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Abstract: This short communication considers the LU factorization with partial pivoting and shows that an
all-at-once result is possible for the structure prediction of the column dependencies in L and U. Specifically,
we prove that for every square strong Hall matrix A there exists a permutation P such that every edge of its
column elimination tree corresponds to a symbolic nonzero in the upper triangular factor U. In the symbolic
sense, this resolves a conjecture of Gilbert and Ng [6].
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Note sur ’arbre d’élimination par colonnes

Résumé : Cette note traite de la factorisation LU avec pivotage partiel et montre qu’un résultat toutes-
ensemble est possible pour la prédiction de dépendances entre les colonnes de L et U. Nous montrons que pour
chaque matrice carrée A satisfaisant la propriété Hall-forte, il existe une permutation P telle que chaque aréte
de Varbre d’élimination par colonnes correspond & un élément non nul symbolique dans le facteur triangulaire
supérieur U. Dans un sens symbolique, ceci résoud une conjecture de Gilbert et Ng [6].

Mots-clés : matrices non-symétriques creuses, élimination de Gauss, pivotage numérique, prédiction de
structure, arbre d’élimination par colonnes
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1 Introduction

Sparsity in matrix computations offers opportunities to save memory space by storing only non-zero elements,
shorten execution times by eliminating computations on zeros and exploit parallelism exposed by independent
non-zero structures. Exploiting these opportunities often relies on a symbolic computation phase that predicts
as accurately as possible which elements will have or can have nonzero values during the numerical computation
itself, based only on the nonzero structure of the input matrix.

In LU factorization with partial pivoting, a square matrix A is factored as PA = LU, where P is a permu-
tation matrix that depends on the values of the nonzeros of A and cannot be predicted only from the nonzero
structure of A. Two structure prediction questions have been studied for this problem. The first is to predict
bounds on the nonzero structure of the factors L and U. The second is to predict which columns of L and U
depend directly or indirectly on which earlier columns. We restrict our attention to the class of matrices that
satisfy an irreducibility condition called the strong Hall property.

George and Ng [4] developed upper bounds on the nonzero structure of L and U by employing a row merge
graph. Gilbert and Ng [6] showed that this upper bound is as tight as possible in what they called “the exact
sense.” This means that, given the nonzero structure of a strong Hall matrix, for every edge in the row merge
graph there is a choice of values for the nonzeros of A and a pivoting permutation P such that the corresponding
element of L or U is nonzero. This is a one-at-a-time result [6]: any single position in the predicted structure
can be made nonzero, but it may be the case that no single choice of nonzero values makes all the predicted
elements nonzero at once.

The column elimination tree is a tree whose vertices are the columns of A, and whose edges correspond to
potential dependencies between columns. (A complete definition is below.) Gilbert and Ng [6] showed that if
k is the parent of j in the column elimination tree of a strong Hall matrix A, there exists a choice of nonzero
values of A that will make column j update column k during factorization with partial pivoting—that is, a
choice of nonzero values for A that will make uj; # 0. This is again a one-at-a-time result.

A stronger statement would be an all-at-once result, showing that all the predicted positions can be made
nonzero for the same input values. Unlike the case of sparse QR factorization, no tight all-at-once prediction is
possible for the structure of L and U. The purpose of this short communication is to show that if we consider
only the edges of the column elimination tree, an all-at-once result is possible in the symbolic sense. We prove
that for every square strong Hall matrix A, there exists a permutation P such that every edge of the column
elimination tree corresponds to a symbolic nonzero in the upper triangular factor U of A with partial pivoting,.
This resolves a variant of a conjecture of Gilbert and Ng [6].

Our result is symbolic in the sense that we assume that addition or subtraction of nonzeros always yields
a nonzero result. Gilbert and Ng [6] also consider what they call ezact results; we discuss this further in the
conclusion.

A motivation for the current result is its impact on solvers that use the column elimination tree to model
factorization in parallel. In solvers like the one described by Gilbert [5] and in the shared memory version of
SuperLU [3], the tasks are scheduled dynamically on processors by using the precedence given by the column
elimination tree. Our result shows that, in fact, for every strong Hall nonzero structure there is a matrix for
which every dependency in the column elimination tree is a real constraint on the order of computation of the
columns of the factor.

The next section presents background results and notation used in the paper. Section 3 introduces new
results on the structure of the matrix during elimination. These results help to prove the all-at-once structure
prediction of the column elimination tree. Section 4 concludes the paper.

2 Background

Let A = (ar.) be a square, possibly unsymmetric, sparse n X n matrix which is to be factored as PA = LU
using partial pivoting.

In the following we introduce the commonly used tree and graph structures, the strong Hall property, a
previously published theorem and lemma that will subsequently be used in our proofs. Most of our notation is
similar or identical to that of Gilbert and Ng [6].

The column intersection graph Gn(A) is undirected and has n vertices (one for each column) and an edge
(i,7) if there is an r such that a,; # 0 and a,; # 0. The directed graph G(A) has n vertices and an edge (i, j) for
each nonzero element a;;. The bipartite graph H(A) has 2n vertices (one for each row and one for each column)
and an edge (r', ¢) whenever a,. is nonzero. In the bipartite graph, we use primes on the names of row vertices.
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4 Gilbert, Grigori

For any graph G and vertex v, we write Adj(v, @) to represent the set of vertices w such that (v, w) is an edge
of G.

The elimination tree structure (etree for short) was first introduced for the Cholesky factorization of sym-
metric positive definite matrices [8]. If L is the Cholesky factor of the SPD matrix A, then this tree has n
vertices, and k is the parent of j if and only if ¥ = min{r > j : l,; # 0}. Later the elimination tree was
adapted to the LU factorization with partial pivoting [5]; the column elimination tree is the elimination tree
of the column intersection graph Gn(A), or equivalently the elimination tree of AT A if there is no numerical
cancellation when computing AT A.

A strong Hall graph is a bipartite graph with m rows and n columns that has the strong Hall property [2, 6]:
every set of k column vertices is adjacent to at least k£ + 1 row vertices, for all 1 < k < n. A square matrix has
the strong Hall property if and only if it is fully indecomposable matriz, that is, there are no two permutations
P and @ such that PAQ is block triangular.

Before introducing the necessary theorem and lemma, let us elaborate on an additional definition, that of a
sequence of bipartite graphs which model the structure of L and U during the elimination. Let Hq = H(A) be
the bipartite graph of A. Suppose a,. is nonzero and is chosen as pivot at step 1. The deficiency of the edge
(r',c) of Hy is defined as the set of edges :

{(@",j) : c€e Adj(i',Hy),j € Adj(r', Hy), and j ¢ Adj(i',Ho)}

Tt corresponds to the zero elements of A that become nonzero when a,.. is used as a pivot in Gaussian elimination.

Knowing the sequence of pivoting elements (ri,¢1), (15, ¢2),...,(Th_1,¢n—1), We can construct a sequence of
bipartite graphs Hy, Hy, ..., H,, where H; describes the structure of the (n — i) x (n —4) Schur complement
remaining after step i. The bipartite graph H; of the (n — ) x (n — i) submatrix that remains after eliminating
(r},c;) is obtained as follows: delete from H;_ 1 vertices r; and ¢; and all edges incident to them, then add the
edges in the deficiency of (r},¢;). The bipartite filled graph H*(A) is the bipartite graph containing all the edges
of all H;.

If the diagonal elements of A are nonzero, and the pivots are chosen in the order (1',1), (2',2),...,(n',n),
then we write G1(A) for the filled graph of A, which is obtained from H*(A) by merging each row vertex v’
with its corresponding column vertex v. The filled column intersection graph G (A) is the filled graph of the
column intersection graph of A, that is, GT(Gn(4)).

With these definitions at hand we now mention two results on which ours is based.

Theorem 1 [Gilbert and Ng [6]] Let Hy be a bipartite graph and let (r',c) be an edge of Hy. Let Hy be the
bipartite graph resulting from the elimination of edge (r',c). If Hy has the strong Hall property, then H;y also
has the strong Hall property.

For the following lemma (called the fill path lemma), a path is a sequence of edges P = [(vg, v1), (v1,v2), .- .,
(vp=1,vp)] = [vo,v1,-..,Vp] in which all the vertices are distinct. The length of this path P is p.

Lemma 1 [Rose, Tarjan and Lueker [7]] Let G be a directed or undirected graph whose vertices are the integers
1 through n, and let Gt be its filled graph. Then (x,y) is an edge of G if and only if there is a path in G from
x to y whose intermediate vertices are all smaller than min(z,y).

3 Structure prediction and the column elimination tree

In this section we prove the main result of the paper, which is that every strong Hall nonzero pattern admits
a pivoting permutation for which every edge of the column elimination tree corresponds to a symbolic column
dependency. We first prove a lemma saying that there is a choice of pivot element such that the first elimination
step creates the correct dependency for the first column and also does not change the structure of the filled
column intersection graph. We then prove the main theorem by induction.

We make two observations about symbolic elimination. First, the fact that ¢ + 1 is the least-valued vertex
in H; implies that there is no fill-in edge having ¢ + 1 as an endpoint. This gives us

Adj(i +1,G{ (Hy))

Adj(i +1,Gn(H;)) (1)
= {v:i+1€Adj(t',H;) and v € Adj(t', H;)}. (2)

INRIA
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Second, the fill path lemma implies that the vertices in the set {i + 1} U Adj(i + 1,G{ (H;)) form a complete
subgraph.

The next lemma shows that when we pivot on an element that is not the only element in its column, enough
fill is added to preserve the structure of the filled column intersection graph. For each vertex i, we denote its
parent in the column elimination tree by parent[i]; by definition this is min{j >4 : j € Adj(i, G} (Ho))}.

Lemma 2 Let Hy be the structure of a square matriz A with ot least two nonzero elements in column 1. Let Py
be the permutation matriz that interchanges row v’ with row 1 such that the edge (1, parent[1]) of the elimination
tree of Gn(A) corresponds to a nonzero in the upper triangular factor U. If Hy is the bipartite graph resulting
from the elimination of edge (r',1), then the filled column intersection graph of H, is obtained from the filled
column intersection graph of Hy just by deleting vertex 1 and its incident edges. That is,

G (Hy) = GA(Ho) — {1} 3)

ProoF We will prove that the deficiency set of (r’, 1) introduces all the edges and preserves all the paths that
can disappear by the deletion of row 7' and column 1, while constructing the graph H;. We will also show that
this set does not introduce new edges or new fill paths in G (H;) compared to G (Hy).

Let us analyze what happens when adding the deficiency of (r',1). Let S = Adj(1, Hp) be the set of row
indices of nonzeros in column 1. From the theorem statement, recall that column 1 is adjacent to at least two
row vertices, so that 7' is not the only element in set S.

By using the definition of the deficiency of (r', 1), for each ¢' € S such that ¢’ # ' and for each edge v # 1
adjacent to r’ in Hy, we see that v belongs to Adj(t', Hy). For each two vertices vy, ve € Adj(t', H1), by using
the definition of the column intersection graph, we see that (vq, v2) is an edge of Gn(Hy).

Let make an analysis depending on the origin of vertices vy, vs. First, if vy, vs are adjacent to 7' in Hy, (that
is vi,vs € Adj(r', Hp)) the fact that (vy,v2) is an edge of Gn(H;) proves that the deletion of the row ' does
not change the structure of Gn(H;) compared to the structure of G~(Hy).

Second, if v; € Adjm,(r') and vy € Adjm, (t'), then v1 and v, are both adjacent to 1 in the column intersection
graph of Hy, so v1,vs € Adj(1,Gn(Hp)). By using the observation at the begining of this section, we see that
(v1,v2) belongs to GA (Hp). This proves that the deficiency set does not introduce new edges in G (Hj).

Using this analysis of edges introduced in H;, we can easily check that

Adj(lvGﬁ(HU)) - {’U} - Adj(’l},Gm(Hl)),VU € Adj(TI7H0)7v 7£ L. (4)

Suppose that [z1,...,2,], 7 > 2 is a fill path in G (H,) and has 1 as an intermediate vertex. This
means that zy < min{z,z,} for all k = 2,...,r — 1, and the edge (z1,z,) belongs to G#(Hy). Suppose
that zr, = 1,k > 1,k < r. By using relation (4), we see that zj_1,zrr1 € Adj(parent[l],Gn(Hy)). If
Zp—1 = parent[l] or xp41 = parent[1], it is evident that the fill path is preserved. Otherwise, vertex 1 can be
replaced by parent[1] in the path [z1,...,Z,_1, parent[1], Zyy1,...,2,]. By using the definition of the column
etree, we see that Tj_1,Tgy1 > parent[1], and this shows that [21,...,2,] is a fill path in G{}(H;). This proves
that all the fill paths are preserved in G/} (H;) and no new fill path is introduced.

This completes the proof of the lemma.

T ® ® 1 1
2| @ o 2 2
3 L ] L ] 3 3
4 @ L J [ J & 4
5 L AR ] 5 5
6 o ® 6 6
7 L N J 7 7

Figure 1: Matrix example A, the bipartite graph Hy, the filled column intersection graph G#(H,) and its
column elimination tree.

Figure 1 shows a matrix example A, its bipartite graph Hy, followed by the filled column intersection graph
G? (Hy) with its column elimination tree. Figure 2 presents the permuted matrix P; A, the bipartite graph H;
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6 Gilbert, Grigori

with its filled column intersection graph G/ (H;) and the corresponding column elimination tree. Finally, the
figure 3 shows the permuted matrix PA and its column intersection graph Gn(L + U).

1 2 3 4 5 6 7

v ® ° ° T ;
27| @ O ® O 2 2 ‘
6
3 ® ® 3 3 ‘
i ® ® 4
5 L 3N ) 5 5 / 5\
3 4
6 ) ) 6 6 ‘
7 oo 7 7 2

Figure 2: Matrix P, A, the bipartite graph Hj, the filled column intersection graph G7(H;) and its column
elimination tree.

Consider the elimination of edge (4',1) in matrix example A, figure 1. The vertices 3 and 7 are adjacent
to 4’ in the bipartite graph Hy. Deleting the row 4’ has as consequence that the edge (3,7) dissapears from
G#(H;). By adding the deficiency of (4',1), the edge (3,7) is introduced in G (H;) due to row vertex 2'.
Now consider the vertex 3 adjacent to vertex 4" and the vertex 5 adjacent to vertex 2’ in the bipartite graph
Hy. By the permutation of row 4’ with row 1’, the edge (3,5) is introduced in the column intersection graph
G? (H,). However, we remark that (3,5) was already present in the column intersection graph G (Hy). Finally,
we consider the fill path [5 1 3 6] in G& (Hy) which is preserved in G& (H;) in a compact form [5 3 €].

The next theorem is the main result of this paper. It proves the conjecture of Gilbert and Ng [6] in the
symbolic sense, that, if we assume that zeros are introduced only by explicit elimination and not by cancellation.

Theorem 2 Let A be an unsymmetric square sparse matriz having the strong Hall property. There is a permu-
tation P such that every edge of the elimination tree of GA(A) corresponds to a nonzero in the upper triangular
factor U in symbolic sense, when the factorization PA = LU is computed.

Proor We will prove this by induction. Let Hy = H(A) be the bipartite graph of A.

Initial phase: We show that there exists a permutation P such that the element u; parent[1] is nonzero.

Using relation (1), we see that (1, parent[1]) belongs to GH(Hp). There exists a row vertex rj such that
(ri,1) and (r{, parent[1]) are edges of Ho. We choose | as pivot, and P; describes this permutation. Row 1 is
interchanged with row r/; therefore the element u; parent[1] is nonzero.

Induction phase (m—1 — m): We suppose that there is a sequence of permutations P, 1, ..., P; such that
forall k =1...m — 1, ug parent[r] is nonzero. We show that there is a permutation P, such that the element
U, parent[m] 1S NONZETO.

According to Theorem 1, at each elimination step k, the bipartite graph Hj, is strong Hall because Hy_;
is. In particular, this means that at each elimination step we have at least two elements as choices to pivot on
(column vertex k is adjacent to at least two row vertices in the graph Hj_1).

Therefore, Lemma 2 applies, and says that at each elimination step k, the structure of the filled column
intersection graph is preserved:

GH(Hy) = GH(Hir) - {k} 1<k<m. (5)

This relation shows that the induction hypothesis has as direct consequence that the structure of the filled
column intersection graph was preserved until this step m of elimination. We can deduce that (m,parent[m])
belongs to G (H,,_1). Even more, relation (1) says that this edge belongs to Gn(H,_1).

Thus, there is some vertex r/, such that (r,,m) and (r],, parent[m]) are edges of H,,_1. We choose ], as
pivot, and let P, describe this permutation. The permutation of the row m with the row r], will make the
element Uy, parent[m] D€ nonzero.

Let P = P, _1,...,P; be the permutation matrix that includes the n — 1 row interchanges. We have proved
that every edge of the column elimination tree corresponds to a symbolic nonzero in the upper triangular factor
U, when the factorization PA = LU is computed with partial pivoting.

This completes the proof of the theorem.
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Figure 3: The permuted factorized matrix PA, the bipartite filled graph H+(A), the column intersection graph
Gn(L 4+ U) and its column elimination tree.

4 Concluding remarks

The main result of this paper is Theorem 2, which gives an all-at-once structure prediction result, under the
assumption that the matrix A is strong Hall. In the proof, we showed that if at each elimination step k the
element uy, parent[r) 18 nonzero, the structure of the filled column intersection graph is preserved during the
elimination. One way to interpret this result is that we learn the structure of U one row at a time during
elimination, but we never learn anything more about the uncomputed rows of U than we knew from G, at the
beginning. In other words, the elimination does not give progressively more information about U.

We remark that, in the proof of Theorem 2, the strong Hall property was used in only one place for each
elimination step. We used the strong Hall property to conclude that at each step (except the last), there is
always a choice of at least two elements to pivot on. One could ask whether the strong Hall property is necessary
as well as sufficient for this.

Our result is symbolic, in the sense that we assume that during Gaussian elimination the result of adding
or subtracting two nonzeros is never zero. A stronger result would be what Gilbert and Ng [6] called ezact,
which would assume only that the nonzero values in A were algebraically independent from each other; in other
words, it would assume that any computed zeros were due to combinatorial properties of the nonzero structure
rather than to coincidence in choice of values. We do not know whether the exact version of our main theorem
holds or not, though we conjecture that it does. An exact version holds, for example, for the class of strong
Hall matrices with exactly two nonzeros in every row and every column, because every elimination step creates
exactly one new nonzero and that nonzero is algebraically independent of the other remaining nonzeros.

We conclude by mentioning an open problem: what is the case for non strong Hall matrices, either for the
elimination tree or for the structures of L and U? In this case, it is known that G (A4) may not be a tight
bound for U. Is there a tight bound on U? If so, does it share the property that there is no new information
revealed during the elimination except the structure of the current row of U?
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