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Calculs de matrices résultantes avec Macaulay2 et Maple

Résumé : Ce document présente des implémentations de calculs de matrices résultantes
dans les deux logiciels de calcul formel Macaulay2 et Maple. Un rappel des notions de
résultants classiques, résultants creux, résultants résiduels et résultants déterminantiels est
présenté, ainsi que des exemples et des applications au travers de ces implémentations dé-
taillées en appendice

Mots-clés :  Calcul formel, matrices résultantes, résolution de systémes polynomiaux,
CGAO, modélisation, lien symbolique/numérique, géométrie effective.
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1 Introduction

The aim of this paper is to give a computational overview of resultant theory and its appli-
cations. For this we present two libraries which can be used to compute resultant matrices.
The first has been implemented by the author under the computer algebra system Macaulay2
[GS]. The second one has been implemented in Maple and is called multires; it is a more
important and general library developed in the GALAAD team at INRIA. We only present
here the functions dealing with resultant matrices (some of them have been implemented
by the author). All along the paper we give some code to run some trivial examples but
also to work with some more involved problems. We hope illustrate the particular geometric
properties of the resultant based methods. They differ from other classical methods, such as
Grdébner basis techniques, in the sense that we first need to analyze the geometry of the so-
lutions in order to apply the correct resultant construction for which the system of equations
is generic. Once this analysis is performed, we are able to tune the resultant construction
to the geometry of the solutions and thus to build efficient and controlled algorithms. The
analysis step is a preprocessing or off-line step, which may take times. On the contrary, the
resolution step just requires to instantiate the parameters, which usually is very fast. Point
out that one of the motivation to develop routines for computing resultant matrices under
Macaulay2 was to use the power of this software to analyze the geometry of the problems
and being able to compute resultant matrices under the same frame.

2 Classical resultants

2.1 Definition and main properties

The Macaulay resultant, introduced by F.S. Macaulay in [Mac02], corresponds to the direct
generalization of the well-known Sylvester resultant of two bivariate homogeneous polyno-

mials. For all ¢ = 0,...,n suppose given a homogeneous polynomial of degree d; > 1 in the
variables x = (o, ..., %),
fl(X) = Z ci,axo‘,
lee|=d;
where a is a n-uple of non negative integers (ay, . . . , &, ), x* denotes the monomial z5° ...z

and c; . denotes the coeflicients which are in a field K Considering all the coeflicients
Ci» as indeterminates, there exists an irreducible homogeneous polynomial in the ring
Klci,o : || = di,i = 0,...,n] which is homogeneous for all ¢ = 0,...,n in the set of
variables {c;q,|a| = d;} of degree %4 This polynomial is the so-called Macaulay re-
sultant and we denote it by Res. It givles a necessary and sufficient condition on the ¢; o’s

such that fy,..., fn have a common root in P”. Indeed it satisfies the property: for any
given polynomials fo,..., f, with coeflicients ¢; o, in K
ReS(f07...,fn) =0« dx (S P™ fo(w) == fn(l') =0.
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4 Laurent Busé

We now describe the matrices used by F.S. Macaulay to compute explicitly this resultant.
We do it in the affine setting by substituting zo = 1, 1 = t1,...,%, = t,. Let v =
> o, di—n and t¥ be the set of all monomials in t of degree < v. It contains (“%") elements.
Let téntF» be the set of all monomials of t¥ which are divisible by t4». Fori =n—1,...,1,
we define by induction 7't to be the set of all monomials of t¥ \ (té»tF»U...U tfj:ltEHl)
which are divisible by t%*. The set t7 \ (téntF» U...Ut{tF1) is denoted by t¥° and is equal
to

tho = (#9149 0 < a; < d; — 1}.

It has d; - - - d,, monomials. If E C N*, (t¥) denotes the vector subspace generated by the
set t¥. The resultant matrix S is the matrix in monomial bases of the linear map:

S:(tFoy x o x (tF)y - (tF)

(QO7"'7qn) g Z quz

=0

The determinant of S is generically not 0 (for it does not vanish when we specialize f; to
t%) and has the same degree [/, d; as the resultant with respect to the coefficients of f;.

Therefore

det(S) = Res(fo,---» fn) A(f1,-- -, [n),

where A(f1,...,fn) is a subminor of S depending only on the coefficients of fi,..., fn
[Mac02].

Example. Suppose that one wants to compute the necessary and sufficient condition so
that three general plane conics intersect. We can use multires with the affine setting;:

>F:=[a_0%x"~2+a_lkx*y+a_2%x+a_3*y~2+a_4*y+a_5,
b_0*x~2+b_1*x*y+b_2%x+b_3*y~2+b_4*y+b_5,
c_0*x~2+c_1l*x*y+c_2*x+c_3*y~2+c_4*y+c_b5];
>mresultant (F, [x,y]);

or use Macaulay2 with the projective setting

>R=QQ[a_0..a_5,b_0..b_5,c_0..c_5,x,y,2]
>F=matrix{{a_0*x~2+a_l*x*y+a_2xx*z+a_3*y~2+a_4xy*z+a_b*z"2,
b_0*x~2+b_1xx*y+b_2%x*z+a_3*y~2+b_4*y*z+b_b*z"2,
c_0*x~2+c_l*xxxy+c_2%x*z+a_3*y~2+c_4*y*z+c_bxz~2}}
>MacRes (F,{x,y,z})

The Macaulay resultants have been widely studied and have a lot of properties; a quasi-
complete list can be found in the works of Jouanolou [Jou91, Jou97]. Point out that
some more compact matrices has been discovered by Jouanolou to compute these resultants
[Jou97]. Without giving any details on their construction we mention that these matrices
can be computed in multires with the command jresultant:

INRIA



Computing resultant matrices with Macaulay2 and Maple 5

>F:=[a_0*x"2+a_lxx*y+a_2*x*z+a_3xy~2+a_4*y*z+a_bxz"2,
b_0*x~2+b_1*x*y+b_2%x*z+a_3*y~2+b_4*y*z+b_bxz"2,
C_0*x"2+c_l*xx*y+c_2%x*z+a_3*y~2+c_4*xy*z+c_bxz"2];
>jresultant (F, [x,y]);

2.2 Examples and applications

In this subsection we mention some applications of Macaulay resultants. Our aim is not
to give a complete exposition on these topics but only to mention some situations where
resultants may be useful.

2.2.1 Solving polynomial systems

It is well-known that resultants can be used to solve polynomial systems. The most used
technique is the one called “U-resultant” which was introduced by B. Van der Waerden in
its book “Modern algebra” (volume IT) [VAW48]. Starting from n homogeneous polynomials
fis--os fn € Klzg,...,2,], the U-resultant technique consists in adding a linear form L
depending of a parameter U to this system. The general case corresponds to the choice
L(z) = wozo + w121 + ... + unz,. The U-resultant of fi,..., f,, is then defined as the
Macaulay resultant
Res(L, f1,---, fn) € Klug,u1, ..., uy)].

Assume that the algebraic variety V(fi,..., fn) in P™ consists in a finite set of points, then
ReS(L7f17"'7fn):c H L(p)#pa
pEV(flr",fn)

where p, denotes the multiplicity of the point p € P and c is a non zero constant in K
Thus we can recover the solutions of our system fi,. .., f, by factorizing the U-resultant:

Example. We want to compute the common roots of f; = yz + 22+ 4% and fo = —22 +
222 + 2y?. Using Macaulay?2:

>R=QQ[u0,ul,u2,x,y,z]
>F=matrix{{y*z+x~2+y~2,-2"2+2%x"2+2%y~2,u0*x+ul*y+u2*z1}}
>M=(MacRes (F,{x,y,z}))_0

>factor (det (MaxCol(M)))

we obtain
—(ud + uf)(uo — ug + 2u2)(uo + ug — 2us)

and deduce immediately the four isolated roots of this (very simple) system.

However, point out that the more efficient methods avoid the explicit computation of
the U-resultant and work with one of its matrix representation, for instance the Macaulay
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6 Laurent Busé

matrices. Solving polynomial systems is then reduced to eigenvectors or eigenvalues com-
putations [Mou96]. We refer to [CLO98], §5 chapter 3, for a nice exposition on this topic
and also for other techniques as the one called hidden variable. Mention also that it is not
necessary to work with complete intersection points, similar results hold for any number of
polynomials defining points in P [Laz81].

2.2.2 Implicitizing rational curves and surfaces without base points

Any rational plane curve is represented as the closed image of a rational map
p:PL =P (s:t) = (fols,t) 2 fils,t) : fa(s, 1)),

where fy, f1i and f; are homogeneous polynomials in K[s,t] of the same degree d > 1.
Dividing each polynomial f; by the gecd of fy, fi and fo if necessary we may assume that
the parameterization p has no base point (a base point is a common projective root of fy, f1
and f2). Consequently, the implicit equation of p, which is an irreducible and homogeneous
polynomial P(z,y), can be obtained from the equality

Res(f1 — 2 fo, f2 — yfo) = P(z,y)E"),

where Res denotes the Sylvester resultant (a particular Macaulay resultant) and deg(p) the
degree of the map p onto its image, that is the number of points in a generic fiber.

Example. The implicit equation of the parameterized plane curve (¢2,¢®) is simply ob-
tained with multires by

>det (mresultant ([t~2-x,t"3-y],[t]));

Similarly, Macaulay resultants can be used for implicitizing rational surfaces without
base points. Such surfaces are obtained as the image of a regular map

p:P2 P (s:t:u) e (fols,t,u): fi(s,t,u) : fa(s,t,u) = fa(s,t,u)),

where fy, f1, fo and f3 are homogeneous polynomials in K[s,t] of the same degree d > 1
without any common root (i.e. p has no base point). It follows that the implicit equation
of p, which is an irreducible and homogeneous polynomial P(x,y, z), can be computed by

Res(fi — zfo, fo — yfo, f2 — 2fo) = P(x,y, 2)3s0).

Point out here the existence of anisotropic resultants [Jou96] which give a more efficient
computational answer to this problem. We refer to [BEMO03] for an overview on this point
and other methods for implicitizing rational surfaces.

INRIA



Computing resultant matrices with Macaulay2 and Maple 7

2.2.3 Stewart platforms

In this paragraph we show how Macaulay resultants can be used in the study of the so-
called Stewart platforms which is practically a difficult problem. A Stewart platform looks
like this:

We have six fixed points (X;)1<i<e and six other points (Y;)1<i<e attached to a solid platform
which can move. Each point Y;, for all ¢ = 1,...,6, is joined to the point X;. The problem
of the Stewart platform is to compute all the possible positions of the platform if each leg
(X;,Y;) has a given fixed length [;, i = 1,...,6. It can be shown that this problem is
equivalent to determine all the rotation R and the translation 7' in P? satisfying the six
following equations (we may suppose w.l.o.g. that X; =Y; =0)

|| - 1§ =0,
2RY;, T) — 2T, X;) — 2RY:, Xi) + (X0, Xo) + (Y3, Y.) + 2= 12=0, i=2,...,6.

It is known that these equations define 40 complex solutions [RV92, Laz92, Mou93]. In
the following we use Macaulay resultants to reduce this problem to solving a polynomial
system of 4 equations of resp. degree 6,6,4 and 4.

We set T = [p. : py : p.] and denote by p the homogenizing variable in P2. All the
rotation R in P? can be described by

012—032—022+1 2c1¢2 —2c¢3 2c3c1 4+ 2¢
1
R:K 2¢c1¢00 4+ 2¢3 1—012+622—C32 2¢c0c3—20C1 ,
2c3c1 —2¢o 2¢c0c3+ 20 ].—012—6224'032

where A = ¢ + ¢ + ¢3 + ¢3 and ¢ is the homogenizing variable. Introducing the vector
Q = R'T = [g; : qy : g.] which satisfies (¢oId + C)Q = (cold — C)T, we can rewrite our

RT n° 0280
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system with the 9 equations:

Coqe — C3qy + C2Q, — CoPz — C3Py + C2P> =

C3qz + CoQy — €14 + C3Px — CoPy — C1P>

—C2Qz + C1qQy + C0qr — C2Pz + C1Dy — CoP2z =

Tl - 12

2Y;, Q) — 2T, Xi) — 2(RY;, Xi) + (X, Xa) + (i, Vi) + B = 17 =

(=R = = N ]

We would like to eliminate base points defined by the variables p., py, p:,

i=2,...,6.

Qx> Qy, 9z, P of

this system of 9 equations. To do it we can compute the Macaulay resultants of 7 equations
(in 7 homogeneous variables) from our 9 equations. Each such resultant has an extraneous

factor of the form A® x p? that we have to divide out. Here is the Maple sour
multires :

read(‘multires®):
N2:=proc(A) normal(A[1]~2 + A[2]~2 + A[3]"2): end:
scprod:=proc(A,B) dotprod(evalm(A),evalm(B),’orthogonal’) end:

#Some random points:

X[1]1:=[0,0,0]: X[2]:=[5,0,0]:
X[3]:=[12,-15,0]: X[4]1:=[18,-6,3]:
X[5]:=[20,1,-3]: Xx[6]:=[10,8,5]:
Y[1]:=[0,0,0]: Y[2]:=[4,0,0]:
Y[3]:=[8,-6,0]: Y[4]:=[13,-3,-5]:
Y[5]:=[14,5,2]: Y[6]:=[6,10,3]:

1:=[14,12,17,15,23,19]:

Id:=matrix([[c0,0,0],[0,c0,0],[0,0,c0]1]):

C:=matrix([[0,-c3,c2],[c3,0,-c1],[-c2,c1,0]]):

R:=matrix([[c1~2-c3"2-c2"2+c0"2,2*(c1*c2-c3*c0) ,2*(c3*cl+c2*c0)],
[2%(c1*c2+c3*c0), (c0~2-c1°2+c2"2-c372) ,2x(c2*c3-c1*c0)],
[2%(c3*c1-c2*c0) ,2%(c2*xc3+c1*c0) , (c0~2-c1~2-c2"2+c3~2)]]):

T:=[px,py,pz]:

Q:=[gx,qy,qz]:

Rd:=c0"2+c172+c2~2+c372:

#The 9 equations:

S[1] := N2(T)-p~2%1[1]"2:

for i from 2 to 6 do

S[i] := expand( (N2(X[i])+N2(Y[i])-1[i]~2+1[1]~2)*p*Rd+
2xRd*scprod(Y[i],Q) -2*p*scprod (R&*Y[i],X[i])

ce code using

INRIA



Computing resultant matrices with Macaulay2 and Maple 9

-2%Rd*scprod (X[i],T)):
od:
for i from 7 to 9 do
S[i] :=expand (evalm(evalm((Id+C)&*Q) -evalm((Id-C)&x*T))) [i-6]:
od:

#The 4 needed Macaulay resultants:
M1:=jresultant([S[1],S[2],S[3],5[4],s[56],5[6],S[71],
[ax,qy,qz,px,py,pz,p1):
M2:=jresultant([S[1],s[2],S[3],s[4],s[5]1,S[6],sS[8]1],
[ax,qy,qz,px,py,pz,p1):

M3:=jresultant ([S[2],S[3],S[4],s[5],s[6]1,S[7]1,s[9]1],
[ax,qy,qz,px,py,pz,pl):

M4:=jresultant ([S[2],5[3]1,5[41,S[5],5[71,5[81,S[9]11,
lax,qy,qz,px,py,pz,pl):

P1:=expand( factor(det(M1))/((RdA~8*p~2))): #degree 6

P2:=expand( factor(det(M2))/((Rd~8%p~2)) ): #degree 6

P3:=expand( factor(det(M3))/((Rd~4*p)) ): #degree 4

P4:=expand( factor(det(M4))/((Rd~3*cO*p)) ): #degree 4

One can check that these four equations P1, P2, P3, P4 define an homogeneous ideal
in the variables ¢y, ¢y, ca,c3 of codimension 3 and degree 40, i.e. our initial problem. In
this way the resolution of the Stewart platform is reduced to the resolution of an over-
determined polynomial system which can be achieved via the U-resultant technique, see for
instance section 2.2. Point out how to use Bezoutian matrices and factorization algorithms
to recover the solutions in one variable, say ¢, illustrating the so-called hidden wvariable
method. Always using multires in Maple:

>t:= melim(subs(c0=1, [P1,P3,P4]), [c2,c3]):
>degree(t); #returns 96

>ft:= factor(t):

>map(degree, [op(ft)]); #returns [0, 32, 40, 4, 20]
>sort (op(3,ft));

The result is a polynomial in the variable ¢; of degree 40 (that we can not reasonably print
here).
3 Sparse resultants

In this section we recall briefly the construction of sparse resultants and illustrate it with
one simple example, using the function spresultant! in the Maple library multires.

Lthis function and all the other needed ones have been developed by Ioannis Emiris.

RT n° 0280



10 Laurent Busé

Instead of considering homogeneous polynomials as in the previous section, we consider
Laurent polynomials f;(t) (where t = (t1,...,t,)) with support into a fixed set A; C Z™
They are of the form

fl(t) = Z Ca,ita 5 1 =0...n.
a€A;
Let X be the toric variety associated with the Minkowski sum of the supports A = Ay &
- @® A,, it may be defined as the closure in PV of the map

o:(CH™ — PV 1)

t — (ta)aeA.

where N = |A| — 1. When the Minkowski sum A is n-dimensional, the sparse resultant,
denoted Res, is well defined [GKZ94, PS93], it is an irreducible (and multi-homogeneous)
polynomial in all the coefficients ¢, ;’s vanishing for a given specialization if and only if the
corresponding Laurent polynomials f; have a common root in X; in particular it vanishes
as soon as these Laurent polynomials have a common root in the torus C”.

When A generate Z™ as a Z-module, we know the multi-degree of Res: its degree with
respect to the coefficients of f; is the mized volume of {A;};2;, that is the coefficient of

[T As in

Vol (Z i Az) = MV({AJ‘}]‘;&) H )‘j =+ -
J#i J#i
where Vol denotes the usual Euclidean volume.

Methods for constructing a Sylvester-type matrix are based on geometric properties of
the supports A;. See [CP93, CE93| for more details. They adopt the following scheme: For
any polytope A C Z™ and for any non-zero vector § € R", let A% denotes the set of integer
points of A which are not on facets F' of A such that the scalar product ng -6 > 0, where
np is the exterior normal vector of F. Consider now the following (well-defined) linear
transformation

S: Py x .o x KBy - (tF)

(QO,--an) = Z q’ifi7
=0

where E; = (di2;A;)°, F = A®. Exploiting the properties of a regular triangulation of A,
it is possible to extract from S a maximal square matrix S(c), such that its determinant
is not generically 0 and such that its degree in the coefficients of fy is exactly the mixed
volume of Aj,..., A, [CE93]. Therefore, its determinant is a non-trivial multiple of Res,
the extraneous factor depending only on the coefficients of fi,..., fn-

Example. We illustrate this construction with a very simple example where the Macaulay
resultant is degenerated. We refer to [BEMO03] §4.6 for a nice application of the function

INRIA
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spresultant in order to compute an implicit equation of a Pillow patch, problem occurring
in Computer Aided Geometric Design. We consider the system

fo = ao+ a1z + axy + asxy,
f1 = byg+bix+ bgy + b3l'y7
fa = co+az+cy+cszy.

It is easy to check that its Macaulay resultant is identically 0 (for there are two base points
at infinity). However the sparse resultant of this system is not identically zero. We can
compute it using Maple:

>spresultant ([a_O+a_1lxx+a_2*y+a_3*x*y,
b_O0+b_1*x+b_2%y+b_3*x*y,
c_O+c_l*x+c_2*y+c_3*x*y], [x,y]);

returns the following surjective matrix:

bg Co Qo 0 0
bz Co Q2 0 0 0
bl Cci a1 (O 0
b3 C3 az C2 (g b2

SoFS ococo
o
o

0 0 0 0 C2 0 as
0 0 0 C1 0 b1 0
0 0 0 c3 C1 b3 ax
0 0 0 0 C3 0 b3 as

4 Residual resultants

4.1 Definition and main properties

The residual resultant is a recent extension of the classical resultant theory [BEM00, BEMO1,
Bus01b, Bus01a]. Consider a polynomial system depending on parameters. In many situ-
ations coming from practical problems, polynomial systems depending on parameters have
common zeros which do not depend on these parameters, and which we are not interested
in. We are going to present here how to compute a resultant in such a situation, which is
called a residual resultant, under suitable assumptions.

Let ¢1,...,9m be m homogeneous polynomials of degree k1 > ... > k,, > 1in S =
Klzg,...,z,]. Being given n + 1 integers dy > ... > d,, > k;y such that d,, > k., + 1, there
exists a resultant (called a residual resultant) associated to systems of the form:

fo(x) = Yty hio(x)gi(x)
f. := : (2)

fo®) = ST hin(x) gi(x)

RT n° 0280



12 Laurent Busé

where h;;(x) = 30 424,k ¢4 x* is a homogeneous polynomial of degree d; — k;. It is
an irreducible homogeneous polynomial in the ring of coefficients K[c;’]. Being given some

specialized polynomials fy, ..., f,, we have the property
Az ¢ V(gr,....gm): fo(x) =--- = fu(x) = 0= Res(fo,..., fn) =0.
Notice that the polynomials gi,..., g, describe exactly the variety of base points we are

not interested in. Notice also that this last property can be stated as an equivalence on
what are called blow-up varieties, but we are not going to describe them here, we refer to
[BEMO1, Bus01a] for more details.

We now show how it is possible to compute these residual resultants.

4.1.1 General residual resultants

Whatever the base points are, that is to say whatever the polynomials g1, ..., g, are, it is
always possible to compute a non zero multiple of the residual resultant using Bezoutian
matrices (see [BEMO0O, BusO1al).

The Bezoutian Oy, ... s, of fo,..., fn € § is the element of S @ S defined by

fo®)  01(fo)(t,2) -~ Ba(fo)(t,2)

Ofo,....fu (b, 2):= J
fu(t) O1(fn)(t,2) - On(fn)(t,2)
where
0:(f,)(t,2) = Filz, ooy zictytay oo tn) — fi(20, o0y Zin tiga, - .,tn)‘
t; — 2
Let Oy,,..7.(t,2) =3 0,5t*2°,0, 5 € K. The Bezoutian matrix of fo,..., f, is defined as

the matrix By, ... s, = (0ap)a,s- And we have:

Theorem 4.1 Any mazimal minor of the Bezoutian matriz By,,. . s, is divisible by the
resultant Res(fo, ..., fn)-

Notice that we do not need to know the polynomials g1, ..., gm to perform the computa-
tion of the Bezoutian matrix. In fact the only thing we have to check is that the polynomials
fos---, fm separate points and tangent vectors on an open subset of P" (see [BEMO0Q] for
more details on this point).

Example. Consider the three following polynomials ([BEMO00], example 1.5):
fo =co0 + cot1 + coata + co3(t? + t27)

fi=crp+ ety +epts + e s(ti? + 62%) + e a(t? + £52)?
fz =C2,0 + 02,1t1 + Cg’th + 02,3(t12 + t22) + (32,4(t12 + t22)2.

INRIA



Computing resultant matrices with Macaulay2 and Maple 13

Using the command mbezout of multires we can compute the Bezoutian matrix, which is of
size 12 x 12 and of rank 10. The determinant of a maximal minor yields a huge polynomial
in (¢;,;) containing 207805 monomials. It can be factorized as q1¢2(g3)?p, with

@1 = —Cp,2€1,3C2,4 + Cp,2C1,4C2,3 + C1,2C0,3C2,4 — €2,2C0,3C1,4

G2 = C0,1€1,3C2,4 — C0,1€1,4C2,3 — C1,1C0,3C2,4 + €2,1C0,3C1,4

qg = 00,3201,1202,42 - 200,3201,102,102,401,4 + 00,3202,4201,22 + -

p = C2,0401,4400,24 + 02,0401,4400,14 + 01,0402,4400,24 + 01,0402,4400,14 + -

The polynomials g3 and p contain respectively 20 and 2495 monomials. As for generic
equations fy, f1, f2, the number of points in the varieties Z(fo, f1), Z(fo, f2), Z(f1, f2) is 4
(see for instance [Mou96]), Res(fo, f1, f2) is homogeneous of degree 4 in the coefficients of
each f;. Thus, it corresponds to the last factor p.

4.1.2 Residual resultants of a complete intersection

We suppose here that the ideal G = (g1,-..,gm) is a complete intersection, that is defines
a variety of codimension m in P™. In this particular case we know how to compute exactly
the residual resultant and also its degree. Indeed, its degree in the coefficients (c’) of each
f; is given by

N, = I

J Pl

where, m;(T) = on(d)+)Y_ |, on_i(d)T", with the notations d = (d, . ..,dj—1,djt1,--.,dn),
oo(d) = (=1)", o1(d) = (_1)n_1 Zl;ﬁj di, o2(d) = (_1)n_2 Ej1¢j,j2;£j,j1<j2 dj dj,, ---,
on(d) = I, i, and

(kiy-.. k)

mi(y1) o mi(Ym)
Y1 Ym
Pr(y1,- ., Ym) = det
y{nfl . ym—l

Example As an example we suppose that n = 3 and m = 2. Then we can obtain the
critical degree and the multi-degree of the residual resultant with Macaulay?2:

>R=ZZ[d_0..d_4,k_1,k_2]:
>CiResDeg({d_0,d_1,d_2,d_3},{k_1,k_2})

With Maple we can obtain partial multi-degree: for instance the degree of the residual
resultant in the coefficient of the polynomial f; is given by

>bkmdegree([d1,d2,d3], [k1,k2]);
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which returns (—d3 —dy —di +ky + kl)klkg + didods.

We denote by H the matrix (hi,j)lgigm,ogjgn and by A, .. ;. the m X m minors of
H corresponding to the columns 4y, ...,%,. We also define the homogeneous ideal F' =

(fos---yfn) CS
Theorem 4.2 For any v > Y.  d; —n— (n —m + 2)k.,, the morphism

i=n
Bu : ( @ SV*dilf'“*dim-l— m kieil A A eim> @ (@ Su—die;) e SU
i=0

0<i1<...<im<n

e, N...N¢e;, —>Ai1

e; — fi
is surjective if and only if V(F : G) = 0 (or F**t = G*%). In this case, all nonzero mazrimal

minors of size dimg(S,) of the matriz 3, is a multiple of the residual resultant, and the ged
of all these mazimal minors is exactly the residual resultant.

Example. We consider the following example

fo = aoz + a1z + a2y + az(2? + y?)
fl =boz + b1z + bgy + b3($2 + y2)
f2 = coz +c1x + ey + c3(z® + y?),

of three circles in the plane. We would like to know when they intersect outside the two
trivial points given by V(z, 22 +y?). We use Macaulay?2 to compute the associated residual
resultant matrix:

>R=QQ[a_0,a_1,a_2,a_3,a_4,b_0,b_1,b_2,b_3,b_4,c_0,c_1,c_2,c_3,c_4,x,y,2z];

>G=matrix{{z,x"2+y~2}};

>H=matrix{{a_O*z+a_l*x+a_2%y,b_Oxz+b_1*x+b_2%y,c_O*z+c_1*x+c_2%y},
{a_3,b_3,c_3}};

>F=Gx*H;

>L=CiRes(G,H, {x,y,z});

>MaxCol 00_0

which returns:

as b3 C3 —a3b1 + a1b3 0 —asc; + aics
0 0 0 —a3b2 + a2b3 —a3b1 + a1b3 —a3C2 + asC3
ai b1 C1 —a3b0 + a0b3 0 —a3Cy + apcCs3
as b3 C3 0 —a3b2 + a2b3 0
as b2 Co 0 —a3b0 + a0b3 0
ap b(] Co 0 0 0

whose determinant is the desired condition multiplied by as(—asbz + asbs).
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4.1.3 Residual resultants of a local complete intersection ACM of codimension
two

We have just seen that if the ideal G = (g1, ..., g ) is a complete intersection we know how
to compute the corresponding residual resultant. There is another case where we have similar
results, the case where G is a local complete intersection of codimension 2 arithmetically
Cohen-Macaulay (abbreviated ACM) ideal [BusOla]. For simplicity we restrict ourselves to
the case of three homogeneous variables [BusO1b], i.e. n = 2, since in this case G has only
to be an ideal of P? defining isolated points. We refer to [BusOla] chapter 3 for the general
situation.
First we compute the syzygies of G, i.e. the matrix ¢ which is such that:

m—1 m
0— @D s[-1] % @) s[-k) = 6 o, ©
1=1 1=1

with E:’;l l; =3 ki. At this point we can compute the degree of the residual resultant:
it is homogeneous in the coefficient of each f;, i = 0, 1,2, of degree

m—1 m
d0d1d2 Z]:l l? - E]:l k]2

d; 2

Now we construct the m x (m + 2) glued matrix

n_é_gl S[-1i] é S[—d;] 222, é S[—ki),

where ¢ is the matrix (i j)1<i<m,0<j<2. And we have:

Theorem 4.3 We denote by A;, .. ;..
corresponding to columns i1, . .. ,im, and by oy, ..
n(km + 1), the morphism

the determinant of the submatriz of the map ¢ & ¥
its degree. Then, for any v > E?:o d;—

'77’177,

0, : @ S,,fail e N Ne, — S,

0<i1 <...<im<n
e, N...Ne;, — Ail

celm

is surjective if and only if V(F : G) = 0 (or F5%t = G*%). In this case, all non-zero mazimal
minors of size dimk(S,) of the matriz 8, is a multiple of the residual resultant, and the ged
of all these maximal minors is exactly the residual resultant.

Example. As a simple example we consider the residual resultant of three cubics in P?
passing through the same three points. Here is the Macaulay2 code:
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>R=ZZ/32003[a_0..a_8,b_0..b_8,c_0..c_8,x_0,x_1,x_2];
>G=matrix{{x_O0*x_1,x_0*x_2,x_1%x_2}};

>10=for i from 0 to 2 list a_(0+3*i)*x_O+a_(1+3*i)*x_1+a_(2+3*i)*x_2;
>1i=for i from 0 to 2 list b_(0+3%i)*x_O0+b_(1+3%i)*x_1+b_(2+3*i)*x_2;
>12=for i from 0 to 2 list c_(0+3%i)*x_O+c_(1+3*i)*x_1+c_(2+3*i)*x_2;
>H=matrix{10,11,12};

>Cm2Res (G,H,{x_0,x_1,x_2})

We obtain a 10 x 10 matrix which is too big to be printed here.

Example. What is the condition so that four cubics in P? containing the twisted cubic
have a common point outside this twisted cubic? We consider the following polynomials,
1=0,1,2,3,

fi = hai(2) (@7 — mow2) + hoi(x)(x172 — Tows) + hai(z)(23 — z173),

where h; j(z) = & jx0 + ¢} ;o1 + ¢ ;22 + ¢} ;23 are linear forms. We just have to compute
the residual resultant of this system, taking for the ideal G the ideal of the twisted cubic,
that is to say G = (—2? + 2022, —T172 + Tox3, —T3 + T123). Its syzygies are given by the
matrices

— X2 xs3
_ _ 2 2
Y= z1 —Z2 » V= (331 — Tox2,T1X2 — ToT3,Ty — $1$3)-
—X0 X1

Now we can use Cm2Res in Macaulay2 or cm2resultant in multires to compute the residual
resultant matrix.

4.2 Applications and examples

The residual resultants can be applied in situations where the classical resultants are usually
used, with the advantage of being not degenerated if there exists base points. We briefly
present, with examples, two such applications in what follows.

4.2.1 Solving polynomial systems with base points

The U-resultant can be generalized to the case of residual resultants, giving the U-residual
resultant [BusOla]. Let fi,..., f, be n homogeneous polynomials of degree dy, ..., d, in the
ideal G such that dy > ... > d, > ki, d, > kn + 1. Denoting by L(z) the generic linear
form woxo + w121 + ... + UnT,, we have

Proposition 4.4 Let f be a homogeneous polynomial in the ideal G C S of degree d > k.
If (f1,. ooy fn) : (g1,---,gm) 18 a geometric m-residual intersection and that (f, f1,.-., fm) :
(91,---,9n) is a geometric (m+1) -residual intersection, then, in Klug,. .., un], we have :

Res(Lf, f1,- -, fm) = 11 L(&)"

EEV(f1yefm)\V(g1seeesgn)
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where pe is the multiplicity of the root & in the ideal (f1,..., fm)-

This basically means that we can recover the “residual points”, that is the points not in
the ideal G, by computing a residual resultant of our system with a linear generic form. We
refer to [BusOla] chapter 4 for a matrix presentation of this result which do not involve a
polynomial f.

Example. We take again the simple system f; = yz + 22 + 92 and fo = —22 + 222 + 232,
We know that the points given by z = 0 and 22 + y? = 0 are solutions but we are not
interested in. So we are going to compute a U-residual resultant to only compute the other
common solutions. We use Macaulay?2:

>R=QQ[u_0,u_1,u_2,x,y,z]

>G=matrix{{z,x"2+y~2}}

>F=matrix{{y*z + x"2+y~2,-2"2 + 2xx~2+2*y~2, (u_O*x+u_l*y+u_2%z)*z}}
>M=(CiRes(G,F // G,{x,y,2z}))_0

>factor (det (MaxCol(M)))

The last command returns the polynomial 2(ug — w1 + 2u2)(ug + u1 — 2u2) from we easily
deduce the solutions we desired. Notice the use of F // G to compute the matrix denoted
H previously.

Example: cylinders through five points. As an example we mention the problem of
finding all the cylinders passing through five points sufficiently generic (see [DMPTO01] and
[BusOla] §4.2.4). Given five points p1, p2, p3, P4, Ps in the space we would like to compute
all the cylinders passing through them. For this we compute only the possible directions
of such a cylinder (which is sufficient to solve the problem): a direction is a unitary vector
T = (I,m,n) which can be itself identify to a point ¢t = (I : m : n) in P?. Figure 4.2.1
illustrates the situation. _

Projecting the five points on the orthogonal plane to ¢ we can obtain two conditions
of cocyclicity: one saying that the points pi,p2,ps3,ps are on a common circle, and the
other one saying that p;, p2, p3, p5 are on a common circle. We may obtain in this way two
homogeneous polynomials Cia34 (1, m,n) and Cia35(l,m,n) in the variables I, m,n of degree
3 [DMPTO1]. These equations define 9 points in P? that we can compute with classical
resultant, and in particular U-resultant. However, among these 9 points 3 do not correspond
to cylinders we are looking for, they correspond to the points (in fact to the directions since
we have identified points and directions) p1ps, p1p3, pap3. In [BusOla] §4.2.4 it is shown how
we can use residual resultant to obtain only the 6 interesting points. In this way, taking
into account some geometric properties of our problem we avoid the problem of identifying
the 6 good solutions among 9 possible: the U-residual resultant technique yields only the 6
desired points. Finally we mention that the technique based on residual resultant is really
well behaved. Indeed, even if we have to “forget” about the solutions pips, p1ps, p2ps, this
does not mean that there is no cylinder in this direction. In fact if there is a cylinder in such
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N
orthogonal plane to t

Figure 1: A cylinder through five points

a direction the corresponding point is a multiple solution of the system Cja34,C1235. In such
case the residual resultarit> keep the solution! The following picture, showing projection on
the orthogonal plane to ¢, illustrates this situation.

— —

t t

P1,P3 ] Ps P1, P2 ps

> & >
P3 P3 Pa

forget the solution pqpo keep the solution p;ps

4.2.2 Implicitizing rational surfaces in the presence of base points

In 2.2.2 we have seen that classical resultants can be used for implicitizing rational sur-
faces without base points. In [BusO1b] it is proved that residual resultants can be used for
implicitizing rational surfaces in the presence of base points. Suppose given a rational map

p:P?2 S P3:(s:tu) = (fols,t,u): fi(s,t,u): fa(s,t,u): fa(s,t,u)),

where fy, f1, fo and f3 are homogeneous polynomials of the same degree d. Then if the ideal
G = (g91,---,9m) of base points of fq, f1, f2, f3 consists in a finite number of points and is
generated in degree at most d and is not empty in degree d — 1 then we have

ReS(f]_ - :L'an f2 - yf07 f3 - zfo) = ]D(.’IZ',:IJ,Z)deg(p)7

where Res denotes the residual resultant mentioned in 4.1.3 and P(z,¥, z) an implicit equa-
tion of p. Here is an example with Macaulay2:
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Example.

>R=QQ[X,Y,Z,x_0,x_1,x_2];
SF=matrix{{x_0*x_1"2,x_1"3,x_0*x_2"2,x_1~3+x_2"3}};
>G=matrix{{x_1"2,x_2"2}};

>H=F//G;

>M=matrix{{1,0,0},{0,1,0},{0,0,1},{-X,-Y,-Z}};

>H=Hx*M;

>mr=(Cm2Res (G,H,{x_0,x_1,x_2}))#0 --the matrix of the residual resultant
>trim minors(10,mr) --gives the implicit equation

which returns

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 —-X 1 0 -Y +1 0 0

0 0 -Y 0 0 0 —Z 0 1 0 0 0
-1 0 0 0 0 0 0 —-X 0 0 -Y+1 0

0 0 X -Y 0 0 0 -z -X —Z 0 Y +1
0 0 0 0 -Y -1 0 0 —Z 0 0 0
X Y-1 0 0 0 Z 0 0 0 0 0 0

0 0 0 X 0 0 0 0 0 0 —Z 0

0 0 0 0 X 0 0 0 0 0 0 —Z
X Y 0 0 0 Z 0 0 0 0 0 0

We deduce the implicit equation, for instance here with the command
>trim minors(10,mr)
which returns: (X3Y?2 - Y2273 — 2X3Y + X3).

We refer to [BEMO03] for an overview and further developments around the implicitization
problem and the use of resultants in CAGD.

5 Determinantal resultants

5.1 Definition and main properties

Determinantal resultants have been introduced in [Bus0Ola] and further studied in [Bus03]
and [BGO3]. They correspond to a generalization of the classical resultants. We here restrict
ourselves to the case of homogeneous polynomials and refer to the cited papers for more
general situations.

Let m,n and r be three integers such that m > n > r > 0. Given two sequences
of integers {d1,...,d} and {k1,...,k,} (not necessary positives) satisfying d; > k; for
all 4,7, we consider matrices of size n x m of homogeneous polynomials in variables x =
(xlv sy x(mfr)(nfr))

hlyl(X) hl,g(x) e hl’m(x)
- hzyl-(X) hz,g-(x) e hQ’n:L(X) ’
hod (%) hnp(X) e hnm(X)
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where hij(x) = 32|, _g,_s, Ca’x* is of degree d; — k; and have coefficients ¢’ with value
in a field K. The determinantal resultant of H, denotes hereafter Res(H ) is a polynomial in
the coeflicients ¢};’’s such that for any specialization of all these coefficients in K we have

Res(H) =0 < 3z € P rank(H (z)) < r.

In other words determinantal resultants give a necessary and sufficient condition so that
a polynomial matrix depending on parameters is not of generic rank (w.r.t. its coeffi-
cients). We know how to compute them, as well as their multi-degree. They are multi-
homogeneous in the coefficients of each column ¢ (that is in the coefficients of the poly-
nomials hq i, hai, ..., hns), @ = 1,...,m; their partial degree is the coefficient of «; of the
multivariate polynomial (in variables aq, ..., an,)

(_1)(m77‘)(n77‘)Am7T’n77‘ (Hz:ﬁ(nll_(l((f ;;gz)t)) 7

where for all formal series s(t) = Y3420 __ cx(s)t*, we set
cp(s) o Cprg—1(8)
Ap,q(s) = det :
Cp—qt1(s) - cp(s)

Example. Using Macaulay2 you can compute the multi-degree of the determinantal re-
sultant correspondingtom =3, n=2,r =1:

>DetResDeg({d1,d2,d3},{k1,k2},1,ZZ[d1,d2,d3,k1,k2])

returns {d1+d2+d3—-k1—-2k2—-1,{d2+d3—kl1—k2,d1 +d3—kl—k2,d1+d2—kl —k2}}
giving the critical degree (see below) and the multi-degree of the determinantal resultant.

We now describe how to compute explicitly determinantal resultants. Consider the map

o4
@z‘l<...<i7\+1,j1<...<j,\+1 R[dfz;‘;rll diy+ 575 ki, 1€t o dr bt T R[d]

which associates to each e;,,.. 4., ,5,....5,41 the polynomial Ail,,,,,iﬂrl,jh___,jrﬂ denoting the
determinant of the minor

hj1 581 (X) hj1 )32 (X) s hj1 Jirgl (X)
hjz ,01 (X hjz,iz (X - hjg,ir+1 (X
hjr+1 ,21 (X) hj7~+1 )12 (X) cee hjr+1 yir41 (X)

R denoting the polynomial ring K[z1,...,Z(m—r)n—r)] and R}y being the vector space of
homogeneous polynomials of fixed degree t. We define the critical degree to be the integer
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m n

Vax = (n—r)(Zdi—Zki)—(m—n)(kr+1+...+kn)—(m—r)(n—r)—}—l.

i=1 =1

Proposition 5.1 Choose an integer d > vqx. All nonzero mazimal minor (of size §Rq))
of the map o4 is a multiple of the determinantal resultant Res(H). Moreover the greatest
common divisor of all the determinants of these mazimal minors is exactly Res(H).

This proposition gives us an algorithm to compute explicitly the determinantal resultant,
completely similar to the one giving the expression of the Macaulay resultant. Notice that
it is also possible to give the equivalent (in a less explicit form) of the so-called Macaulay
matrices (of the Macaulay resultant) for the principal (i.e. 7 = n—1) determinantal resultant
[BusO1a, Bus03].

In [Bus03] §5.3 determinantal resultant with m = n+1 and r = n—1 are used to compute
Chow forms of rational normal scrolls. In the following subsection we present another use
of such determinantal resultant for dealing with the problem of detecting the intersection of
two space curves [BGO03].

5.2 Application: intersecting family of cubic curves in the projec-
tive space

We consider the problem of intersecting bicubic Bézier surfaces with the aid of determinantal
resultants. We make our computations with Maple.
A bicubic Bézier surface is usually represented in homogeneous coordinates as:

3 3
Cls,t) = (X(5,1), Y (5,0), Z(s,8), T(s,0)) = Y > Viy B} () B} (t),

i=0 j=0

where V; ; = (X;,;,Y: j, Zi j, Ti,;) are the homogeneous control points and B3(s) corresponds
to the Bernstein polynomial

?

3\ . :
B3(s) = (,)31(1 —s5)37
We can generate such a surface, with generic control points, as follows:

>Bt:=matrix([[(1-t)~3,t*(1-t)~2,t~2%(1-t),t~3]11):
>Bs:=transpose(matrix([[(1-s)~3,s*(1-8)"2,8"2%(1-s),s~3]1]1));
>P1:=evalm(randmatrix(4,4,entries=rand(-3..3))&*Bs) ;
>P2:=evalm(randmatrix(4,4,entries=rand(-3..3))&*Bs) ;
>P3:=evalm(randmatrix(4,4,entries=rand(-3..3))&*Bs) ;
>P4:=evalm(randmatrix (4,4 ,entries=rand(-3..3))&*Bs) ;
>C:=evalm((1-t) ~"3*P1+tx (1-t) “2%P2+t 2% (1-t) *P3+t~3*P4) ;
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Such a surface can be seen as a family of space curves with parameter s, i.e. for each
given value sg of s, C(sq,t) parameterizes a cubic Bézier space curve in P3. Such curve is
generically (that is except for a finite number of value of s) a rational normal curve, that is
to say projectively equivalent to the twisted cubic (1,t,#2,#3). It appears that such rational
normal curves are implicitly determinantal varieties, and hence we can obtain a semi-implicit
determinantal representation of our surface C. Computing the projective transformation
sending the twisted cubic on C by

>A:=transpose(matrixof ([C[1,1],C[2,1],C[3,1],C[4,11],[[1,t,t"2,t~3]11)):

we obtain the desired representation as follows:

>V:=evalm(inverse(A)&*matrix ([[X],[Y],[Z],[T]11));
>XX:=simplify(V[1,1]*det(A));
>YY:=simplify(V[2,1]*det (A));
>ZZ:=simplify(V[3,1]*det (A));
>TT:=simplify(V[4,1]*det(A));
>MT:=matrix (2,3, [[XX,YY,ZZ],[YY,ZZ,TT]1]);
>Q1:=det (submatrix(MT,[1,2],[1,2]));

>Q2:=det (submatrix(MT,[1,2],[1,3]1));

>Q3:=det (submatrix(MT,[1,2],[2,3]));

The matrix MT is of size 2 x 3. Its entries are linear forms in X,Y, Z, T with coefficients
polynomials in s of degree at most 9. Its 2 x 2 minors Q1,Q2,Q3 give a semi-implicit
representation of C. More precisely, for all s such that det(A) # 0 polynomials Q1,Q2,Q3
describe a rational normal curve in P which is contained in C.

We know consider another bicubic Bézier surface CC(u,v) (notice that we introduce a
new variable z in the definition of CC(u,v); this variable is here only to homogenize the
variable u in order to use the function detres hereafter):

>Bv:=transpose(matrix ([[(1-v)~3,v*(1-v)~2,v"2*(1-v),v~3]])):
>Q1:=evalm(randmatrix(4,4,entries=rand(-3..3))&*Bv) ;
>Q2:=evalm(randmatrix(4,4,entries=rand(-3..3))&*Bv) ;
>Q3:=evalm(randmatrix(4,4,entries=rand(-3..3))&*Bv) ;
>Q4:=evalm(randmatrix (4,4 ,entries=rand(-3..3))&*Bv) ;
>CC:=evalm((z-u) ~3*Q1+ux (z-u) ~2*Q2+u~2* (z-u) *Q3+u~3*Q4) ;

Substituting the parametric representation of CC in the semi-implicit representation of
C, i.e. the matrix MT, the determinantal resultant yield a condition on s and v so that
both surfaces intersect.

>H:=evalm(subs(X=CC[1,1],Y=CC[2,1],Z=CC[3,1],T=CC[4,1] ,evalm(MT)));
>Res:=detres(H, [u,z],8):
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The resultant matrix Res we obtain is a 9 x 9 matrix,

* 00 x 00 0 O
00 x 0 0 « 0 0 %
* x* 0 % « 0 % % 0
* *x Kk Kk Kk Kk Kk Kk *
*x ok K K* Kk ok KX K* * |,
* *x Kk Kk Kk Kk * Kk *
* *x Kk Kk Kk Kk * Kk *
* *x Kk Kk Kk Kk Kk Kk *
0 « x 0 » % 0 % %

(* stands for some polynomials in variables s and v) whereas classical use of Dixon resultant
for such a problem (which do not use the geometric property of being determinantal) yields
a 18 x 18 matrix.

References

[BEMOO]

[BEMO1]

[BEMO3]

[BGO3]

[BKM90]

[BusO1a]

[Bus01b]

[Bus03]

RT n° 0280

Laurent Busé, Mohamed Elkadi, and Bernard Mourrain, Generalized resultants
for unirationnal algebraic varieties, J. of Symbolic Computation 59 (2000), 515—
526.

, Resultant over the residual of a complete intersection, Journal of Pure
and Applied Algebra 164 (1-2) (2001), 35-57.

, Using projection operators in computer aided geometric design, Proceed-
ings of the Workshop on Algebraic Geometry and Geometric Modeling (R. Gold-
man, ed.), Contemporary Mathematics, 2003, to appear.

Laurent Busé and André Galligo, A resultant approach to detect intersecting
curves in P3| preprint (2003), to be presented at the conference MEGA’2003.

Winfried Bruns, Andrew R. Kustin, and Matthew Miller, The resolution of the
generic residual intersection of a complete intersection, Journal of Algebra 128
(1990), 214-239.

Laurent Busé, Etude du résultant sur une variété algébrique, Ph.D. thesis, Uni-
versité de Nice Sophia-Antipolis, 2001.

, Restdual resultant over the projective plane and the implicitization prob-
lem, Proc. Annual ACM Intern. Symp. on Symbolic and Algebraic Computation
(London, Ontario) (B. Mourrain, ed.), New-York, ACM Press., 2001, pp. 48-55.

, Determinantal resultant, Journal of Pure and Applied Algebra (2003),
to appear.



24 Laurent Busé

[CE93] John F. Canny and I. Emiris, An efficient algorithm for the sparse mized resul-
tant, Lect. Notes in Comp. Science 673 (1993), 89-104.

[CLO98] David Cox, J. Little, and D. O’Shea, Using algebraic geometry, Graduate Texts
in Mathematics, Springer, 1998.

[CP93] John F. Canny and P. Pedersen, An algorithm for the newton resultant, Technical
report 1394, Comp. Sciencce Dept., Cornell University (1993).

[DMPTO01] O. Devillers, B. Mourrain, F. Preparata, and P. Trébuchet, On circular cylinders
by four or five points in space, Rapport de Recherche 4195, INRIA (2001).

[GKZ94] IM. Gelfand, M.M. Kapranov, and A.V. Zelevinsky, Discriminants, Resultants
and Multidimensional Determinants, Birkhduser, Boston-Basel-Berlin, 1994.

[GS] Daniel R. Grayson and Michael E. Stillman, Macaulay 2, a soft-
ware  system  for research in  algebraic  geometry,  Available at
http://www.math.uiuc.edu/Macaulay2.

[Jou91] J.-P. Jouanolou, Le formalisme du résultant, Adv. in Math. 90 (1991), no. 2,
117-263.

[Jou96] , Résultant anisotrope: Compléments et applications, The electronic jour-
nal of combinatorics 3 (1996), no. 2.

[Jou97] , Formes d’inertie et résultant: un formulaire, Adv. in Math. 126 (1997),
no. 2, 119-250.

[Las78] A. Lascoux, Syzygies des variétés déterminantales, Advances in Mathematics 30
(1978), 202-237.

[Laz81] D. Lazard, Résolution des systéemes d’équations algébriques, Theoretical Com-
puter Science 15 (1981), 77-110.

[Laz92] , Stewart platforms and grébner bases, Proceedings of Advance in Robot
Kinematik, Ferrare, Italia (1992).

[Mac02] F.S. Macaulay, Some formulae in elimination, Proc. London Math. Soc. 33
(1902), 3-27.

[Mou93] Bernard Mourrain, The 40 generic positions of a parallel robot, Proc. Intern.
Symp. on Symbolic and Algebraic Computation (Kiev (Ukraine)) (M. Bronstein,
ed.), ACM press, July 1993, pp. 173-182.

[Mou96] , Enumeration problems in Geometry, Robotics and Vision, Algorithms

in Algebraic Geometry and Applications (L. Gonzélez and T. Recio, eds.), Prog.
in Math., vol. 143, Birkh&user, Basel, 1996, pp. 285-306.

INRIA



Computing resultant matrices with Macaulay2 and Maple 25

[PS93] P. Pedersen and B. Sturmfels, Product formulas for resultants and chow forms,
Math. Zeitschrift 214 (1993), 377-396.

[RV92] F. Ronga and T. Vust, Stewart platform without computer, Preprint (1992).

[VAW48] B. Van der Waerden, Modern algebra, vol. II, New York, Frederick Ungar Pub-
lishing co, 1948.

A Description of the Macaulay2 package

We now describe the content of the Macaulay2 package we used in the previous sections. It
is available at http://math.unice.fr/~1buse/m2package.html as well as a useful online
help with simple examples. The software Macaulay2, developed by Daniel R. Grayson and
Michael E. Stillman, is available at http://www.math.uiuc.edu/Macaulay2/.

Here are the main functions of this package which return resultant matrices:

e MacRes(Matrix,List): Construct the (generally non-square) matrix associated to the
Macaulay resultant.

— Input:
*x A line matrix of homogeneous polynomials, say fi, fa,.-., fn, With respect
to the list of variables specified in the second argument.
x A list of variables of the ring of the matrix given as first argument, say
L1y-oeyTp-
— OQutput: it returns a list of three elements:
* The first argument is the matrix associated to the Macaulay resultant of the
polynomials fi,..., f, w.r.t. the variables x1, ..., 2,. This matrix is nothing
else than the first map of the Koszul complex associated to the sequence

(fi,--., fn) in the well-known critical degree dy + ...+ d,, —n + 1, where d;
denotes the degree of the polynomial f;, i =1,...,n.

x The second element is a list composed of line matrices, the same number as
polynomials. The line matrix number ¢ corresponds to the source basis of
the Macaulay matrix part corresponding to the polynomial f;.

* The third argument is the target basis of the first argument.

e MacResDeg(List): Return the critical degree used in MacRes and the multi-degree of
the Macaulay resultant.

— Input: a list of RingElements (a type in Macaulay?2), say {di,...,d,}, of the
ambient ring.

— Output: It returns a list of two elements:
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* The first element is the critical degree used in MacRes if the n input polyno-
mials are of resp. degree dy, .. .,d, in the given variables.

*x The second is a list of size n. The element number ¢ gives the degree of the
Macaulay resultant in the coefficients of the input polynomial number 4.

e CiRes(Matrix,Matrix,List): Construct the (generally non-square) matrix associ-
ated to the residual resultant of a complete intersection.

— Input:
* A line matrix G (of size 1 x n) of homogeneous polynomials w.r.t. the list of
variables specified in the third argument.

*x A matrix H (of size n X m) of homogeneous polynomials w.r.t. the list of
variables specified in the third argument.

x A list of variables of the ambient ring of the matrices G and H, say {z1,...,2,}.
— Output: it returns a list of three elements:

* The first argument is the matrix associated to the residual resultant of the
system of polynomials G.H w.r.t. the variables x1,...,x, with base points
described by the ideal of the generators of the matrix G. This matrix is
nothing else than the first map of the Bruns-Kustin-Miller complex associated
to the matrices G and H in the critical degree [BKM90].

* The second element is a list composed of line matrices, the same number as
minors of size n of H corresponding to the source bases of the first argument.

*x The third argument is the target basis of the first argument.

e CiResDeg(List,List): Return the critical degree used in CiRes and the multi-degree
of the residual resultant of a complete intersection.

— Input:
x A list of RingElements, say {di,...,dn}, of the ambient ring.
x A list of RingElements, say {ki1,...,k,}, of the ambient ring.
— Qutput: a list of two elements:

* The first element is the critical degree used in CiRes with a system F = G.H
of polynomials of resp. degree dy,...,d,, and a matrix G of polynomials of
resp. degree ki, ..., kn-

*x The second element is the list of the partial degrees of the residual resultant:
the number ¢ is the degree w.r.t. the column number ¢ of the matrix H of
the residual resultant.

e Cm2Res(Matrix,Matrix,List): Construct the (generally non-square) matrix associ-
ated to the residual resultant of a Cohen-Macaulay codimension 2 ideal.

— Input:
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x A line matrix G (of size 1 x n) of homogeneous polynomials w.r.t. the list of
variables specified in the third argument.

* A matrix H (of size n x m) of homogeneous polynomials w.r.t. the list of
variables specified in the third argument.

* A list of variables of the ring of the matrices G and H, say {x1,...,Zn}-
— Qutput: it returns a list of three elements:

* The first argument is the matrix associated to the residual resultant of the
system of polynomials G.H w.r.t. the variables x1,...,x, with base points
described by the ideal of the generators of the matrix G. This matrix is
nothing else than the first map of an Eagon-Northcott complex associated to
the vertical join of the matrices G and H in the critical degree.

x The second element is a list composed of line matrices giving the source basis.

* The third argument is the target basis of the first argument.

e MBezout(Matrix,List): Construct the (generally non-square) Bezoutian matrix as-
sociated to n + 1 polynomials in n variables. It is useful to compute general residual

resultant.
— Input:
* A matrix of n + 1 (affine) polynomials, say matrix{{f1, fo,---, fnt1}}
x A list of variables of the ring of the polynomials f1, ..., fot+1,say {z1,...,2Zn}.
— Output: it returns the Bezoutian matrix of the polynomials fi,..., fn41 W.r.t.
the variables xi,...,2,. We know that every maximal minor of this matrix

gives a non-zero multiple of the corresponding residual resultant by computing
its determinant. This is true whatever the base points are.

e DetRes(Matrix,ZZ,List): Construct the (generally non-square) matrix associated to
the determinantal resultant.

— Input:
* A matrix M which corresponds to a homogeneous polynomial map w.r.t. the
list of variables specified in the third argument.

* A positive integer r which corresponds to the rank that one wants to test
with the determinantal resultant.

x A list of variables of the ring of the matrix M, say {z1,...,%n}.
— Output: it returns a list of three elements:

* The first argument is the matrix associated to the determinantal resultant of
matrix M w.r.t. the variables x1,...,2z,. This matrix is nothing else than
the first map of the Lascoux’s complex associated to the matrix M [Las78]
in the critical degree.
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* The second element is a list composed of line matrices, the same number as
minors of size r + 1 in M, corresponding to source basis.

* The third argument is the target basis of the first argument.

o DetResDeg(List,List,ZZ,Ring): Return the critical degree used in DetRes and the
multi-degree of the determinantal resultant with rank r.

— Input:
x A list of RingElements, say {d1,...,dn}, of the ambient ring.
x A list of RingElements, say {ki1,...,k,}, of the ambient ring.
* A non negative integer r.
*x A ring where dy,...,dp, k1, ..., ky live.
— QOutput: a list of two elements:
x The first element is the critical degree used for DetRes with r as the rank
condition and with a matrix whose degrees are {d1,...,dm} and {k1,...,kn}.

* The second element is the list of multi-degrees of the determinantal resultant,
the number i is the degree w.r.t. the number i column of the determinantal
resultant.

Here are the basic functions used in this Macaulay2 package:

e pdeg(Matrix,List): Degree of polynomials (the first argument: a line matrix M)
with respect to a given list of variables (the second argument)

coeffs(list,RingElement,Matrix): Coefficients of a polynomial (second argument)
in a given monomial basis (third argument) w.r.t. a given list of variables (first argu-
ment)

degHomPolMap(Matrix,list,ZZ): the first argument is a matrix of polynomials, say
fi,---, fn, which are supposed to be homogeneous in the list of variables given in the
second argument. This function returns a list with three arguments: first the matrix
of the first map of the degree d, the third argument, graded part of the Koszul complex
associated to fi,..., fn, second the source basis of this map and third its target basis.
Notice that the source basis is present as a list of matrix, each of them corresponding
to basis of each component.

MaxCol (Matrix): If M is a matrix in a polynomial ring this function returns a subma-
trix of M with rank (M) columns, of the same rank as M, using generic substitution.

e MaxMinor (Matrix): This function call two times MaxCol to obtain a maximal minor.
It is not very efficient, but however useful in some particular cases.
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B Functions for constructing resultant matrices with the
Maple package multires

Hereafter we present some functions extracted from the Maple library called multires which
is developed in the GALAAD team at INRIA. The whole library can be downloaded at
http://www-sop.inria.fr/galaad/logiciels/multires.html. It is a big file containing
the source code and the description of each function (from the following is quoted).

e mresultant - Macaulay resultant matrix of a list of polynomials

— Calling sequences:
x mresultant(lp)
* mresultant(lp, var)
— Parameters:
x Ip - list of polynomials
* var - list of variables
— Description:
* Compute the Macaulay resultant matrix of lp.

x The second argument (optional) is a list of variables. The number of poly-
nomials in Ip should one more than the number of variables in var.

* The default value of var corresponds to the case where var is the set of
indeterminates in Ip.

* The determinant of this matrix is a multiple of the Macaulay resultant of the
polynomials Ip w.r.t. var.

x The size of the matrix is the number of monomials of degree less than (d; —
1)+ ...+ (d, +1—1)+ 1 where d; is the degree of Ip[i] and n is the number
of polynomials in lp.

e jresultant - Jouanolou’s matrix for computing the Macaulay resultant.

— Calling sequences:

x jresultant(lp,var)
* jresultant(lp,var,u)

— Parameters:
x Ip - a list of polynomials
* var - a list of variables
* [ - an integer

— Description:

* Compute the matrix introduces by J.P. Jouanolou in [Jou97] of Ip.
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*

*

*

The second argument is a list of variables. The number of polynomials in 1p
should be one more than in var. The third argument is an integer with value
between 0 and v (which is the sum of the degree of all the polynomials minus
one).

The determinant of this matrix is a multiple of the resultant of the polyno-
mials lp w.r.t. var.

The size of the matrix is the sum of the number of monomials of degree u
and the number of monomials "d-repu" of degree d — p.

e spresultant - Sparse resultant matrix of polynomials

— Calling sequence:

*

x

*

spresultant(pols, vars);
spresultant(pols, vars, delta);
spresultant(pols, vars, delta, lifting);

— Parameters:

*

*

*

x

pols - a list of polynomials

vars - a list of variables

delta - a vector or a list of real numbers
lifting - a 2-dimensional array of lifting

— Description:

*

Compute the sparse resultant matrix of the given polynomials by eliminating
variables vars. The number of rows in the coefficients of the first polynomial
is optimal (equal to the respective degree of the sparse resultant).

Letting n be the number of variables, n+1 must be the number of polynomi-
als.

If delta is given, it is used as the geometric perturbation applied to the
Minkowski (vector) sum of the Newton polytopes. It must contain n entries,
sufficiently small in order not to perturb points in the sum outside adjacent
cells in the sum’s subdivision. If delta is not given, it is chosen randomly.

If lifting is given, it specifies the affine lifting functions of the Newton poly-
topes, thus defining the mixed subdivision of their Minkowski (vector) sum
which will specify the matrix. It must be a square matrix of dimension n+1,
each row corresponding to a Newton polytope. If lifting is not given, it is
chosen randomly.

The function returns a square matrix, whose determinant is a multiple of the
sparse resultant for generic coefficients. For degenerate coefficients, a pertur-
bation can be defined by setting local variable PERT DEGEN COEFS, as
described by D’Andrea and Emiris (Manuscript 2000,
http://www.inria.fr/saga/emiris/).
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* The matrix construction implements the greedy version, by Canny and Ped-
ersen (Tech. Report 1394, C.S. Dept, Cornell University, 1993), of the algo-
rithm by Canny and Emiris (Proc. AAECC-1993, LNCS 263, pp. 89. Final
version J. ACM, 2000).

e bkmresultant - Compute a resultant matrix for the residual resultant of a complete
intersection

— Calling sequences: bkmresultant(lp,M,var,reg)

— Parameters:
* lp - a list of homogeneous polynomials
* M - a matrix
* var - a list of variables
* reg - an integer
— Description:

*x Compute the matrix of the first application in the resolution of (I:J) given in
the article of Bruns, Kustin and Miller (BKM) [BKM90].

x The first argument is a list of homogeneous polynomials I = (f1,.., fm)-
Given a homogeneous complete intersection J = (g1, ..,9gn), such that I is
included in J and (I : J) is a residual intersection, we want to compute the
residual resultant of I w.r.t. J. The matrix M is the matrix such that I=J.M.
The integer reg must be superior or equal to the regularity of the ideal (I : J).

x The result of bkmresultant is a surjective nzm matrix such that the deter-
minant of a nzn minor is a multiple of the resultant of I on the closure of
V(I)\ V(J). This minor can be obtain with the function hmaxminor.

e bkmdegree - Compute the degree of the residual resultant bkmresultant

— Calling sequence: bkmdegree(ld,lk)
— Parameters:

x 1d - a list of integers
* lk - a list of integers
— Description: Calling with Id := [dy,...,dn] and Ik := [kq,...,k,], bkmdegree
gives the degree of bkmresultant in the coeflicients of the polynomial fy.

e cm2resultant - Compute a resultant matrix for the residual resultant of a ACM local
complete intersection of codimension 2.

— Calling sequence: cm2resultant(H,R,var,reg)
— Parameters:

* H - a matrix
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* R - a matrix
x var - a list of variables
* reg - an integer
— Description:
x Compute the first map of the complex which computes the residual resultant
of a local complete intersection Arithmetically Cohen-Macaulay of codimen-
sion two [Bus0Ola].

x Given a homogeneous ideal l.c.i. ACM codimension 2 J = (g1, ..., gxn), such
that I = (f1,.., fm) is included in J and (I : J) is a residual intersection,
the matrix H is such that I = J.H. The matrix R is the matrix of the first
syzygies of J. var denotes the variables and reg the critical degree.

* The result of cm2resultant is a surjective matrix such that the determinant
of a maximal minor is a multiple of the residual resultant of I w.r.t. J. This
minor can be obtain with the function hmaxminor.

e detres - Compute the principal determinantal resultant of a matrix

— Calling sequence: detres(M,var,reg)

— Parameters:
* M - a matrix of homogeneous polynomials with parameters
* var - a list of variables
* reg - an integer

— Description:

*x Compute the determinantal resultant of an n x m-matrix (n < m) of homo-
geneous polynomials in n —m 4 1 homogeneous variables, i.e. a condition on
the parameters of these polynomials to have rank(M) < n.

* The third argument is the degree in which we compute the resultant matrix.
e mbezout - Compute the Bezoutian matrix of a list of polynomials

— Calling sequence:

mbezout(lp)

mbezout(lp, var)

mbezout(lp, var, 11)
(

* X X ¥

mbezout(lp, var, 11, 12)
— Parameters:

x Ip - a list of polynomials
* var - a list of variables (optional)

* 11 - an unassigned variable where are stored the monomials indexing the rows
of the matrix (optional)
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*

12 - an unassigned variable where are stored the monomials indexing the
columns of the matrix (optional)

— Description:

*

*

Compute the Bezoutian matrix of Ip with respect to the variables var
The default value for var is the set of indeterminates of Ip.

e matrixof - Coefficient matrix of a list of polynomials

— Calling sequence:

L R

matrixof(lp)
matrixof(lp, var)
matrixof(lp, Im)
matrixof(lp, 1)

— Parameters:

* ¥ X ¥

Ip - a list of polynomials

var - a list of a list of variables
Im - a list of monomials

1 - the name of a variable

— Description:
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*

*

Compute the coefficient matrix of lp.

If the second argument is a list of list var, it is the coefficient matrix with
respect to all the monomials in the variables var.

If the second argument is a simple list of monomials, it is the coefficient
matrix with respect to this list of monomials. The other coefficients are
ignored.

If the second argument is the name of variable, the monomials indexing the
columns are stored in this variable.

The default value corresponds to the case var.
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