNg�h�~ t km~Ch t cd_²n�a�a¦nogY~rlo_±cik¡cd_?~Ch�¬ ���rhO� ¥ n©cP¯�µ³�rn�a�cd_?~Ch�¬ ���rhO� ¥ nozr�¡~ t kNjrlohEg��Eymz

jCh t hP~ t hOa¦hPz?cihP{(j`_�yxaih�cAkv �¼W~|k?aiainojrl©_ t hP�Eq t a¦no«mhG¾ËhPp?q�yvcinokmz�a�kmz(cd_`~|hOaEªv¤!��no���-noa�aikmlo«mhP{�j?_��EloyNaiain��Eyvl
cfhP���rz�nop?qrhOa¡km �½r¹b~Ckmnoz?c±n©cih t yvcinokmz+kmz�½|zrn§cfh�{bkmg�yvnoz�a;u 
 s { ��xÎ¯�µ³��h-cd_`~Ch�¬ ���rhP� ¥ nozr��n�a±~Ch t  ¢k t g�hO{
ymqbcikNg�y/cin��Eyml©lo_j?_Tcf�rh ��kmgY~|k?a¦h t ¯±µ³�rh�~|k?aiainojrl©h t hP��q t ain©«`n©cd_�EkmgYhPax  t kmgci�rh- Wym��c¡cf��y/c�y�l©kN�mn��
�Pyvz+j|hº{bhE½�zrhO{´nozÇy t hP�Eq t a¦no«mh-¤6yG_Nª3yma²n©loloq�adc t yvcihO{´noz�ci�rhYzrhE¹?c(^`hO��cfn©kNz3¯��Ák t h�{rh�cfymn©l�a±kmz+ci��noa
cd_`~Ch�¬ � ¥ hO� ¥ nozr��y t h²�Nn©«NhEzn©zÁ^`hO��cinokmz��r¯ w|¯
� n�� �|r�)�,*$ ��,!��������

t  �yÁlokm�Nno���Pyvz�jCh�{bhE½�zrhP{�noz»yÁzrkNzb¬ t hO��q t a¦no«mh�¤³yG_mª�ci�rhPzÇn§cY�Eyvz�jCh�aihEhPz»yma�yc t hPhm¯ t cfa(zrkb{bhPa
ymz�{�l©hOyG«mhOa�y t h�l©kN�mn��� ¢qrz���cfk t aEª�yvz|{�ci�rh�y t n©cd_�km ³hOym����zrkb{bhºn�a�cf�rh�y t n©cd_�kv ³cf�rhºlokm�mn��� ¢qrz���cik t ¯I ym���·aiqrjb¬Uc t hEh��k tft hPai~|kNz�{ra±cfk�y+a¦qrjr¬Ulokm�Nno�m¯+µ³�rh�cd_`~|hkv !cf�rh�j�qrn©l©cYl©kN�mn����EymzÇci��hEz·hOymain©lo_�j|h
ai_`z?ci�rhOa¦nPOEhO{´a¦cfy t cinozr��  t kNg ci��hYcd_?~ChYkv �ci�rhYlohPyG«mhOaEªË¤!��no����y t h-jCkvcf�+lokm�Nno�- ¢qrz|��cik t a±ymz�{´lokm�Nno�PaEª
ymz�{Y�mkNn©z���qr~`¤6y t {ËªNhPyN���Y ¢qrz���cfk t ��kmgY~rqrcinozr��ci��h�cd_`~|hxkv Ëci��h¡aiqrjb¬Îl©kN�mn��³n§c³{bh�½�z�hPaA  t kmg¨ci��h�cd_`~|h
km 6n©cfa-y t �mqrgYhPzNc�lokm�Nno�PaE¯µ³�rnoa�g�hOyvz�a�ci��yvc(hE«Nh t _�l©kN�mn��� ¢qrz���cik t

F
n�a�hOpNq�n©~ChP{�¤!n©ci�»y ¢qrz|��cinokmz

g�ym~r~rnozr��ci�rhTcd_`~ChPa�km ²n©cfaºy t �NqrgYhEz?cfa-cfk�ci�rhTcd_`~ChÁkv xcf�rh�jrq�n©l©c�a¦q�jb¬Ulokm�Nno�m¯ µ³�rnoa� ¢qrz���cfn©kNz noa
cf�rh��Ekmz�� t hEcinPOPyvcinokmzÇk t nog�~�l©hPg�hPz?cfy/cfn©kNz»kv !cf�rh�cd_?~Ch

TF

km !ci�rhlokm�mn��Y ¢qrz|��cik t ¯ 6 h�¤!nol©l!ymjrq�aih
z�kvcfyvcinokmz�j?_�q|a¦nozr�

TF

j|kmci�Tyma�ci�rh²cd_`~|h�ymz�{�cf�rh² ¢qrz���cfn©kNz3¯ t zºcf�rh��EyNa¦h²y(lokm�Nno�x ¢qrz���cik t hE¹`~ChP��cfa
z�kYy t �NqrgYhEz?cPª`cf�rn�a6 ¢qrz���cfn©kNz t hO{bq���hOa6cikºyY��kNz�a¦cfyvz?c³cd_`~|hN¯

��� ~����



���������
	������������� � {

µ³�rh¡{bn �º�Eqrl§cd_���kNg�hOaA¤!n©ci� t hO��q t ain©«Nh³{rh�½�zrn©cinokmz|aLymaAnoz�a¦q|���Yy��Pymaih³¤�h!kNjbcfymn©z�y t k?kmcihO{(� t ym~r�
noz�a¦cihOym{kv Ay�c t hEhNªr¤!�rh t h±ci��h t k`kvc�n�a³cf�rh�loh� ¶cigYk?adc�lokm�Nno�² ¢qrz|��cik t noz�cf�rh({bhE½�zrn©cinokmz3¯6µ³�rn�a t k?kmc!noa
cf�rh�kmz�l©_ºhPz?c t _º~|kNn©z?c�km =ci��h�� t yv~r�3¯I yN���Á ¢qrz���cik t

Fi

q�aihP{�n©zÁcf�rh-{rh�½�zrn©cinokmz´kv Ly�lokm�mn���{bhE½�zrhOa¡yºaiqrjb¬Îlokm�mn��
Li

ym�P��k t {bnozr�Ycik�ci�rh
hOp?q�y/cfn©kNz

Li = Fi(Li1 , ..., Lin
).

°!�P��k t {bnozr�-cik 
¡h�½�zrn©cinokmz´�rª`ci�rn�a!hPzNc�yvnoloa!ymz�hOp?q�y/cfn©kNz�kNz�cf�rh±cd_`~|h�km �aiqrjb¬Îl©kN�mn��Ea �

TLi
= TFi

(TLi1
, ..., TLin

).

µ³��h�cd_`~|hOa6kv =yvlolËa¦q�jb¬Ulokm�Nno�Pa��PyvzºjCh¡�?y/cf�rh t hP{Ynoz�y�cd_?~Ch
T = (TLi

)i∈I

ª`¤!�rno����noa6y� ¢q�z���cfn©kNzº  t kmg
aiqrjb¬Îlokm�mn��²n©z|{bno�EhPa�cikºlokm�Nno�²cd_`~ChPa(¼

I → T
¾�¯�µ³��hEzTcd_`~|h� ¢qrz���cfn©kNz�a

TFi

�EyvzÁjCh(yN{ryv~bcfhP{�cik�yv~r~rlo_
kNz�cf�rh��mlokmj|yvlCcd_`~|h

T
ªrymz�{��Ny/cf�rh t hP{�nozTy��Nl©kNj�yvlCcd_`~|h± ¢q�z���cfn©kNz

TF

ªraiq����ci��yvc

TF (T )(i) = TFi
(Ti1 , ..., Tin

),

¤!��h t h
n
noa=ci�rh6y t n§cd_¡kv 

Fi

ª/ymz�{
i1, ..., in

y t hLci�rh�n©z�{rno�EhPa3km bci�rh6a¦q�jb¬Ulokm�Nno�Pa\ci�|y/c�y t h�cf�rh�y t �NqrgYhEz?cfa
km =cf�rh± ¢qrz���cik t

Fi

¯
µ³�rhº ¢qrz���cfn©kNz

TF

n�a(yTg�yv~�kNz+cf�rh�{bkNg�yvnoz�{rh�½�zrhO{�j`_�ci��h�cd_`~|h
(I → T)

ª�¤!�rn����Ç�EymzÇj|h
k t {rh t hP{ºnozci�rh± ¢kNl©lok/¤!nozr�-¤³yG_m¯

�À������ � �WÅ���� 	¦Å �/Æ À � Å � � ' Å ����'L� Â���À � � ��>G�
S, T ∈ (I → T)

Q�> � A �SQ�N A ��� � >�� � �;>V�GN �
S����e��N��J �

T
�cN�F@ � >
F���L>

S vT T
� � *&D���� N AJA

i ∈ I
� � > �eN ��>

S(i) ⊇ T (i)
� � � >7: N �S�J: N A � A �CQ�N A��� �e> NC��������@��J\� ��� ���8� � ���B@S>�� � �R���e>yD������� ���� ���eN��y: N �F� >&��>�� � �J�@C> �

i
��� ���e>}D�� AJA �G>G� � D A �B�C���

���B� �e>G�9� ��>���� � �8��� � � �o@S>������>�@VQ �
⊥T

�

	xk/¤�ª\yNaxhP«mh t _~ t km~Ch t cd_�kNz´hE«Nh t _aiqrjb¬Îlokm�mn���n�axhOp?q�y/cfhP{Tcfky���kmzvudqrz���cfn©kNz�kv �~ t kN~|h t cfn©hOa�kNz
kmci�rh t a¦q�jb¬Ulokm�Nno�PaEªbn©c� ¢kNl©lok/¤�a6ci��yvc�ci��h� ¢qrz���cinokmz

TF

n�a!k t {bh t ¬Î~ t hPaih t «`n©zr�-¤�¯ t ¯ cP¯Lcf�rh�k t {bh t nozr�
vT

¯t z|{bhEhO{Ëª|aiqr~r~CkNaih
S vT T

¯�µ³�rn�a�gYhPymz�a!hP«mh t _�~ t kN~|h t cd_º~ t hOa¦hPzNc�noz
T
noa¡yvl�a¦kY~ t hPaihEz?c�noz

S
¯!^`k�ª

n© �yº~ t kN~|h t cd_
p
n�ax~ t hPaihEz?cxnoz

TF (T )
ª�cf�rhEz�ci�rn�a²n©gY~rlon©hOa¡yml©l�~ t km~Ch t cinohPa

p
{bhE~ChEz|{raxkNz´y t h�noz

T
ª

ymz�{ºaik(y t hxymloaik�noz
S
¯ ��hPz���hNªNcf�rhx~ t kN~|h t cd_

p
n�a�ymloaik�noz

TF (S)
¯ ��hEz|��h

TF (S) vT TF (T )
¯ 6 n©ci�

cf�rh- Wym��c±cf��y/c²ci�rh�{bkNg�yvnoz�kv ��Nl©kNj�yvl�cd_`~|hOa±noa¡½�z�n§cfhmªË¤6h��Pyvz+�Ekmz��El©q|{bh(cf��y/c²ci��h-½�¹`~Ckmnoz?c²km 
TFn�a�{bhE½�zrhO{Ëª�ymz�{��Eymz�hOymain©lo_´jCh��EkmgY~rqbcfhP{�j`_+yv~�~rl©_`nozr�Án©cih t y/cfn©«NhElo_

TF

kmz�ci�rh�g�yv¹`nog�yvlL�Nl©kNj�yvl
cd_`~Ch

⊥T

qrz?cinol t hPym����n©zr�¡ci��h³½r¹b~|kNn©z?c
µ(TF )

u 
 s { ��xU¯�µ³�rh³cd_`~|h!km |cf�rh!jrqrnol©c�l©kN�mn��6noa�cf�rhEzº{bhE½�zrhO{
j`_

µ(TF )(0)
ªr¤!�rh t h

0
noa!ci�rh�noz�{bhE¹�kv �ci�rh t k`kvc³ ¢qrz���cik t ¯

~�~��q���9�����
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� ������� �"! �

$�� ������� � %(' � '324+ % � � � � ./%/01'*+ )��

w=km�Nno�� ¢qrz���cfk t a�y t h(zrkmc�kmzrlo_T ¢k t g�yvlol©_�ai~|hO��n©½�hP{3ª3jrqbc�yvl�aik�nogY~rl©hPgYhEz?cihO{+yNa¡gYkb{bqrlohPa±noz�y�~ t kv¬
� t ymgYg�nozr�Yl�yvzr�Nq�yv�Nh±aikYci�|y/c�cf�rhE_T�EymzhOymain©lo_�jCh(�EkmgY~|k?a¦hO{�cikY ¢k t g«Gy t nokmq|a³h�¹bhP�Eqbcfymjrl©h�lokm�Nno�PaE¯t z�~�y t cfno�Eqrloy t lokm�Nno�� ¢qrz���cik t a�y t h�«Nh t _���lokNaih�cfk �eN���N�: >���>��9�=<?>�@o:R�?@�� A >�� u ��ym�P�m�Ny?xUªv¤!��h t h�gYkb{bqrlohPa
~�loyG_²ci��h t kmloh6kv �lokm�Nno�Pa�yNa�y²��kNg(jrnoz�yvcinokmz�km Cyvz�yvj�a¦c t ym��c�ai_`zNc�y/¹�yvz|{(y²a¦hEc�km �km~Ch t y/cfn©kNz�a�k/«mh t ci��noa
ai_`z?cfy/¹Ëªbyvz|{º¤!�rh t h²~�y t yvgYhEcih t a�~rloyG_�cf�rh t kNl©h²kv =lokm�Nno�Pa³yma³y t �mqrgYhPzNc�a�km �y-l©kN�mn��� ¢qrz|��cik t ¯Aµ³�rhOa¦h
~|y t yvgYh�cfh t n=OPhP{ÁgYkb{bqrlohPa±y t h-yG«/ymn©l�yvjrloh(noz�a¦kNg�hY��w loymzr�mq|yv�mhOaEªËymz�{�¤6h-q|a¦h T¡jbudhP��cino«mh �6°x��w
¼LT �6yvgYl
	�¾�ª�¤!�rh t h�cf�rhE_�y t hº�Eyml©lohP{ D������������� ¯ T �6yvgYlLn�a(y ¢qrz|��cinokmz|yvl�~ t kN� t yvgYgYn©zr�Tl�yvzr�Nq�yv�Nh
cf��y/cºkm¸Ch t a�y t n���� ymz�{ aiyv ¢hTcd_?~Ch�ai_`a¦cihPgTª�gYkb{bqrlohPaPª�¼¢gYkb{bqrlohO¾� ¢qrz|��cik t aPª³yvz�{ hE«NhEz t hP��q t ain©«Nh
gYkb{bqrloh�{bhE½�zrn©cinokmz�aP¯6 hT½ t adc�{bhE½�zrhTcf�rhÁgYk`{rqrl©hTcd_`~Chmª³k t aino�mz�yvciq t hmª�ci��yvcºg�nogYno� ¥ a�kNq t {bhE½�zrn©cinokmz kv ±y�l©kN�mn��
¼U^`hP��cinokmz���¯©�G¾�¯Aµ³�rhPz�¤6h¡ai�rk/¤ �rk/¤ hPyNa¦_Yn©c6n�aLcfk-�EkmgY~|k?a¦h¡l©kN�mn��! ¢qrz|��cik t a6{bn t hO��cfl©_Ynozºci��h7T �6ymg�l
l�yvz��mq�ym�mhmª�¤!n§cf�rkmqbcº�|yG«?nozr��cik�g�y ¥ hÁy�{rhP{bn��EyvcihP{ ��kNgY~|k?a¦h t ¼I^`hO��cinokmz ��¯ �N¾�¯ 6 h�ymloaik�h�¹b~rl�yvnoz
��k/¤1ci�rh�cd_`~|h�kv -jrqrnol§cTl©kN�mn��Ea�noaTymqbcikNgYyvcin��Eyml©lo_ ��kmgY~rqrcihP{   t kNg4ci�rh+cd_`~|h�kv -l©kN�mn��Á ¢qrz���cik t a
¼U^`hP��cinokmz �r¯ �N¾�¯»��noz�yvlolo_Ç¤�hn©z?c t kb{bq��EhaikmgYh�~ t yvcin��Eyml6yNa¦~ChP��cfa�kv �cf�rhTn©gY~rlohEgYhPzNc�y/cfn©kNz·kv ¡l©kN�mn��
 ¢q�z���cfk t aEªb¤!�rn����¤�h t h±zrkmc t hPl©hP«Gymz?c³yvc!ci�rh±cf�rhEk t hEcin��Eyvl\lohE«NhEl�¼U^`hP��cinokmzT�r¯ w?¾�¯
� nGm �|r�)�,!� 7��2 � �����7±��
���,!�

° l©kN�mn��³noa�{bh�½�z�hP{�yma�y�adc t q|��ciq t h
L = (AS , S, P, T )

ªN¤!�rh t h
AS

n�a�cf�rh¡ymj�adc t yN��cLai_?z?c�y/¹Ëª
S
n�aAcf�rh

aihEg�ymzNcfno�PaEª
P
noa�ci�rh�a¦hEc¡km Lkm~Ch t y/cinokmz|aEªCyvz�{

T
n�a�cf�rh�cd_`~Ch�¼ 
xhE½�zrn©cinokmz w`¾�¯x°xl©l�ci�rhOa¦h-hElohEgYhEz?c�aEª

hE¹r��hE~rc6cf�rh�aihEg�yvz?cin��EaPªry t h t hP~ t hPaihEz?cihO{ºnoz�cf�rh± ¢kmlolok/¤!n©zr�Yain©�Nz�y/cfq t hN¯

� j\hSlKfSi W��\Xei � �a�^?kW��\Xei W
�� ÖdÖ����������
�����������! #"%$�&'"(�) +*�&,�PÝ

��� ~����
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� b�f W i�f\f�Y W !���# j8j�f
� b�f bea&��Y W !���#ej8j8f
� b�f3a`l�#Fa Y W !�� W !���#ej8j�f
� b�f W jCX�Y l8g�^`W !�� Wvj�X�W�^�jCg
� b�f�#ejSW�Y l8g�^`W !�� Wvj�X�W�^�jCg
� b�f �CjCg�� Y W !�� W !�� W�j�X�W�^�jCg
� b�f hF^\a�� Y W !�� W !�� Wvf ^\a�W
� b�f|f\i��\f�Y W !�� W !���#ej8j�f jCX8W�^�jCg
� b�f|f\i���l�Y W !�� W !���#ej8j�f jCX8W�^�jCg
� b�f"X�_ j�X�a Y l8g�^`W !�� X8_ jCX�aiCg�h

��noa6cf�rh�z�yvgYh�km �cf�rh�a¦no�mz|y/ciq t hNª?k t gYk`{rqrl©h±cd_`~Chm¯ t c�n�a���kNgY~|k?a¦hO{�km �y-cd_`~|h7W\ªrymz�{Ty�aih�c�km 
«/yml©qrhOa�¼ ¥ hE_`¤6k t { � b�fN¾�¯�µ³�rh±cd_`~Ch W�a¦cfymz�{ra6 ¢k t ci�rh(ymj�a¦c t ym��c�ai_`zNc�y/¹

AS
yma³n©c¡ai~|hO��n©½�hPa�y�aih�c�km 

«/yml©qrhOaEªNci��h²ymj�adc t yN��c³a¦_`z?cfyv¹-c t hPhPa²¼¢k t nozNcfh t z�yvl t hE~ t hPaihEz?cfyvcinokmz|¾�km 3 ¢k t g(q�loyNaE¯�µ³�rhx«/yml©qrhOa�a¦cfymz�{ra
 ¢k t kN~|h t yvcinokmz�a

P
ªCh�¹r��hP~bc�cf�rh(l�yma¦cxkmz�hmªKX8_ jCX�abªb¤!�rno���+adc�yvz�{ra! ¢k t cf�rh�cd_`~Ch

T
kv �cf�rh(lokm�Nno�mª�nU¯ hN¯©ª

cf�rh�aih�c!kv �~ t km~Ch t cinohPa³aiyvcin�ad½|hP{�j?_�ci�rh�lokm�Nno�m¯
µ³�rh(«Gyml©q�h
X8_ jCX�a�noaxy� ¢qrz���cfn©kNzTci��yvc t h�ciq t z�a6cf�rn�axaih�c�kv �~ t km~Ch t cinohPaP¯ t cxn�a�y� ¢qrz���cinokmz�yNa³ci�rh

cd_`~Chºkv !yÁjrq�n©l©c(lokm�mn��Yg(q|adc�jCh���kNgY~rqbcihO{Ë¯Áµ³�rn�a�a¦hEc(kv !~ t km~Ch t cinohPa±n�a t hE~ t hOa¦hPzNcfhP{�yma�jChEnozr��km 
cd_`~Ch
X�_�jCX�abªN¤!��no���Tn�a!{bh�½�z�hP{j|hPl©k/¤�¯
W��\Xei _ i

�
l�^`_ i � iCg�WFa � a`W8_�^?g�k3f ^\a�W

W��\Xei X�_ j�X�a ���a�W�YV_ i
�
l�^`_ i � iCg�WFa
	a�W��3Y _�i
�
l�^`_�i � iCg�WKa	a�k��3Y _�i
�
l�^`_�i � iCg�WKa	�8a�� a?l�#�a Y _ i

�
l�^?_ i � iCg8WFa	�`X�� a?l�#�a Y _ i
�
l�^?_ i � iCg8WFa	�`X�����a`l�#�a Y _ i
�
l�^`_ i � iCg�WFa	�`X��CW�jCX YV_�i

�
l�^`_�i � iCg�WKa	�8a�� # jSW YV_�i
�
l�^`_�i � iCg�WKa	h�i\dKa`W�� �CjCg�� Y _�i

�
l�^`_�i � iCg�WKa	�8a�� ��jCg�� Y _ i

�
l�^?_ i � iCg8WFa	�`X�� ��jCg�� Y _ i
�
l�^?_ i � iCg8WFa	�8a��ShK^\a�� Y _ i
�
l�^?_ i � iCg8WFa	�`X��ShK^\a�� Y _ i
�
l�^?_ i � iCg8WFa	�8a��8fSi��8f Y _ i
�
l�^?_ i � iCg8WFa	�`X��8fSi��8f Y _ i
�
l�^?_ i � iCg8WFa	�8a��8fSi���l Y _ i
�
l�^?_ i � iCg8WFa	�`X��8fSi���l Y _ i
�
l�^?_ i � iCg8WFa	

~�~��q���9�����
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_ i\hSl"�Ci\h�Y _ i
�
l�^?_ i � iCg8WFa	_ i\hSl"�Ci\h �|Y _ i
�
l�^`_ i � iCg�WFa	_ i\hSl"�Ci\h��CW�jCX�Y _ i
�
l�^`_ i � i�g�WFa	_ i\hSl"�Ci\h�� # jSW Y _ i
�
l�^`_ i � i�g�WFa	_ i\hSl"�Ci\h��C_F^`k\U�W YV_�i
�
l�^`_�i � iCg�WKa	

�

° a¦hEc�km =~ t km~Ch t cinohPaLn�a t hP~ t hOa¦hPz?cihP{�yNa�y t hO��k t {ËªN¤!�rh t hxhOym���ºail©kmc³�Ek tft hOa¦~Ckmz|{ra�cik�y�~ t km~Ch t cd_mª
ymz�{YhPyN���Y«Gyml©q�h¡ymafaik`�EnoyvcihO{�cfk-y�ail©kmc�noa6y�lonoa¦c�km  t hPp?qrn t hEgYhEz?cfaA ¢k t cf�rn�a�~ t km~Ch t cd_�cfk�jCh�c t qrhN¯qT¡zrh
�Ekmqrl�{±cf�rn©z ¥ yxj|k`kNl©hOyvz�¤6kmqrl�{�jCh�hEz�kmqr�N��cikxcihElol?¤!�rh�cf�rh t y�~ t km~Ch t cd_²noa�aiyvcin�ad½|hP{±k t zrkmcP¯ �xk/¤�hP«mh t
n©c(yv~�~|hOy t a±n©z�~ t ym��cin���hYci�|y/c�n©c(noa�«mh t _Áq�aih� ¢qrl�cik ¥ zrk/¤¨¤!�?_�y~ t kN~|h t cd_´noa�z�kvc(afy/cin�a¦½�hP{Ë¯ t z�y
j�qrn©l©cxlokm�Nno�²cf�rh(afy/cin�a¦ Wym��cfn©kNz�km LyY~ t kN~|h t cd_�noaxy� ¢qrz���cfn©kNzÁkv �ci��h(aiyvcin�ad WyN��cfn©kNz�km AaikmgYh�~ t km~Ch t cinohPa
nozÇlokm�mn��� ¢qrz���cik t aP¯��k t hº��kmz|� t h�cihPl©_Nª�yT~ t kN~|h t cd_+noa-aiyvcin�ad½�hO{�n§ �y�aih�c(km !~ t kN~|h t cfn©hOa±k/«mh t a¦kNgYh
lokm�Nno�² ¢q�z���cfk t a�y t h�yvlol�afy/cfnoa¦½�hP{3¯!^bk�ªrcf�rh�«/yvloqrh(yNaiaikb��n�y/cfhP{�cikºy�~ t kN~|h t cd_�noa�ci�rh(aiqrj�aih�c¡kv �ci�rhOa¦h
~ t kN~|h t cfn©hOa�ci��yvc�y t hTzrkvc�afy/cfnoa¦½�hO{Ë¯ t  ±ci��noa�a¦qrj|a¦hEcºnoa�hEgY~bcd_mª6cf�rhEz cf�rh�~ t km~Ch t cd_»n�aºaiyvcin�ad½|hP{Ë¯Txcf�rh t ¤!n�a¦hNª3ci��noa(g�hOyvz�a²cf��y/c�y/c(lohPyNadc�kNzrh t hOp?qrn t hP{+~ t km~Ch t cd_�n�a�zrkmc(aiyvcin�ad½�hO{Ë¯�µ³��h t h�gYyG_+j|h
cd¤6k t hOymaikmz�a� ¢k t cf�rn�a �

•
hEn©ci�rh t cf�rn�a t hPp?qrn t hO{T~ t km~Ch t cd_�n�ax~ t k/«NhP{� Wyvl�a¦hNªCymz�{Tcf�rhEz�y�zrhE¤ �EkmgY~CkNain§cfn©kNzÁkv A ¢qrz���cik t a
��yma6cfk�j|h�nog�yv�Nn©zrhO{�nozTk t {bh t cfkYafy/cfnoa¦ ¢_�cf�rh�~ t km~Ch t cd_ºn©zcf�rh�jrqrnol§c�lokm�Nno�mª

•
k t cf�rh t h�n�aLzrk�ci�rhPk t hEg¨ymj|kNqbcLcf�rh t hPp?qrn t hO{-~ t kN~|h t cd_-n©zYcf�rh!cd_`~|hxkv Ën§c�a�lokm�Nno�6 ¢q�z���cfk t ªNyvz|{
kmzrh±��yNa³cikYjCh± ¢kmqrz|{ymz�{�~ t k/«NhP{Ë¯

I ¹bymgY~rl©hOa²kv �cf�rhYjrqrnolo{rn©zr�kv ³y�lokm�Nno�mª3yvz�{´n§c�a�ym{rym~bcfyvcinokmz´cikgYy ¥ h�n§c�afy/cfnoa¦ ¢_�a¦kNgYh-~ t km~Ch t cinohPa
y t h²�mno«mhPz�noz�^`hP��cinokmzVw�¯

µ³�rh�«Gyml©q�h W�b�f8f�¼ t hOa¦~3¯ b a&�r¾²n�a�y½�l©cih t k/«mh t cf�rh�ymj�adc t yN��c�ai_?z?c�y/¹Ëª�ymz�{�hEz�ymjrl©hOa�q�a±cfkÁcihOadc
¤!��h�ci��h t y- ¢k t g(qrl�y

f ∈ AS
n�a!y

TELL
¬U ¢k t g(qrl�y

f ∈ TELL
¼ t hPai~3¯Ly

ASK
¬I ¢k t g-qrloy

f ∈ ASF
¾�¯

µ³�rh(«Gyml©q�hPa a`l�#Fabª�W jCXËª�# jSW\ª��CjCg���ª hF^\a��|ª f\i��8f�ªKfSi���l�a¦cfymz�{ t hOa¦~ChP��cino«mhElo_� ¢k t a¦q�j�a¦q�g�~rcinokmz3ª
c�yvqbcfkmlokm�N_mªG��kmz?c t yN{bno��cinokmz3ªG��kNz/udqrz���cinokmz3ª/{bn�aWudqrz���cfn©kNz3ª/lok/¤�h t k t {bh t nozr��ªGyvz�{�qr~r~Ch t k t {bh t n©z���¯3µ³�rhPn tT �6ymgYl\cd_?~Ch±noaxy�{rn t hP��c6c t ymz�ailoyvcinokmz�  t kNg ^`hP��cinokmzÁ�b¯Ú�bªb¤!n©ci�ci��h± ¢kmlol©k/¤!nozr��{bh�c�yvnoloa �

•
ci�rh±cd_`~Ch���kNz�adc t q|��cik t j�X�W�^�jCgYn�a!q�aihP{�¤!�rhPz�cf�rh�km~Ch t y/cfn©kNz��Pyvz t hEciq t z

undef
ª

•
ci�rh±cd_`~Ch���kNz�adc t q|��cik t f ^\a�W�n�a³q�a¦hO{�cik t hP~ t hPaihEz?c�a¦hEcfa³lon ¥ h²nozÁ{bn�a¢udqrz|��cinokmz=ª

•
��kNz�adc�yvz?cfa(l©n ¥ hºcikm~ yvz�{�jCkvcicikmg y t hºg�yN{bh� ¢qrz���cinokmz�a¼¢j`_Çym{�{bn©z��´y l8g�^?W�y t �mqrgYhPzNc�¾�yma
ci�rn�a!n�a t hPp?qrn t hO{ºj`_VT �6yvgYlËnozTk t {bh t cik�j�qrn©l�{ t hO��q t ain©«Nh¡gYkb{bqrlohPaP¯

t c±�EyvzÁjCh-aihEhPzÁci�|y/cxcf�rn�a�nozNcfh t  Wym�Eh(�Eymz�hPyNa¦nol©_�j|h-h�¹`cihPz�{bhO{Á¤!n§cf��zrhP¤�km~Ch t y/cinokmz|aEªCyvz�{TzrhP¤
~ t kN~|h t cfn©hOaE¯° {bh� Wymqrl§c�{bh�½�z�n§cfn©kNzÇkv �yTl©kN�mn��Ynoa��mno«mhEz�jChElok/¤�¯ t c(n�a�q|a¦hE ¢qrl�¤!�rhPzÇ{bh�½�z�n©zr�´l©kN�mn��
 ¢q�z���cfk t a�¤!��h t h¡zrkmc�yvlolCkN~|h t yvcinokmz�a6y t h±{bh�½�z�hP{Ëªbjrqrc�¤!�rno���adcfn©lolË��yG«Nhxcfk-g�y/c����ºcf�rh�l©kN�mn��xain©�Nz�y/¬
cfq t h �\¯
� j\hSlKfSi�� i\d�bClefCW�Y � �a�W\_\l ��W
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f\iSW|W i�f\f d � W\_\leif\iSW3bea&�3d � W8_Slei
f\iSWva`l�#Fa d|k � d�b�f�aCif\iSW|W jCX � � ��� jCgeif\iSW #ejSW � � ��� jCgeif\iSW �CjCg��|d|k ��� jCg if\iSW*hF^\a��|d|k � � d 	Vk��f\iSW f\i��\f d|k ��� jCg if\iSW f\i���l d|k ��� jCg i
f\iSW X�_ j�X�a � ��� gej���X�_ jCX�a � � i\d�b�lKfCW��iCg�h
µ³�rh� ¢qrz|��cinokmz gej���X�_ jCX�a

F
ª3¤!��h t h

F
noa¡ci��h�z|yvgYhYkv 6y�lokm�mn��( ¢qrz���cfk t ª t hEciq t z�a±y t hO��k t {Ákm 

~ t kN~|h t cfn©hOa�¤!��h t h²hOym���Ta¦lokvc!n�a!noz�cf�rh± ¢k t g
p = [”F.p”]

ªbcf��y/c�n�a³zrkY~ t km~Ch t cd_ºnoa!afy/cfnoa¦½�hO{Ë¯
	xk/¤ ¤�h±��yG«Nhx~ t hPaihEz?cfhP{�cf�rh�a¦no�mz|y/ciq t h²kv �y-lokm�mn��vªbymz�{�n©cfa!{rh� Wyvq�l§c!nog�~�l©hPg�hPz?cfy/cfn©kNz3ªb¤6h¡�Nn©«Nh

y(ai���rhPg�y/cin���hE¹ryvgY~rloh�kv Ëcf�rh¡nogY~rlohEgYhEz?cfyvcinokmzºkm =y�lokm�mn��³ ¢qrz|��cik t
F
yNa�y�~�y t yvgYh�cfh t n=OPhP{YgYkb{bqrlohm¯

� j\hSlKfSi�� �	� Y � � Y � �a�W\_\l ��W^?g �Sf�l h�i�� i\d8bClKfCW
W��\Xei W � ]\]8]
� ]�W ]8]8]
f\iSWva`l�#Fa d|k � ]8]8]�� ]�a`l�#�a ]8]\]�� ]�W jCX�]8]8]]8]8]
f\iSW X�_ j�X�a � ��� ]8]8]�� ] X�_ jCX�a ]\]8]iCg�h
�+noa�ci�rh�z�ymgYh�kv ³ci�rhº ¢qrz���cfk t ¯ t c�c�y ¥ hOa�kmz�h�l©kN�mn��-¤!n©ci�»aino�mz�yvciq t h �+yma(yT~�y t yvgYh�cfh t ª=yvz|{

t h�cfq t z�a!yvzrkmci�rh t l©kN�mn��±yvl�a¦kY¤!n©ci��ain©�Nz�y/cfq t h �\¯�µ³�rh t h�cfq t zrhP{gYkb{bqrloh�n©gY~rlohEgYhEz?c�a³ci�rh�cd_?~Ch�yvz|{
«/yml©qrhOa�kv 6ci��h�a¦no�mz|y/ciq t h �+yNa�y ¢qrz���cinokmzÇkv 6ci��h�cd_`~|hºymz�{�«Gyml©q�hPa�km �cf�rh�y t �mq�g�hPz?c±lokm�Nno��C¯ t c
noz��El©q�{rhPa³cf�rh�lokm�mn�� � i\d8bClKfCW�n©zTk t {bh t cikºhPz�aiq t h±cf��y/c!cf�rh(ain©�Nz�y/cfq t h�noa³ ¢q�l©lo_�nogY~rlohEgYhEz?cihO{Ëª�hP«mhPz
n© �zrkvc�yvlol3kN~|h t yvcinokmz�a³y t h²h�¹b~rlono�En§cfl©_{bh�½�z�hP{Ë¯

��ymz`_�h�¹ryvgY~rlohPa�kv =nogY~rlohEgYhEz?cihO{ºlokm�Nno�� ¢qrz���cfk t a³y t h¡yG«/yvnoloymjrlohxnozºci��h������������Álon©j t y t _N¯�µ³�rh
gYkb{bqrloh f\jSk�^/� ] � fT�Ekmz?cfymn©z�a�cd_`~|hOa-ymz�{»ain©�Nz�y/cfq t hOaEª�yma(¤�hPl©l³yma(ci��h�{bhE Wyvqrl©c-lokm�Nno�mª�ymz�{»y´l©kN�mn��
cfhPa¦cih t ¯�µ³�rh t hxy t h!kNzrl©_�a¦lono�m�?c�«/y t noyvcinokmz�a�¤!n©ci��{bh�½�z�n§cfn©kNz�a�ymj|k/«Nhmªmaiq����ºymaLkm~Ch t y/cinokmzYz�ymgYhPaPªNyvz|{
cf�rh�q�aih�kv 6h�¹r��hP~bcinokmz�a±noz�a¦cihOym{�kv ³km~bcfn©kNz�a² ¢k t ~|y t cin�yvlol©_´{rh�½�zrhO{�km~Ch t y/cinokmz|aE¯�µ³�rhOa¦hY«/y t noyvcinokmz�a
�EkmgYhPa³kNzrlo_�  t kNg �rn�adcfk t no�Pyvl t hPymaikmz|aEªbyvz|{�y t h±kmz�l©_�yY{bn©¸\h t hEz?cxadcd_`loh±kv �~ t kN� t yvgYgYn©z���¯
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� n�� $&�('*)����=��������� ��# �����(��� ��
�����������

6 ��n©loh(nogY~rl©hPgYhEz?cinozr��y�lokm�Nno�� ¢qrz���cfk t¡t hOpNq�n t hPa!jCkvcf�Ál©kN�mn���yvz|{T~ t kN� t yvgYgYn©z�� ¥ zrk/¤!lohP{r�mhmªC��kNg-¬
~CkNainozr�ºcf�rhEg1 ¢k t j�qrn©l�{bnozr�T��q�a¦cikNg�nPOEhO{Álokm�mn��Ea¡n�a²yN�E�EhPafa¦nojrloh�cikTyv~r~�l©n��Eyvcinokmz´{bhOa¦no�mz�h t aEªËyvz|{�{bk`hPa
z�kvc�hP«mhPz t hOp?qrn t h ¥ zrk/¤!lohP{b�Nh!kv 3cf�rhx~ t kN� t yvgYgYn©zr��l�yvz��mq�ym�mh T �6ymg�lCyma6a¦��k/¤!z�n©z�cf�rh¡ ¢kmlol©k/¤!nozr��¯

w=h�cxq�a!½ t a¦cxymafaiqrgYh�¤�h���yG«Nh�y� ¢hE¤�l©kN�mn��² ¢qrz���cik t a�yvcx{bnoai~CkNafyvlU¯��8W j � h�¹b~|hO��c�a!zrkºy t �mq�g�hPz?c
ymz�{´�Ek tft hOa¦~Ckmz|{ra!cfk�cf�rh-q|a¦q�ymlAy/cikNg�a�cf��y/c�y t h� ¢kNqrz�{+n©z+gYymz`_lokm�Nno�PaE¯ �SW8_�^�g�k t hP~ t hPaihEz?cfaxci�rh
�Ekmz�� t hEcih�{bkNgYymn©zTkm Aa¦c t nozr�NaPª�yvz|{�~|y/c¦cfh t z�a!kNzTa¦c t nozr�Na�¼Whm¯ ��¯oª � adc�y t cfa³¤!n©ci����ª � ��kNz?cfyvnoz�a��d¾�¯ �F^\a`W�noa
q|a¦hO{cik t hE~ t hOa¦hPzNc�~|y/c¦cfh t z�a�kNzÁl©n�a¦cfaPª|¤!�rk?a¦h(hElohEgYhEz?cfaxj|hPl©kNzr��cfkºn§c�a¡y t �NqrgYhEz?c�lokm�mn�� ��¼¢nozÁ Wym��cPª
�F^\a�W�n�a¡y���kNg(jrnoz�y/cfk t km �aigYyml©loh t  ¢qrz���cik t aPªCyNax�Eymz�jCh�aihEhPzÁn©z´ci�rh�yv~r~ChEz�{rno�EhPa�¾�¯±��noz�yml©lo_mª '8_ jSh
j�qrn©l�{ra�ci��h²~ t kb{bq���c6km ��(l©kN�mn��Ea�� *Nªbyvz|{ � 
KH`aik�ª`n©cfa� ¢k t g(q�loyNa�y t h±yvlol\gYyN{bh²kv �y( ¢k t g(qrl�y�  t kmg ��*
ymz�{y( ¢k t g-qrl�y(  t kmg ��
|¯

� j\hSlKfSi��8W j � Y � � ]8]8]� j\hSlKfSi��SW8_�^?g8k Y � � ]\]8]� j\hSlKfSi �F^\a�W �	� Y � � Y � � ]8]8]� j\hSlKfSi�'8_ j\h �	��* Y � � �	� 
�Y � � Y � � ]8]8]
µ³�rhOa¦h!lokm�Nno�6 ¢q�z���cfk t aL�Eymz�z�k/¤ jChx��kNgY~|k?a¦hO{(nozºy² ¢qrz���cinokmz�ymlr¤6yG_NªNyN�E��k t {rn©zr�¡cik±cf�rhEn t�t hPai~ChP��¬

cfn©«Nh(y t n©cd_m¯�° lokm�Nno��noa�ci�rhPz´{bh�½|zrhP{�yNaxy T �6ymgYl=gYkb{bqrlohmªC�mno«mhEz�yºz�yvgYh-ymz�{Áyº�EkmgY~|k?a¦n©cinokmzÁkm 
lokm�Nno�x ¢qrz���cik t aP¯

� j\hSlKfSi ��* Y � � �F^Sa�W � '8_ j\h��\W j � �SW8_�^�g�k �� j\hSlKfSi � 
 Y � � '8_�j\h �	�F^\a�W��\W j � � �	�F^Sa�W	�SW8_�^�g�k �� j\hSlKfSi _ i%� ��� Y � � '\_ j\h � '8_ jSh��\W j � �SW8_�^�g�k � �	�K^\a�W ��� �
µ³�rh�l©kN�mn�� ��*ºhEz�ymjrl©hOa�q�a±cfk t hE~ t hPaihEz?c�yvz�{ t hPyNa¦kNz+kNz�lon�adc�a�kv ���kNqr~rlohPaPª=hOym���Ç��kNqr~rloh�j|hPn©zr�

�EkmgY~CkNaihP{�kv AyvzÁy/cfkmg ymz�{TyYadc t nozr��~�yvc¦cih t z=ªrnI¯ hm¯oªrhOym���Á��kNqr~rloh²n�axyYa¦c t n©z��v¬Î«Gyml©q�hP{y/c¦c t nojrqbcfhm¯ t z
lokm�Nno��� 
�cf�rh�k t {bh t km �ym~r~rlono�Py/cinokmzkv  �F^Sa�Wºymz�{ '\_ j\hYn�a t hP«mh t aihP{ºaik�ci��yvc�zrk/¤  ¢k t g-qrl�yma!y t h²ci�rh
�Ekmg-jrn©z|y/cinokmzTkm �y�l©n�a¦c¡kv Lyvcikmg�aPªCymz�{Áy�lonoa¦c¡km Ladc t nozr�º~�yvc¦cfh t z�aE¯�µ³��h(lokm�mn�� ����n�a²yvzÁh�¹rymg�~�l©h�km 
y t hO��q t a¦no«mhPl©_T{bhE½�zrhP{�l©kN�mn��vª\yma¡n§c²noa¡q�aihP{Ánoz´n©cfa¡k/¤!z�{bh�½|zrn§cfn©kNz3¯ t z+aiq�����y��Pymaih�kmzrh-��ymaxcik�j|h
�Pyvqbcfn©kNq�a�ci��h t hO��q t ain©«Nh6{bhE½�zrn©cinokmzYn�aA¤�hPl©l©¬U ¢kmqrz�{rhP{Ë¯�µ³�rn�aLn�a�ci�rh��Pymaih³�rh t h�ymaAy±lonoa¦c��Pyvz�j|h�hPgY~bcd_mª
¤!��no����yvlol©k/¤�a¡ ¢k t ½�zrn©cihY ¢k t g(q�loyNaEª3ymz�{´g�y ¥ hPa²kN~|h t yvcinokmz�a¡cih t gYnoz�y/cfhm¯��rk t g-qrl�yma²n©z ���Ty t h�ci�rh
�Ekmg-jrn©z|y/cinokmz�kv !yÁa¦c t n©zr�m¬U«/yml©qrhO{�y/c¦c t nojrqbcfhmª�yvz�{ÇyTlonoa¦c�kv 6 ¢k t g(q�loyNa±n©z ���|¯�^`k|ª=cf�rhPaihY ¢k t g(qrl�yma
t hE~ t hOa¦hPzNc²c t hEhOaEª=¤!�rkNaihYzrkb{bhPa�y t h�loymj|hPl©hO{�j?_+adc t nozr�v¬Î«/yvloqrhP{+y/cic t n©jrqrcihPaP¯ t c�noa�q�a¦hE ¢qrl�cik�{rh�½�zrh
aiq�����yxc t hPh6a¦c t q���ciq t h³kmz��Eh� ¢k t yvlol ¥ noz�{-kv |z�k`{rh6l�yvjChEl�aP¯�µ³�rn�a�n�a�gYyN{bh6~|k?aiain©j�l©h³j`_�{bh�½|zrn©z��±y²zrhP¤
lokm�Nno�x ¢qrz���cik t yma³yY��kmg-jrnoz�y/cfn©kNz�kv �h�¹bn�adcfn©zr��lokm�mn��x ¢qrz���cfk t aEªb¤!��no���noa!�Pyvlol©hO{�y ����: Q��J�N������ ¯�µ³��noa
�Ekmg-jrn©z|y/cik t �Pyvz´ci�rhPz´jCh�q|a¦hO{´yma±ymz?_Ákmci�rh t l©kN�mn��� ¢qrz���cik t ¯ t z�aikmgYh(¤³yG_mªËn©c²n�a±kmz�l©_�ai_`zNc�ym��cin��
aiqr�?y t ª?j�qbc�n§c�nogY~ t k/«mhPa³ymj�adc t yN��cfn©kNz�yvz|{ t hEq�afyvj�n©lon§cd_�kv �lokm�Nno�¡ ¢qrz|��cik t aP¯

� j\hSlKfSi��8_ i8i �	��b #ei�f Y � � �	� i%� Y � � Y � � '8_ jSh �8b #ei�f �	�K^\a�W�� i%� �� j\hSlKfSi _ i%� ��� Y � � �\_ i8i � '8_ jSh��\W j � �SW8_�^�g�k � ���T �6ymg�l? ¢qrz|��cik t a��Pyvzrzrkmc�jCh!{bh�½|zrhP{-n©zYy t hO��q t a¦no«mh�¤6yG_Nªva¦k¡ci��yvcLyvz-yN{r{bn©cinokmz�ymlby t �mqrgYhEz?c
��i%�
n�a±zrhPhP{bhO{+noz�ci�rhº{rh�½�zrn©cinokmz�kv  �8_ i\i|¯Yµ³�rh t hE~ t hPaihEz?cfyvcinokmz�km �c t hPhPa��Pyvz�j|hºymj�adc t yN��cfhP{Á ¢q t cf�rh t
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j`_ t hE~rl�ym�En©zr��ci�rh²l©kN�mn��! ¢qrz|��cik t �F^\a�W-j`_�yvz�ym{r{bn©cinokmz|yvlC~�y t yvgYh�cfh t cihElolon©zr�-�rk/¤ ci��h²���rnol�{ t hPzºkv =y
z�k`{rh±y t h±k t �?yvzrnPOEhO{Ë¯
� j\hSlKfSi��8_ i8i ���SU�^CfSh\_ i�g�Y dCl8g ��W jC_ ��� Y � � !�� � � �	��b # i�f Y � � � ��i%� Y � � Y � �'8_ j\h���b #ei�f ���SU�^CfSh\_ i�g�� i%� �

� t kNg cf�rn�a¡z�hE¤&�Ekmg(j�n©z�yvcik t ª|n§c±noa²a¦c t yvno�m�?c¦ ¢k t ¤³y t {�cik�{rh�½�zrh�jrnoz�y t _Tk t zb¬Îy t _�c t hEhOaEªËain©gY~rlo_
noz�a¦cfymzNcfnoyvcinozr��ci�rh�~|y t yvgYh�cfh t �SU�^CfSh\_ i�gYj`_ ' bK^?_ � _ � ^�f�¼Wymzrkvcf�rh t �Ekmg-jrn©z|y/cik t ¾�k t �F^\a�W\¯
� j\hSlKfSi�' bK^`_ � _ � ^Cf ����Y � � Y � � ��l � � '8_ j\h���� � � ^Cf� j\hSlKfSi���^?g �8_�i8i � �\_ i8i�' bK^?_ � _ � ^�f� j\hSlKfSi � bS_����\_ i8i � �8_ i8i �F^Sa�W
� n�� �1
����('47±���E�	�|r�)�, $ ��,!�������� ��# 0&
��������(�����6�

µ³��h�cd_`~Ch����rhP� ¥ nozr�²kv \jrqrnol§cLlokm�Nno�PaEª/nU¯ hN¯©ªmci�rh��EkmgY~rqbc�y/cfn©kNz-km |n©cfaLaih�cAkv \~ t km~Ch t cinohPaPª/noa�a¦nogY~rl©_-{bkmzrh
j`_hE«/yvloq�yvcinozr��ci��h� ¢qrz���cinokmz X�_ jCX�a�{bhE½�zrhP{TnozÁcf�rh-ain©�Nz�y/cfq t h�kv Alokm�mn��EaP¯�µ³�rn�a! ¢qrz|��cinokmz+noa¡��kb{bhO{
nozThPyN���º ¢qrz���cik t

F
yNa!y(c t ymz�ailoyvcinokmzkv �n©cfa!ci�rhPk t hEg�a

TF

ªrym�E�Ek t {bnozr�(cfk�ci�rh±cd_`~Ch
X8_ jCX�ab¯t z�ci��hº�Eymaih�kv !yvz�y/cikNgYno�- ¢qrz���cik t
F
ª3ci��hºa¦hEc±km 6~ t kN~|h t cfn©hOa¡n�a�ain©gY~rlo_+{bhE½�zrhO{�yNa±y t hP�Ek t {

¤!��h t h�hOym��� ~ t kN~|h t cd_?¬ a¦lokvc�noaY�Nn©«NhEz y´«/yml©qrh�ymgYkmzr� ^\a�j�� ¼¢hPgY~bcd_·lonoa¦c�kv  t hOpNq�n t hEgYhEz?c�af¾�ª�yvz|{_ i
�
l�^?_ iea �|X+¼Wl©n�a¦c³km �kNzrh t hOpNq�n t hEgYhEz?c����6¯ ~��/ª`cf�rh±~ t kN~|h t cd_

p
n�a t hOp?qrn t hP{�kmz�ci�rh± ¢qrz|��cik t

F
¾�¯6 hº�Nn©«Nh�jChElok/¤¨ci�rhºhE¹ryvgY~rloh�kv ³ci�rhº ¢qrz���cfk t

Atom
ª�¤!�rh t hYci�rh�h�¹b~ t hPafa¦nokmz gej ��X�_ jCXFa�� �8W j � �

t h�cfq t z�aAy±{bh� Wymqrl§c�aih�cAkm C~ t km~Ch t cinohPa�¤!��no���Yy t h!yvlol t hOpNq�n t hP{Ë¯�µ³�rhEzYkNzrl©_-aiyvcin�ad½�hO{(~ t kN~|h t cfn©hOa�zrhEhO{
cfkYj|h�hE¹`~�l©n���n©cihPl©_adc�y/cihO{Ë¯

f\iSW X�_ j�X�a � ���
� gej���X�_�jCX�a�� �\W j � � [�^?W\Ua�W�� � ^SaCj���	a�k�� � ^SaCj���	�8a��\iCg8W bK^Cf a � ^SaCj���	�`X��\iCg8W bK^Cf a � ^SaCj���	�`X����\i�g�W bK^Cf�a � ^\aCj���	�`X��CW j�X � ^\a�j���	�8a�� #ejCW � ^\a�j���	h�i\dKa�W�� �CjCg�� � ^SaCj���	�8a�� �Cj�g�� � ^SaCj���	�`X�� �Cj�g�� � ^SaCj���	�8a��ShF^Sa�� � ^SaCj���	�`X��ShF^Sa�� � ^SaCj���	_ i\hSl ��i\h��C_�^?k\U�W � ^\a�j���	�
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t z(ci�rh6�Eymaih�km �y�zrkNzb¬ y/cikNgYno�� ¢q�z���cfk t ªGci�rh6a¦hEc�km r~ t kN~|h t cfn©hOa3n�a=q|a¦q�yml©lo_�{bh�½|zrhP{-yma=y� ¢qrz���cinokmz(km 
cf�rh²~ t kN~|h t cfn©hOa�km =n©cfa³lokm�mn��xy t �NqrgYhEz?cfaP¯�w3h�c³q�a³��kNz�aino{bh t cf�rh²h�¹ryvgY~rloh¡km 3ci��h¡lokm�Nno�� ¢qrz���cfk t

Sum
ª

ymz�{�kmzrh±kv �n©cfa³cf�rhEk t hPgYa �
sg ′

v ⇐ sg ′
v1

∧ sg ′
v2

.6 n©ci� cf�rh�qbcfn©lon©cfy t _  ¢qrz���cfn©kNz _ i
�
bCg h�ci��yvc�hEz|��kb{bhPa�ci�rh�q�zrn©kNz kv �a¦hEcfa�kv  t hOpNq�n t hEgYhEz?c�aEª6ci��noa

cf�rhEk t hPg �Eymz�jCh�{bn t hO��cfl©_�c t ymz�ailoyvcihP{�cik
a�k ��� a`l�#Fa � _�i � bCg h � b * ]�a�k ��� a`l�#Fa	 b�
 ]�a�k�� � a`l�#�a �

¯
	xk/¤ y�~ t kNjrl©hPg �EkmgYhPa6  t kmg ci�rh� Wym��c!cf��y/c¡l©kN�mn��Ea��PyvzTj|h-{bh�½�z�hP{Tnoz�y t hO��q t a¦no«mh±¤³yG_m¯ t  Azrk

�Py t hLn�a3c�y ¥ hPz3ªOci�rn�a�¤!n©lol t hOa¦qrl©c�noz(ymz�n©zr½�zrn©cih6l©k`km~=ªvyvz�{±cf�rhEz(zrkmzb¬Ucih t gYnoz�y/cfn©kNz�kv bcf�rh��EkmgY~rqbc�y/cfn©kNz
km �~ t km~Ch t cinohPaP¯�^`k�ª\¤6h-q�aihYyºqrzrno«mh t afyvl�cikN~b¬ {bk/¤!zÁ½r¹b~CkmnozNc�yvlo�mk t n©ci��g u w�� � � { ��xU¯ 6 hYym{rym~bcihO{
n©cxyma!yY��n©�N�rh t ¬Uk t {rh t  ¢qrz���cfn©kNzÁa¦k�ci�|y/c�n©c¡�Eymz�jCh�yv~r~�l©nohP{lok`�Pyvlol©_�n©zThPyN����lokm�Nno�¡ ¢qrz|��cik t ª�¤!n§cf�rkmqbc
t hPp?qrn t n©zr�»ymz`_·�mlokmj|yvlx{ryvcfyv¬Îa¦c t q���cfq t hm¯ 6 h�a¦_ba¦cihEg�yvcin��Eyvlolo_ yv~�~rl©_ n§cn©z cf�rh+{rh�½�zrn©cinokmz km �ci�rh
 ¢q�z���cfn©kNz X�_ jCX�a±nozTzrkmzr¬ÎyvcikmgYn��¡ ¢qrz���cfk t aE¯
f\iSW*dF^ �\X jK^?g�W�Y � l8g�^`W !�� X8_ jCX�a � !�� � l8g�^`W !�� X�_ jCXFa � �dSl\g*X !��f\iSW|_ i%� d Y l8g�^`W !�� X8_ jCX�a �fSiSWvf � _ i\d*b�f8f ��X�_ jCX�a ^?gfSiSW1^Sa��\bCg ��iea�W jS_ � _�i\d|d�b�f aCi ^�gfSiSW*[ bea�� ��^Sa�^`W i\h � _�i\d|d�b�f aCi ^�gdCl8g � � !��^�d��9^\a��SbCg �Ciea`W jS_ ��� fSj8jCX3h�iSW i ��W�^�jCg�� �W\Uei�g�# iSk�^?g ���|a�W j�X3_�i%�`l�_Fa8^�jCg�� �[ bea�� ��^Sa�^`W i\h Y � W8_\lei 	� f|i�g hi�f a�i # iSk�^?g[ bea�� ��^Sa�^`W i\h Y � d�b�f a�i 	^Sa��\bCg ��iea�W jS_ Y � W8_\lei 	fSiSW f � � X � � ^�g ��� i���b�f�lebSWF^�jCg|jSd|X�_�jCXeiS_8WF^�iea�� �^Sa��\bCg ��iea�W jS_ Y � d�b�f a�i 	^`d g jSW�� [ebea�� �F^\a�^`W iSh jS_�f � � � f ���3a�W�b #Kf\i � b8f�lei d�jS_ X�_ j�X�a	� �WSUeiCg��Bfi8f aCi�#eiSkF^?gf�Y � f � 	d � � i�g h ��� _�i%�`l�_Fa8^ � i ��b�f8f
� �iCg h ^?gd

µ³�rh�{rh�½�zrn©cinokmz ¢k t ci�rh± ¢qrz|��cik t
Sum

�PyvzTzrk/¤ jCh��mno«mhPz�nozÁ{bh�c�yvnoloaP¯

��� ~����



���������
	������������� �?�

f\iSW X�_ j�X�a �dK^ �\XejK^�g�W
��dSl\g � � !��fSiSW f"* � ��* ] X�_ jCX�a � � ^�gfSiSW f�
 � � 
 ] X�_ jCX�a � � ^�g
� gej���X�_�jCX�a ���Cl � � [�^`WSUa�W�� � _�i � bCg h � f"* ]�a�W � 	 f�
 ]�a�W�� � 	a�k�� � _�i � bCg h � f"* ]�a�k � 	 f�
 ]�a�k�� � 	�8a�� a?l�#�a � _ i � bCg�h � f"* ]��\a�� a`l�#Fa	 f * ]��8a��&#ejSW�	f�
 ] �8a�� a`l/#�a	Vf�
 ]��8a��&#ejSW�� 	
�`X�� a?l�#�a � _ i � bCg�h � f"* ]��?X�� a`l�#Fa	 f * ]�_ i\hCl �Ci\h��&#ejSW�	f�
 ] �`X�� a`l/#�a	Vf�
 ]�_ i\hCl �Ci\h��&#ejSW�� 	
�`X�����a`l�#�a � _ i � bCg h � f"*s]�a�W�� 	 f * ]��`X�� � a`l�#�a
	f�
c]�a�W�� 	 f�
 ]��`X�� � a`l�#�a � 	
�`X��CW�jCX � ^SaCj���	�8a�� # jSW � ^SaCj���	�8a�� ��jCg�� � _ i � bCg�h � f"* ]��\a�� �CjCg�� 	 f�
 ]��8a�� �CjCg�� � 	�`X�� ��jCg�� � _ i � bCg�h � f"* ]��?X�� �CjCg�� 	 f�
 ]��`X�� �CjCg�� � 	�8a��ShK^\a�� � _ i � bCg�h � f"* ]��\a��ShF^\a�� 	 f�
 ]��8a��ChF^\a�� � 	�`X��ShK^\a�� � _ i � bCg�h � f"* ]��?X��ShF^\a�� 	 f�
 ]��`X��ChF^\a�� � 	_ i\hSl"�Ci\h � _ i � bCg�h � f"* ]�_�i\hSl �CiSh 	 f�
 ]�_ i\hCl �Ci\h � 	_ i\hSl"�Ci\h��CW�jCX � _ i � b�g h � f"* ]L_ i\hSl ��i\h��CW j�X�	 f�
 ]�_ iShSl �Ci\h��CW jCX � 	_ i\hSl"�Ci\h�� # jSW � _ i � b�g h � f"* ]L_ i\hSl ��i\h�� #ejCW�	 f�
 ]�_ iShSl �Ci\h�� #ejSW�� 	_ i\hSl"�Ci\h��C_F^`k\U�W � _�i � bCg h � f"* ]�_ iShSl �Ci\h��C_�^`k\U8W 	 f�
 ]�_�i\hSl �CiSh��C_�^`kSU�W�� 	� �

� n�� ����7��������67��·�1�3)�,!�L��� ��# ���(�����	��
�����������

6 hÁg(q|adc�yN{r{ cik�cf�rh´yvjCk/«mhTkN~|h t yvcinokmz�aYkm ±ymz nogY~rlohEgYhEz?cfyvcinokmz3ª!y�~�y t aih t ymz�{ y�~ t n©z?cih t  ¢k t
�|yvz�{blonozr�ºcf�rh-�Ekmz�� t hEcih-ai_`z?cfy/¹Tkv A ¢k t g-qrl�ymaP¯ t z�{bhPhP{ËªËymz´yv~r~�l©n��Eyvcinokmz�ai�rkmqrl�{Ánozr~rqbc�yvz|{Ákmqbcf~rqbc
 ¢k t g-qrl�yma�noz·y t hOym{rymjrl©hº ¢k t gYyvcP¯��rk t ~�y t ain©zr�� ¢k t g(qrl�yma(¤�h�q�a¦h�ci�rhTa¦c t hPyvg	~�y t aih t a�yG«/yvnoloymjrloh
noz T �6yvgYlI¯�µ³�rhE_+y t h-lon©gYn©cihO{´cfk

LL1
� t yvgYg�y t a�j�qbc(�Eymz´hPyNa¦nolo_Áj|h�gYkb{bqrl�y t n=OPhP{´n©z�ain�{bhYl©kN�mn��

 ¢q�z���cfk t aE¯t cTnoa�~CkNafa¦nojrloh�cik ��q|adcfkmgYn=OPh�cf�rh��Ekmz�� t hEcih´ai_`z?cfy/¹ j`_ ~�ymafain©zr�»cik» ¢q�z���cfk t a�ymz%ym{�{bn§cfn©kNz�yvl
~|y t yvgYh�cfh t '�bS_ b � ¯ t c±n�a±y�aig�yvlol�zrkmzb¬Îlokm�mn��Eyml�gYkb{bqrloh���kNzNc�yvnozrnozr��aikmgYh- ¢qrz���cfk t ¬Îai~ChP��n©½|�-«/yvloqrhPa
lon ¥ h²cik ¥ hEz|a³cik�jCh�q�aihP{Tyma�aihE~|y t y/cik t aPªN ¢k t noz�a¦cfyvz|��hm¯�µ³�rhPaih�h�¹`c t y/¬Î~�y t ymg�hEcih t a6�EymzymloaikYj|h�q|a¦hO{
cfkYkv¸\h t aihE«mh t yml\«mh t ain©kNz�a6kv �y�lokm�Nno�¡ ¢qrz���cik t n©zTkmz�l©_ºkNzrh�gYkb{bqrlohm¯t c�noa�yvl�a¦k´~|k?aiain©j�l©h�cfk+yN{r{Çkvcf�rh t km~Ch t y/cfn©kNz�a±cik+l©kN�mn��EaP¯��rk t noz�a¦cfyvz|��hmª�¤6h�yvl t hPym{r_�{bhE½�zrhO{
kN~|h t yvcinokmz�aLl©n ¥ hxy t hE½�zrhEgYhPzNc6km~Ch t y/cfk t  ¢k t g�ym���rnozrh�lohPy t z�n©zr� u � � �N�?xÎª?k t y� ¢hPy/cfq t hxh�¹`c t yN��cik t  ¢k t
z|yG«?no�Nyvcinokmz�n©zl©kN�mn��EymlËn©zb ¢k t g�yvcinokmz�ai_badcfhEg�a
u � } ��w�xÎ¯

~�~��q���9�����
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µ³��noa²����yv~rcih t yvnog�a�cfk��Nn©«Nh(yºgYk t h(�Ekmz�� t hEcih� ¢hPhElon©z���kv Acf�rh�q�a¦h-kv �lokm�Nno�� ¢qrz���cfk t aE¯�^`k|ª|¤6h(�rh t h
yN{bkm~rc�ci�rh�~CkmnozNc²kv L«`nohE¤�kv Acf�rh-°x~r~rlono�Py/cfn©kNz 
xhOa¦no�mz�h t ª|¤!�rn�������yG«Nh(ym�P��hOaia�cik�yºcik`kmloj|kG¹Tg�ym{bh
km ³yml©l�cf�rhºlokm�Nno�- ¢qrz���cik t a�{bhE½�zrhO{�n©zÇyv~�~|hPz�{bn���hPaPª�ymz�{���kb{bhO{+noz T¡jbudhP��cino«mh �6yvgYl�yNa�{bhPaf� t noj|hO{
noz ����yv~rcih t ��¯Aµ³�rh�gYk t h t hElohE«/ymzNc�yNa¦~ChP��cfa³kv �l©kN�mn��¡ ¢qrz���cfk t a6 ¢k t cf�rh�°�~r~�l©n��Eyvcinokmz 
xhOa¦no�mz�h t y t h��
cf�rh±a¦_`z?cfyv¹\ªNci��h¡kN~|h t yvcinokmz�a�ci��yvc³y t h²{bh�½|zrhP{Ëªbymz�{�cf�rh¡~ t kN~|h t cfn©hOaLcf��y/c!y t h¡afy/cfnoa¦½�hP{3ª?ymz�{ºqrz|{bh t
¤!��no���T��kNz�{bn©cinokmz�aP¯

� nGm � ���������	#/��� �����(����7(���C�#/���A'47±������� � r��3��,�'4�

t z-ci��h!n©z?c t kb{bq���cinokmz�kv �cf�rn�aA{bkb��qrgYhEz?cOªm¤6h6noz?c t kb{bq���hO{-yNa�y¡gYkmcino«Gyvcinozr�±h�¹ryvgY~rloh6ci�rh�{rhPaf� t n©~bcfn©kNz
ymz�{�p?qrh t _`n©zr�Tkm ³j�n©jrlonokm� t yv~��rno� t h� ¢h t hPz���hOaE¯ t z�cf�rnoa-a¦hO��cfn©kNz3ª=¤6h�~ t km� t hPafain©«NhElo_T{rhE«mhPl©kN~ÇyTl©kN�mn��
 ¢k t¡t hE~ t hOa¦hPzNcfn©z��ºj|kmci��{bhPaf� t n©~rcinokmz�a¡yvz�{+pNq�h t n©hOaE¯ t z´hPyN����«mh t ainokmz3ª|¤�h��mno«mh(y�{bh�½|zrn§cfn©kNz´km Lci�rh
lokm�Nno��yNa�yÁgYkb{bqrloh �Cª3cf�rh�{bhE½�zrn©cinokmz»km !yÁ{rhPaf� t n©~bcfn©kNz h�i a���_\ª=yvz|{�ci�rh{bh�½�z�n§cfn©kNzÇkv �ycd_`~rno�Pyvl
p?qrh t _

�
leiS_��\¯

°¡aAy²a¦cfy t cfn©z��¡~Ckmnoz?cPªvloh�cAq�aA�Ekmz�aino{rh t ci��yvcAhPym��� t hE ¢h t hEz��Eh6�Pyvz-j|h�{bhOai� t nojChP{�j`_(y²aih�cAkv \a¦nogY~rl©h
yvc¦c t nojrqbcfhPaP¯³µ³��hPaih(y/cic t n©jrqrcihPa¡�EymzjCh t hE~ t hOa¦hPzNcfhP{Tyma N�����: � ¼Wl©kN�mn��± ¢qrz���cik t �8W�j � ¾¦¾�ª�yvz|{Áa¦hEcfa�km 
yvc¦c t nojrqbcfhPa²�Eyvz´j|h t hP~ t hPaihEz?cihO{Tj?_Tg-qrl§cfnoaih�c�a²kv �y/cfkmg�a�¼¢lokm�mn��� ¢q�z���cfk t�� lKfCW�^\a�iSWr¾�ª|yma¡g(qrl©cin�a¦hEcfa
y t h²gYk t h±�mhEz�h t yvlCci��ymzÁa¦hEcfaP¯ �xhEz��Eh±ci�rh±½ t a¦c�{bh�½�z�n§cfn©kNzkm �y�lokm�Nno�¡ ¢k t {rhPaf� t n©~bcfn©kNz�aP¯

�	��
������������������������������ �
!����"�#%$'&�(�)��!*+��,�-����.����0/2143�503���#7698�5�"+/:1'#!�!"���,���;<�����#�=%$'&�#!��"���,��%1'(�)���*+��,�-!���.����+/�;
	xk/¤·¤6h�¤6kmqrl�{-l©n ¥ h6cik²��yG«Nh�«/yvloqrhO{-yvc¦c t nojrqbcihOa�n©zY{bhOai� t no~bcinokmz|aE¯ � yvloqrhPaA�Pyvz�j|h³hEn©ci��h t a¦c t n©zr�?aEª

k t n©z?cfhE�mh t aÁ¼Wl©kN�mn��� ¢qrz���cfk t a �Cl � ª��SW8_F^?g�k\ª?>?g�Wb¾�H�yvz�{ «/yvloqrhO{ yvc¦c t nojrqbcfhPaº�Pyvz j|hÁj�qrn©l©c�yNaYci�rh
~ t kb{bq���c�kv (ymz y/cfkmg4yvz�{ y·«/yvloqrh·¼¢lokm�Nno�� ¢qrz���cik t '8_�j\hb¾�¯ 
6qbc¤�h+zrhEhO{ cik gYy ¥ hÁcf�rh´«/yml©qrh
kN~bcinokmz|yvlËnoz�k t {bh t cik t h�cfymn©zTain©gY~rloh�y/cic t n©jrqrcihPa³nozÁ{bhPaf� t no~bcinokmz�a�¼Wl©kN�mn��¡ ¢qrz���cfk t � X�W�^�jCg�¾�¯

��� ~����
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�	��
��������5! ���03������+,����0��������#��+,!-
	+,�����	��
���������������������������!#���
������ �
�!5!��
!����"�#%$'&������!�� ����� (�)�� *+��,!-����.����0/��	1 3�503���#7698�5�"+/:1'=!��5�#�����������;<�����#�=%$ �������� "��0,��!5!�+,7���0*+��,�-�����<�����#�=%$'&03�5�3���#7698�5!"+/:14=!��5�#�����������;
t z cf�rh�l�y/c¦cfh t lokm�Nno�Tp?qrh t nohPaºy t hTlon©gYn©cihO{ n©z cf��y/c�kNzrh��Eymzrzrkmcºh�¹b~ t hPafaYn©z?cih t «/ymloa�k/«Nh t nozNcfh�¬

�Nh t aEª=k t ci�rh�~ t hOa¦hPz���hYkv !yvz�y/cic t n©j�qbcih�¤!n©ci�rkNqbc(ai~|hO��n© ¢_?nozr�Án©cfa±cd_`~Ch�¼Wain©gY~rlohmª�adc t nozr�m¬U«/yvloqrhO{Ëª3k t
noz?cihP�mh t ¬Î«Gyml©q�hP{�¾�¯²µ³�rn�a²�Eyvz+j|hYaikmlo«mhP{Tj`_�ym~r~rlo_?nozr��ci�rhYyvj�a¦c t ym��cik t a >?g�W iS_�� b�f�ª�yvz|{ � jCXT¤!��h t h
ym~r~ t km~ t n�y/cih²noz�cf�rh�{bh�½|zrn§cfn©kNzTkv �ci�rh�lokm�Nno�m¯

�	��
��������5! ��(��03���03������+,����0��������#��+,�-��	+,��!��#� !5!!	+,��"������	��
���������������������������!#���
������ �
�!5!��
!����"�#%$'&������!�� ����� (�)�� *+��,!-����.����0/��	1 3�503���#7698�5�"+/:1'=!��5�#�����������;<�����#�=%$ ��������!#<�����#�=%$'&03�5�3���#7698�5!"+/:14=!��5�#��+,$������%'&�&(������%!;
µ³�rhh�¹b~ t hPafain©«`n©cd_´kv xp?qrh t nohPa-n�a-a¦cinol©l6lon©gYn©cihP{·n©z·ci��yvc�{bn�aWudqrz���cfn©kNz ymz�{ÇzrhP�Ny/cfn©kNz»�Eymzrzrkvc�j|h

hE¹b~ t hOaiaihP{3ª\ymz�{´�Ekmz/udq�z���cfn©kNz´kmz�l©_�ym~r~rlon©hOaxcfk{rn§¸\h t hEz?c�hElohEgYhEz?c�a¡km �y{bhPaf� t n©~rcinokmz3¯ t z+k t {bh t cik
yml©lok/¤� ¢qrlolLjCk`kmlohPyvz�p?qrh t nohPaPª3j|kmci��kmz�{bhPaf� t no~bcinokmz�hElohEgYhEz?c�a�yvz�{�¤!�rkNl©h�{bhOai� t no~bcinokmz|aEªË¤6h�yv~r~rlo_
cd¤!n���h�ci�rh²yvj�a¦c t ym��cik t '8_ jCX �=nozNcfh t z�yvlolo_�ymz�{Yh�¹`cih t z|yvlol©_-cik � lKfCW�^SaCiSW\¯=°xaLci�rh²a¦_`z?cfyv¹�nozY ¢qrz���cik t a
�PyvzYjCh�~�y t yvgYhEcih t nPOEhP{¼¢z�kvc�{bhEcfymn©lohP{Y�rh t hG¾�ªN¤�h��Pyvzº{bn�adcfn©z��mqrn�a¦�Ynoz?cih t z�yml���kNzrzrhP��cik t a�  t kmg¨h�¹`cih t ¬
z|yvlA��kNzrzrhP��cik t a �xhE¹?cfh t z�yvl���kNzrzrhO��cik t a±y t hRb�g h� jS_ � gejSW� ^ � XKfe^�i abª\yvz�{+nozNcfh t z�yvl���kNzrzrhO��cik t a
y t h*) �+&����� !���¯
�	��
��������5! ��(��03���03������+,����0��������#��+,�-��	+,��!��#� !5!!	+,��"������	��
���������,��#��03�� �����������������!#��+3����!#���
 ����� ���!5!������
!����"�#%$'&������!�� ����� (�)�� *+��,!-����.����0/��	1 3�503���#7698�5�"+/:1'=!��5�#�����������;<�����#�=%$-� �����!�� "��0,���5��+,7���0* ��,�-�����/.'0 ���0�����"��+,��!5��+,����21�����
��3��5�,�


� 3�5�3���#7698�5!"+/ ��#�,����4� =!��5�# �+,5����6�%&�&7�8����%�9 =���5�# �+,�������%&�&;:�%�%�%"���
6 h�zrk/¤ ��yG«mh�y·�Ekmz`«mhPzrn©hPz?c�lokm�mn���¤�¯ t ¯ cO¯.ci�rh�h�¹b~ t hPafa¦no«`n§cd_ kv �{bhPaf� t n©~rcinokmz�ayvz�{%p?qrh t n©hOaE¯

��k t hEk/«mh t n©c²n�a²«mh t _hPymai_cikym{r{´«Gyml©q�h(cd_`~ChPa¡j?_�ainog�~�l©_ÁhE¹?cfhEz�{rn©zr��ci�rhY{bhE½�zrn©cinokmz´km Lci��h�aiqrjb¬
lokm�Nno�=< b�f�¤!n§cf�Tkvci��h t ��kNz�� t h�cfh²{rkmg�yvnoz�aP¯ 
6qbc�jCh� ¢k t h�q|a¦nozr��ci�rn�a!lokm�Nno�x ¢k t nozb ¢k t g�y/cfn©kNz t h�c t nohE«/yvl
¤6h�g(q|adcxhPz�aiq t h�n©c¡afy/cfnoa¦½�hPa!ci�rh�lokm�Nno�±~ t kN~|h t cfn©hOa �8a�� a`l�#�a�ymz�{ �`X�� � a`l�#�a`¯ t  A¤6h��Eyml©l=ci�rh� ¢q�z���¬
cfn©kNz � ] X�_ jCX�a � � n©zÇk t {bh t cik+��kmgY~rqrcihYci��h�~ t km~Ch t cinohPa±km  �Cª�¤�hº{bn�af��k/«mh t ci��yvc-��kNz�ainoa¦cihPz���_+noaafy/cfnoa¦½�hO{Ëª�j�qbc(cf��y/cY��kmgY~rloh�cfhEzrhOaia t hOp?qrn t hPa�ci�rh�~ t kN~|h t cd_ _ iShSl �Ci\h �¡kNz�ci�rha¦q�jb¬Ulokm�Nno��a¦cfy t cfn©z��
yvc � lKfCW�^\a�iSW\¯ t c��|yv~r~ChEz�a!ci��yvc6cf�rh�lokm�mn��¡ ¢qrz���cik t � jSW8W j � ��hElo~�a6cik�hPz�a¦q t h²ci��noa!~ t kN~|h t cd_Nª`aikY¤�h
�Pyvz�c t _�yvz|{ym~r~rlo_ºn©c�kmz�cikm~Tkm  � lKf�W�^\aCiSWC¯
�	��
��������5! ��(��03���03������+,����0��������#��+,�-��	+,��!��#� !5!!	+,��"������	��
���������,��#��03�� .�������� �>� �����������������!#!�03����!#���
������ �!��5!��������"���?��+��87��#!��<��7��#!�!�,�!#���
@& #!��
��7"���
BA'��������������@& ��-BA"+3CA�?!�+��87��#���<��7��#����,�!#���
B& #!��
���"���
BA'��������������B& ��-BA
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	xk/¤ ¤6h²�Nh�c³ci�|y/c!ci��h²~ t kN~|h t cd_ a�k���n�a t hOpNq�n t hP{�kmz � lKfCW�^\a�iSW\ªNymz�{�ci�rh�~ t km~Ch t cd_ _ i\hCl �Ci\h �
n�a t hPp?qrn t hP{�kmz '8_ j\hC¯��rk t ci�rh�loyvc¦cfh t �Pymaihmª�¤�h�Eymz»yv~r~rlo_+ci�rhaiymg�h�a¦kNl©qbcfn©kNz»yma-yvjCk/«mh´¼Wl©kN�mn��
 ¢q�z���cfk t �ejSW8W j � ¾�¯ ��k t cf�rhÁ ¢k t gYh t �EyNa¦hNª6n©c��|yv~r~ChEz�aºci�rh+l©kN�mn�� ¢qrz���cik t �K^�g�kef\i�hEz|a¦q t hPaºci�rh
~ t kN~|h t cd_ a�k��Eªra¦kY¤6h±ym~r~rlo_ºn©c�kmz�cikm~Tkm =ci��h± ¢qrz���cfk t '8_ j\hC¯
�	��
��������5! ��(��03���03������+,����0��������#��+,�-��	+,��!��#� !5!!	+,��"������	��
���������,��#��03�� .�������� �>���!�+,�-���'� ������������������#��03�� .�������� �>� �!#���
������ ����5�������������"���?���,��!5���!�������0/"+3CA�?���,��!5!��!�������+/
!����"�#%$ � &����0���� ���
� (�)���*+��,�-����.����0/��	1 3�5�3���#76 8�5�"+/:1'=���5�#��
�8������;��<�����#�=%$-� �����!�� "��0,���5��+,7���0* ��,�-�����/.'0 ���0�����"��+,��!5��+,����21�����
��3����#3�5�3���#7698�5�" / 50,�
�,����4� =!��5�# �+,5����6�%&�&7�8����%�9 =���5�# �+,�������%&�&;:�%�%�%"�
6 h!½�z�yml©lo_���yG«mh!y�¤6hElol§¬ {bhE½�zrhP{�lokm�Nno�mªm¤!n©ci�ºy���kNz�ainoa¦cihPzNc6yvz�{T¼¢~|y t cin�yvlol©_r¾���kNgY~rl©hEcihxaiqrj�aiqrgY~b¬

cfn©kNz3¯ 	�kmcih��rk/¤ cf�rh�q�aih t noa��mqrn�{bhP{Ynoz�cf�rh�~ t kb��hPafaAkm ={bh�½�z�n©zr�(n§c�aLlokm�mn���yNaAgYnoafa¦nozr� t hPp?qrn t hEgYhEz?cfa
y t h(~ t k/«`n�{bhP{ ¢k t hP«mh t _~ t km~Ch t cd_�cf��y/c±noa¡zrkmc²afy/cin�a¦½�hP{Ë¯±µ³�rh�a¦_`z?cfyv¹Tkm �{bhPaf� t no~bcinokmz�axnoa±ail©no�m�?cfl©_
���|yvzr�NhP{�yma�cf�rh�lokm�mn��6 ¢qrz���cik t �K^�g�kef\i t hOp?qrn t hPa�cfk(afpNq|y t h�¬Îj t yN� ¥ hEc= ¢k t g(q�loyNaAkb�E��q t nozr�±n©zº{rhPaf� t n©~b¬
cfn©kNz�aP¯

� n�� ���,�� ,!�6����Ë�=��
�L���E��� �(# �1� $�p���� ��,�� ,!��������)������������������6�

�;>����G�9� �F� ���� ����������� ¼ 
²w�¾¡y t h�¤!no{rhElo_q|a¦hO{Án©z ¥ z�k/¤!l©hO{b�mh t hE~ t hPaihEz?c�y/cinokmzÁymz�{Ánozb ¢k t g�y/cinokmz�ai_bad¬
cfhEg�aRu �6w 	 { �`xÎ¯-w3n ¥ h�kmq t lokm�Nno�PaEª\cf�rhE_´y t h-j�ymaihP{´kmz�y�z�kvcinokmz+kv ³a¦qrj|a¦qrgY~bcfn©kNz

v
ª=ymz�{�noz´ WyN��c

kNq tyt z�n§cfnoyvcik t a²�EyvzÁjChYa¦hPhEz´yNaxyvz´n©gY~Ck/«mh t n�a¦�rhO{T«/y t noymzNc¡kv  
²wL¯Ë^`k�ªËymz�n©z?cfh t hPa¦cinozr��p?qrhPa¦cinokmz´noa
cfk ¥ zrk/¤%¤!��h�ci��h t lokm�Nno�² ¢q�z���cfk t a��EymzjCh(q|a¦hO{�cfk t hP��kNz�a¦c t q���c�{bhOai� t no~bcinokmzÁlokm�Nno�Pa�� 6 h-a¦�rk/¤ noz
cf�rn�a6aihP��cinokmz�ci��yvc�cf�rh�a¦qrj|a¦qrgY~bcfn©kNzºcfhPa¦c6km 

ALC
¼W¤!n§cf�rkmqrc!µ 
6kG¹�¾L�Pyvz�j|h²zrn���hElo_ t hP��kNz�a¦c t q���cfhP{Ë¯6 h-ci�rhPz+�NhEzrh t yml©nPOEh-n§c�yma²y��kmg-jrnoz�y/cfk t ªC¤!��no���+gYy ¥ hOaxn©c�hPymai_cikTa¦~ChP�Enoyml©nPOEh

ALC
cikT��kmz|� t h�cih

{rkmg�yvnoz�aPªbg�k t h²h�¹b~ t hPafain©«Nh t kmlohPaPªryvz�{ ��lokNaihP{ 6 k t l�{�°¡aiaiqrgY~bcfn©kNz3¯
µ³�rh�ymj�a¦c t ym��c!ai_?z?c�y/¹�km �cf�rh±l©kN�mn��

ALC
n�a!{bh�½|zrhP{j`_ �

C → A |
a�j � i r C |

b�f8f
r C |

gejSW
C | C

bCg�h
C | C

jC_
C |

bCg �
|
gejCg i

,

¤!��h t h
A
ª3ymz�{

r
t hPai~|hO��cfn©«NhElo_Ta¦cfymz�{Á ¢k tRN��L��: ��� ����F��> �F� � ª3yvz�{ ��� A >�� ¯(µ³�rhPaih-y t h-~ t km~Ch t l©_ t hE~b¬

t hPaihEz?cfhP{Çj`_Çy/cfkmg�a�¼Wl©kN�mn��� ¢qrz|��cik t
Atom

¾�¯ t z·ci�rhTa¦hPg�yvz?cin��Ea-kv 
ALC

y� ¢k t g-qrloy b8f8f
r C

n�a
hOp?qrn©«/yml©hPzNc³cfk-cf�rh± ¢k t g(q�loyogejCW aCj � i r

gejSW
C
ª�a¦k�cf��y/c!¤6h±�Pyvz t hOadc t n���c!kNq t aihElo«mhOaLcfk�h�¹bn�adcfhEz?cin�yvl

p?q�ymz?cin©½|�Eyvcinokmz3¯ 6 �rhEz�a¦kNg�h-kmjbudhO��c±aiyvcin�ad½�hOa¡yº ¢k t g(qrl�y aCj � i r C
ªCci��noa²gYhPymz�axn©c±noa t hPloyvcihO{Tcik

ymzrkvcf�rh t kmjbudhO��cxafy/cin�a¦ ¢_?nozr�
C
ª�ci� t kmq��m��y t hEl�y/cinokmzÁafy/cfnoa¦ ¢_`n©zr�

r
¯x^`k�cf�rh�~ t km~Ch t cd_ aCj � i r C

�Eyvz
jCh t hE~ t hPaihEz?cfhP{yma6ci��h�~ t k`{rq���c

(r, C)
km �y t kmlohmª�ymz�{Ty���kNg�~�l©hE¹��kNz���hP~bc(¼¢lokm�Nno�² ¢q�z���cfk t

Prod
¾ �

n©cfa¡��kNz�� t h�cfh(a¦_`z?cfyv¹�PyvzÁhPyNa¦nolo_�jCh-��q|adcfkmgYn=OPhP{ÁyNa(¼�aCj � i r C)
 ¢k t�t hOym{rymjrnol©n©cd_ 	 ¯�°�lol�kvci��h t �Ekmzb¬

z�hP��cfk t a³kv �ci��h�loymzr�mq�ym�mh�y t h�~ t k/«`no{bhO{�j`_�ci�rh�lokm�Nno�² ¢q�z���cfk t
Prop

¯³µ³�rn�a!lohPym{�a³cikYcf�rh� ¢kmlolok/¤!n©zr�
½ t a¦c�y/c¦cfhEgY~bc�km �{bhE½�zrnozr��ci�rh�lokm�Nno�

ALC
¤!n©ci�Tl©kN�mn��� ¢q�z���cfk t aE¯

�
	�� Ö¦×���Úß���Ù��¡Õ©à � ���Iß�×��¦ß��!ÖdÛ��=Ù ����Ü��/Ü�×WÛUÖd×xÜ � Þ�Ü��G×WÙ � �UÖd×!Õoß�× �!�GÖ"�¦ß � �¦×WÖ��UÖ�Û# � �ÎÜfá%$&�'�GÙ��(�)�¦Ü � Ö¦Ü�ÛIÙ�� +*vÖ
�¦àOÛ��Iß��!Ù�,¦ÖdÞ?Ý   � �ÎÜ-���IÙ���ÛIà.��Ü�×ËÕoß�×&���GÖ0/Pà/Ü � �IÙ 1/Öd× �����2�¦Ü � Ü-�ÚÛIß2*vÖAß�*3�UÜ�Ù � ÖdÞ?Ý

��� ~����



���������
	������������� ���

� j\hSlKfSi _ i%� ����� Y � � '8_ jCX � �Cl � �\W j � � '8_ jSh��8W j � ����� ����8a�� a`l�#�a|^Sa j �
�`X�� a`l�#�a _�i

�
l�^`_�iea '8_ jSh ]�_ i\hCl �Ci\h �8W j � ]�_ i\hSl"�Ci\h

µ³�rh ��kNg�~CkNaih t ~ t kb{bq��EhPaYy´z�hE¤ lokm�Nno� ������  t kNg n§c�a�{bh�½�z�n©zr��hE¹`~ t hOaiain©kNz3¯ 	xkvcihcf�rhT¤6yG_
n©c-n�a t hO��q t a¦no«mhPl©_�{bh�½|zrhP{·n©z»k t {rh t cfk+yN�E��kNqrz?c� ¢k t ��kNg�~�l©hE¹Ç�Ekmz��EhE~bc�a(noz�aino{rh�p?q�yvz?cfn§½�h t aP¯´µ³�rh
��kNgY~|k?a¦h t yvl�a¦kÇ~Ch t  ¢k t g�aºn©cfaºcd_?~Ch�¬ ���rhO� ¥ nozr�|ª6¤!��kNaih t hOa¦q�l§c�afyG_baYci��h+aiqrj�aiqrgY~bcinokmz n�a�~ t k/«NhP{
�Ekmz�ain�adcfhEz?cPªbjrqrc�zrkvc���kNgY~rl©hEcih±jChP�Eymq�aih¡cf�rh�~ t km~Ch t cd_

reduced
��kNqrl�{�zrkmc�j|h�~ t k/«NhP{�kNz�cf�rh�a¦q�jb¬

lokm�Nno�Pa6jrqrnol§c�j`_ºcf�rh± ¢qrz���cik t a
Prod

ª�ymz�{
Atom

¼¢jCkvcf�Ty t �NqrgYhEz?cfa6km �cf�rh± ¢qrz���cik t
Sum

¾�¯
µ³�rh+yvjCk/«mh�{bhE½�zrn©cinokmz n�aº��k tit hP��c�yvjCkmqbc�cf�rh´ai_?z?c�y/¹Ëª³jrqbc�¤!�|y/c�yvjCkmqrcºci�rh´n©z?cih t ~ t hEcfy/cfn©kNz

{rkmg�yvnoz �´°!�P��k t {bnozr��cikYcf�rh({bhE½�zrn©cinokmzTkv � ¢qrz���cik t a�¼Ia¦hPh�°�~r~ChEz|{bno�EhPa�¾�ª|n§cxn�a t hP�Eq t aino«mhElo_�{bhE½�zrhO{
yNa

I = Atom ] (Atom × I),
nU¯ hm¯oªbhEn©ci�rh t y(~ t n©gYn©cino«mh±��kmz|��hE~rc�¼Iyvzy/cikNgº¾�ª`k t y�~|yvn t g�yN{bh¡km �y-~ t nogYn§cfn©«Nh t kmloh-¼IyvzTy/cfkmgº¾�ªbyvz|{
ymzrkvcf�rh t nozNcfh t ~ t h�cfyvcinokmz3¯�µ³�rnoa�n�a�zrkvcAaiyvcin�ad WyN��cfk t _¡jChP�Pyvq�aih�ymz

ALC
¬În©z?cfh t ~ t hEcfyvcinokmz�ai�rkmqrl�{�z�kvc�j|h

y�ainozr�mloh�y/cfkmgYno�³�Ekmz��EhE~bc�k t a¦nozr�Nl©h t kmlohmªvj�qbc�ai�rkmqrl�{�j|h¡y�a¦hEcLkv 3y/cfkmgYno�!�Ekmz��EhE~bc�aLyvz|{ t kmlohPaP¯�µ³��noa
yN{ryv~rcfy/cfn©kNz�cik²cf�rh³n©z?cih t ~ t hEcfy/cfn©kNz({bkNgYymn©zY�Eymz(jCh³kmjbc�yvnozrhP{(j?_�ci�rh³lokm�mn��A ¢q�z���cfk t

Set
ªv¤!�rk?a¦h³a¦n�{bh

hE¸ChO��c�n�a6cik t hP{bq��EhP{�ci�rh�z�hEhP{� ¢k t ci�rh±~ t km~Ch t cd_
reduced

cfk-cf�rh�¤6hPy ¥ h t ~ t km~Ch t cd_
reduced .right

¯

� j\hSlKfSi _ i%� ����� Y � � '8_ jCX � �8iCW ���Cl � �8W j � � '8_ j\h��8W j � � ��� ������8a�� a`l�#�a|^Sa j �
�`X�� a`l�#�a|^Sa j �h�iea���_ Y W b�f8f bCg h

�GaCj � i �?U�^CfSh � b�fSi � bCg hgejSW �GaCj � i �?U�^CfSh gejCW*W�b�f8f �
�
leiS_�� Y��GaCj � i �?U�^CfSh � b�fSi*b�g h W b�f8f � b�g hgejSW �GaCj � i �?U�^CfSh gejCW � � b�f\i�^ � Xefe^�iea&W�b�f8f ���
µ³�rn�a�cfn©gYh�cf�rhºnoz?cih t ~ t h�c�y/cinokmzÇ{bkNg�yvnoz�n�a

I = P(Atom ] (Atom × I))
ªAyvz�{�cf�rh t hPaiqrl§cfn©z��

aiqrj�aiqrgY~bcfn©kNz´~ t k/«mh t n�a²~ t k/«NhP{ÁjCkvcf���Ekmz�ain�adcfhEz?c±ymz�{´�EkmgY~rloh�cfh�j`_Tcf�rh ��kmgY~|k?a¦h t ¯ t z+ci��h- ¢k t ¬
g-qrl�ymaPª3ci��h ¥ hE_`¤6k t {&aCj � i t hP~ t hPaihEz?cfa¡ci��hºh�¹bn�adcfhEz?cin�yvlLp?q�ymzNcfn§½|h t ¯�µ³�rh�h�¹rymg�~�l©h�{bhOai� t no~bcinokmz dcfhEloloa³aikmgYhEkNzrhxn�a�cfyvlolUªb��yma6y�g�yvloh±���rn©l�{Ëªbyvz|{º��yNa�kNzrl©_Yc�yvlolË���rn©l�{ t hEz3¯Aµ³�rh²h�¹rymg�~�l©h²pNq�h t _

q
yma ¥ a

¤!��h�ci��h t aikmgYhPj|kb{b_���yNa(yTc�yvlol�g�yvloh����rnol�{ËªLyvz�{�¤!��kNaihºg�yvloh����rnolo{ t hPz»y t h�yvlolLc�yvlolI¯ t cY�Eymz»j|h
~ t k/«NhP{ºnoz

ALC
cf��y/c³ci��h�{bhPaf� t n©~rcinokmznoa�aiqrj�aiqrgYhP{�j`_ºcf�rh�p?qrh t _ �

d vALC q
¯6 h!��yG«mh!ai�rk/¤6hP{�kNq t lokm�mn�� � �����|yma�ci�rh�afyvgYh!ai_?z?c�y/¹-yNa

ALC
ªmy�afy/cin�a¦ Wym��cfk t _�a¦hPgYymz?cin��EaPªmyvz�{

~ t k/«NhP{º~ t kN~|h t cfn©hOa³¤�¯ t ¯ cO¯�ci�rh�aiqrj�aiqrgY~bcfn©kNz~ t k/«Nh t ¯��xk/¤�hP«mh t n©c t hPg�yvnoz�a6cik�ai�rk/¤ ¤!�rhEci�rh t n©c�noa
aihEg�ymzNcfno�Pyvlol©_�hOp?qrn©«/yml©hPzNc�cfk¡cf�rh!{bhPaf� t no~bcinokmz�l©kN�mn��

ALC
� t z�{bhPaf� t n©~rcinokmz(lokm�Nno�PaEªGcf�rh�aihEg�yvz?cin��Ea�km 

cf�rhxaiqrj�aiqrgY~bcinokmz t hEl�y/cfn©kNz
f v g

noa�cf��y/cOªm ¢k t yvlolrnoz?cih t ~ t h�c�y/cinokmz
I = (∆I , .I)

ªN¤6h���yG«Nh
fI ⊆ gI

ª
¤!��h t h

fI {bhPzrkvcfhPa�ci�rh±aih�c�km =noz�adc�yvz��EhPa�kv  f ymgYkmzr��cf�rh²n©z�{rn©«`n�{bq�yvlË{bkNg�yvnoz ∆I
¯Lµ³�rnoa�noz���loq�ain©kNz

�Pyvzj|h�aiq��P��hPafain©«NhElo_ t hP¤ t n©c¦cfhEzTyma

∀I : ∀i ∈ ∆I : i ∈ fI ⇒ i ∈ gI ,
∀i′ = (I, i) : i′ |= f ⇒ i′ |= g,
M ′(f) ⊆ M ′(g)

¤!�rh t h
M ′(f) = {(I, i) | i ∈ fI}.

~�~��q���9�����
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µ³��h(l�yma¦c¡~ t km~CkNain§cfn©kNz�n�a¡ain©gYnoloy t cfk�kNq t aihEg�ymzNcfno�Paxkm �a¦q�j�a¦q�g�~rcinokmz3ª3yNax{bhE½�zrhP{´j`_�cf�rh�~ t kN~|h t ¬
cfn©hOa

csv
ª=yvz|{

cpv

ª=h�¹r�EhE~bc�n©c(yv~r~rlonohPa²kmz�yT{bn§¸\h t hEz?c�{bkNgYymn©z�kv 6n©z?cfh t ~ t hEcfyvcinokmz�a
I ′ = {(I, i) |

i ∈ ∆I}
¯·µ³�rn�aYn©gY~rlon©hOa-ci��yvcYn© ¡¤6hT�Eyvz·½�z�{ y´~|yvn t km xg�yv~�a

φ : I ′ → I
ª6yvz�{

φ′ : I → I ′cf��y/c�~ t hOa¦h t «Nh�cf�rhxafy/cfnoa¦ Wym��cinokmz t hPloyvcinokmz
|=
jCh�cd¤6hEhPz�n©z?cih t ~ t hEcfy/cfn©kNz�aAyvz|{( ¢k t g-qrl�ymaPªvci��hEzYci��h!cd¤�k

noz?cih t ~ t h�c�y/cfn©kNz�aL�Eymz�j|h²aiymno{YhOp?qrn©«/yml©hPzNcOª?ymz�{ ������hPp?qrno«/yvlohEz?cLcfk
ALC

 ¢k t ci�rh²a¦q�j�a¦q�g�~rcinokmz�cfhPa¦cP¯
�À������ � �WÅ���� ��>G�

I = P(Atom ] (Atom × I))
Q�>
��� > �JK�L>G� �F�B>G��N�� ���� @C��:RN��J � D

ALC
�qN�F@ A >G�

I ′ = {(I, i) | i ∈ ∆I}
Q�>o���e>7�JK�L>G� �F�B>G��N�� ���� @S��: N��J&� D

ALC
� � � � � � �9�eQ9�9��:��F� ���� � � ' ����� :RN��D�����:

I ′
�L�

I
� �o@C> 'c�>�@ Q �

φ((I, i)) = {A ∈ Atom | i ∈ AI}
∪ {(r, j) ∈ Atom × I | ∃i′ ∈ ∆I : (i, i′) ∈ rI ∧ j = φ((I, i′))}.

� ��>������@ : N � D��B��:
I
�L�

I ′
� � @S>(' F>�@ Q �

φ′(i) = (I(i), i)� � � �
∆I(i) = {i} ∪

⋃

{∆I(j) | (r, j) ∈ i}
AI(i) = {j ∈ ∆I(i) | A ∈ j},

D����oN AJA
A ∈ Atom

rI(i) = {(j, k) ∈ ∆I(i) × ∆I(i) | (r, k) ∈ j},
D����oN AJA

r ∈ Atom.
µ³�rh±n�{bhPy-jChE�rnoz�{�ci�rhOa¦h±g�yv~�a6n�a�ci��yvc

I
¬În©z?cih t ~ t hEcfy/cfn©kNz�a6y t h�c t hEhOaEª`¤!�rh t h²zrkb{bhOa6y t h²l�yvjChElol©hO{

j`_�aih�cfa=kv �yvcikmgYn����Ekmz��EhE~bc�aEª/yvz|{�hP{b�NhPa�y t hLloymj|hPl©lohP{�j?_ t kmlohPaP¯
I
¬În©z?cfh t ~ t hEcfyvcinokmz�a��Eyvz(j|h6y t jrn§c t y t _

� t ym~r��a±noz�a¦cihPyN{�kv 6c t hEhOa�jrqbcOª�nozÇcf�rh�aiqrj�aiqrgY~bcinokmz�cfhPa¦cPª�kmzrlo_+kNzrh�noz�{bno«?n�{bq�yml
i0
n�a(��kNz�aino{bh t hO{

yvc�y�cfn©gYhNª=kmz�l©_�noz�{bno«`no{rq�yvl�a�ym�P��hPafain©jrloh�  t kNg
i0
y t h-c�y ¥ hEz´noz?cik�yN�E��kNqrz?cPª3ymz�{+ci�rh t hYn�a±zrkT¤6yG_

noz
ALC

cfk�afyG_ºcf��y/c�� t kmlohPa!~Ckmnoz?cxcik�ci�rh�aiymgYh(noz�{bno«?n�{bq�ymlI¯ ��hEz|��h
I ′
¬În©z?cih t ~ t hEcfy/cfn©kNz�a��Pyvz�yvl�aik

jCh�aihEhEzTyma6c t hPhPaPªryvz�{�¤6h�kmjbc�yvnoz�cf�rh± ¢kmlol©k/¤!nozr�-ci�rhPk t hEgT¯
��� À`Å � À ��� 	����o>%�`>G� �yD����9: � A N �J

ASALC = ASALC
� � > �`>G�9� D �

i |= f ⇐⇒ φ′(i) |= f,
D���� N AJA

i ∈ I
i′ |= f ⇐⇒ φ(i′) |= f,

D����oN AJA
i′ ∈ I ′

µ³�rh³~ t k`kv Cnoa�kNjbcfymn©zrhO{�j`_�noz�{bq���cinokmz�kmz-ci�rh!a¦c t q���cfq t h6km � ¢k t g-qrloyNaEªvymz�{(ci�rh³nozNcfh t hPa¦cinozr�±�EymaihPa
y t h¡ci��h�y/cikNgYno�±yvz|{�hE¹bnoa¦cihPzNcfnoyml©lo_�p?q�ymzNcfn§½|hP{��kmz|��hE~rcfaP¯

� �b� � �b� �IÅ � � Å � � � À ' Å � � �-� � � ° g�y/udk t ym{b«/yvz?c�yv�mh!km Clokm�Nno�6 ¢q�z���cfk t aLn�aAci�|y/cPª?adc�y t cinozr�±  t kmg
y���kNgY~|k?a¦hO{ºlokm�mn��vªbn©c!noa³hOymai_YcikYym{rym~bc!k t h�¹`cfhEz�{�n§c�yNa³n§c!kmz�l©_ t hPp?qrn t hOa³����yvzr�Nn©z���ci��h�{bh�½�z�n§cfn©kNz
km \ci�rh¡l©kN�mn��vªNymz�{�cd_`~|hE¬Î����hP� ¥ n©z��±ci�rh t hPaiqrl©cP¯Aµ³�rn�aLn�aLnoz���kNz?c t yma¦cL¤!n§cf��ci�rhxq�a¦q|yvl|ym~r~ t kNyN����¤!��h t h
gYk?adc�km ¶cihPz�aiq����ºyvzºhE¹`cihEz|a¦nokmz t hPp?qrn t hOa�y± ¢q�l©l\~�ym~|h t  ¢k t ~ t hPaihEz?cinozr��cf�rhxz�hE¤ ai_?z?c�y/¹Ëª?aihEg�ymzNcfno�PaEª
aiqrj�aiqrgY~bcfn©kNz»yvlo�mk t n©ci�rgTª�ymz�{Ç��k tit hP��cizrhOaia±~ t k`kv WaP¯ 6 hº~ t hOa¦hPzNc�noz�ci��h� ¢kmlol©k/¤!nozr���ÁhE¹`cihEz|a¦nokmz�a
km ³ci�rhºlokm�Nno� � ��� ��¼¦�O¾��Ekmz�� t hEcihº{bkNgYymn©z|a�noz»ym{r{bn©cinokmz�cfk´y/cfkmg�aPª³¼U�m¾��EkmgY~rloh�¹ t kNl©hOaº¼¢z�hE�Nyvcinokmz3ª
�Ekmz/udq�z���cfn©kNz3ªryvz�{�{bn�a¢udqrz|��cinokmznoz t kmlohPa�¾�ªbyvz|{´¼W�?¾6yv~r~rlon��Ey/cfn©kNz�km =ci��h ��lokNaihP{ 6 k t l�{�°¡aiaiqrgY~bcfn©kNz
kNzÁ{bhPaf� t n©~rcinokmz�aP¯�°xl©l=ci�rhOa¦h�hE¹?cfhEz�ainokmz�a�y t h�{bhE½�zrhO{Tn©zÁkNzrh�l©nozrhNª|yvz|{ t hPp?qrn t h²z�kº~ t k?km =  t kmg ci�rh
q|a¦h t yma6ci��hE_�y t h±~Ch t  ¢k t g�hO{�ymqbcikNg�y/cin��Eyml©lo_�j`_ºcf�rh���kmgY~CkNaih t ¯t zºk t {rh t cfk� Wym��cik t nPOEh!cf�rhPaih�hE¹?cfhEz�ainokmz�aPªN¤6hx{bhE½�zrh²y���kNg(jrnoz�y/cfk t cf��y/c³{bh�½|zrhxkNz���h! ¢k t yml©l|ci�rh
�NhEzrh t ymlËadc t q���ciq t h±kv �ci�rh�lokm�Nno�

ALC
¯

��� ~����
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� j\hSlKfSi���iCg������ � ��Y � � � ��Y � � � ��i%� Y � � Y � � '8_ jCX � �\iSW � �Cl � � � '8_ j\h�� � i%� �/���� j\hSlKfSi _ i%� ����� Y � � ��iCg��������8W j � �8W j � � ���
�xzb ¢k t ciqrz|y/cihPl©_Nª|noz T �6ymg�lUª t hP�Eq t a¦no«`n§cd_��Pyvzrz�kvcxjCh(q�aihP{T¤!��hEz´{bhE½�zrnozr��yY ¢q�z���cfk t ª�jrqbc²kmzrlo_

¤!��hEz�{rh�½�zrnozr�Yy(gYkb{bqrlohm¯Lµ³��noa6n�a�¤!�`_Ycf�rh²yN{r{bn©cinokmz�ymlËy t �mqrgYhEz?c ��i%��yv~�~|hOy t a�nozºcf�rh�{bh�½�z�n§cfn©kNz
km ��8iCg������|¯/µ³�rhPz3ª?¤!�rhEz�{rh�½�zrnozr�(y±lokm�Nno�mªvcf�rnoa6y t �mq�g�hPz?c�n�a�ainog�~�l©_ t hP~rl�ym��hO{Yj`_�ci��hxz�ymg�hxkv \ci�rh
lokm�Nno�¡jChEnozr�º{bh�½|zrhP{Ë¯

� �����	� � ���� 	 ��� � � ���� 
 ���

t z�g�yvz`_�yv~r~rlon��Ey/cfn©kNz�aPªNn©c³�PyvzºjCh±q�aih� ¢qrlCcik-��yG«mh²��kNz�� t h�cfh¡{bkNgYymn©z|aEª`a¦q|����yma6nozNcfhE�Nh t aLk t a¦c t n©zr�?aEª
nozÁym{r{rn§cfn©kNz�cfk-cf�rh�yvj|adc t yN��c�y/cfkmg�a
u �²^b�r��xU¯
� j\hSlKfSi _ i%� ������* Y � � ��iCg ����� � �Cl � �\W j � � �Cl � �SW\_�^?g�k >?g8W ��� �8W j � � ����*�8a�� a`l�#�a|^Sa j �
�`X�� a`l�#�a|^Sa j �h�iea���_ Y W b�f8f bCg h

�GaCj � i"g b � i�^\a ��' iSW iC_�� � bCg�h�GaCj � i bCk i �/, � bCg h�GaCj � i �?U�^CfSh �GaCj � i"geb � i�^\a � �8_\W\U8l�_�� � bCg h �GaCj � i bSk i *�� ���
�
leiS_�� Y��GaCj � i"g b � i �CjCg�W�bK^?g�a�� ' iSW iS_��&jS_ ��jCg�W bK^�g�a���' b�lKf"� � b�g h�GaCj � i �?U�^CfSh �GaCj � i bSk i�
�� � jS_ �GaCj � i"geb � i|bCg � ���
t z������ *Nª�yvcikNg�n����kmz|��hE~rcfa��Eymz z�k/¤ j|h�a¦c t nozr�NaPª�aiqrj�a¦c t n©zr�?aEª6yvz�{ nozNcfhE�Nh t a-noz ym{r{bn©cinokmz cik

�EloyNaiain��-yvcikmg�aP¯-µ³�rhºaiqrj�aiqrgY~bcfn©kNz+kN~|h t yvcinokmz´km �cf�rnoa±lokm�Nno�-n�a�yvqbcfkmg�y/cfno�Pyvlol©_Á~ t k/«mhO{´�Ekmz�ainoa¦cihPz?c
ymz�{Y��kNg�~�l©hEcih!j`_�cf�rhx��kNgY~|k?a¦h t ¯�µ³�rhx{bhOai� t no~bcinokmz

d
cfhEloloa�a¦kNgYhEj|kb{b_-noaAcfyvlolUªN��yNaAy�z�ymg�h � s h�cfh t ��ª

n�a�ym�mhP{�� { ª�ymz�{���yma�yÁ����n©l�{Ëª=¤!��kÁ��yma�yTz|yvgYh � ° t cf�`q t ��ª=ymz�{�noa(yv�mhO{·�O�r¯�µ³��hºpNq�h t _
q
yma ¥ a

 ¢k t ~|hPkm~rloh�¤!�rk?a¦h±z�ymg�h��Ekmz?cfymn©z|a � s h�cfh t �²k t � s yvq�l ��ª�yvz|{�¤!��k��|yma�yY���rnolo{3ªr¤!�rk���yNa�y�z�yvgYh�k t
¤!��kNaih±ym�mh²noa¡�v�r¯ t cx�Pyvzj|h�~ t k/«mhO{�cf��y/c

d vALC1 q
¯

� ������� � ��� �� � 	�� �	� ���
t z�~ t hP«?nokmq|aLlokm�mn��EaPªmjCk`kmlohPymz�kN~|h t yvcinokmz�aLkmzrlo_�ym~r~rlo_-kNz���kNz���hP~bcfaPªmz�kvc�kNz t kNl©hOaE¯���k/¤6hE«Nh t ~�ym~|h t a
nozºcf�rh±l©n©c¦cfh t y/cfq t h±��kNz�aino{bh t cf�rh±q�aih¡km �zrhP�Ny/cfn©kNz3ªb��kNz/udqrz���cinokmz3ªbyvz|{�{bn�aWudqrz���cfn©kNz�kNz t kmlohPa u w�^b�m��xU¯
µ³��hY�Ekmz/udq�z���cfn©kNz�hPz�yvj�l©hOa±q�a±cikcfhElolAci��yvc-��kmjbudhO��cfa�y t h t hEl�y/cfhP{+j?_�� ¥ noz�{ra±km  t hEl�y/cfn©kNz�aY¼¢hN¯ �|¯©ª
  t nohEz�{ N��@ �Ekmq�ainoz|¾�¯Lµ³�rh�{bn�aWudqrz���cfn©kNz���hElo~�a6cikYh�¹b~ t hPafa�qrz�{bhEcih t gYn©z�hP{k t �mhPzrh t yvl t hEl�y/cinokmz�¼¢hN¯ �|¯©ª
lon ¥ h!noz �  Wy/cf�rh t k t gYkvcf�rh t n�a�y±{bkb��cik t �¦¾�¯�µ³�rh!zrhE�?y/cfn©kNzYaikmlo«mhOa�ci�rh!~ t kNjrl©hPg&km ChE¹`~ t hOaiain©z��±yv¹bn©kNgYa
lon ¥ h � ��y t _Tlon ¥ hPa²yvlol��Py/c�a � u w�^b�N�`xÎªË¤!�rno�����Eymz�j|h t hE~ t hPaihEz?cihO{Áj`_ b�f\f � gejSW fe^-� i a � gejSW �CbSWCª
ymz�{�noa!kN~r~CkNain§cfh¡cfk b8f8f3f ^-� iea �CbCW�¼ � �´y t _ºl©n ¥ hOa³kmzrlo_��Py/cfa��¦¾�¯
� j\hSlKfSi _ i%� ����� 
�Y � � ��iCg ����� � �Cl � �\W j � � �Cl � �SW\_�^?g�k >?g8W ��� � '8_ j�X � �8iSW��8W j � ��� ������
�8a�� a`l�#�a|^Sa j �
�`X�� a`l�#�a|^Sa j �h�iea���_ Y��GaCj � i �
�CjCl�a�^�g3bCg h|d\_�^�i�g h � h�j%�`W jS_*bCg h �Ga�j � i geb � i ^Sa �&�Sb%�&��� �/� bCg h

~�~��q���9�����



�Cw 	 >G�9� ����� ��@S�����

gejSW �GaCj � i � gejSW3fe^-��iea � �CbSW � b�g h�GaCj � i"U bea ��bSW �
�
leiS_�� Y��GaCj � i ��fe^-� iea"jC_ d\_F^�iCg h � h8j%��W jS_ � bCg h�GaCj � i|f ^-� iea �CbSW �
t z � ��� 
-¼¢¤!�rn����(hE¹?cfhEz�{�a ������*G¾�ª t kNl©hOa=�Pyvz(z�k/¤Çj|h³y t jrn©c t y t _xjCk?kNl©hOyvz(�Ekmg-jrn©z|y/cinokmz|a=km |y/cfkmg�aE¯

µ³��hxa¦q�j�a¦q�g�~rcinokmzºkN~|h t yvcinokmzYkv Ëcf�rnoa�lokm�mn��³n�a�yvqrcikmg�yvcin��Eyvlolo_-~ t k/«mhO{Y��kmz|a¦n�adcfhEz?c�ymz�{���kNg�~�l©hEcih�j`_
cf�rh���kNgY~|k?a¦h t ¯�µ³�rh�{bhOai� t no~bcinokmz

d
cfhEloloa�a¦kNg�hPj|kb{b_-��yma�a¦kNg�h��Ekmq�ain©zYyvz|{(  t nohEz�{Ëª?¤!�rk�n�aLy�{bkb��cfk t

ymz�{���ymaLz�yvgYh ��� yN� ¥ ��ª/lon ¥ hPaLyml©lC�EyvcfaPªNyvz|{-�|ymaLaikmgYh��EyvcP¯Aµ³�rh�p?qrh t _
q
yNa ¥ a� ¢k t ~ChEkm~�l©hNªm¤!�rk�lon ¥ hPa

y-{bkb��cfk t ª?k t �|yma6y-{bkb��cik t yma6y(  t nohEz�{3ª`ymz�{º¤!��k-lon ¥ hPa6y(�Py/cP¯ t c!�EymzºjCh²~ t k/«NhP{�ci�|y/c
d vALC2 q

¯

� ������� � � ��� ����� ��	 � ��� �	�	� �  ��
	��
w=h�c!q�a��Ekmz�ain�{bh t ci��h± ¢kmlol©k/¤!nozr��{bhPaf� t no~bcinokmzTyvz�{p?qrh t nohPa³noz�cf�rh�yvjCk/«mh²lokm�mn�� � ����*N¯
h�iea���_ Y��GaCj � i"g b � i�^\a ��' iSW iC_�� � bCg�h g jSW d8i � b�f\i
�
leiS_�� Y gejSW*d�i � b8f\i
�
leiS_�� Y gejSW �GaCj � i g b � i ^\a � �8_8WSU8l�_�� �
µ³�rh�{bhOai� t no~bcfn©kNz�n�a6aiqrj�aiqrgYhP{�j`_Yci�rh²½ t a¦c³p?qrh t _Nª?j�qbc!zrkvc!j`_Yci�rh�aihP�Ekmz�{Ë¯Aµ³�rn�a6noa³ymzrzrk/_`n©z��

jChP�Pyvq�aih!noz�n©zb ¢k t g�yvcinokmz�a¦_ba¦cihPgYaPªm¤6h�lon ¥ h³ci�rh¡yvjrnol©n©cd_-cik t h�c t nohE«mh�yml©l�kmjbudhO��cfa�zrkvc6aiyvcin�ad ¢_`nozr��a¦kNgYh
~ t kN~|h t cd_N¯ �xh t hmª\¤6h-�Nh�c�y�ymz�a¦¤6h t cikTy�z�hE�Nyvcino«mh(p?qrh t _NªËkmzrlo_T¤!�rhEz+ci��noa²zrhP�Ny/cfn©kNz�n�a¡hE¹b~rl©n���n©cilo_
a¦cfyvcihO{´noz´cf�rh�{bhPaf� t no~bcinokmz3¯Yµ³�rn�a±noa ¥ zrk/¤!z�yma¡ci��h � T¡~ChEz 6 k t l�{´°¡aiaiqrgY~bcfn©kNz���ª�yma±km~�~|k?a¦hO{Ácik
cf�rh � ��lokNaihP{ 6 k t lo{�°¡aiaiqrgY~bcinokmz ��ª?¤!�rn����ºnoa�q�aiq�yvlol©_�{bhOa¦n t hP{Ynozºn©zr ¢k t gYyvcinokmzºai_badcfhEg�aE¯ ��z|{bh t ci�rh
l�y/cicih t aih�cicinozr��ªËhP«mh t _?ci�rnozr�ºz�kvc�aiymno{´n©z´ci�rhY{bhPaf� t no~bcinokmz�n�a±��kNz�a¦n�{bh t hO{�ymax Wyvl�a¦hN¯�µ³�rnoa²n�axq|a¦q�yml©lo_
t hPyml©n�aihP{�cf� t kmqr�N�-zrkNzb¬Îg�kNzrkvcfkmzrn�� t hOymaikmzrnozr��ªG¤!�rn�������ymaAyml t hPyN{b_�j|hPhEzYnozNc t kb{bq|��hP{-nozY{rhPaf� t n©~bcfn©kNz
lokm�Nno�Pa u 
 	 }}{ �?xt z� Wym��cPª3n©c�n�a±~|k?aiain©j�l©h�cikÁ�Ekmg(j�n©zrh�h�¹b~rlon���n©c(yvz�{+n©gY~rlon���n©c�zrhE�?y/cinokmz+n©z�cf�rh�aiymg�hYgYkmz�kvcikNzrn��
lokm�Nno�³j`_-q�a¦nozr��cf�rh�hP~rnoa¦cihPgYno�!lokm�Nno�

AIK
u w3hE« { �`xU¯Aµ³�rhx~ t noz��En©~rloh!n�aAcik(j t yN� ¥ hEcA{rhPaf� t n©~bcfn©kNz�aA¤!n©ci�

yYgYkb{ryml©n©cd_�gYhPymzrnozr� � °xl©l t�¥ zrk/¤ ��ª�ymz�{TpNq�h t _�y/cfkmg�a!¤!n©ci��yYgYkb{ryvlon©cd_�gYhPymzrn©z�� � t6¥ zrk/¤ ��¯ 6 h
�|yG«mh��NhEzrh t yml©nPOEhO{�ci�rn�aY~ t n©z|��no~rl©hTyma(ci��h > �F� �9��>�:;��� > �S�L>G �9���� ªL¤!�rn���� �Pyvz·ci�rhPz jChym~r~rlon©hO{»kNz
«/y t nokmq�a6lokm�Nno�Pa u �rh t �N�`xÎ¯Lµ³�rnoa³hP~rn�adcfhEgYno�²hE¹?cfhEz�ainokmznoa t hPyml©nPOEhO{�ci� t kNqr�m��ci�rh�lokm�Nno�x ¢qrz���cik t

Single
ª

¤!��kNaih²z�hPy/c t hPaiqrl©c³n�a³cfk�hPzb ¢k t ��h²cf�rh�~ t km~Ch t cd_
sg ′ ¼¢�rhPz���h�n©cfa³z|yvgYhO¾�¯

^`k|ªA¤�h�½ t adcYyv~r~rlo_�ci�rh� ¢qrz���cik t
Single

kmzÇcf�rh�lokm�Nno�
ALC1

¯�µ³�rhPz3ª�yNa(¤6hºzrhPhP{»z�hE�Nyvcinokmz
jCkvcf�»noz�a¦n�{bh�ymz�{�kmqrcfaino{bh�ci�rhai�Ekm~Chºkv !gYkb{ryvlon©cinohPaPª�¤6h�ym~r~rlo_�ym�Nyvnoz�ci�rh� ¢qrz���cik t

Prop
kmz»ci�rh

t hPaiqrl©cP¯A��n©z|yvlol©_Y¤6h�n©z|a¦h t c�ci�rh²l©kN�mn��³ ¢qrz���cik t
Bottom

noz�k t {rh t cfk-�Nh�cLcf�rh t no�m�?c�~ t km~Ch t cinohPa�kmz�cf�rh
aiqrj�aiqrgY~bcfn©kNz�kN~|h t yvcinokmz3¯

� j\hSlKfSi _ i%� ��������Y � � '8_ j�X ���ejSW8W j � � �K^?g�k f\i�������* ����8a�� a`l�#�a|^Sa j �
�`X���� a`l�#Fa ^\a j��h�iea���_ Y � �GaCj � i"geb � i�^\a ��' iCW iS_�� � b�g h gejSW*d�i � b8f\i �

�
leiS_�� Y	� � gejSW|d8i � b�f\i �
�
leiS_�� Y gejSW�� �GaCj � i"geb � i�^\a � �8_\W\U8l�_�� �

��� ~����



���������
	������������� �?�

	xkvcih-¤�h-l©k`k?a¦h�cf�rh- ¢qrl©lA�EkmgY~rloh�cihPzrhPafa�km �a¦q�j�a¦q�g�~rcinokmz3ª\jrqbc±¤6h-a¦cinol©l���yG«mh-��kmgY~rloh�cfhEzrhOaia� ¢k t
aiqrj�aiqrgY~bcfn©kNz�jCh�cd¤6hEhEz

TELL
¬I ¢k t g-qrloyNa�ymz�{

ASK
¬I ¢k t g-qrl�ymaPªN¤!�rn�����n�a6¤!��y/c!��kNqrz?cfa6noz�nozb ¢k t g�y/¬

cfn©kNz+ai_badcfhEg�aE¯�µ³�rhYafpNq|y t h(j t ym� ¥ h�cfa¡{bhEz�kvcih-ci��h-gYkb{ryvlon©cd_ � °�lol t�¥ zrk/¤ ��ª\ymz�{Ácf�rh�h�¹r��l�yvg�y/cfn©kNz
g�y ti¥ {rhEzrkmcihPa�cf�rh�gYkb{ryvlon©cd_ � t�¥ zrk/¤ ��¯�µ³�rh³½ t a¦c�pNq�h t _(�Eymz�jCh t hPym{ � t�¥ zrk/¤ �rh!noaLzrkvc�y¡ ¢hEg�yml©h
��ª
ymz�{´aihP�Ekmz�{��Eymz´jCh t hOym{ � t {rk�zrkmc ¥ z�k/¤ �rhY��yma±z|yvgYh�° t cf�`q t ��¯�
6kmci��pNq�h t n©hOa¡z�k/¤&a¦q�j�a¦q�g�h
cf�rh�{bhPaf� t no~bcinokmz3ªb¤!��no���Ta¦kNl©«NhPa6kmq t ~ t kNjrl©hPgT¯ t  �¤6h¡ ¢q t cf�rh t yNaiaiqrgYh¡¤6h±��yG«mh±yY��kNg�~�l©hEcih ¥ zrk/¤!l§¬
hO{b�mhNª`nI¯ hm¯AhP«mh t _?ci�rnozr� t {bk�zrkvc ¥ zrk/¤ n�a� Wyvl�a¦hNªNcf�rhEz�ci��h²hE¹`cih t z�ymlCz�hE�Nyvcinokmz��Pyvz�j|h t hPym{�yma�q�aiq�yvl
z�hE�Nyvcinokmz3ª3ymz�{Ácf�rh�nozNcfh t z�yvl�zrhP�Nyvcinokmz+�Pyvz+j|h t hPym{+yma ��� �e�`�9�J� ���� ¯�µ³�rhPz´cf�rh�½ t a¦c�p?qrh t _ t hOym{ra
� �rh¡noa�g�yvloh�¼¢ci�rh²km~r~CkNain©cihxkm Ë ¢hEg�yvlohO¾ ��ªbymz�{�cf�rh²aihP�Ekmz�{�p?qrh t _ t hPyN{ra � �rh¡��yma�zrkvc6z�yvgYh±° t ci�`q t ��¯

~�~��q���9�����
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µ³��h�  t ymgYhE¤6k tf¥ kv �lokm�Nno�� ¢qrz|��cik t a(g�y ¥ hOa�n©c-~CkNafa¦nojrlohY ¢k t ymzÇhEz�{b¬Uq�aih t cik+{rhPain©�Nz�afy/ ¢hPl©_�yÁzrhP¤
lokm�Nno�m¯x°�cf�rhEk t hPg ~ t k/«Nh t ymz�{Tn§c�a¡�Ekmz�ain�adcfhEz��E_r®v��kNg�~�l©hEcihEz�hPafa!~ t k?km Ly t h({bh t no«mhP{ÁymqbcikNg�y/cin��Eyml©lo_m¯t  �z�hP��hOaiafy t _�cf�rh�~ t k`kv !hE¹`��n©jrn©cfa-~ t h t hPp?qrn�a¦n©cihOa±ci�|y/c-g�yG_�n©z|{bno�Py/cfh��rk/¤ cik+jrqrnolo{»g�k t h���kmz|a¦n�ad¬
cfhEz?c�®v��kNg�~�l©hEcih«Gy t n�yvz?c�a-km xcf�rhTl©kN�mn��v¯ µ³��h�  t yvgYhP¤�k ti¥ n�aYn©gY~rlohEgYhEz?cfhP{ n©z �6°x��w�ª�yvz|{»q�aihPa
noz»y�� t q��Enoyml�¤³yG_�cf�rh��Pyv~�ymjrn©lon©cd_´kv ³cf�rh���w  WyvgYnol©_+cik´{rhE«mhPl©kN~Ç~�y t yvgYhEcih t nPOEhP{+gYkb{bqrlohPa¼Wyvl�aik
�Pyvlol©hO{Y ¢qrz���cik t a�n©z�ci��yvc6{bkNgYymn©zC¾�¯Aµ³�rh�  t yvgYhP¤�k ti¥ kb�E��q�~rn©hOa�ymzºk t n©�Nn©z|yvl�~CkNain©cinokmzºjCh�cd¤6hEhPzº~rl�yvnoz
~ t kN� t yvgYgYn©zr�noz»¤!�rn�����yml©gYk?adc�zrkmci�rnozr�´aihEg�ymzNcfno���PyvzÇjChº~ t k/«mhO{Ëª�ymz�{�km~bcfn©kNzÇa¦hPl©hO��cinokmz�cf��y/c
lohPyG«NhPa6«mh t _�lon©c¦ciloh����rkNno�Eh;u { �6� z +

�r�9xÎ¯ 6 h��Pyvlol\ci�rn�a!k t no�mnoz�yvl\~CkNain§cfn©kNz � �Nl©qrnozr� ��¯
µ³�rh�aihEg�yvz?cin��Eakm (l©kN�mn��Á ¢qrz|��cik t a�n�a��Nn©«NhEz noz�y·a¦cd_?loh+ci��yvcn�aT��lokNaih�cik ci��h�aihEg�ymzNcfno�Pa�km 

{rhPaf� t n©~bcfn©kNzYl©kN�mn��EaP¯ 6 hx��yG«Nh�a¦��k/¤!z���k/¤ cfk t hEjrqrnol�{�ci�rh�hE¹bnoa¦cinozr��lokm�Nno�
ALC

ª?ymz�{Y�rk/¤ cik({bhOa¦no�mz
z�hE¤ «mh t ainokmz�aAkm Ën§cO¯ ��k/¤6hE«mh t ªvci�rh²a¦hPgYymz?cin��Ea�a¦cd_`l©h¡kv 3lokm�Nno�³ ¢q�z���cfk t a�{bk`hPa�zrkmc�l©nogYn§c!yv~�~rl©n��Eyvcinokmz�a
cfk»«/y t noymz?cfaYkv �{bhOai� t no~bcfn©kNz lokm�Nno�PaE¯ 6 h���yG«mh�ymloaikÇ{bhPaino�mzrhO{ y�l©kN�mn�� ¢k t w=km�mn��Eyml t zb ¢k t g�y/cfn©kNz
^b_`a¦cihPg�aLcf��y/c!n�a�j�yNa¦hO{ºkNzºg(qrl©cin�aih�cfaPª`«/yvloqrhP{�y/c¦c t nojrqbcfhPaPªb��kmz|� t h�cih²{bkmg�ymn©z�aPª`j|k`kNl©hOyvzºkN~|h t yvcik t aPª
ymz�{�ci�rh���lokNaihP{ 6 k t l�{°xafa¦qrgY~bcfn©kNz3¯T¡q t ~�ym~|h t aiqr�m�NhPa¦cfa�yxaikv ¶cd¤³y t h�y t ���rn©cihP��ciq t hA ¢k t lokm�Nno��¬Uj�yNa¦hO{�a¦_ba¦cihPgYaPªGn©z-¤!�rn�����ci�rh³ai_`a¦cihPg�noa
�NhEzrh t n���n©z-ci�rh!lokm�Nno�mªvyvz�{(ci��h!l©kN�mn����EkmgY~|kNzrhEz?cL�Eymz-jCh�aihE~�y t yvcihElo_�{bh�½|zrhP{Ëª?yvz�{-~rloqr�m�NhP{(n©zY¤!�rhPz
z�hEhP{rhP{Ë¯ 6 h²�|yG«mh t hPyml©nPOEhO{�y(~ t kmcikmcd_?~Ch±w3km�Nno�Pyvl t zb ¢k t g�y/cfn©kNz�^`_badcfhEg yml©kNzr��cf�rhPaih²l©nozrhPa u � } ��wCx��
�6ymgYhElonoaPªv¤!�rn������Pyvz-j|h³  t hEhPl©_({rk/¤!zrl©k?ym{bhO{�y/c U�W8W\X YBZ8Z�[8[\[4]9^`_�^SaCb ]�dS_ Z8fCbCg h8i8ZCd�i�_8_ i8Z ��b � i\fe^Sa`¯
� nGm �,!��7±��,!2��&�����

T¡q t q�aih´km ²cf�rh�¤�k t { D���F�G����� n�a�ain©gYnoloy t cfk ��w � a�kmzrh� ¢k t {rhPain©�Nz�y/cfn©zr� � N��BN�: >���>G�9�=<�>�@ : ��@ 	� A >9� u �´ym�E�N�vj8xÎªCymz�{TnozÁ Wym��c¡kmq t l©kN�mn��± ¢qrz���cik t a N��B> ��w»gYkb{bqrlohPaP¯ ��k/¤6hE«Nh t ªrkmq t lokm�mn��² ¢qrz���cik t a
y t h³«Nh t _-ai~|hO��n�yvlon=OPhP{Y��kNzNc t y t _±cfk� ¢qrz���cik t aAnozº��wT¤!�rn����ºy t h³�mhPzrh t yvlb~rq t ~CkNaih�¼¢nozºa¦��k t cPªm¤6h!��yG«Nh
½�¹`hO{Yci��h²ain©�Nz�y/cfq t hO¾�ª`yvz|{Yci�rhP_º�Ey tit _�y-a¦hPg�yvz?cin��x�EkmgY~|kNzrhEz?cO¯ 
6kmci��cf�rh²ai~ChP��n�yvlonPOPy/cfn©kNzºyvz�{ºci�rh
aihEg�ymzNcfno�¡��kNg�~Ckmz�hEz?c6yml©lok/¤ q�a�cik(hE¹b~ t hOaia6��kNgY~|k?a¦n©cinokmz��Ekmz�{rn§cfn©kNz�aLcf��y/c³y t hxkNqbc�km 3ci�rh±af��km~Chxkm 
�´w´ ¢q�z���cfk t aE¯
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µ³�rh¡ci��hEk t _�kv  �J �9� �J� ��� ����e� u z 
 { �?x3ai��y t hPa�kmq t ��kNz���h t zY ¢k t
�G�8�9�L��: �=<?>�@ A �B�C����� ªrymz�{ºymloaik�q�aihPa
cf�rh³¤�k t { D���F�G�L��� ¯��xk/¤�hP«mh t ªOci��h³ ¢k`�Eq�aAyvz|{�cf�rhEk t hEcin��Eyvl`� t kNqrz�{(y t h³{bn©¸Ch t hPz?cP¯ t z�adcfn§cfqbcinokmz|a� ¢kb��q�a
kNz�cf�rh t hPloyvcinokmz�j|hEcd¤�hPhEzzrkvc�y/cinokmz|a6ymz�{a¦hPgYymz?cin��EaPª?¤!��h t hPyma6¤6h² ¢k`�Eq�a³kmz�ci��h t hEl�y/cfn©kNz�jCh�cd¤6hEhPz
aihEg�ymzNcfno�Paºyvz|{ kN~|h t yvcinokmz�aP¯ t z  WyN��cPª³cf�rh�kN~|h t yvcinokmz�a��EloyNaia

P
n�aºzrhO��hOaiafy t _Ç ¢k t q�aYcik·hEzb ¢k t �Eh>G: Q�>�@S@CNCQG� A �J��� ¯ µ³�rh�ci�rhPk t _Ákv 6n©z�a¦cin©ciqrcinokmz�a�n�a�{bhP«mhElokm~ChP{´q�ain©zr�Á�Py/cihP�mk t _ci��hEk t _�yvz|{�noz+cf��y/c

cf�rhEk t _ºci�rh t h�y t h¡ ¢qrz���cfk t a³  t kmg ain©�Nz�y/cfq t hPa�cik� ¢k t g(q�loyNaEª`  t kmg aino�mz�yvciq t hPa�cikYgYkb{bhEl�aPª�yvz�{�  t kmg
noz�a¦cin©ciqbcfn©kNz�a³cfk�noz�a¦cin©ciqbcfn©kNz�aP¯ T¡q t l©kN�mn��¡ ¢qrz���cfk t a!��k tit hPai~|kNz�{�cfkY~�y t yvgYh�cfh t n=OPhP{�n©z�a¦cin©ciqrcinokmz�aP¯

°xz�nogY~|k t c�yvz?c�¤�k ti¥ ¤!�rn�����a¦��y t hOa²kmq t gYkvcfn©«/yvcinokmz�a²n�a�w3hPymz�µ�° s u 
 s { �?xÎ¯Yµ³��hYymqbci��k t a¡km 
w=hPymz�µ�° s ��yG«mh³yvl�a¦k t hP��kN�mzrnPOEhO{�cf�rh!zrhEhO{- ¢k t hEg-j|hO{r{bnozr����q|adcfkmgYn=OPhP{-l©kN�mn��Ea�nozYym~r~rlono�Py/cfn©kNz�aE¯�µ=k
cf�rn�a�hPz�{Ëª?ci��hE_Y~ t km~CkNaih¡y�«Nh t _��Ekmz��Enoaih¡a¦cd_`l©h¡kv Ëcf�rhEk t hPg ~ t k/«`nozr��ªN¤!�rno����ci�rhP_º�Eyml©l A >�N� ��� >�����>�:
���B� �?�J\� ª³yvz�{·ci�rhP_»��l�yvnog ci�|y/cºy�cf�rhEk t hPg ~ t k/«mh t ¤ t n§cicihEz noz·cf�rnoa�a¦cd_`l©hn�a�a¦k���kNz���n�a¦h�ci�|y/c�n§c
n�a±«mh t _ÁhOymai_TcikTgYkb{bn§ ¢_+n§c�noz�k t {bh t cikÁyN�E��kNgYk`{�y/cihYy{bn§¸\h t hEz?c�lokm�Nno�m¯-°�z|{+noz�{bhPhP{Ëª=ci�rhP_���yG«Nh
~ t kN~|k?a¦hO{+ycf�rhEk t hPg ~ t k/«mh t  ¢k t ½ t adci¬Uk t {bh t l©kN�mn��vª=ymz�{�a¦hP«mh t yvlA«/y t n�yvz?cfa±km 6n©c� ¢k t g�kb{rymlLlokm�mn��vª
hEcf�m¯ 	xkvcih³cf��y/cAcf�rh³½ t adci¬Uk t {rh t ci�rhPk t hEg ~ t k/«Nh t noaLl©hOaia�cf��yvzº�v�±�Eloymq�a¦hOa�kv  sLt kNl©kN��¯���k/¤6hE«mh t ci�rhPn t
�Eloymn©g {bk`hPa³zrkmc6c�y ¥ h²noz?cik�ym�P��kNqrz?c�cf�rh± Wym��c6cf��y/c!cf�rh�yG«mh t ym�mh�q|a¦h t noa³zrkmc�y-lokm�Nno�²hE¹`~Ch t cP¯Lµ³��h t h
n�a³zrkº{bkNqrjbc!cf��y/c�gYkb{bn© ¢_?nozr�Ycf�rhEn t ½ t adci¬Uk t {rh t ci�rhPk t hEg ~ t k/«mh t ¤6yNa³hPymai_� ¢k t ci�rhOa¦h�ymqbci�rk t aPª`jrqbc
¤6h±yvl�a¦k(ci�rnoz ¥ n©c!�Ekmqrl�{º�|yG«mhxjChEhPz�q�z�{bh t cfy ¥ hPzºj`_Y ¢hE¤ kmci�rh t aP¯A° �rnoz?c³ ¢k t ci�rn�a³noa�cf��y/c!n©c�c�y ¥ hOa�y
 ¢q�l©l|udkmq t z�yml�y t cin���loh�cfk t hE«`noain©c¡yvz�{�udq�adcfn§ ¢_cf�rh�½ t a¦c¦¬Îk t {bh t lohPymzTci�rhPk t hEg1~ t k/«mh t u ��n©c { ��xU¯²^`k�ªC¤�h
cf�rnoz ¥ l©hOyvzÁcf�rhEk t hPg1~ t k/«`nozr�ºn�a±yvz�noz?cih t hPa¦cinozr��cihP����zrkmlokm�N_mª\yvz�{´¤�h-��yG«mh�q|a¦hO{�n©c¡cfk{bhE½�zrh-ci�rh
lokm�Nno�� ¢qrz���cfk t

Prop
ª\jrqbc±n§c�{bk`hPa¡zrkmc²ym��ciq�yml©lo_~|h t gYn©c¡cf�rh�yG«Nh t yv�Nh²q|a¦h t cfk�jrqrnol�{�y��Eq�adcfkmgYnPOEhP{

lokm�Nno�m¯T¡q t gYymn©z»�Ekmz��Eh t z+n�a±cfk�g�y ¥ h�aiq t hYci��yvc(l©kN�mn��� ¢qrz���cik t a��Pyvz�j|h���kmgY~CkNaihP{�noz�yT¤³yG_�cf��y/c
hPz�aiq t hOa�ci�rh�«/yvlon�{bn§cd_�kv �aikmgYh±~ t km~Ch t cinohPa6kmzTjrq�n©l©c�l©kN�mn��EaP¯�µ³��noa³lohP{q�a6cfkY{rh�½�zrh±cfhP���rz�no�PyvlË~ t km~b¬
h t cfn©hOa�ci�|y/c6ainog�~�l©_-cihPl©l|q�aL�rk/¤ lokm�Nno�6 ¢qrz|��cik t a�j|hP��yG«mh ���Ekmz�ainoa¦cihPz���_�®v��kmgY~rloh�cfhEzrhOaiaPª t hP{bq|��hP{rzrhPafaEª
hEcf�m¯�µ³�rn�aY��kNz���h t zÇn�aY��kmgY~rlohEgYhPzNc�y t _´cfk�cf�rh�Ekmz��Eh t zÇkv ¡yN��cfq�yvlol©_�nogY~rl©hPgYhEz?cinozr�+�Eq�a¦cikmgYnPOEhO{
lokm�Nno�PaEªAhN¯ �|¯©ª�noz·lokm�Nno�Pyvl�  t ymg�hP¤�k ti¥ a(l©n ¥ h t aiymj|hPl©loh u s yvq { w�xÎª I {bnoz`jrq t �m� w=� u � � s { ��xUª�k t T¡~|hPz
��hP����ymzrn=OPhP{ } hOymaikmzrnozr�+^b_`a¦cihPg�a u z s µ { ��xUªAk t hP«mhPzÇq�a¦nozr��y�~ t km� t ymg�gYnozr�Ál�yvzr�Nq�yv�Nhm¯´µ³�rhOa¦h
  t yvgYhP¤�k ti¥ a(yml©lok/¤ q�aih t a(cik�n©gY~rlohEgYhPzNcºy���q�a¦cikNgYn=OPhP{»lokm�Nno�mªLjrqbcº{bk�zrkmc���hElo~ q�aih t a�n©z ~ t k/«?¬
nozr��ci�rh���kNgY~rl©hEcihPzrhPafa¡ymz�{��Ekmz�ainoa¦cihPz���_Tkm Lci�rh t hPaiqrl§cfn©z��ºci��hEk t hEg ~ t k/«Nh t ¯ t c±noa²zrkmc¡cf��y/c²ci�rhOa¦h
  t yvgYhP¤�k ti¥ a�{bk�zrkvc²�rhElo~´yvc²yvlolU¯²��k t noz�a¦cfymz���hNª\yv¹bn©kNgYyvcin��±cd_`~|hOa¡�EloyNaiaihPax��yG«mh(j|hPhEz�noz?c t k`{rq���hO{
noz t aiymj|hPl©loh7u 6 hPz { �`x�n©z�k t {rh t cik�~Ch t gYn§c�ymqbcikNg�y/cin��!ym{rg�n�afa¦nojrnol©n©cd_-���rhO� ¥ ¯�°�z�kvci��h t kNj�a¦h t «/yvcinokmz�noa
cf��y/c¡ci�rhOa¦h-  t yvgYhE¤6k tf¥ a!gYkNa¦cilo_km¸Ch t hPz`«?n t kmzrgYhEz?c�a! ¢k t n©z?cfh t ym��cfn©«Nh�cf�rhEk t hPg ~ t k/«`n©z���ªC¤!�rno���´noa
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�
�  �9e� �B�?@��e�G� ���� ¯

µ³�rh�� t µ sLt hPafaEªË� {C{ �r¯
u s yvq { w�x w�¯ �¡¯ s ymqrl�a¦kNz3¯ �9�GNCQ�> AJA >

�
N �\>��>��9��� ���e>����B>G: ���B� ��>�� ¯�w�	��³^��N�m�r¯3^`~ t n©z��mh t ª 	�hP¤

�Lk ti¥ ª 	 ��ª �¡^r°�ª3� {C{ w|¯
u s k`kN�m��x 
-¯ s k`kNl©hN¯ } hE~ t hOa¦hPzNcfn©z�� ¥ zrk/¤!l©hO{b�mh� ¢k t l©kN�mn���¬Îj�ymaihP{�{bn�yv�NzrkNain�aE¯ t z ��e� � �c���D � 	 � D����

� >GF>G�BN�� ���� �q��: �����L>G� � �`�9��>�: � ªb~�yv�NhPa±�G�v�N�
	C�G� { ��¯N^`~ t nozr�mh t ª\� { �m��¯
uÚ^b� }s6|{ ��x �Ç¯Ë^bym�mno«Cª 	(¯\� t ymz���h�OmªË�Ç¯ } kb{bhP�3ªËyvz�{ } ¯ 6 n©lo�rhElogT¯�°&lokm�Nno��¬Uj|ymaihP{Tyv~r~ t k?ym���Tcik

~ t km� t ymg 	�k/¤%ymz�yvlo_ba¦n�aE¯ � ����N ���D����9: N�� ����N ªC�N�r¼I�N¾ � w`�N� 	r�v�Cw�ª � qrzrhY� {S{ ��¯
uÚ^b���N��x z�¯�^byml§cfkmz yvz�{ �Ç¯ � ¯A����z²nol©lU¯ �9K� �B�?@��e�G� ���� �L� � �?@C>G�9 ���D����9: N�� ���� � >G� �9��>%�`N A ¯

���?z t yG¤³¬ ��nololIª\� { �m��¯
u « } �6w { ��x �¡¯ � ¯P«/yvz } n u¦a¦jCh t �mhPz3ªG��¯#� t hPa¦cfyvz�nIªGyvz�{��»¯Pw=yml©g�yNaEªOhP{bn©cik t aP¯ �9?D����9: N�� ���� � >�� �9��>&��N A

�
� F��>��9��N��JK� �oN�F@
� ���C���9� � � @ ��N����>�@o: ��@S> A � D����y��� >y�B> �F�B>��G>�K�LN�� ���� N�F@o�B>�� �9��>%�`N A � D�J?D����9: N�� ���� ¯ � l©q`¤6h t °!�EyN{bhEgYn�� s qrjrlonoai�rnozr��ª3� {C{ �r¯

u 6 hEz { �?x �Ç¯ 6 hEzeOEhElU¯Lµ�_?~Ch���l�ymafa¦hOa³yvz�{�k/«mh t lokNyN{bn©z���n©zT�rno�m��h t ¬Uk t {bh t lokm�Nno�m¯ t z I ¯ wL¯Kz²q�zNcfh t
ymz�{(°(¯m�rhPl§cd_NªvhP{bn©cik t aPª � � >�����>�: �F��� �?�J\�o�J��8� � � >G�
	 ����@C>G� A ��������� ª?w�	��³^��O�N�m�bªG~�ym�mhPa
�N�?� 	b�N�N�b¯?^b~ t nozr�Nh t ¬ � h t l�yv�|ª|� {C{ �b¯

~�~��q���9�����
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���������
	������������� w?�

� ��� ��������� �

	 +�
 '*+ ) � � , � � � ��%/,/2E0 � �

I ym����yv~r~ChEz|{bn§¹Yn�a�y���l�ymafaAkm \lokm�Nno�� ¢qrz|��cik t aP¯Aµ³�rhEzYhOym����a¦hO��cfn©kNzº{bhPaf� t n©jChPa�y�{bn§¸\h t hEz?c�lokm�Nno�6 ¢q�z���¬
cfk t ¯�µ³��h�a¦hO��cinokmz�cfn§cfl©h��Nn©«NhPa�cf�rh!z�yvgYh�ymz�{�y t n§cd_(kv Cci�rh�lokm�Nno�� ¢qrz|��cik t nozYci�rh³ ¢k t g � 	¡yvgYhG®vy t n§cd_���¯t zcf�rh��EyNa¦h�km �yY��kNg(jrnoz�yvcik t ª`ci��h�z�yvgYh�n�a!hPp?q�yvcihP{�cfkºy-lokm�Nno�² ¢q�z���cfk t �EkmgY~|k?a¦n©cinokmz=ªb¤!�rh t h±ci�rh
ai_`g(jCkml

λ
nozNc t kb{bq|��hPa�hPym���Ç~|y t yvgYh�cfh t kv ³cf�rh��Ekmg(j�n©z�yvcik t ª�yvz�{�cf�rh�ai_?g-j|kNl

µ
{bhE½�zrhPa(n§cYyma�y

½�¹`~Ckmnoz?c(¼ t hP�Eq t aino«mh±adc t q���ciq t hPa�¾�¯ t zTaikmgYh��EyNa¦hOa!yYl©kN�mn��¡ ¢qrz���cfk t n�a�{bhE½�zrhO{yNa!yvzTh�¹`cfhEz�ain©kNz�km �y
�Ekmg-jrn©z|y/cik t ª|nI¯ hm¯oªËa¦kNgYh(~�y t c�axkm Aci�rh�l©kN�mn��Ea¡y t h t hO{bh�½|zrhP{Ë¯ t z�cf�rn�a¡�Pymaihmª|ci�rhYa¦_`g-j|kNl

⊇
n�axq�aihP{

noz�a¦cihOym{�kv 
=
jCh�cd¤6hEhEz�ci��h�z�yvgYh�yvz|{ºcf�rh���kNg(jrnoz�y/cfk t {bhE½�zrn©cinokmz3¯

µ³�rh� ¢kNl©lok/¤!n©z�� aihP��cfn©kNz%ai�rk/¤�a�ci�rhÇa¦c t q���cfq t h�yvz�{ ��kNz?cihEz?c�a�km -hPyN��� aihP��cfn©kNz%{bhOai� t nojrnozr� y
 ¢q�z���cfk t ¯

� n�m � 7('4,�¡7������Kr��
=
�
⊇

���-':��E��7±�������
µ³��h(lokm�mn��± ¢qrz|��cik t n�a¡½ t adcxnoz?c t kb{bq���hO{Áj`_Áy�ai�rk t c²{bhOai� t no~bcfn©kNzÁkv Ln©cfa¡ ¢k t g(qrl�ymaPª�noz?cih t ~ t h�c�y/cfn©kNz�aEª
ymz�{�g�yvnoz t kmlohPa�n©z��EkmgY~CkNain©zr�(l©kN�mn��EaP¯�µ³�rhx ¢kmlol©k/¤!nozr�(aiqrj�aihP��cinokmz�a6y t hxyml©¤³yG_baA~ t hPaihEz?c�qrz�l©hOaia�ci�rh
lokm�Nno�� ¢qrz���cik t n�a�hOp?q�yvl|cikYy(�Ekmg(j�n©z�yvcik t ¯ 6 �rhEz�hE«mh t y(l©kN�mn���hPl©hPg�hPz?c±¼Whm¯ ��¯oª?kN~|h t yvcinokmz3ª?~ t km~Ch t cd_r¾
n�a³zrkmc��mno«mhEz=ª`ci�rh�{bhE Wyvqrl©cx{bhE½�zrn©cinokmznoa�yNaiaiqrgYhP{�¼WaihEh ����ym~bcih t �m¾�¯

� � ���	� � � 	 ��� ��� ��	 �
µ³��h(~�y t ymg�hEcih t axkv Lcf�rh( ¢q�z���cfk t y t h(�mno«mhPz�yºz�ymgYh�ymz�{�y�cd_`~Chm¯��Ák?adc²kv ¶cihPz�cf�rhPaih-~|y t yvgYh�cfh t a
y t h±aiqrjb¬Îl©kN�mn��EaPª?j�qbc¡y t h±a¦kNg�hEcinogYhPa³zrkNzb¬Ulokm�Nno�Pyvl\~�y t ymg�hEcih t a±¼¢hN¯ �|¯©ªrymzyml©~���yvjCh�c! ¢k t adc t nozr�Na�¾�¯

� � ����� ��� � � � 	
µ³��h±ai_`z?cfy/¹ºkm 3 ¢k t g(q�loyNa

AS
n�a6 ¢k t g�yvlol©_º{rh�½�zrhO{Ë¯ ��� � � ¬I ¢k t g-qrl�ymaPª`ymz�{ � ���x¬U ¢k t g(qrl�yma�g�yG_ºj|h

{rh�½�zrhO{Tyma!aiqrj�aih�cfa³km 
AS

¯

~�~��q���9�����
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� � ����� � � �� � ��
 � �
µ³��h�n©z?cfh t ~ t hEcfyvcinokmzÁ{bkmg�ymn©z

I
yvz�{cf�rh-afy/cfnoa¦ Wym��cinokmz t hEl�y/cinokmz

|=
y t h± ¢k t g�yvlol©_T{bh�½|zrhP{Ë¯ t z+a¦kNg�h

�PymaihPaPªvcf�rh¡aihEg�yvz?cfno�Pa��Eymz�j|h²{bh�½|zrhP{�noz�cfh t g km 
M
n©z�a¦cihOym{Ykm Ëci�rh²aiyvcin�ad WyN��cinokmz t hEl�y/cfn©kNz

|=
¯Aµ³�rh

k t {rh t n©zr��kmznozNcfh t ~ t h�cfyvcinokmz�a
≤
gYyG_�yvl�a¦kYjCh�{bh�½�z�hP{Ë¯

� � ����� �  �
	 � ��
	����
	xkmzb¬ {bhE Wyvqrl©c�km~Ch t y/cfn©kNz�a!y t h��rh t h�{bhE½�zrhP{ÁyNa�yvlo�mk t n©ci��gYaP¯�µ³�rn�a t hE~ t hPaihEz?c�a6ci�rh�hE¹bhP��qrcfyvj�l©h�~�y t c
km �y�lokm�mn��¡ ¢qrz���cik t ¯

� � ����� � 	 �� �
	���
 � �
µ³��h´jChE��yG«`nokmq t kv �~ t km~Ch t cinohPa�n�a��Nn©«NhEz noz cf�rh´ ¢k t g km (y»cf�rhEk t hPg t hPloyvcinozr�·y ~ t kN~|h t cd_ yvz|{
cf�rhT~ t km~Ch t cinohPa-kv ²aiqrjb¬Îlokm�mn��EaP¯·° ci��hEk t hEg n�aYyvlo¤6yG_ba�ym�P��kmgY~�ymzrnohP{Çj`_·y+~ t k?km dªLh�¹r�EhE~bc�¤!�rhPz
n©c�noa�c t n©«`n�yvl��mno«mhPz´cf�rh�{bh�½�z�n§cfn©kNz�km �cf�rh�~ t km~Ch t cd_�yvz�{�{bh�½|zrn§cfn©kNz�a±kv �ci�rh�lokm�Nno�( ¢qrz���cik t ¯º^`kNg�h
~ t kN~|h t cfn©hOa3�Eymz�j|h��Ekmz�ain�{bh t hP{�yNa\c t qrhmªGhP«mhEz�n© bzrk!cf�rhEk t hPg%n�a3�Nn©«NhEz3ªO¤!�rhEz(n§c=n�aËc t no«`noyml©lo_¡c t qrh��ËhN¯ �|¯©ª
cf�rh¡�Ekmz/udq�z���cfn©kNz�yvz�{�{rnoaWudqrz���cinokmz�y t hxyml©¤³yG_baL��kNz�ainoa¦cihPzNc6yvz�{º�EkmgY~rloh�cfh�¤!�rhEzºcikvc�yvlol©_�qrz�{rh�½�zrhO{�H
k t ¤!�rhEz y�~ t kN~|h t cd_»n�a�y�¤6hPy ¥ hPzrn©z��+km �ymzrkvcf�rh t ~ t kN~|h t cd_·ci��yvcºnoa�~ t k/«NhP{ �ÁhN¯ �|¯©ª

sg ′ n�aYc t qrh
¤!��hEzrhP«mh t

sg
n�a³c t qrhN¯

��k t ci�rhÁ�Ekmz��Enoain©kNz»kv ¡~ t k`km WaEªL¤6hTymafa¦qrgYhy´�Nk?kb{ ¥ z�k/¤!l©hO{b�mhºkm xcf�rh�cf�rhEk t _Çkm xlokm�mn��Ea�yvz|{
lokm�Nno�( ¢qrz���cik t a±noz�ci�rh t hPym{rn©zr�kv ³~ t k`kv WaP¯ 6 ��yvc�noa±hPg�~���ymain=OPhP{+n©z�~ t k`kv Wa²n�a²ci�rh�noz`«mkb�Eyvcinokmz´km 
~ t kN~|h t cfn©hOa�k/«Nh t aiqrjb¬Îl©kN�mn��Ea³yma6cf�rhPaih�n©z`«Nk`�Py/cfn©kNz�a³{bh�cfh t g�nozrh²ci��h±ci�rhPk t hEg�aE¯

��� ~����
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� ��� ��������� �

$&%/2 '32 � '|+ ) �

µ³��h t zrn©cin�y/cik t axy t h��/¬ y t _�lokm�mn��² ¢qrz���cik t aP¯!µ³�rhE_T��k tit hPai~|kNz�{�cik�ai_`g(jCkml�aEªC��kNz�adc�yvz?cfaPª�ymz�{T«/yvloqrhPa
noz �Ekmz�� t hEcih{bkmg�yvnoz�aP¯»µ³�rhE_»�Pyvz yvl�a¦k+n©z?c t kb{bq��Eh�~�yvc¦cfh t z�a(kNz»cf�rhPaih�«/yml©qrhOaT¼¢hm¯ ��¯oªLnoz

String
¾�¯

µ³��hE_ºq�aiq�yml©lo_�afy/cin�a¦ ¢_ºg�yvz`_º~ t km~Ch t cinohPaPªryvz�{aikY�PyvzhPyNa¦nol©_�j|h�noz?cihE� t yvcihO{�noz�«/y t nokmq�a³lokm�Nno�PaE¯

~�~��q���9�����
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0 nGm � ���� �����
{unit}

��n©zrnog�yvl3lokm�Nno�²¤!n©ci�ÁkNzrl©_�kmzrh±noz?cih t ~ t h�c�y/cinokmz=ª�yvz�{kNzrl©_�kmzrh± ¢k t g-qrloy�¯ �xaih� ¢q�lËcik�g�y ¥ h�km~bcfn©kNz�yvl
aikmgYh-~ t kN~|h t cfn©hOaxnoz´lokm�Nno�PaE¯

{unit}
n�a²ymz´hOpNq�n©«/yvlohEz?c²zrkvc�y/cinokmz+kv Acf�rnoa¡ ¢qrz|��cik t ªË¤!��h t h

unit
�Eyvz

jCh t hE~rl�ym�EhP{ºj`_yvz`_ºa¦_`g-j|kNlI¯

� � ���	� � � 	 ��� ��� ��	 �
	xkY~�y t yvgYh�cfh t aE¯

� � ����� ��� � � � 	
µ³��h t h²n�a!y�qrzrn�p?qrh± ¢k t g(qrl�y �
AS =def {unit}

� � ����� � � �� � ��
 � �
Æ Å �»� �(� �

I =def {unit}
¯

�O�b� � � � ���v� �IÅ � �
M(unit) =def {unit}

¯

� � ����� �  �
	 � ��
	����
� ����� � � � � �WÅ�� �

unit v unit
¯

�O����� Å ' Å ��Â �
> =def unit

¯
� Å ��� � � �v� �WÅ�� �

unit u unit =def unit

Æ � � � � � �v� �WÅ�� �
unit t unit =def unit

� � ����� � 	 �� �
	���
 � �
• df

• st

• sg

• csv

• cpv

• cp>

��� ~����



���������
	������������� wb�

• reduced
� � Å3Å � � w=h�c

F, G ∈ AS ∗ ª�ymz�{a¦qr~�~|k?a¦h F 6v∗ G
=⇒ ∀f ∈ F, g ∈ G : f 6v g ∧ ∀g ∈ G : > 6v g
=⇒ (F = ∅ ∨ G = ∅) ∧ G = ∅

¼¢jChP�Pyvq�aih
∀f, g ∈ AS : f v g

¾
=⇒

⋂

f∈F M(f) = I ∧
⋃

g∈G M(g) = ∅
=⇒

⋂

f∈F M(f) 6⊆
⋃

g∈G M(g)
¯

�

~�~��q���9�����
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0 n�� � ���(' ���
µ³��hÁl©kN�mn��T¤!�rkNaihT ¢k t g(qrl�yma�ymz�{ n©z?cfh t ~ t hEcfyvcinokmz�a�y t hTcf�rh�q�aiq�yvl¡y/cikNg�aE¯ I ym��� y/cfkmg noa�n©z?cih t ¬
~ t hEcihP{�j`_�n§c�a¦hPl§ d¯ t c!n�a³q�a¦hE ¢qrl\cik t hE~ t hPaihEz?c6ymj�a¦c t ym��c!y/cfkmgYn��x~ t km~Ch t cinohPa²¼WyNa³km~r~CkNaihP{�cik���kNz�� t h�cfh
~ t kN~|h t cfn©hOaf¾�¯

� � ���	� � � 	 ��� ��� ��	 �
	xkY~�y t yvgYh�cfh t aE¯

� � ����� ��� � � � 	

AS
noa!yYaih�c�kv Ay/cfkmg�aP¯

� � ����� � � �� � ��
 � �
Æ Å �»� �(� �

I = AS
¯

�O�b� � � � ���v� �IÅ � �
i |= a =def i = a

¯

� � ����� �  �
	 � ��
	����
� ����� � � � � �WÅ�� �

a v b =def a = b
ª

� Å ��� � � �v� �WÅ�� �

a u b =def

{

a
n© 

a = b
undef otherwise

Æ � � � � � �v� �WÅ�� �

a u b =def

{

{a}
n© 

a = b
{a, b} otherwise

� � ����� � 	 �� �
	���
 � �
• df

• st
� � Å3Å � � ��k t yvlol

a ∈ AS
ª
M(a) = {a} 6= ∅

¯
�

• sg
� � Å3Å � � ��k t yvlol

a ∈ AS
ª
M(a) = {a}

¯
�

��� ~����
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• csv
� � Å3Å � �

a v b =⇒ a = b =⇒ M(a) = M(b) =⇒ M(a) ⊆ M(b)
¯

�

• cpv
� � Å3Å � �

a 6v b =⇒ a 6= b =⇒ a |= a, a 6|= b =⇒ M(a) 6⊆ M(b)
¯

�

• defstu
� � Å3Å � �

M(a) ∩ M(b) 6= ∅
=⇒ {a} ∩ {b} 6= ∅ =⇒ a = b
=⇒ defu(a, b)

¯
�

• csu ∧ cpu

• cst ∧ cpt

• reduced .right
reduced .bot

� � Å3Å � �
M(a) ⊆

⋃

b∈B M(b)
=⇒ {a} ⊆ B =⇒ a ∈ B
=⇒ ∃b ∈ B : a = b =⇒ ∃b ∈ B : a v b
=⇒ {a} v∗ B

¯
�

~�~��q���9�����



�m� 	 >G�9� ����� ��@S�����

0 n�� �C�-� � �
��k t g(qrl�ymaxyvz�{ÁgYkb{bhPloa²y t h(ain©gY~rloh(noz?cihE�Nh t aE¯ I ym���Ánoz?cihE�Nh t noa¡n©z?cfh t ~ t hEcihO{Tj?_Tn©cfaihEl© d¯ t z?cih t ~ t hEcfy/¬
cfn©kNz�a!y t h±k t {bh t hP{�ym�P��k t {bnozr�-cik�ci�rh�q|a¦q�ymlËk t {bh t nozr�-kNz�noz?cihP�mh t aP¯

� � ���	� � � 	 ��� ��� ��	 �
	xkY~�y t yvgYh�cfh t aE¯

� � ����� ��� � � � 	

AS =def Z

� � ����� � � �� � ��
 � �
Æ Å �»� �(� �

I =def Z

�O�b� � � � ���v� �IÅ � �
i |= f =def i = f

� � ����� �  �
	 � ��
	����
� ����� � � � � �WÅ�� �

f v g =def f = g

' Å`Ä(À � Å �GÆ À � �(��� �
f 6 g =def f ≤ g

� � ��À � Å �/Æ À � � � � �
f 0 g =def f ≤ g

� � ����� � 	 �� �
	���
 � �
• df

• st

• sg

• csv ∧ cpv

• cs6 ∧ cp6
� � Å3Å � �

≤
noa!y-cfkvcfyml3k t {bh t nozr��ª`aik

6
noa³jCkvcf� t h 	�h�¹bno«mh±yvz�{�c t yvz|a¦n©cino«mhN¯

�

• cs0 ∧ cp0
� � Å3Å � �

≤
noa!y-cfkvcfyml3k t {bh t nozr��ª`aik

0
noa³jCkvcf� t h 	�h�¹bno«mh±yvz�{�c t yvz|a¦n©cino«mhN¯

�

��� ~����



���������
	������������� �r�

• reduced .right
reduced .bot

� � Å3Å � � w=h�c
a ∈ AS , B ⊆ AS

ª�aP¯ cO¯
{a} 6v∗ B

¯
µ³�rhEz

∀b ∈ B : a 6v b =⇒ ∀b ∈ B : a 6= b
=⇒ ∀b ∈ B : a 6|= b =⇒ a /∈

⋃

b∈B M(b)
=⇒ M(a) 6⊆

⋃

b∈B M(b)
¯

�

~�~��q���9�����
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0 n�� $&7���2 ���
��k t g(qrl�yma�hE¹b~ t hOaiainozr���Ey t {bnoz�yvl�aPªmnU¯ hN¯ � y/c�lohPyNadc �6~ t km~Ch t cinohPaP¯A^`k± ¢k t g(qrl�yma�yvz�{Ynoz?cih t ~ t h�c�y/cinokmz|aAy t h
z|y/ciq t ymlLz`qrg(jCh t aEªAymz�{�j|kmci�Çcf�rh�afy/cfnoa¦ Wym��cinokmzÇyvz|{»a¦q�j�a¦q�g�~rcinokmz t hEl�y/cinokmz|a�y t h�ci��h�{bhO� t hPymainozr�
k t {rh t n©zr��kmzz�yvciq t yvlËz`qrg-j|h t aP¯

� � � �	� � � 	 ��� ��� ��	 �
	xkY~�y t yvgYh�cfh t aE¯

� � � ��� ��� � � � 	

AS =def N

� � � ��� � � �� � ��
 � �
Æ Å �»� �(� �

I =def N

�O�b� � � � ���v� �IÅ � �
i |= f =def i ≥ f

� � � ��� �  �
	 � ��
	����
� ����� � � � � �WÅ�� �

f v g =def f ≥ g

� Å � �
> =def 0

� Å ��� � � �v� �WÅ�� �
f u g =def max (f, g)

Æ � � � � � �v� �WÅ�� �
f u g =def {min(f, g)}

� � � ��� � 	 �� �
	���
 � �
• df

• st
� � Å3Å � �

∀f ∈ N : f ≥ f
=⇒ ∀f ∈ N : ∃i ∈ N : i ≥ f
=⇒ ∀f ∈ AS : ∃i ∈ I : i |= f
=⇒ ∀f ∈ AS : M(f) 6= ∅

¯
�

• csv
� � Å3Å � �

f v g =⇒ f ≥ g
=⇒ ∀i ∈ N : i ≥ f ⇒ i ≥ g
=⇒ ∀i ∈ I : i |= f ⇒ i |= g

��� ~����



���������
	������������� �m�

=⇒ M(f) ⊆ M(g)
¯

�

• cpv
� � Å3Å � �

M(f) ⊆ M(g) =⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ ∀i ∈ N : i ≥ f ⇒ i ≥ g
=⇒ f ≥ g =⇒ f v g

¯
�

• cp>
� � Å3Å � �

M(>) = M(0) = {i ∈ N | i ≥ 0} = N = I
¯

�

• csu ∧ cpu
� � Å3Å � �

M(f u g) = M(max(f, g))
= {i ∈ N | i ≥ max (f, g)}
= {i ∈ N | i ≥ f ∧ i ≥ g}
= {i ∈ N | i ≥ f} ∩ {i ∈ N | i ≥ g}
= M(f) ∩ M(g)

¯
�

• csu ∧ cpu
� � Å3Å � �

M(f t g) =
⋃

h∈ftg M(h) = M(max (f, g))
= {i ∈ N | i ≥ min(f, g)}
= {i ∈ N | i ≥ f ∨ i ≥ g}
= {i ∈ N | i ≥ f} ∪ {i ∈ N | i ≥ g}
= M(f) ∪ M(g)

¯
�

• reduced
� � Å3Å � � w=h�c

A, B ⊆ AS
ª�aE¯ cP¯

A 6v∗ B
ª
closedu(A)

ª
closedt(B)

¯�µ³�rhPz�¤6h���yG«Nh
�N¯

∀a1 6= a2 ∈ A : ¬def (a1 u a2)
���rhEz��Ehmª

A = {a}
n�a!y�a¦nozr�mloh�cfkmzj|hO�Eymq�a¦h

u
noa!cikvc�yvlol©_

{rh�½�zrhO{Ë¯
�r¯

∀b1 6= b2 ∈ B : b1 t b2 ⊆ B
�

=⇒ ∀b1 6= b2 ∈ B : min(b1, b2) ∈ B
=⇒ min(B) ∈ B

¯
	xk/¤�ª6 ¢k t yml©l

b ∈ B
ª

b ≥ min(B) =⇒ b v min(B) =⇒ M(b) ⊆ M(min(B))¼Wj|hO�Eymq�a¦h
csv

¾�¯���hPz���h ⋃

b∈B M(b) = M(min(B))
¯

��¯
a 6v min(B) =⇒ M(a) 6⊆ M(min(B))

¼
cpv

¾
=⇒

⋂

a∈A M(a) 6⊆
⋃

b∈B M(b)
¯

�

~�~��q���9�����
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0 n�� � �������� ���
��k t g(qrl�yma�y t hTadc t nozr�NaYymz�{ aiqrj�a¦c t nozr�Na�k/«mh t ymz y t j�n§c t y t _Çyvlo~r��ymj|hEc�~rl©q|aº�+ai~ChP��n�yvl!����y t yN��cfh t a
 ¢k t�t hP~ t hPaihEz?cinozr��ci�rhºjChE�Nn©z�zrn©z��Tymz�{+ci�rh�hPz�{�kv !yÁadc t nozr�|¯ t z?cfh t ~ t hEcfyvcinokmz�a�y t h���lokNaihP{�a¦c t n©zr�?aEª
nU¯ hm¯oªNa¦c t n©zr�?aA��yG«`nozr��y�jChE�mnozrzrnozr�(ymz�{Yyvz�hPz�{Ë¯ 
6kvci�ºafy/cfnoa¦ Wym��cinokmz�yvz|{�a¦qrj|a¦qrgY~bcfn©kNz t hPloyvcinokmz�a�y t h
j|ymaihP{�kmzh�¹rym��c!a¦c t nozr�YgYyvcf���rnozr�|¯

� � ���	� � � 	 ��� ��� ��	 �

Σ
� yvzTyvlo~r��ymj|hEcP¯

� � ����� ��� � � � 	

AS =def<?Σ∗ >?
�� ¢k t g(q�loyNa6y t h±a¦c t n©zr�?a!yvz�{aiqrj�a¦c t n©zr�?a

� � ����� � � �� � ��
 � �
Æ Å �»� �(� �

I =def< Σ∗ >
�6n©z?cih t ~ t hEcfy/cfn©kNz�a�y t h(ymloaikºa¦c t n©zr�?aEª|jrqbc���lokNaihP{¤!n©ci�+yºj|hP�mnozrzrnozr��yvz|{

yvzThEz|{
�O�b� � � � ���v� �IÅ � �

i |= f =def ∃u, v ∈ AS : i = u.f.v
�
f
noa!yYaiqrj�a¦c t n©z���km 

i

� � ����� �  �
	 � ��
	����
� ����� � � � � �WÅ�� �

f v g =def ∃u, v ∈ AS : f = u.g.v

�O����� Å ' Å ��Â �
> =def ε

¼¶cf�rh�hEgY~bcd_adc t nozr�?¾

� � ����� � 	 �� �
	���
 � �
• df

• st
� � Å3Å � � �rk t hE«Nh t _

f ∈ AS
ª�ci�rh t h�hE¹bnoa¦cfa�y

w ∈ Σ∗ aP¯ cP¯ f ∈ {< w >, < w, w >, w}
¯

µ³�rhEz
< w >∈ I

ª|yvz�{
< w >|= f

n©zTyvlol=�PymaihPaP¯
�

• csv
� � Å3Å � �

f v g =⇒ ∃u, v ∈ AS : f = u.g.v
=⇒ ∀i ∈ I : i |= f ⇒ ∃u′, v′ ∈ AS : i = u′.f.v′ = u′.u.g.v.v′

=⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ M(f) ⊆ M(g)

¯
�

��� ~����



���������
	������������� �N�

• cpv
� � Å3Å � �

f 6v g =⇒6 ∃u, v ∈ AS : f = u.g.v
¯Lµ³��hEz

�

hPn§cf�rh t
f ∈< Σ∗ >

�
f ∈ I

=⇒ f |= f ∧ f 6|= g
=⇒ M(f) 6⊆ M(g)

ª
�

k t
f ∈ Σ∗ � < f >∈ I

ª|yvz�{
< f >|= f

¯
	xk/¤%aiqr~r~CkNaih

< f >|= g
=⇒ ∃u′, v′ ∈ AS :< f >= u′.g.v′

=⇒ ∃u′′, v′′ ∈ AS : f = u′′.g.v′′

=⇒ f v g −→
��kmz?c�ym{bn���cfn©kNz3¯

�xhEz��Eh
< f >6|= g

ª�ymz�{
M(f) 6⊆ M(g)

¯
�

k t
f ∈< Σ∗ �Lainog�nol�y t ~ t k`kv dª

�

k t
f ∈ Σ∗ >

�Aain©gYnoloy t ~ t k`km d¯
�

• cp>
� � Å3Å � �

i ∈ I =⇒ i = i.ε.ε =⇒ i |= ε
=⇒ M(ε) = I

¯
�

• csu ∧ cpu

• reduced .right
reduced .bot

� � Å3Å � � w=h�c
a ∈ AS , B ⊆ AS

ª�aP¯ cO¯
{a} 6v∗ B

¯
µ³�rhEz

∀b ∈ B : a 6v b
¯ 	�k/¤%¤�h±��yG«Nh²aihEhPznozci�rh±~ t k`kv �kv 

cpv

ci�|y/c

f 6v g =⇒ ∃if ∈ I : i |= f ∧ i 6|= g,

¤!�rh t h²ci�rh�gYkb{bhPl
if
{bhE~ChEz�{�a�a¦kNl©hPl©_�kmz

f
¼¢n©cxn�a6ci�rh � ��lokNaiq t h �¡km 

f
¾�¯

^`k
∃ia ∈ I : ∀b ∈ B : ia |= a ∧ ia 6|= b

=⇒ ∃ia ∈ M(a) : ∀b ∈ B : ia /∈ M(b)
=⇒ M(a) 6⊆

⋃

b∈B M(b)
¯

�

~�~��q���9�����
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� ��� ��������� �

� + % � '*)3./0 '|+ ) �

µ³��h ��kmz|adc t q���cik t aËj t nozr�¡a¦c t q���ciq t hLnoz� ¢k t g(q�loyNa=yvz|{�n©z?cfh t ~ t hEcfyvcinokmz�aP¯=µ³�rhP_±yml©lok/¤� ¢k t ci�rh³��kNg�~Ckv¬
ain©cinokmz(km C�EkmgY~rloh�¹(ai_?z?c�y/¹bhPa�yvz�{-a¦hPg�yvz?cin��Ea�noz-lokm�Nno�PaE¯ } hP�Eq t aino«mh�a¦c t q���ciq t hPa�y t h�km ¶cihPz-noz?c t k`{rq���hO{
j`_�y t hP��q t ain©«Nh��EkmgY~|k?a¦n©cinokmz-kv |ci�rhOa¦h6 ¢qrz���cik t aP¯�µ³�rhP_�kv ¶cfhEz�gYn©gYn�� ¥ {ry/c�y¡a¦c t q���ciq t hPa�noz-~ t km� t ymg�¬
gYnozr�±loymzr�mq|yv�mhOaE¯���yvz`_�km �ci��hPaih�adc t q���ciq t hPa��Pyvz�j|h�{bhE½�zrhO{�yNa���kmg-jrnoz�y/cfk t a�km Cain©gY~rloh t  ¢q�z���cfk t aEª
��hEz��Eh±yY� t hOy/c!aiyG«`nozr��kv �gYhOyvz�aP¯

��� ~����



���������
	������������� �?�

$ n�m � 
' � �
µ³��h�{bnoaWudkmnoz?cLqrzrnokmzYkv Ëai_?z?c�y/¹bhPa�yvz|{-noz?cih t ~ t h�c�y/cfn©kNz�{bkNg�yvnoz�aE¯�µ³�rn�a� ¢qrz���cik t ��k tft hPai~|kNz�{ra�cik�aiqrg
cd_`~ChPa³nozT~ t kN� t yvgYgYn©z��(l�yvzr�Nq�yv�NhPaP¯

� �	���	� � � 	 � � ��� ��	 �

L1, L2 ∈ L
����l©kN�mn��EaP¯

� �	����� ��� � ���
	

AS =def AS1 ] AS2 ] {0}
TELL =def TELL1 ] TELL2

ASK =def ASK 1 ] ASK 2

� �	����� � � �� � ��
 � �
Æ Å �»� �(� �

I =def I1 ] I2
¯

�O�b� � � � ���v� �IÅ � �

M(f) =def







M1(f)
n© 

f ∈ AS1

M2(f)
n© 

f ∈ AS2

∅
n§ 

f = 0

� �	����� �  ��	 � ��
 ����
� ����� � � � � �WÅ�� �

f v g =def























f v1 g
n§ 

f, g ∈ AS1

f v2 g
n§ 

f, g ∈ AS2

f v1 ⊥1
n§ 

f ∈ AS1

f v2 ⊥2
n§ 

f ∈ AS2

f = 0
kvci��h t ¤!noaih

� Å � �P�/�rÆ � �v� �WÅ�� �
⊥ =def 0

¯
� Å ��� � � �v� �WÅ�� �

f u g =def







f u1 g
n© 

f, g ∈ AS 1

f u2 g
n© 

f, g ∈ AS 2

0
kvcf�rh t ¤!n�a¦h

Æ � � � � � �v� �WÅ�� �

f t g =def







f t1 g
n© 

f, g ∈ AS 1

f t2 g
n© 

f, g ∈ AS 2

f td g
kmci�rh t ¤!n�a¦h

~�~��q���9�����
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� �	����� � 	 �� ��	���
 � �
• df ⇐ df 1 ∧ df 2

• st ′ ⇐ st ′1 ∧ st ′2
� � Å3Å � �

d ∈ TELL =⇒ d ∈ TELL1 ∨ d ∈ TELL2

=⇒ M1(d) 6= ∅ ∨ M2(d) 6= ∅
¼
st ′1, st

′
2
¾

=⇒ M(d) 6= ∅
¯

�

• sg ′ ⇐ sg ′
1 ∧ sg ′

2
� � Å3Å � � w=h�c

d ∈ TELL
�

�

hPn§cf�rh t
d ∈ TELL1 =⇒ Card (M1(d)) = 1

¼
sg ′

1

¾
=⇒ Card(M(d)) = 1

¯
�

k t
d ∈ TELL2

�An�{bhEgT¯

�

• csv ⇐ csv1
∧ cs⊥1

∧ csv2
∧ cs⊥2

� � Å3Å � � t  
f v g

ª`cf�rhEzTkNzrh±kv �ci�rh± ¢kNl©lok/¤!n©z��-n�a³c t qrh �

� f, g ∈ AS1
ymz�{

f v1 g
=⇒ M1(f) ⊆ M1(g)

¼
csv1

¾
=⇒ M(f) ⊆ M(g)

¯
� f, g ∈ AS2

ymz�{
f v2 g

=⇒ M2(f) ⊆ M2(g)
¼
csv2

¾
=⇒ M(f) ⊆ M(g)

¯
� f ∈ AS1

ymz�{
f v1 ⊥1

=⇒ M1(f) ⊆ ∅
¼
csv1

, cs⊥1

¾
=⇒ M(f) = ∅ ⊆ M(g)

¯
� f ∈ AS2

ymz�{
f v2 ⊥2

=⇒ M2(f) ⊆ ∅
¼
csv2

, cs⊥2

¾
=⇒ M(f) = ∅ ⊆ M(g)

¯
� f = 0

=⇒ M(f) = ∅ ⊆ M(g)
¯

��hPz���h�nozÁyvlol3�EymaihPa
M(f) ⊆ M(g)

¯
�

• cpv ⇐ cpv1
∧ reduced .bot1 ∧ cpv2

∧ reduced .bot2
� � Å3Å � � t  

M(f) ⊆ M(g)
ª`ci�rhPzkNzrh�kv �ci�rh± ¢kNl©lok/¤!nozr���Pymaih±noa³c t q�h��

��� ~����



���������
	������������� � {

� f, g ∈ AS1

=⇒ M1(f) ⊆ M1(g) =⇒ f v1 g
¼
cpv1

¾
=⇒ f v g

¯
� f, g ∈ AS2

ªrno{rhEg yNa³~ t hE«`n©kNq�a³�EyNa¦hN¯
� f ∈ AS1

=⇒ M(f) = ∅ =⇒ M1(f) = ∅ =⇒ {f} v∗
1 ∅

¼
reduced .bot1

¾
=⇒ f v1 ⊥1

=⇒ f v g
¯

� f ∈ AS2
ªbno{rhEg yNa³~ t hE«`n©kNq�a!�EyNa¦hN¯

� f = 0
=⇒ f v g

¯
��hPz���hNªrn©zÁyml©l3�PymaihPa

f v g
¯

�

• cp′
v ⇐ reduced .bot ′1 ∧ cp′

v1
∧ reduced .bot ′2 ∧ cp′

v2

� � Å3Å � � t  
d ∈ TELL, x ∈ TELL

yvz�{
M(d) ⊆ M(x)

ªrcf�rhEzTkmz�h�kv �ci�rh± ¢kNl©lok/¤!n©z��Y�Pymaih±noa
c t qrh��

� d ∈ TELL1, x ∈ ASK 1

=⇒ M1(d) ⊆ M1(x) =⇒ d v1 x
¼
cp′

v1

¾
=⇒ d v x

¯
� d ∈ TELL2, x ∈ ASK 2

ªrn�{bhPg yma³~ t hP«?nokmq|a6�Pymaihm¯
� d ∈ TELL1

=⇒ M(d) = ∅ =⇒ M1(d) = ∅
=⇒ {d} v∗

1 ∅
¼
reduced .bot ′1

¾
=⇒ d v1 ⊥1 =⇒ d v x

¯
� d ∈ TELL2

ªbno{rhEg yNa³~ t hE«`n©kNq�a!�EyNa¦hN¯
��hPz���hNªrn©zÁyml©l3�PymaihPa

d v x
¯

�

• cs⊥
� � Å3Å � �

M(⊥) = M(0) = ∅
¯

�

• defstu ⇐ defstu1
∧ defstu2

� � Å3Å � � w=h�c
f, g ∈ AS

ª|aE¯ cP¯
M(f) u M(g) 6= ∅

¯Aµ³�rhEz

�

hPn§cf�rh t
f, g ∈ AS 1

�
M1(f) u M1(g) 6= ∅

=⇒ def (f u1 g)
¼
defstu1

¾
=⇒ def (f u g)

ª

~�~��q���9�����
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�

k t
f, g ∈ AS2

�An�{bhEgT¯
��hPz���hNªrn©zÁyml©l3�PymaihPaPª

def (f u g)
¯

�

• csu ⇐ csu1
∧ csu2

� � Å3Å � �
f u g

n�a�{bhE½�zrhO{�nozci�rh± ¢kNl©lok/¤!nozr���PymaihPa �

� f, g ∈ AS1

M1(f u1 g) ⊆ M1(f) ∩ M1(g)
¼
csu1

¾
=⇒ M(f u g) ⊆ M(f) ∩ M(g)

¯
� f, g ∈ AS2

ªrno{rhEg yNa³~ t hE«`n©kNq�a³�EyNa¦hN¯
�

kmci�rh t ¤!n�aih
M(f u g) = M(0) = ∅ ⊆ M(f) ∩ M(g)

¯
��hPz���h�nozÁyvlol3�EymaihPaPª

M(f u g) ⊆ M(f) ∩ M(g)
¯

�

• cpu ⇐ cpu1
∧ cpu2

� � Å3Å � �
f u g

n�a�{bhE½�zrhO{�nozci�rh± ¢kNl©lok/¤!nozr���PymaihPa �

� f, g ∈ AS1

M1(f u1 g) ⊇ M1(f) ∩ M1(g)
¼
csu1

¾
=⇒ M(f u g) ⊇ M(f) ∩ M(g)

¯
� f, g ∈ AS2

ªrno{rhEg yNa³~ t hE«`n©kNq�a³�EyNa¦hN¯
�

kmci�rh t ¤!n�aih
M(f u g) = M(0) = ∅ = I1 ∩ I2 ⊇ M(f) ∩ M(g)

¯
��hPz���h�nozÁyvlol3�EymaihPaPª

M(f u g) ⊇ M(f) ∩ M(g)
¯

�

• cst ⇐ cst1
∧ cst2

� � Å3Å � �
f t g

n�a�{bhE½�zrhO{�nozci�rh± ¢kNl©lok/¤!nozr���PymaihPa �

� f, g ∈ AS1
⋃

h∈ft1g M1(h) ⊆ M1(f) ∪ M1(g)
¼
cst1

¾
=⇒

⋃

h∈ftg M(h) ⊆ M(f) ∪ M(g)
¯

� f, g ∈ AS1
ªrno{rhEg yNa³~ t hE«`n©kNq�a³�EyNa¦hN¯

�

kmci�rh t ¤!n�aihmª`ci��h�{bh� Wymqrl§c ¼
cstd

¾�¯
��hPz���h�nozÁyvlol3�EymaihPa ⋃

h∈ftg M(h) ⊆ M(f) ∪ M(g)
¯

�

• cpt ⇐ cpt1
∧ cpt2

� � Å3Å � �
f t g

n�a�{bhE½�zrhO{�nozci�rh± ¢kNl©lok/¤!nozr���PymaihPa �

��� ~����
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� f, g ∈ AS1
⋃

h∈ft1g M1(h) ⊇ M1(f) ∪ M1(g)
¼
cpt1

¾
=⇒

⋃

h∈ftg M(h) ⊇ M(f) ∪ M(g)
¯

� f, g ∈ AS1
ªrno{rhEg yNa³~ t hE«`n©kNq�a³�EyNa¦hN¯

�

kmci�rh t ¤!n�aihmª`ci��h�{bh� Wymqrl§cx�Pymaih ¼
cptd

¾�¯
��hPz���h�nozÁyvlol3�EymaihPa ⋃

h∈ftg M(h) ⊇ M(f) ∪ M(g)
¯

�

• reduced(F1 ∪ F2, G1 ∪ G2) ⇐ reduced1(F1, G1) ∧ reduced2(F2, G2)
reduced .top ⇐ reduced .top1 ∧ reduced .top2

reduced .bot ⇐ reduced .bot1 ∧ reduced .bot2

reduced .bot ′ ⇐ reduced .bot ′1 ∧ reduced .bot ′2
reduced .right ⇐ reduced .right1 ∧ reduced .right2

� � Å3Å � �
F1 ∪ F2 6v∗ G1 ∪ G2 =⇒ F1 6v∗

1 G1 ∧ F2 6v∗
2 G2

=⇒
⋂

f1∈F1
M1(f1) 6⊆

⋃

g1∈G1
M1(g1)

¼
reduced1(F1, G1)

¾
∧

⋂

f2∈F2
M2(f2) 6⊆

⋃

g2∈G2
M2(g2)

¼
reduced2(F2, G2)

¾�¯
t  

F2 = ∅
ª`ci��hEz ⋂

f∈F1∪F2
M(f) =

⋂

f1∈F1
M1(f1) 6⊆

⋃

g1∈G1
M1(g1)

=⇒
⋂

f∈F1∪F2
M(f) 6⊆

⋃

g∈G1∪G2
M(g) =

⋃

g1∈G1
M1(g1) ∪

⋃

g2∈G2
M2(g2)j|hO�Eymq�a¦h

I1 ∩ I2 = ∅
¯

I l�a¦h�n© 
F1 = ∅

ªb¤6h²�Nh�c�y�ain©gYnoloy t6t hPaiqrl©cP¯
Txci�rh t ¤!n�aihmªA ¢k t yml©l

f1 ∈ F1, f2 ∈ F2
ªLcf�rhÁ��kmzvudqrz���cfn©kNz

f1 u f2 = 0
n�a�{bh�½�z�hP{Ëª�¤!�rno���

��kNzNc t yN{bn���cfa
F1 ∪ F2 6v∗ G1 ∪ G2

¯
�

~�~��q���9�����
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$ n � ������2 � �
µ³��hx~ t kb{bq���c6kv �ai_`z?cfy/¹bhOa�yvz|{�n©z?cfh t ~ t hEcfyvcinokmzº{bkNgYymn©z|aE¯��rk t g-qrloyNa�y t h²��kmq�~rl©hOaLkm �a¦q�jb¬I ¢k t g-qrl�ymaPª
ymz�{TnozNcfh t ~ t h�cfyvcinokmz�a!y t h��Ekmqr~�l©hOa!kv Laiqrjb¬În©z?cih t ~ t hEcfy/cfn©kNz�aP¯�µ³�rn�a! ¢qrz|��cik t �Ek tft hOa¦~Ckmz�{�a6cik��Ekmqr~rlohPa
nozÇ~ t km� t ymg�gYnozr�loymzr�mq�ym�mhOaEª=ymz�{�hEz�ymjrlohPa±cf�rh���kNg(jrnoz�yvcinokmz�kv !k t ci�rkN�mkNz�yvl�~ t km~Ch t cinohPa�aiq����»yma
yvc¦c t nojrqbcfhPa!yvz|{�«/yml©qrhOa6cik� ¢k t g «/yvloqrhO{yvc¦c t nojrqbcfhPaP¯

� �����	� � � 	 � � ��� ��	 �

L1, L2 ∈ L
� �-lokm�mn��EaP¯

� ������� ��� � ���
	

AS =def (AS 1 × AS 2) ] {0}
TELL =def TELL1 × TELL2

ASK =def ASK 1 × ASK 2

� ������� � � �� � ��
 � �
Æ Å �»� �(� �

I = I1 × I2
¯

�O�b� � � � ���v� �IÅ � �
(i1, i2) |= f =def f = (f1, f2) ∧ i1 |=1 f1 ∧ i2 |= f2

¯

� ������� �  ��	 � ��
 ����
� ����� � � � � �WÅ�� �

f v g =def

∨







f = 0
f = (f1, f2) ∧ (f1 v1 ⊥1 ∨ f2 v2 ⊥2)
f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v2 g2.

�O����� Å ' Å ��Â �
> =def (>1,>2)

¯
� Å � �P�/�rÆ � �v� �WÅ�� �

⊥ =def 0
¯

� Å ��� � � �v� �WÅ�� �

f u g =def

{

0
n© 

f = 0 ∨ g = 0
(f1 u1 g1, f2 u2 g2)

n© 
f = (f1, f2) ∧ g = (g1, g2)

Æ � � � � � �v� �WÅ�� �

ftg =def























{f}
n© 

g = 0
{g}

n© 
f = 0

{(f1, f2), (g1, g2)}
n© 

f = (f1, f2) ∧ g = (g1, g2)
∪{(f1 u1 g1, h2) | def (f1 u1 g1), h2 ∈ f2 t2 g2}
∪{(h1, f2 u2 g2) | def (f2 u2 g2), h1 ∈ f1 t1 g1}

��� ~����
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� ������� � 	 �� ��	���
 � �
• df ⇐ ∀i ∈ {1, 2} : df i

• st ′ ⇐ ∀i ∈ {1, 2} : st ′i
� � Å3Å � �

∀i ∈ {1, 2} : st ′i =⇒ ∀i ∈ {1, 2} : ∀di ∈ TELLi : Mi(di) 6= ∅
=⇒ ∀(d1, d2) ∈ TELL : M((d1, d2)) = M1(d1) × M2(d2) 6= ∅
=⇒ st ′

¯
�

• sg ′ ⇐ ∀i ∈ {1, 2} : sg ′
i

� � Å3Å � �
d ∈ TELL =⇒ d = (d1, d2) ∧ d1 ∈ TELL1 ∧ d2 ∈ TELL2

=⇒ Card (M1(d1)) = 1 ∧ Card(M2(d2)) = 1
¼
sg ′

1, sg
′
2

¾
=⇒ Card (M1(d1) × M2(d2)) = 1
=⇒ Card (M(d)) = 1

¯
�

• csv ⇐ ∀i ∈ {1, 2} : csvi
∧ cs⊥i

� � Å3Å � �
f v g

nogY~rl©nohPa

�

hPn§cf�rh t
f = 0

�

=⇒ M(f) = ∅ =⇒ M(f) ⊆ M(g)
¯

�

k t
f = (f1, f2) ∧ f1 v1 ⊥1

=⇒ M1(f1) ⊆ M1(⊥1)
¼
csv1

¾
=⇒ M1(f1) ⊆ ∅

¼
cs⊥1

¾
=⇒ M1(f1) × M2(f2) = ∅
=⇒ M((f1, f2)) = ∅
=⇒ M((f1, f2)) ⊆ M((g1, g2)
=⇒ M(f) ⊆ M(g)

¯
�

k t
f = (f1, f2) ∧ f2 v2 ⊥2

�An�{bhEgT¯
�

k t
f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v2 g2

�

∀i ∈ {1, 2} : csvi
(fi, gi)

=⇒ ∀i ∈ {1, 2} : fi vi gi ⇒ Mi(fi) ⊆ Mi(gi)
=⇒ ∀i ∈ {1, 2} : fi vi gi ⇒ M1(f1) × M2(f2) ⊆ M1(g1) × M2(g2)
=⇒ (f1, f2) v (g1, g2) ⇒ M((f1, f2)) ⊆ M((g1, g2))
=⇒ M(f) ⊆ M(g)

¯
��hPz���h�nozÁyvlol3�EymaihPa

M(f) ⊆ M(g)
¯

�

• cpv(f, g) ⇐ ∀i ∈ {1, 2} : cpvi
(fi, gi) ∧ reduced .bot i

cpv ⇐ ∀i ∈ {1, 2} : cpvi
∧ reduced .bot i

cp′
v ⇐ ∀i ∈ {1, 2} : cp′

vi
∧ reduced .bot ′i

� � Å3Å � �
M(f) ⊆ M(g)

nogY~rlon©hOa

~�~��q���9�����
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�

hPn§cf�rh t
M(f) = ∅

�

=⇒ f = 0 ∨ (f = (f1, f2) ∧ (M1(f1) = ∅ ∨ M2(f2) = ∅))
=⇒ f = 0 ∨ (f = (f1, f2) ∧ ({f1} v∗

1 ∅ ∨ {f2} v∗
2 ∅))

¼
reduced .bot1, reduced .bot2

¾
=⇒ f = 0 ∨ (f = (f1, f2) ∧ f1 v1 ⊥1 ∨ f2 v2 ⊥2)
=⇒ f v g

¯
�

k t
M(f) 6= ∅

�

=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧ M((f1, f2)) ⊆ M((g1, g2))
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧ M1(f1) × M2(f2) ⊆ M1(g1) × M2(g2)
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧ M1(f1) ⊆ M1(g1) ∧ M2(f2) ⊆ M2(g2)
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v g2

¼
∀i ∈ {1, 2} : cpvi

(fi, gi)
¾

=⇒ f v g
¯

��hPz���h�nozÁyvlol3�EymaihPa
f v g

¯
�

• cp> ⇐ ∀i ∈ {1, 2} : cp>i

� � Å3Å � �
M(>) = M((>1,>2)) = M1(>1) × M2(>2)

= I1 × I2
¼
cp>1

, cp>2

¾
= I

¯
�

• cs⊥
� � Å3Å � �

M(⊥) = M(0) = ∅
¯

�

• cst ⇐ ∀i ∈ {1, 2} : csui
∧ csti

� � Å3Å � �

� f = 0
�

=⇒ M(f) = ∅ =⇒ M(g) ⊆ M(f) ∪ M(g)
=⇒

⋃

h∈ftg M(h) ⊆ M(f) ∪ M(g)
¯

� g = 0
�An�{bhEgT¯

� f = (f1, f2), g = (g1, g2), h ∈ f t g
�

∗ h = f
�
M(f) ⊆ M(f) ∪ M(g)

∗ h = g
�
M(g) ⊆ M(f) ∪ M(g)

∗ h = (f1 u1 g1, h2)
ªr¤!��h t h

def(f1 u1 g1), h2 ∈ f2 t2 g2
�

¼¦�O¾ ⋃

h2∈f2t2g2
M2(h2) ⊆ M2(f2) ∪ M2(g2)

¼
cst2

¾
=⇒ ∀h2 ∈ f2 t2 g2 : M2(h2) ⊆ M2(f2) ∪ M2(g2)¼U�m¾

M1(f1 u1 g1) ⊆ M1(f1) ∩ M1(g1) (csu1
)	xk/¤�ª

M(h) = M((f1 u1 g1, h2)) = M1(f1 u1 g1) × M2(h2)
=⇒ M(h) = M1(f1 u1 g1) × ((M2(h2) ∩ M2(f2)) ∪ (M2(h2) ∩ M2(g2)))

¼¦�O¾
=⇒ M(h) ⊆ M1(f1 u1 g1) × M2(f2) ∪ M1(f1 u1 g1) × M2(g2)

��� ~����
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=⇒ M(h) ⊆ M1(f1) × M2(f2) ∪ M1(g1) × M2(g2)
¼I�m¾

=⇒ M(h) ⊆ M(f) ∪ M(g)

∗ h = (h1, f2 u2 g2)
ªr¤!��h t h

def(f2 u2 g2), h1 ∈ f1 t1 g1
�An�{bhEg

^bk�ª
∀h ∈ f t g : M(h) ⊆ M(f) ∪ M(g)

=⇒
⋃

h∈ftg M(h) ⊆ M(f) ∪ M(g)
¯

�

• cpt
� � Å3Å � �

� f = 0
�

=⇒ M(f) = ∅ =⇒ M(g) ⊇ M(f) ∪ M(g)
=⇒

⋃

h∈ftg M(h) ⊇ M(f) ∪ M(g)
¯

� g = 0
�An�{bhEgT¯

� f = (f1, f2), g = (g1, g2)
�

{f, g} ⊆ f t g =⇒
⋃

h∈ftg M(h) ⊇ M(f) ∪ M(g)
¯

�

• defstu ⇐ ∀i ∈ {1, 2} : defstui

� � Å3Å � �
M(f) ∩ M(g) 6= ∅

=⇒ M(f) 6= ∅ ∧ M(g) 6= ∅
=⇒ f = (f1, f2) ∧ g = (g1, g2)
=⇒ (M1(f1) × M2(f2)) ∩ (M1(g1) × M2(g2)) 6= ∅
=⇒ (M1(f1) ∩ M1(g1)) × (M2(f2) ∩ M2(g2)) 6= ∅
=⇒ M1(f1) ∩ M1(g1) 6= ∅ ∧ M2(f2) ∩ M2(g2) 6= ∅
=⇒ def (f1 u1 g1) ∧ def (f2 u2 g2)

¼
defstu1

, defstu2

¾
=⇒ def (f u g)

¯
�

• csu ⇐ ∀i ∈ {1, 2} : csui

� � Å3Å � �

� f = 0
�

M(f u g) = M(0) = ∅ ⊆ M(f) ∩ M(g)
¯

� g = 0
�An�{bhEgT¯

� f = (f1, f2) ∧ g = (g1, g2)
�

M((f1, f2) u (g1, g2)) = M((f1 u1 g1, f2 u2 g2))
= M1(f1 u1 g1) × M2(f2 u2 g2)
⊆ (M1(f1) ∩ M1(g1)) × (M2(f2) ∩ M2(g2))

¼
csu1

, csu2

¾
⊆ (M1(f1) × M2(f2)) ∩ (M1(g1) × M2(g2))
⊆ M(f) ∩ M(g)

¯
�

~�~��q���9�����
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• cpu ⇐ ∀i ∈ {1, 2} : cpui

� � Å3Å � �

� f = 0
�

M(f u g) = M(0) = ∅ ⊇ M(f) ∩ M(g)
¯

� g = 0
�An�{bhEgT¯

� f = (f1, f2) ∧ g = (g1, g2)
�

M((f1, f2) u (g1, g2)) = M((f1 u1 g1, f2 u2 g2))
= M1(f1 u1 g1) × M2(f2 u2 g2)
⊇ (M1(f1) ∩ M1(g1)) × (M2(f2) ∩ M2(g2))

¼
cpu1

, cpu2

¾
⊇ (M1(f1) × M2(f2)) ∩ (M1(g1) × M2(g2))
⊇ M(f) ∩ M(g)

¯
�

• reduced .bot ⇐ ∀i ∈ {1, 2} : reduced .bot i

reduced .bot ′ ⇐ ∀i ∈ {1, 2} : reduced .bot ′i
� � Å3Å � � w=h�c

f ∈ AS : M(f) ⊆ ∅
¯Lµ³��hEz

�

hPn§cf�rh t
f = 0

�
f v ⊥ =⇒ {f} v∗ ∅

ª
�

k t
f = (f1, f2)

�
M1(f1) × M2(f2) = ∅

ªb¤!�rn����Tn©gY~rlon©hOa

∗
hPn§cf�rh t

M1(f1) = ∅
�Aa¦k

{f1} v∗
1 ∅

¼
reduced .bot i

¾
=⇒ f1 v1 ⊥1 =⇒ f v ⊥
=⇒ {f} v∗ ∅

ª

∗
k t

M2(f2) = ∅
��n�{bhEgT¯

��hPz���h�nozÁyvlol3�EymaihPa
{f} v∗ ∅

¯
�

• reduced .right ⇐ ∀i ∈ {1, 2} : csvi
∧ cpvi

∧ cs⊥i
∧ cp>i

∧ defstui
∧ cpui

∧ reduced .right i
� � Å3Å � � w3hEc

f ∈ AS , G ⊆ AS
¯ 6 h�~ t k/«Nh�ci�|y/c±�mno«mhEz

M(f) ⊆
⋃

g∈G M(g)
ªC¤6h(kNjbcfymn©z

ci��yvc
{f} v∗ G

¯
��n t adcfl©_Nª�ymafaiqrgYh¡cf��y/c³ ¢k t a¦kNg�h

i ∈ {1, 2}
ª`¤�h±��yG«Nh

Mi(fi) ⊆
⋃

gi∈Gi
Mi(gi)

=⇒ {fi} v∗
i

⊔

i Gi)
¼
reduced .right i

¾
=⇒

∨







fi vi ⊥i

∃hi ∈ tiGi : >i vi hi

∃hi ∈ tiGi : fi vi hi

=⇒
∨







Mi(fi) ⊆ ∅ (cs⊥i
)

∃hi ∈ tiGi : Ii ⊆ Mi(hi) (cp>i
)

∃hi ∈ tiGi : Mi(fi) ⊆ Mi(hi) (csvi
)

��� ~����



���������
	������������� �`�

=⇒ ∃hi ∈ tiGi : Mi(fi) ⊆ Mi(hi)
=⇒ Mi(fi) ⊆ Mi([tiGi])

ª�¤!�rh t h
[E]

{rhEzrkmcihPa � aikmgYh±hElohEgYhEz?c�noz�cf�rh�aih�c
E
��¯

��hPz���h±cf�rh�hPp?q�yvcinokmz

Mi(fi) ⊆
⋃

gi∈Gi

Mi(gi) ⇒ Mi(fi) ⊆ Mi([tiGi]).
¼ �¡¯o�O¾

^`hP�Ekmz�{rl©_Nª3l©hEc
K = (M1(f1), G1, |=1)

jChYy� ¢k t g�yvlA�Ekmz?cihE¹?cOª3¤!�rh t h
G1

{bhEz�kvcihOa²ci�rhY~ t kv¬
udhP��cinokmzTkv 

G
kNz�cf�rh±½ t adc!lokm�Nno�m¯

w3hEc
G = {G′ ⊆ G | ∃c ∈ Max (γK(M1(f1))) : (g′1, g

′
2) ∈ G′ ⇔ g′1 ∈ int(c)}

¯
µ³�rhEzT¤6h±kmjbc�yvnoz��

� ∀G′ ∈ G : extK(G′
1) 6= ∅

ªbjChP�Pyvq�aih
G′

1

n�a³ci�rh�noz?cihPzNc!km �aikmgYh
γ
¬ ��kNz���hP~bc

=⇒ ∀G′ ∈ G : M1(f1) ∩
⋂

g′

1
∈G′

1

M1(g
′
1) 6= ∅

=⇒
⋂

g′

1
∈G′

1

M1(g
′
1) 6= ∅

=⇒ def(u1G
′
1) ∧ M1(u1G

′
1) ⊇

⋂

g′

1
∈G′

1

M1(g
′
1)
ª ¼

defstu1
, cpu1

¾

�

ymz�{
M1(f1) ⊆

⋃

G′∈G extK(G′
1)
ª�j|hO�Eyvq|a¦h±g�y/¹bnog(qrg

γ
¬Î�Ekmz��EhE~bc�a³��k/«mh t yvlolËkmjbudhO��cfa

=⇒ M1(f1) ⊆
⋃

G′∈G(
⋂

g′

1
∈G′

1

M1(g
′
1))
ª�¤!�rn����hEz?cfymn©l�a³¤!n§cf�T~ t hP«`n©kNq�a t hOa¦qrl©c

M1(f1) ⊆
⋃

G′∈G

M1(u1G
′
1).

¼ �¡¯Ú�m¾

	�k/¤�ªra¦cfy t cfn©zr��  t kmg
M(f) ⊆

⋃

g∈G M(g)
ª`cf�rh t h�y t h±���PymaihPa �

�

hPn§cf�rh t
M(f) = ∅

��cf�rh t h�y t h²ym�Nymn©zÁ���EymaihPa �

∗ f = 0
�

nozci�rn�a��Pymaih
f v ⊥ =⇒ {f} v∗ G

¯

∗ f = (f1, f2)
�

=⇒ M1(f1) × M2(f2) = ∅
=⇒ M1(f1) = ∅ ∨ M2(f2) = ∅
=⇒ M1(f1) ⊆

⋃

g1∈∅ M1(g1) ∨ M2(f2) ⊆
⋃

g2∈∅ M2(g2)
=⇒ {f1} v∗

1 ∅) ∨ {f2} v∗
2 ∅)

¼
reduced .right1, reduced .right2

¾
=⇒ f = (f1, f2) ∧ (f1 v1 ⊥1 ∨ f2 v2 ⊥2)
=⇒ f v ⊥ =⇒ {f} v∗ G

¯
�

k t
M(f) 6= ∅

�

=⇒ f = (f1, f2) ∧ M1(f1) × M2(f2) 6= ∅
=⇒ M1(f1) 6= ∅ ∧ M2(f2) 6= ∅

¯
	xk/¤

M(f) ⊆
⋃

g∈G M(g)
=⇒ M1(f1) × M2(f2) ⊆

⋃

g∈G(M1(g1) × M2(g2))
=⇒ ∀i1, i2 : i1 ∈ M1(f1) ∧ i2 ∈ M2(f2) ⇒ ∃(g1, g2) ∈ G : i1 ∈ M1(g1) ∧ i2 ∈
M2(g2)
=⇒ ∀G′ ∈ G : ∀i1, i2 : i1 ∈ M1(f1) ∩

⋂

g′

1
∈G′

1

M1(g
′
1) ∧ i2 ∈ M2(f2) ⇒ ∃(g1, g2) ∈

~�~��q���9�����
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G : i1 ∈ M1(g1) ∧ i2 ∈ M2(g2)
=⇒ ∀G′ ∈ G : ∀i1, i2 : i1 ∈ γ−1

K (µK(G′
1)) ∧ i2 ∈ M2(f2) ⇒ ∃(g′1, g

′
2) ∈ G′ : i1 ∈

M1(g
′
1)∧i2 ∈ M2(g

′
2)
ªNj|hO�Eymq�a¦h6hE«Nh t _

i1 ∈ γ−1
K (µK(G′

1))
jChElokmzr�?a�kmzrlo_�cik²cf�rh³h�¹`cihPzNc

km �cf�rh
g1 ∈ G1

ci��yvcxy t h²ymloaikYn©z
G′

1

=⇒ ∀G′ ∈ G : ∀i2 : i2 ∈ M2(f2) ⇒ ∃g′2 ∈ G′
2 : i2 ∈ M2(g

′
2)

=⇒ ∀G′ ∈ G : M2(f2) ⊆
⋃

g′

2
∈G′

2

M2(g
′
2)

=⇒ ∀G′ ∈ G : M2(f2) ⊆ M2([t2G
′
2])

¼ �¡¯o�O¾
=⇒ M2(f2) ⊆

⋂

G′∈G M2([t2G
′
2])

=⇒
⋂

G′∈G M2([t2G
′
2]) 6= ∅

ª�yma
M2(f2) 6= ∅

=⇒ x2 = uG′∈G [t2G
′
2] ∧ def(x2) ∧ M2(x2) ⊇

⋂

G′∈G M2([t2G
′
2])

¼
defstu2

, cpu2

¾
¤!��no���n©gY~rlonohPa

x2 = uG′∈G [t2G
′
2] ∧ M2(f2) ⊆ M2(x2).

¼ �¡¯ �N¾
°xloaik�ª`  t kmg ¼ �¡¯Ú�m¾�ª

M1(f1) ⊆
⋃

G′∈G M1(u1G
′
1)
ªr¤!��no���n©gY~rlonohPa!j`_´¼ �¡¯©�G¾

x1 = [tG′∈G u1 G′
1] ∧ M1(f1) ⊆ M1(x1).

¼ �¡¯ w?¾
�xhEz��Ehmªrj`_º~�qbc¦cfn©zr��¼ �¡¯ w`¾³yvz�{�¼ �¡¯ �N¾�cfkm�Nh�ci��h t ªb¤�h±kmjrcfyvnoz
M1(f1) × M2(f2) ⊆ M1(x1) × M2(x2)
=⇒ M((f1, f2)) ⊆ M((x1, x2))

ª
¤!��h t h

(x1, x2) = ([t1H1],u2H2)
ª

¤!��h t h
H = {(u1G

′
1, [t2G

′
2]) | G′ ∈ G}

¯
� t kNg ci�rh {rh�½�zrn©cinokmzkv 

t
ª´h�¹`cfhEz�{bhO{ yNa n©z:¼ �¡¯o�O¾�ª�¤�h���yG«Nh

H ⊆ tG
ª�yvz�{

(x1, x2) ∈ tH
¯ ��hPz���h

(x1, x2) ∈ tG
=⇒ ∃x ∈ tG : M(f) ⊆ M(x)
=⇒ ∃x ∈ tG : f v x

¼
cpv

¾
=⇒ {f} v∗ G

¯
�

��� ~����
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$ n � � 
��������,6� � m
µ³��h�g-qrl§cfnoaih�c�aYkv ¡aiqrjb¬U ¢k t g(q�loyNa-ymz�{»noz?cih t ~ t h�c�y/cinokmz|aE¯·µ³��hPaih�Pyvz ymloaik´jChÁa¦hPhEz yma�qrzrk t {bh t hO{
cfqr~rlohPaP¯¡�Áq�l§cfnoaih�c�a²�Pyvz´�Ekmz?cfymn©z�aihE«Nh t yvl3hOp?qrn©«/yml©hPzNc²hElohEgYhEz?c�aEª\a¦k�ci��yvc¡n©c±�PyvzÁjCh-hE¹b~ t hOaiaihP{cf��y/c
y�g-qrl§cfnoaih�c��kmz?c�yvnoz�a � yvcºl©hOyma¦c  hElohEgYhEz?cfaºkv �a¦kNg�hTcd_`~Ch ��¯ t c��Pyvz yvl�a¦kÇjChÁh�¹b~ t hPafa¦hO{»cf��y/c��
~ t kN~|h t cfn©hOa6y t h�afy/cfnoa¦½�hP{�j`_���{bn©¸Ch t hPzNc�hPl©hPgYhEz?cfaP¯

� �����	� � � 	 � � ��� ��	 �

E ∈ L
� y�lokm�Nno�mªb¤!�rkNaihx ¢k t g-qrl�yma³~rl�yG_�ci��h t kNl©h²kv �g(qrl©cin�aih�c�hElohEgYhPzNc�aE¯

� ������� ��� � ���
	

AS =def NASE

TELL =def N
TELLE

ASK =def NASKE

��k t g(qrl�yma6y t h�g(q�l§cfnoaih�c�aEª`¤!�rk?a¦h¡hElohEgYhEz?cfa³y t h! ¢k t g-qrl�yma�kv 
E
¯L°%~|k?aiainojrl©h²��kNz�� t h�cfhxa¦_`z?cfyv¹�noa

{e1, ..., en}
¯(°.a¦�rk t cf��yvz|{T ¢k t

e, ..., e
¼
n
cinogYhPa²ci��hYafyvgYh-hElohEgYhEz?c

e
¾xn�a

n e
H=yvz�{+y�ai�rk t cf��yvz�{

 ¢k t
{n e}

n�a�ain©gY~rlo_
n e
¯ t z�ci��noa�¤6yG_(ci�rh¡~ t kN~|h t cd_ � ��kmz?c�yvnoz�aLy/c�l©hOyma¦c

n
hElohEgYhEz?cfa�kv \cd_`~Ch

e
�!�Pyvz

jCh(hE¹b~ t hOaiaihP{TyNa
n e

¯xµ³�rn�a¡�PyvzÁjCh��Ekmg(j�n©zrhO{ ¢k t {bn§¸\h t hEz?c²z?q�g(jCh t axyvz|{Tcd_`~|hOa�kv LhPl©hPgYhEz?cfa²yma
noz

{n1 e1, n2 e2}
ªb¤!�rkNaih¡gYhOyvzrnozr�Ynoa � ��kNzNc�yvnoz�a

n1
{bn§¸\h t hEz?c!hElohEgYhPzNc�a³kv �cd_?~Ch

e1
ªryvz|{

n2
kvcf�rh t

hPl©hPgYhEz?cfa³km �cd_`~Ch
e2
��¯

� ������� � � �� � ��
 � �
Æ Å �»� �(� �

I =def NIE
¼¢g(q�l§cfnoaih�c�a!kv 

IE

n©z?cfh t ~ t hEcfyvcinokmz�a�¾�¯
�O�b� � � � ���v� �IÅ � �

i |= E =def ∃ρ ∈ E ↪→ i : ∀e ∈ E : ρ(e) |=E e
ª

¤!�rh t h
↪→

{bhEz�kvcihOa!yvzTnoz/udhP��cino«mh² ¢qrz���cinokmz3¯

� ������� �  ��	 � ��
 ����
� ����� � � � � �WÅ�� �

E v F =def ∃ρ ∈ F ↪→ E : ∀f ∈ F : ρ(f) vE f

�O����� Å ' Å ��Â �
> =def {}

¯

� ������� � 	 �� ��	���
 � �
• df ⇐ df E

• st ′ ⇐ st ′E
� � Å3Å � �

E ∈ TELL =⇒ ∀e ∈ E : e ∈ TELLE

=⇒ ∀e ∈ E : ∃iE ∈ IE : iE |=E e

~�~��q���9�����
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=⇒ ∃i ∈ I : ∃ρ ∈ E ↪→ i : ∀e ∈ E : ρ(e) |=E e
=⇒ ∃i ∈ I : i |= E

¯
�

• csv(E, F ) ⇐ ∀e ∈ E, f ∈ F : csvE
(e, f)

csv ⇐ csvE

� � Å3Å � �
E v F −→ ∃ρ ∈ F ↪→ E : ∀f ∈ F : ρ(f) vE f

¯
i |= E =⇒ ∃ρ′ ∈ E ↪→ i : ∀e ∈ E : ρ′(e) |=E e
=⇒ ∃ρ′ ∈ E ↪→ i : ∀f ∈ F : ρ′(ρ(f)) |=E ρ(f) vE f

�?_`~Ckvcf�rhPainoa
=⇒ ∃ρ′′ = ρ ◦ ρ′ ∈ F ↪→ i : ∀f ∈ F : ρ′(ρ(f)) |=E f ∀e ∈ E, f ∈ F : csvE

(e, f)
=⇒ ∃ρ′′ ∈ F ↪→ i : ∀f ∈ F : ρ′′(f) |=E f
=⇒ i |= F

¯
��hPz���h

M(E) ⊆ M(F )
¯

�

• cpv(E, F ) ⇐ ∀e ∈ E : sg(e) ∧ ∀e ∈ E, f ∈ F : cpvE
(e, f)

cp′
v ⇐ cp′

vE
∧ sg ′

E
� � Å3Å � � 6 h�~ t k/«mh¡ci��yvc

E 6v F
nogY~rl©nohPa

∃i ∈ I : i |= E ∧ i 6|= F
¯

��n t adcfl©_Nª
E 6v F

=⇒ ∀ρ ∈ F ↪→ E : ∃f ∈ F : ρ(f) 6vE f
=⇒ ∀ρ ∈ F ↪→ E : ∃f ∈ F : ME(ρ(f)) 6⊆ ME(f)

¯
∀e ∈ E, f ∈ F : cpvE

(e, f)

^`hP�Ekmz�{rl©_Nªrl©hEc
i =

⊎

e∈E ME(e)
g(qrl©cin�aih�c�qrzrnokmz

yvz�{
∀e ∈ E : ρ′(e) = choice(ME(e))

¯ ¼
∀e ∈ E : sgE(e)

¾
µ³�rn�a!n©gY~rlonohPa³cf��y/c

ρ′
noaxy-j�n udhO��cinokmz  t kmg

E
cfk

i
=⇒ ∃ρ′ ∈ E ↪→ i : ∀e ∈ E : ρ′(e) |=E e
=⇒ i |= E

¯
	�k/¤�ªbloh�c

ρ′′ ∈ F ↪→ i
=⇒ ∃ρ ∈ F ↪→ E : ρ′′ = ρ ◦ ρ′ ρ′

n�a!yYjrn udhO��cfn©kNz
=⇒ ∃ρ ∈ F ↪→ E : ρ′′ = ρ ◦ ρ′, ∃f ∈ F : ME(ρ(f)) 6⊆ ME(f)

�`_`~Ckvci��hPainoa
=⇒ ...∃f ∈ F : ρ′(ρ(f)) /∈ ME(f)

�`_`~Ckvci��hPainoa
=⇒ ...∃f ∈ F : ρ′′(f) 6|=E f
=⇒ ∃f ∈ F : ρ′′(f) 6|=E f

¯
��hPz���h

∀ρ′′ ∈ F ↪→ i : ∃f ∈ F : ρ′′(f) 6|=E f
=⇒ i 6|= f

¯
�

• cp>
� � Å3Å � � µ t no«`noyml\  t kNg {bhE½�zrn©cinokmzTkv 

>
ªryvz�{aihEg�yvz?cin��EaP¯

�

��� ~����
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$ n � � 7���� � m �
λX.Prod(X, X)

��k t g(qrl�yma³ymz�{�noz?cih t ~ t h�c�y/cfn©kNz�a!y t h¡k t {rh t hP{º~|yvn t a³k/«Nh t a¦kNgYh±aiqrjb¬Îlokm�mn��v¯

$ n � � �3�=� �¡7(� � m �
λVal .Prod(Atom,Val)

µ³��h²«/yml©qrhO{Ty/c¦c t nojrqbcfhPaPªb¤!�rh t h±«/yvloqrhPa�y t h¡cfy ¥ hPz�nozci�rh�aiqrjb¬Îl©kN�mn��
Val

¯

$ n�� � )�������� � m �
λX.Sum(Unit , X)

µ³��noaY��kNg(jrnoz�yvcik t �rhPl©~�a-cfk+g�y ¥ hy+~ t km~Ch t cd_�km~bcfn©kNz�yvl6j`_»yvlol©k/¤!nozr�+y
Unit

¬U«/yvloqrh�cik�j|hTq�aihP{
noz�a¦cihOym{Ë¯

$ n�� � ,!�L����� � m �
µV.λX.Option(Prod(X, V ))

µ³��noa²��kNg(jrnoz�y/cfk t {rh�½�zrhOax«NhP��cik t axyNa¡yº�mhEz�h t yvlon=OOy/cinokmzTkm L~�yvn t axcikyvz�y t jrn©c t y t _�z`qrg-j|h t km LhEloh�¬
gYhPzNc�a�¼Wa¦cfy t cfn©zr��  t kmg �?¾�¯Lµ³�rn�a!n�a!��lokNaih²cik�y tft yG_ba�n©zT~ t km� t ymgYg�nozr�-loymzr�mq�ym�mhOaE¯

$ n�� �����Ë� � m �
µL.λX.Top(Option(Prod(X, L)))

w=noa¦cfa�y t h�a¦nogYn©l�y t cik»«NhP��cik t aPª�hE¹b�EhE~bc�ci��yvc�noz � � ��¬U ¢k t g(q�loyNaYkmzrlo_ yÇ~ t hE½r¹ km �yÇl©n�a¦c�Eymz j|h
ai~ChP��n©½�hO{Ë¯

$ n�� ����,!,� � �
µT.λF.λX.Top(Prod(X, F (T )))

µ³��noa6��kNg(jrnoz�y/cfk t {rh�½�zrhOaLc t hPhPa�n©z�y�«mh t _��mhPzrh t n��!¤6yG_N¯
X
ymj�a¦c t ym��c�aAcf�rh¡l�yvjChElolon©zr�-kv 3zrkb{bhOaEª`yvz|{

F
noaxy( ¢q�z���cfk t ci�|y/cxyvj|adc t yN��cfa�cf�rh�¤6yG_ºci�rh����rnol�{ t hPz�km �y�zrkb{bh�y t h±k t �NymzrnPOEhP{3¯

$ n�m � � 7�� r�����,!,� m �
λX.Tree(List , X)

°xzTzb¬Îy t _Yc t hPh±noa�y-c t hPh²nozT¤!�rn�����hOym���zrkb{bh���yma!y�lonoa¦c�kv ����rnolo{ t hEz�¼¢~CkNafain©jrlo_�hPgY~bcd_r¾�¯

$ n�m m 0¨���7���rº����,!,� m �
λX.Tree(λT.Option(Pair(T )), X)

°�j�n©z�y t _Yc t hPh�noa!y-c t hPh�n©z¤!�rn����hOym���zrkb{bh±g�yG_º��yG«mh±yY~�ymn t kv A���rnolo{ t hPz3¯

~�~��q���9�����
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� ��� ��������� �

� � � '*) � 01'*+ )��

µ³��hºyvj�a¦c t ym��cik t a²h�¹`cihPz�{�ci��hºa¦_`z?cfyv¹\ª�hPai~|hO��n�yvlol©_´ci�rh�a¦hEc�kv  � ���x¬U ¢k t g(qrl�ymaPª3¤!�rnoloh ¥ hEhP~rnozr�Tci�rh
noz?cih t ~ t h�c�y/cfn©kNz±{rkmg�yvnoz�qrz�����ymzr�mhO{Ë¯ t z�nozb ¢k t g�y/cfn©kNz�a¦_ba¦cihPgYaPªPci�rn�a=n�a3g�ymn©zrlo_±q�aihP{²cik¡hEzr�|yvz��EhAci�rh
hE¹b~ t hOaiaino«?n©cd_Tkv �p?qrh t nohPaPªË¤!�rnol©h ¥ hEhE~�n©zr��ci�rh�{bhOai� t no~bcfn©kNz´l�yvzr�Nq�yv�Nh(qrz����|yvzr�NhP{Ë¯(µ³��noa²n�a¡q|a¦q�yml©lo_
{rkmzrh±j`_�ym{�{bn©z���gYk t h�yvj|adc t yN��c�®/�mhPzrh t yvl| ¢k t g(qrl�yma±¼Whm¯ ��¯oªbn©z?cih t «/ymloaPªbj|k`kNl©hOyvzT��kmz�zrhP��cino«mhPa�¾�¯

��� ~����



���������
	������������� �v�

� nGm ����) � m
°!{�{bn§cfn©kNzTkv �y-cfkm~cik�ci��h�a¦_`z?cfyv¹�kv �yYl©kN�mn��v¯

� �	���	� � � 	 � � ��� ��	 �

X ∈ L
� cf�rh�l©kN�mn��¡cikY¤!�rn����y�cfkm~noa³cfkYj|h�yN{r{bhP{3¯

� �	����� ��� � ���
	

AS =def ASX ] {1}
TELL =def TELLX

ASK =def ASKX ] {1}

� �	����� � � �� � ��
 � �
Æ Å �»� �(� �

I = IX

¯
�O�b� � � � ���v� �IÅ � �

i |= f =def

{

true
n© 

f = 1
i |=X f

n© 
f ∈ ASX

� �	����� �  ��	 � ��
 ����
� ����� � � � � �WÅ�� �

f v g =def







true
n© 

g = 1
>X vX g

n© 
f = 1 ∧ g ∈ ASX

f vX g
n© 

f, g ∈ ASX

�O����� Å ' Å ��Â �
> =def 1

¯
� Å � �P�/�rÆ � �v� �WÅ�� �

⊥ =def ⊥X

¯
� Å ��� � � �v� �WÅ�� �

f u g =def







f
n© 

g = 1
g

n© 
f = 1

f uX g
n© 

f, g ∈ ASX

Æ � � � � � �v� �WÅ�� �

f t g =def

{

{1}
n§ 

f = 1 ∨ g = 1
f tX g

n§ 
f, g ∈ ASX

~�~��q���9�����
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� �	����� � 	 �� ��	���
 � �
• df ⇐ df X

• st ′ ⇐ st ′X
� � Å3Å � �

d ∈ TELL =⇒ d ∈ TELLX

=⇒ MX(d) 6= ∅
¼
st ′X

¾
=⇒ M(d) 6= ∅

¯
�

• sg ′ ⇐ sg ′
X

� � Å3Å � �
d ∈ TELL =⇒ d ∈ TELLX =⇒ Card (MX(d)) = 1

¼
sg ′

X

¾
=⇒ Card (M(d)) = 1

¯
�

• csv ⇐ csvX
∧ cp>X

� � Å3Å � �
f v g

nogY~rl©nohPa

�

hPn§cf�rh t
g = 1

�

=⇒ M(g) = I =⇒ M(f) ⊆ M(g)
¯

�

k t
f = 1, g ∈ ASX ,>X vX g

¼
def(>X)

¾ �
=⇒ MX(>X) ⊆ MX(g)

¼
csvX

¾
=⇒ IX ⊆ MX(g)

¼
cp>X

¾
=⇒ M(f) ⊆ M(g) = I

¯
�

k t
f, g ∈ ASX , f vX g

�

=⇒ MX(f) ⊆ MX(g)
¼
csvX

¾
=⇒ M(f) ⊆ M(g)

¯
��hPz���h�nozÁyvlol3�EymaihPa

M(f) ⊆ M(g)
¯

�

• cpv ⇐ cpvX
∧ reduced .topX

� � Å3Å � �
M(f) ⊆ M(g)

nogY~rlon©hOa

�

hPn§cf�rh t
g = 1

�

=⇒ f v g
¯

�

k t
f = 1, g ∈ ASX

�

=⇒ M(f) = I ⊆ M(g)
=⇒

⋂

k∈∅ M(k) ⊆
⋃

l∈{g} M(l)

=⇒ ∅ v∗
X {g}

¼
reduced .topX

¾
=⇒ >X v g =⇒ f v g

¯

��� ~����



���������
	������������� �m�

�

k t
f, g ∈ ASX

�

=⇒ MX(f) ⊆ MX(g)
=⇒ f vX g

¼
cpvX

¾
=⇒ f v g

¯
��hPz���h�nozÁyvlol3�EymaihPa

f v g
¯

�

• cp′
v ⇐ cp′

vX

� � Å3Å � � w=h�c
d ∈ TELL, x ∈ ASK

¯
M(f) ⊆ M(g)

nog�~�l©nohPa

�

hPn§cf�rh t
g = 1

�

=⇒ d v x
¯

�

k t
d ∈ TELLX , x ∈ ASKX

�

=⇒ MX(d) ⊆ MX(x)
=⇒ d vX x

¼
cp′

vX

¾
=⇒ d v x

¯
��hPz���h�nozÁyvlol3�EymaihPa

d v x
¯

�

• cp>
� � Å3Å � �

M(>) = M(1) = I
¯

�

• cs⊥ ⇐ cs⊥X

� � Å3Å � �
M(⊥) = M(⊥X) = MX(⊥X) = ∅

¼
cs⊥X

¾�¯
�

• defstu ⇐ defstuX

� � Å3Å � � °¡aiaiqrgYh
M(f) ∩ M(g) 6= ∅

¯t  
f = 1

k t
g = 1

ª`cf�rhEz
f u g

n�a�{bhE½�zrhP{3¯ Txci�rh t ¤!n�a¦hNª
f, g ∈ ASX

=⇒ MX(f) ∩ MX(g) 6= ∅
=⇒ def (f uX g)

¼
defstuX

¾
=⇒ def (f u g)

¯
�

• csu ⇐ csuX

• cpu ⇐ cpuX

• cst ⇐ cstX

• cpt ⇐ cptX

~�~��q���9�����
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• reduced(F, G) ⇐ 1 ∈ G ∨ (1 /∈ G ∧ reducedX (F \ {1}, G))
reduced ⇐ reducedX

reduced .bot ⇐ reduced .botX

reduced .bot ′ ⇐ reduced .bot ′X
reduced .top ⇐ reduced .topX

reduced ′ ⇐ reduced ′
X

� � Å3Å � � w=h�c�q�a��Ekmz�ain�{bh t ���EyNa¦hOa �

�

hPn§cf�rh t
1 ∈ G

�

=⇒ ∃g ∈ G : > v g
=⇒ F v∗ G

¯
�

k t
1 /∈ G

�
⋂

f∈F M(f) ⊆
⋃

g∈G M(g)
=⇒

⋂

f∈F\{1} M(f) ⊆
⋃

g∈G M(g)

=⇒ F \ {1} v∗
X G

¼
reducedX(F \ {1}, G)

¾
=⇒ F v∗ G

¼W{rh�½�zrn©cinokmzTkm 
v∗ ¾�¯

��hPz���h�nozÁyvlol3�EymaihPa ⋂

f∈F M(f) ⊆
⋃

g∈G M(g) ⇒ F v∗ G
¯

�

��� ~����
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� n�� �\�-��,³���²7�� � m
µ³��h�n©z?cfh t «GymloaLk/«mh t «Gyml©q�hPa�cf��y/c³y t h³ ¢k t g(qrl�ymaAkm 3yvzrkmci�rh t l©kN�mn��v¯�µ³�rn�a�aiqr~r~CkNaihPa�cf�rh¡aiqrjb¬Îl©kN�mn��³��yma
ymz�k t {rh t n©zr��k/«mh t n§c�a³n©z?cih t ~ t hEcfy/cfn©kNz�aPªryvz�{���yma³n©cfa�km~Ch t y/cinokmz|a

6
yvz�{

0
{rh�½�zrhO{Ë¯

� �����	� � � 	 � � ��� ��	 �

V ∈ L
� y±lokm�Nno�6km C«/yvloqrhOaEªvhOp?qrn©~ChP{�¤!n©ci��kN~|h t yvcik t a

6
ªNyvz|{

0
ªNymz�{�¤!�rkNaih!a¦hPg�yvz?cin��Ea�n�a�hPp?qrno~r~ChP{

¤!n§cf�ÁyvzTk t {bh t nozr�
≤
¯

� ������� ��� � ���
	

AS =def ASV × ASV

ASK =def ASKV × ASK V

TELL =def {(d, d) | d ∈ TELLV }

�rk t g-qrl�y
(a, b)

ª�¤!�rh t h
a, b ∈ ASV

ª=n�a±kmzrlo_�¤6hElol§¬U ¢k t gYhP{�¤!��hEz
a 6V b

k t
a 0V b

¼¢hEz|a¦q t hPa
cf�rh�nozNcfh t «/yvlËn�a³zrkvc�hPg�~rcd_b¾�¯

� ������� � � �� � ��
 � �
Æ Å �»� �(� �

I =def IV

Å �/Æ À � �(��� �
i ≤ j =def i ≤V j)

�O�b� � � � ���v� �IÅ � �
i |= (a, b) =def ∃ia ∈ MV (a), ib ∈ MV (b) : ia ≤V i ≤V ib

� ������� �  ��	 � ��
 ����
� ����� � � � � �WÅ�� �

(a1, b1) v (a2, b2) =def a2 6V a1 ∧ b1 0V b2

� ������� � 	 �� ��	���
 � �
• df ⇐ df V

• st ⇐ stV ∧ cs6V
∧ cs0V

st ′ ⇐ st ′V ∧ cs6V
∧ cs0V

� � Å3Å � �
(a, b) ∈ AS =⇒ a, b ∈ ASV ∧ (a 6V b ∨ a 0V b)

=⇒ MV (a) 6= ∅ ∧ MV (b) 6= ∅
¯ ¼

stV

¾
	�k/¤�ª

~�~��q���9�����
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�

hPn§cf�rh t
a 6V b

�

=⇒ ∀ib ∈ MV (b) : ∃ia ∈ MV (a) : ia ≤V ib
¼
cs6V

¾
=⇒ ∃ib ∈ MV (b), ia ∈ MV (a) : ia ≤V ib

¼
MV (b) 6= ∅

¾
=⇒ ∃i ∈ M((a, b)) =⇒ M((a, b)) 6= ∅

¯
�

k t
a 0V b

�

=⇒ ∀ia ∈ MV (a) : ∃ib ∈ MV (b) : ia ≤V ib
¼
cs0V

¾
=⇒ ∃ia ∈ MV (a), ib ∈ MV (b) : ia ≤V ib

¼
MV (a) 6= ∅

¾
=⇒ ∃i ∈ M((a, b)) =⇒ M((a, b)) 6= ∅

¯
�

• sg ′ ⇐ sg ′
V

� � Å3Å � � w=h�c
(d, d) ∈ TELL

¯�^`q�~r~|k?a¦h�aikmgYh±nozNcfh t ~ t h�cfyvcinokmz
i ∈ I

aE¯ cP¯
i |= (d, d)

=⇒ ∃ia, ib ∈ MV (d) : ia ≤V i ≤V ib
=⇒ id ≤V i ≤V id

ªr¤!��h t h
id
n�a6ci��h�qrzrn�pNq�h�g�kb{bhPl3kv 

d
¼
sg ′

V

¾
=⇒ i = id

¯
��hPz���h

M((d, d)) = MV (d) = {id}
¯

�

• csv ⇐ cs6V
∧ cs0V

� � Å3Å � �
(a1, b1) v (a2, b2)

=⇒ a2 6 a1 ∧ b1 0 b2

=⇒ ∀i1 ∈ MV (a1) : ∃i2 ∈ MV (a2) : i2 ≤ i1
¼
cs6V

¾
∧∀i1 ∈ MV (b1) : ∃i2 ∈ MV (b2) : i1 ≤ i2

¼
cs0V

¾

	�k/¤
i |= (a1, b1)

=⇒ ∃i1 ∈ MV (a1) : i1 ≤ i
∧∃i1 ∈ MV (b1) : i ≤ i1
=⇒ ∃i1 ∈ MV (a1), i2 ∈ MV (a2) : i2 ≤ i1 ≤ i
∧∃i1 ∈ MV (b1), i2 ∈ MV (b2) : i ≤ i1 ≤ i2
=⇒ ∃i2 ∈ MV (a2) : i2 ≤ i ∧ ∃i2 ∈ MV (b2) : i ≤ i2
=⇒ i |= (a2, b2)

¯
��hPz���h

M((a1, b1)) ⊆ M((a2, b2))
¯

�

• cpv ⇐ cp6V
∧ cp0V

� � Å3Å � �
M((a1, b1)) ⊆ M((a2, b2))

=⇒ ∀i ∈ I : i |= (a1, b1) ⇒ i |= (a2, b2)
=⇒ ∀i ∈ I : (∃ia ∈ MV (a1) : ib ∈ MV (b1) : ia ≤ i ≤ ib)
⇒ (∃ia ∈ MV (a2) : ib ∈ MV (b2) : ia ≤ i ≤ ib)
=⇒ ∀i ∈ MV (a1) : (∃ia ∈ MV (a1), ib ∈ MV (b1) : ia ≤ i ≤ ib) ⇒ ∃i2 ∈ MV (a2) : i2 ≤ iµ³�rhEzÁ���rk`k?a¦h

ia = i = ib
�

��� ~����



���������
	������������� � {

=⇒ ∀i1 ∈ MV (a1) : ∃i2 ∈ MV (a2) : i2 ≤ i1
=⇒ a2 6 a1

¼
cp6V

¾�¯
^`nog�nol�y t l©_Nªb¤�h��Nh�c³ci�rh�ainog�nol�y t!t hPaiqrl§c!¤!n©ci�

b2
¼
cp0V

¾ �
∀i1 ∈ MV (b1) : ∃i2 ∈ MV (b2) : i1 ≤ i2
=⇒ b1 0 b2

¯
µ³�rhPaih´�+~ t km~CkNain§cfn©kNz�a�y t hci�rh�{bhE½�zrn©cinokmz kv 

(a1, b1) v (a2, b2)
ª6¤!�rn���� cfh t gYn©z�yvcihOaYci�rh

~ t k?km d¯
�

~�~��q���9�����
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� n�� 0¨��
��2� � m
⊇ λX.Sum(X, Sum({−∞}, {+∞}))

°!{�{·jCkmqrz|{raY¤�¯ t ¯ cP¯ ci�rhÁk t {bh t nozr�+k/«mh t  ¢k t g(q�loyNa¼IymaYq�aihP{ j`_
Interval

¾�¯ µ³�rhPaihTj|kNqrz�{ra�y t h
yN{r{bhO{Áyma�jCkvcf�Á ¢k t g(q�loyNa�yvz�{�n©z?cih t ~ t hEcfy/cfn©kNz�aP¯³µ³��noa� ¢qrz���cfk t noa¡{bh�½|zrhP{�yNaxymzÁh�¹`cihPz�a¦nokmzÁkm Aci�rh
�Ekmg-jrn©z|y/cik t �mno«mhEz�noz�ci�rhºaihP��cinokmz+cin©ciloh´¼

{−∞}
adc�yvz�{ra� ¢k t ci��hºl©kN�mn��- ¢qrz���cfk t

Unit
¤!�rh t h

−∞n�a!cf�rh�kNzrl©_� ¢k t g(q�loy?¾�¯!µ³�rn�a�gYhPymz�a�n©cxnozr�rh t n©cfa�hP«mh t _?ci��n©zr�Y  t kmg ci��noa¡��kmg-jrnoz�y/cfk t ª�yvz�{T~CkNafain©jrlo_
t hP{rh�½�zrhOa³~�y t c!kv �n§cO¯

� �����	� � � 	 � � ��� ��	 �

X ∈ L
� y�lokm�mn��²kv �«Gyml©q�hPaP¯

� ������� � � �� � ��
 � �
Å �/Æ À � �(��� �

i ≤ j =def

∨







i = −∞
j = +∞
i, j ∈ IX ∧ i ≤X j

� ������� �  ��	 � ��
 ����
' Å`Ä(À � Å �GÆ À � �(��� �

f 6 g =def

∨















g = 0
f = −∞
g = +∞
f, g ∈ ASX ∧ f 6X g

� � ��À � Å �/Æ À � � � � �

f 0 g =def

∨















f = 0
f = −∞
g = +∞
f, g ∈ ASX ∧ f 0X g

� ������� � 	 �� ��	���
 � �
• cs6 ⇐ cs6X

∧ st
� � Å3Å � �

f 6 g
nogY~rl©nohPa �

�

hPn§cf�rh t
g = 0

�
M(g) = ∅ =⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j

¯
�

k t
f = −∞

�

∀j ∈ M(g) : −∞ ≤ j =⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯

��� ~����



���������
	������������� ���

�

k t
g = +∞

��cf�rhEz=ª

∗ f = −∞
�
∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j

¼
i = −∞, j = +∞

¾

∗ f = +∞
�
∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j

¼
i = j = +∞

¾

∗ f ∈ ASX

�
M(f) = MX(f) 6= ∅

¼
stX

¾
=⇒ ∃i ∈ M(f) : i ≤ +∞
=⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j

¯
�

k t
f, g ∈ ASX ∧ f 6X g

�

=⇒ ∀j ∈ MX(g) : ∃i ∈ MX(f) : i ≤X j
¼
cs6X

¾
=⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j

¯ ¼
Sum

¾�¯
��hPz���h�nozÁyvlol3�EymaihPaPª

∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯

�

• cp6 ⇐ cp6X
∧ stX

� � Å3Å � �
f 66 g

nogY~rl©nohPa

�

hPn§cf�rh t
f = 0 ∧ g 6= 0

�

∗ g = −∞
�
M(g) 6= ∅

∗ g = +∞
�
M(g) 6= ∅

∗ g ∈ ASX

�
M(g) = MX(g) 6= ∅

¼
stX

¾
�xhEz��Eh�n©zÁyml©l3�PymaihPaPª

M(g) 6= ∅
ªryvz|{

M(f) = ∅
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j

¯
�

k t
f = +∞∧ g = −∞

�
∃j ∈ M(g) : ∀i ∈ M(f) : i ≤ j

�

k t
f = +∞∧ g ∈ ASX

�
M(g) = MX(g) 6= ∅

¼
stX

¾
=⇒ ∃j ∈ M(g) : +∞ 6≤ j
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j

¯
�

k t
f ∈ ASX ∧ g = −∞

�

=⇒ ∀i ∈ M(f) : i 6≤ −∞
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j

¯
�

k t
f, g ∈ ASX ∧ f 66X g

�

=⇒ ∃j ∈ MX(g) : ∀i ∈ MX(f) : i 6≤X j
¼
cp6X

¾
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j

¯ ¼
Sum

¾
��hPz���h�nozÁyvlol3�EymaihPaPª

¬∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯

�

• cs0 ⇐ cs0X
∧ st

� � Å3Å � �
f 0 g

nogY~rl©nohPa �

�

hPn§cf�rh t
f = 0

�
M(f) = ∅ =⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j

¯

~�~��q���9�����
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�

k t
g = +∞

�

∀i ∈ M(f) : i ≤ +∞ =⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯

�

k t
f = −∞

��ci�rhPz3ª

∗ g = +∞
�
∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j

¼
i = −∞, j = +∞

¾

∗ g = −∞
�
∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j

¼
i = j = −∞

¾

∗ g ∈ ASX

�
M(g) = MX(g) 6= ∅

¼
stX

¾
=⇒ ∃j ∈ M(g) : −∞ ≤ j
=⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j

¯
�

k t
f, g ∈ ASX ∧ f 0X g

�

=⇒ ∀i ∈ MX(f) : ∃j ∈ MX(g) : i ≤X j
¼
cs0X

¾
=⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j

¯ ¼
Sum

¾�¯
��hPz���h�nozÁyvlol3�EymaihPaPª

∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯

�

• cp0 ⇐ cp0X
∧ stX

� � Å3Å � �
f 60 g

nogY~rl©nohPa

�

hPn§cf�rh t
f 6= 0 ∧ g = 0

�

∗ f = −∞
�
M(f) 6= ∅

∗ f = +∞
�
M(f) 6= ∅

∗ f ∈ ASX

�
M(f) = MX(f) 6= ∅

¼
stX

¾
�xhEz��Eh�n©zÁyml©l3�PymaihPaPª

M(f) 6= ∅
ªrymz�{

M(g) = ∅
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j

¯
�

k t
f = +∞∧ g = −∞

�
∃i ∈ M(f) : ∀j ∈ M(g) : i ≤ j

�

k t
f ∈ ASX ∧ g = −∞

�
M(f) = MX(f) 6= ∅

¼
stX

¾
=⇒ ∃i ∈ M(f) : i 6≤ −∞
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j

¯
�

k t
f = +∞∧ g ∈ ASX

�

=⇒ ∀j ∈ M(g) : +∞ 6≤ j
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j

¯
�

k t
f, g ∈ ASX ∧ f 60X g

�

=⇒ ∃i ∈ MX(f) : ∀j ∈ MX(g) : i 6≤X j
¼
cp0X

¾
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j

¯ ¼
Sum

¾
��hPz���h�nozÁyvlol3�EymaihPaPª

¬∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯

�

��� ~����
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� n�� ������) � m
µ³��h�jCk`kmlohPymz��El©k?a¦q t hYkv ³y��Nn©«NhEz�l©kN�mn��v¯ t c(�Eymz�ymloaikTj|h�aihEhPz�yNa²ci�rh�q|a¦q�ymlA~ t km~CkNain§cfn©kNz�yvl�lokm�mn��vª
¤!��kNaih±yvcikNgYa³y t h t hE~rl�ym�EhP{�j?_ºci�rh± ¢k t g-qrloyNa6kv Ay-lokm�Nno�²�Nn©«NhEz�yNa!y�~�y t yvgYh�cfh t ¯

� ��� �	� � � 	 � � ��� ��	 �

A ∈ L
� y-lokm�Nno�mªb¤!�rkNaih² ¢k t g(qrl�yma6~rl�yG_�cf�rh t kNl©h²kv Ay/cfkmg�a³noz~ t kN~|k?a¦n©cinokmz�yml\l©kN�mn��v¯

� ��� ��� ��� � ���
	

AS
noa(ci��haig�yvlol©hOadcYa¦hEc-kv ! ¢k t g-qrl�yma�cf��y/cY��kNzNc�yvnoz�a

ASA

¼Iy/cikNg�af¾�ª
1
¼¶c t q�hO¾�ª

0
¼¶ WymloaihO¾�ªLyvz�{Çn�a

�El©k?a¦hO{´j`_Ácf�rhºyv~�~rl©n��Eyvcinokmz+kv 6ci�rh�qrz|y t _Ákm~Ch t y/cik t
¬
¼WzrhE�?y/cinokmzC¾�ª=ymz�{+ci�rhYjrnoz�y t _�kN~|h t yvcik t a

∧¼I��kNz/udqrz���cinokmz|¾�yvz�{
∨
¼W{rnoaWudqrz���cinokmz|¾�¯

ASK
n�aAcf�rhxaiqrj�aih�c�km Ë~ t kN~|k?a¦n©cinokmz|aA¤!�rkNaih�y/cfkmg�a�y t h�yml©l|n©z

ASKA

¯
TELL

n�a!cf�rh(aiqrj�aih�cxkm �~ t kN~|k?a¦n©cinokmz�aPªb¤!�rk?a¦h�zrhP�Nyvcino«mh�y/cfkmg�a�y t h�yml©l3noz
ASKA

ª|¤!��kNaih
~CkNain©cino«mh�y/cfkmg�a�y t h�yml©l�n©z

TELLA ∪ ASKA

ª|yvz|{Áa¦q����cf��y/cxhP«mh t _��kmzvudqrz���cfn©«Nh(��l�yvq|a¦h��Ekmz?cfymn©z�a
y(~|k?a¦n©cino«mh²lon§cfh t yvlCn©z

TELLA

¯ s k?a¦n©cino«mh²y/cikNg�a6y t hxci�rk?a¦h¡qrz�{bh t ci�rh�af��km~Chxkm �yvz�hE«NhEzºz`qrg-j|h t km 
z�hE�Nyvcinokmz�a�Hbyvz�{zrhP�Nyvcino«mh±y/cikNg�a!y t hxcf�rkNaih�qrz�{bh t ci�rh�af��kN~|h±km �ymz�kb{r{z`qrg(jCh t km �zrhP�Nyvcinokmz�aP¯
� ��� ��� � � �� � ��
 � �
Æ Å �»� �(� �

I = IA

¯
�O�b� � � � ���v� �IÅ � �

i |= a =def i |=A a
i |= 1 =def true
i |= 0 =def false
i |= ¬f =def i 6|= f
i |= f ∧ g =def i |= f

ymz�{
i |= g

i |= f ∨ g =def i |= f
k t

i |= g

� ��� ��� �  ��	 � ��
 ����
� ����� � � � � �WÅ�� �

f v g
n�a6c t qrh�n©¸�ci�rh t h±hE¹`n�a¦cfa!yY~ t k`kv �km =cf�rh�a¦hOp?qrhEz?c

` ¬f ∨ g
n©z�ci��h�a¦hOpNq�hEz?c

�Eymlo�Eqrl©q|a³kv Aµ�ymjrl©h 
-¯©�N¯
t zTci�rh t qrlohPaPª

∆
noa�yml©¤³yG_ba³y�a¦hEc�kv �l©n©cih t ymloa�¼WnI¯ hm¯oª�yvcikmgYn��² ¢k t g(qrl�yma³k t zrhE�?y/cfn©kNz�a³kv Ay/cfkmgYno�

 ¢k t g(qrl�yma�¾�ª
Γ
noa²y�aihPp?qrhPz���h-kv L~ t km~CkNain§cfn©kNz�aPª

L
noa±yºlon©cih t yvlUª

X
noa²yº~ t km~CkNain©cinokmz3ª

β
n�a¡ci�rh

{bn�a¢udqrz|��cinokmzÁkm 
β1 . . . βn

ª
α
noa³cf�rh(�Ekmz/udqrz|��cinokmzÁkm 

α1 . . . αn

ª|ymz�{
L
{bhPzrkvcfhPa³cf�rh�zrhP�Ny/cfn©kNz

kv 
L
¼
a := ¬a

yvz�{
¬a := a

¾�¯³µ³�rh�c�yvqbcfkmlokm�N_
1
noaxhPp?qrno«/yvlohEz?c!cikYcf�rh�hEgY~bcd_T��kNz/udqrz���cinokmz3ª

yvz�{�cf�rh���kNzNc t yN{bn���cinokmz
0
noa³hOpNq�n©«/yvlohEz?c!cfk-cf�rh�hEgY~bcd_{bn�a¢udqrz|��cinokmz=¯

� Å ��� � � �v� �WÅ�� �
f u g =def f ∧ g

¯
Æ � � � � � �v� �WÅ�� �

f t g =def f ∨ g
¯

~�~��q���9�����
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>
¬ °!¹bnokmg �

¬b, ∆ ` Γ
n§ 

def >A

yvz|{
>A vA b

⊥
¬ °!¹bnokmg �

a, ∆ ` Γ
n§ 

def ⊥A

yvz|{
a vA ⊥A

v
¬Î°�¹bn©kNg �

a,¬b, ∆ ` Γ
n§ 

a vA b

u
¬ } qrloh�� a uA b, ∆ ` Γ

a, b, ∆ ` Γ
n© 

def u(a, b)

t
¬ } qrloh�� ¬(a tA b), ∆ ` Γ

¬a,¬b, ∆ ` Γ

¬¬
¬ } qrloh�� ∆ ` X, Γ

∆ ` ¬¬X, Γ
lon§cfh t yvl©¬ } qrl©h � L, ∆ ` Γ

∆ ` L, Γ

β
¬ } q�l©h � ∆ ` β1, . . . , βn, Γ

∆ ` β, Γ
α
¬ } qrl©h � ∆ ` α1, Γ . . . ∆ ` αn, Γ

∆ ` α, Γ

µ�yvjrloh 
(¯o����^`hOp?qrhEz?cx�Eymlo�Eqrloq�a6 ¢k t {bhO{bq���cinokmzTn©z~ t km~CkNain§cfn©kNz�yvl\lokm�Nno�m¯

�O����� Å ' Å ��Â �
> =def 1

¯
� Å � �P�/�rÆ � �v� �WÅ�� �

⊥ =def 0
¯

� ��� ��� � 	 �� ��	���
 � �
�À������ � �WÅ���� � ��>  G�e>�K�

∆ ` Γ
� � �`N A ��@ � * ⋂

δ∈∆ M(δ) ⊆
⋃

γ∈Γ M(γ)
�

�À������ � �WÅ������ � � >&> � ���B>����9����
Trees(∆ ` Γ)

@C>GF����>�� ���e> �G>G�R� D N AJA D�� AJA � @S>&��> A � �e>�@ � �B>�>��
� �e�`�G> �B�?��� � �7��� > �G>  G�e>Ge�

∆ ` Γ
�

�À������ � �WÅ���� � � D�� AJA � @C>%��> A ��� >�@ � �B>�>
t
� � ��N���@ km~ChEz � @C>GF���L>�@ Q �

open(t)
� � *��J� ����e��N��Je�N�|� �e>� �G>  ��e>Ge� �LF>���>9���GN�� � N A >�N D D��B��: @S>(' e�J� ����|� D N�|��� >G ��>  G�e>�K� ���7� � > �

∃A, B `∈ t :
open(A, B)

�

• df ⇐ df A

• csv ⇐ csvA
∧ cpuA

∧ cstA
∧ cp>A

∧ cs⊥A

� � Å3Å � �

�

w=h�c�q�a!ai�rk/¤ ci��yvc
v
¬Î°�¹`nokmg n�a!«/yvlon�{ �

a vA b =⇒ MA(a) ⊆ MA(b) csvA

=⇒ M(a) ⊆ M(b) =⇒ ∀i ∈ I : i |= a ⇒ i |= b

��� ~����
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=⇒ ∀i ∈ I : i 6|= a ∨ i 6|= ¬b
^`hPg�yvz?cin��Ea³km �zrhP�Nyvcinokmz

=⇒
cf�rh�aihPp?qrhEz?c

a,¬b, ∆ ` Γ
noa³«/yml©n�{Ë¯

µ³��h
>
¬Î°�¹bn©kNg%yvz|{

⊥
¬ °!¹bnokmg%y t hA«/yml©n�{�yma3yx��k t kmlol�y t _ � t hE~rl�ym�Eh

a
j`_

>A

 ¢k t
>
¬Î°�¹bn©kNgª

ymz�{
b
j`_

⊥A

 ¢k t
⊥
¬ °!¹bn©kNgTªryvlokmzr��¤!n§cf�

cp>A

yvz|{
cs⊥A

¯
�

w=h�c(q|a�a¦��k/¤&cf��y/c�cf�rh
u
¬ } qrlohº~ t hPaih t «mhOa±«Gyml©n�{bn©cd_m¯T°xafa¦q�g�hYcf��y/c

a uA b
n�a({bhE½�zrhO{

ymz�{�ci�rh�aihPp?qrhPzNc
a uA b, ∆ ` Γ

noa³«/yml©n�{Ëªbcf�rhEz ¢k t yml©l
i ∈ I

∗
hPn§cf�rh t

∃X ∈ Γ : i |= X =⇒
ci�rh�aihPp?qrhPzNc

a, b, ∆ ` Γ
noa³«/yvlon�{

∗
k t

∃L ∈ ∆ : i 6|= L =⇒
ci�rh�aihPp?qrhPzNc

a, b, ∆ ` Γ
noa³«/yml©n�{

∗
k t

i 6|= a uA b =⇒ i /∈ M(a uA b) =⇒ i /∈ MA(a uA b)
=⇒ i /∈ MA(a) ∩ MA(b)

¼
cpuA

¾
=⇒ i /∈ MA(a) =⇒ i /∈ M(a) =⇒ i 6|= a
=⇒

ci�rh�aihPp?qrhPzNc
a, b, ∆ ` Γ

noa³«/yml©n�{Ë¯
�

w=h�c�q�a�a¦�rk/¤�cf��y/c�ci��h
t
¬ } qrloh�~ t hOa¦h t «NhPaË«/yvlon�{bn§cd_N¯�°¡aiaiqrgYh�cf�rh³a¦hOpNq�hEz?c

¬(atAb), ∆ `
Γ
n�a³«/yvlono{3ªbci�rhPz ¢k t yvlol

i ∈ I

∗
hPn§cf�rh t

∃X ∈ Γ : i |= X =⇒
ci�rh�aihPp?qrhPzNc

¬a,¬b, ∆ ` Γ
noa³«/yml©n�{

∗
k t

∃L ∈ ∆ : i 6|= L =⇒
ci�rh�aihPp?qrhPzNc

¬a,¬b, ∆ ` Γ
noa³«/yml©n�{

∗
k t

∃c ∈ a tA b : i 6|= ¬c
=⇒ ∃c ∈ a tA b : i |= c
=⇒ ∃c ∈ a tA b : i ∈ M(c)
=⇒ ∃c ∈ a tA b : i ∈ MA(c)
=⇒ i ∈

⋃

c∈atAb MA(c)
=⇒ i ∈ MA(a) ∪ MA(b)

¼
cstA

¾
=⇒ i 6|= ¬a ∨ i 6|= ¬b
=⇒ ¬a,¬b, ∆ ` Γ

n�a³«/yvlono{Ë¯
�

t cTn�a�hOymai_ cik t hO��km�NzrnPOEhÁcf��y/cci�rh�nozb ¢h t hEz��Eh t qrlohPa
¬¬
¬ } q�l©hNª

β
¬ } qrlohmª

α
¬ } q�l©h�yvz�{

lon©cih t yvl©¬ } qrlohºyvl�a¦kÁ~ t hPaih t «mhY«/yvlon�{bn§cd_N¯Á°xa(y´��kmz|a¦hOpNq�hEz��Ehmª=hP«mh t _+~ t k/«/ymjrl©h�aihPp?qrhPzNc-noa
«/yml©n�{Ë¯
	xk/¤  ¢k t yvz`_

f, g ∈ AS
ªbn© 

f v g
ci�rhPz

` ¬f ∨ g
n�a�y�~ t k/«/yvjrloh²aihPp?qrhPz?c

=⇒
cf�rn�a�a¦hOp?qrhEz?c!noa�«Gyml©n�{

=⇒
⋂

δ∈∅ M(δ) ⊆
⋃

γ∈{¬f∨g} M(γ) =⇒ M(¬f ∨ g) = I

=⇒ (I \ M(f)) ∪ M(g) = I =⇒ M(f) ⊆ M(g)
¯

µ³��noa³~ t k/«mhOa
csv

¯

�

• cpv(f, g) ⇐ csuA
∧ cptA

∧

∀t ∈ Trees(` ¬f ∨ g) :
open(t) ⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)

� � Å3Å � �
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�N� 	 >G�9� ����� ��@S�����

�

6 h-½ t a¦c±~ t k/«Nh�ci�|y/c²ci�rh�j�ym� ¥ ¤³y t {`¬ ����yvnozrnozr��n©z?cfh t ~ t hEcfyvcinokmz�km Aci�rh�yvjCk/«mh(n©zb ¢h t hPz���h
ai_badcfhEg cfh t gYn©z�yvcihOax ¢k t yvlol t k`kvc�aihPp?qrhPzNcO¯-��k t ci��noa±~ t k`kv 6¤�h�zrhEhO{+y�cfkvcfymlAk t {bh t nozr�
km ³aihPp?qrhPz?cfaP¯ I «mh t _´ ¢k t g(qrl�yj|hPn©z��ÁhEn©ci�rh t yTl©n©cih t yml

L
ª�yT{bkmqrj�l©h�zrhP�Nyvcinokmz

¬¬X
ª�y

�Ekmz/udq�z���cfn©kNz
α
k t y�{bnoaWudqrz���cinokmz

β
ª?kmz�h�{bh�½�z�hPa�ymz�n©z?cfhE� t yvlbgYhOymaiq t h

m
 ¢k t hP«mh t _� ¢k t ¬

g-qrl�y�noz
ASprop(A)

yma= ¢kmlol©k/¤�a �
m(α) = 1 + m(α1) + m(α2)

ª
m(¬¬X) = 1 + m(X)

ª
m(β) = 1 + m(β1) + m(β2)

ª�yvz|{
m(L) = 1

¯
µ³��noa gYhPyNa¦q t h noa h�¹`cihPz�{bhP{ cik aihPp?qrhPz���hOa kv +~ t kN~|k?a¦n©cinokmz�a

Γ
ªÁcik aihPp?qrhPz���hOa km 

lon©cih t yvl�a
∆
ª�ymz�{ cik. ¢qrlol+aihPp?qrhPzNc�a

∆ ` Γ
yma  ¢kNl©lok/¤�a �

m(Γ) =
∑

X∈Γ m(X)
ª

m(∆) =
∑

L∈∆ m(L)
ª
m(∆ ` Γ) = (m(Γ), m(∆))

¯
��noz�yvlolo_mª±a¦hOpNq�hEz?cfaTy t h+cikvc�yvlol©_ k t {rh t hP{ yN�E��k t {rn©zr�·cik y l©hE¹`n���kN� t yv~r��no�Ák t {rh t n©zr�

<kNz
N2 ¯ 6 hxkmj�aih t «mh6ci�|y/cA ¢k t hE«mh t _-{bhP{bq|��cinokmz t qrloh Seq1

Seq2

ª
m(Seq1) < m(Seq2)

�rkNlo{�aE¯
^bk�ª3hP«mh t _Á~ t k`kv �c t hPhYnoa²½�z�n§cfhm¯ t z�kvci��h t ¤6k t {raEª\cf�rh�j�yN� ¥ ¤³y t {`¬ ����yvnozrnozr�º~ t kb��hO{bq t h
yml©¤³yG_ba�cih t gYn©z|y/cihOaE¯

�

	xk/¤�ª�kmz�h ~ t k/«NhPa·ci��yvc
u
¬ } q�l©h�~ t hPaih t «mhOa·z�kmzb¬Î«/yvlono{bn©cd_m¯ w3hEc q�a ymafaiqrgYh%cf��y/c

a uA b, ∆ ` Γ
noa�zrkvc!«/yvlono{3¯

µ³��hEz
∃i ∈ I : (i |= a uA b

ymz�{
∀L ∈ ∆ : i |= L

ymz�{
∀X ∈ Γ : i 6|= X)

=⇒ ∃i ∈ I : (i |= a
ymz�{

i |= b
yvz�{

∀L ∈ ∆ : i |= L
yvz�{

∀X ∈ Γ : i 6|= X csuA

=⇒
cf�rh�aihPp?qrhEz?c

a, b, ∆ ` Γ
noa!z�kvc!«/yvlono{Ë¯

�

	xk/¤�ª�kmz�h ~ t k/«NhPa·ci��yvc
t
¬ } q�l©h�~ t hPaih t «mhOa·z�kmzb¬Î«/yvlono{bn©cd_m¯ w3hEc q�a ymafaiqrgYh%cf��y/c

¬(a tA b), ∆ ` Γ
noa�zrkvc!«/yvlono{3¯

µ³��hEz
∃i ∈ I : (∀c ∈ a tA b : i |= ¬c, ∀L ∈ ∆ : i |= L, ∀X ∈ Γ : i 6|= X)

=⇒ ∃i ∈ I : ∀c ∈ a tA b : i 6|= c
=⇒ ∃i ∈ I :6 ∃c ∈ a tA b : i |= c
=⇒ ∃i ∈ I : i /∈

⋃

c∈atAb M(c)
=⇒ ∃i ∈ I : i /∈ M(a) ∪ M(b)

¼
cptA

¾
=⇒ ∃i ∈ I : i |= ¬a, i |= ¬b
=⇒ ¬a,¬b, ∆ ` Γ

n�a!zrkvc!«/yvlon�{Ë¯
�

t c�n�a�hOymai_Ácik����rhO� ¥ ci�|y/c
¬¬
¬ } qrlohmª

α
¬ } qrlohmª

β
¬ } qrl©h�yvz�{�lon§cfh t yvl©¬ } q�l©h�yvl�aik~ t hOa¦h t «Nh

z�kmzb¬Î«/yvlono{bn©cd_m¯
�

t  
f v g

ci��hEz
∃t ∈ Trees(` ¬f ∨ g) : ¬open(t)

ª�nU¯ hm¯
t
n�a�y�~ t k?km �km 

` ¬f ∨ g
=⇒ f t g


¡h�½|zrn§cfn©kNzTkv 
v

=⇒ M(f) ⊆ M(g) csv
=⇒ M(f) ⊆ M(g) ⇒ f v g =⇒ cpv(f, g)

¯
I loaih

f 6v g
ªb¤!�rn����Tn©gY~rlonohPa

∀t ∈ Trees(` ¬f ∨ g) : open(t)
=⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)

  t kmg �?_`~Ckvcf�rhPaihPa
=⇒ ∃A, B `∈ t :

⋂

a∈A MA(a) 6⊆
⋃

b∈B MA(b)

¡h�½|zrn§cfn©kNzTkv 

reduced

=⇒ ∃A, B `∈ t :
⋂

a∈A M(a) ∩
⋂

b∈B M(¬b) 6⊆
⋃

x∈∅ M(x)

=⇒
cf�rh t h�n�a!y-z�kmzb¬Î«/yvlono{a¦hOp?qrhEz?c

A, B `
noz

t

xhE½�zrn©cinokmz {

=⇒
cf�rh²aihPp?qrhPz?c

` ¬f ∨ g
n�a�zrkmzb¬Î«/yvlono{�j|hO�Eymq�a¦h²yvlol t qrlohPa�~ t hPaih t «mhOaAci��h¡zrkNzb¬Î«Gyml©n�{bn©cd_

¼Ia¦hPh�yvjCk/«mhO¾
=⇒ M(f) 6⊆ M(g)

¯

��� ~����
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�xhEz��Eh
cpv

¼¶ci��h�yvj�aihEz��Eh±kv �~ t k`km �hEz?c�yvnoloa6cf�rh�zrkmzr¬U«/yvlon�{bn§cd_r¾�¯
�

• cpv ⇐ csuA
∧ cptA

∧ reducedA
� � Å3Å � � µ�k�j|h�{rkmzrh�¼Wai�rkNqrlo{�jCh�hPymai_�  t kmg ~ t hP«?nokmq|a!yvz�{�zrh�¹`c�~ t k`kv Wa�¾�¯

• cp′
v ⇐ csuA

∧ cptA
∧ reduced ′

A
� � Å3Å � � w=h�c

f ∈ TELL, g ∈ ASK
ymz�{

t ∈ Trees(¬f ∨ g)
¯

� t kmg:cf�rhTn©zb ¢h t hPz���h t qrlohPaPªLn§cY ¢kNl©lok/¤�a�cf��y/cY ¢k t yml©l
A, B `∈ t

ª
A
�Ekmz?cfymn©z|a(kNzrl©_Ç~CkNain©cino«mh

y/cfkmg�a(km 
f
yvz�{Çz�hE�Nyvcino«mh�yvcikNgYa(kv 

g
¯ } hO��no~ t kb�Pyvlol©_Nª

B
��kmz?c�yvnoz�a�kNzrl©_�zrhP�Nyvcino«mh�yvcikmg�a

kv 
A
yvz�{ ~CkNain©cino«mh´yvcikmg�a�kv 

g
¯ ��hEz|��h

B
noa�noz���loq�{bhO{ n©z

ASKA

ª¡yvz�{
A
noa�noz���loq�{bhO{

n©z
TELLA ∪ ASKA

¯��Ák t hEk/«Nh t ª`  t kNg cf�rh({bhE½�zrn©cinokmz�axkv Lai_?z?c�y/¹ymz�{Tnozb ¢h t hEz��Eh t qrl©hOaEª|¤�h
yvl�a¦kY��yG«Nhxcf��y/c

A
yml©¤³yG_ba³��kmz?c�yvnoz�a³yvzTy/cikNg noz

TELLA

¯ t zÁaiqrgYgYy t _
∀A, B `∈ t : (∃a ∈ A : a = ⊥A ∨ a ∈ TELLA) ∧ (∀a ∈ A : a ∈
TELLA ∪ ASKA ∪ {⊥A}) ∧ (∀b ∈ B : b ∈ ASK A)
=⇒ ∀A, B `∈ t : reducedA(A, B)

¼
reduced ′

A

¾
=⇒ open(t) ⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)
=⇒ ∀t ∈ Trees(` ¬f ∨ g) : open(t) ⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)
=⇒ cp(f, g)

¯ ¼
csuA

ª
cptA

¾
�

• def u ∧ csu ∧ cpu

• def t ∧ cst ∧ cpt

• def > ∧ cp>

• def ⊥ ∧ cs⊥

• reduced(F, G) ⇐ ∀f ∈ F, g ∈ G : cpv(f, g)
reduced ⇐ cpv

reduced ′ ⇐ cp′
v

� � Å3Å � �
°xafa¦q�g�h�¤6h±��yG«mh

F 6v∗ G
ª
closedu(F )

ª
closedt(G)

¯
µ³�rhEz�z�hEn©ci�rh t ��kNz/udqrz���cinokmz�kmz

F
ª�zrk t {bn�a¢udq�z���cfn©kNz�kmz

G
�Pyvz�jCh·yv~r~�l©nohP{Ë¯	°xa�ci�rhOa¦h

km~Ch t y/cfn©kNz�a!y t hxcfkvc�yvlol©_�{rh�½�zrhO{n©z
Prop

ªr¤6h±��yG«mh
F = {f}

ª`ymz�{
G = {g}

¯
µ³�rhEzT¤6h�yvl�a¦kY��yG«Nh

f 6v g

xhE½�zrn©cinokmzÁkm 

v∗

=⇒ M(f) 6⊆ M(g)
n§ 

cpv(f, g)
=⇒

⋂

f∈F M(f) 6⊆
⋃

g∈G M(g)
¯

�

~�~��q���9�����



�N� 	 >G�9� ����� ��@S�����

� ��� ��������� �

� , � � '*+ ) �

µ³��h¡°!{rym~bcik t a��rhElo~ºcfk(g�y ¥ h¡y(l©kN�mn��xafy/cin�a¦ ¢_YaikmgYh¡~ t kN~|h t cfn©hOaE¯�µ³�rhP_Yy t h¡q�aiq�yvlol©_Ynoz�aih t cihP{ºloyvcihElo_
noz ci�rhT~ t kb��hOaiaYkm ²{bhOa¦no�mzrnozr�Çy�l©kN�mn��vª6y/ ¶cih t ci�rh�ai_`z?cfy/¹ yvz�{ a¦hPg�yvz?cin��Ea�a¦c t q���cfq t hPa���yG«mhTjChEhPz
a¦cfymjrnol©nPOEhO{Ë¯x^`k�ª|ci��hE_Á{bkºzrkmc¡q�aiq�yml©lo_���|yvzr�Nh�yºlokvc�cf�rh-ai_`zNc�y/¹Ëª�j�qbc²g�yG_����yvzr�Nh�ci��h-aihEg�yvz?cin��Ea
nozÁyYa¦no�mzrn©½|�Pyvz?c6¤³yG_´¼W¤!�rn©loh�~ t hPaih t «`n©zr�-ci��h�h�¹bnoa¦cinozr��a¦c t q���cfq t hG¾�¯

��� ~����
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9 nGm � ,6� � m
µ³��noa6 ¢qrz|��cik t h�¹`cihPz�{ra6ci��h²noz?cih t ~ t h�c�y/cfn©kNz�{bkNgYymn©z�kv �y-lokm�Nno�xcik�n©cfa³~Ck/¤�h t aih�cO¯�µ³��noa³��yNa�ci�rh�aino{bh
hE¸ChO��c²kv  t hE~rl�ym�En©zr�Ycf�rh(z�hEhP{Á ¢k t cf�rh�~ t kN~|h t cd_

reduced
j?_�ci��h(¤6hPy ¥ h t ~ t kN~|h t cd_

reduced .right
¯

° �EkmgYgYkmz�q�aih�h�¹ryvgY~rloh�n�a�j|hEcd¤�hPhEz�cf�rhY ¢qrz���cik t
Prop

yvz�{�yÁ��kNz�� t h�cfh�{bkmg�yvnoz�k t yTlokm�Nno��km 
«/yml©qrhOaE¯

� �	���	� � � 	 ��� ��� ��	 �

E ∈ L
� y�lokm�Nno�²kv �hElohEgYhEz?c�aE¯

� �	����� � � ����� 	

AS = ASE

TELL =def TELLE

ASK =def ASKE

� �	����� � � �� ����
 � �
Æ Å �»� �(� �

I = 2IE \ {∅}
¯

�O�b� � � � ���v� �IÅ � �
i |= f =def ∃iE ∈ i : i |=E f

¯

� �	����� �  ��	 � ��
	����
� ����� � � � � �WÅ�� �

f v g =def f vE g
ª

�O����� Å ' Å ��Â �
> =def >E

ª
� Å � �P�/�rÆ � �v� �WÅ�� �

⊥ =def ⊥E

ª
Æ � � � � � �v� �WÅ�� �

f t g =def f tE g
¯

� �	����� � 	 �� ��	 ��
 � �
• df ⇐ df E

• st(f) ⇐ stE(f)
st ⇐ stE

st ′ ⇐ st ′E
� � Å3Å � �

stE(f) =⇒ ME(f) 6= ∅
=⇒ ∃iE ∈ IE : iE |=E f
=⇒ ∃i = {iE} ∈ I : i |= f
=⇒ M(f) 6= ∅ =⇒ st(f)

¯
�

~�~��q���9�����
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• csv ⇐ csvE� � Å3Å � �
f v g =⇒ f vE g

=⇒ ME(f) ⊆ ME(g)
¼
csvE

¾
=⇒ ∀iE : iE |=E f ⇒ iE |=E g
=⇒ ∀i ∈ I : (∃iE ∈ i : iE |=E f) ⇒ (∃iE ∈ i : iE |=E g)
=⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ M(f) ⊆ M(g)

¯
�

• cpv ⇐ cpvE� � Å3Å � �
M(f) ⊆ M(g) =⇒ ∀i ∈ I : i |= f ⇒ i |= g

=⇒ ∀i ∈ I : (∃iE ∈ i : iE |=E f) ⇒ (∃iE ∈ I : iE |=E g)
=⇒ ∀{iE} ∈ I : iE |=E f ⇒ iE |=E g
=⇒ ME(f) ⊆ ME(g) =⇒ f vE g

¼
cpvE

¾
=⇒ f v g

¯
�

• cp> ⇐ cp>E� � Å3Å � �
ME(>E) = IE

¼
cp>E

¾
=⇒ ∀iE ∈ IE : iE |=E >E

=⇒ ∀i ∈ I : ∃iE ∈ i : iE |=E >E

=⇒ ∀i ∈ I : i |= >E

=⇒ M(>) = M(>E) = I
¯

�

• cs⊥ ⇐ cs⊥E� � Å3Å � �
ME(⊥E) = ∅

¼
cp⊥E

¾
=⇒ ∀iE ∈ IE : iE 6|=E ⊥E

=⇒ ∀i ∈ I : ∀iE ∈ i : iE 6|=E ⊥E

=⇒ ∀i ∈ I : i 6|= >E

=⇒ M(⊥) = M(⊥E) = ∅
¯

�

• csu

• cpu

• cst ⇐ cstE� � Å3Å � � w=h�c
f, g ∈ AS

=⇒ f, g ∈ ASE

=⇒
⋃

h∈ftEg ME(h) ⊆ ME(f) ∪ ME(g)
¼
cstE

¾
=⇒ ∀iE ∈ IE : (∃h ∈ f tE g : iE |=E h) ⇒ iE |=E f ∨ iE |=E g
=⇒ ∀i ∈ I : (∃iE ∈ i, h ∈ f tE g : iE |=E h) ⇒ (∃iE ∈ i : iE |=E f ∨ iE |=E g)
=⇒ ∀i ∈ I : (∃h ∈ f tE g, iE ∈ i : iE |=E h) ⇒ (∃iE ∈ i : iE |=E f) ∨ (∃ie ∈ i : iE |=E

g)

��� ~����
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=⇒ ∀i ∈ I : (∃h ∈ f t g : i |= h) ⇒ i |= f ∨ i |= g
=⇒

⋃

h∈ftg M(h) ⊆ M(f) ∪ M(g)
¯

�

• cpt ⇐ cptE� � Å3Å � � µ³�rh�~ t k?km ��PyvzTjCh�{bh t n©«NhP{�  t kNg cf�rh�~ t hE«`nokmq�a³~ t k`kv � ¢k t
cst

j`_ t hP~rloyN��nozr�
⊆
j`_

⊇
ª�yvz|{

⇒
j`_

⇐
¯

�

• reduced(F, G) ⇐ ∀f ∈ F : reducedE({f}, G)
reduced ⇐ reduced .right
reduced ′ ⇐ reduced .right

� � Å3Å � � ⋂

f∈F M(f) ⊆
⋃

g∈G M(g) ∧ closedt(G)
=⇒ closedtE

(G)yvz�{
∀i ∈ I : (∀f ∈ F : i |= f) ⇒ (∃g ∈ G : i |= g)

=⇒ ∀i ∈ I : (∀f ∈ F : ∃iE ∈ i : iE |=E f) ⇒ (∃g ∈ G : ∃iE ∈ i : iE |=E g)
=⇒ ∀i ∈ I : (∀f ∈ F : ∃iE ∈ i : iE ∈ ME(f)) ⇒ (∃iE ∈ i : iE ∈

⋃

g∈G ME(g))
¯

	�k/¤ a¦qr~�~|k?a¦h±cf��y/c
∀f ∈ F : ME(f) 6⊆

⋃

g∈G ME(g)
=⇒ ∀f ∈ F : ∃iE : iE |=E f ∧ iE /∈

⋃

g∈G ME(g)µ³�rn�a�yvlol©k/¤�a6cfk�jrqrnolo{Tymz
i ∈ I

aE¯ cP¯
∀f ∈ F : ∃iE ∈ i : iE |=E f ∧ iE /∈

⋃

g∈G ME(g)
ª�nU¯ hm¯

i
�Ekmz?cfymn©z�a³ymz

iE
 ¢k t hOym���

f ∈ F
ªryvz�{kmz�l©_�cf��y/cO¯

=⇒ (∀f ∈ F : ∃iE ∈ i : iE ∈ ME(f)) ∧ ¬(∃iE ∈ i : iE ∈
⋃

g∈G ME(g)
ª!¤!�rno���

��kNzNc t yN{bn���cfa6cf�rh�yvjCk/«mh²nog�~�l©n��Eyvcinokmz� ¢k t yvlol
i ∈ I

¯
��hPz���h

∃f ∈ F : ME(f) ⊆
⋃

g∈G ME(g)
=⇒ ∃f ∈ F : {f} v∗

E G)
¼
reducedE({f}, G)

¾
^`k�¤6h²�|yG«mh²kmzrh±kv �ci��h± ¢kmlol©k/¤!nozr� �

� def (⊥E) ∧ f vE ⊥E =⇒ def (⊥) ∧ f v ⊥ =⇒ F v∗ G)

� ∃g ∈ G : def (>E) ∧ >E vE g =⇒ ∃g ∈ G : def (>) ∧ > v g =⇒ F v∗ G

� ∃g ∈ G : f vE g =⇒ ∃g ∈ G : f v g =⇒ F v∗ G

t zÁ��kmz|��loq�a¦nokmz¤6h²�|yG«mh
F v∗ G

nozTyml©l3�PymaihPaPªb¤!�rn�����cfh t g�noz�yvcihPa6cf�rn�a!~ t k?km d¯
�

~�~��q���9�����
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9 n�� 0¨�±�3���(' � m
µ³��noa² ¢qrz|��cik t ym{r{ra�y�jCkvc¦cfkmg£cik�ci�rh�l�yvzr�Nq�yv�NhmªËyvz|{´g�y ¥ h-n©c±ci�rh t hPaiqrl©c±km �cf�rh���kmzvudqrz���cfn©kNz+km 
y ��� ��� ¬U ¢k t g(qrl�yTyvz�{�yzrkmzr¬Îaiqrj�aiqrgYn©z�� � ���x¬U ¢k t g(qrl�yr¯�µ³�rnoa� ¢qrz���cfk t n�a±q�aih� ¢qrlLcikÁhEz|a¦q t h�ci�rh
~ t kN~|h t cd_

reduced ′ ªr�Nn©«NhEz�ci�rh±~ t km~Ch t cinohPa sg ′ ª�yvz|{ cp′
v

¯

� �����	� � � 	 ��� ��� ��	 �

X ∈ L
� y�lokm�mn��vªb¤!��kNaih ��� ��� ¬U ¢k t g(qrl�yma6��yG«Nh�y�ainozr�mloh±g�kb{bhPlI¯

� ������� � � ����� 	

AS =def ASX ] {0}.
TELL =def TELLX .
ASK =def ASKX .

� ������� � � �� ����
 � �
Æ Å �»� �(� �

I =def IX

¯
�O�b� � � � ���v� �IÅ � �

i |= f =def i |=X f
ª` ¢k t yvlol

f ∈ ASX

¯

� ������� �  ��	 � ��
	����
� ����� � � � � �WÅ�� �

f v g =def







true
n§ 

f = 0
f vX g

n§ 
f, g ∈ ASX

false
kmci�rh t ¤!n�aih

�O����� Å ' Å ��Â �
> =def >X

¯
� Å � �P�/�rÆ � �v� �WÅ�� �

⊥ =def 0
¯

� Å ��� � � �v� �WÅ�� �

f u g =def























0
n§ 

f = 0
0

n§ 
g = 0

0
n§ 

f ∈ TELL ∧ g ∈ ASK ∧ f 6v g
0

n§ 
g ∈ TELL ∧ f ∈ ASK ∧ g 6v f

f uX g
n§ 

f, g ∈ ASX

��� ~����
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� ������� � 	 �� ��	 ��
 � �
• df ⇐ df X

• st ′ ⇐ st ′X
� � Å3Å � �

d ∈ TELL =⇒ d ∈ TELLX =⇒ MX(d) 6= ∅
¼
st ′X

¾
=⇒ M(d) 6= ∅

¯
�

• sg ′ ⇐ sg ′
X

� � Å3Å � �
d ∈ TELL =⇒ d ∈ TELLX =⇒ Card (MX(d))

¼
sg ′

X

¾
=⇒ Card (M(d)) = 1

¯
�

• csv ⇐ csvX

� � Å3Å � � w=h�c
f, g ∈ TELL

ª�aiq�����cf��y/c
f v g

¯Aµ³�rhEz

�

hPn§cf�rh t
f = 0

�
M(f) = ∅ =⇒ M(f) ⊆ M(g)

ª
�

k t
f, g ∈ ASX

ª�ymz�{
f vX g

�
MX(f) ⊆ MX(g)

¼
csvX

¾
=⇒ M(f) ⊆ M(g)

¯
�

• cp′
v ⇐ cp′

vX

� � Å3Å � � w=h�c
d ∈ TELL, x ∈ ASK

ªraiq����ci�|y/c
M(d) ⊇ M(x)

¯
µ³�rhEz

d ∈ TELLX , x ∈ ASKX

ª
MX(d) ⊆ MX(x)

=⇒ d vX x
¼
cp′

vX

¾
=⇒ d v x

¯
�

• cp> ⇐ cp>X

� � Å3Å � �
M(>) = M(>X) = MX(>X) = IX

¼
cp>X

¾
= I

¯
�

• cs⊥
� � Å3Å � �

M(⊥) = M(0) = ∅
¯

�

• defstu ⇐ defstuX

� � Å3Å � � w3hEc
f, g ∈ AS

ªLaP¯ cO¯
M(f) ∩ M(g) 6= ∅

¯+µ³�rhEz
f 6= 0

ªAymz�{
g 6= 0

ª�jChP�Pyvq�aih
M(0) = ∅

¯L^`k|ª
f, g ∈ ASX

ª�yvz�{
MX(f) ∩ MX(g) 6= ∅

=⇒ def (f uX g)
¼
defstuX

¾
=⇒ def (f u g)

¯
�

~�~��q���9�����
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• csu ⇐ csuX

� � Å3Å � � w=h�c
f, g ∈ AS

aP¯ cO¯
f u g

noax{bh�½�z�hP{ �

� f = 0
�
M(0) = ∅

ª
� g = 0

�An�{bhEgTª
� f ∈ TELL, g ∈ ASK , f 6v g

�Ano{rhEgTª
� f ∈ ASK , g ∈ TELL, g 6v f

�Ano{rhEgTª
� f, g ∈ ASX

�
MX(f uX g) ⊆ MX(f) ∩ MX(g)

¼
csuX

¾
=⇒ M(f uX g) ⊆ M(f) ∩ M(g)

¯
�

• cpu ⇐ cpuX
∧ sg ′

X ∧ cp′
vX

� � Å3Å � � w=h�c
f, g ∈ AS

aP¯ cO¯
f u g

noax{bh�½�z�hP{ �

� f = 0
�
M(f) = M(0) = ∅ =⇒ M(f) ∩ M(g) = ∅

ª
� g = 0

�An�{bhEgTª
� f ∈ TELL, g ∈ ASK , f 6v g

�
f ∈ TELLX , g ∈ ASKX , f 6vX g

=⇒ MX(f) 6⊆ MX(g)
¼
cp′

vX

¾
=⇒ MX(f) ∩ MX(g) = ∅

¼
sg ′

X

¾
=⇒ M(f) ∩ M(g) = ∅

ª
� f ∈ ASK , g ∈ TELL, g 6v f

�Ano{rhEgTª
� f, g ∈ ASX

�
MX(f uX g) ⊇ MX(f) ∩ MX(g)

¼
cpuX

¾
=⇒ M(f uX g) ⊇ M(f) ∩ M(g)

¯
�

• reduced ′ ⇐ df X ∧ sg ′
X ∧ csvX

∧ cp′
vX

� � Å3Å � � w=h�c
F, G ⊆ AS

ª=aP¯ cO¯ ⋂

f∈F M(f) ⊆
⋃

g∈G M(g)
ª
F ⊆ TELL ∪ ASK ∪ {⊥}

ª
F ∩ (TELL ∪ {⊥}) 6= ∅

ª
closedu(F )

ªCyvz�{
G ⊆ ASK

¯

�

hPn§cf�rh t
⊥ = 0 ∈ F

�
∃f ∈ F : f v ⊥

¼¢jChP�Pyvq�aih
0 v 0

¾
=⇒ F v∗ G

ª
�

k t
F ⊆ TELL ∪ ASK = TELLX ∪ ASKX = ASKX

ª
∃d ∈ F : d ∈ TELL

� ¼
df X

¾
=⇒ ∀f ∈ F : d vX f ∨ d 6vX f
=⇒ ∀f ∈ F : d v f ∨ (d ∈ TELLX ∧ f ∈ ASKX ∧ d 6vX f)
=⇒ ∀f ∈ F : d v f ∨ def (d u f)
=⇒ ∀f ∈ F : d v f

¼
closedu(F )

¾
=⇒ ∀f ∈ F : M(d) ⊆ M(f)

¼
csvX

¾
=⇒

⋂

f∈F M(f) = M(d) = MX(d) = {id}
¯ ¼

sg ′
X

¾
	xk/¤�ª ⋂

f∈F M(f) ⊆
⋃

g∈G M(g)
=⇒ id ∈

⋃

g∈G M(g)

��� ~����
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=⇒ ∃g ∈ G : g ∈ ASK X , id ∈ MX(g)
=⇒ ∃d ∈ F, g ∈ G : d ∈ TELLX , g ∈ ASK X , MX(d) ⊆ MX(g)
=⇒ ∃d ∈ F, g ∈ G : d vX g

¼
cp′

vX

¾
=⇒ ∃d ∈ F, g ∈ G : d v g
=⇒ F v∗ G. �

~�~��q���9�����
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9 n�� � �������,� m
µ³��noax ¢qrz���cik t hEz|a¦q t hPaxci�|y/cxcf�rh�~ t kN~|h t cd_

sg ′ noa±afy/cin�a¦½�hP{Ë¯²µ³�rh�~ t kN~|h t cd_ df
n�a t hPp?qrn t hO{Ákmz�ci�rh

y t �NqrgYhEz?c�lokm�Nno��n©z�k t {bh t cfk²afy/cfnoa¦ ¢_±ci�rh6~�y t cfnoyml`�EkmgY~rloh�cfhEzrhOaia
cp′

v

¯�µ³��noa� ¢qrz|��cik t noa�j�yNa¦hO{�kmz(ci�rh
hP~rn�adcfhEgYno���El©k?a¦q t h;u ��h t �m�`xÎªb¤!�rn����Tnoa³n©cfaihEl© �{rh t n©«NhP{�  t kNg ci�rh�lokm�Nno�

AIK
¼ � AJA � � �� � u w=hE« { �?x¢¾�¯

� �����	� � � 	 ��� ��� ��	 �

X ∈ L
� y�lokm�mn��v¯

� ������� � � ����� 	

AS → ASX | [ASX ]
TELL → [TELLX ]
ASK → ASKX | [TELLX ]
µ³�rhTafpNq|y t hºj t ym� ¥ hEcfa-{bhEzrkmcih�ci�rhgYkb{ryvl³km~Ch t y/cfk t

O
ci��yvc�n�aYa¦~ChP�En§½C��cik�° t�� ¯Aµ³�rh�q�aiq�yvl

gYkb{rymlËkm~Ch t y/cik t
K
nogY~rlono�En§cfl©_yv~r~rlonohPa³nozkmci�rh t �EyNa¦hOaE¯

� ������� � � �� ����
 � �
Æ Å �»� �(� �

I =def 2IX
¯

�O�b� � � � ���v� �IÅ � �

i |= f =def i ⊆ MX(f), M(f) =def 2MX(f)

i |= [f ] =def i = MX(f), M([f ]) =def {MX(f)}

� ������� �  ��	 � ��
	����
� ����� � � � � �WÅ�� �

v g [g]
f f vX g

 Wyvl�aih
[f ] f vX g f ≡X g

�O����� Å ' Å ��Â �
> =def >X

¯

� ������� � 	 �� ��	 ��
 � �
• df

• st ′

� � Å3Å � � µ t no«`noyml\  t kNg ci��h�{bh�½�z�n§cfn©kNzkm �aihEg�ymzNcfno�PaE¯
�

��� ~����
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• sg ′

� � Å3Å � � µ t no«`noyml\  t kNg ci��h�{bh�½�z�n§cfn©kNzkm �aihEg�ymzNcfno�PaE¯
�

• csv ⇐ csvX

� � Å3Å � � w=h�c
f, g ∈ AS

ª|aE¯ cP¯
f v g

¯Lµ³�rhEz

�

hPn§cf�rh t
f, g ∈ ASX

�
f vX g

=⇒ MX(f) ⊆ MX(g)
¼
csvX

¾
=⇒ 2MX(f) ⊆ 2MX(g) =⇒ M(f) ⊆ M(g)

ª
�

k t
f = [f ′] ∈ [ASX ], g ∈ ASX

�
f ′ vX g

=⇒ MX(f ′) ⊆ MX(g)
¼
csvX

¾
=⇒ {MX(f ′)} ⊆ 2MX(g) =⇒ M(f) ⊆ M(g)

ª
�

k t
f = [f ′], g = [g′] ∈ [ASX ]

�
f ′ ≡X g′ =⇒ f ′ vX g′ ∧ g′ v f ′

=⇒ MX(f ′) ⊆ M(g′) ∧ MX(g′) ⊆ M(f ′)
¼
csvX

¾
=⇒ MX(f ′) = MX(g′) =⇒ M(f) = M(g)

¯
�

• cp′
v ⇐ df X ∧ cp′

vX

� � Å3Å � � w3h�c
d = [d′] ∈ TELL, d′ ∈ TELLX , x ∈ ASK

ªCaP¯ cP¯
M(d) ⊆ M(f)

¯xµ³��h t h(y t h
���EymaihPa �

�

hPn§cf�rh t
x ∈ ASKX

�
{MX(d′)} ⊆ 2MX(x)

=⇒ MX(d′) ⊆ MX(x) =⇒ d′ vX x
¼
cp′

vX

¾
=⇒ d v x

ª
�

k t
x = [x′] ∈ [TELLX ], x′ ∈ TELLX

�
{MX(d′)} ⊆ {MX(x′)}

=⇒ MX(d′) ⊆ MX(x′) ∧ MX(x′) ⊆ MX(d′)
=⇒ d′ vX x′ ∧ x′ vX d′

¼
df X , cp′

vX

¾
=⇒ d′ ≡X x′ =⇒ d v x

¯
�

• cp> ⇐ cp>X

� � Å3Å � �
M(>) = M(>X) = 2MX (>X) = 2IX

¼
cp>X

¾
= I

¯
�

~�~��q���9�����
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9 n�� �\2 � m
µ³��noa� ¢q�z���cfk t hPz�a¦q t hOa�ci��yvcAci�rhx~ t kN~|h t cd_

df
n�a�afy/cfnoa¦½�hP{3¯�µ³�rn�aAn�aL{bkNzrh!j`_�yN{r{bnozr��yvzYno{rhEz?cin©½�h t n©z

{rhPaf� t n©~bcfk t aEªNyvz�{�noz�nozNcfh t ~ t h�cfyvcinokmz�aP¯�°xaLhP«mh t _-no{bhPz?cin©½�h t gYym~�aAcfk(kNzrl©_�kmz�h ��� � � ¬Îaiqrjb¬U ¢k t g(qrl�yrª
n©c�j|hO��kmgYhOa=~CkNafa¦nojrlohAcik²��yG«Nh�yx�EkmgY~rloh�cih�hEz?cfymn©logYhEz?c�jCh�cd¤6hEhPz ��� � � ¬I ¢k t g-qrl�ymaPªvyvz�{�aik!cfk¡noz���loq�{bh
cf�rhEg n©zcf�rh�a¦hEc!kv  � ���x¬U ¢k t g(qrl�ymaP¯

� ��� �	� � � 	 ��� ��� ��	 �

X ∈ L
� y�lokm�mn��v¯

� ��� ��� � � ����� 	

AS =def ASX ∪ (N × ASX)
TELL =def N × TELLX

ASK =def ASKX ∪ (N × TELLX)

t zÁym{�{bn§cfn©kNz�cfkYci�rhOa¦h�{bhE½�zrn©cinokmz�aPªr¤6h�adc�y/cih±cf�rh± ¢kmlolok/¤!n©zr��noz?«/y t n�yvz?c �
∀(n, f), (m, g) ∈ AS : n = m ⇒ f = g.

� ��� ��� � � �� ����
 � �
Æ Å �»� �(� �

I =def N × IX

¯
�O�b� � � � ���v� �IÅ � �

(m, i) |= f =def i |=X f , M(f) =def N × MX(f)
(m, i) |= (n, f) =def m = n ∧ i |=X f, M((n, f)) =def {n} × MX(f)

� ��� ��� �  ��	 � ��
	����
� ����� � � � � �WÅ�� �

v g (m, g)
f f vX g

 Wymloaih
(n, f) f vX g n = m

�O����� Å ' Å ��Â �
> =def >X

¯
� Å � �P�/�rÆ � �v� �WÅ�� �

⊥ =def ⊥X

¯

��� ~����
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� ��� ��� � 	 �� ��	 ��
 � �
• df

• st ⇐ stX

• st ′ ⇐ st ′X

• sg ′ ⇐ sg ′
X

� � Å3Å � � w=h�c
(n, f) ∈ TELL

¯
M((n, d)) = {n} × MX(d)
=⇒ Card (M((n, d)) = Card (MX(d)) = 1

¯!¼
d ∈ TELLX , sg ′

X

¾
�

• csv ⇐ csvX

� � Å3Å � � w=h�c
f, g ∈ AS

ª|aE¯ cP¯
f v g

¯Lµ³�rhEz

�

hPn§cf�rh t
f, g ∈ ASX

�
f vX g

=⇒ MX(f) ⊆ MX(g)
¼
csvX

¾
=⇒ N × MX(f) ⊆ N × MX(g) =⇒ M(f) ⊆ M(g)

ª
�

k t
f = (n, f ′) ∈ N × ASX , g ∈ ASX

�
f ′ vX g

=⇒ MX(f ′) ⊆ MX(g)
¼
csvX

¾
=⇒ {n} × MX(f ′) ⊆ N × MX(g) =⇒ M(f) ⊆ M(g)

ª
�

k t
f = (n, f ′), g = (m, g′) ∈ N × ASX

�
n = m =⇒ f ′ = g′

¼¢noz?«/y t n�yvz?c�¾
=⇒ MX(f ′) = MX(g′) =⇒ {n} × MX(f ′) = {m} × MX(g′)

¼
n = m

¾
=⇒ M(f) = M(g)

¯
�

• cp′
v ⇐ cp′

vX

� � Å3Å � � w=h�c
d = (n, d′) ∈ TELL, d′ ∈ TELLX , x ∈ ASK

ª3aP¯ cP¯
M(d) ⊆ M(x)

¯-µ³�rh t h
y t h��-�PymaihPa �

�

hPn§cf�rh t
x ∈ ASKX

�
{n} × MX(d′) ⊆ N × MX(x)

=⇒ MX(d′) ⊆ MX(x) =⇒ d′ vX x
¼
cp′

vX

¾
=⇒ d v x

ª
�

k t
x = (m, x′) ∈ N × TELLX , x′ ∈ TELLX

�
{n} × MX(d′) ⊆ {m} × MX(x′)

=⇒ n = m ∧ MX(d′) ⊆ MX(x′)
=⇒ d v x

¯
�

• cp> ⇐ cp>X

� � Å3Å � �
M(>) = M(>X) = N × MX(>X) = N × IX

¼
cp>X

¾
= I

¯
�

~�~��q���9�����
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• cs⊥ ⇐ cs⊥X

� � Å3Å � �
M(⊥) = M(⊥X) = N × MX(⊥X) = N × ∅

¼
cs⊥X

¾
= ∅

¯
�

��� ~����
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9 n�� �1� � � m �
λX.Prop(Bottom(Single(X)))

µ³��noa¡��kmg-jrnoz�y/cfk t n�a¡�EkmgYgYkmzrlo_Tyv~r~rlonohP{Tnoz�l©kN�mn��Eyml3n©zr ¢k t gYyvcinokmz�ai_badcfhEg�a�kNzTci�rh-l©kN�mn���kv AkmjrudhP��c
{rhPaf� t n©~bcfn©kNz�a³yvz�{� ¢hPyvciq t hPaP¯Aµ³�rn�a³~ t kb{bq|��hPa³y- ¢qrlol=p?qrh t _`n©z��-l�yvzr�Nq�yv�Nhx¤!n©ci�TjCk?kNl©hOyvz��kmz�zrhP��cino«mhPa
g�yvcf���rnozr��aih�c(kN~|h t yvcinokmz�a�kNz»a¦hEcfa(kv �yvz�ai¤6h t aEª�nI¯ hm¯oªApNq�h t n©hOa�y t h�n©z?cfh t ~ t hEcihO{+q�z�{bh t ci�rh ��l©k?a¦hO{6 k t l�{�°¡aiaiqrgY~bcinokmz=¯

~�~��q���9�����
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� + %(' ��%(' �

� �&� �P� Å Æ ���v� �WÅ�� �
�N¯©� w=km�Nno��¬Uj�yNa¦hO{ºnozb ¢k t g�y/cfn©kNz�~ t kb��hOaiain©z���ai_badcfhEg�a ¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �
�N¯ � µ³��h�ym��cfk t a6kv =cf�rh�{bhP«mhElokm~�g�hPz?c³km �ymz�nozb ¢k t g�y/cfn©kNz�~ t kb��hOaiainozr��ai_badcfhEg ¯±¯�¯�¯²¯�¯ �
�N¯ � z²hPzrh t n���n©cd_�yvz�{noz�a¦cfyvz?cfnoyvcinokmz ¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �
�N¯ w ��q|adcfkmgYn=OPhP{lokm�mn��Ea6¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �
�N¯ � ^bqrgYgYy t _8¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �

� ��Å ��� �N��� � Æ ��Å ��� � ��� � �v� Å �/� �

�r¯©� ^b_?z?c�y/¹�ymz�{Á^`hEg�yvz?cfno�Pa ¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯:�O�
�r¯ � T¡~Ch t y/cfn©kNz�a³yvz�{ sLt km~Ch t cinohPa�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯:�N�
�r¯ � w=km�Nno�Pa6ymz�{Tw3kN�mn��¡��qrz���cfk t a�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯:�O�
�r¯ w µ�_`~|h�����hP� ¥ n©z�� ¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯:�O�

� � � � ' À � À�� �O�b� �IÅ � �r� & � ��� � �m� Å �/� � �
��¯©� µ�_`~|hOa!yvz�{Á^`no�mz|y/ciq t hOa ¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �m�
��¯ � ��kNgY~|k?a¦n©cinokmzkv Aw3kN�mn��¡��qrz���cfk t a*¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ ��w
��¯ � °xqbcikNg�y/cin���µ�_?~Ch ���rhP� ¥ nozr�Ykv  
6qrn©l©c�w3kN�mn��Ea.¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�
��¯ w s�t yN��cin��Eyml3°xai~|hO��c�a!kv �w3km�Nno�±��qrz���cfk t ax¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �?�

��� �3��� � ' À � � �w|¯©� °�w=km�Nno�¡ ¢k t w=km�Nno�Pyvl t zb ¢k t g�y/cfn©kNz^`_ba¦cihEg�a¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �m�w|¯ � µ³��h } hP�Ekmz�a¦c t q���cfn©kNz�km �°¡w���¬Îl©n ¥ h 
¡hPaf� t n©~bcfn©kNzw=km�Nno�PaT¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�

� � Å�� �(' ��� �IÅ � � �
�r¯©� } hEl�y/cihO{¤�k ti¥ ¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�
�r¯ � ��q t ci�rh t}6 k ti¥ ¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�

��� Å`Ä � Å � À �rÆ � � ��À�� Æ � � À � � �
°(¯©� 	¡yvgYhG®vy t n§cd_ u

=
®
⊇
�Ekmg-jrn©z|y/cik t x3¯�¯±¯�¯±¯�¯±¯�¯�¯±¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯ wN�

��� ~����
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	������������� �P�N�

� �&��� � � �b� Å �/� � �

²¯o� �xzrn©c�®/���

{unit}
¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯±¯�¯±¯�¯�¯±¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯ wN�


²¯Ú� °6cfkmg�®/� ¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ w?�

²¯ � t z?c�®/��¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �m�

²¯ w �6y t {C®/��¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�

²¯Ú�*^`c t n©zr�b®/�&¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ ��w

� � Å�� �P�E� ���v� Å �/� � �
�¡¯o�:^bqrg�®v�%¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �?�
�¡¯Ú� s�t kb{|®m�Y¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �?�
�¡¯ � ��qrl§cfnoaih�c�®`��¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ � {
�¡¯ w s ymn t ®`���

λX.Prod (X, X)
¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯±¯�¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯£�`�

�¡¯Ú� °6cic t «/yvl¢®`���
λVal .Prod(Atom,Val)

¯±¯�¯±¯�¯�¯±¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯£�`�
�¡¯ �5T¡~rcinokmzC®b���

λX.Sum(Unit , X)
¯±¯�¯±¯�¯±¯�¯�¯±¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯£�`�

�¡¯ � � hO��cfk t ®`���
µV.λX.Option(Prod (X, V ))

¯�¯�¯±¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯±¯�¯±¯�¯�¯±¯�¯ �b�
�¡¯ � w=noa¦c�®b���

µL.λX.Top(Option(Prod(X, L)))
¯�¯±¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯£�`�

�¡¯ { µ t hEhG®m���
µT.λF.λX.Top(Prod (X, F (T )))

¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯£�b�
�¡¯o�P� 	¡y t _bµ t hEh/®`���

λX.Tree(List , X)
¯�¯±¯�¯²¯�¯�¯±¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯£�`�

�¡¯o�m� 
6noz�y t _bµ t hEh/®`���
λX.Tree(λT.Option(Pair (T )), X)

¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯£�`�

� �����P�E�/�r�m� Å �G� � �

-¯©� µ�km~\®`�:¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯£�v�

-¯ � t z?cfh t «Gyml¶®b�.¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯£�N�

-¯ � 
6kNqrz�{ra�®`�

⊇ λX.Sum(X,Sum({−∞}, {+∞}))
¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�


-¯ w s�t kN~C®`��¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ �N�

� �YÆ�� � � Å �/� � �I ¯o�*^bh�c�®b��¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ � {I ¯Ú� 
6kmc¦cikNg�®`�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ { �I ¯ � ^bn©zr�Nl©h/®`�¨¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ { �I ¯ w t {C®`�:¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯±¯�¯�¯±¯�¯±¯�¯±¯�¯�¯²¯�¯ { �I ¯Ú� °xn ¥ ®b���
λX.Prop(Bottom(Single(X)))

¯±¯�¯�¯±¯�¯²¯�¯±¯�¯±¯�¯�¯±¯�¯±¯�¯²¯�¯�¯±¯�¯¡�P�r�

~�~��q���9�����
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