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>'?)@ WL'Uz�W�xUe)egR1w�e
emR1W¨cfegkmlo¯dW²lvc�cmx�WPz�l c1W@¯ lvh
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~U¬+* 2 ¶ # " » ¶BC »��d�P�d� · / ¶ � � C6 -, *)· / ¶ , # " » ¶BC´¶ » � " » � C6 -, *[· / ¶ , 2 # " » ¶BC´¶ »
��h�wykmk{w3a�rt©q¯dlocmxU�vwCz�W@V²W@hNegc�ry©�egRUW+lvhUxUide
¯Uw�e{w²efabx�W+loc�x1kmr�«blo¯dW@¯Lwyc�emRUW°VXwyx,©³ryk�egRUW+hUW@�
¯Uw�e{wXefabx�WC¬�.�021)3 5B6B7�9 3-:2D�E'F 98G<9 F�loc�lo¯dW@hCeglvz@wt�$emrH.�021-3 5�6B7�9 3�D�E'F 9)G'9 F�WL'dz�W�xde[emR1wte[r �Dc�W�egc
wtkgW�c�x6W@z�lQc1WP¯,l�h �baNemW@c@¬

91¬+* 2 ¶ ���@� 	��y�¨»��d�P�d� · / ¶ � � C6 -, *)· / ¶ , �@��� 	��t�
QSRUW�VXrCc�e��yW�h1W�k{wt�¦rt©4wt�v�´¯dW�kglv«yW@¯�¯Uw�e{w�efabx6W@c@¬�QSR1W�hUW��I¯Uw�e{w�efabx6W�lvc�©³rCkmVXWP¯�wCz�z�rCkg¯Ul�hU�°emr
z�rCV²x1��W�emW��va�¯UW�c1hUWP¯,VXwyx�ry©�egRUW�z�rCV²x6ryh1W�hNe[¯Uw�e{w°efaNx6W@c@¬

� h�emRUW)©³ry�v�vr���l�hU�²rt©$emRUlocSkmW@x�rCk�eP§C��W���l��v�DhUrte�z�rCh1cmlv¯dW@k�egRUW�¯Uw�e{w�efabx6WI.�021)3 5�6B7�9 3 =)? E > D�JBK ? K�L
wCc�emRUW+¯1w�egw²l�e�kmW@xUkgW@cmW�hNegc�loc�z�ryhNegl��CiUryi1c�lvhLV²W@VXrykgay¬
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VXWPcmcgwt�CW�¯dW@cgz�kgl �6W@¯X��l�emR¨w�¯dW�kgl�«CW@¯X¯Uwtegw�efabx6Wy§N\<pq�m��� ��lv�v�@c1k{cfe­x1wyz���emRUW[¯1w�egw
ry©demRUloc�VXW@cgcmwy�yWqlvh°w)hUW�� �1i �6W@k@§twyh1¯�egRUW�h²c�W@h1¯�egRUloc �Ui �6W@k�wCc�w)c�lvhU�C��W�z�ryhNegl��CiUryi1c�VXW�VXrykga
wtkgW@wU¬
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cgwtVXW�cml�hU�C��W
z�rCVXV�iUhUloz�wtemlvryh,¯Uw�e{w���RUloz{RLwtkgW)hUryeSz�ryhNemlv�yi1ryi1c�lvh
VXW@V²rCkmaC§C��W[x1kmrCx�rNc�W�egr��vW�e����y y¡�¢�¡�£¥¤6¡�¯dW@wy����l�emR�egRUloc­h1ryh1z�ryhNemlv�yiUrCi1cqVXWPcmcgwt�CWy¬ ( W�W�'dx�WPz¼e�emRUW
z�rCc�e�ry©����y C¡�¢�¡�£¥¤6¡�xUkgrdz�WPcmcml�h1�¨emR1WX¯Ul��¦W�kgW�hNe
x1wtkmegc�rt©­emRUWXVXW@cgcgwt�yW°��l��v� �6W²V°i1z{R cmV�wt�v��W@k�emR1wyh
egRUW�lvhUl�emlowt�1\<p���z�rCc�eqrt©Dwt�v��rdz@w�emlvhU��w
hUW@� �1i �6W@k�wth�¯�z�ryxbablvhU��emRUW�¯dl �¦W�kgW�hNe�x1wyk�e{c�rt©¦emRUW�VXWPcmcgwt�CW
lvhNemrXl�e@¬
� ���C y¡�¢�¡�£¥¤¦¡°V²WPcmcgwt�CW�z�ryh�c�locfe{cSrt©4c�W@«yW@kgwy�6x1l�WPz�W@c�rt©4¯Uw�e{wU§d�vrbz@w�egW@¯Lwthbab��RUW�kgW�l�h<i1cmW�km± c�x1wCz�WC¬

� e°lvc�lvhUl�emlow�egW@¯ ��l�emRFw<z@wt�v�4emr<egRUW¨VXW�egRUrd¯����8F'3�� 9 J D�E�3 7 � =�� D�EBJ	��
b¬
��wCz{R ¯Uw�e{w �U��rdz�� lvc
egRUW�h
wyxUx6W�h1¯dWP¯ egrAegRUW V²WPcmcgwt�CW �ba z�wy���vlvhU�FegRUW V²W�emRUrd¯����8F'3 7 � =�� ��
b¬��q«CW�hNemi�wt�v��aC§[egRUW VXWPcmcgwt�CW
z�ryh1c�emkgi1z�emlvryh loc c1h�wt�vl �@W@¯��ba z�wt�v�vl�hU�����8F'3 9 E'F<3 7 � =�� D�E<J	��
b¬ ( W�z@wthFcmW�W¨emR1wte�emR1lvc²cfegkmi�z¼emi1kmWP¯
�1iUl��o¯dlvhU�t± VXW@cgcmwy�yW�VXW@z{R�wthUloc�V®locq��W��v� ± wy¯UwyxdemWP¯²emr�egRUW)¯UW�c1hUl�emlvryh�rt©$w+\<p��q¯dW�kgl�«CW@¯�¯UwtegwtefaNx6Wy§bwyc
WPwyz{RLc�i �Ux1wtkme�rt©�emRUW+¯UwtegwXz�wyh��6W�lvh1c�W@k�egW@¯�l�h,egRUW�VXW@cgcmwy�yW�i1c�lvhU�XegRUW�VXW�emR1rb¯����BF'3 7 � =�� ��
b¬
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QSR1lvc�cmW@z�emlvryh xUkmWPc�W@hNegc�emR1WXwy���Crykgl egRUV�c�i1c�WP¯ �Na �J�C y¡�¢�¡�£¥¤6¡�emr,emk{wth�cf©³W@k
¯1w�egwL¯dWPcmz�kml �6W@¯ �Na�emRUW
\Jpq��¯UW�kgl�«CW@¯,¯Uw�e{w�efabx�WPc�¬

M+��� ��_����B��������� YZ�<YZ���+R
�
QSR1lvcS¯dW@kmlv«yWP¯�¯Uwtegw�efabx6W)kgW�x1��loz�wtemW@c�w²¯Uw�e{w�efabx�WC§Negw �blvhU� �U��rdz��dcSw�e�¯dl �6W@kmW@hCeSr �DcmW�egc@¬4� e�wt�v��r���c­ryhUW
egr²cmx6W@z�l�©³a¨w°hUryh1z�ryhNemlv�yi1ryi1c­¯Uw�e{w+�ow3ayryiUe­��RUW@kmW
¯dloc�xU�owyz�W�VXW�hNe{c �6W�ef��W�W@h�cmi1z�z�W@cgc�lv«yW �U��rdz��dc­hUW�WP¯
h1rteSemr �6W�W@nNi1wy�8¬

14.013.06.0 7.0 8.0 9.0

1.0 2.0 3.0 4.0 5.0 11.0 12.0 15.0 16.010.06.0 7.0 8.0 9.0 13.0 14.0

MPI_Type_indexed(count, blocklengths, displacements, MPI_FLOAT, &indextype);

count = 2;
blocklengths[0] = 4;
displacements[0] = 5;

blocklengths[1] = 2;
displacements[1] = 12;

a[16]

MPI_Send(&a, 1, indextype, dest, tag, comm);

1 element of indextype

O�lv�yiUkgW & (4u�W@xUkmWPc�W@hNegw�egl�rCh�ry©$egRUW+\<pq��l�h�¯dW�'L¯Uw�e{w�efabx�W
O1kmrCV O�l��CiUkmW & §´ryhUW�z@wth c�W@W²WPwyz{R �U��rdz���z@wth ��W¨cmW�hNe���l�emR wth iUhUlonNiUW¨z�wy����egr�egRUWXVXW�emR1rb¯

���BF'3 7 � =�� ��
N¬ ��¯U¯dl�emlvryh1wy�[lvhd©³rykgV�w�emlvryh�c¨c�i�z{R wyc�egRUWJhbiUV ��W@k�rt©��1��rdz��dc¨wth�¯ emRUW hNi1V �6W�k�ry©
W@��W@VXW�hNegcSlvhLW@wyz{R �U�vrdz���wt�oc�r²hUW@W@¯�emr �6W+c�W@hCe �8c�W@W
���v�yrykgl�emRUV & �¼¬
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��� ]6º ��# �=2�� � Q$k{wth�cf©³W@kSwy���Crykgl egRUV ©³rykSegRUW�lvh1¯dW�'L¯Uw�e{w�efabx6W
��� x1wyz���egRUW
hbiUV �6W�k�ry© �U�vrdz��dcSl8¬ Wy¬

count
��� x1wyz���egRUW�c�l ��W�ry©�wyh,lvh1¯dlv«blv¯Ui1wt�DW@��W@V²W@hNe�Wy¬ �

sizeof(MPI � FLOAT )l � x1wyz���egRUW
hbiUV �6W�k�ry©�W@��W@V²W@hNegc�lvhLW@wyz{R��U�vrbz���l8¬ Wy¬�egRUW+wtkgkgw3a
blocklengths

� � D º � ¶ �U�32 �1��rdz��
b
» º

��� x1wCz�� emR1W ¯Uw�e{w z�ryhNe{wtlvhUW@¯ªl�hIegRUW �U�vrdz�� l8¬ Wy¬
a[displacement[b] . . . displacement[b] +

blocklengths[b]]m � ¶ " » D º �

QSR1W�hbiUV ��W@k�rt©�z�wy���oc�emrXegRUW
V²W�emRUrd¯ ���BF'3 7 � =�� ��
)lvc�wCc�©³ry�v��r���c (
±��²z�wt�v�oc�©³ryk
� &	� cml ��W�ry©��³lvhNemW��CW�k � 	��³�vlvhUW &�
 �vl�h1W��)�
± & z�wt�v�D©³rCk
� hbiUV ��W@k�rt©��U��rdz��dc � c�l ��W@rt©��³lvhNemW@�yW�k � 	�� ��lvhUW+~B�
±�hbiUV �6W�k�rt© �U�vrdz��bc)z�wy���oc�©³rCk � hbiUV �6W�k)rt©qW��vW�VXW@hCe{c[lvh<egRUW �U�vrdz�� � c�l ��W@rt©��³W@��W@VXW�hNe � 	 � ��lvhUW�9
� ��lvhUW��)�

M+�NM ��_��
� �/^ ����" � YZ�<YZ���+R
�
QSR1lvc�¯dW�kglv«yW@¯�¯Uw�e{w�efabx�W
wt�ocmr�z�rCh1c�loc�egc­rt©´egRUW)kgW�x1��loz�wtemlvryh¨ry©$w°¯UwtegwtefaNx6W �ba�¯dWLc1hUlvhU�°kgW��CiU�owtk��Nwtx1c
rCkSr�«yW�kg�owtx1c � c�emkglo¯dW��­lvh�egRUW+¯dloc�x1�vwCz�W�VXW@hCe{c
� cmW�W O�lv�yiUkgW
�8�¼¬

1.0

5.0

3.0

11.0

15.0

4.0

12.0

16.0

7.0 8.0

13.0

9.0

6.0

10.0

14.0

2.0

2.0 6.0 10.0 14.0

MPI_Type_vector(count, blocklength, stride, MPI_FLOAT, &columntype);

count = 4;  blocklength = 1;   stride = 4;

a[4][4]

I=1 ; MPI_Send(&a[0][I], 1, indextype, dest, tag, comm);

1 element of columntype

O�l��CiUkmW+�'(qu�W�xUkgW@cmW�hNe{w�emlvryh�rt©�emRUW+\<p���«CW@z�emryk�¯UwtegwtefaNx6W
�)c�©³rCk[egRUW°lvh1¯dWL'J¯Uw�e{w�efabx�WC§�rChUW°z@wth�cmW�W+©³kmrCV O�lv�yiUkgW°��emR1wte)W@wCz{R �U�vrdz��,z@wth �6W²cmW�hNe[��l�emR

wyhJiUhUlonNiUWXz�wt�v��emr�emRUW²VXW�emR1rb¯����BF<3 7 � =�� ��
b¬�QSRUWXwt�v�yrCkml�emRUV ©³ryk�egRUW°«CW@z�emryk�¯Uw�e{w�efabx6W²cm��lv�yRNeg��a
¯Ul��¦W�k{c�©³kgryV emRUW²wt�v�yrCkml�emRUV rt©4egRUW+lvh1¯dW�'J¯UwtegwtefaNx6W�wCc�©³ryk[emRUW�«yW@z�emrCk)¯Uwtegw�efabx6Wy§1emRUW°hNi1V �6W�k[ry©
W@��W@VXW�hNegcSlvhLW@wyz{R �U�vrdz��¨lvcSlo¯dW@hCeglvz@wt���8c�W@W
���v�yrykgl�emRUV �8�¼¬
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��� ]6º ��# �=2�� , Q$k{wth�cf©³W@kSwy���Crykgl egRUV ©³rykSegRUW�«yWPz¼egryk�¯Uwtegw�efabx6W
��� x1wyz���egRUW
hbiUV �6W�k�ry© �U�vrdz��dcSl8¬ Wy¬

count
��� x1wyz���egRUW�c�l ��W�ry©�wyh,lvh1¯dlv«blv¯Ui1wt�DW@��W@V²W@hNe�Wy¬ �1¬

sizeof(MPI � FLOAT )l � x1wyz���egRUW
hbiUV �6W�k�ry©�W@��W@V²W@hNegc�lvh<w �1��rdz��¨l:¬ WC¬
blocklength

� � D º � ¶ �U�32 �1��rdz��
b
» º

��� x1wCz���emR1W[¯Uw�e{w�z�rChCe{wtlvhUW@¯²lvhXemRUW �U��rdz��°l8¬ Wy¬
a[I +b∗stride . . . I +b∗stride+blocklength]m � ¶ " » D º �

QSR1W�hbiUV ��W@k�rt©�z�wy���oc�emrXegRUW
V²W�emRUrd¯ ���BF'3 7 � =�� ��
)lvc�wCc�©³ry�v��r���c (
±¨~Xz�wt�v�oc�©³ryk
� &	� cml ��W�ry©��³lvhNemW��CW�k � 	��³�vlvhUW &�
 �vl�h1W�� 
 ��lvhUW+~B�
±�hbiUV �6W�k�rt© �U�vrdz��bc)z�wy���oc�©³rCk � hbiUV �6W�k)rt©qW��vW�VXW@hCe{c[lvh<egRUW �U�vrdz�� � c�l ��W@rt©��³W@��W@VXW�hNe � 	 � ��lvhUW�9
� ��lvhUW��)�

M+��� ��_�������"�!#^ � � YZ�<YZ���+R
�
QSR1lvc<¯dW@kmlv«yWP¯M¯UwtegwtefaNx6W lvc,egRUW V²rNcfe<�CW�hUW@kgwy�)rChUW wth1¯Iwt�v��r���c�emr �Nw�emR1W�k<wFVXl 'Mrt©X¯dl �6W@kmW@hCe
¯1w�egwtefabx�WPc�cmz@w�e�egW�kgW@¯�w�e�V�wthba¨�vrdz�w�egl�rCh1c�l�h<cmx1wyz�W
l�hNemrXrChUW+¯Uw�e{w�efabx6W �8c�W@W6O�lv�yi1kmW�~8��¬

6.0 9.0 10 117.0 8.0

oldtypes[1] = MPI_INT;

offsets[1] = 4 * sizeof(float);
blockcounts[1] = 2;

6.0 9.0 10 117.0 8.06.0 9.0 10 117.0 8.0 . . . . . 

oldtypes[0] = MPI_FLOAT;

offsets[0] = 0;
blockcounts[0] = 4;

count = 2;

MPI_Send(particles, NELEM, particletype, dest, tag, comm);

1 element of particletype

particles[NELEM];

Particle particles[NELEM];

MPI_Type_struct(count, blocklengths, offsets, oldtypes, &particletype);

typedef struct { float f1, f2, f3, f4; int n1, n2;} Particle;

O�l��CiUkmW�~�(�u�W�xUkgW@cmW�hNegwtemlvryh�rt©�emRUW+\<p���c�emkgi1z¼e[¯1w�egwtefabx�W
J W�lvhU� z�rCVXxU��W�emW@��a lvkmkgW��CiU�owtkP§�emRUloc�¯Uw�e{w�efabx6W,kgW@nNiUlvkgW@c°VXwyhba l�hU©³rykgVXwtemlvryhFemr���W,egkgwyh1cf©³W@kmWP¯

�8c�W@W
���v�yrykgl�emRUV ~B�¼¬
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��� ]6º ��# �=2�� ; Q$k{wth�cf©³W@kSwy���Crykgl egRUV ©³rykSegRUW+c�emkgi1z¼e[¯UwtegwtefaNx6W
��� x1wyz���egRUW
hbiUV �6W�k�ry©�W@��W@V²W@hNegc�l:¬ WC¬

NELEM
��� x1wyz���egRUW
hbiUV �6W�k�ry© �U�vrdz��dcSl�hLW@wCz{R�W@��W@VXW�hNe�l8¬ Wy¬

countl � x1wyz���egRUW
hbiUV �6W�k�ry©�¯Uwtegw°©³ryk�WPwyz{R �U�vrbz���l8¬ Wy¬�egRUW+wtkgkgw3a
blockcounts

� � x1wyz���egRUW�¯dloc�xU�owyz�W�VXW�hNe�©³rCk�W@wyz{R��U�vrbz���l8¬ Wy¬�egRUW+wtkgkgw3a
offsets

��� x1wyz���egRUW�c�l ��W�ry©�wyh,lvh1¯dlv«blv¯Ui1wt�´¯Uwtegw°©³ryk�WPwyz{R �U�vrbz���l8¬ Wy¬�egRUW+wtkgkgw3a
oldtypesm � D º � ¶ �U�32 W@��W@VXW�hNe

e
» º

� � D º � ¶ �U�32 �U�vrdz��
b
lvh,emRUW�W@��W@VXW�hNe

e
» º

��� x1wyz�� emR1W ¯Uwtegw z�ryhNegwyl�hUWP¯ l�h egRUW �U��rdz�� rt© emR1lvc W��vW�VXW�hNe l8¬ Wy¬
p[e][offsets[b] . . . offsets[b] + blockcounts[b]]��� ¶ " » D º �

� j � ¶ " » D º �

QSR1W�hbiUV ��W@k�rt©�z�wy���oc�emrXegRUW
V²W�emRUrd¯ ���BF'3 7 � =�� ��
)lvc�wCc�©³ry�v��r���c (
± �8� 
 hNi1V �6W�k�rt©��U�vrdz��bc ��z�wy���oc�©³ryk
� &�� cml ��W�ry©��³lvhNemW��CW�k � 	�� ��lvhUW & §d�vlvhUW��d§d�vl�h1W��)�
±��²z�wt�v�oc�©³ryk
� hNi1V �6W�k�ry© �U�vrdz��bc � cml �@W�ry©��³lvhCegW��CW�k ��	��³�vl�hUW+~1§d��lvhUW69��
± �³hbiUV ��W@k�rt©
W��vW�VXW@hCe{c � hbiUV �6W�k�rt© �U��rdz��dc �°z@wt�v�vc�©³ryk � hbiUV �6W�k¨ry©
¯1w�egw lvh emRUW �U��rdz�� �
c�l ��W@rt©��8¯Uw�e{w8� 	�� ��lvhUW+� � �vl�hUW 7 � �vl�hUW 8B�

QSRUW��vl�hUW���ry©´emR1W�wy���Crykgl egRUV�c�W@h1¯Uc�emRUW
c�l ��W�rt©DegRUW
¯Uw�e{wU¬4QSRUloc­lvhd©³rCkmV�w�egl�rCh¨loc�hUrye�x�wyz��yWP¯¨wyc
wyh<wtkgkgw3a�ry©

count
lvhNemW@�yW�k{c@§ �Uide[x1wCz��yWP¯�wCc

count
l�hNegW��yW@kgc@¬�QSRUloc�loc�¯diUW
egrXemRUW+© wyz¼e�egR1w�e)��RUW�h

egRUW�ryx6W�k{w�egl�rCh�loc�x6W�km©³rykgV²WP¯D§bemR1W�l�hd©³rCkmV�wtemlvryh�loc�hUrX�vryhU�CW�k�w3«�wtlv�vw��U�vW
wCc�wthLwtkgkgw3aC¬

M+��� � � �#��"'Y�� � ��UWU � ���<X
( W�z��vW@wykm�va�cmW�W�emR�w�e4emR1W�hbiUV �6W�k4ry©¦z@wt�v�vc�egr
emRUW�VXW�egRUrd¯ ���8F'3 7 � =�� ��
­¯UW�x6W�h1¯Uc�ryh°emRUW)¯dW�c1h1l egl�rCh
ry©�egRUW�¯dW@kmlv«yWP¯°¯UwtegwtefaNx6Wy¬ ��h�¯�©³rCk�emRUW)cfegkmi1z�eq¯Uw�e{w�efabx�WC§tegRUW�hbiUV �6W�kqry©�W@��W@V²W@hNegc4locqwt�ocmr
w
¯dlvkgW@z¼e
© wCz¼egryk�emrXegRUW�hbiUV �6W�k�ry©�z@wt�v�vc�egr°egRUW�VXW�egRUrd¯ ���BF'3 7 � =�� ��
N¬
� c1k{cfeLwycgc�rCVXxdemlvryh ��ryi1�v¯ �6W emR1wte�egRUW x�W@k�©³rCkmV�wth�z�W�ry©�ryi1k�egW@z{RUhUlonNiUW ��l��v� ��W ¯dlvkmWPz¼em�va

z�ryhUh1W@z¼egW@¯ egrLemRUW,¯dW�c1h1l egl�rCh rt©SemRUW�¯dW�kgl�«CW@¯ ¯Uwtegw�efabx6W@c@§�wyh1¯ V�w3a ¯dWPz�kgW@wCc�W¨wCc
emRUW�hNi1V �6W�k�ry©
�1��rdz��dcSl�h�emR1W+¯Uw�e{w�efabx�W
lvh1z�kgW@wCc�WPc�§Uwyh1¯�emRUW+cml �@W
rt©�emRUW �U�vrdz��dc�¯UW@z�kgW@wCc�WPc�¬

� !¦� �L-����	���°���
�����+�
	^�����+��-�

QSR1W�rCxdemlvVXlvcgw�egl�rCh�VXWPz{R1wthUlocmVXc�wykmW
lvVXxU��W@VXW�hNemWP¯���l�emR1l�h<\<pq�m���
�N���y C¡�¢v¡�£¥¤¦¡²��RUW�h�emRUW�V�wCz�kgr
�
�
� 1�� �
� 3 �
�B5
��5
� 0 � 3
�
0 5 1 .�1�� ��� loc²¯UW�c1hUWP¯D¬ QSR1w�eXV�wyz�kgr�z@wth �6W,¯UW�c1hUWP¯ lvh emR1WMc1�vW � 7 D
F��'4
= :�3 ���8F��'L 6 E = : @'?�� :D¬ ( WLwtkgW¨lvhFegRUW,xUkmrdz�W@cgc+rt©�wy¯U¯dlvhU� w�hUW@� ©³iUh1z�emlvryh1wy��l�efa emR1wte²��lv�v�Swy���vr��
i�c�W@kgc
egrJW�h�w �U�vW�ryk�¯Ulvcgw �U�vW�egRUW¨ryxUemlvV²locgw�emlvryh ¯Ul�kgW@z�em�vaJ©³kgryV emRUW@l�k²\<pq�+wtx1xU��loz�wtemlvryh1c��Na i1cml�hU�
wte�egkml �UidegW@cSrt©4z�rCVXV�iUhUloz�wtemrCk�r �dsfW@z�egc@¬

e@fhg�ikj�l�j�m



& } ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

QSRUW°V�wtlvh<V²rd¯dl c�z@w�emlvryh�c�emr¨emRUW²c�rCiUkgz�W+z�rd¯dW+��W�kgW+kgW��ow�egW@¯,emr¨emRUW�emk{wth1c�©³W�k�ry©4emRUW°¯Uw�e{w�efabx�W
lvhd©³rCkmV�w�egl�rCh°¯dr���h°emr�egRUWS��W@«yW��d��R1W�kgW�egRUW�¯Uw�e{w[loc�xURbadc�loz�wy���va�cmW�hNe@¬Z� hUrykgV�wt�blvV²x1��W@V²W@hNegw�egl�rCh°ry©
\Jpq�´¯drbW@c$hUrte�hUW�WP¯
emr��CW�e�emRUW�¯Uw�e{w�efabx�W�l�hd©³rCkmV�wtemlvryh+¯dr���h
egr�emRUW�xURbadc�loz�wy��emk{wth�c�VXlocmcml�rCh
��W@«yW��bwyc
l�e�ryhU�va
hUW�WP¯Uc�w�x6rylvhCegW�k�emr)emRUWS¯Uwtegw�egr �6WSc�W@hCe�wth1¯+emRUW��vW�hU�yemR+ry©UemRUloc�¯Uw�e{wU¬�QSRUW@cmW­VXrd¯dl c�z�wtemlvryh1c
kgW@nNiUlvkgW@¯�egr�iUx¦¯Uw�egW�c�lv�yh1wtemiUkgW@c�ry©6cmryVXWSrt©6emRUW�\<p��$©³iUh�z¼emlvryh�cqwth1¯�emr+wC¯U¯�emRUW�hUWPz�WPcmcgwtkga+z�rd¯dW�emr
egkgwyh1c�©³W�k´egRUWS¯Uw�e{w�efabx�W­l�hU©³rykgVXwtemlvryh�¯Ur���h�emr[emRUW�kmWPnNiUl�kgW@¯+��W@«yW��:¬�QSR1lvc���wCc$WPwycml��va
¯dryhUW�¯diUW­emr)emRUW
�ow3ayW@kmWP¯<cfegkmi�z¼emi1kmW°rt©­\<p��m���+¬D� h1¯dW@W@¯ wt�v��egRUW²V²rd¯dl c�z@w�emlvryh�c)wykmW²z�W�hNegkgwy��loc�WP¯<lvhJemR1W����C y¡�¢�¡�£¥¤¦¡
¯UW�«blvz�W
rt©4\<pq�m�����b���y y¡�¢�¡�£¥¤6¡C¬

*)h1z�W�egRUW²xURbabcmloz�wt�$emk{wth1cmVXlvcgcml�rChJ��W@«yW@��loc[kgW@wCz{RUW@¯´§�egR1wth �bc[emr�emRUW�¯UwtegwtefaNx6W�lvhd©³rCkmV�w�egl�rCh´§¦l e
loc
x6rCcgc�l �U�vW°egr<c�W@h1¯JegRUW�¯Uw�e{w�©³ry�v��r���lvhU��emRUW¨wy���Crykgl egRUV�c[xUkgW@cmW�hNegW@¯ l�h _bW@z�emlvryh �d¬�_babVXV²W�emkglvz@wt�
wy���Crykgl egRUV�c[wykmWXwtxUx1��lvW@¯�ryh<egRUWXkmWPz�W�lv«bl�h1��cmlv¯dW°emr,W�'begkgwCz¼e[egRUWXl�hU©³rykgVXwtemlvryh�wyh1¯<egr�kgW@z�ryh1c�emkgi1z�e
egRUW+¯Uwtegw°emrXx1wCcmc��1wCz���emr²egRUW+wtxUx1��loz�wtemlvryh,��W@«yW��:¬

�  �S���������	�����������)�+- ���
�����+�
QSR1lvc�cmW@z�emlvryhFx1kmWPc�W@hCe{cXc�rCV²W,x6W�km©³rykgVXwyh1z�W,W�«�wy��i1wtemlvryhArt©)rCiUkXryxdegl�VXlocmwtemlvryh VXW@z{R1wyhUlvcmVL¬AQSRUW
x1kmrC�yk{wtV i1c�WP¯ loc²w xUlvhU�t± x6ryhU� ��W�ef�­W@W�h �JxUkgrbz�W@cgc�rCkgc

P0
wth�¯

P1
§4��W,V²WPwycmiUkgW¨emR1W�egl�VXW�©³ryk

egRUWJxUkgrdz�WPcmcmryk
P0

emrFcmW�h1¯ ¯Uwtegw ry©
w cmx�WPz�l c�zJ¯dW@kmlv«yWP¯A¯1w�egwtefabx�WLegr
P1

wth1¯AemrFkmWPz�W�lv«yW,egR1w�e
cgwtVXW�¯Uwtegw �1wyz��L©³kgryV

P1
¬¨QSRUW�z�rd¯dWXrt©�emR1W�V²W�emRUrd¯ x6W�km©³rykgV²lvhU��emRUloc�xUlvhU�y±:x6ryhU�Lloc�w3«�wtlv�vw��U��W

lvh ��xUx6W�h�¯dlQ' J ¬­QSRUW�x�wtk{wtVXW�egW�k{cSrt©�emRUW�xUlvhU�y±:x6ryhU�¨wykmW
s
§degRUW�cml �@W�rt©�emRUW�VXW@cgcgwt�yWC§Uwth1¯

b
§1emRUW

hbiUV ��W@k)ry© �U�vrdz��bc[emR1W²¯Uwtegw�lvc
¯dWPz�rCV²x6rCcmW@¯Jl�h´¬ �­wyz{R<egW@c�e
loc)kmW@x�WPw�emWP¯
n
egl�VXWPc[©³rCk)WPwyz{RJ«�wy��iUW

ry©
s
wth1¯

b
§Uwth�¯�egRUW�VXl�h1l�V°iUV egl�VXW�r �degwyl�hUWP¯¨©³rCkSemRUWPc�W��²«�wy��iUWPcSlvc[z�ryh�c�lo¯dW�kgW@¯�wyc�egRUW+kgW@cmiU� e�ry©

egRUW�W�'dx6W�kgl�VXW@hCeP¬
QSRUWXV�wyz{R1l�hUWPc�i1c�WP¯J©³rCk�emRUWXegW@c�e�wykmW�����abx�W@k�± QSRUkgW@wC¯dW@¯ J l�±����
	���
���������¬DQSRUW@a�wtkgW²z�ryhd±

h1W@z¼egW@¯���l�emR ��ryemR�w+Q[�­pFhUW�ef��ryk �²wyh1¯�w+\<abkgl�h1W�e­h1W�ef��ryk �°wyz@z�WPcmcmW@¯X«blow
emRUW�\PdMx1kmryemrdz�rC�8¬ ( W
wy�vcmr²i1c�WP¯<��������	�
������¨z�ryhUh1W@z¼egW@¯���l egR<w�\<abkmlvhUW�e�hUW�ef�­rCk �¨wCz�z�W@cgc�WP¯¨��l�emRLemR1W6:
\ xUkgrtegrdz�ry�:¬

 L" » ¶BC »��d�P�d� · / ¶�� OUrCk�egR1w�e��6W�h1z{RUV�wyk ��wyc�cmRUr���h¨ryh�O�lv�yi1kmW 91§N�­W
cmW�h1¯¨wyh�wykmk{w3a�ry©
n � rNw�egccmxU�vl ememWP¯�l�h

b
�U��rdz��dc@§yegRUW)cml �@W�rt©DWPwyz{R �U�vrdz�� �6W�lvhU�

n/b � xU�vi1c�emRUW)�vwCcfe n%b
W@��W@VXW�hNegcq©³rykqegRUW[�owyc�e

�1��rdz��¦¬

1.0 2.0 3.0 4.0 11.0 12.0 15.010.06.0 7.0 8.0 9.0 13.0 14.0 18.0 19.0 20.017.016.05.0

Block 2 Block 3Block 1

a[20]

O�l��CiUkgW 9�(4½[WLc1hUl�emlvryh<rt©�emRUW�lvh1¯dWL',¯UwtegwtefaNx6W�©³rykSegRUW ��W@h1z{RUV�wtk �dc

 �¶ �t� º ��»��d�P�d� · / ¶�� OUrCkSemR1wte��6W�h�z{RUV�wtk ��wycScmRUr���h�rChhO�lv�yiUkgW+�d§b�­W�cmW�h1¯,w²V�w�emkgloz�W
rt©
n ∗ n

� rCw�e{c�c�x1��l�e�egW@¯,l�h b
�U�vrbz��dc@§bemRUW+cml ��W
rt©�W@wyz{R �U�vrdz�� ��W@l�h1�

n ∗ n/b
¬

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ &N&

a[4][4]
b = 4

1.0

5.0

3.0

11.0

15.0

4.0

12.0

16.0

7.0 8.0

13.0

9.0

2.0

6.0

10.0

14.0 Block 4

Block 3

Block 2

Block 1

O�lv�yiUkgW+�<(q½)W�c1h1l egl�rCh,ry©$egRUW�«yWPz¼emrCk�¯Uw�e{w�efabx�W
©³rCkSemRUW �6W�h�z{RUV�wtk �bc

W ��� 	��t��»��d�@�U� · / ¶ � OUryk´emR1wte ��W@h1z{RUV�wtk �)wCc$cmRUr���h
ryh O�lv�yiUkgWq�U§P�­W­c�W@h1¯�w�cfegkmi�z¼emi1kmWqlvh1z���i1¯Ul�hU�
� � rNw�e�W��vW�VXW@hCe{c�©³ry�v��r���W@¯��ba & lvhCegW��CW�kSW��vW�VXW�hNe�©³rC���vr��­WP¯ �ba & � rNw�e�W��vW�VXW@hCeP¬ OUrCkSemR1wte[c�x6W@z�lQc�zefabx6Wy§d��W[ck'bWP¯¨egRUW
hbiUV �6W�k�ry© �U�vrbz��dc­emr�~1¬�QSR1W��1��rdz��dc�kmW@xUkmWPc�W@hNe�emR1W
emRUkgW�W
c�W�egcSry©�¯Uw�e{w²l�h�emRUW
c�emkgi1z�emiUkgWy¬

2.0 −2.0 4 −4.0 . . . . . 200.0 −200.0 400 −400.0particles[NELEM]

O�lv�yiUkgW
�'(q½)W�c1hUl�emlvryhLry©�egRUW+cfegkmi�z¼e�¯Uw�e{w�efabx6W)©³rCkSemRUW �6W�h�z{RUV�wtk �bc

�#��� � �/�#^�_IU YZ"�&\� ��"P�'_#� �B���#� � Y���� � � ^ �<��" � YZ�<YZ���+R
� X
QSR1lvc)c�WPz¼emlvryh<x1kmWPc�W@hCe{cSemR1W�x6W�km©³rykgVXwyh1z�W�r �degwyl�h1W@¯,©³ryk[emRUW�l�h1¯UW�'Jwth1¯L«CW@z�emryk)¯Uw�e{w�efabx�WC¬Sp�W@k�©³rCk�±
V�wyh1z�W
W�«�wy��i1wtemlvryh�©³rykSegRUW+cfegkmi�z¼e�¯Uw�e{w�efabx6W�loc�cmRUr���h,l�hJ_bWPz¼emlvryhh91¬ �d¬

B � � � � V°¶ " �$2�� �d��� ¹ # �=2��)# C´¶ »�� 	���� ¶ � º D V � º ���´�
� h w�c1k{cfe+WL'dx�W@kmlvVXW�hNe@§��­W c@'

b
§´egRUW�hbiUV �6W�k�rt© �1��rdz��dc
emr<~<wyh1¯ ryhU�vaJlvh1z�kgW@wCc�W

s
§´emR1W¨c�l ��W�ry©

egRUW,V²WPcmcgwt�CWy¬ O�lv�yi1kmWPc 7Jwth1¯?8�cmRUr���wJ�C��r �1wt��r�«yW@km«blvW�� ©³ryk°emRUW�emRUkgW�W�efabx�WPc�ry©[hUW�ef�­rCk �dc+ry©
egRUWX�Cwyl�h1c�r �degwyl�hUWP¯���l�emR ryi1k�ryxdegl�VXlocmwtemlvryh�VXWPz{R1wthUlocmVXc)©³rCk
emRUWXlvh1¯dW�' wth1¯ «yWPz¼emrCk�¯Uw�e{w�efabx�WPc�¬
O�lv�yiUkgW@c & ~1§ & 9Xwth1¯ & ���ylv«yW
w°¯dW�egwyl��vW@¯�«bl�W@� ©³ryk�w²c�x6W@z�lQc�z)efabx6W�ry©$hUW�ef�­rCk ��ry©´emRUW
x6W�km©³rykgV�wth1z�W
wyh1¯<egRUWX�Cwyl�hJr �degwyl�h1W@¯<©³rCk�emRUWXlvh1¯dW�'�¯1w�egwtefabx�WC¬�QSRUWX¯dW�e{wtlv��WP¯J«bl�W@��c)©³ryk�emRUW²«yWPz¼egryk
¯Uw�e{w�efabx�W
wykmW
cmRUr���h�rChhO�lv�yiUkgW@c & �U§ & 7+wyh1¯ & 8²l�hA��x1x�W@h1¯dl 'A��¬

*)hUW�z�wyh�c�W@W[egRUW[x6W�km©³rykgV�wth1z�W�©³rCk�egRUW[«CW@z¼egrykS¯Uw�e{w�efabx6W)wtkgW�hUW@�y�vl��Cl �1��WC§ �UiUeSwykmW)�yrbrd¯X©³ryk­emRUW
lvh1¯dWL' ¯UwtegwtefaNx6W�r�«yW@k
emRUW�\<abkmlvhUW�e+h1W�ef��ryk �P�³kgW@wCz{RUl�h1���t~
	 �¼¬LQSRUW�sfiUVXx lvh x�W@k�©³rCkmV�wth�z�W²©³ryk
egRUW�lvh1¯dWL'L¯1w�egwtefabx�W+r�«CW�k�egRUW :
\ xUkmryemrdz�rC���¥© wy���vlvhU��¯dr���hL©³kgryV w �6ryiUe & ��	�©³rCk)�_8�� � rCw�egl�h1�W@��W@VXW�hNegc�emr�w���rCide²~
	 ©³ryk°�C�
� � rNw�emlvhU�JW@��W@VXW�hNegc ��loc�WL'dxU�vwyl�h1W@¯��ba emRUW�© wyz¼e0:
\ cm��l e{z{RUW@c
©³kgryV�wyh�WPwt�CW�k�xUkmryemrdz�rC�1egr�w�kgW�h1¯UW ��«Cryi1c­xUkgrtegrbz�ry��emr�cmW�h1¯�emRUW�¯Uwtegw1¬ �[h1¯�emRUW�cmaNh�z{RUkmrChUlocmwtemlvryh
lvhb«yrC��«CW@¯²l�h�emRUW)kmW@h1¯dW
��«yrCi1cqx1kmryemrdz�rC�1w �¦W@z�egc�emRUW�x�W@k�©³rCkmV�wyh1z�W�ry©´ryiUk­ryxdegl�VXlocmwtemlvryh�VXW@z{R�wthUloc�VL¬

e@fhg�ikj�l�j�m



& � ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

 2

 4

 6

 8

 10

 12

 14

 16

 18

 20

 22

 24

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

TCP
MX
GM

O�l��CiUkmW�7<( *)xUemlvV²locgw�emlvryh,�Cwyl�h�c�©³rykSemR1W�l�h1¯UW�'�¯UwtegwtefaNx6W

-7

-6

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 50  60  70  80  90  100  110  120  130  140  150

G
ai

n 
(%

)

Size (K number of floats)

TCP
MX
GM

O�lv�yiUkgW68'(�*)xdemlvVXlvcgw�egl�rCh��Nwtlvh1c�©³rykSegRUW�«yWPz¼egryk�¯Uw�e{w�efabx6W

B � � � ,  �U� · # " ] �=2 ¶ � 	 � � ¶ � º D V � º � �´�
O1ryk�emR�w�e�W�'dx6W�kgl�VXW@hCeP§d�­W+c@'

s
emRUW�cml �@W
rt©$egRUW
VXW@cgcmwy�yW
wth1¯�«�wtkga

b
emR1W�hbiUV ��W@k�rt©��U��rdz��dc­©³kmrCV

& egr & }U¬�*)h1W¨z�wth cmW�WX©³kgryV O�lv�yiUkgW@c��1§ & }Lwyh1¯ &_& emR1wte�emRUloc�© wCz¼egryk+¯drbW@c
h1rte+R1w3«CWXw �Ulv�Jwth�¯
kgW��CiU�owtkqW �6WPz¼e­rCh�emR1W)rCxdemlvVXlvcgw�egl�rCh��Cwtlvh´¬�p�W�km©³rykgVXwyh1z�W)z�W�kmegwyl�h1��aX¯dW@z�kmWPwycmW@c4��R1W�h¨i1cmlvhU�°\PdM©³ryk
w�c�i ��c�W�e)rt©�cml ��W�ry©qVXW@cgcmwy�yW@c@§ �1ide)l�e
wy�vcmr¨lvh1z�kgW@wCc�WPcS©³ryk
wth1rtemR1W�k[cmi �1cmW�eP¬6*)iUk[c1k{cfe
wycgc�iUVXxdegl�rCh
egR1w�eSegRUW
hNi1V �6W�k�rt©�z�wy���oc­emr²emRUW
VXW�egRUrd¯ ���BF'3 7 � =�� ��
[��ryiU�o¯�w �6WPz¼e�RUlv�yRU�va�emR1W�x6W�km©³rykgV�wth1z�W)ry©

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ & ~

egRUW�ryxUemlvV²locgw�emlvryh,VXW@z{R1wyhUloc�V�cSlocShUrte[z�rykgkmWPz¼e�©³ryk�egRUW�l�h�¯dW�'L¯Uw�e{w�efabx�WC¬4��r���W�«yW@k@§b��W
��l��v�$cmW�W�lvh
_dW@z¼egl�rCh�9�¬ ��egR1w�e�l�e�lvc�egRUW+z�wCc�W�©³rCkSemRUW+c�emkgi1z¼e�¯UwtegwtefaNx6Wy¬

 0

 2

 4

 6

 8

 10

 12

 1  2  3  4  5  6  7  8  9  10

G
ai

n 
(%

)

Number of blocks

Size 50000
Size 60000
Size 70000
Size 80000
Size 90000

Size 100000

O�lv�yiUkgWX�'([p�W@k�©³rCkmV�wth�z�W²W�«�wt�vi1w�egl�rChJ©³rCk)egRUWXl�h�¯dW�' ¯1w�egwtefabx�W²r�«yW@k�Q[�­pI��RUW�h «�wtkgabl�hU��hbiUV �6W�k
ry© �U�vrdz��dc

 0

 5

 10

 15

 20

 25

 1  2  3  4  5  6  7  8  9  10

G
ai

n 
(%

)

Number of blocks

Size 50000
Size 60000
Size 70000
Size 80000
Size 90000

Size 100000

O�lv�yiUkgW & }'([p�W@k�©³rCkmV�wyh1z�W°W�«�wt�vi1w�egl�rChJ©³rCk)egRUWXl�h�¯dW�'�¯UwtegwtefaNx6W²r�«yW�k
\Pd ��RUW@h�«�wtkgabl�hU��hbiUV �6W�k
ry© �U�vrdz��dc

e@fhg�ikj�l�j�m



& 9 ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

 0

 2

 4

 6

 8

 10

 12

 14

 16

 1  2  3  4  5  6  7  8  9  10

G
ai

n 
(%

)

Number of blocks

Size 50000
Size 60000
Size 70000
Size 80000
Size 90000

Size 100000

O�lv�yiUkgW &N& ()p�W@k�©³rCkmV�wyh1z�W+W@«�wt�vi1w�egl�rChJ©³ryk)emR1W²lvh1¯dWL'�¯Uw�e{w�efabx6W°r�«CW�k :
\ ��RUW@h�«�wtkgabl�hU��hbiUV �6W�k
ry© �U�vrdz��dc

�#�NM � �/�#^�_IU YZ"�&\� ��"P�'_#� ���<"�!#^ � � YZ�<YZ���+R
�
O�lv�yiUkgW & �)c�R1r���c�w��C��r �1wt�br�«yW@km«blvW�� ©³rCk�emRUW�Q[�­p hUW�ef�­rCk �+wyh1¯+egRUW�\<abkgl�hUW�e¼�t\Pd hUW�ef��ryk ��rt©6emRUW
�Nwtlvh1c�r��de{wtlvhUW@¯ ��l�emR ryiUk
ryxUemlvV²locgw�emlvryh VXW@z{R1wyhUloc�V�c)©³ryk
egRUW�cfegkmi1z�e+¯Uw�e{w�efabx�WC¬²½)W�e{wtlv��WP¯�«blvW���c
wykmW<cmRUr���h l�h O�l��CiUkgW@c & � wth�¯ �y} l�h ��x1x�W@h1¯dl ' �+¬Mp�W@k�©³rCkmV�wyh1z�WPc�©³rCkXemR1wte¨efabx�W<wykmWLRUlv�yRU�va
h1W��Cwtemlv«yWC§demRUloc)lvc)¯diUW+egr�emR1W+© wyz�e�emR�w�e[egRUW�hbiUV ��W@k[ry©4z@wt�v�vc�emr�egRUW�VXW�emRUrd¯ ���BF'3 7 � =�� ��

loc�egrNr
R1l��CRS�³l�e[lvc)w¨¯dlvkmWPz¼e�© wCz¼egryk�ry©�egRUW+hbiUV ��W@k[rt©4W@��W@V²W@hNegc[cmW�hNe[wyh1¯,emRUW°hbiUV �6W�k�ry© �U��rdz��dc�lvh<W@wCz{R
W@��W@VXW�hNe ��§$wth1¯F���y C¡�¢�¡�£¥¤6¡�loc
hUrte+w �1��W°emrLW�'dxU�vryl�e
W � z�lvW�hNem�vaJVXW@cgcgwt�yWPc)z�ryVXx6rCcmW@¯Jry©�egrNrLV�wthba
x�wyz��yW�egc@¬

� 	 ��
�� �,
$
����+�
( W z�wyhIcmW�W emR1wteLemRUW x6W�km©³rykgV�wth1z�W@c,wtkgW �C��r �1wt�v��a �Crbrb¯ ©³rykLegRUW l�h1¯UW�'ª¯UwtegwtefaNx6W ��RUW�hªemR1lvc
¯1w�egwtefabx�WLc�x1��l�e°egRUW<¯Uw�e{w�lvhFRbiU�CW�VXW@V²rCkma wykmWPwyc@¬ u�W��Nwtk{¯dl�h1�JemR1W,«CW@z�emrykX¯Uwtegw�efabx6Wy§4egRUW,x�W@k�±
©³rCkmV�wyh1z�W��Nwtlvh1c�wtkgW[wt�vVXrCc�e­hUW@�y�vl��Cl �U�vWy¬4�[r��­W@«yW�kP§�©³rCk�egRUW�c�emkgi1z�eS¯UwtegwtefaNx6Wy§CemR1W)hUW@� VXW@z{R1wyhUloc�V
locShUrye�W � z�l�W@hNe�wCc�l e�W@h1¯UcSiUx,l�hLw°RNi1�yW
hbiUV �6W�kSrt©�z�wy���oc­emr²emRUW
VXW�egRUrd¯ ���BF'3 7 � =�� ��
N§yW@wyz{R,z�wy���
©³rCk�w²kmW@�vwtemlv«yW��va¨cmVXwy���DVXW@V²rCkma�wtkgW@wU¬

QSRUWPc�W°W�'dx6W�kgl�VXW�hNe{c�R1w3«CW�c�R1r���h<x�rNcmcml �1��W°ryxdegl�VXlocmwtemlvryh1c�©³ryk°�J�C y¡�¢�¡�£¥¤6¡C§´��RUW@h<emRUW°hbiUV �6W�k
ry©�z�wy���oc�egr�egRUW²V²W�emRUrd¯ � �BF'3 7 � =�� ��
�lvc��owtkg�yWC§´���y C¡�¢�¡�£¥¤6¡�z�rCiU�v¯�r��de{wtlvh�cmryVXW��Nwtlvh �ba � i1c�R1l�hU�egRUW�¯UwtegwX��RUW@hLemRUW°c�l ��W+ry©�egRUW°¯1w�egw�wy��kgW@wC¯da�w3«�wtlv�ow �U�vW�lvc��vwykm�CW�kSemR�wthJwX�ylv«yW@h,emRUkgW@cmRUry�o¯D¬SQSR1w�e
��ryi1�v¯ �vW@wC¯ emr wth r�«yW@km�owtx��6W�ef��W�W@h emRUW,c�W@h1¯dlvhU��ry©[c�rCVXW¨x1wyz��CW�e{c�wth�¯ emRUW�xUkgrbz�W@cgc�lvhU�Jry©�emRUW
©³rC���vr���lvhU�<ryhUWPc�¬ �[h rtegRUW�k°ryxdegl�VXlocmwtemlvryh z�rCiU�o¯ ��W¨emr z�ryh1cmlo¯dW�k�wyh W�'bemW@h1¯dWP¯ x1wyz�� l�hF��RUlvz{R w
kgW�©³W@kmW@h1z�WSegr�emR1W[��RUrC��W[¯1w�egw�wth1¯²egRUW)¯dWPcmz�kmlvxdegl�rCh²ry©DemRUW)¯Uw�e{w�efabx�W[�­rCiU�v¯ �6W)¯Ul�kgW@z�em�va�egkgwyh1cf©³W@kmWP¯

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ & �

-2000

-1800

-1600

-1400

-1200

-1000

-800

-600

-400

-200

 0

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

TCP
MX

O�l��CiUkgW & �<( *)xdemlvVXlvcgw�egl�rChL�Cwtlvh1c­©³rykSegRUW+c�emkgi1z¼e[¯UwtegwtefaNx6W

¯Ur���h�emr°emRUW�xURbadc�loz�wy�1egkgwyh1cmV²locgc�lvryh��ow3ayW@k@¬�QSRUlvc��ow3ayW@k���ryiU�o¯D§N©³ryk�l�h�cfe{wth1z�Wy§b�yW�e­egRUW)lvhd©³rCkmV�w�egl�rCh
egR1w�e�WPwyz{R�rtemR1W�k

n
z�W��v�ocSrt©�wX«CW@z�emryk

V
R1wCc�emr �6W
emk{wth1c�©³W�kgW@¯D§dwyh1¯,�­rCiU�v¯�x6rtemW@hNemlowt�v��a �6W+w �1��W�emr

x6W�km©³rykgV cmryVXW
x�W@k�egl�h1W�hNe�ryxdegl�VXlocmwtemlvryh1c@¬

� �����S����������

� �[\�}y~
	 *°¬��[iUV�wt�CW�wth1¯ :²¬�\<W@kgz�l�W@k@¬ \Jpq�m�����t\Jwy¯d�m��� (�wA�­�vi1c�emW�k,rt©°�­�vi1c�emW�k{c �qh1w �1��WP¯

\<pq��� V²x1��W@V²W@hNegw�egl�rCh´¬ � h � � 	$�{¡{¡g t£¥¤���� 	 � � 
U¡���
d£��m 1���������
	 ��� �¼¤ � ¡L�¼¤6� � £
	t¤6�t¢
�
� � � 	��¼£��U� 	�¤ ��¢ �I� � ¡��Y��	�� � � � £¥¤�� ��¤¦  � 
U¡ ���¼£  ������ ���¼£  �����������§�x1wt�CW@cX�t���d~C�U§
Q$r �bayr1§°\Jw3aI�y}y}y~1¬ : >B>B7�� �
� = L-F�� � =)? � 7 K >'98@���?)@ J�� =)? � 7 � 7�@'?�=
9�9 F�D�E�J L�� =B= J @ D
F
�
������ �"!�#"!�# � ��� �"!�#$!%# ><?�= � :�& > �$¬

� ��i1VX}N� 	 *°¬-��iUV�wy�yWy¬U�[W�egW�kgry�yW@hUW�rCi1c�V�iU��eml�± z��vi1cfegW�k�hUW�ef�­rCk �blvhU�)��l�emR°emR1W�\Jwy¯dW@��W@l�h1W��m����z�rCV°±
V�iUh1lvz@w�emlvryhF��l �Uk{wtkgay¬�� h � � 	$�{¡g¡{ t£¥¤���� 	 � � 
U¡('*) � 
 ��¤ � ¡��¼¤¦� � £
	�¤¦��¢ �����m�t¢¥¢�¡�¢)��¤¦ ,+�£���-
� �¼£/. � � ¡g +� � 	$�g¡����¼£¥¤�� �
� � � 	��¼£��U�102'*' � 
 �°¡ � ¡�� 	��N¡�¤¦¡�	��I�6� 	�� � � � £¥¤��43 	���5�� 
@	 � � �0�63
���*�7�8��§�OUrCk�e���wti1¯dW@kg¯1wt�vWy§ �[xUkmlv�­�y}y}C�U¬6�[W��o¯ l�h z�ryh�sfiUh�z¼emlvryh ��l�emR � p�½)p­_ �t}C}C�U¬ & �
x1wt�CW@c@¬ ��'bemW�h�¯dW@¯LxUkgrdz�W@W@¯dlvhU�Cc�lvhLW��vW@z¼egkmrChUloz[©³rCkmV ryhU�vay¬

� : �$�C�
	 ( ¬�½°¬�:�kmrCxUx wyh1¯ ��¬ �´i�c �¦¬:9 ��¡���; � ���d£  y¡���	��
� 7 D = :$0��Z�)	�� � �*.�¢�¡h��� � ¢v¡���¡�¤ � �<-
� £
	t¤ 	 ��������¬ \Jw�egRUW�V�w�eglvz@c�wyh1¯A�­ryVXxUiUemW�k�_dz�l�W@h1z�W,½[lv«blvcml�rCh´§���kg�yrChUhUW,Y[w�egl�rCh1wt�
�$w���rCkgwtemrykgay§ & �C�y�1¬Z�)Y �D± �y�b���1¬

� : �$½
_d�C�
	6( ¬S:�kgryxUx$§ ��¬ �´i1c �¦§CY�¬C½)rCcgc�§Nwth1¯H��¬N_ �PsfW��v�viUVL¬2� RUl��CRd± x�W@k�©³rCkmV�wth�z�Wy§yx�rCk�e{w �U�vW�l�V²±
xU�vW�VXW�hNegwtemlvryh+ry©demRUWS\<pq�$V²WPcmcgwt�CWqx1wCcmcml�h1��l�hNegW�km© wyz�W­cfe{wth1¯Uwykg¯´¬I�����m��¢¥¢�¡�¢�� 	�� � � � £¥¤��y§
�y��� �8� ( 7�8y�7�I8C�_8U§C_dW�xdegW�V �6W�k & �y�C�U¬

e@fhg�ikj�l�j�m



& � ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

� \<W@kg}_9-	 :²¬t\<W�k{z�lvW�kP¬�� 	�� � �d¤�£
�{� � £
	�¤@��� 
U� � � ¡�� � ¡L� ��	�������¤��g¡�� � 	�� � ��.�¢�¡��)¡�¤�¡�¤��P£�� 	�¤�¤6¡L�X¡�¤ � �

b£��L�m��� � 
d£�� �1¡�� 0 
�� � ��� 	�����¤¦¡��J¡ �   � ¤¦���²£�� �1¡��¼¬ p�R1½ emR1W@cmlvc@§�Z[hUlv«yW�k{cml egj J ryk{¯dWPwtiU' �¼§
½[WPz�W@V �6W�k[�t}C}�9�¬

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ & 7

� 	 �����+��-���*� �S�������4�	�+����� � ��
 ��-¼��


 5

 10

 15

 20

 25

 30

 40  60  80  100  120  140  160

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

 0

 2

 4

 6

 8

 10

 12

 14

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�l��CiUkgW & ~'(�p�W�km©³rykgV�wth1z�W)W@«3wy��i�w�emlvryh�©³rykSegRUW�lvh1¯dW�',¯Uw�e{w�efabx�W�r�«CW�kSQ[�­p

e@fhg�ikj�l�j�m



& 8 ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

 2

 3

 4

 5

 6

 7

 8

 9

 10

 11

 40  60  80  100  120  140  160

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

 0

 5

 10

 15

 20

 25

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�l��CiUkmW & 9�(�p�W�km©³rykgVXwyh1z�W�W�«�wy��i1wtemlvryh�©³rykSegRUW�l�h�¯dW�'�¯1w�egwtefabx�W�r�«CW�kS\Pd

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ & �

 4

 6

 8

 10

 12

 14

 16

 18

 20

 40  60  80  100  120  140  160

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

 0

 2

 4

 6

 8

 10

 12

 14

 16

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�lv�yiUkgW & �'(�p�W@k�©³rCkmV�wth�z�W
W�«�wt�vi1wtemlvryh¨©³rCkSemRUW�lvh1¯dWL',¯UwtegwtefaNx6W
r�«yW@k):
\

e@fhg�ikj�l�j�m



�y} ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

 5

 10

 15

 20

 25

 30

 35

 40

 50  60  70  80  90  100  110  120  130  140  150

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

−7

−6

−5

−4

−3

−2

−1

 0

 1

 2

 50  60  70  80  90  100  110  120  130  140  150

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�lv�yiUkgW & ��(�p�W@k�©³rCkmV�wth�z�W�W�«�wt�vi1w�egl�rCh�©³rCkSemRUW�«CW@z�emryk�¯UwtegwtefaNx6W
r�«yW@kSQ[�­p

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ � &

 6

 8

 10

 12

 14

 16

 18

 20

 50  60  70  80  90  100  110  120  130  140  150

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

−0.2

−0.1

 0

 0.1

 0.2

 0.3

 0.4

 50  60  70  80  90  100  110  120  130  140  150

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�lv�yiUkgW & 7�(�p�W�km©³rykgV�wth1z�W)W@«�wt�vi1w�egl�rCh�©³rCkSemRUW�«CW@z¼egryk�¯Uwtegw�efabx6W
r�«yW�k�\Pd

e@fhg�ikj�l�j�m



�C� ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

 10

 15

 20

 25

 30

 35

 50  60  70  80  90  100  110  120  130  140  150

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

−0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 50  60  70  80  90  100  110  120  130  140  150

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�l��CiUkgW & 8'(�p�W�km©³rykgV�wth1z�W)W@«3wy��i�w�emlvryh�©³rykSegRUW�«yWPz¼egryk�¯Uw�e{w�efabx6W�r�«CW�k :
\

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ �y~

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 40  60  80  100  120  140  160

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

−2000

−1800

−1600

−1400

−1200

−1000

−800

−600

−400

−200

 0

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�lv�yiUkgW & �'(�p�W�km©³rykgV�wth1z�W
W�«�wt�vi1w�egl�rCh¨©³rCkSemRUW+c�emkgi1z¼e[¯1w�egwtefabx�W
r�«yW@k�Q[�­p

e@fhg�ikj�l�j�m



��9 ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

 0

 200

 400

 600

 800

 1000

 1200

 1400

 40  60  80  100  120  140  160

T
ra

ns
fe

r 
tim

e 
(m

s)

Size (K number of floats)

Default mode
Optimised mode

�������	� g�

������g�
�� �����

−2000

−1800

−1600

−1400

−1200

−1000

−800

−600

−400

−200

 0

 40  60  80  100  120  140  160

G
ai

n 
(%

)

Size (K number of floats)

������� ��� ��������� � � ��g�
 �
� g

O�lv�yiUkgW
�y}'(�p�W�km©³rykgV�wth1z�W�W@«�wt�vi1w�egl�rCh¨©³rykSegRUW+c�emkgi1z¼e[¯UwtegwtefaNx6W
r�«yW@kS\Fd

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ �C�

� � ��������� #&��*��"�����F���,�I M�S�������4�	�+�,�­� � �)�+- �,�
�����+�  "��� b������	

� �V� ��_�� �8� ��� � � YZ��YZ���+R
�

������� � � g	� 	 g
� ��� f�
 � ����� � ������� f ��� ��� � � ����� g
� � � ��� � �"!$#���� � g � ��% ����� ��# � �'& �(% ����� � � g &�% ���)� � �	� �����(%
����� � � � � % ���)� g
� � � ����& �*% ����� � �
��+-, � g.� ��� �0/

����� ��# � �1&2# � g 
 � , ��3��4# � �5&	�*657
����� � � � � # �	� � � � g	� ��3��2# � �5& �8697: � 	 + � � � � �;
�� � � g�� �'� ��
 � �<7: � 	 +�� � � �=� � � � � � 7
����� �>7
� �
�4+ � ����&2+ � � � 7
� �
�4+ � ����&2+ � � � 7
?A@
B�C>D�E9?2C
?	F G
H � � � �A7?A@
B�C>D�E9?2C
?	F G
H � � � �A7
I5IKJ�LMJ�NOJOP�Q�J�R
STR1NVU�W)X	N�RZY1[.U]\.P
NVP
N�^9_�S
�a` � g
� � � ��� � �;!*#���� � g � �cbdb j �e/
`f��g � ��b j 7 ��h �2# � �5& �i7 ��jkj ��/

��# � �1&�# � g 
 � , ��3 ��6lb j 7mm n�o�p9n /
`f��g � ��b j 7 ��h �2# � �5& �i7 ��jkj ��/

��# � �1&�# � g 
 � , ��3 �16qb g	� � � ���
� �"!$#���� � g � ��r �4# � �5&	�M7m
��# � �1&2# � g 
 � , �)3 ��# � �9& �

−

� 6$jsb g
� � � ��� � �;!*#�� � � g � �ut �4# � �5& �87m
� � � � # �	� � � � g	� �)3 j 6vb j 7
`f��g � ��b � 7 �ah �2# � �5& �i7 ��jkj ��/� � � � # �	� � � � g	� ��3 �56ub ��# � �1&�# � g 
 � , ��3
�

−

� 6kj � ��� � #��	� � � � g � ��3 �
−

� 6a7m
�a` � � �
��+-, � g.� ���wb b fUe.x ! �0/
`f��g � ��b j 7 ��h �2# � �5& �i7 ��jkj ��/� ��� � # �	� � � � g	� ��3��96zy
b p

�={
n
�)` � `

o
�)|2� �A7mm}I5I~S�L.\iJ"Y

I5ITX1U5S�P
NVS�W>ROS5U�\.P
NVP
N�^9_�S
�a` � � �
��+-, � g.� ���wb b fUe.x ! �0/: � 	 + f*
 � �O+$, � g1� ��� � � ���2# � �9& �d% �4# � �5&�# � g 
 � , �u% � � � � #�������� � g	� �q% : � 	 +.�5��� 
kf %8� � g�� �'� ��
 � � �A7m n�o�p9n /: � 	 + f*
 � �O+ � g1� ��� � � ����# � �9& �(% �2# � �5&>#�� g 
 � , �u% � � � � # �A����� � g � �q% : � 	 +.�5� � 
^f %<� � g2� �'� ��
 � � �A7m
: � 	 + f)
 � ��+�� � ����� � ��� � g2� �'� ��
 � � �A7
�a` �1�
� g &�b b � �
� ��� � �0/
`
o
�)|4� � � � �k3 g	� � � ���
� �"!$#���� � g � �
697

e@fhg�ikj�l�j�m



�y� ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

I5I��
L$J�NOJ�P�QfJ�R
Si\	P�N�P N�[ R�S'L�\
�a` ���4! e�� �4��! � /

� ��� g � � ��� � � � �	��b
�	� �A7m
`f��g � ��b j 7 ��h g
� � � ���
� �"!$#���� � g � � 7 ��j j���/� � � �k3���6vb ��� j y �	�9j � ��7
�a` �
�4! e�� �4��! � /

� ��� g � � ���5t l � � �����k% � � � �s3��.6 �
7mm
�a` ���4! e�� �4��! � /

� ��� g � � ����� g � �A7m
I5I~R�S'L�\�N��2S \	P�N�P N�[~N��2S _)U5[.X�S�ROR9[
U��?	@
B�C>D�E9?�C.?	F G
H � � � �A7: � 	 +$� � g9� � � � � �q% � % � g�� ��� �V
 � �c% � ��� � % f 
�� % : � 	 +�� � :M: +�� � e � � �A7
I5I S1U'P	ROS�N��2S�Q=[2X
P2Q \APANfP
`f��g � ��b j 7 ��h g
� � � ���
� �"!$#���� � g � � 7 �aj j � � � � �s3��96(b

−

�	� j 7
I5I U1SAX	S�J��	S \APANfPZYVU�[�� _)U5[.X�S1R'R9[
U��: � 	 + e ���! �� � � � �u% g
� � � ��� � �;!*#���� � g � ��% : � 	 +
�5� � 
kf % � ��� � % f 
�� % : � 	 +"� � :<: +�� � e � � %M� � � � � �A7�5, �5�5& 	�g2� �9� 	 �#� � �����5� � � � � � �u% �8% g
� � � ���
� �"!$#���� � g � � �A7
?	@
B�C>D�E9?�C.?	F G
H � � � �A7� � � � g � �	� � ��� �5����%$��t � � � t � � � tk��� � t � � � t �

−

t � � g � % g
� � � ��� � �;!*#���� � g � �2% : � 	 e + 	 
2� !"%4! � %?	@
B�C.?AF &(F ')D8C)(4E#*,+�- � � � % � � �$% ��# � �9& �(% � �A� �����q% � � � � �A7m n�o�p9n
�a` �5� � g &�bkb � � � � �0/

`
o
�)|4� �-3 g
� � � ��� � �"!$#���� � g � �A657: � 	 + e ���! �� �s% g
� � � ���
� �"!$#���� � g � ��% : � 	 +.�5� � 
^f % � �	� �����u% f 
�� % : � 	 +"��� :<: +�� � e � � %M� � � � � �A7�5, �5�5& 	�g2� �9� 	 �#� � �����5� � � �s%0� � g &�% g
� � � ���
� �"!$#���� � g � � �A7

: � 	 +$� � g9� � � % � % � g>� �O� �V
 � ��% � �	� �����u% f 
�� % : � 	 +.� � :M: +�� � e � � �A7m
: � 	 + f$
�� ��+$� ��� � � � � g2� �'� ��
 � � �A7m

� � M ��_�� � � ^ �<��" � YZ��YZ���+R
�

����� 
 � �=e ���	#=� �!/ � � ���)� � �0/�� % ����� �4# � �5&	� �0/
����� ��� �>#�� ��/ � b � ��/ � 7
132��

o�n
�>��� ��#�� ��/ � t �4# � �5& �54"b j � ��� ��#�� ��/ � jkj 7

g
n
�#64g'� ��� ��#�� ��/ �k7m

������� � � g	� � ��� � � � f<
 � �O��� � ���A�f� f ��� � � � � ���)� � �0/��l% ����� ��# � �9& �(% ���)� � � g &e% ����� � �	� �����q% ����� � � � � %
���)� g	� � � ����& �*% ����� � � ��+k,) �O� � � � � /

����� ��� �>#�� ��/ � b 
 � �=e ���	#=�	�
/ � ���872� � � � ��/ � �$% �4# � �5&	� �A7
`
o
�)|4� �83'��� �>#�� ��/ � 653���� �>#a� ��/ �-657

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ �S7

: � 	 + � � � � �;
�� � � � # � � g ��
 � ��7
����� �$%��*7
`
o
�)|4� y ��7: � 	 +�� � � �=� � � � � � 7

� �
�4+ � ����&2+ � � � 7
� �
�4+ � ����&2+ � � � 7
����� � ���kg � b �2# � �5& �M7
����� �4# � �5&>#�� g 
 � ,�b ��� �>#a� ��/ �4y4��� �.#a� ��/ �4r �2# � �5& �M7
����� � � ��� � � b �4# � �5&�# � g 
 � ,l7
?A@
B�C>D�E9?2C
?	F G
H � � � �A7?A@
B�C>D�E9?2C
?	F G
H � � � �A7
I5I��
L8J�N'J�P�QfJ�RASi\	P�N�P N�[ R�S'L�\
`f��g � ��b j 7 �ah���� �>#�� ��/ � 7 ��jkj ��/
`f��g ���2b j 7��'h-��� ��#�� ��/ � 7���jkj ��/

�83��>653��.6ub 
 � � ���1# � � ���*%��k% ��� ��#�� ��/ � �A7
�a` �
�4! e�� �4��! � /

� ��� g � � ���5t l � � �����k% �83 �.653��*6 �
7mm
�a` ���4! e�� �4��! � /

� ��� g � � ����� g � �A7mm
I5ITX1U5S�P
NVS�W>ROS5U�\.P
NVP
N�^9_�S
�a` � � � ��+k,) �O� � � �ebkb fUe.x !�� /: � 	 + f$
�� ��+8,� ��� � � � ��� �1�Ug � % �4# � �5&�# � g 
 � , % � � ��� � �4y p ��{

n
�)` � `

o
�)|4� �$% : � 	 +
�5� � 
kf %M��� � # � � g �a
 � � �A7m n�o�p9n /: � 	 + f*
 � �O+  �a� � � � ��� �1�Ug � % �2# � �5&>#�� g 
 � ,0% � � � � � �0% : � 	 +
�5� � 
kf %<�c� � # � � g ��
 � � �17m: � 	 + f)
 � ��+�� � ����� � ��� � � # � � g �a
 � � �A7

�a` �1�
� g &�b b � �
� ��� � �0/I5I~R�S'L�\ \	PANfP N�[~N��2S _)U5[.X�S�ROR \.S�RON?	@
B�C>D�E9?�C.?	F G
H � � � �A7: � 	 +$� � g9� ��� ��3 j 6'3 j 6*% � % � � # � � g ��
 � �q% � � � � % f 
�� % : � 	 +.� � :8: +�� � e � � �A7
I5I U1SAX	S�J��	S N��2S \APANfP
� b � `

o
�)|4� y � � ��#"# � � �O� ���kg � y	�2# � �5&>#�� g 
 � ,ky p �={

n
�)` � `

o
�)|2� ���A7: � 	 + e ���! �� �s% � ���@g � y �4# � �5&>#�� g 
 � ,0% : � 	 +
�5� � 
kf % � ��� � % f 
�� % : � 	 +"� � :<: +�� � e � � %8� � � � � �A7�5, �5�5&)� �5� � � � 	 ��� � �����5� � � �s%0� � g &e% � �1�Ug � % �4# � �5&�# � g 
 � , % � �0/��l% � � ��� � � �A7�a��� � � � �A7

?	@
B�C>D�E9?�C.?	F G
H � � � �A7� � � � g � �	� � ��� �5����%$��t � � � t � � � tk��� � t � � � t �
−

t � � g � %c� �A�@g � y �2# � �5&>#�� g 
 � , % : � 	 e + �2!.� f � e %?	@
B�C.?AF &(F ')D8C)(4E#*,+�- � � � % � � �$% ��# � �9& �(% � �A� �����q% � � � � �A7m n�o�p9n
�a` �5� � g &�bkb � � � � �0/I5I U1SAX	S�J��	S N��2S \APANfP

e@fhg�ikj�l�j�m



�_8 ��� � 
U�t¢ £ ¡����U����¡�¤ � 	¨��¤¦ ����d£¥¢¥¢����U��¡���¡�� ��£ ¡L�

� b � `
o
�)|4� y � � ��#"# � � �O� ���kg � y	�2# � �5&>#�� g 
 � ,ky p �={

n
�)` � `

o
�)|2� ���A7: � 	 + e ���! �� �s% � ���@g � y �4# � �5&>#�� g 
 � ,0% : � 	 +
�5� � 
kf % � �A� �����q% f 
�� % : � 	 +"� � :<: +�� � e � � %M� � � � � �A7

�5, �5�5&)� �5� � � � 	 ��� � �����5� � � �s%0� � g &e% � �1�Ug � % �4# � �5&�# � g 
 � , % � � �
#f� �0/�� % � � ��� � ���17�a��� � � � �A7
: � 	 +$� � g9� ��� ��3 j 6'3 j 6*% � % � � # � � g ��
 � �q% � �A� �����q% f 
�� % : � 	 +.� � :8: +�� � e � � �A7m

: � 	 + f$
�� ��+$� ��� � � � � � # � � g �a
 � � �A7m
� � � ��_�� ���<"�!I^ � � YZ�<Y/� � R
�

�����
n
�
n
`
p
�5g�6��5� /`

o
�)|4� � % 
 7����� �$7

`
o
�)|4� /$7m � �.� � �=��# �k7

������� �
� g.� � � � � � � f-
 � �O�*� � �c�	�a� f �A� � � � � ���)� g	� � � ���
� �"!$#���� � g � ��% ���)� � � g &e% ����� � �	� �����q% ����� � � � � %���)� g	� � � ����& � � /: � 	 + � � � � �;
�� � � �.� � �=�A# � �'
 � �k7: � 	 + 
 � g�� � �V��� � � � 3 l 697: � 	 + � � � � �;
�� � � # �	��
	� � � 3 l 657
����� �2# � �5&>� �
� g	� �83 l 657
� �.� � �=��# � y � ��� � �f�	# � �<7
� �.� � �=��# � y � 7
����� ��7: � 	 +�� � � �=� � � � � � 7
� �
�4+ � ����&2+ � � � 7
� �
�4+ � ����&2+ � � � 7
?A@
B�C>D�E9?2C
?	F G
H � � � �A7?A@
B�C>D�E9?2C
?	F G
H � � � �A7
I5ITX1U5S�P
NVS�N��2S \.P
NaP
Na^9_�S�N�[ R�SOL2\ P9L.\]U1SAX	S�J��	S N��2S \APANfP
� # �	��
 � � �M3 j 6lb : � 	 +
�5� � 
kf 7
� # �	��
 � � �M3 � 6lb : � 	 + 	 
�f 7
� # �	��
 � � �M3 � 6lb : � 	 +
�5� � 
kf 7
� �a��� � � � 3 j 6 b j 7
� �a��� � � � 3 � 6 b � y p

�={
n
�)` � `

o
�)|4� �A7

� �a��� � � �-3 � 6cb � �a��� � � �-3 � 6cj p
�={
n
�)` � ����� �A7

�4# � �5&>� �
� g	� �)3 j 6 b � 7
�4# � �5&>� �
� g	� �)3 � 6 b � 7
�4# � �5&>� �
� g	� �)3 � 6 b � 7
I��	�8[�
 \�SVY5JfL�S�R9NaU5W�XANaW4U1S	\ N�^9_�S�RZP9L.\ X�[#� �dJ�N�N �AS�����I: � 	 + f8
�� �'+ � � � � � � � l % ��# � �9&.� �	�kg � �(% � ���
� � � �l% � # �	��
 � ���k%M� � �.� � �=�A# � �'
 � � �A7: � 	 + f)
 � ��+�� � ����� � ��� � �>� � �=��# � �'
 � � �A7
I5I��
L8J�N'J�P�QfJ�
.S N��2S _MP2UAN�J�XAQ=S PAU�U'P�^ P9L.\ N!�>S9L R�S'L�\ J�N Na[ S9P�X�� NVP
R��

	�
 e�	�




����� £��²£���� � £
	�¤J��¡���
U��¤�£���������	������������������y y¡�¢�¡�£¥¤6¡ �y�

�a` �1�
� g &�b b � �
� ��� � �0/I5I��
L$J�NOJ�P�QfJ�R
Si\	P�N�P N�[ R�S'L�\
� �>� � ���	# � � b � � �.� � �=��# �]y � � �A# # � � � g
� � � ��� � �;!*#���� � g � �}y p

��{
n
�)` � � �.� � �=��# �����A7

`f��g � �9b j 7 � h g
� � � ���
� �"!$#���� � g � �27 ��jkj ��/
� ��� � ���A# � ��3 �>6 � � b � �Aj � � y ��� j 7
� ��� � ���A# � ��3 �>6 � 
 b � �1j � �ey

−

��� j 7
� ��� � ���A# � ��3 �>6 � � b � ��j � �0y � 7
� ��� � ���A# � ��3 �>6 � / b � �Aj � � y � � j 7m

?	@
B�C>D�E9?�C.?	F G
H � � � �A7: � 	 +$� � g9� � � �>� � �f��# � �c% g
� � � ��� � �;!*#�� � � g � ��% � �
� � ���1# � ��
 � � % � ��� � % f 
�� % : � 	 +.� � :M: +#� � e � � �A7
� b � � �.� � �=�A# �]y	� � �A# # � � � g
� � � ��� � �;!*#�� � � g � �}y p

�={
n
�)` � � �.� � �=�A# � ���	7: � 	 + e ���! �� � % g
� � � ���
� �"!$#���� � g � ��% � �
� � ���1# � �O
 � � % � ��� � % f 
�� % : � 	 +"� � :<: +�� � e � � %M� � � � � �A7I5I X��2SAX � � NaU9W2X1N��'R���[
U5U5S�X1N��;_�� L.W �	�OS�U�
2Y
�<Q S8�zSOL.N;R�� U�P1L ������a��� � � � �A7

?	@
B�C>D�E9?�C.?	F G
H � � � �A7� � � � g � �	� � ��� �5����%$��t � � � t � � � tk��� � t � � � t �
−

t � � g � % g
� � � ��� � �;!*#���� � g � �2% : � 	 e +>� f@e>x � f %?	@
B�C.?AF &(F ')D8C)(4E#*,+�- � � � % � � �8% l % � �	� �����q% � � � � �A7
�a��� � � � �2� � �f�	# � � �A7m}I5I~S�L.\iJ"Yn�o�p9n

�a` �5� � g &�bkb � � � � �0/
� b � � �.� � �=�A# �]y	� � �A# # � � � g
� � � ��� � �;!*#�� � � g � �}y p

�={
n
�)` � � �.� � �=�A# � ���	7: � 	 + e ���! �� � % g
� � � ���
� �"!$#���� � g � ��% � �
� � ���1# � �O
 � � % � �	� �����u% f 
�� % : � 	 +"� � :<: +�� � e � � %8� � � � � �A7�5, �5�5&2� � � � � � 	 ��� � ��� �1� � � � % g
� � � ��� � �;!*#�� � � g � ��% �
� g &��A7

: � 	 +$� � g9� � � % g
� � � ���
� �"!$#���� � g � ��% � �
� � ���1# � �O
 � � % � �	� �����u% f 
�� % : � 	 +�� � :M: +�� � e � � �A7
�a��� � � � �A7m}I5I~S�L.\ S	Q"RASm

e@fhg�ikj�l�j�m



Unité de recherche INRIA Futurs
Parc Club Orsay Université - ZAC des Vignes

4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�


���������� ��� ���

ISSN 0249-0803


