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CaTnC ≥ C̄
!0��í«ç&åä #<â<ê�áðéqç#åQè�î#êÊâ��pí«ç&å±í½ç#áðæ"� �lïdè.ä(å>é�í¹í«ç#è�í�è.ì½å±é#â�í�í½â�â �Aè.ì �Lì�â<ä è.æÿí«áðé ê�áãí«åaê¹â<éí«ç#å(í«ç#áãé �lïdè�ä�åaé_í �

ξ ∈ [0, 1]
�Lâ<ì�ê½â.ä�å(ä�áãæ>ì�â<ê½æaâ<ò#áðæ(ê�í½ì«è.áãé !0� �)å>æ>â.ä�å�ïðá���å>ï #Ìí«â

�#áðé#î �eáãí½ç~í«ç#å �#áãé#î#áðé&ñGì«è�í½å
f

�
��é �#áðé&î#áðé#ñ�áðê¹î#ó&å±í½â�í½ç#å(äÕè.æaì½â<ê�æ>â<ò&áðæ±ê�í½ì«è.áãéqì½è�í«å

ε̇c

�]â<ì�í«âzí«ç#å�è.æÿí«áðâ.éqâ��pí«ç&åæQè.ïãæ>áðó&ä ò#ó#ä(ò#ê"ó#é&î#å>ì"í«ç&ågí«ç#ì�å>ê½ç&â<ïðî
C̄

�Kâ.ìHí«â¹ïdè�ì½ñ<å8	�è.ïãó#å>ê"â��
ξ

� ��ç#åeó#é �#áãé#î#áãé#ñì«è�í½å�áðê
g

� ��ç#å¹ò#ì�å	Káðâ<ó&ê�æaâ<é#î#áÃí«áãâ<é#ê�è.ì�å�í«ì½è.é#ê�ïdè�í½å>îzáðé�í«âNí½ç#å �Lâ<ïãïðâ��eáðé#ñ �Lâ<ì½ä�ó#ïdè.å
� �eç#åaì½å

IS

áãêgí«ç#å¹æ¡çlè.ì½è.æaí½å>ì�áðê�í½áðæ �Ló#é&æaí«áãâ<ézâ��4í«ç#å¹ê½åÿí
S
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f(ξ, t) = kATP .ICaTnC≥C̄ .Iξ∈[0,1],

g(ξ, t) = α|ε̇c| + kSR.ICaTnC<C̄ + kATP .ICaTnC≥C̄ .Iξ /∈[0,1].

��ç#å±òlè.ì«è�ä�åÿí«å>ì
kATP
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kSR
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α
áãê�î#áðä(å>é&ê½áðâ.é#ïðåaê½ê�è.é&îØò)â<ê½áÃí«á 	<å��

�,í �eáãïðï'�'å¹æ>â.é 	.å>é#áãå>é�í�í«â±î#å��#é#å�èGé#å0�Tæ>â.é_í½ì½â<ï 	�è.ì�ádè��&ïðå
u(t) = kATP .ICaTnC (t)≥C̄ − kSR.ICaTnC (t)<C̄ê½â í«çlè�í

f(ξ, t) = |u(t)|+.Iξ∈[0,1]

è�é#î
f(ξ, t) + g(ξ, t) = α|ε̇c| + |u(t)|

�eç#åaì½å
|u|+ = max(0, u) = kATP .ICaTnC (t)≥C̄

è.é#î
|u|− = max(0,−u) = kSR.ICaTnC (t)<C̄è.ì½å $ ���Pæ>â.é#ê½ó#ä(ò&í½áðâ<é ì½è�í«åaêgî#ó#ì�áðé#ñÊæ>â<é�í½ì«è.æÿí«áðâ.é~è.é#îzè.æÿí«á 	<åyì�å>ïdè � è�í«áðâ.é�ì�å>ê½ò)å>æZôí«á$	.å>ï # �
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ê�í«ì½è.áðé
εc
î#å>ê�æ>ì�á��#áãé#ñÊí½ç#å�ì�å>ïdè�í«á$	.å�ê�ïðáãî#áðé#ñ¹â�� í«ç#å�è.æaí½áðéÕâ�	.å>ìpí½ç#å�ä #.â<ê½áãé!�lïðè.ä(å>é�í
�

�]åÿí
n(ξ, t)

�'åzí«ç#å�î#åaé#ê½áÃí #Ðâ���æ>ì�â<ê½ê
ô �#ì�áðî#ñ<åaê �eáÃí«çRê�í½ì«è.áãé
ξ
è�í(í«áãä�å

t
� ��ç#åaé �

1�ó � ïðå0# � ê�ä�âKî#åaïWáðê�8
∂n

∂t
+ ε̇c

∂n

∂ξ
= (1 − n)f − ng, σc(t) = −d(εc)

∫ +∞

−∞

∂W am

∂ξ
ndξ + µcε̇c.

$ òlè.ì«è��'â<ïãáðæ
W am áãêNæ¡ç#â<ê�å>éRáðé .5
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−∂W am

∂ξ
= k0ξ0 + σ0ξ

� ��ç#å~ò#è.ì«è.ä(åaí½å>ì�ê
k0

è.é#î
σ0

è.ì½å±ì½åaïdè�í½å>îÌí«â~í½ç#å±éKó&ä��'åaì�è.é#î ê�í½á � é#å>ê�êÊâ��pè
	�è.áðïðè��#ïðå�è.æaí½áðé�ô,ä #<â.ê½áðéæ>ì½â.ê½ê�ô �#ì½áãî#ñ<åaê�áãézí½ç#å¹ê«è.ì�æ>â<ä(å>ì�å��
µc

áðê�è�	Káðê�æ>â<ê�áãí #zòlè.ì½è.ä(åaí«åaìeè.é#î
ξ0

áðêeè±ê�í½ì«è.áãéæ>â<é#ê�í¡è.é�í�� ��ç#å±ê½æ>è.ïðáãé#ñÕí½å>æ¡ç#é#á$�_ó#åGí«â~æ>â.ä�ò#ó�í«å
σc

ïðå>è.î#ê�í½â~áðé�í«ì�â�î#ó&æ>áðé&ñ
kc

è�é#î
τc

�lì�å>ê½ò)å>æÿí«á 	<å>ï #zò#ì½â.ò'â<ì�í«áãâ<élè.ï%í«â±í«ç#å �aå>ì½â(è.é&î&�lì�ê�í�ô+â<ì�î#å>ìeä(â<ä�åaé�í«ê�â��
n
8

kc(t) = k0

∫ +∞

−∞

n(ξ, t)dξ
è.é#î

τc(t) = σ0

∫ +∞

−∞

ξn(ξ, t)dξ.
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τ̇c = kcε̇c − (α|ε̇c| + |u|)τc + σ0|u|+, τc(0) = τc0 ,

k̇c = −(α|ε̇c| + |u|)kc + k0|u|+, kc(0) = kc0,
σc = d(εc)(τc + kcξ0) + µcε̇c,
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�eç#å>ì�å
u
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u > 0
î&ó#ì½áãé#ñNæ>â.é_í½ì«è.æÿí«áãâ<éè.é#î

u < 0
î#ó#ì�áðé#ñ±è�æaí«á 	<å¹ì½åaïdè � è�í½áðâ<é � ��ç#å�ä�âKî#å>ïãáðé#ñ�â��

u
áðêA�Ló#ì�í«ç#åaìeå>ïdè��'â<ì½è�í«åaîáðé ��å>æÿí«áãâ<é 0 � 0±è.é#î~í½ç#å¹ä�å>è.é#áðé&ñGâ��

d(εc)
áãê�î#áðê�æ>ó#ê�ê½åaîÒáðé~í½ç#å¹é#å � í�ê½åaæaí«áãâ<é �
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Σ

p
− ρ0

∂W e

∂E

)
: Ė ≥ 0, ∀E, Ė,

è.é#îqè 	�áãê½æaâ<ó#ê�ò#ê�å>ó#î#â�ô+ò)â.í«åaé_í½ádè.ï
W v(E, Ė)

è.æaæ>â<ó#é�í½áðé#ñ �Lâ<ì�å>é#åaì½ñ�#Ìî&áðê½ê�áðòlè�í«áðâ.éâ<ó#ñ<ç�íeí«â±ê«è�í«áðêG� #
∂W v

∂Ė
: Ė ≥ 0, ∀Ė.
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Ė
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+
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∂Ė
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2 = κ2(Ĩ2 − 3) . . .
��â�â<é&å#�ô �eá$	KïðáãéÕí«åaì½ä
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η(Ĩ1−3) − 1) . . .
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W e = κ1(Ĩ1 − 3) + κ2(Ĩ2 − 3).
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⊗
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∂W vol
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�eáãí«ç
p = K(1−J

J
)
�
K
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å>ïdè�ê�í«áãæ¹è.é#î 	Káðê½æaâ<ó#êeòlè.ì�í«ê � ì½å>ê�ò'åaæaí½á$	<åaï$# � áðé~í½ç#å¹òlè.ì«è�ïðïðåaï �#ì½è.é#æ¡çÒè.ê�î#å>ê�æ>ì�á��)å>îè��'â�	.å��
�Háðélè�ïðï$#��Kí½ç#å¹äÕè�í«å>ì�ádè.ï'�'åaçlè
	Káðâ<ì�áãê�æ>â<ä(ò#ïðåÿí«åaï$#�î#å>ê�æ>ì½á$�'åaî�� # � M 
 !0� �eç#å>ì�å*8

• σ1D
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E

�Íí«ç#ì�â<ó#ñ<ç
ε1D
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σs

1 + 2εc
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Es[(ε1D − εc)/(1 + 2εc)]

1 + 2εc
,
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	Ká����

σc
1 + 2εc

1 + 2ε1D
=

Es[(ε1D − εc)/(1 + 2εc)]

1 + 2εc
,
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 ë�í«ç&å�ïdè.ê�í�í �pâ�ò#çlè�ê½å>ê$ä�è��.å�ó#òGí½ç#å �*� ��� �#�:� 
 � �%ì�â<äè�ä(å>æ¡çlè�é#áðæ>è.ïlò'â.áðé�í$â��'	Káãå� �_í«ç#å��Lâ<ì�äNó#ïdè�í«áðâ.é#ê�â��'í«ç#å�æ>â<ä(ò#ïãåaí«å�ò&ì½â �#ïãå>ä�è�ì½áðê�áðé#ñî#ó#ì½áãé#ñGí«ç#å�áãê½â�	<â.ïðó#ä(åaí½ì½áðæ�ò#çlè.ê�å>ê � élè.ä(å>ï$#�� �eáÃí«çzæ>ïãâ<ê½åaî 	�è.ï 	<åaê � è.é&îzí½ç#å¹é#â<é�ôáðê½â�	.â<ïðó#ä(åaí½ì½áãæNò#çlè.ê�å>êÊè.ì½å �_ó#áÃí«å±î#á � å>ì�å>é�íÊè.ê�í«âzç#â�� í½ç#å±ò#ì½åaê½ê�ó#ì½åÕè.é#î 	<â<ïãó#ä�åâ���í«ç&å �#ïãâ�âKîØáãéØí½ç#å 	.å>é�í«ì�áðæ>ïãå>ê�è�ì½å�ñ<â�	<å>ì�é#å>î � ��åaé#â.í«áãé#ñ � #

V (t) í½ç#å 	.â<ïðó#ä(å�â��í«ç#å 	<åaé_í½ì½áãæ>ïðå±æ>è�	KáÃí #qè�íÊè�ñ<á 	<åaéqí½áðä(å
t
�1î#ó&ì½áðé&ñØáãê½â�	<â<ïãó#ä(åaí«ì�áðæNò&çlè.ê½åaê �Âå�ç#è�	.å

V̇ (t) = 0 � é#è.ä�åaï$#��]è�æaâ<é#ê�í½ì«è.áãé�í�í½â �'å(å>é �Lâ.ì½æ>åaî â.éqí½ç#å(í½áðê�ê½ó#å±î#áãê½ò#ïðè.æ>åaä�åaé_í½ê
� è�é#îRí½ç#åzáðé�í«åaì½élè�ïgò#ì½åaê½ê�ó#ì½å

Pv

æaâ<ì½ì�å>ê½ò)â<é#î&ê±í½âÌí«ç#å �]è.ñ<ì½è.é#ñ<å~äNó&ïãí«áãò#ïðáãå>ì�è.ê
ôê½âKæ>ádè�í«å>î �eáãí«çØí«ç#áãê�æaâ<é#ê�í½ì«è.áãé�í
�yà #Øæaâ<é�í«ì½è.ê�í��Wî#ó#ì�áðé#ñ�é#â<é�ô,áðê½â�	.â<ïðó#ä(åaí½ì½áãæ�ò&çlè.ê½åaê
�Aå#��åaæaí½áðâ<é±è.é&î��lïðïãáðé#ñ ! �Âå�çlè
	<å

Pv = Pext

�eç&å>ì½å
Pext

å��_ólè.ïãê
Par

â<ì
Pat

è.æaæ>â<ì�î#áðé&ñí«â��eç#áãæ¡ç�å � í«å>ì�élè.ïWæaâ<ä(òlè.ì�í½ä�åaé�ígæ>â.ä�äNó&é#áðæ>è�í«åaê��eáãí½ç í«ç#å�	<å>é�í½ì½áðæaïðå��8��â<ì½åaâ6	.å>ì�î#ó#ì½áãé#ñNè�ïðïlò#çlè�ê½å>êÂí«ç#å�áðé�í«åaì½élè.ï%ò#ì�å>ê�ê½ó#ì�åyñ<á$	.å>êpèÊélè�í½ó#ì«è�ï �)â<ó#é&îlè.ì-#(æaâ<é#î#áÃí«áðâ.é�áãéí«ç#å �Lâ<ì�ä
J−1(F · Σ · F T ) · ν(t) = −Pv ν(t),

� M  !
â<éØí½ç#åÊò#è.ì�í�â���í½ç#å �Lî#å�Lâ.ì½ä(å>î !A�)â<ó#é#îlè�ì-#�æ>â<ì�ì½åaê½ò)â<é#î#áãé#ñ(í½â�í½ç#åÊåaé#î#âKæQè.ì�î#áðó&ä �
ν(t) î#åaé#â.í«áãé#ñÊí½ç#å�ó#é#áãí�ô+ïãå>é#ñ.í½ç±é#â<ì½ä�è.ï 	.å>æaí½â<ìpò)â<áãé_í½áðé#ñ¹â<ó�í �gè.ì�î �eáãí½ç�ì�å>ê�ò'åaæaígí½âí«ç#å�í«áãê½ê�ó#å��
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 � 
'×�Û �"×�� ��� � 
 �1Ý ���LÛ)Þ � Ü�×
�+é â<ó#ìÂê½áðä(ò#ïãá+�låaî 	Káðå0��â��Wí½ç#å��#ïãâ�âKîÕæaâ<ä(òlè.ì�í½ä�åaé�í«ê �påyä(âKî#å>ïlí«ç&å�â<ò)å>é#áãé#ñNè�é#îæ>ïðâ.ê½ó#ì�åÒâ��yí½ç#å�	�è.ï 	<å>ê � #Ðì�å>ïðè�í«áãâ<é#ê(ê½áðä(áðïðè.ì�í½â í«ç&â<ê½åÌè�ì½áðê�áðé#ñqáðéRí«ç#å ��áðñ.é#â<ì½áãé#áæ>â<é�í¡è�æaí¹ò#ì�â �#ïðåaä � �lâ<ì�è ä�â.ì½å�î&åaí¡è�áðïðåaî ä(â�î#åaïðáãé#ñÕâ��"í½ç#å�	�è.ï$	.åNä(å>æ¡çlè.é&áðæ>ê�Wê½åaåáðé òlè�ì�í«áãæ>ó#ïðè.ì&. ��� 5 � 6�è�ä�åaï$# �pæ>â<é#ê�áðî#åaì½áãé#ñ í½ç#å �#ïãâ�âKî �#â6� ïãåQè
	Káðé#ñÔè 	<åaé�í«ì½áãæ>ïãå
q = −V̇

�Âå �eì�áãí½å




q ≤ 0
�eç#å>é

Pv = Pat

���lïðïãáðé#ñ !
,

q = 0
�eç#å>é

Pat < Pv < Par

�Láðê�â6	.â<ï+�Hò#çlè.ê�å>ê"!
,

q ≥ 0
�eç#å>é

Pv = Par

�Aå#��åaæaí½áðâ<é !
.

� M � !

1�â��på0	<åaì��lì½åaïdè�í½áðâ<é � M � !"áðê�é#â.íÂì½åañ<ó#ïdè�ì��_ç#å>é&æ>åyáÃíÂáãêÂé&â.ípò&ì«è.æÿí«áðæ>è.ï �Lì½â<ä è�æ>â<ä(ò#ó�ôí¡è�í½áðâ<élè�ï'ò)â<áðé�í�â�� 	Káãå�{è.é#îzèNì½åañ<ó#ïðè.ì½á �>å>î 	.å>ì�ê½áðâ.é�áãêgé#åaå>î#åaî �Lê½å>å �1áðñ � ��ô � !0� 9 å
M �



í«ç_ó#ê�áðé#ê�í«åQè�î�ó&ê½å




q = Kat(Pv − Pat)
�eç#å>é

Pv ≤ Pat,
q = Kp(Pv − Pat)

�eç#å>é
Pat ≤ Pv ≤ Par,

q = Kar(Pv − Par) + Kp(Par − Pat)
�eç#å>é

Pv ≥ Par,

��0 3 !

�eç#áðæ¡ç�áðê�î#åaò#áðæÿí«åaî�� # í«ç&å�ê�â<ïðáãî~æ>ó#ìG	<å�áðé��Háãñ � ��ô � � ��ç#áãê�êG#Kê�í«åaä î#å��#é#å>ê
q = f(Pv, Par, Pat),

��0 M !
élè.ä(å>ï$#��"í«ç#å �#ïãâ�âKî �lâ�� è�ê�èÌì�å>ñ<ó#ïðè.ì �Ló#é&æaí«áãâ<éoâ���í«ç#åzò#ì�å>ê�ê½ó#ì�å>ê(áðéoí«ç#å í½ç#ì½åaåæ>â<ä(òlè.ì�í«ä(å>é�í«ê�4��ó&ì½áðé&ñÌå#��å>æÿí«áãâ<éRè.é#î �lïãïðáðé&ñ ��0 3 !¹æ>â<ì�ì½åaê½ò)â<é#î#êGí«âÌïãáðé#å>è.ì�ïðè
�eê
�eç#å>ì�å�í«ç#å�æ>âKå � æaáðå>é�í½ê�è.ì½å�ì½åaïdè�í½å>î±í«â�í«ç#å�ì«è.î#áãó#ê$â�� í½ç#å�	�è.ï 	<å>ê��ê�å>å7. � 
 5 � ��ó&ì½áðé&ñí«ç#å áãê½â�	<â.ïðó#ä(åaí½ì½áðæzò#ç#è.ê½åaê���í«ç#åØæ>â<é&ê�í«ì½è.áðé�í  

q = 0
"�áðê�ì½åaïdè � å>î�ó#ê½áãé#ñÔì�å>ïdè�í«áðâ.é

q = Kp(Pv − Pat)
�eáãí½ç

Kp

ä�ó#æ¡çoê½ä�è.ïðïãå>ì�í«ç#è.é
Kar

è.é#î
Kat

� �eç#áðæ¡ç�æ>è.é �)åáðé�í«åaì½ò#ì�åaí«åaî è.êeè±ò)å>élè.ïãá��>è�í«áãâ<é ê�í½ì«è�í½å>ñ�#��

���������
	

����������

Pv
����� ������� ���

Pat

����� � ���

Par

Par

Pat

q = −V̇v

Pv

� ��� ��� �
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�#ïðâKâ�îzæaáðì½æaó#ïdè�í«áðâ.é � �eç#áãæ¡ç è.æaæ>â<ó#é�í½ê �Lâ<ì�í½ç#å 	�è.ì�ádè�í½áðâ<é&ê�â��

Par
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�
 5 �
�+é�â.ó#ì�ê½áãäNó#ïdè�í«áðâ.é#ê�� �Âå�ó#ê½åaî�í½ç#åyí«ç#ì�å>åZô+å>ïãå>ä(å>é�í 9 áãé#î �.åaê½ê�å>ï]ä�âKî#åaï î#åaò#áðæÿí«å>îzáãé
�Háðñ<ó&ì½å 6 � ��ç#å�æ>â.ì½ì½åaê½ò)â<é#î#áãé#ñ±ò#ì½åaê½ê�ó#ì½åZô �lâ��Tì�å>ïdè�í«áðâ.é~ì½åQè�î#ê

CṖar +
Par − Pve

Rp
= (1 +

Rc

Rp
)q + RcCq̇,

��020�!

�eç#å>ì�å
Pve

î#åaé#â.í«åaêGí«ç#å 	<åaé#â<ó#ê(ò#ì�å>ê½ê�ó#ì½å�� ��ç#áðê±ì½åaïdè�í½áðâ<éÔáðêGâ<é#ï # 	�è.ïãáðîoî#ó&ì½áðé&ñå#��å>æÿí«áãâ<é �4élè.ä(å>ï$#��eç#å>é
q > 0

�2��ó#ì�áðé#ñ�áðê�â6	.â<ïðó&ä�åÿí«ì½áãæNò#çlè�ê½å>ê�è.é#î 	<åaé_í½ì½áãæ>ó#ïðè.ì
�lïðïãáðé#ñ ��è.ì�í«å>ì�ádè.ï ò#ì½åaê½ê½ó&ì½å�áðê�áðé&ê�í«å>è.î�î#å>ê�æ>ì½á$�'åaî � #

CṖar +
Par − Pve

Rp
= 0.

��00� !
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 M5 ���+é �Háãñ<ó#ì�å 6í«ç#å�è.ì�ì½â��eê��Lâ<ì
C
è.é#î

Rp

áðé#î#áãæQè�í½å�í«ç#è�íeí«ç#åaê½å �_ólè.é�í«áÃí«áðåaêeæQè.é�è.ïãê½â �'å 	�è.ì�áðå>î~í½âè.æ>æaâ<ó#é�í��Lâ.ì�é#å>ìG	<â<ó#ê�ê-#Kê�í«å>ä ì�å>ñ<ó&ïdè�í½áðâ<é �

Rp

Rc

C

q

Par

Pve

�Háðñ.ó#ì½å 6�8 ��ç&å �´ô+å>ïãå>ä(å>é�í 9 áðé&î �.åaê½ê½åaï]ä�âKî#å>ï)�
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εc(M, t0) = εc,0(M)
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