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Abstract: We present a differential model of excita-
tion — contraction coupling in a cardiac cell intended
to be used in simulations of one or many heart cy-
cles on the cell or the heart scales. It takes into ac-
count the dynamics of the main ionic currents flowing
through the membrane channels (fast sodium, L-type
calcium and outward potassium) andNa* /Ca?t ex-
changers andNat/K* pumps. The model includes
also a description of the dynamics of the main calcium
buffers in the bulk cytosol and in the sarcoplasmic
reticulum. With thirteen state variables, its complex-
ity is between that of FitzHugh-Nagumo type mod-
els of the action potential (two state variables) and
that of the more complex ionic channels models (up
to sixty state variables for some of them). It allows
realistic modelling of action potential, total ionic cur-
rent, current gating, intracellular calcium transients,
in particular for calcium bound on troponin C, and
multicycle effects, like restitution curves for the action
potential duration, CICR dependence on intracellular
calcium concentration, positive staircase effect for the
heart rate. Due to its sound asymptotic behavior with-
out drifts of the state and its medium complexity, this
model can be used in multi-beat simulations from the
cell to the heart scales.

Introduction

Mathematical models of the cardiac electromechani-
cal activity are used from the molecular scale to the whole
heart, with a special focus on the ventricular cell behav-
ior during a heart cycle. On this pivot scale, model com-
plexity varies as the number of state variables (action po-
tential, intracellular ion concentrations, gate variahié
ionic channels), from two to more than sixty [1][2][3].
An appropriate model has to be chosen for each particu-
lar task, depending in particular upon the spatial dimen-
sion or number of heart cycles considered, to limit the
computational load for direct problems (computing state
evolution from initial state and parameters) or ill posed-

variable sets and has a sound asymptotic behavior without
drifts of the state for multi-beat simulations.

The proposed model of EC coupling is a differential
equation linking a stimulation current to the concentra-
tion of Calcium fixed on Troponin-C that controls the
contraction of the sarcomere. The ubiquitous messenger
in this coupling is the free intracellular Calcium [4]: its
concentration is one of the state variables|[5].

The electrical excitation is taken into account by a
membrane model built using the charge conservation
principle as in [6] and involving three state variables: the
intracellular concentrations of free Calcium, Sodium and
Potassium. Two gate variables are used for five mem-
brane currents as in [7]. The action potential (AP) is
then given by an algebraic formula in terms of differ-
ences between these concentrations and the correspond-
ing extracellular ones. The ionic currents flowing through
channels, exchangers and electrogenic pumps are ex-
pressed in term of AP and the previous state variables.
As in [7], the Na*/Ca?* exchange transport, which
is sodium dependent and regulated by calcium and the
Na* /K*+ — AT Pase, which is responsible for active trans-
port of sodium and potassium, are taken into account.

Our model for Calcium dynamics is derived from
[7][5][8]. It takes into account the main processes that
regulate intracellular Calcium concentration: releass# an
uptake by the sarcoplasmic reticulum (SR), buffering in
the SR [8] and in the bulk cytosol [5] where several
buffers of Calcium are in competition with the myofil-
ament protein troponin-C which regulates the contractile
activity. Seven buffers have been selected for their ca-
pacity. We assume that the diffusion phenomena between
the cell compartments are very fast so that there is only
one free intracellular Calcium concentration in the bulk
cytosol.

The proposed model of EC coupling has thirteen
state variables. As its parent models it is able to repro-
duce realistic action potential, intracellular calciurart
sients, total ionic current and restitution curves (fuoras

ness of inverse problems (estimating state and parametersof the diastolic interval) for the action potential dura-

from measurements).

In a study of the control mechanisms of excitation-
contraction (EC) coupling including heart-rate effecte, w
need to combine a detailed model of sub cellular calcium
dynamics with an ionic-currents model. We present the
resulting model that avoids the simple union of the state-

tion (APDR). The buffer model structure ensures vari-
ous properties: positivity, boundedness (due to maximal
binding capacities) and quasi steady state (in the case of
a constant heart rate) for all concentrations; heart rate ef
fects like the positive staircase (due to the asymmetry of
Calcium binding and unbinding rates).



Materials and Methods

The trans-membrane voltagé, of a single cell can
be described with the following differential equation,,[8]

div _ lion + lext
dat Cm
Wherelg is the externally applied stimulus curre@,

the membrane capacitance dpg the sum of all trans-
membrane ionic currents given by (see table 1)

)

Iion =

Ina+ loNa + INak + lcaL + Ipca+ loca @
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The electrical activity is described by five currerlis;,

Inat, lcat, the sums of all the currents in the Panvilov's

model through th&*, Na™, Ca®* channels respectively
[6], and the exchanger and the pump currents.
Inat = INa+loNa
lcat =lcaL +lpca+lbca ©))
Ikt =Ik1+lo+Ikr+Iks+lpk

The models for these currents, derived from basic physi-

cal principles [7], are given below.

Ikt = Ik -Gk -sinh (ZW) + 1ok (4)
s = i G m-sinn (22 )y g
car = lica(1- Go)de i (ZLE ) 6)
Inak = Inaxtanh <V+2VK2;T3\//'\IFa_VATP) (7)
Inaca = INacaSinh (W) (8)

Vy = ﬁlog Xe‘ X € {Ca,Na,K} 9)
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Where Gk and Gyg, the probabilities that the channels

are open (activation/inactivation mechanisms), verify
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d.. andm., are the steady states fraction of open chan-

nels for these very fast gates,

0o ; [1+tanh (RT/XE)] (13)
gl (Gz)] oo

The differential equations faf and the conservation laws
for intracellular ionic concentration are then [6], [7],

av (It + Inat + Icat + INak + INaca =+ lex)
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Wherelg={Tn, Tn—Ca, Th—Mg,M—Ca,M—Mg,Cal, SR}.
Equations (16-17) can be solved f@rt, Inat andlcay:
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INat=—FVc da — 3Inak — 3INaca (20)

dCayp,

dCaq
Icat=2Inaca—2F <+Z —Jeak—Jrel +Jur> (21)

The equation above can be rewritten as follows,

dCaT
dt

Let Iy = Ig U{JCT} be the set of all cytosolic cal-
cium buffers, then the following equations defiag;.

2FVe (22)

|Ca,t = 2INaca—

VR
Car = Ca + Z Cab+—Caqu (23)
bel
B
dCaszr \Vc
= S ek — e +J 24
p VSR( leak — Jrel + Jup) (24)
ca M |cag|™
Km Kmr
Jup = Qup\]max f H Ca H (25)
1+ Kmf + Kr::Q
Ja = Kig 0w (Cask—Cajucr) (26)
Jeak = Kieak(Casr —Cajscr) (27)
Substituting in (15), yields
dv  F\c (dNa dK; _dCar
dtCm< a Tt Tar ) (28)
d FVc
——=(N K; +2C =0 29
m{ 2 (Na-+K + m} (29)

which is integrated to give an algebraic equation,

FV¢
V — =S {Naj +K; + 2Car } = Vg (30)
m

Car = 1 ( Cm (V —Veq) — Naj Ki> (31)



Table 1: Abbreviations used in the text

FV,
Vet = ——— (Nae + Ko+ 2Cag) (32)
. . Cm, ) Abbrev. Definition
Calcium buffering in the cytosol by troponin-C,

troponin-C (Ca?t —Mg), calmodulin, myosin(Ca?* —
Mg), SR and junction, is modeled as follows, where we Vg External stimulus voltage
use the functionx|. = max(x,0) so that the s€fD, By is

\% Action potential

an attractor for eacla;, (in particularCay, € [0, By) if le External stimulus current
this is true for some initial time): Ix .t Total X current through all channels
dCa; INaC Nat —Ca?* exchanger current
® —Konb|Cai |+ (Bib — Caib) — kot oCaib, bels (33) e
dt INak Nat —K* pump current
Buffering in the junction and in the SR is fast, so that ok Potassium activation gating
Cajjcr = Bucr [Cai]; (34) ONa Sodium inactivation gating
ICa|+ +Kact _ o _
Ber [Casy (o Calcium activation gating
. R |CaR . - .
Caszr =Casr+Cagrp With Casgy = m (35) Meo Sodium activation gating
Relations (35) and (23) lead to a wellposed equation ~ Jrel Calcium-Induced Calcium Release current
for Casr as a function of the state variables (with (31)), Jup Pump current taking up calcium in the SR
B [Ca V Jeak Leakage current from SR to the cytoplasm
Cager oRICaRl: Ve (o p Y Cap| (36) . .
Caxr|+ + K Vs v, X Intracellular concentration of the free idh
B
Model summary: Xe External concentration of the ion free
ay It Inat+eat-HNak INaca e Car Total calcium concentration in the cell
C(’jt _ : 2lnak Ik 1 —lod Cm Cagrr Total calcium concentration in the SR
ENIa; . 7|Na_1'i\§fNaK73|NaCa Cagrp Concentration of Ca buffered in the SR
t - FVe . L
%Ca; _ ﬁ(zma@— lcat) + ek + et — Jup Casxq Free calcmrr.] concentr-auon in the SR
—|Cal4+ Z Konb(Bip — Cayp) + Z Kot pCaip Catn Ca buffered in Troponin—C
belg belg . .
Catn— Ca buffered in Troponin—C Ca—Mg (Ca
&Cap = konb|Cai|<r/(l\3/ib_Caib)—koffbcaiba belg Ca'Tn ca o buftered in T pon! ce Mg (M )
d 1 Ve iTn_ a buffered in Troponin—C Ca—
GG = Leosh(Hre) aiTn-Mg | ponin-C g (Mg)
« {% [1+tanh (\;;\//gé )} B GK} Caim-_ca Myosin (Ca) Ca—buffered in the cytosol
d 1 V-Vg Caim—mg Myosin (Mg) Ca—buffered in the cytosol
&GNa - T—COSh( RT Na
Na /2F . .
1 o Caical Calmodulin Ca—buffered in the cytosol
8 {é [1 tanh( RT/2F )} GNa} Ca SR Ca-buffered in the cytosol
37) iR Y
Cajgcr SR Calcium buffered in the junction

Results

For one-beat simulations, the pacing protocol uses a Discussion
current stimulus, with a duration of &® and an ampli-

tude of —1.0nA. The stimulus is assumed to carfy" Our model is a set of eleven conservation equa-
ions and is added ttx 1 before calculation of(fr using tions for the total electrical charg® ( up to some ca-
equations (15) and (16). Fig 1 shows the response to this pacitance factor), potassium, sodium, free calcium in
stimulus of the two main outputs of our ECC moadél, the cytosol Ki, Na;, Cq), calcium bound in seven in-

andCa;t and Fig 2 the responses of the various concen- tracellular buffers Cay,, b € Ig), plus two gate equa-

trations and currents. Concerning the action potential and tions. It is based on three models. lonic channel gat-

the ionic currents, these results are very similar to those ing is modeled as in Endresen [7] by first order ki-

obtained e.g. in [8]. netics for the fluctuations between the "closed"” and
Fig 3 shows an example of response to a sequence "open" states, leading to the state variab{®s and

of external stimuli. A quasi steady-state is reached in a Gyg With Gca = 1 — Gk. From this work is also bor-

few periods folV and the ionic currents. Remark that the rowed the invariant expression linking to the sur-

sequence of stimuli is non conservative for the potassium, plus of charge inside the cell (from (30), (32)) =

so that we can observe a ramp fgrandNa; due to the Fve {(Na; —Nag) + (Ki — K¢) + 2(Car — Cag)}. This al-

NaK pump and a slow variation €fa;. gcgbraic relation shows some possible choices for the state
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Figure 1. The external stimulation currely}; and the
main outputs: action potentigland concentration of cal-
cium buffered onfn—Ca

variables, in particular the possibility to eliminate This

is sometime called the “algebraic method” [6]. Here we
prefer to keep/ and to replac&€ar by a more detailed
description of calcium storag€4;, Ca;p). So, it is still

a “differential method” but the invariant is used to rep-
resent the calcium concentration in SR ((31), (32)). The
respect of this invariant is important for a sound asymp-
totic behavior of the differential model.

The structure of the calcium dynamics model is borrowed
from Shannon [5]. Some buffers of weak capacities have
been omitted when in parallel with buffers of similar dy-
namic characteristics. Keeping badfla; and Cajct to
describe free intracellular calcium, has allowed to adapt
the Ten Tusscher’'s model of CICR [8] to give the expres-
sion (26), that is also a simplification of the mechanism
in [5]. Remark that it takes into account a CICR depen-
dence on intracellular calcium concentration.

Our final model of EC coupling is still complex for some
applications (e.g. imbedding in distributed models of the
heart). Also it is probably not a minimal state-space re-
alization having the mentioned properties of the input-
output relation, primarily interesting us, betwdgg, Vex
andV, Carp. In fact it would be useful to have a con-
sistent hierarchy of state-space realizations of thistinpu
output map with the corresponding properties of each
model. This will be the object of future works.

Conclusion

We have presented a differential model of the mem-
brane potential and of the calcium bound to the troponin
C that is in good agreement with more complete models
of the ionic currents and calcium dynamics in a ventric-
ular cell. Due to its sound asymptotic behavior without
drifts of the state and its medium complexity, this model
of excitation-contraction coupling can be used in multi-
beat simulations from the cell to the heart scales.

Table 2: Initial conditions

Variable Initial value  Unit
Vo —8910°3 \Y
Kio 127.8028 mM
Najo 20.6954 mM
Cajo 0.0010 mM
Cajitno 0.0451 mM
CajTn_ca0 0.1389 mM
Caan,Mgo 0.0003 mM
Cajm_ca0 0.1362 mM
Ca.-M,Mgo 0.1033 mM
Caicalo 0.0031 mM
Cajsro 0.0121 mM
Gko 0.0737

Gnao 0.0293
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Figure 2: Action potentiaV/; concentrations ofa;, Na;, Kj and ionic current$cat, Ik t, Inat, INak, INaca iN response to

an external stimulubsy
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Table 3: Model parameters

Parameter Value Unit Table 4: Model parameters (Continued)
Ve 16.404 pL

VR 1.094 pL Parameter Value Unit

F 96.486 Cmmol 1 KonTn 32710 mv—1s1
Vin —-56.8610° V KoffTn 19.6 st

Vy -510°3 \Y Bitn 701073 vl

\/ ~-2610°3 % KoriTn—ca 23716  mvist
Voa ~7155103 V KoffTn—ca 0.032 st

Cm 65.616 pF BiTn_ca 140102 v

R 8.31410°  Jmmol 1K1 KorTn—Mg 0.0031¢ nmv-is?
T 310 K Kof fTn—Mg 3.33 st

VaTp -45010% V BiTn-mg 140103 M

Ina 1127 pA KonM—Ca 1381 v list
Ik 329 pA Kof fM—_Ca 0.46 st

Ibk 70 pA Bim_ca 140103 v

Ica 26.2 pA KonM Mg 0.01571¢ nm-1s?t
Ibca 0.01645 PA Kof M- Mg 0.057 st

INak 1146 pA BiM-_Mg 140103 M

InaCa 1400 pA Koncal 3416 mv-1s1
Ke 5.4 mM Kof fcal 238 st

Nae 140 mvi Bical 241073 mvi

Cae 2 mvi Konsr 10016 mvi—1s?
Tk = Tna 0.2 S Kot R 60 st

Kjeak 0.005 st Bixr 19102

H 1.787 Kict 13103 Y

[ 0.24610°% mM Bicr 46103 mvl

Kinr 1.7 mM K 0.0065 mM

Jmax 286103 mMs1 Bx 0.14 mM

Qup 2.6

K 251G st




