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P.QSRUTWVEXZYER�RWQ3X$[7\;]_^a`3bcYER
d(e \gfhYiT�j�Y�k.XZY�k

d bc[c]l^lmEn�TW^l\po,^lo3TWY e ocYqosr�t�u;v�w#xyn e m{z,|gv;vp}�w#~g����ng�;YER

�5���E�i���c�p�p� j%YE]_YE�3^aRW^_\;o��cnp^_]lQy� e \.�.b�miYER�X�npR�RU^l�pYZngXZ\;bco3T�R=\g���S^l�.YE\;RE���C^l�p^_T�ng]��S^a�.Yi\,^aRqbco.��\ eU�
T�bco�ngTWYi]lQ�npo�bco7RhT e b�m�TWb e YE���.\.mibcXZYio3T�^_o���zc^am{z�^_T�^aRZ�pY e Q��.^_��m�bc]_T�TW\���o7��npoSQ�^_oc��\ e XZngTW^l\pos�
j�Yi]lYi�S^aRU^l\poKRUT e YEnpXZR z�nD�pYqzc\���Yi�;Y e n�RUT e \poc��npo��KRUT�ng[�]_Yq[cbcTCzc^a�c�.YEoyRhT e b�m�TWb e YqT�z�n�T¡��Y���ngo3T�TW\
�c^lR�m�\��;Y e [SQ)�.YiTWY9m¢TW^loc� e Yi�NYEngTW^loc��\p[cfhYEm¢T{R�^lo,TWzcY��S^a�.Yi\�RUT e YEnpX,��j�zc^aR e Yi�N\ e T¡RWzc\�� R�TWz�ngT TWYE]_YE�S^ �
RW^l\po�RUT e YEnpX�RCn e Y�npm¢T�b�ng]l]lQKzc^_�;zc]lQ e Y9�.bco��cnpo3T�npo��KT�z�n�T��.YiTWYEm�TW^loc� e YE�7Y9n�T�R�mi]_Y9n e ]_Q,\pbcTW]l^_ocY9R=TWzcY
b�o��.Y e ]lQ3^loc�qRUT e b�m¢T�b e Y�\g�NTWz�Y��3^a�.YE\���£�XZYiTWzc\.�$��\ e �.YiTWY9m¢TW^loc��T�zcYERWY e YE�7YiTW^_TW^l\po�R'^aR�� e YERWYio3TWY9��zcY e Y
��^_TWzynpoKYiXZ�cz�n;RU^aR�\;o)T�zcY¤Yi��m�^lYio�miQ5\g�'T�zcY¤RWYEn e m{z
^_oyn�]an e �pY��S^a�.Yi\�mi\ e �cb�RE�¦¥�Y e Q)�p\S\.� e Y9RUbc]_T�R
n e Y=\p[cT�ng^locY9�)[N\gT�z,^_o
TWY e X�R�\p��Yi§NY9m¢TW^l�SocYER�Rq¨©u;ª3«¬^_o e YEminp]_]­npo��
� e Y9m�^aRU^l\poN®¦n;R��¦YE]_]sn;R�Y���m�^lYio7m�Q
RW^lo�m�Y�\po�Y���nDQ�\g�'�S^l�.YE\Z^lR�`3bcY e ^lYE�
ng�3ng^lo�RhT n$TWz e YEY=��YiYE¯.R��cn�T{npRWY�T�^_o
\po�]_Q)\pocYqRWYEm�\;o��­�
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 ��� n=T��E]��E�S^lRW^_\;o$� e \.�.bc^_T(YioZ�NY e X�ngocYEo�m�Y �.Y9R���b.k��3^a���E\���� b�ocY ngXZ�c]lYib e mi\po�RW^a��� e ng[c]lYp·
R�ngo7Rq`;b�Y�]�� \po R�npm{zcYZ�N\pb e T�npo;T�miY�`;b�^�n���T���Y�kcnpm�TWYiXZYEo;T¤�c^¸§Ob�R��p���¡\pb�Rqo�\pb�Rq^lo3T�� e Y9RWRW\po�R=^am�^��
]an,����T�YEm�TW^l\po �.Y e �E� �iTW^_TW^l\po�Rq�cnpo�Rq�.Y9R��3^a���E\;R��.Y�� e ngo7�.Y¤T{ng^l]_]lYp�"!Co�X�\;o3T e YZ`3bcYZ]lYER#��bck��.YZ]ln
T��i]$�i�S^aRU^l\po¤RW\po3T�Yio¤Yi§NYiT�Y�kST e�% XZYiXZYEo;T e �E� �iTW^_TW^_�©R'Y�T�`3bcY¦]an¡�&��TWY9m¢T�^_\;o$�.Y9R('*)�+-,*.-/10324035�'*6103+-78/��7Y e XZY�T
�cY��&�Em�\;bc� e ^ e ]ln�RUT e b�m¢T�b e Y�RW\pb7R � fUnpmiYio3TWY��.b4��b.k­��9¦Y e ng���7\ e T'� e �ERWYio3TWY�YioZ���iT�ng^l]cbco�Y�X:�iTWzc\.�.Y �.Y
�&��TWY9m¢T�^_\;o¤��� \p[.fhYiT�R e �E� �iTW^_TW^_�©R'�cngo�R�bcocY�\p�cTW^a`;b�Y¦�.Y e Y9m{zcY e m{zcY e ng��^l�.Y��cngo7R���� ^lX��N\ e T�npo3T�R��p\p]lbcXZYER
�S^a���i\3Ri���¡Y¦T e VER�[N\po�R e �9RUb�]¸T{n�T�R�RW\po3T�\;[.TWYEo3b7RsT{ngo3T�YEo$`3b�np]_^_T��=¨©upªS« �.Y e ng���7YE];YiT�� e �Emi^lRW^l\po7®%`;b;� YEo
e ng��^l�.^_T��;·p�cb�^lR�`3b<� ^l]7RWb.�ZT¦��� bcocYCRUY9m�\po7�.Y��7\;b e(e YE`3b % TWY e b�ocY�fh\pb e o&�EY�Yio3TW^lV e Y �.Y �S^a���i\�mi\po3T e Y�bcocY
[7npRWY��cYCT e \;^lR�RWYiX�np^_ocY9Ri�
= µ �9�¤�?> 
 �5� P3T e b�m�TWb e n�T�^_\;o5�S^a���i\7·;^lo��.Yik.ngTW^l\po)�3^a���E\�·3T��E]��E�3^aRW^_\;os·.RU^l�po�ngTWb e Y¡�S^a���i\7· e �E� �iTW^_TW^l\po�R
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��� µ�� � ±�� ��� � ¶ µ ��� ± �p����� ± � �
r;�_r! Õo3T e \.�.b�m�TW^l\poy�q���q�q���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� "
r;� |$# Yi]an�TWY9�
�¦\ e ¯����q�q���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� "
r;� ~ 9¦z7ng]l]_YEoc�pY9R�ngo��)\��pY e �S^lYi� �q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� }
r;� ~��_r #�YE`3bc^ e YEXZYio3T�R��q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� }
r;� ~�� | xKY�T�zc\.�)\��;Y e �S^_YE� �q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� t

%'& ± �c�
��� ± � ±�� �i���c�p��� µ(� )
|c�_r j�YiXZ�N\ e ng]sRWYi�;X�YEo3T�n�T�^_\;o �q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� ª
|c� | P.^_�;o�n�T�b e Yq�.Yi��oc^_TW^l\poK���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� ª
|c� ~ *�YEngTWb e YER�Yik3T e n;m¢T�^_\;o)� e \.m�Y9RWR �q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r;r

+-, �.�E�c���c� ± µ �/.7� � �10p�.�2� µ�� �(�
~��_r PST e n�TWYE�pQ �q�=�q���q�q���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r;r
~�� |$3CnpRWz5��b�o�m¢T�^_\;oB���q�q���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� rD|
~�� |c�_r P3TWb��cQ5\g��TWzcYqb�oc^¸��\ e X��.^aRhT e ^l[cb.T�^_\;o��q�q���q���q�=�q���q�q���q���q���q�q�=�q� r9~
~�� |c� | �¡^aRWmib�R�RU^l\po
\po,RUYE�pY e np]Nz7npRWz5��bco7m¢TW^l\po7R ���q���q�=�q���q�q���q���q���q�q�=�q� rE�

4 	)± �E�/� ± �c�&> = ± ��5 µ ¶ ��6
�7�_r £¡]_�;\ e ^¸T�zcX��.Yi��oc^_TW^l\po �q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r9}
�7� | P.zc\gT¡�C^lRUT�npo�m�Yq�.Yi��oc^_TW^l\po �q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r�t
�7� |c�_r �¡n87G�pY��.^aRhT{ngo�miY����q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r�t
�7� |c� | P.ngXZ�c]lYE���¡n971�;Y��C^aRhT{ngo�miYZ¨GP��¡��®Z���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r9ª
�7� |c� ~ :�k.z�ngb�RUTW^l�pYqRWYEn e m{z ���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r9u
�7� |c� � � \ e X�ng]l^<;EYE�=:��.^_TC�.^aRhT{ngo�miY �q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q� r9u
�7� |c� " £ ]l^_�;ocYE�
£%�;Y e ng�;Y>3CngXZXZ^_oc���C^lRUT�npo�m�Y�¨1£¡£?3¡��®��q���q�q���q���q���q�q�=�q� r9u

� 	)± � ��>��E� %A@
"c�_r P.^_�;o�n�T�b e Y e \p[cb7RhT�ocYER�R �q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|pv

"c�_r;�_r PS^_X$bc]an�TW^l\po7R ���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|pv
"c�_r;� | #�Y�T e ^lYi��ng]smEng��n;m�^_ThQ�\po e YEng]­�cngT�n ���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|cr

"c� | P.zc\gT¡xyngT�m{zc^loc� �q�q���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|;|
"c� |c�_r PS^_�;o�n�T�b e Y�m{z�\p^am�Y �q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|;|
"c� |c� | BCb�ngo3TW^C;EngTW^l\po
RWm{zcYEXZY�mi\pXZ��n e ^aRU\;o��q�q���q���q�=�q���q�q���q���q���q�q�=�q��|p~
"c� |c� ~ PSzc\gT �.^aRUT�ngo7m�YER�mi\pXZ��n e ^aRU\;o��q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|p~

"c� ~$:(��mi^_YEo�m�Q
ngo��KP.mEng]l^_o�� ���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|g�
"c� ~��_r P3TWb��cQ5\g�'£¡£?3¡� mi\po�RW^aRhT�Yio�miQ����q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|D"
"c� ~�� | P.minp]_^loc��TW\Z]an e �pY=�3^a�.YE\Z��n�T�n;RUYiT��q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|3t
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6-, ± � ± �g�2� � . 	5±���± �.�E� % )
}��_r�#%¥C� ^lo���b�Yio�miYq\��pY e T�zcYqoSbcX¤[NY e \p�'�.YiTWY9m¢TW^l\po7R �q���q�=�q���q�q���q���q���q�q�=�q��|pª
}�� |$*�^ e RUT¡ng���c]_^amingTW^l\po�R
�q���q���q���q�q�=�q���q���q�q���q���q�=�q���q�q���q���q���q�q�=�q��|pu

� � µ�� � > ����� µ(� + �
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j�Yi]lYi�S^aRU^l\po
Y�k.�NY e ^_YEo�m�Y9�)� e n;RhT�^lm�m{z�npoc�pY9R e YEmiYio3TW]lQ���^_TWzKngo,YE�pY e ^lo�m e YEn;RU^loc�ZoSbcX¤[NY e \p�'m{z7ngococYE]lR
npo��KocYE� ��nDQSR¡\g�¦�cYi]l^_�;Y e ^_oc�5^¸T{R=mi\po3TWYEo3T¡TW\5TWzcY�b�RWY e ·OYp� ���qj�¥ \��;Y e £¡��P � ·OXZ\p[c^l]lYERE·N^lo3TWY e ocYiTE·
T�Y e�e Y9RhT e ^ang]��.^_�;^¸T{ng]�j�¥¤�Oj�zc^lR¡� e \���TWz,z�n;R bco.��\ e T�bco�ngTWYi]lQ,oc\gTC[7YEYioy]l^_o�¯pYE�,��^_TWz�n�[NY�TUT�Y e bco��.Y eU�
RUT�npo��.^loc�=\g�7z�\���TW\�b�RWY�TWzc^aR'�S^l�cYi\=XZngTWY e ^ang]G� BCbcY e QS^loc��ngo�� e YiT e ^_YE�S^_oc�=^lo.��\ e X�n�TW^l\po¤� e \;X nC]ln e �;Y
T�Yi]lYi�S^aRU^l\po ¨�\ e �S^l�cYi\3®�mi\ e �cb�Rq^aR¤RUTW^l]l]¦nKm{z�np]_]lYioc�;Yp·%��\ e [N\gT�z � e \p��YER�RU^l\po7ng](n e m{zc^l�pY e R�ngo7� RU^lXZ�c]_Y
j�¥ b7RUY e R�ng]l^l¯pYp�
!Co�Y RU^lXZ�c]_Y�[�b.T�RUb e � e ^aRU^loc�p]lQ�bco7np�c� e YER�RWYE�$^lR�RUb�Y�^lR'T�\ e YiT e ^_YE�pY�ngoZYio3T�^ e Y�� e \p� e ngX ��^_TWzZ^_T�R�Yikcnpm¢T
[N\pb�o��cn e ^lYERE·N^G� Yp��� e \pX ^_T�R=� e RUTCT�\)^_T�R�]anpRUT=� e npX�Y;�¤�CbcY�TW\)TW^lX�Y � RWzc^_� TW^loc�,^_o�TWz�Y�[ e \3np�cmEnpRUTE·NTWzcY
� e Y9m�^aRUY5TW^lX�Y,\p�¡[ e \;np��minpRUT¤^aR�Yi]lb�RU^l�pY;· e YERWbc]¸T�^_o�� ^lo�npococ\�QS^_o�� m�\;X�XZY e mi^lnp]lR$\ e m{z�ngo�ocYi]�Yi�;Yio3T�R
[NYi^loc�q��\;bco��Z^lo�RUTWYEn;�Z\g�OTWz�Y¡�.YERW^ e np[c]_Y�� e \;� e ngX,�  ¾T���\pb�]l��[NYCm�\;oS�pYio�^_YEo;T'T�\¤ngb.T�\pX�n�T�^lmEng]l]_Q$^l�cYio �
T�^¸��QZT�zcY�� e \p� e ngX RWYi�pXZYEo;T{R(� e \pX n e YEm�\ e �cYE��TWYE]_YE�S^lRW^_\;o)RUT e YEnpX
·;TWzSb�R�[cb�^_]a�.^loc��ngo5b��N�cngTWY9�5ngo7�
YEocz�npo�m�Y9��� e \p� e npX �;bc^a�.Yp��j�zc^aRZXZnDQ [NY,\g�=^_o3TWY e Y9RhT�TW\ X�ngoSQ�np�c�c]l^lmEn�TW^l\po7Ri·¦Yio�� � b�RWY e ¥ 9 #q·
e Yi�;bc]an�TW^l\po�npb.TWz�\ e ^¸T�^_Y9R(\ e m{z�ngo�ocYi]aR�T�zcYiX�RWYi]l�pYERE·3��zc^lm{z5XZnDQZ��ngo3T(T�\$RUTW\ e Y \ e XZ\po�^¸T�\ e � e Y9m�^aRUYE]_Q
��z7n�T'z�npR�[NYiYio$[ e \;np��minpRUTWY9�­�%£¡]_]ST�zcYERWY�T{npRW¯.R�n e Y�b�RWb�ng]l]_Qq�.\;ocY�XZnpoSb�ng]l]_Q;��j�zc^aR�^lR'nC�pY e Q=TWY9�.^l\pb�R
��\ e ¯�YERW�NYEm�^ang]l]lQ�^¸�'� e YEmi^lRWY=TW^lX�Y9RhT{ngXZ��R�n e Y�ocYEYE�.Y9�­�
j�z�YqXZnp^_oK^a�.Y9nZ[7YEzc^_o7�
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]l\�� � � e Y9`;b�Yio�miQ)m�\SYi��mi^_YEo3T�RC\g��TWz�Y��C^lR�m e Y�T�Y:9¦\3RU^locY$j e ngo�RU��\ e X ¨1� 9�j ®��sPSYEm�TW^l\po�|c� |5�.Y�T{ng^l]lR¡TWzcY
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[NY�XZ^lR�RUY9��\ e �©np]lRWYi]lQ��.YiTWYEm�TWY9��^lo
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I
\p�'RW^<;EY

(N, M)
·cTWzcY

DCT (u, v)
m�\SYi��mi^_YEo3T�^aR��;^_�;Yio
[3Q �

DCT (u, v) = α(u, v)

N−1
∑

x=0

M−1
∑

y=0

cos
[

(2x + 1)
πu

2N

]
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[
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πv

2M

]

I(x, y)

��^_TWz
α(u, v) = 2

√

NM
C(u)C(v)

npo��
C(u) =

{

1
√

2

��\ e
u = 0

1
\pTWzcY e ��^aRWY

j�zcY�� 9�j T e ngo�RU��\ e X ^aR=ng�c�c]l^lYE�K\;o,TWzcY���zc\p]lY¤^lX�ng�;Y5¨�]lbcXZ^_o7ngo�miY$m{z�npococYi]�\po�]_Qc®�T�zSb�RCmEng� �
T�b e ^_oc�
�p]l\p[7ng]�� e \;�7Y e T�^_Y9Ri��j�z�Y�o�Y�kST�RUTWYE��^aRCTW\
b�RWY$T�zcYZ�.^_XZYEo�RU^l\po7ng]l^¸ThQ e YE�.b7m¢TW^l\po�� e \p�NY e ThQ
\p�
T�zcYq� 9�j ^lo,n e n�T�zcY e Y�kST e YEX�Y���nDQp·S[SQ�Y�kST e n;m¢TW^loc�ZnZRUX�ng]l]sRWbc�7Y e ^l\ e ]lY�� T

n
k
n
RWbc[cX�ngT e ^¸k5^lo
TWzcY

� 9�jJX�ngT e ^¸k5npo��5[SQ�`3b�npo;T�^<;E^_o��$^_T ng�p� e Y9RWRW^l�pYi]lQp·;^1� Yp�'Y9npm{z)mi\SY���m�^lYio3T�^lR�`3b�npo;T�^<;EYE�)\po)\poc]lQ�\pocY
[�^¸T9�
P.^_o�miY��pY e Q)]_^_TUT�]_Y$^_oc��\ e XZngTW^l\poK^aR ¯;Yi�.T9·7n��;Y e Q)�.^aRWm e ^lXZ^_o7n�TW^loc����Y9n�T�b e Y¤X¤b�RUT¡[NY�Yio�mi\.�.YE�K[SQ)TWzcY
`3b�npo3TW^C;En�T�^_\;o
R�m{zcYEX�Y;� !CocY��©np^ e ]_Q5^_o3TWb�^¸T�^_�;Y�^l�cYEnZ^aR�TW\�YEo�m�\.�.Y�T�zcY�RU^l�po,\p��T�zcY¤� 9�j mi\3Yi��m�^lYio3TE·
��z�^lm{z
^lR�¯Soc\���o5TW\Z[NY�n e \p[cb7RhT���YEngTWb e Yp��j�zcYq� 9�j

n
k
n
RUbc[�XZngT e ^¸k�^aR�TWzSb�R�`3b�npo3TW^C;iYE�
npR�RWb�m{z �

σ(i) =

{

1
^¸�

DCT
(

b i
n
c, i− b i

n
cn

)

≥ m
0
\gTWz�Y e ��^lRWY ��\ e

i ∈ [1, n2]

j�\�Yio�mi\.�.Y�TWzcY RW^l�po��¦Y�minpo$XZY e YE]_Q¤T�ng¯;Y
m = 0

� 3 Y e Y�zc\���Yi�;Y e ·�X ^aR�T�np¯pYioZnpR�T�zcY�XZYE�.^angoZ��ng]lbcY
\p��TWzcY¤� e RhT

n2
m�\SY���mi^_YEo;T{Ri�Cj�zc^lRC^aRCnp]_XZ\;RUT¡Y9`;b�^_��ng]lYio3T�RU^lo�m�Y�TWzcY$X�Y9�.^angoy^aR¡b7RUb�np]_]lQ
�pY e Q,m�]l\;RWY

T�\ ;iY e \7·c[cb.TC^¸T¡YEXZY e �pYE�,n;R¡RW]_^l�pz3TW]lQ5XZ\ e Y e \p[cb7RhT¡npo��KRWngTW^aRh�©n;m¢T�\ e Q�� e \;X�n�T�zcYi\ e YiTW^aminp]s�7\;^_o3T¡\p�
�S^lYi��� ^_Tqz�npRCX�n�k.^lXZnp]�YEo3T e \p�SQp·O^G� Y;��TWzcY�^_oc��\ e XZngTW^l\po�¯pYi�cTC^lo T�zcY��cYER�m e ^_�.T�\ e ^lR=X�n�k.^lXZ^<;EYE�K[SQ
T�zc^aRqm�\.�.Yp��£ RW^_XZ^l]ln e `;b7ngo3TW^C;EngTW^l\po�R�m{zcYEX�Y�z�n;Rqng] e Y9np�.QK[NYiYEo�� e \p�N\;RWYE� [SQ 9¦\;RW¯Sbco�YiT�ng]G� / } 1
npo�� ��n e�e Y�TCnp]1��/ � 1%��\ e m�\p�SQ5�cY�TWY9m¢T�^_\;oK�cb e �7\3RUY9Ri·�npo��
z�npR [7YEYioyRWzc\���o
TW\�[NY e \;[cb�RUT�TW\�RWYi�;Y e Y
T e npo�RU��\ e XZngTW^l\po�RE� 3 \���Yi�pY e ·3\pb e YiXZ�cz�n;RU^aR�^lR�z�Y e Y=XZ\ e Y�\poKRW^<;EY=TWz�npo e \p[cb7RhT�ocYER�Ri�
£¡]¸T�zc\pb��pz$TWzcY�RW^_�;o$^aR�n e \;[cb�RUT���Y9n�TWb e Y�^_T'X�nDQ�[NY��¦\ eWe QS^_o�� TW\�]l\;RWY�np]_]ST�zcY�XZ\S�cbc]_b7R�^_oc��\ e XZngTW^l\pos�
£CR,ngo np]¸T�Y e o�n�T�^_�;Y m{zc\;^lmiYp·¡��Y�^_o3T e \.�.b�miY�n�`;b7ngo3TW^C;EngTW^l\po R�m{zcYiXZY���^¸T�z �.Y9np� ;E\pocY ng^lXZ^_o���n�T
YEo�m�\.�.^loc�,T�zcY5RW^_�;oc^¸�Nngo�miY�\g��TWzcY5mi\SY���m�^lYio3TE�,£ ]l]¦mi\SY���m�^lYio3T�R�^_o T�zcY5�.Y9np� ;E\pocY�n e Y�m�\;o�RW^l�.Y e Y9�
^lo�RW^_�;oc^_�7minpo;T�ngo�� YEo�m�\.�.Y9� npR"� v&�l� j�zcY5[7\;bco��cn e ^lYER¤\g��TWz�Y)�.Y9np� ;E\pocY�n e Y��;^_�;Yio [SQ�TWzcY)^_o3TWY eU�
`3b�n e T�^_]lY e ngoc�;Yp� :(�pY e Q
m�\SY���m�^lYio3T¡\;b.T�RW^a�.Yq\g�'TWz�Y¤�.YEn;� ;i\;ocYq^aR Yio7m�\.�.YE�Kn;R n �lr?�l��j�zcY e YERWbc]¸T�^_o��
�cYER�m e ^_�.T�\ e z�n;R�ng]aRU\ZX�n�k.^lX¤bcX YEo3T e \p�SQp�
j�z�YERWYqTh�¦\)`;b7ngo3TW^C;EngTW^l\poyR�m{zcYiXZY e YERWbc]_T�R¡^_o n��pYEm�TW\ e \g��RW^C;iY

n2
·No ^lR=m{zc\;RWYio,[NY�Th��YiYEo "�npo��Kªc·

np]_]l\���^loc�¤T�zcY�[c^lo�n e Q��pY9m¢T�\ e
σ
T�\Z[7YqX�ng���7Y9�)^lo3TW\�nZ}g� � [c^_T�^_o3TWYE�pY e � � \pTWY=TWz7n�T���\ e \;b e �cb e �N\;RWY

T�zcY¡� 9�m�\SY���m�^lYio3T�^aR e YiXZ\��;YE�$[7Y9mingb7RUY�^_T�^aR(b�RWYi]lYER�R�^lo�^¸T{R�`3b�ngo3T�^<;EYE����\ e X,��j�z�Y¡� 9�mi\3Yi��m�^lYio3TE·
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*�^_�;b e YZr � ! e ^l�p^lo�ng] � YEo�n�^_X�np�pY

n=8 n=7

n=6 n=5

*�^_�;b e Y�|�� # YEm�\;o�RUT e b�m¢T�YE�)^_X�ng�;Y�\g� � Yio7n$[7npRWYE�)\po
^¸T{R RU^l�po7n�TWb e Y

^G� Yp�J� 9�jq¨©vc· v;®�^aRZT�zcYKXZYEngo�ngo7��^aR�ng]l��nDQSR$T�zcYK� e YEngTWYERUT�m�\SY���mi^_YEo;T9�Jj�zcYK� 9 mi\3Yi��m�^lYio3T�^lR
T�zSb�R�ng]l��nDQ.R¡`3b�npo3TW^C;iYE�yTW\�r�npo�� �c\3Y9R=oc\gT�[ e ^_oc�
ngoSQK^lo.��\ e X�n�TW^l\po%��j�zcY¤��\;]_]l\���^loc�)mi\3Yi��m�^lYio3TE·
� 9�jq¨�o%· v3®¢·c^aR�ng�c�NYio7�5T�\

σ
T�\ZXZnp¯pYqnZ}g� � [c^_T RU^l�po7n�TWb e Y;�

*�^l�pb e Y |�RUz�\�� R�n��S^aRUb7ng].^lo;T�Y e � e Y�T�ngTW^l\po�\g�7TWzcY RW^_�;o�n�T�b e Y�\p�7T�zcY � YEo�n=^_X�np�pYp�'j�zcY9RUY�^lXZnp�pY9R�n e Y
\;[.T�np^_o�YE�,[SQ
np�c�c]lQS^_oc��npoK^_oS�;Y e RUY�� 9�j \po,T�zcY¤`3b�ngo3T�^<;EYE�K� 9�j XZngT e ^¸k­·7��zcY e Y�ng]l]�mi\3Yi��m�^lYio3T�R
n e Y�RWY�T�T�\ ;iY e \7·%Yik.miYi�.T¤��\ e T�zcY�bc�c�NY eW� ]_Yi� T

n
k
n
RWbc[ � X�n�T e ^_k���zc^am{z ^lR$`;b7ngo3TW^C;iY9��n;RqY�k.�c]ang^locY9�

np[7\��;Yp�  ¾T$^lR¤^_o3TWY e Y9RhT�^_o��,TW\yRWYiYZTWz�Y�^_oc��\ e XZngTW^l\po ¯pYE�.T¤^lo TWzcY)RU^l�po�ngTWb e Yp·�YERW�7Y9m�^ang]l]_Q ��\ e
n = 8��z�Y e YCT�zcY�RWz�ng�NY�\g� � Yio7n�mEngo
[7Yq�;bcYER�RWYE�­·.ng]_TWz�\pbc�;z)��Yqz�nD�pY=\po�]_Q5}p�Z[c^¸T{R�\g�'�cn�T{nc�
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 ��� � # '(� ����#�
0#�������' �����
� � ����� � #�
�

£¡]_�;\ e ^¸T�zcX�rqRWbcX�R�bc�
TWzcY���Y9n�TWb e YqYik3T e n;m¢T�^_\;o5� e \.m�YER�RE�

& � � �g�2� µ�� *cYEngTWb e Y :(k3T e n;m¢T�^_\;o%¨%¥ � � �©¶ ±3µ �E�i� ± �&� ®�� >��1�i� µ�� ��5 µ �9�
SV = ShotSegmentation(V );& µ � Y9npm{z,RUzc\pT

SV
i

^_o
SV
¶ µ

& µ � Y9npm{z
^_X�ng�;Y
Iik

^lo
SV

i

¶ µ

σk = ComputeDescriptor(Iik) �
SV

i = SV
i ∪ σk �

� �$n�TWT�n;m{z)Y9npm{z,�.YER�m e ^_�cTW\ e T�\�^_T�R¡RUzc\pT

±�� ¶ & µ �

±�� ¶ & µ �
� ± �
��� �

SV �
�>� ¶

£ ]l�p\ e ^_TWzcX�r �
*cY9n�TWb e Y�Y�kST e n;m¢TW^l\po

� ������� �
����� �������¤
)		������	i��


� �
� ��� ��'(��#���

j�z�Y=X�np^_o
^l�cYEn�[7YEzc^lo���T�zcY��cngT�ng[7npRWYC\ e �3ngoc^C;EngTW^l\po�^aR�TW\�T�np¯pYqnp�.��npo;T{ng�;Y¡\g��TWzcY=�©n;m¢T�TWz7n�T �
� ' � +
2 ' + ��� 0�����mEngo [7Y5b�RUY9��[7YiTh�¦YEYiYio�T�zcY�RU^l�po7n�TWb e Y9Ri�5j�z�^lRq� e \;�7Y e ThQ np]_]l\�� R=TW\Kb7RUYZ�©n;RhT e Y�T e ^lYi��ng]
��n�T�nZRUT e b�m¢T�b e YER�RWb�m{z
n;R�z�npRWz)T�ng[�]_Y9Ri·.��zc^am{z,� e \��3^a�.Y�m�\;o�RhT{ngo3T�TW^lXZYq^_o�RWY e TW^l\po,ngo7�5]l\S\p¯ � b��s�
 Õo,� e npm�TW^am�Y;·cn$�7ng^ e

(i, k)
^aR�RhT�\ e YE�)^_oKn�z�n;RUz
T�np[c]lYC��\ e Yi�;Y e Q�^_X�np�pYp·.b7RU^loc�Z^¸T{R RW^_�;o�n�T�b e Yqn;R�TWzcY

¯;YiQ;�
i
^lR(TWzcY ^lo��.Yik$\p�NT�zcY¡RWzc\gT�mi\po3T�np^_o�^_oc��T�zcY¡RW^_�;o�n�T�b e Y�npo��

k
^lR(TWzcY¡RW^l�po�ngTWb e Y��7\3RU^_TW^l\po�^loZTWzc^aR

RWzc\pTE�(PSzc\pT�R n e YCTWzcYEX�RUYE]_�;YER�RUTW\ e YE�5^_oKnpo
n eWe nDQ�£���j�zcY�RWzc\pT���z�^lm{z,m�\;o;T{ng^locYE�5TWz�Y�RU^l�po�ngTWb e Y=^lR
T�zcYio)YEn;RU^l]_Q e Y�T e ^lYi�pY9�Z[SQ

A[i]
�(£ ]l�p\ e ^_TWzcX |�RWbcX�R¦bc��T�zcYC�cngT�np[�npRWY¡m�\;o�RUT e b�m¢T�^_\;o�^_o5TWzcYC�pYEocY e ng]

mEnpRWYp�
j���\�XZYiTWzc\.�cR�\p�'�cngT�np[�npRWYC\ e �3ngoc^aR�n�TW^l\po)n e Y��cY���ocY9�.�

• PS^loc�p]lY #�Y���Y e YEo�m�Y P.m{z�YiXZY �BnC¯;YiQ$�7\;^_o3T�R�T�\�n�RU^loc�p]lY���ng^ e (i, k)
·p^G� Y;����\ e n=�p^l�pYEo�RW^_�;o�n�T�b e Yp·

TWzcYq�7ng^ e
(i, k)

^aR�RhT�\ e YE�)\poc]lQ�^_��T�zcY�RW^_�;o�n�T�b e Y=^aR�oc\gT np] e YEn;�.Q�^_o
T�zcYqz�npRWz)T�ng[�]_Y;�

• xKbc]_TW^l�c]lY #�Y���Y e YEo�m�YyP.m{zcYEXZY � n�¯pYiQ �N\p^lo3T�R�T�\ RWYi�;Y e ng]���ng^ e Ri·(^G� Yp��RUYE�pY e ng]�mEngo��.^a�cngTWYERRUz�\gT�Rqn e YZm�\;o�RW^l�.Y e Y9�K��\ e n
RW^loc�p]lY�RU^l�po�ngTWb e Yp��j�zc\pb��pz�^¸T�z�n;R=zc^_�;zcY e XZYEX�\ e Qy�cYiX�ngo���Ri·
TWzc^aR=RWm{zcYEXZYq^lR¡zc\p�NYE�,T�\�]lYEnp�)T�\�[7YiTUT�Y e=e Y9RUbc]_T�RE��j�zc^aR ^aR¡ng]aRW\ZTWzcY�ng�c� e \;n;m{z)b7RUY9�,[3Q /Ë|g~41
ngo�� /Ë|9" 1�ngo��)^lR��;Y e Q5m�]l\;RWYCTW\ZTWz�Yq^_oS�pY e T�YE�5��]lYCT�YEm{zco�^l`3bcYqb�RWYE�)^lo)T�Y�kST e Y�T e ^lYi��ng] / u41¾�
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PSTW\ e ^loc�
TWzcY5RW^l�po�ngTWb e YZ�7\3RU^_TW^l\po
k
^lR�oc\gT�ocY9m�Y9RWR�n e Qp��j�zc^aRq^lo.��\ e X�n�TW^l\po ^aRq^lo��©n;m¢T¤b7RUY9��[SQ TWzcY

[NYERUTC\p��TWzcYZng]l�p\ e ^_TWz�XZR¡� e YERWYio3TWY9�,^_o�RUY9m¢TW^l\poK�7� |c� "�ngo��K^aR¡TWzSb�RC^_o�mi]_b7�.YE� ^_oKT�zcYZ�cn�T{ng[�n;RUY¤mi\po �
RUT e b�m�TW^l\pos�

& � � �g�2� µ�� �cn�T{ng[�n;RUY 9¦\po�RUT e b�m�TW^l\po%¨N¥ � � �©¶ ±Sµ �i�E� ± � � ®���� �.�D��� ²�µ � �25 µ �9����5��c��5��E�.��> ±��
SV

� �.�D��� ²�µ � �25 µ �E� �z3T � 5�����5��9�.��> ± �
SV = featureExtraction(V );& µ � Y9npm{z,RUzc\pT

SV
i

^_o
SV
¶ µ

& µ � Y9npm{z,�.YER�m e ^_�cTW\ e
σik

^lo
SV

i

¶ µ

ht(σik) = (i, k) �����0�� 0�� � � � , � + ��� / � , +
���	��� � � / � 610 	 +-,*6 	 , /103+�0 ,8��0���+ �A� / � , +

±�� ¶ & µ �

±�� ¶ & µ �
� ± �
��� � ¨

SV , ht) �
�>� ¶

£¡]_�;\ e ^¸T�zcX |��'�=n�T{ng[�n;RUYqmi\po�RUT e b�m¢T�^_\;o

� �! 
 ' 
�	�� �������������
£�z�npRWz�T�np[c]_YK^aR5n��cn�T{n RhT e b�m�TWb e YKT�z�n�T)np]_]l\�� R�TW\ e YiT e ^_YE�pYyngo�YE]_YEX�YEo3T5^_o n m�\po7RhT{ngo3T�TW^lXZYp·
^G� Yp� !�¨Ur9®¢�  ¾T$^aR$mi\pXZ�7\3RUY9� \g� ngo�n e�e nDQ npo���nKz7npRWz ��bco�m¢T�^_\;os��j�z�^lR¤z�npRWz ��bco�m�TW^l\po�X�np��R¤npo
YE]_YEXZYio3T�� e \pX�T�zcY5^loc�cbcT$�.\pX�np^_o

E
T�\KTWzcY5z�npRWz �.\pX�ng^lo

H
��zc^am{z ^lR¤b�RUb7ng]l]_Q nKRUb�[�RUYiT¤\g�

N
·

h : E → H
·7��^¸T�z |H | � |E| �¦zK^aR oc\pT \pocY � T�\ � \pocY;·.XZYEngo�^_oc�ZT�z�n�T¡Th�¦\��.^_§OY e Yio3T¡Yi]lYiXZYEo;T{R�\g� EmEngoK[NY¤X�ng���7Y9�,TW\�T�zcY$R�ngXZY�z7npRWzK�Dnp]_b�Yp�¡j�zc^aRCYi�pYEo3T¡^lRCminp]_]lYE�Kn�mi\p]l]_^aRW^_\;os� j�zcY$m{z�\p^am�Y�\p�'z ^lR

m e b7m�^ang]���\ e TWzcY�RWYEn e m{zK�NY e ��\ e XZnpo�m�Y;�q�¡Y9RU^l�poc^loc�
z b�RWb�np]_]lQKXZYEngo7R T�\5��o7� n5T e np�.Y � \p§�[NY�Th��YiYEo
XZ^loc^lX�^aRW^_oc��T�zcYqoSbcX¤[NY e \p��mi\p]l]_^aRU^l\po7Ri·cnpo��5]l\�� mi\pXZ�c]lY�k.^_ThQp�
 Õo \;b e mEnpRWYp·sT�zcY�^loc�cb.TZ�.\pX�np^_o ^aRqTWz�Y5RU^l�po7n�TWb e Y��.\;XZnp^_o

S
��zc^am{z ^aR¤m�\;o�RW^l�.Y e Y9��n;R�nK[c^lo�n e Q

�c\pX�ng^lo5\p���.^lX�YEo�RW^_\;o
N
�
S = {0, 1}N

��P.^_o�miY¡T�zcYqRU^l�po7n�TWb e YC^lR�n�}g� � [c^_T¦^lo3TWYi�;Y e TWzcY=T�zcYi\ e YiTW^aming]
RW^C;iYZ\g�

S
^aR |S| = 264

��zc^am{z ^lR�zSbc�;Yp�Zj�zcYZ� e \p�NY e ThQK\g�¦X�ngkS^lX¤b�X�Yio3T e \p�SQK\p�¦T�zcY��.YER�m e ^_�cTW\ e
e YE�cb�m�Y9R�TWz�Y�np]_]l\���np[c]lY�RU��n;m�Y¤TW\)n)RU^C;iY$\g� |S| =

(

N
N/2

) ·O��zc^lm{z�^lR=RUTW^l]_]�zSbc�pY
¨ ≈ 1018
®��=j�zcY

z7npRWz5�.\pX�np^_o�^aR¦np]lRW\¤�.Yi��ocY9�5npR�nq[c^lo�n e Q��.\;XZnp^_o
H = {0, 1}M

·3\g�%RW^<;EY |H | = 2M
�  Õo5� e npm�TW^am�Yp·
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M = 32
�=j�zcY¤o�Y�kST=RWYEm�TW^l\poK�p^l�pY9R [N\pbco7�cR ��\ e T�zcY¤oSbcX$[7Y e \p��m�\;]_]l^lRW^l\po�R

Nc

[SQ,�¦\ e ¯S^loc��^_o TWzcY
^a�.Y9ng]smin;RUY���zcY e Y=T�zcYqz�npRWz)��bco�m¢T�^_\;o,z�npR�n�bcoc^_��\ e X �c^lRUT e ^_[�b.TW^l\pos�

+�� % ��� � � ��¶ ²�µ � �25 ± � � � �¾µ � ��¶ �©�E�i�/��������� µ��
��Yqoc\��BRUbc���7\3RUY=TWz7n�T z
z�npR�n e ngo��c\pX¬bcoc^_��\ e X �c^lRUT e ^_[�b.TW^l\pos�(£ mi\p]l]_^aRU^l\po
^aR�TWzcYqYE�pYEo;T �

∃ (s1, s2) ∈ S s1 6= s2

npo��
h(s1) = h(s2)

p
RW^_�;o�n�T�b e Y9R�n e Y¤T�\)[NY�RhT�\ e YE�y^lo n)z7npRWzyT�np[c]lY�\p��RW^<;EY |H | = 2M

�  ¾�
p > |H | TWzcYZ�c^l�pYE\poczc\;]_Y� e ^lo�m�^l�c]lY�RhT{n�T�YER=TWz7n�TqTWz�Y�� e \;[�ng[�^_]l^¸ThQ \g��m�\p]l]l^lRW^_\;o�^aRq\;ocYp�  ¾��oc\pTE·sT�zc^aR�TWzcY)m�]anpR�RU^aminp] �U[c^ e T�z��cnDQ

� e \;[c]_YEX �=ngo��)T�zcYq� e \p[�np[c^_]l^_ThQ�\g��m�\p]l]l^lRW^_\;o5^aR��p^l�pYEo)[SQ �

Pcollision = 1 −
p−1
∏

k=0

(

1 − k

|H |

)

� z7n�T�^lRZz�\��¦YE�pY e XZ\ e Y)^lo3TWY e Y9RhT�^_oc� ��zcYEo�RUTWb7�.QS^_oc� z�n;RUz�T�np[c]lYER�^lR�T�zcYKY�k.�NYEm�TWYE��oSbcX¤[NY e \p�
mi\p]l]_^aRW^_\;o�R

Nc

·STWz�ngT¡minpo)[NYqYERUTW^lX�n�TWY9�
[3Q / |cr21 �

Nc =

(

p
2

)

1

|H | =
p(p − 1)

2|H |
^_�

M = log2(p)
TWzcYEo���Y5z�nD�;Y5Yio�\pbc�;z�RU��n;m�Y5��\ e Yi�pY e Q�^loc�cb.T�Yi]lYiXZYEo;TZngo���z�m�\;bc]a��[NY)\;ocY �

T�\ � \pocY;·s^G� Y;�Zmi\p]l]_^aRW^_\;o � � e YiY�� 3 \���Yi�;Y e ·­oc\gT�Y�TWz�ngT¤RU^lo�m�YZz ^aRqn e ngo7�.\pX ��b�o�m¢T�^_\;os·%��Y�RhT�^_]l](z�nD�;Y
Nc ≈ 2M−1

·'XZYEngo�^_oc�yTWz�ngT¤Yi�;Yio ^lo TWzcY �h[NYERUT���min;RUY���Y�RUTW^l]_]�z�nD�pY�n e n�T�zcY e ]ln e �;Y�o3b�X¤[NY e \p�
mi\p]l]_^aRW^_\;o�Ri�  ¾�s��Y e YEng]l]lQ$��ngo3T�T�\ e YE�.b7m�Y T�zcYCmi\p]l]_^aRW^_\;o�R�T�\�nqXZ^loc^lX¤bcX,·S��\ e Y�kcngXZ�c]lYp·

NC < 1
·3�¦Y

RWzc\;bc]l�5z�nD�pY
p <

√
2M+1

��9¦\po�RW^a�.Y e ^_o��¤\pb e mib eWe Yio3T�minpRWY=\g��n$z�npRWz�T{ng[c]lYC\p��RW^<;EY
2M = 232

·STWzcY
X�ngkS^lX¤b�X�RU^C;iY�\p�%TWz�Y�RW^l�po�ngTWb e Y=RWbc[�RWY�T

Sreal

��\pbc]a�5[NYq\po�]_Q�u3|g}pª�r¡YE]_YEX�YEo3T�RE·cn$]l^_TUTW]lYq[c^_T XZ\ e Y
T�z�ngoK|¤zc\pb e R�\g���3^a�.YE\���� ��Y=TWzSb�R�z7nD�pYCTW\���o��
n�T e n;�.Y � \g§K[NY�Th��YiYEo5T�zcYqRU^C;iY�\g�%TWzcYqz�n;RUz5T�np[c]_Y
npo��
ngo,npmimiYi�.T{ng[c]lY e ngTWY�\g��m�\;]_]l^aRU^l\po�RE�
!Co�Yy^_o3T�Y e YERUTW^loc���N\p^lo;T
^lR5TW\���o���T�zcY�X�^loc^lX¤bcX RW^<;EY \p�qTWzcY�z�npRWz�T�np[c]_Y���zc^am{z minpo �p^l�pY npo
n;mimiYi�.T{ng[c]lY�o3b�X¤[NY e \p��mi\p]l]_^aRW^_\;os·.��\ e YikcngXZ�c]lY

Nc

X$b�RUT¡[7Y¤[7YE]_\�� n�� e n;m¢T�^_\;o)\p��T�zcY�^loc�cb.T=RU^C;iY�·
^G� Yp�

Nc < p
r

·c��zc^am{z
Q3^lYi]a�cR �

|H | >
r(p − 1)

29¦\;oS�pY e RWYi]lQp·p��Y¡��^aRWz�TW\$¯Soc\���TWzcY=X�n�k.^lX¤bcX¬oSbcX$[7Y e \p�%Yi]lYiXZYio3T{R(T�z�n�T
Sreal

mEngo5z�\p]a�­·S�p^l�pYio�n
mi\po�RUT e ng^lo3T

r
ngo7�)n�z�n;RUz)T�np[c]_Y�RW^C;iY |H | �

p < 1 +
2|H |

r
� ^_TWz |H | = 2M = 232

·
r = 100

·�TWzcY�^locYE`3b�np]_^_ThQ QS^_YE]l�cR
n�XZngk.^_X$bcX RU^C;iY�\g�¤ª;}�XZ^_]l]l^_\;o�R
RW^l�po�ngTWb e YERE·.ng[N\pb.T ªpvZ�cnDQ.R�\p���S^l�cYi\�·.��z�^lm{z,^aR�`;b�^¸T�Y�m�\pX���\ e T{ng[c]lYp�

� É Ï���Ç{Ó
	gÊhÊUÎ=Ú�	DÓGÊhÌ�È�Ê
�=ÊhÆ Ö ÊhÌ1É���ÊhÎ�Ï¾Ç{ÑËÑ � Ï���Ç�Ï�ÉËÎ=Ç¦Ó1ÊUÙ���ÊhÎ�Ï%Ú{Ô��KÉ�� Ç{Ù¢ÊhÓ��EÚ¢ÎDÑ �
N/2

ÓGÉËÙ¢ÎDÇ�ÏGÐDÌ©ÊhÓ'Ç{Ì©Ê��DÉËÓ1Ï1ÉËÎD×ÕÏ

E(F Î�GIH�JLK



rE� � ' + )�6 � 5���� 6�, /

0 1 2 3 4 5

x 10
9

0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

MSB
0 1 2 3 4 5

x 10
9

0

0.5

1

1.5

2

2.5
x 10

4

LSB

0 1 2 3 4 5

x 10
9

0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

modulo
0 1 2 3 4 5

x 10
9

0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

MSB+LSB

*�^_�;b e Y�~����¡^aRhT e ^l[cb.T�^_\;o�R�\p�%TWz�Yq� e \;�7\3RUY9�5z7npRWz5��bco7m¢TW^l\po7R

+�� % � % , �1�E� ���9��� µ(��µ�� � ± � ± ���&> 5��c��5 � � � �p��� µ(� �
j�\K� e Yi�;Yio3T¤m�\;]_]l^lRW^l\po�R���Y�X¤b7RhT�]l\S\p¯�ngT�TWz�Y�^_o�^¸T�^lnp]¦�.^aRhT e ^l[cb.T�^_\;o \g��TWzcY)RU^l�po�ngTWb e YER¤ngo�����o�� n
��nDQ
\g�(T e npo�Rh��\ e XZ^loc��^_T=^lo3TW\
n�bcoc^_��\ e X��.^aRhT e ^l[cb.T�^_\;oy^loyTWz�Y e YE�.b7m�YE��RU�7npm�Y;�=j�z�Y���bco�m�TW^l\po�z�npR
z�\��¦YE�pY e TW\K[NY�npRqRW^lX���]_Y�n;R��7\3RWRW^_[�]_Y;� ��YZT�z3b7Rq�.Y���o�Y�z�npRWz���bco�m¢T�^_\;o�Rq��^_TWz \po�]_QyYE]_YEXZYio3T�n e Q
\;�7Y e ngTW^l\po�R�RWb�m{z npRqRWzc^¸� T{R�ngo7��RWbcX�RE�Zj�z�Y�X�\.�.b�]_\,��bco7m¢TW^l\po ^aR�b�RWb�ng]l]_Q�n,�7\;�cbc]an e \pocY�npo���^lR
� e Y9RUYEo;T�YE�)zcY e Y=��\ e mi\pXZ��n e ^aRU\;o5�cb e �N\;RWYERE�

rp�
h(σ) = σ1 ��� 32

¨©x�P�� � xK\3RhTCP.^_�;oc^¸�Nmingo3T���^¸T{R�®
|.�

h(σ) = σ32 ��� 64

¨ � P � � � Y9npRUT¡PS^_�;oc^_�7minpo;T���^_T�R{®
~c�

h(σ) = σ mod (231 − 1)
¨©X�\.�.b�]_\S®

���
h(σ) = σ1 ��� 32 + σ32 ��� 64

¨ � P����=x P���®
:(kS�NY e ^lX�YEo3T�ng]l]lQp·gT�zcY � P�� ��bco7m¢TW^l\poZ^aR�T�zcY��©npRUTWY9RhT9�'j�z�Y � P����=x P�����bco�m�TW^l\poZ[7YEz�nD�pY9R(ng]aRW\�`3bc^_TWY
��Yi]l]G�� Õo \ e �.Y e T�\¤fhb�RUTW^_��QKT�zcY�m{z�\p^am�Y�\g�(T�zcY$z7npRWzy��bco�m�TW^l\pos·�ngoyzc^aRUTW\p� e npX ^lR=[cbc^l]_T=T�\)�S^aRUb7ng]l^<;EY
npo��,YERUTW^lX�n�T�Y�TWz�Y$m�]l\;RWYio�YER�R�\g��T�zcY$�.^aRUT e ^_[cbcTW^l\poKT�\�TWzcY$bcoc^_��\ e X \pocY;�¡j�zcY * e YEYE�.X�ngo � �C^ln;m�\;oc^lR
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e bc]lY / ª41­^lR¦b�RWYE�ZT�\¤Y9RhT�^_X�n�T�Y=npo5npmEm�YE�.T�np[c]_Y¡[c^_o)��^l�.TWz�T�\¤�NY e ��\ e X¬�.^lRUT e ^l[cb.TW^l\po5YERUTW^lXZngTW^l\pos��j�zcY
[�^_o,��^a�STWz

W
^lR��;^_�;Yio
[3Q �

W =
2 ∗ IQR

3
√

N��z�Y e Y
N
^aRZTWzcYKoSbcX$[7Y e \g�qRWnpXZ�c]_Y9Ri·�ngo7�  IB>#�TWzcYK^lo3TWY e `3b�n e T�^_]lY e npoc�pY;��j�\ �p^l�pYKn�zc^lo;T�\p�

z�\��Bmi]_\3RUY�T�zcY$�.^aRUT e ^_[cbcTW^l\poK^aR�TW\�TWzcY�b�oc^¸��\ e X�\po�Yp·cT�zcY ��b�]_]l[�npm{¯ � � YE^_[c]lY e �c^_�;Y e �pYio7m�Y�¨ � � �=® ^lR
mi\pXZ�cb.T�YE�­�(j�z�Y � � � ^aR��.Y���o�YE�)��\ e Th��\��.^lRUT e ^l[cb.TW^l\po7R

p
ngo��

q
n;R��

d(p, q) =
∑

k

pk log2

pk

qk

j�z�Y � � �.^_�;Y e �pYEo�m�Y;·�TWzcYCRhT{ngo��cn e �Z�.YE�S^lngTW^l\poZ\g�NTWzcY¡zc^lRUTW\;� e ngX npo���TWz�Y��7Y e miYio3T�np�pY�\g�­m�\;]_]l^aRU^l\po�R
n e Y��;^_�;Yio,^_oyj�ng[�]_Y�r;�¦j�zcY � P��J��b�o�m¢T�^_\;oynpm{zc^lYi�;YER¦TWzcY¤[7Y9RhT¡��np]_bcY���\ e TWz�Y¤RhT{ngo���n e �)�.YE�S^lngTW^l\pos·
np]¸T�zc\pb��pzZ^¸T��.\SYER�oc\pT(z�nD�pY�T�zcY¡mi]_\3RUY9RhT��.^aRUT e ^_[cbcTW^l\po�TW\qT�zcY bco�^¸��\ e X \pocY�^loZTWzcY ��bc]_]l[�n;m{¯ � � YE^_[�]_Y e
RWYio7RUY;�Zj�z�Y ��bc]_]l[�n;m{¯ � � YE^_[�]_Y e �.^l�pY e �;Yio�miY$�;^_�;YERqn
XZ\ e Y$�;]_\;[�ng]�\;�c^loc^_\;o�\;o T�zcY�RWX�\S\pTWzcocY9RWR�\p�
T�zcY��.^aRhT e ^l[cb.T�^_\;os·c��zc^l]lYqTWzcY�RUT�npo��cn e �
�.Yi�S^an�T�^_\;o)XZYEn;RUb e Y9R�TWzcYq�©n;m¢T�T�z�n�T�T�zcY�RWnpXZ�c]_Y9R n e Y�XZ\ e Y
YE�pYEoc]_Q)�.^lRUT e ^l[cb.TWY9�,n e \pbco���TWzcYqXZY9ngos·cn;R�mingo,[NY�RUYEYio
\po *�^_�;b e Yq~��
£¡o�Y�kcngXZ�c]lY \p�NT�zcY¡^lXZ��npm�T�\g�OT�zcY¡z�n;RUz���bco7m¢TW^l\po)m�\pXZ�c]lY�k.^_ThQ¤^aR��;^_�;YioZ[SQ¤��b�o�m¢T�^_\;o�R(XZ\.�.bc]l\¤ngo7�
x�P���� � P��=�;j�z�YERWY ��bco�m�TW^l\po�R¦z�nD�;Y�^_o��©n;m¢T��pY e QZRU^lXZ^_]an e �.^lRUT e ^l[cb.TW^l\po%� � Y�T � R%fhb�RUTW^_��Q$T�zc^aR e ng��^l�.]lQp�
*�\ e

n
n�}p�Z[c^¸T ^lo3TWYE�pY e npo��

p = 232 − 1
��Y�z�nD�pY

n = (p + 1) ∗ MSB(n) + LSB(n)

npo��5TWzSb�R
n mod p = MSB(n) + LSB(n)

��\ e
LSB(n) 6= p

·
MSB(n) 6= p

�  Õo,� e npm�TW^am�Y�T�zc\pbc�;zs·STWz�Y � P����=x P � ^lR¡n$[�^¸T �©n;RhT�Y e ·.[7Y9minpb�RUY
\p��^_T�R�]lYER�RUY e mi\pXZ�c]lY�k.^¸ThQ;�¤j�zcY e YiT e ^_YE��ng]�TW^lXZY$^lo��.^amingTWYE��^lo�j�ng[c]lY
r$^aR=\p[.T{ng^locYE� [3Qy`3bcY e QS^loc�)n

j�ng[c]lYZr �
3CnpRWz5��bco7m¢TW^l\po7R�� e \p�NY e TW^lYER
& � � �p��� µ(� °�� , � �E¶ ¶ ± � �©�.�2� µ�� � µ > >��1��� µ(� � ��� � 	5± �E� � ± �c�&>��2� � ± � � �
�¡oc^¸��\ e X v v vc� vcr �
x P � v�� �;� }3t9"9" �3|c� u rp� ~g�
� P�� v��_rD| ~3t;tpt rEu��_r rp�Ë|��
xK\.�.bc]l\ v��_r �3|p}pu |.� ~ rp� �St

� P � �=x�P�� v��_r �3|p}pu |.� ~ rp� �

|g� � zc\pb e R'�S^a�.Yi\q�7]_Y¡np�;np^_o�RUT�n #%¥C� \g�­\pocY¡�¦YEYi¯O��j�z�Y¡m�\;]_]l^lRW^l\po�R(n e Y e Y9RU\;]_�;YE�¤TWz e \pbc�;z�m{z�ng^loc^loc���
� z7n�T�^lR e YEnp]_]lQ�zc^_o7�.Y e ^_o��¡T�zcY e YiT e ^_YE�Dnp]S^lR�TW\=z�nD�;Y¦RW\pXZY¦[�b�m{¯pYiT�R���^¸T�z�nC]an e �pY�oSbcX$[7Y e \g� e YEmi\ e �cRE�
j�z�Y¦�NY e m�YEo;T{ng�;Y¦\p�7m�\;]_]l^lRW^l\po�R�¨�^G� Yp��TWzcY��NY e m�Yio3T{ng�pY¦\g�N^_oc��b.T(RU^l�po�ngTWb e YER���zc^am{z$��^l]l]Sn;m¢T�b�ng]l]_Q�RWb.§OY e
mi\p]l]_^aRW^_\;o7®�X�nDQ)[NY¤z�^_�;z npR¡]_\;oc�5npR TWzcYZm�\;]_]l^aRU^l\po�R¡n e Y¤�.^aRhT e ^l[cb.T�YE�K^loyX�ngoSQ
[cb�m{¯pYiT�RE�¡j�zcY$X�\3RhT
�NY e TW^locYEo;T�^lo��.^amin�T�\ e R¦n e Y¡TWzSb�R¦TWz�Y=RUT�npo��cn e ���.YE�S^lngTW^l\po5npo���\p��m�\;b e RWY T�zcY�npm¢T�b�ng] e Y�T e ^lYi��ng]7TW^lXZYp�
j�z�Y�m{zc\p^am�Yq\p��T�zcYq��bco�m�TW^l\poK^aR�oc\��B^_o7�.YiY9�5T�\���o��,n�T e n;�.Y � \g§ [NY�Th��YiYEo
TWzcY��;\S\S�
� e \p�NY e TW^lYER�\p�
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^_T�R��c^lRUT e ^_[�b.TW^l\poZngo��$^_T�R�]l\���m�\;XZ�c]_Yik.^¸ThQ;� * e \;X TWzcY e Y�T e ^lYi��ng]3T�^_XZY�� e YERWYio3TWY9��^lo�j�np[c]_Y�r�TWz�Y � P��
��b�o�m¢T�^_\;o
RWYiYEXZR�n$�p\S\.�
m{zc\p^am�Y> ¾T�^lR�np]lRW\$�;Y e Q�YEn;RUQZT�\$^lXZ�c]_YEXZYio3T¡RU^lo�miYCT�zcY � P��Jz�npRWz���bco7m¢TW^l\po
^aR�nZRU^lXZ�c]lY�minpRUT�� e \;X�n�}g� � [�^¸T�^_o3T�Yi�pY e TW\�n�~;|¤[c^_T � ^_o3T�Yi�pY e �

#%¥C� � � �©¶ ±3µ �E�i� ± �&� ����� � � � 6 � � � ��� 0�� � , � ' + ' / � + �
Q
� � �©¶ ±Sµ �i�E� ± �&� ���	� ) � 6	
��z3T � 5�����5��9�.��> ± �� � ��5 µ �Z¶ �©�E�E� � � ± � � � �p��� µ(� �j�z e YERWzc\;]l� � � � � ± . ± � �

SRV D, SQ
� �.�D��� ² µ � �25 µ �E�

(SRV D, ht) = databaseConstruction(RV D) �
SQ = featuresExtraction(Q) �& µ � Y9npm{z
RUzc\pT

SQ
i

\g�
Q
¶ µ

& µ � Y9npm{z,�.YER�m e ^l�.TW\ e
σik

\p�
SQ

i

¶ µ
�	� ¨

σik ∈ ht
® ��5 ±��

(n, p) = ht(σik) �� �=� � 0���� �
� 0��
SRV D

, � + ��� / � , + � ,/� + ' 0�� 0����
σik 
 0�� � � SRV D

n� � 	 � 	 , /103+ 0 ,/� , � + ��� 2:'*+ ��� 0����"/10 �9� '*+�)�6 � 0��
SRV D

n

�	� ¨
D(SRV D

n , SQ
i ) < Threshold

® �25 ±��
[ e Y9ng¯ � � �¤RUz�\gT�R XZngT�m{zs·.�;\Z\po)TW\�TWzcYqo�Y�kST¡`3bcY e Q5RWzc\gT±�� ¶ �	�

±�� ¶ � �
±�� ¶ & µ �

±�� ¶ & µ �

£ ]l�p\ e ^_TWzcX�~�� #�YiT e ^_YE�Dnp]­� e \SmiYER�R

� � ������	��(�=� ��� �����
��!
���
� � % �	�	����� 	 � � #
	 ��� ���
� �
�=^l�pYEo�n
`3bcY e QyRUz�\gTE·­\;b e �p\3ng]�^lR=T�\
�.YiTWY e XZ^locYZ^¸�¦TWzc^aRqRUz�\gT�z�npR=[NYiYio�[ e \;n;�cmin;RhT�YE�K[NY���\ e Y;·­^1� Yp�
^_��TWz�^lR�RUz�\gT¤^aR�� e YERWYio3T¤^lo T�zcY #%¥C�$��£¡]_�;\ e ^¸T�zcX ~�RUz�\�� R�TWzcY
�.^_§NY e YEo;T�RhT�Yi��R¤��\p]l]_\���YE��[SQ�TWzcY
e Y�T e ^lYi��np]N� e \.m�Y9RWRE�

F Ì©ÉËÓ¾Ç
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 ¾T���\ e ¯.R¦n;R���\;]_]l\�� R ��\;o�m�Y=TWz�YC��Y9n�T�b e Y9R�z�nD�pYC[7YEYio,Y�kST e npm�TWY9�5ngo7��TWz�Y���n�T�np[�npRWY=z�npR�[NYiYio
[cbc^l]_TE·
T�zcY RW^_�;o�n�T�b e Y9R�\g�NTWzcY `3bcY e Q�RUzc\pT(n e Y�`3bcY e ^lYE�$\po�Y�[3Q¤\pocY np�;ng^lo�RUT'TWzcY�z�n;RUz$T�np[c]lYp�  ¾�­n�RW^_�;o�n�T�b e Y
QS^lYi]a�cR(nqX�ngT�m{z�TWzcYEo5nqminpo��.^a�cn�T�Y RUz�\gT(� e \pX TWzcY>#s¥C� minpo�[NY e Y�T e ^lYi�;YE�¤TWz�npoc¯.R�T�\q^¸T{R(^lo��.Y�k�ngo7�
n��;]_\;[�ng]­�.^aRhT{ngo�miYq[7YiTh�¦YEYio)TWzcY�`3bcY e Q)ngo��5TWzcY�mEngo��c^l�cngTWYqRWzc\gT{R�^lR mi\pXZ�cb.T�YE�­�
�¡\gT�Y TWz7n�T�n$RU^loc�;]_Y=RU^l�po�ngTWb e Y�\g�­T�zcY�`;b�Y e Q�RWzc\gT�^lR�RWb.��m�^lYio3T�T�\ e Y�T e ^lYi�pYCn¤minpo��.^a�cn�T�Y¡RWzc\gT9�'j�z�^lR
^aR�npo�YER�RUYEo3TW^ang]�� e \;�7Y e ThQ$\g�OTWzcY e YiT e ^_YE��ng]�np]_�;\ e ^¸T�zcX [NYEmEngb�RWY¡ng]l]cT�zcYCRW^l�po�ngTWb e YER�\p�OTh�¦\¤�cbc�c]l^lmEn�TWY
RWzc\pT�R�n e YCo�\gT�YE`3b�ng]O^lo)� e n;m¢TW^am�Y;��£ ]_TWzc\;bc�pz)TWzcYqRW^_�;o�n�T�b e Y¡��npR�[cbc^l]¸T�T�\$[NY�^_oS��n e ^lnpo3T¦T�\�np]_]l\��¦Y9�
T e npo�RU��\ e XZngTW^l\po�RE·7T e ngo�RWXZ^lR�RU^l\po oc\p^aRUY�� e Yi�;Yio3TCT�zc^aR¡T�\,z�ng�c�NYio�^lo �pYEocY e ng]G� 3 \���Yi�;Y e TWzcY e Y�^aR=n
�;Y e Q�zc^_�;z$� e \;[�ng[c^l]l^¸ThQ�T�z�n�T'Th��\C^a�.Yio3T�^lmEng]cRWzc\gT{R���^l]l]cRUz�n e Y�n�T']lYEnpRUT�\pocY�m�\;XZX�\;o$RW^_�;o�n�T�b e Yp��j�z�^lR
^aR�TWzcY�X�ng^lo5npR�RWbcXZ�.TW^l\po�\p�sTWz�YCXZY�T�zc\.�5npo�� e YERWbc]_T�R¦^_o,PSYEm�TW^l\po "¤RUz�\���TWz�ngT¦T�zc^lR�n;RWRWbcXZ�.TW^l\po5^lR
mi\ e�e Y9m¢T�X�\3RhT�\p�sTWzcY�T�^_XZY;�(j�zcY e Y���\ e Y=ng]l]OTWzcYqRW^_�;o�n�T�b e Y9R�\p�%T�zcYq`;b�Y e Q�RUzc\pT�n e YCTWY9RhT�YE�)bco3TW^l]­\pocY
\p�%T�zcYiX Q3^lYi]a�cR nZmi\ e�e Y9m¢T�XZngT�m{zs�
j�z�Y �.Y���o�^¸T�^_\;o�\g�O�Dn e ^l\pb7R��.^lRUT�npo�m�Y9R���\ e X�ngT�m{zc^loc��Th��\�RWzc\pT�R'T�\p�pYiTWzcY e ^lR�TWzcY¡RWbc[.fhY9m¢T(\p�7T�zcY ocYik3T
RWYEm�TW^l\pos�

���! � 	 � ��� � 
 � ' ��� # � #
	 ��� ���
� �
j�z�Y5� 9�j¬RW^l�po�ngTWb e Y�^aR�[cbc^l]_T¤TW\�[7Y)b�RWYE� npR$nK¯pYEQ T�\ nKz�n;RUz T{ng[c]lY)npo�� ^aR�T�z3b7R¤nK[c^_T�m e b7�.Yp�
 ¾T=XZ^_�;z;TCoc\gT¡[NY�T�zcY¤[NYERUT=RW\p]lb.T�^_\;o,TW\�b�RWY�^_T=n;R¡nZ��Y9n�TWb e Y���z�Yio mi\pXZ�cb.T�^_oc�)�.^lRUT�npo�m�Y9R [NY�Th��YiYEo
RWzc\pT�RE� 3¡\��¦YE�pY e ·;n;R�n�� e RUT¦RW\p]lb.TW^l\po%·;^_T�^aR�n¤�p\S\.��m�\;X�� e \;X�^aRWY�TW\$b�RUY TWzcY�RU^l�po7n�TWb e Y n;R¦n���Y9n�T�b e Y
[NYEmEngb�RWY=^¸T�� e Yi�;Yio3T�R¦b�R�� e \pX m�\;XZ�cb.TW^loc��m�\3RhT�]_QZ��Y9n�T�b e Y9R�ngo��)RhT�^_]l]­QS^_YE]l�cR�XZ\ e YCTWz�npo
n;mim�YE�.T�np[c]lY
e YERWbc]_T�Rq¨1RUYEY�RWYEm�TW^l\po "p®��

4�� % ��� � ��� � ± ¶ �©�E�E� � � ±
P.^_o�miYyT�zcY�RW^_�;o�n�T�b e YER�mEngo [NY�mi\pXZ��n e YE��b�RW^loc��n�RW^lX���]_Y�YE`3b�ng]l^_ThQ�T�YERUTE·¡n �;\gT�^_oc��� e \.miYE�.b e Yp·
^G� Y)m�\;bco3TW^loc�KT�zcY)oSbcX$[7Y e \p� YE`3b�ng]�RW^_�;o�n�T�b e Y9Rq^lo Th�¦\�RUzc\pT�RE·(m�\;bc]l��[7Y
m�\po7RU^a�.Y e YE�s� 3 \���Yi�;Y e ·
[NYEmEngb�RWY�RUX�ng]l]O��n e ^lngTW^l\po�R¦^_o)TWz�Y¡� e ngXZY=XZnDQ�np]lRW\$mEngb�RWY=�pY e Q�RUX�np]_]­��n e ^an�TW^l\po7R�^lo�T�zcYqRU^l�po�ngTWb e Yp·
T�zcY�oSbcX¤[NY e \g�%� e npX�Y9R���^¸T�z)^a�.Yio3T�^lmEng]­RU^l�po7n�TWb e Y9R�X�nDQZ[7Y�]l\��q��!Co�TWz�Y�mi\po3T e n e Qp·pTWzcY�3CngXZXZ^_oc�
�c^lRUT�npo�m�Y�^aR��¦YE]_]%RWbc^_TWY9�5T�\ZX�Y9npRWb e Y�RWX�ng]l]­��n e ^lngTW^l\po�R�[NY�Th��YiYio)TWz�Y�RU^l�po�ngTWb e YER��;YEm¢T�\ e Ri�
9¦\;o�RW^l�.Y e Th��\)RWzc\pT�R

Sq = {σq1
, ..., σqN

} ngo�� Sc = {σc1
, ..., σcM

} ngo�� RUbc���7\3RUY$TWz�ngTCT�zcY�^l�.Y9ng]mEnpRWY���zcY e Y
N = M

z�np�c�7YEo�RE�¦j�zcY�o7n87G�pYq�.^aRhT{ngo�miYq[7YiTh�¦YEYio
Th�¦\�RWzc\pT�R
DNa(Sq , Sc)

^aR¡�.Yi��ocY9�
n;R�TWzcY�nD�;Y e ng�;Y 3¡npX�XZ^loc���.^aRhT{ngo�miY �

DNa(Sq, Sc) =
1

N

N
∑

i=1

dh(σqi
, σci

)

��^_TWz
dh(σqi

, σci
)
^aR¤T�zcY 3¡ngXZXZ^loc� �.^lRUT�npo�m�Y
[NY�Th��YiYio�TWzcY,[c^lo�n e Q �pY9m¢T�\ e R

σqi

npo��
σci

�  ¾T�^lR
mEng]l]_Y9�5o7n87G�pY=[7Y9mingb7RUY=TWz�Y�minpRWY���zcY e Y

N = M
np]_XZ\3RhT�ocYE�pY e z�np�c�NYio�RE�

*�^l�pb e Y��qRUzc\�� R�T�zcY�Y�§OYEm�TW^l�3o�YER�R'\g�NTWzcY 3CngXZXZ^_oc�q�.^aRUT�ngo7m�Y�[7YiTh�¦YEYio�TWz�Y RU^l�po�ngTWb e YERE�%j�zc^aR'���;b e Y
e Yi� e Y9RUYEo;T�T�zcY¤o�n971�;Yq�.^lRUT�npo�m�Y9R [NY�Th��YiYEoynZz�ngo�� � �c^am{¯pY9�,RUzc\pT \g��rEv;v�� e npXZYER npo��,Yi�;Y e Q��7\3RWRW^l[c]_Y
�N\;RW^_TW^l\po�R�\g�'n
rEvpv � � e ngXZY9R�RWzc\gT�^lo
n�|�� � z�\pb e R # Y���Y e Yio7m�Y=¥¡^a�.Yi\��=n�T�n;RUYiT�¨�#s¥=�=®���j�zcY=TWY9RhT RWzc\gT
[NYi]l\po��;R�T�\�T�zcY�#%¥C� ¨�o�YEn e � e npXZY�|9"pvpv;vpv;®�� j%��\5\pTWzcY e R¡^_o7RhT{ngo�miYERC\g��TWz�^lR¡TWY9RhTqRUz�\gT=n e Y¤YEnpRW^l]_Q
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*�^l�pb e Y���� �Cn87G�pY��.^aRhT{ngo�miYER�[NY�Th��YiYioKn
rEv;v � � e npXZYER�m�\pXZXZY e m�^ang]O]lYEn;� � ^lo,ngo��,n�|�� � zc\;b e R��S^a�.Yi\

^a�.YEo;T�^¸�7YE��^_o�TWz�YK|g� � zc\pb e R$�S^l�.YE\���j�zc^aRZ���pb e Y,ng]aRU\�zcYE]_��R�T�\ m{zc\S\;RWY5T�zcY,TWz e YERWzc\;]l�
α
��zc^am{z

e Yi� e Y9RUYEo;T¤TWzcY,XZYEnpo�oSbcX¤[NY e \g� [�^¸T�Y e�e \ e R�ng]l]_\���ng[�]_Y�[SQ�RW^_�;o�n�T�b e Yp� j�zcY5T�z e YERWzc\p]a��^aR$RWY�T�TW\
α = 4

^_o,� e npm�TW^am�Y;�
j�zcY�o�n87G�pY��.^lRUT�npo�m�Y�^lR)zc\���Yi�;Y e oc\pT)b�R�ng[�]_Y n;R)RWb�m{zs� ��YEminpb�RWYy\g�¤mi\pXZ�c]lY�k ngo�� ��n e ^l\pb�R

T e npo�RW^¸T�^_\;o5Y�§OYEm�T�R�\ e [7Y9mingb7RUYCTWzcYq� e \;�7Y e ThQ�\p� e Yi�NYEn�T{ng[c^l]l^¸ThQ��.Y9RU^ e YE����\ e TWzcYqRWzc\gT RWYi�;X�YEo3T�n�T�^_\;o
np]_�;\ e ^¸T�zcX ^aR�oc\pT e Y9RU�NYEm�TWYE�s·gTh��\q^l�.YEo3TW^aming]��3^a�.YE\�RWYE`3bcYEo�m�Y9R�X�nDQ�z�nD�;Y�n��;Y e Q¤�.^_§NY e YEo3T(TWYEX��N\ e ng]
RWYi�;XZYio3T�ngTW^l\pos� *�\ e YikcngXZ�c]lYp· m�\;o�RW^l�.Y e n�m{z7ngococYE]¡]lYEn;� � ^lo�TWz7n�T)^aR)[ e \3np�cmEnpRUTWY9��X�npo3Q�TW^lXZYER
\��;Y e \po�Y��cnDQp·c[�b.T¡��zc^am{z,^lR�^lo3T e \.�.b�m�Y9�,ngo��
Yio7�.YE�,��^_TWzy�.^_§OY e Yio3T�T e ngo�RW^_TW^l\po,Y�§OYEm�T�RE�¦j�zcY�RWzc\gT
RWYi�;XZYio3T�ngTW^l\po�ng]l�p\ e ^_TWz�X ��^l]_]�� e \.�.b�miY)RWzc\gT{R¤\p�C�.^_§NY e YEo;TZRU^C;iY;·���^¸T�z�n �7\3RWRW^_[�]_Y)]ln e �;Y)RWzc^¸� TZ^lo
T�zcY�� e ngXZY�\ e �cY e �#!CocY¤RWzc\gT=X�nDQ
np]lRW\�[7YZRW�c]_^_TC^loKTh��\�\ e TWz e YiY¤[7Y9mingb7RUY$\g���©ng]aRWY¤ng]an e X�R�^_o TWzcY
RWzc\pT¡RUYE�pXZYio3T�ngTW^l\pos·7ngo��Kmi\poS�pY e RWYi]lQp·.RWzc\gT{R X�nDQ5[NY¤m�\;o�mingTWYEocYE�
^loK\poc]lQ5\;ocYq[7Y9minpb�RUYq\p��X�^aR�RUY9�
T e npo�RW^¸T�^_\;o�Ri�Kj�zcY5ocY�kST$RWYEm�TW^l\po�R$n e Y��.YE�.^amingTWY9��TW\KT�zcY)�.Yi��oc^_TW^l\po�\p� �.^lRUT�npo�m�Y9R e \p[cb7RhTqT�\ RUb7m{z
Yi§NY9m¢T{Ri�

4�� % � % � �&� � > ± ¶ � ���I� ± , �©�E�E� � � ± � � � , �
j�z�^lR��.^aRhT{ngo�miYC^aR�n$RW^lX���]_Yqnp��ng�.T{n�TW^l\po5\g�%T�zcY�o�n87G�pY=�.^aRhT{ngo�miY¡T�\�RWzc\gT{R�\g���.^_§OY e Yio3T�]_YEoc�gT�z�Ri��j�zcY
RWzc\pT�R�n e Y�]l^_ocY9n e ]_QqR�ngXZ�c]lYE��TW\¡z7nD�pY e \pb��pzc]lQ=TWzcY�RWnpXZY¦RW^<;EY�npo���TWz�Y�]an e �pY e \;ocY�^aR�TWzcYEo�T e bco�mEn�T�YE�­·
QS^lYi]a�.^loc�ZYi�pYEo3TWb�np]_]lQ5RWzc\gT{R�\g��^a�.YEo;T�^lmEng]s]lYio��gTWz%�(j�zcY�o�n87G�pYq�.^aRhT{ngo�miY�^lR�T�zcYioKmi\pXZ�cb.T�YE�
\po)TWzcY9RUY
R�ngXZ�c]lYE� RWzc\pT�RE� �¡\gT�YKTWz�ngT�TWz�^lR
n �pY e Q�[�npRW^amK�.Y���o�^¸T�^_\;o ngo���T�z�n�T)^¸T
^lR5� e Y9RUYEo3T5X�ng^loc]_Q���\ e
mi\pXZ��n e ^aRU\;o5�cb e �N\;RWYERE�

F Ì©ÉËÓ¾Ç
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Sq

Sc

N

M

i

j

0

0

common subset

*�^_�;b e Y�"��(PSzc\gT¡np]_^l�po�X�YEo3T���^_TWzK£C£ 3¡�

4�� % �C+ � � 5��&���i�2� � ± � ± �.��� 5
9¦\;o�RW^l�.Y e n)`;b�Y e Q
RWzc\gT

Sq

npo�� n5mingo7�.^l��n�TWY�RUz�\gT
Sc

\p� e YERW�7Y9m¢TW^l�pY¤]_YEoc�gT�z � npo��yx ·
N < M

�
��Y���ngo3T�T�\K��o���T�zcY5�N\;RW^¸T�^_\;o ^_o T�zcY)mEngo��c^l�cngTWY�RWzc\gT¤TWz�ngT¤TWz�Y�XZ^_oc^lXZ^<;EY�T�zcY�o�n971�;Y��.^lRUT�npo�m�Y
[NY�Th��YiYEo

Sq

npo��,nZRUbc[7RUYiT \g�
Sc

\g��]_YEoc�gT�z
N
� *c\ e X�ng]l]_Q;·.�¦Y�]l\S\p¯���\ e TWzcYq�N\;RW^¸T�^_\;o

kmin :

kmin =
£ e �

min
k

N
∑

i=1

dh(σqi
, σci+k

)
��^_TWz

0 ≤ k ≤ M − N

� z�^_]lY�T�zc^lRC^aR¡n��;Y e Q)[�n;RU^am�RWYEn e m{zKRUT e n�TWYE�pQ;·.TWzcY$Y�k.z�npb�RhT�^_�;Y¤RWYEn e m{z,^lR¡oc\gT=^_o3T e n;m¢T�np[c]lYqYi�pYEo,��\ e
n��;Y e Q ]ln e �;Y #%¥C�$·([7Y9minpb�RUY,��Yyn e Y)\;oc]lQ�m�\;X��7n e ^_oc� RWzc\gT{RZ[7YiTh�¦YEYio�TWzcYEX�RUYE]_�;YERE��x#ngo7� �
n e Y$TWz�Y e Y���\ e Y$`3bc^_TWY�RWX�ng]l]�^_o��pYEocY e ng]G� � \pTWY�TWz7n�T�TWzc^aRqRWYEn e m{zyX�nDQK[NY�Y9npRW^_]lQy`3bc^am{¯pYio�YE�yb���[SQ
RUTW\;�c�c^loc��TWzcY�RWYEn e m{z
npR�RW\S\po,npR¦TWzcY��c^lRUT�npo�m�Y��©np]_]aR�[7YE]_\�� TWzcY�T�z e YERWzc\p]a�­�

4�� % �<4 � µ � ���&>1��0 ± ¶ � ¶ �©��¶ �©�E�E� � � ±
x ngoSQ¤ngbcTWzc\ e R�z7nD�pY�� e \p�N\;RWYE�¤TW\q�S^_YE� nqRUY9`;b�Yio�miY�\p�­^_X�ng�;YER�n;R(nqRhT e ^loc�7·pngo��Zb7RUY RUT e ^_o��qXZngT�m{z �
^loc��np]_�;\ e ^¸T�zcX�R�TW\ e YERW\p]l�pY�TWz�^lR�� e \;[c]lYiX \p�sng]l^_�;ocYiXZYio3T /lrEu.·7rE}41¾�'j�zcY YE�c^¸T¦�c^lRUT�npo�m�Y�^aR(\p� TWYio�b7RUY9�
��\ e TWzc^aR(��b e �N\;RWY�ngo���X�nDQ�[NY XZ\ e Y e \;[cb�RUT�TW\qoc\;^lRWY�\ e TW\�mi\pXZ�c]lY�k��3^a�.YE\=Y9�.^_TW^loc�¤npR'XZYEo;T�^_\;ococY9�
^lo$/ | 1G� !CocY�^lX��N\ e T�npo3T¤� e nD��[7npm{¯y^aR�TWz7n�TqTWz�Y�YE�.^_T$�.^aRUT�ngo7m�Y�^aR�RUYEo�RW^¸T�^_�;YZTW\,TWz�Y�]_YEoc�gT�z \g��TWzcY
RUT e ^loc�;R�npo�� e YE`3bc^ e Y9R�RW\pXZY�ThQS�7Y5\g� oc\ e X�ng]l^C;En�T�^_\;os�Kxyn e ;Enp]�ngo7� ¥¡^a�cng] / |pv41¦z7nD�pY5�.Yi��ocY9� TWzcY
�4, 612 ' 5 0 � � ��� � 03+ � 0 /1+ '/� � � ��zc^am{z,RW\p]l�pY9R¦TWzc^aR�� e \p[c]lYiX�npo��,m�\;bc]l�5TWz�Y e Y���\ e Y�[7Yqb7RUY9�­�

4�� % � � ��>��1. ��± ¶�� � ± ����. ±�� �&� � � � . , �1�i�9� � � ± � �5� � , �
j�z�^lRZ�.^aRhT{ngo�miY)^aR�[�npRWYE��\po�T�zcY e YE]lngTW^l�pY5�N\;RW^_TW^l\po�R�\g�¡TWzcY,RU^l�po7n�TWb e Y9R¤^lo�T�zcYKRUzc\pTE� *�^lo��.^loc��n
mEngo��c^l�cngTWY¤RWzc\pT

Sc

^lR¡[�npRWYE�,\;o,TWzcYq�©n;m¢TCTWz�ngTCn�RW^_�;o�n�T�b e Y
σci

z�npR¡X�n�T�m{z�YE�
TW\)n�RU^l�po7n�TWb e Y
σqjb7RU^loc��TWzcYKz7npRWz�T{ng[c]lYp·�^G� Y;�

h(σci
) = h(σqj

)
�BPSbc�c�N\;RWYKoc\�� T�zcY e Yi]an�TW^l�pY
�N\;RW^¸T�^_\;o�RZ\g�=TWzcY9RUY

RW^l�po�ngTWb e Y ^lo�TWzcYE^ e \ e ^l�p^lo�ng]7RUzc\pT�RE·;^G� Yp��^Ongo���f�·Sz�nD�;Y¡ng]aRW\�[7YEYio
RhT�\ e YE�­�'j�zcY=X�YiTWzc\.��b7RUY9R�^Ongo��qf
T�\$np]_^l�po�T�zcY�RUzc\pT�R�ngo���TW\$mi\pXZ�cb.T�Y¡T�zcY=o�n87G�pY¡�c^lRUT�npo�m�YC[7YiTh�¦YEYio�T�zcY=mi\pXZXZ\po5RWbc[�RWY�T�\g�

Sq

ngo7�
Sc

� *�^l�pb e Y "��p^l�pYER�npo)Yik.npXZ�c]_Y�\p�'nZRWb�m{z
npo
np]_^l�po�YiXZYio3TE� �¡\gT�YCT�z�n�T¡RWYi�;Y e ng]O�N\;RW^¸T�^_\;o�R�X�nDQ�[7Y
T e ^lYE�s·SRW^lo�m�Y=Yi�;Y e QZRW^l�po�ngTWb e Y¡\p�sTWzcYq`3bcY e Q�RWzc\gT�^lR�[NYi^loc��TWY9RhT�YE�­��j�zcY�RWnpXZY=mEngo��.^a�cngTWY�RUzc\pT�X�nDQ
[NY���\pb�o��,RUYE�pY e ng]7TW^lXZYERE·c��^_TWzKnZ�.^¸§OY e Yio3T¡np]_^l�pocYEXZYio3TE�

E(F Î�GIH�JLK
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j�np[c]lYq|��(PS^_�;o�n�T�b e Y e \p[�b�RhT�ocYER�R
� ��� � � �¾µ � ���.��� µ(� � � � 	 � ¶�� � � � �8= � ¶ ±�� ���1�p�&>��2. � � � � � �&� � � � . ¶ �1�i�9� � � ±
��npb�R�RU^ango)[c]_b e |gªc� ª vc� up~ uD"3« vc� ~pª

� e ^_�;z3TWocY9RWR�m{z�npoc�pY�rEvS« |.rp�Ë| vc� ug� rEvS« |.� "
PSX�np]_]­T�Y�kST ~D".� " vc� upu t�uS« vc� u3t

# ngo��c\pX oc\;^lRWYq~3« ~crp� } vc� ªp~ t�}S« vc� ~pu
� n e �;Y¡T�Y�kST |9".� } vc� u3t ~3« ��� ~

� � ����&��¢���

£¡]_]OT�zcYCTWYERUT�R�Yik.miYi�.T�T�zcY=RW^lX¤bc]an�T�^_\;o�R�^_o ".�lrp�lr¡��Y e YCX�np�cYC\;o�Th��\¤�S^l�cYi\$��]_Y9R e Y9m�\ e �.Y9�Z� e \;X TWzcY
R�ngXZY=� e Yio�m{zKm{z�npococYi]%\poy|Zm�\;o�RUY9m�b.T�^_�;Yq�cnDQ.Ri��j�z�Yq��]lYqb�RUY9�,npR n e Y���Y e YEo�m�Y��S^l�cYi\��cngT�npRWY�T ^aR¡|g�
z�\pb e R�]_\;oc�)¨G|.rEª;v3tp|;tC� e ngXZYERE·OrEu;vg�;}$RUz�\gT�R{®¦ngo���TWzcY���]lY=b�RUY9�)n;R�n$`3bcY e Q�^aR�rCz�\pb e ]l\poc�,¨©ª�"g}pv�r
� e ngXZY9Ri·�t�~p��RWzc\pT�R{®¢�(j�zcY��S^l�cYi\;R�n e Y=Yio�mi\.�.YE�)^_oKx d : � � |c·c^lo d £ � e YERW\p]lb.T�^_\;o�¨Gtp|gvgk�"3t�}3®(n�T¡|D"
� e ngXZY9R �gRi�
*�\pb e RW^C;iYER \g��RU^l�po�ngTWb e Y

n = 5, 6, 7, 8
��Y e Y=TWYERUTWY9�­·�� e \.�.b�mi^_o���[c^_o7n e Q��pY9m¢TW\ e R�\p�'RW^C;iY

|D".·.~p}�·.�;uZngo7�)}p���
j�\q�NY e ��\ e X �.YiTWYEm�TW^l\poZ��Y�Y�kST e npm�T(X�YiT�n;�cn�T{n=� e \;X TWz�Y �S^l�.YE\�RhT e Y9ngX,��j�z�YERWY�X�YiT�n;�cn�T{nqn e Y n�]_^aRhT
\p��RUz�\gT�RCm�\;o;T{ng^loc^loc�ZTWzcYZRW^_�;o�n�T�b e Yq\p�(Yi�;Y e Q5^lXZnp�pY�\p��TWzcY�RUz�\gTE�  ¾T=X�nDQ,ng]aRU\�mi\po3T�np^_oyn5]lnp[7YE]%^_�
T�zcYERWY=X�YiT�n;�cn�T{n$n e Y¡TW\�[7Y=b�RWYE�
npR�n #%¥C� e n�TWz�Y e TWz�npo)npR�`3bcY e Q;��j�zcY9RUY=XZY�T{np�cngT�n$�¦YE^_�;z;T�\poc]lQ
r�t�xy\Z��\ e n�|��Zzc\;b e R��S^a�.Yi\Z^G� Y;�(vc� vg�S« \g�%T�zcYq\ e ^l�p^lo�ng]N��]lY�RU^C;iY;�

� �
� � � � ��'(� ����# ������� 
 � ��#�
�

# Y�T e ^lYi��ng]S\g�NnCmEngo��.^a�cngTWY�RUzc\pT�^aR�bcoc^a`3bcYi]lQ�[�n;RUY9�q\po¤TWzcY�minp��npmi^¸ThQ�\p��TWz�Y�`3bcY e Q�RW^_�;o�n�T�b e Y(TW\=z�nD�;Y
ngT�]lYEnpRUT�\;ocY Y�kcn;m¢T¦mi\ e�e Y9RU�N\po���ngo�miY�^_oZT�zcYCmEngo��.^a�cngTWY¡RWzc\gT9�  ¾T¦^aR�TWz�Y e Y���\ e Y¡m e ^_TW^aminp].TW\¤TWYERUT¦^_�­TWz�^lR
n;RWRWbcXZ�.T�^_\;o�zc\p]a�cRE��j%��\¤YikS�NY e ^lX�YEo3T�R�n e YCmi\po��.b7m¢TWY9�­��j�zcY=� e RhT�\pocY=\p�NY e n�T�YER¦\po)n$RU^loc�;]_Y�RUz�\ e T
�S^a�.Yi\$RUY9`;b�Yio�miYCRWbc[.fhYEm�TWY9�ZTW\���n e ^l\pb�R¦RU^lX¤b�]lngTWYE��oc\p^aRUY9Ri�'j�zcY=RUY9m�\po7�Z\pocY¡TWYERUT�T�zcY e \p[�b�RhT�ocYER�R(\p�
T�zcY�RW^_�;o�n�T�b e Y=\po e YEng]s��n�T�n��

� ������� � ������>©�.�2� µ�� �
j�z�^lRCRUY9m¢TW^l\poKYE��ng]lb�n�T�YER�T�zcY e \p[cb7RhT�ocYER�R�\g�'T�zcY$RW^_�;o�n�T�b e Yq��zcYioyRWbc[.fhY9m¢TWY9�,TW\5�Dn e ^l\pb7R�oc\p^aRWYERE��£
RWzc\ e T�RUY9`;b�Yio�miYC\p��rpr9v�^lXZnp�pY9R�^aR¦��]¸T�Y e YE�5��^¸T�z
�.^_§OY e Yio3T�o�\p^aRUY9R¦mi\po�RW^l�cY e YE�ZT�\$[NY e YE� e Y9RUYEo3T�n�T�^_�;Y
\p��TWzcY$[ e \;np��minpRUT¡oc\;^lRWY�\;oKTWYE]_YE�3^aRW^_\;o RUY9`3bcYio�miYERE�¡¥C^ e TWb�np]l�Cbc[ /lrDt 1'^aRCb�RUY9�,TW\
m e YEngTWYqT�zcY$o�\p^aRUQ
RWYE`3bcYEo�m�Y9Ri� *�^l�pb e YZ})RWzc\�� R=RU\;X�Y�\g��TWzcY9RUY;�  Õo�j�ng[�]_Y�|.·O��\ e Y9npm{z o�\p^aRUQKRWYE`3bcYio7m�Y��¦Y��p^l�pY$TWzcY
mi]ln;RWRW^aming] d P�� #Jnpo��$TWzcY�PcP� hx \p� � ngoc�$ngo�� ��\��S^_¯ / ~;v41G·;TW\q�;^_�;Y�[7\pTWz�npo�^l�.Y9n�\g�OTWz�Y¡ngXZ\pb�o;T(\p�
XZ\.�.^_��YE�$�cn�T{nCnpo��qT�zcY��S^lRWb�ng]S^lXZ��npm�TE�'j�zcY e YERWbc]_T�R'n e Y��;^_�;Yio�[SQqTh��\¡^lo��.^amingTW\ e R �­TWz�Y¦�NY e m�YEo;T{ng�;Y
\p�sRU^l�po�ngTWb e YER(TWz�ngT¦z�nD�;Y�oc\gT�[7YEYio�XZ\.�.^_��YE��[3Q�T�zcY T e npo�Rh��\ e X�ngTW^l\pos·3ngo���T�zcYCnD�;Y e ng�pY 3CngXZXZ^_oc�
�c^lRUT�npo�m�Y�[NY�Th��YiYEo TWzcY5\ e ^_�;^_o�np]�RWYE`3bcYio7m�Y�ngo7��TWzcY)oc\p^aRUQ�\pocY;�  ¾T$RWzc\�� R�TWz7n�T¤T�zcY5RW^_�;o�n�T�b e Y�^lR
e \p[�b�RhTqT�\ m�\;XZX�\;o oc\p^aRWY�]_^l¯pY�[�]_b e \ e�e ngo7�.\pX ^_XZ�cbc]aRWY�oc\p^aRWY�[cb.T$��^_TWz7RhT{ngo�� ^lo�RWY e TW^l\po�Rq��^_TWz
�c^¸��m�b�]¸ThQ;�(j�zcYERWY=TWYERUT�R¡n e YCX�np�cYq��^¸T�z

n = 8
�
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*�^_�;b e Y�}���j%Y9RhT �S^a�.Yi\3Ri��!Co)TWzcYq]lY�� T �(\ e ^_�;^_o7ng]G·3XZ^a�c�.]lY �(RWX�ng]l]OTWY�kST9· e ^l�pz3T ��]an e �pYCTWYikST

� ����� % 	5± �i�/� ± �c�&>��p� � �c�D��� ² µ(� � ± �&>�¶��c�E�
j�z�Y e YiT e ^_YE�Dnp](minp��npmi^¸ThQK\p�¦T�zcY5RW^_�;o�n�T�b e Y�^aR�TWY9RhT�YE��[SQ��.\;^_oc�
T�zcY���\p]l]l\���^_oc�
Y�k.�NY e ^_XZYEo;T9� :�n;m{z
RW^l�po�ngTWb e Y,\g�=TWzcY `3bcY e Q���]_Y ^lR�`3bcY e ^lYE��np�;ng^lo�RUTZTWzcYyz7npRWz�T{ng[c]lYp·�T�\�RUYEYK^¸��TWz�YyRU^l�po�ngTWb e YKminpo
e Y�T e ^lYi�;Y�ngo ^a�.Yio3T�^lmEng]¦RWzc\pT¤^¸��T�zcY e Y�^aR�\;ocYp·'\ e ^¸� oc\pTE·'^_T$^aR¤m{zcY9m{¯pYE��T�z�n�T¤^_T��c\3Y9R�oc\pT¤� e \.�.b�m�Y
npoSQ,�©ng]aRUYZng]an e X�Ri��j�zcY e YERWbc]_T�R�n e Y¤YikS� e Y9RWRWYE�K^lo�TWY e X�R=\g�¦� e Y9m�^aRU^l\po npo�� e Y9ming]l]�^_o j�np[c]lY�~5��\ e
T�zcYZRU^lXZ�c]_Y�npo��yX$bc]¸T�^_��]_Y e Y���Y e Yio7m�Y$R�m{zcYEX�Y9Ri�$j�zc^lRCT�YERUT=� e \.m�Y9�.b e Y$^aR��.^¸§N��Y e Yio3T�� e \pX TWz�Y�RWzc\gT
X�ngT�m{zc^loc�5� e \.m�Y9�.b e Y$�.YE�S^lRWYE� YEn e ]l^_Y e RW^_o�miY$z�Y e Y¤Yi�;Y e QKRU^loc�p]lY$RW^l�po�ngTWb e Y¤^aR�`;b�Y e ^_Y9�yng�3ng^lo�RhTCTWzcY
z7npRWz5T{ng[c]lYp�  Õo
� e npm¢T�^lmiY�\poc]lQ�\po�YqY�kcnpm�T�RW^l�po�ngTWb e YC[SQ5RWzc\pT ^lR�ocYEYE�.Y9�­�
 ¾T�^aRq^lXZ�7\ e T{ngo3TqTW\Kbco7�.Y e RhT{ngo���T�z�n�T�T�zcY e YEminp]_](�c\3Y9Rqoc\pT�ocYiY9��TW\K[NY��pY e Qyz�^_�;z�[NYEmEngb�RWYZ\poc]lQ
\;ocY�RW^_�;o�n�T�b e Yq[SQ
RUzc\pT¡^aR Yio�\pbc�;z)T�\ e Y�T e ^lYi�pYqn�RWzc\gT9� !Co)T�zcY$mi\po3T e n e Qp·.� e Y9m�^aRU^l\po,^aR�^_XZ�N\ e T�npo;T
RW^lo�m�Y$�©ng]aRUY�np]ln e X�RC��^_]l]�]_Y9np�yTW\,b�RWYi]lYER�RCmi\pXZ�cb.T{n�TW^l\po7Ri� ��Y�minpococ\pTCT�zcY e Y���\ e YZm�\;o�m�]lb��.Y�\po�TWzcY
RWbc�NY e ^_\ e ^_ThQ
\g�(T�zcY�RW^lX���]_Y�\ e X¤bc]_TW^l�c]lY e Y���Y e YEo�m�Y$RWm{zcYEXZY¤\��pY e T�zcY$\pTWzcY e ��\ e oc\��q�>3¡\��¦YE�pY e ·N^¸T
^aR�\p[S�S^l\pb�R�TWz�ngT

n = 5
� e \.�.b�miYER¦TW\S\Z��YEng¯�RW^l�po�ngTWb e YER=¨�\;oc]_Q
|9"¤[c^¸T{R��7Y e ^_X�np�pY � ®��  ¾T�]_Y9np�cR¦TW\�n

mi\po�RW^a�.Y e ng[c]lY=o3b�X¤[NY e \g���©ng]aRWY�np]ln e X�R�ngo7��T�z3b7R minpococ\gT�[NY�T e b�RUTWYE�s�

j�ng[c]lYq~���PS^l�po7n�TWb e Y e YiT e ^_YE��ng]sminp��npmi^¸ThQ
P.^_XZ�c]lY e Yi��Y e Yio�miY xKb�]¸T�^_�c]lY e Y���Y e Yio7m�Y

o d(e Y9m�^aRU^l\po # YEminp]_] d(e YEmi^lRW^l\po #�Y9minp]_]
ª upª��Ët t�u�� ~ u;}c� " upª�� �
t upª�� ~ ªD"c� | u3t upu�� |
} ug�7�_r upv�� ~ u�".� t upu�� }
" "gª�� u ug�7�_r t�v upu�� u

E(F Î�GIH�JLK
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� �! � 	 � ��� '(� � 	�� ���
� � % ��� � �1. � �.�
��� ± � 5 µ �©� ±
j�z�Y�� e RUT�YikS�NY e ^lX�YEo3T'np^_X�R'n�T��.YEmi^l�c^_oc�=��zc^am{z$RW^<;EY¦\p�7RW^_�;o�n�T�b e Y9R�RWzc\;bc]l�¤[7Y�b�RWYE��ngo��¤��zc^am{z¤¯S^_o7�
\p�s�cn�T{ng[�n;RUY�\ e �3ngoc^C;EngTW^l\po��7Y e ��\ e X�R�[NY�TWTWY e ·S^1� Yp��RW^_o��p]lY�\ e X$bc]_TW^l�c]_Y e Yi��Y e Yio�miY RWm{z�YiXZY��,j�ng[c]lYER��
npo��="�� e Y9RUYEo;T{R�T�zcY e YERWbc]_T�R¦\g�OTWzcY�m�\;XZ�c]_YiTWY e YE�7YiTW^_TW^l\po5�.YiTWY9m¢TW^l\po���\ e Th��\¤�.^aRUT�ngo7m�YER ��Y�k.z�ngb7RhT�^_�;Y
npo��
£¡£ 3C�¤�Nj�zcYqocYik3T¡RWYEm�TW^l\po
��^_]l]%RWzc\�� T�z�n�T�T�zcYERWY��.^aRhT{ngo�miYER�n e Yqnpm�TWb�np]_]lQ�TWz�Yq�¦\ e RUT�npo��)TWzcY
[NYERUT \g��TWzcY��c^lRUT�npo�m�Y9R��.Y���o�YE�,RU\Z��Yqn e Y=o�\gT m�\;o�RU^a�.Y e ^loc�ZngoSQ���n e T�^lmibc]ln e minpRWYp�
j�zcY�XZ\;RUT�\p[S�S^l\pb�RC�©npm�Tq� e \;X�T�zcYERWY�j�np[c]lYER�^aR�TWz�ngTqTWzcY�X$bc]_TW^l�c]_Y e Yi��Y e Yio�miYZR�m{zcYEX�Y��.\SY9Rqoc\gT

j�np[c]lY=� � :�k.z�ngb7RhT�^_�;Y�RWYEn e m{z
P.^_XZ�c]lY e Yi��Y e Yio�miY xKb�]¸T�^_�c]lY e Y���Y e Yio7m�Y

o d(e Y9m�^aRU^l\po # YEminp]_] d(e YEmi^lRW^l\po #�Y9minp]_]
ª upu�� ~ u3t.� ~ u;ªc� } u3t.� ~
t up}�� } u3t.� | u;}c� } u3t.� |
} u;|c� } up}�� " u3|.� t u3t.� |
" t�v�� ~ u3t.� u };ªc�lr upª�� }

j�ng[c]lY " ��£¡£?3¡�
P.^_XZ�c]lY e Yi��Y e Yio�miY xKb�]¸T�^_�c]lY e Y���Y e Yio7m�Y

o d(e Y9m�^aRU^l\po # YEminp]_] d(e YEmi^lRW^l\po #�Y9minp]_]
ª upu�� ~ u;ª u;ªc� } u;ª
t uD"c� u upª�� } u�".� u upª�� }
} u;|c� | upª�� } u3|.�Ë| upª�� }
" }p}�� ~ u3t.� u }3|.� u u3t.� |

[ e ^loc�ZngoSQ�ngXZYi]l^l\ e n�TW^l\po7Ri�'PS^_o7m�Y�^¸T ^aR�ng]aRU\�XZ\ e Y=�cYiX�ngo��c^_oc��^lo)XZYiXZ\ e Q�npo��5� e \.m�Y9RWRW^loc�¤�N\��¦Y e ·
^_T���^_]l]Soc\gT'[NY�mi\po�RW^a�.Y e YE����b e T�zcY e ��j�z�Y e YERWbc]_T�R'RUz�\�� ^_o$�©npm�T�T�z�n�T'TWz�Y�RW^l�po�ngTWb e Y�^aR e \;[cb�RUT�YEoc\pbc�;z
T�\�nD�p\p^a�5nZR�m{zcYiXZY�]l^_¯;YqX¤bc]_TW^l�c]lY e Yi��Y e Yio�miYp�
� Y�T�b�R�oc\��J��\Smib�R�\po)TWz�Y e YERWbc]_T�R¦��\ e �c^¸§OY e Yio3T RU^C;iY=\g�'RU^l�po7n�TWb e Y9Ri·S^G� Y;�

n
�  ¾T �.\SY9R�oc\gT m�\;XZY=n;R�n

RWb e � e ^lRWY'TWz�ngT%T�zcY¦� e Y9m�^aRU^l\poq�.Y9m e YEnpRWYER%��^¸T�z
n
��xy\;RUT�\g�ST�zcY��©np]lRWY�np]ln e X�R%n e Y(np]_XZ\3RhT�X�\;oc\.m{z e \pXZY

RWzc\pT�RE·pT�z�n�T�XZnDQZ[NY¡Y9npRW^_]lQ¤�7]¸T�Y e YE��\;b.TE� d(e YEmi^lRW^_\;o�^aR�zc\���Yi�;Y e m e b7m�^ang]7RW^lo�m�Y¡Th�¦\¤RWzc\pT�R�TWz�ngT¦z�nD�;Y
o�\gTWz�^_oc�5^_o mi\pXZXZ\poKX�nDQ5[NY¤]l^loc¯pY9�,TW\;�pY�T�zcY e ·cT�zSb�R¡mi\po.��b�RW^loc�5n�� e \.m�Y9RWR T e Q3^loc�ZT�\5X�ng¯;Y�RUYEo�RUY
\p�(TWz�YERWY e Yi�NY�T�^¸T�^_\;o�Ri·sn;R=^_o / |;| 1¾�¤j�zcYZminpRWY�\g�

n = 5
��zcY e Y � e Y9ng] ���©np]lRWYZng]an e XZR=ng���7Y9n e �.bcY$TW\

T�zcYq��YEng¯SocY9RWR�\p�%TWz�Y�RU^l�po�ngTWb e Y�z�npR�T�\Z[7Y�nD�;\p^a�.YE�­�
9¦\;o�m�Y e o�^_oc� e Y9minp]_]G·�TWz�Y
XZ^aRWRWYE��RWzc\gT{R$��Y e Y,mingb7RUY9��[SQ�n e TW^_�©npm�T�RZ�.bcY
TW\�T�zcY,^_o3TWY e ]anpmiYE��X�\.�.Y
\p��TWYE]_YE�S^lRW^_\;os·Cnpo��J^lo�mi\pzcY e YEo;T,RUz�\gTKRUYE�pXZYio3T�ngTW^l\pos� P3T{n�T�^lm RWzc\gT{R5^lo ��z�^lm{z TWzcY RU^l�po7n�TWb e Y�^lR
mi\po�RUT�npo3T)n e Y ng]aRW\�n�� e \p[�]_YEX [NYEmEngb�RWYyT�zcY e Y�T e ^lYi��np]¡[NYEm�\;XZYER5npo ng]l]=\ e o�\gTWz�^_oc��XZ\S�cYp�  Õo
�;YiocY e np]1·;RUzc\pT�R'T�z�n�T�m�\po3T{ng^lo�o7n�TWb e np]c^_X�np�pYER�n e Y��;Y e Q¤��Yi]l]c^a�.Yio3TW^_��Y9�­·;[�b.T¦RWzc\gT{R�m�\;o3T�ng^loc^loc���pY e Q
��YE� ^_oc��\ e XZngTW^l\poK\ e RUQSo3TWz�Y�TW^am�^lX�ng�;YER n e Yq�©n e ]lYER�R ��Yi]l] e Yi� e Y9RUYEo;T�YE�
[SQ5T�zcY$� 9�j�·Ongo��KX�nDQ
[7Y

F Ì©ÉËÓ¾Ç
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XZ^aRWRWYE�)\ e �©np]lRWYi]lQ e YEmi\p�po�^<;EYE�­� *�^_�;b e Y¤t$RWzc\�� R�ngo
Y�k.YiXZ�c]lY�\g��RUz�\gT�R�T�z�n�T XZ^l�pz3T�[7YqXZ^aRWRWYE�s�
P.^_o�miYqzc^l�pz,� e YEm�^aRW^_\;o)^aR�� e Y���Y eWe YE�
\��pY e zc^_�;z e Y9ming]l]G·cn�RU^l�po�ngTWb e YqRU^C;iYq\p�'}p��[c^_T�RE·c^1� Yp�

n = 8
·c��^_]l]

[NYqb�RWYE�5� e \;X oc\�� \pos�

*�^_�;b e Y¤t � :(k.npXZ�c]_Yq\p���N\;R�RW^_[c]lY�XZ^lR�R

� � % � % � ��� � ���10p�.�2� µ�� �E� 5 ± � ± � µ � � �c� �1� µ��
j�ng[�]_Y5}y�p^l�pYER�TWzcY e Y9RUb�]¸T{Rq��\ e TWzcY5Th�¦\�`;b7ngo3TW^C;EngTW^l\po�R�m{zcYiXZYER¤^_o3T e \.�.b�miYE� ^lo�RWYEm¢T�^_\;o�|.�Ë|.�

Q1^aR�TWz�Y `3b�ngo3TW^C;EngTW^l\po�RWm{zcYEXZY
��z�^lm{z�Yio7m�\.�.YER�T�zcYyRW^_�;o�\p�¡T�zcYym�\SY���mi^_YEo;T5npo��
Q2
Yio�mi\S�cYERZ^_T�R

RW^l�poc^_�7minpo�m�Y;�
Q1
z7npR(n�zc^l�pz�Y e�e YEmEng]l].TWz7ngo

Q2
[cb.T�RUYEYiX�R�T�\�[7Y¡X�\ e Y�� e \;ocY�TW\q�©np]lRWY¡np]ln e X�RE�

Q1RWYiYEX�R�TW\¤[7Y¡TWzcY [NYERUT�np]¸T�zc\pb��pzZTWz�Y ]_^lXZ^¸T�YE��� e \;bco���T e b.T�z�� e Yi�pYEo3T�R'T�\ e YEnpm{z�n�mi]_Y9n e mi\po�mi]_b7RU^l\pos�
j�z�YERWY$Th��\K`3b�ngo3TW^C;EngTW^l\po�RWm{zcYEXZY�� e \��;Y$oc\;ocY�T�zcYi]lYER�R=TWz�Yi^ e Y�§OYEm�TW^l�3o�YER�Ri� B$r�^lR�b�RUY9�y� e \pX oc\��
\;o
n;R�TWzcY��cY��©ngb�]¸T¡`3b�npo;T�^<;9n�T�^_\;o)R�m{zcYiXZYp�

j�ng[c]lYq}�� BCb�npo;T�^<;9n�T�^_\;o
R�m{zcYiXZY9R
`3bcY e Q)|g�pz #s¥C�3�%rEz `3bcY e Q ��riz #s¥=� �7|g�pz

XZYiTWzc\.� d(e YEmi^lRW^l\po #�Y9minp]_] d(e YEmi^lRW^_\;o # YEminp]_]
B$r rEvpv up}c� } u;uc� ~ u;ª
Q2

r9vpv u�".�lr r9vpv up}c� }

� � % �C+ � 5 µ ��¶ �©�E�E� � � ± ��� µ � � �.�/�©� µ��
j�z�Y¡�.^_§NY e YEo;T��.^lRUT�npo�m�Y9R��.Yi��ocY9��^_o�RWYEm�TW^l\po��7� |�n e Y YikcngXZ^_o�YE�ZzcY e Y;� d(e YEmi^lRW^l\po �8#�YEmEng]l]cm�b e �pY9R'��\ e
T�zcY��.^_§NY e YEo3T��c^lRUT�npo�m�Y9R�n e Y=�;^_�;Yio
^_o *�^_�;b e Y�ª��
� z7n�T�X�nDQ�[NY RUb e � e ^aRU^loc��^lRZT�z�n�T�T�zcYyYikSz7ngb�RUTW^l�pY,RUY9n e m{z�^aR�n;m¢TWb7ng]l]_Q T�zcYK��\ e RhT9�  ¾T�XZnDQ�[7Y
Yik.�c]lnp^_o�YE�,[SQ
TWzcY$�©npm�T¡TWz7n�T¡T�zcY�� e \;[c]lYiX�R b�RWb�np]_]lQ)z7ng�c�NYio�n�TCRWzc\gT=[7\;bco��cn e ^lYERE·N��zc^lm{z�n e Y�oc\gT

E(F Î�GIH�JLK
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*�^l�pb e Yqª�� d�e Y9m�^aRU^l\po �8#�YEmEng]l]­m�b e �pY9R���\ e �.^_§NY e YEo;T¡RWzc\pT�X�ngT�m{zc^loc���.^aRhT{ngo�miYER

z7ngo��.]lYE��[SQ�T�zcYKY�k.z�npb�RhT�^_�;Y
RWYEn e m{z%� !Co�TWz�Yym�\po3T e n e Q;·�£¡£?3¡��X�nDQ�mi\po�RW^a�.Y e \;oc]_Q�n�RWbc[�RWY�T
\p��TWzcY,RWzc\gT{Ri·'T�z3b7R���o7�.^_o���np]_^l�pocYEXZYio3T�R�TWz�ngT$T�zcY5YikSz7ngb�RUTW^l�pY
RUY9n e m{z��.\SYER$oc\gT�Y�k.�c]l\ e Yp��j�z�^lR
^aR�YERW�7Y9m�^ang]l]_Q�zcYi]l�.��bc]���zcYEo�^a�.YEo;T�^lmEng] RWzc\gT{RZn e Y5[NYi�pb�o�npo���YEo��.Y9����^_TWz��.^_§NY e YEo;T�� e \p� e Y9RWRW^l�pY
T e npo�RW^¸T�^_\;o ThQS�7Y9Ri��j�zcY
oc\ e X�ng]l^C;iYE��YE�.^_TZ�c^lRUT�npo�m�Y
[7YEz�nD�pY9R$`3bc^_TWY
��Yi]l]1·(��^_TWz�TWz�Y)b�RWb�np]�XZ^loc\ e
�cY���YEm�T�T�z�n�T�^_T¦X�nDQ�]_\3RUYCnq[c^_T�� e YEm�^aRW^_\;o�^_o��©nD�;\ e \p� e YEmEng]l]1�  ¾T¦^aR(z�\��¦YE�pY e �©n e XZ\ e Y¡mi\pXZ�c]lY�k�TWz�npo
\pTWzcY e XZY�T�zc\.�cRE·3n;R�minpo�[7Y=RUYEYio�\;oZ���pb e Y¡u��'j�z�^lR(���pb e Y¡RWzc\�� R'T�zcY T�^_XZYCRW�NYio3T¦^lo�TWz�Y¡X�n�T{m{zc^_o��
� e \.m�Y9RWRE·S��zc^am{z
^lo�mi]_b��cYER�z�n;RUz)T�np[c]_Yq]l\S\p¯Sbc�,ngo�� e Y�T e ^lYi��ng]sn;R��.Y���o�YE�
^_oKRWYEm�TW^l\po
���
* e \;X *�^_�;b e Y�ªKngo���u,^¸T$^lR�mi]_Y9n e T�z�n�TqT�zcY�[NYERUT¤�.^lRUT�npo�m�Y�^aR�T�zcY�£¡£?3¡�$��j�zc^aRq^aR�TWz�Y��.^lRUT�npo�m�Y
��z�^lm{z
��^_]l]s[NY�m�\;o�RU^a�.Y e Y9��^lo)T�zcY���\p]l]l\���^_oc�7�

� ��� ��� �.��#&��� 
+' ��� � � ' % �
� �
P.�7YEYE����npR$ny¯;YiQ��©npm¢T�\ e ^_o��.YERW^_�;oc^loc�yT�zcY)np]_�;\ e ^¸T�zcX,��j�zc^aRZRUY9m¢TW^l\po ^aRZ�.YE�c^lmEn�TWY9� TW\ TWY9RhT�TWzcY
XZYiTWzc\.�
\po,n¤]an e �pY�R�ming]lYp·.b7RU^loc��TWzcYq[NYERUT���n e ngXZYiTWY e R��.YE�cb�m�Y9��� e \pX¬T�zcYq� e Yi�S^l\pb�R�RWYEm¢T�^_\;o�RE·.^1� Yp�
RW^C;iYq\g��RW^_�;o�n�T�b e Y�\p��}p�Z[c^¸T{Ri·NRU^loc�;]_Y e Y���Y e YEo�m�YqR�m{zcYiXZYp·7£¡£ 3C�¤�Oj��¦\Z� e \.m�YER�R n e Yq�.^aRhT�^_o��pbc^aRUz�YE�.�
XZYiT�np��n�T�n�Yik3T e n;m¢T�^_\;os·.ngo��,RWzc\gT�X�n�T{m{zc^_o����
xyY�T�n;�cn�T{nZY�kST e npm�TW^l\po
XZYEngo7R RUz�\gTCRWYi�;X�YEo3T�n�T�^_\;o
npo��,RU^l�po7n�TWb e Y�mi\pXZ�cb.T{n�TW^l\po%��PS^lo�m�Y¤�3^a�.YE\��.Y �
mi\.�.^_o���^aR5ocYEYE�.Y9�­· T�zcY �.YEmi\S�c^_oc��� e \SmiYER�R5^aR
ng]aRU\��;^_�;Yio n;R)n e Yi��Y e Yio�miY ��|p~pv � e ngXZYER ��R5\po n
RUT�npo��cn e �
~ �=z�; d 9 e bco�oc^_o�� � ^lo3bck *cY9�.\ e n�~c��xKY�T{np�cngT�nZYik3T e n;m¢T�^_\;o)�NY e ��\ e X�R n�T¡nZ� e ngXZY e n�T�Y
\p�¦r;r2"�� e npX�Y9R �gRi·STh��^am�Yqn;R�RU]l\�� n;R��cYEm�\.�.^loc�7·c[cb.T¡RUTW^l]_]%X¤b�m{z)�©npRUTWY e TWz�npo e YEnp] � TW^lXZYp�

F Ì©ÉËÓ¾Ç
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*�^l�pb e Y�u�� :���m�^lYio�miQ�m�\;XZ��n e ^lRW\po�\g���.^_§NY e YEo3T$RUz�\gT¤�.^aRhT{ngo�miYERE�5`3bcY e Q���|��,zc\;b e RE· #%¥C����|��
TW\
"pvpv$zc\pb e R

� �C+���� � � ��¶ ²�µ � �)� � , � µ�� ���1�i� ±�� � ²
P.^_o�miY�£¡£?3¡� YEXZY e �pYE��npR�T�zcY�[NYERUT¤RU\;]_b.T�^_\;os·­T�zc^lR¤RUY9m¢TW^l\po ^aRq�.YE�c^lmEn�TWY9��TW\yngo7ng]lQSRWY�^¸T{Rq�7Y e ��\ eU�
X�npo�m�Y ��^_TWz�]an e �pY��S^a�.Yi\ #s¥C�=RE�'j�z�Y�TWY9RhT¦��n�T�n¤RUYiT�^lR(TWz e YiY¡�¦YEYi¯.R�\g� * e YEo�m{z�j%YE]_YE�S^lRW^_\;o�m�b.T¦^_o3TW\
|cr���]lYERC\g��|���z�\pb e R�YEn;m{zs� j�zcY$Yi]lYiXZYio3T�n e Q5TWY9RhT=^lR TW\5`3bcY e Q,nZ��]lY$np�;ng^lo�RUT¡ngoc\pTWzcY e \;ocYp·Nm�\pb�o;T
T�zcY=o3b�X¤[NY e \g���.YiTWY9m¢TW^l\po7R¦npo���XZYEn;RUb e Y¡TWzcY�RUY9n e m{zZTW^lXZYp� :�n;m{z5m�\;X¤[c^lo�n�T�^_\;o�\g�­�7]_Y=^lR¦T�YERUTWYE�s·Sn
�7]_Y=�c]anDQ3^loc��ng]_TWY e o�ngTWYi]lQ$TWzcY e \p]lY \g� #%¥C� \ e `3bcY e Q;� *�^l�pb e Y¤r9v¤RWzc\�� R(T�zcY e Y9RUbc]_T�RE��j�zcYERWY e Y9RUbc]_T�R
n e Y�o�\gT�Y9npRWQ�TW\¤^_o3TWY e � e YiT�RU^lo�m�Y¡\pb.T�]_^lY e R�mEngoZ[7Y=RUYEYio�^loZTWzcY e ^l�pz3T�z�npo���RW^l�.Y¡\g�OTWzcY ���pb e Yp��PS\;X�Y
T�YERUT$T{ng¯;YER$^_o��cYiYE��ª�RUY9m�\po7�cR¤��z�Y e YEnpR¤TWz�Y
nD�;Y e ng�pY�^aR
rERE��j�zc^aR�RhT�YiX�R$� e \;X T�zcY
�©npm�T$T�z�n�T�^lo
T�zcY e Y�T e ^lYi��ng]�ng]l�p\ e ^_TWzcX,·cYE�pY e Q5RW^_o��p]lY�RU^l�po�ngTWb e Yq\g�'T�zcY¤`3bcY e Q)RWzc\pT ^lR TWYERUTWY9� ¨�[NYEmEngb�RWY�^_T¡XZ^_�;z;T
]lYEn;��T�\��.^¸§OY e Yio3T ng]l^l�pocXZYio3T{R�®�bco3TW^l]­TWz�Y�RUzc\pT�R�n e Y e Y9m�\p�;oc^C;iYE��TW\Z[NY=^a�.YEo;T�^lmEng]­\ e TWzcY�oSbcX¤[NY e \p�
RW^l�po�ngTWb e YER=^lo T�zcY�`3bcY e QyRUz�\gTq^lR�Yik.z�ngb�RUTWY9�­� � z�n�T�X�nDQKz�np�c�7YEo ^lR=T�z�n�Tq^_�¦Th��\KRUzc\pT�R�RWz�n e Y�n
z�^_�;z)oSbcX$[7Y e \g�'^l�cYio3TW^aminp]sRU^l�po�ngTWb e YER�[cbcT TWzcYq�;]_\;[�ng]­�.^aRUT�ngo7m�YqocYE�pY e �©np]_]aR�[NYi]l\��JTWz�Y�TWz e YERWzc\p]a�­·
T�zcYio
X�ngoSQ��.^aRhT{ngo�miYER�n e Y�minp]lmibc]lngTWY9��^lo)��ng^los�(j�\$\��;Y e m�\;X�Y¡TWzc^aR�� e nD��[�npm{¯Z��Y=RWY�T n���n e npX�YiTWY e
k
TW\
T�zcYZXZngk.^_X$bcX�oSbcX¤[NY e \p��T e ^lYER�^lo�n,RW^_o��p]lYZRWzc\pTE� *�^l�pb e Y
rpr�RUz�\�� R¡T�zcYZYi�;\p]lb.TW^l\po�\g��TWzcY
nD�;Y e ng�;Y¡RUY9n e m{z�T�^_XZYq��^_TWzK¯O�
*�^l�pb e Y�rD|ZRUzc\�� R¡RU\;X�Y e YERWbc]_T�R���^_TWz��.^¸§OY e Yio3T¡��np]_bcY9R�\g�

k
� � \pTWYqT�z�n�T¡��\ e

k = 1
��YqYEn;RU^l]lQ)RWYiY

T�zcY�]_^locYEn e �.Yi�NYio���ngo�miQK[7YiTh�¦YEYio�TWzcY�oSbcX¤[NY e \g���.Y�T�YEm�TW^l\po�R�ngo7�KTWz�YZRWYEn e m{zyTW^lX�Y;�  Õo�� e n;m¢T�^lmiY
k = ∞ X�nDQ [NYKn�n;mimiYi�.T{ng[c]lY)��np]_bcY,RW^_o�miY
TWzcY,X�n�k.^lX¤bcX RWYEn e m{z T�^_XZY,^aRZ[7YE]_\���r9v�RWYEmi\po���Ri�3¡\��¦YE�pY e ^_�¦n)`3bc^am{¯Kngo�RW��Y e X¤b�RUT=[NY�XZn;�.YZngo���fh^¸TWTWY e ^loyT�zcY e Y9RU�N\po�RWY�T�^_XZYZ^aRCo�\gT��¦YE]lmi\pXZYE�­·
*�^l�pb e Y,rpr�RWzc\�� R=TWz�ngT

k ≈ 20
^lR¤n e Y9npRW\poco�np[c]lY�m{zc\;^lmiYp·sQS^lYi]a�.^loc�yn,�pY e Q RWX�ng]l] e Y9RU�N\po7RUY�TW^lXZY

��z�^_]lY�X�^aR�RU^loc��\po�]_Q5n$��YE�B�.YiTWY9m¢TW^l\po7Ri�

E(F Î�GIH�JLK
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*�^l�pb e Y r;r � :(�;\p]lb.TW^l\po�\p� TWz�Y
nD�;Y e ng�pYZoSbcX$[7Y e \p�C�.Y�T�YEm�TW^l\po�R$�pY e RWb�R¤nD�;Y e ng�;Y�RUY9n e m{z TW^lX�Y5��\ e
�c^¸§OY e Yio3T�¯
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*�^l�pb e YZr9| �  Õo��7bcYio�miYq\g�'¯�\��pY e TWzcY�RWYEn e m{z5TW^lX�Y

� �C+�� % � �;�&>�� � . � µ >©�.�/. ± � �©¶ ±3µ ¶��.�E��� ± �
j�z�Y¤o�ngTWb e Y$\p��TWzcY e Y�T e ^lYi��ng]�XZY�TWz�\S��RUz�\pbc]a�y^lXZ�c]_^lYER¡TWz7n�T=TWzcY #s¥=�¬ngo��,T�zcYZ`;b�Y e Q,RW^C;iYERCz�nD�;Y
o�\�^_o&��bcYio7m�Y \��;Y e T�zcY RUY9n e m{z�T�^_XZY�[7Y9mingb7RUY�\g��TWzcY m�\;o�RUT�ngo3T5]l\S\p¯Sbc��T�^_XZY � e \��S^a�.YE��[SQ�TWzcY
z7npRWz T{ng[c]lYp� � z�ngT�z�npR�zc\���Yi�;Y e ngo ^lo���bcYEo�m�YZ^aR�TWzcY�oSbcX$[7Y e \g��RUzc\pT��.^lRUT�npo�m�Y�mi\pXZ�cb.T{n�T�^_\;o�Ri�
j�z�^lR�oSbcX$[7Y e \g���.^lRUT�npo�m�Y�mi\pXZ�cb.T{n�TW^l\po7R�^lRqmi]_Y9n e ]_Qymi\ e�e YE]lngTWYE� ��^¸T�z�TWzcY�oSbcX$[7Y e \g� � � + ��� +�0 ,8�&/
[NYEmEngb�RWY�nq�.Y�T�YEm�TW^l\poZXZYEngo7R�TWz�ngT�n�T(]lYEnpRUT�\pocY �c^lRUT�npo�m�Y�z�n;R�[7YEYio�m�\;XZ�cb.TWY9�­�  ¾T¦ng]aRU\�RWYiYiX�R'T�\q[7Y
mi\ e�e YE]lngTWY9�q��^¸T�z¤T�zcY�RU^C;iY�\g��TWzcY #s¥=� RU^lo�miY�nC]an e �pY #%¥C��^lo�m e YEn;RUY9RsT�zcY�oSbcX¤[NY e \g�7�©ng]aRUY�ng]an e X�R%\p�
X�ngT�m{zc^loc�$RW^l�po�ngTWb e YERE·;��z�^lm{z5TWzcY e Yi��\ e Y¡]lYEnp��R¦b7RUYE]_Y9RWR��.^aRhT{ngo�miY=mi\pXZ�cb.T{n�TW^l\po7Ri� *�^_�;b e Y�rE~¤^_o7�.YiY9�
RWzc\�� TWzc^aR��.YE�7YEo��.Yio7m�Q�[7YiTh�¦YEYio�TWzcY�oSbcX$[7Y e \g���.YiTWYEm�TW^l\po�R¤ngo���TWz�Y5RUY9n e m{zyT�^_XZYp�,j�zcY�`3bcY e Q
RW^C;iY�^aR¦|��¤zc\pb e RE·�TWzcY>#s¥=� RW^<;EY e npoc�pY9R'� e \pX�|g��TW\ "pvpv�zc\;b e Ri·3£¡£ 3C� ��^_TWz

k = 20
^lR�b�RWYE�­��j��¦\

�c^¸§OY e Yio3T¤`3bcY e ^lYER�n e Y�RWzc\���os��!Co�T�zcY�]lY�� T � z�npo�� RU^a�.YZT�zcY5`3bcY e Q z7npRq[NYiYEo e Y9m�\ e �.Y9� \;ocY��¦YEYi¯
[NY���\ e Y�T�zcY #%¥C�$·7��zc^l]lYq\po,TWz�Y e ^l�pz3T � z�npo��
RU^a�.YqT�zcY¤`3bcY e Q5^aR }�XZ\;o;T�z�R�\;]l�­��j�zcYq��\ e XZY e z�npR n
RUTWY9np�.^l]lQ5^lo�m e YEn;RU^loc��oSbcX¤[NY e \g�(�.YiTWYEm�TW^l\po�R¡��zc^l]_YqT�zcY¤]an�TWTWY e z�n;R n�oSbcX¤[NY e \g�(�.YiTWYEm�TW^l\po�R¡��zc^am{z
\;oc]lQ�RW]_^l�pz3TW]lQy^lo�m e YEn;RUYZ��^_TWz T�zcY #s¥=�¤� *�^l�pb e YKr9~
RWzc\�� R=T�z�n�T�T�zcY�RWYEn e m{z�TW^lX�Y5\��pY e ng]�RW]_^l�pz3T�]_Q
^lo�m e Y9npRWY¤��^_TWzyT�zcY�RU^C;iY�\g��TWzcY #s¥=�¤·­[�b.T�mingo�ng]aRU\
�.YEm e Y9npRWY �  ¾T=TWzSb�RqRWzc\�� T�z�n�T=TWzcY e YERW�7\;o�RWY
T�^_XZY$^lR¡oc\gTC�cYi�NYio��cnpo3T¡� e \pX TWzcY�RU^C;iY�\p�'TWzcY�#s¥C� [cb.T e ngTWzcY e � e \pX�^¸T{R¡m�\;o3TWYio3T9�  ¾T=ng]aRW\�RUzc\�� R
T�z�n�T�T�zcYKXZY�T�zc\.��mEngo��cb.T�bc����^_TWzJ�cngT�n;RUYiT�R�\g� "gv;v zc\;b e R�ngo���QS^_YE]l��n e YERW�7\;o�RUY)TW^lXZYK\poc]lQ
RW]l^_�;z;T�]_Q�RUbc�NY e ^l\ e TW\ r9Ri� *�^_�;b e Y
r9v,ng]aRU\,RUz�\�� R¡T�z�n�T�YE�pYEo���^_TWz�n
zc^l�pz�oSbcX¤[NY e \p���.YiTWY9m¢TW^l\po7Ri·
T�zcY e YERW�7\;o�RUYCTW^lXZYq^lR¡RhT�^_]l]s��Yi]l]­bco��.Y e |$RWYEmi\po���Ri�
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*�^l�pb e YZrE~��  Õo&��bcYio7m�Yq\g��TWzcY #%¥C� RW^C;iY�ngo7��T�zcYqoSbcX¤[NY e \p�'�.YiTWY9m¢TW^l\po7R�\po
TWzcY e Y�T e ^lYi��np]7T�^_XZY

� ������������	�

� � �����������

�CY�T�YEm�TW^loc��T�zcY�mi\pXZXZ\poKYE]_YEX�YEo3T�RC[7YiTh�¦YEYio n)`;b�Y e Q)�S^a�.Yi\
ngo��Kn #s¥C��^aR¡o�\�� RW\pXZYiTWzc^loc��T�z�n�T
mEngo)[7Y��.\;ocY�YEn;RU^l]_Q�b7RU^loc��TWzcY�XZY�T�zc\.�$fhb�RhT�� e YERWYio3T�YE�­��j�zc^aR RWYEm¢T�^_\;o5�;^_�;YER�RU\;XZY=^lo�RW^_�;z3T�R�ng[N\pb.T
T�zcY$n;m¢T�b�ng]�^_o3T�Y e YERUTC\g� e Yi�NY�T�^¸T�^_\;o�R¡��\ e �S^a�.Yi\
RhT e b7m¢TWb e ^loc��·NX�ng^loc]lQ
[SQ,�p^l�S^_o��5RU\;XZY$ng���c]_^amingTW^l\po�R
npo�� e Y9RUbc]_T�RE�

� �
� "�� � � ��� ��#&��� # ��� # � � 	 # ��� � ��# � � � ��#.� #&������� � 

!Co�Y \g�OTWz�Y � e RhT�TWzc^loc��T�\�oc\pTW^am�Y ^aR�T�zcY¡^lo���bcYEo�m�YC\g�OTWz�YCRW^<;EY¡ngo���� `3b�ng]l^_ThQ �;\g�OTWz�Y?#s¥=� b��7\;o�TWzcY
e Y�T e ^lYi��np] e Y9RUbc]_T�RE��j�np[c]_Y$t�RWzc\�� R�T�zcY e Y�T e ^lYi��ng] e YERWbc]_T�R���^_TWzyTWzcY¤R�ngXZY�Th��\���]_Y9R b�RWYE�,^loKRUY9m¢T�^_\;o
"$Yik.miYi�.T�T�z�n�T¡`3bcY e Q5npo�� #s¥C� n e Y=RW��ng�c�NYE�­�
!Co�Y�\p[S�S^_\;b�R�TWz�^_oc� ^lR�TWz�ngT¤^¸��T�zcY=#%¥C� ^aR¤RWX�ng]l]1·�TWz�Y5oSbcX¤[NY e \g� �.Y�T�YEm�TW^l\po�R¤�7Y e zc\;b e ^aR¤ng]aRW\
�;Y e Q�RWX�ng]l]C[NYEmEngb�RWY�TWzcY #s¥C� �c\3Y9R5o�\gTKm�\po3T{ng^lo Yioc\;bc�pz ��n�T�n�TW\�[7Y e YEm�\;�poc^C;iY9�­� � z7n�T,^lR
z�\��¦YE�pY e ^_o3TWY e Y9RhT�^_o��y^lR$T�z�n�T$TWzcY e Y9minp]_]¦^lR�RU]l^l�pz3TW]lQ ]_\���Y e ��z�Yio�b7RU^loc��n�RUX�np]_] #s¥=�¤·'XZYEnpoc^_o��
T�z�n�T=n e Y9�.bco���ngo3T?#s¥=� ^lXZ� e \��;YER�T�zcY e Y�T e ^lYi��ng] e Y9RUbc]_T�RE�  Õo��.YEYE�,^_��TWzcY�#s¥C� m�\;o;T{ng^lo�R�X$bc]¸T�^_��]_Y
^lo�RUT�npo�m�Y9R$\p�¡T�zcYyRWnpXZY)�S^a�.Yi\ m�]l^l�s·���^_TWz��N\;R�RU^l[c]lQ��.^¸§OY e Yio3TZT e ngo7Rh��\ e X�n�T�^_\;o�R��.bcY,TW\ oc\;^lRWYp·¦^¸T
^lo�m e Y9npRWYER¦TWzcY e Y�T e ^lYi��np]N� e \;[�ng[c^l]l^¸ThQ;�
£¡]_]NT�zcY>#%¥C� b�RWYE�5^_o5TWzcY9RUYCTWY9RhT{R�n e Y oc\po
RhT e b7m¢TWb e Y9�­·S^1� Yp��TWz�YiQ�z�nD�;Y¡oc\pT�[NYiYEo5YE�c^¸T�YE��[SQ�z�npo��­�
£ #%¥C� ^aR=fhb�RUT5n e Y9m�\ e �.^loc��\g�=j�¥ [ e \3np�cmEnpRUT�\p�=n m�Y e T{ng^lo�]lYioc�pTWzs�J£ mEn e Y���bc]l]_Q�[cbc^l]¸T=#%¥C�
��\pb�]l��^lo�m e YEn;RUY$TWzcY5o3b�X¤[NY e \p���.YiTWY9m¢TW^l\po7R�ngo���T�zcYi^ e `3b�np]_^_ThQp� ��Q�min e Y���b�]1·��¦Y�XZYEnpo�TWz�ngT�TWzcY
#%¥C�JRWzc\;bc]l��^lo�m�]lb��.Y¡\poc]lQ¤m�]l^l��R(RWbc�c�N\;RWYE�$TW\q[NY e Y � [ e \3np�cmEnpRUTWYE�$xKbc]_TW^l�c]lY ^_o7RhT{ngo�miYER'\g�NTWz�Y¡RWnpXZY
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�S^a�.Yi\�mi]_^l�Kn e Y=np]lRW\��.YERW^ e YE�
RW^_o�miY�^¸T ^lo�m e YEn;RUY9R¦TWzcYq� e \p[7ng[c^l]_^_ThQ��.YiTWYEm�TW^l\pos�

j�ng[c]lY¤t��
#s¥=� RW^<;EY=^lo���b�Yio�miY
|��pz #s¥=� � rEz
`3bcY e Q rEz #%¥C� � |��pz,`3bcY e Q

d(e Y9m�^aRU^l\po # YEminp]_] �¡YiTWY9m¢TW^l\po7R ��z d(e YEmi^lRW^_\;o #�YEmEng]l] �CY�T�YEm¢T�^_\;o�R �Dz
upu�� ~ u;ª rE��" r9vpv u;}c� } |pvc� "
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*�^l�pb e Yqri� � :(�;\p]lb.TW^l\poZ\p�NT�zcY oSbcX$[7Y e \g�­�.YiTWYEm�TW^l\po�R�\��pY e ~��¦YEYi¯.R���^_TWz�n�RUT�ngTW^am #s¥C�$�Sj�zcY RUX�np]_]
� e \;��R(z�np�c�NYio�\;o�n¤R�n�TWb e �cnDQ;·p��zc^am{z�z�np�c�7YEo�R�TW\¤z7nD�pY ]lYER�R¡¨©\ e �c^¸§OY e Yio3T{®�m�\;X�XZY e mi^lnp]lR(TWz�npo�TWzcY
\pTWzcY e �cnDQ.Ri�

£¡oc\gT�zcY e ^_o3TWY e Y9RhT�^_o��KTWY9RhT¤^aR¤TW\yXZYEn;RUb e YZT�zcY5oSbcX$[7Y e \g� �.YiTWY9m¢TW^l\po7R�\��pY e nK]l\poc�y�NY e ^l\S� \p�
T�^_XZY���^_TWz n,RhT{n�T�^lm #s¥=�¤� *�^l�pb e Y,ri�,RWzc\�� RCTWzcY�oSbcX$[7Y e \g���.Y�T�YEm¢T�^_\;o�R�\��pY e n)�NY e ^l\S��\g�¦TWz e YiY
��YiYE¯.Ri��j�zcY�#s¥=� b�RWYE�
^aR |��Zzc\pb e R�]l\poc��npo��5^aR�TWz�Y��cnDQqfhb�RUT [7Yi��\ e Y�TWzcY�T�z e YiY��¦YEYi¯.R�TWY9RhT9�
!Co�Y�RWb e � e ^aRW^_oc�C[cb.T���Yi]am�\pXZY����pb e Y�^lR�TWz�Y¦oSbcX$[7Y e \p�N�.YiTWY9m¢TW^l\po7R�[NY�Th��YiYEo�Th��\=mi\po�RWYEmib.TW^l�pY��cnDQ.Ri�
 Õo,T�zc^aR Y�kcnpX���]_YqT�zcY¤oSbcX$[7Y e \g�(mi\pXZXZ\poyRWzc\gT{R [NY�Th��YiYio,Th��\�m�\;o�RWYEm�bcTW^l�pY��cnDQ.R�^aR �;��rpr�\ e �cb.T
npoc\gT�zcY e ��nDQp·cnp[7\;b.T¡|gv$TW\�|9"3«�\g��TWz�Y�RUzc\pT�R�z�nD�;Y=np] e YEn;�.Q�[NYiYio,[ e \;n;�cmin;RhT�TWz�Y��cnDQ�[NY���\ e Y �
j�z�^lR e YiX�npocYio�miY�� e \;��R�RWz�n e �c]lQ�^_oZT�zcY�ocYik3T���Yi���cnDQ.Ri�  ¾�NT�zcY #s¥=�J^aR(}�XZ\po3TWz7R�\p]a����^¸T�z e YERW�NYEm¢T
T�\5T�zcYZ`;b�Y e Qp·O\poc]lQ |gv;v�m�\;XZX�\;o RWzc\gT{R=n e Y$]_Yi� T=[NY�Th��YiYEoyT�zcY�Th�¦\
�cnDQ.Ri�qj�zc^aR=\g��m�\;b e RUY�RUzc\�� R
T�zcY�ocY9m�Y9RWRW^¸ThQ \g��bc�O�cn�T�^_oc�yTWzcY #%¥C��TW\K�p^l�pY�n;R�X¤b�m{z��cY�TWY9m¢T�^_\;o�R�npR��7\3RWRW^_[�]_YZT�\K^_o�m e Y9npRWYZTWzcY
� e Y9m�^aRU^l\po
ngo�� e Yi]l^lnp[c^_]l^_ThQ�\g��TWzcY�RUT e b�m¢T�b e ^_oc�Z� e \.m�Y9RWRE�

� �! ���
� 
 � ' � ��% �
� '(����� � 

!Co�Y(\g�.T�zcY�� e RUT�ng���c]_^amingTW^l\poq\p�c\pb e X�YiTWzc\.�¤^lR�m�\;X�XZY e mi^lnp]gXZ\poc^_TW\ e ^loc����9¦\pXZXZY e m�^ang]pXZ\;oc^¸T�\ e ^_o��
^aR=ng[N\pb.T�m{zcYEm{¯S^loc��TWz7n�T=mi\pXZXZY e m�^ang]aR�� e \pX n5miY e T�ng^lo mi\pXZ��ngoSQ,n e Y¤ng^ e YE�
TWz�Y¤��nDQ5T�zcYiQK^lo3TWYio7�
^_T=TW\
[7Y;�¤j�zcYZRUQ.RUTWYiX z7npR¡TW\
X�\;oc^_TW\ e T�zcY�j�¥ RUT e YEngX�npo��y�;^_�;Y¤[�n;m{¯
TWzcY�^_o7RhT{ngo3T�R=��zcY e Y$TWzcY
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*�^_�;b e Y�r " � :�kcngXZ�c]lYq\g� e Y9RUb�]¸T{R���\ e m�\;XZX�Y e mi^lnp]­XZ\poc^_TW\ e ^loc�

mi\pXZ��npo3QKRW�7\pT�R�z�nD�;Y¤[NYiYEo�[ e \;n;�cmin;RhT9�$PS\;X�YZRW\p]lb.TW^l\po�R�np] e YEn;�.Q,Y�k.^lRUT�RE·­��\ e YikcngXZ�c]lY$[�n;RUY9�y\;o
��n�T�Y e X�n e ¯3^loc�7�<� \gT�Y�zc\��¦YE�pY e T�z�n�T(RW\p]lb.TW^l\po�R'[7npRWYE��\;o$��n�T�Y e X�n e ¯3^loc�¡mEngoco�\gT(�.YEnp]S��^¸T�zZ`3bcY e ^lYER
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]l^l¯pY �  $��npo;TZT�\�XZ\;oc^¸T�\ e X$Q�m�\;X��NY�T�^¸T�\ e � R�mi\pXZXZY e m�^ang]aRi·�\ e  ¤��ngo3TZTW\ RUTWb��cQ�TWz�YK[ e \3np�cmEnpRUT
� e YE`3bcYEo�m�Q$\g�OTWz�YERWY¡RU�NYEmi^¸�Nm m�\;X�XZY e mi^lnp]lR���\ e n�RW\Smi^_\;]_\;�p^aminp]SRUTWb7�.Qp� *�^_�;b e Yqr2"�RWzc\�� R(ngoZYik.npXZ�c]_Y
\p��mi\pXZXZY e m�^ang]s�.YiTWYEm�TW^l\po
b�RW^_oc�Z\;b e RUQ.RUTWYEX
�
j�z�Y,RWYEmi\po���ng���c]_^amingTW^l\po�^lR�RW�NYEm�^_�7m
T�\ * e YEo�m{z�TWYi]lYi�S^aRU^l\po%� � Yi�3ng] e YE�pbc]an�T�^_\;o�RW�7Y9m�^_��YER�TWz�ngT�n
mi\pXZXZY e m�^ang]N[ e YEng¯�RWzc\pb�]l��o�\gT�Y�kcm�YEYE����XZ^_oSb.T�YERE·.ngo���TWz�ngT�^lo)nD�;Y e ng�;Y�\��pY e \pocY��cnDQ;·Sn$m{z�ngo�ocYi]
RWzc\;bc]l�yoc\gT=[ e \3np�cmEnpRUT XZ\ e YqTWz�npo�}�XZ^loSb.TWY9RC\p��m�\;X�XZY e mi^lnp]s�7Y e zc\pb e / |3t 1¾�=j�zcY9RUY$m�\po7RhT e np^_o3T�R
�c^¸§OY e � e \;X m{z7ngococYE]�T�\ m{z�npococYi]�ngo7� n e Y5RUb��c�7\3RUY9� TW\ [7Y
XZ\poc^_TW\ e Y9� [3Q n RW�NYEm�^ang] e YE�pbc]an�T�^_\;o
npb.TWz�\ e ^¸ThQ / |3t 1G� j�z�Y¤XZ\poc^_TW\ e ^loc��^lo.��\ e X�n�T�^_\;o
� e \��S^a�.YE�)TW\5TWzc^aR¡npb.TWz�\ e ^¸ThQ)^lRC�.\pocY¤XZnpoSb�ng]l]_Q
\ e
RWYiXZ^ � npb.TW\;X�n�TW^aminp]_]lQp�
j�ng[�]_Y�ª5RWzc\�� R¡RW\pXZY e YERWbc]_T�RC\p[.T{ng^locYE�y\po RWYi�;Y e ng]���nDQSRE�Cj�z�Y$� e \;bco��
T e b.T�z ^loy[ e npm{¯pYiT�RCRUzc\�� R

j�ng[c]lY�ª�� :(oc��\ e m�^loc�Z]_YE�;ng] e Yi�;bc]an�TW^l\po7R
��nDQ X�ngkS^lX¤b�X��.b e n�T�^_\;o�¨©� e \pbco���T e b.TWzN® nD�;Y e ng�pYC�.b e n�TW^l\po ¨�� e \;bco��5T e b.TWzN®

� Yi�3ng] e Yi�;bc]lngTW^l\po � }
Pcn�TWb e �cnDQ�v�"��.ri���p|gv;vD" rp� �,¨©��� tg|;® |.� �;~
¨1|.� tg®
P.bco��cnDQ5v�"��.r2"��p|gv;vD" ��� vcr�¨��7� }3® ~�� ~p�
¨©��� �3|;®
xK\po7�cnDQ�vD" �SrE}��g|pvpvD" ��� vg�,¨���� "g}3® ~c� ")¨©���Ë|p®

T�z�n�T=TWz�Y$XZY�T�zc\.��RUTW^l]l]��©np^_]aRCTW\,�.Y�T�YEm�Tqnp]_]'m�\;XZX�Y e mi^lnp]lRE�qj�zc^aRC^aR=X�ng^loc]_Qy�cbcY¤T�\5T�zcY #s¥C� b7RUY9�
��z�^lm{zZ�.\SYER'oc\pT(m�\po3T{ng^lo$YE�pY e Q�RW^_oc�;]_Y�m�\;XZX�Y e mi^lnp]3TWz�ngT(z�npR'[NYiYEo$[ e \;n;�cmin;RhT'\po$TWz�YERWY¦T�z e YiY��cnDQ.Ri�
!Co�Y�\p�¦T�zcY�¯pYEQy�N\p^lo;T�^lo���b.TWb e Y���\ e ¯y^aR=TW\K[cbc^l]a� n)XZY9ngoc^loc�g��b�] #s¥=�¤� 3¡\��¦YE�pY e ·OT�zcY�XZY�TWz�\S�
mEngo�o�\pocYiTWzcYE]_Y9RWR e ng^aRUY=ngo5np]ln e X ��zcYEo�TWz�Y=]lYi�3ng] e YE�pbc]an�T�^_\;o�R�n e YC\p[S�S^_\;b�RW]_Q�oc\gT e YERW�7Y9m¢TWY9�­·.npR�^lo
��nDQSR=r "$npo���rE}c�
£JTWzc^ e ��ng�c��]_^amingTW^l\pos·Sng] e Y9np�.Q�XZYio3TW^l\po�ocYE��[SQ d b�n¤Y�T�ng]G� /Ë|9" 1­^aR¦mi\pXZ� e YER�RU^l\po%� ��Y¡z�nD�;Y���\pbco7��^lo
RWYEm�TW^l\poy}��_r�T�z�n�TCTWYi]lYi�S^aRU^l\poyRUT e YEnpX�R n e Y�zc^l�pzc]lQ e Y9�.bco��cnpo3T¡��^¸T�z |gvZT�\)|9"3«¬\p�'TWzcY�RUzc\pT�R¡[7YE^_oc�
mi\pXZXZ\po$[7YiTh�¦YEYio�Th��\�m�\po7RUY9m�b.T�^_�;Y��cnDQ.RE·D�7\3RWRW^_[�]_Q e YEn;m{zc^_o��C~pvS« ��^¸T�z�npo�np�c� e \p� e ^an�TWY #s¥C�$�g£ o
^lo3TWYE]_]l^_�;Yio3T=RUTW\ e np�pY¤R�m{zcYEX�Y¤��\ e �.^l�p^_T�ng]�TWYE]_YE�S^lRW^_\;o n e m{zc^l�S^_oc�5�¦\;bc]l�y[7Y$TW\
RU¯S^l�KTWzcY���n e T{R¡\p�(TWzcY
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