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A Reduced Differential Model of the Electrical Activity of Cardiac
Purkinje Fibres

Karima Djabella and Michel Sorine

Abstract— A reduced order differential model of cardiac parameter tuning, agree very well with experimental data.
Purkinje fibres action potential, with only eight state variables, |dentifying model structures leading to both these paramet
is presented. Its structure, d_erlved from k_)asm physical princi- sensitivity and robustness of model properties is then of pa
ples can be used for the main other cardiac cell types, a useful _. . . .
property for some model-based signal or image processing tICU|?.I’ |r1terest. Thls_ may allow to reftam only the necegsar
applications. The electrical activity of cardiac Purkinje fibres is  details in a model intended for a given task. This is what
reconstructed using particular values of the parameters. This is attempted here to facilitate the development of model-
model of the membrane excitation mechanism and intracel- pased signal or image processing applications where 0D or
lular calcium dynamics describes the principal ionic current 3D models of the heart and associated inverse problems are

underlying autorhythmicity; calcium uptake and release from . - . .
the sarcoplasmic reticulum; effects of the binding of calcium considered [4]. No general technique is available to deter-

on myoplasmic proteins which affect the Nernst potential Mine such structure. Only in very simple situations generic
of calcium, and then the membrane potential. The model models are known such as the ubiquitous FitzHugh Nagumo
allows realistic modelling of cardiac Purkinje fibres action  equations for two-state variable models. Our approacteis th
potential, total ionic current, CICR dependence on intracellular 4 yaqce the state space dimension of different cardidc cel
calcium concentrations. Simulations illustrate the role of the . ) .
inward sodium current as the dominant mechanism underlying models. trying to reorganize th‘?m W'th acommon structgre.
pacemaker depolarization during spontaneous activity. In this paper, a reduced differential model for cardiac
Purkinje fibres AP is proposed. It shares the same struc-
I. INTRODUCTION ture than the reduced model of ventricular cell in [5]. It
The cardiac Purkinje fibres constitute the conduction sy$acorporates some myoplasmic calcium proteins which are
tem in the ventricles and, being capable of self-excitatiorinvolved in the process of excitation—contraction cougplim
they act as an accessory pacemaker. They spontaneousiytricular cells and are useful here, as they affect theder
and rhythmically generate action potentials (AP) resgltinpotential of calcium, and then the membrane potential. It
in muscle contraction. Accurate modelling of their AP andhas only eight state variables. Three variables are used to
pacemaker activity is difficult due to the complexity of thedescribe the membrane (membrane potential and two gate
excitation mechanisms involving a large number of differenvariables of ionic channels), taking into consideratioe th
ionic currents. The first models of AP in cardiac Purkinjedynamics of the main ionic currents (inward sodium, L-
fibres (Noble in 1962 [1], updated by McAllistet al [2])  type calcium and outward potassiunya®/Ca®* exchang-
used the Hodgkin & Huxley’s formulation of the propertiesers andNa* /K" pumps, derived using physical principles
of excitable membranes to describe the long lasting ABnd conservation laws [6]. The remaining five variables are
and pacemaker activity. DiFrancesco and Noble developegsociated with the fluid compartment model accounting for
a new model of Purkinje fibres electrical activity [3] thatintracellular changes in concentrationsM&t, K+ [7] and
was the first cardiac cell model incorporating ionic exchanghe main processes that regulate intracellular calcium con
ers, pumps and concentration changes. These models haeatrations: release and uptake by the sarcoplasmic lugticu
their respective advantages and have proven to be useful(8R), buffering in the SR [8] and in the bulk cytosol [9].
investigating a variety of heart diseases. They differ impna  The inherent ability of Purkinje fibres to generate a depo-
details from models of atrial or ventricular cardiac cell.  larizing unstable resting potential leading to automgtican
As for other biochemical systems, an apparent paradox e caused either by decreasing outward current (the time—
cardiac cell modelling is that the knowledge on cell streetu dependant decrease in delayed outward potassium current
imbedded in models is rather rich but it is quite impossible tlx) or the development of a net inward ion flux immediately
experimentally validate the forms of the different nonéine following AP repolarization [10]. The precise contributio
ities used in detailed models and their parameters areypoodf underlying membrane currents to the net inward flow
known. In fact, mass and electrical charge conservatios lavgtill remains the subject of controversy (three main hy-
are direct applications of fundamental physical prin@ple potheses of pacemaker generation have emerged, the inward
but many model details are Ad-hoc descriptions of observetperpolarization activated currenit; which is normally
behaviors, differing with the authors even for the samearried by Na®™ and K™, the sustained inward currei,
cell. Nevertheless, apparently different models, aftaneso where the major charge carrier is believed toNa" and
) a Ca?t "window" current). Despite its moderate number
The authors are with INRIA-Rocquencourt, B.P. 105, . . .
78153 Le Chesnay Cedex, FranceKarima. Dj abella, Of state variables, the model includes the main processes
M chel . Sorine@nria.fr thought to be important in pacemaker activity and it incor-



porates the most important currents underlying pacemaker
depolarization in Purkinje cells. After model tuning, the
mechanisms underlying pacemaker depolarization have been

TABLE |
NOTATIONS USED IN THE TEXT

investigated, and the inward sodium current appears to be | Notations Definitions
. Y Action potential
the most dominant one. The model successfully reproduces | v, External stimulus voltage
experimentally observed cardiac Purkinje fibres pacemaker It Total X current through all channels
depolarization and AP behavior. Inaca Na* —Ca?" exchanger current
The paper is organized as follows: the model is presented | Nk Na' —K* pump current
. p p g e . P o8 Potassium activation gating
in Section Il. Section Ill shows some simulation results. A ONa Sodium activation gating
discussion and conclusions are presented in Sections VI and | % EaS: galdC_ium acttivattion gatting
; Mo ast Sodium activation gating
V respectively. Jrel Calcium-Induced Calcium Release current
II. MODEL DESCRIPTION Jup Pump current taking up calcium in the SR
' . L Jeak Leakage current from SR to the cytoplasm
The proposed model for the cardiac Purkinje fibres AP X Intracellular concentration of the free iof
is the system (1) of eight first order ordinary differential Xe External concentration of the ion free
. DE tati defined in table ): Car Total calcium concentration in the cell
equations (O ) (no ations are gennead In table ) Casr Free calcium concentration in the SR
av Ik tHNatHcatHNakHNaca Brn Fraction of Troponin—C sites bound with Ca
dat — Cm Bcal Fraction of Calmodulin sites bound with Ca
% _ 2'N;|§/—'KJ Cagcr SR Calcium buffered in the junction
C
dNg _ |Nat+3|NaK+3|NaCa
at - T e
dc 2l |
T 7“3?3 20 Jeatct-het—ap @ car— 1 (S v v Na K
L ~TheigBy S, lg={Tncal}, R AGAMERC
agx _ M
a- oo XeiNar Vext = — 2 (Nge + Ke + 2C2) (15)
O - =
L.tb: kgn|ca|‘(1 6,) - k'8, belg ext o G e Se
The gate dynamics are defined by
_ I1l. RESULTS
Oxoo = l{14—tank(v Vox )}
2 v 5T/2F ’ ) The system of nonlinear ODE is solved with a second
1 _ 1 —Vg o ; ;
T acosr(ﬁ) , Xe{NaK,d,m} order modified Rosenbrock method with variable steplength.

where X = d,m represent fasCa, Na activation gating,

denoted as usual, = gdw, M = Omeo. Setting

Vy = —I , Xe{CaNa,K 3
X 2F %% | e{CaNaK}, ®)
the currents through the membrane are then:
Ikt = lkOk smh( ;’RT\?KF) +1pk 4)
INat = In NadNako SIﬂh( \;R}/}\‘f‘) )]
lcat (lca(1-gk)dewHbcal SiN(r2)  (6)
INak I_NaKtanh(%W) (7)
INaca = |NaCa5|nh<+zvc+/p3V’\'a) 8)
Finally, the CICR mechanism is described using
ﬁ H _ CaSR H
Km K
du p = Qu me ax ! H = H (9)
Caqy + Cagr
f Kmr
Jrel = Krel doo (CaSR_ CaJCT) (10)
Jeak = Kieak(Casr—Cacr) (11)
BicT Ca
Ca = —— 12
acT Cal 1 Koot (12)
BsrCasr
Casp + (=———— =
oR |Casr +Ksr
Ve
Ve, (Car—Ca— > Bobh—Caycr| (13)
SR b€|B

The parameters values are listed in table Il. Some simulgtio
of the autorhythmic activity are presented.

Figure 1 shows the simulated Purkinje fibres AP. It
presents the characteristic spike, followed by the rapid de
polarization, then the potential moves again in a positive
direction, thus generating the ‘notch’ characteristic @y
experimental records [2]. The plateau phase after the Imotc
follows a somewhat rounded (concave downwards) time
course similar to experimental records [2]. Repolarizatio
terminates followed by the slow spontaneous depolarinatio
(pacemaker potential) until the threshold is reached and
another action potential is initiated.
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Fig. 1. Simulated Purkinje fibres action potential



TABLE Il

T ] MODEL PARAMETERS
o i
W .
Parameter  Value Unit
A /\ Ve 16,404 pL
§ VsRr 1.094 pL
Ea F 96.486 Cmmoi?
Vin -56.8610°% V
Vy -5103 \%
o™t Vg 26103 Vv
Vna -715510°% Vv
j j j j TNa = Tk 0.2 S
’ ” ' ¥ tme( VaTp —45010°3 \Y
Cm 85 pF
. N : — : , R 8.31410°2 JmmoliK—1
N\ N | T 310 K
- \ ZNa = &K 1
T \ \ i Zca 2
\ 8 Ina 1127 pA
4o ‘\ i % 329 pA
8. . i lpk 70 pA
2] \ | Ica 26.2 pA
) | Ihca 0.01645 pA
T 1 \ 1 Inak 1146 pA
o | \ ] INaCa 1400 pA
ol ‘ i Ke 5.4 mMm
. ‘ +,,J ‘ &WJ, Nae 140 mM
o ' * Time (9 * ’ ’ Cae 2 mM
Kleak 5103 st
. H 1.787
Kt 0.24610°3 mMm
‘ ] Konr 17 mM
] Jmax 286103 mMs !
g Qup 26
N ) Krel 2510 st
2ol ] ke 32710 mM-1s1
gl | Kot 196 st
2 Brn 701073 mM
i on % 3416 mv-1s1
of | Cete ] il 238 st
B O s Bea 2410°  mM
o : * me( * : * Kict 131073 mv
BicT 46103 mM
Ksr 650107° mMm
Fig. 2. Top: Simulated slow gating variables. Middle: Simethfast gating Bsr 0.14 mM

variables. Bottom: Simulated total Na and Ca gating variables

The intracellularCa?* transient rises to a peak within a
&&w milliseconds and decays as expected in a biphasic
response before the faster phase of repolarization begins.

: OPhis corresponds well to the experimental results on Pjekin
phase (100% and 85% are the fractions of Ca and res [11]. In principle, two peaks are possible since the

chgnnels i_n the open state _respectively). I_—Iowever, the _faé52+ is made up of two components: the smaller one due to
gating variables corresp_o_ndlng to _the sodium and_ Calc'u'me calcium current and the larger one due to internal releas
F:hannels faI.I (the pro_bab|I|ty of calcium _channels beingrop While Ina; is the main time-dependent gated current
IS 2€ro an_d IS approx!mately 2% for so@um channels). Thuﬁ‘lat contributes to pacemaker activity, other current® als
only the inward sodium current contributes to pacemak%rontribute substantially. The net increase lign; during
activity. This result is clearly shown in the bottom of thethe pacemaker depolarization in figure 3 is 15 pA. By
flgu_re 2 and in the top where the slow pOtaSS"_Jm_gatmgomparison]t,‘c,51 shows a fall of -15 pA which produces the
variable falls to zero. Only Ca and Na have a quantitative rolfaII of the |caf, Ik« and Inaca remains equal to zero during

in the spike action potential phase. By contrast, potassiu[‘ﬂe pacemaker potential, aigax carries about 1.5 pA.
and calcium play an important role in the plateau and in the

repolarization phases (calcium is more important durirey th IV. DISCUSSION

plateau than during the repolarization phase). In this paper, a model for cardiac Purkinje fibres action
In Fig. 3, the time courses of the five ionic currents angbotential is proposed. With only eight state variablessit i

the intracellular calcium concentration changes are showrealistic enough to exhibit many of the characteristics of

In Fig. 2, the time course of the computed gating variabl
changes is shown. It can be seen that the slow grigand
ONa rise to a high value during the pacemaker depolarizati



—1
—~ ] )
S | g_ -200f ,
= -
8 i 8 -a00 i
: ‘ : : -600 : ‘ : : : :
05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
50 0F -
40 : ﬁ
< < -0
< -100f |
30F : S
2 -,
= 20¢ : :
=< S 200 ]
101 :
0 ‘ \ ‘ ‘ ‘ ‘ 300 ‘ ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
15 ‘ ‘ : : : : 500 ‘ ‘ ‘ : : :
< < O_ﬁ\\__,'_——‘L/—
S S
2
¥ © -500F i
X o
= ©
— _Z -1000f ,
5 ‘ ‘ ‘ ‘ ‘ ‘ 1500 ‘ ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
Time (s) Time (s)

Fig. 3. Simulated intracellular calcium transients and doturrents

larger pacemaker cell models. Its structure, common withetween descriptive power and complexity. It is a good
ventricular cardiac cells, involveNat, K+ andCa* ions, candidate to be imbedded in heart simulators for applinatio
their respective channels, thida™/Ca®" exchanger, and where both direct and inverse problems are considered.
the Na" /K™ pump. It also includes a description of the
dynamics of the main calcium buffers in the bulk cytosol

and in the SR, taking into account the calcium uptake and?l EI- Noble, I:_A _mcf!giﬁcatif?” of ”:je HOdgki”k—HUX'ey 92}“32039?”0?'
e to Purkinje fibre action and pace-maker potentiald?hysio) vol.
release from SR. o 160, pp. 317-52, 1962.
The model can be tuned to reproduce Purkinje fibreg2] R. E. McAllister, D. Noble, and R. W. Tsien, “Reconstriatt of the
action potential, the behavior of the main currents and the electrical activity of cardiac Purkinje fibres]'Physio] vol. 251, no. 1,
intracellular calcium dynamics involved during pacemakin pp. 1759, 1975.

. . Y [f3] D. DiFrancesco and D. Noble, “A model of cardiac electriaetivity
The mechanisms underlying pacemaker depolarization of  incorporating ionic pumps and concentration changBsjlos Trans

Purkinje fibres model were examined by ascertaining the =R Soc Lond B Biol Sciol. 307, no. 1133, pp. 353-98, 1985.

. . . CardioSense3D, “An INRIA Large Initiative Action,” /Aww-
dominant membrane currents during each phase of the actidi sop.inria.fr/CardioSense3D, 2006.

potential. Pacemaker depolarization was found to aris@ fro [5] K. Djabella and M. Sorine, “A differential model of excian-
the net contribution of a number of inward currents, the  contraction coupling in a cardiac cell for multicycle simigas,” in

. n Proceedings of the 3rd European Medical and Biological Eegring
largest of which was tha™ current. In contrast, the delayed ConferencePrague, Czech Republic, November 20-25 2005,

rectifierK™ does not play a role in pacemaker depolarization,js] L. p. Endresen, K. Hall, J. S. Hoye, and J. Myrheim, “A theéor
remaining equal to zero throughout most of this phase. the membrane potential of living cellsEur Biophys J vol. 29, pp.

. . : : : 90-103, 2000.
Due to its medium complexity, this model can be used in 71 T. 3. Hund, J. P. Kucera, N. F. Otani, and Y. Rudy, “lonicarge

multi-beat simulations from the cell to the heart scales. It ~ conservation and long-term steady state in the Luo-Rudyauije cell
can also be useful in direct computations to gain insights an _ model,” Biophys Journalvol. 81, pp. 3324-3331, 2001.

. P o : : [8] K.H.W.J. T. Tusscher, D. Noble, P. J. Noble, and A. V. Parfi"A
for its predictive capabilities, and is also a good caneidat model for human ventricular tissuem J Physiol Heart Circ Physipl

in inverse problems to estimate state and parameters from vol. 286, pp. 1573-1589, 2004.
measurements. [9] T. R. Shannon, F. Wang, J. Puglisi, C. Weber, and D. M. B&s
mathematical treatment of integrated Ca dynamics within thé&ietar

V. CONCLUSION myocite,” Biophys Journalvol. 87, pp. 3351-3371, 2004.
. . [10] D. M. Bers, “Calcium and cardiac rhythms: Physiologiead patho-
We have presented a reduced differential model of the ~ physiological,”Circ Res vol. 90, pp. 14-17, 2002.

membrane potential, ionic currents and calcium dynamidél] W. G. Wier and G. Isenberg, “Intracellular [Ca] transiie in voltage-
in a Purkinje fibre cell. It is in good agreement with more clamped cardiac Purkinje fibres?flugers Arch. Eur. J. Physiplol.

392, pp. 284-290, 1982.
complete models. The model represents a good trade-off
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