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On the motion and collisions of rigid bodies in an
ideal fluid

Jean-Gabriel Houot* Alexandre Munnier®

December 15, 2005

Abstract

In this paper we study a coupled system of partial differential equations
and ordinary differential equations. This system is a model for the 3d interac-
tive free motion of rigid bodies immersed in an ideal fluid. Applying the least
action principle of Lagrangian mechanics, we prove that the solids degrees of
freedom, solve a second order system of non-linear ordinary differential equa-
tions. Under suitable smoothness assumption on the solids and on the fluid
domain boundaries, we prove the existence and C°° regularity, up to a colli-
sion between solids or between a solid with the boundary of the fluid domain,
of the solids motion. Studying the particular case of an infinite cylinder sur-
rounded by a fluid occupying an half space, we prove that collisions with non
zero relative velocity can occur.

Keywords and Phrases: Fluid-solid interaction, ideal fluid, Lagrangian me-
chanics, collisions, PDE-ODE coupled system.

AMS Subject Classification: 35Q35, 35R35, 34A34, 34A12, 76B99.

1 Introduction and main results

1.1 Modelling

This paper deals with the free motion of rigid bodies in an incompressible, inviscid
and irrotational fluid flow in R3. We denote by S(t) = U™ ,S%(t) the domain
occupied by a collection of n solids at the instant ¢ > 0, by Q(¢) the domain of
the surrounding fluid with Q(0) = Q and S%(0) = S?. Thus, the boundary of Q(t)
decomposes into I'y = 9Q(t) \ 9S(t) and Ta(t) = U™ Th(t) with Th(t) = S (t) (see
figure 1). The center of mass of the i—th solid occupies the position h’(t) and we
denote h*(0) = hj. By definition of a rigid motion, for any i = 1,...,n and for
any t > 0, there exists an orthogonal matrix [R'(t)] € SO(3) such that the position
x'(t) of a point occupying the position xé € S at the instant ¢t = 0 is:

x'(t) = [R'(1)](x; — hp) + h'(1). (1.1)
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Figure 1: The rigid bodies S¢(t) and the fluid domain Q(#).

Admissible positions of the solids, global and local coordinates

Thus, at any time, the position of the i—th solid is described by a couple of SO(3) x
R?. In a general way, for any P = ([R!],h?) € SO(3) x R?, we denote S*(P?) =
[R1]S?+h? and T4 (P?) = 0S¢ (P?). Weshall call P = (P1,... ,P") € (SO(3) xR?)"
the global coordinates of the solids and we introduce

P ={Pc (SO(3)xR3"|SHP)NSI(PI) = SHPHNT, =0, V1 <i,j<n,i#j}

the set of the admissible positions of the solids. It is an indefinitely differentiable,
6n—dimensional sub-manifold of (M(3) x R3)™, M(3) standing for the vectorial
space of the square 3 x 3 matrices. In order to build a local coordinate chart of P,
let us recall how SO(3) is classically parameterized in a neighborhood of a given
rotation [R]. One introduces the tensors:

[A] =es3®ers—ea®e3, [A))=e1Rez3—e3®e, [As]=er®e; —e Dey,

where {e;, ez, e3} is the canonical basis of R® and the mapping:

R([R],) : R? — SO(3), , (1.2a)
0 = (01,02.05) " — R([R],0) = [ ] exp (0x[Ax]) [R]. (1.2b)
k=1
Denoting © =| — 7, 7[x] — 7/2,7/2[x] — 7, [, the couple (6, R([R],-)) is a local

C* chart from a neighborhood of 03 € R? onto a neighborhood of [R] € SO(3).
The coordinates 0 are the so-called Euler angles (with the “xyz” (pitch-roll-yaw)
convention, see [8] page 603).

Then, for any given P = (([R'],h'),...,[R"],h")) € P and any Q = ((6',h'),
..., (0™, h")) € (R? x R®)™, we define the function

A(P,Q) = (R([R'],6"),h"),..., (R([R"],6"),h")) € (SO(3) x RY)",  (L.3)

and the set Q(P) = (OxR3)"NA~L(P,P). One can casily check that (Q(P), A(P, -))
is a local chart of P from a neighborhood of Q = ((03,h'),...,(03,h™)) onto a
neighborhood of P, satisfying A(P, Q) = P. Therefore:

A= {(Q(P),A(P, ))7 Pe P}7



is an atlas of P. The tangent space to P at P is denoted TP(P) and 0A/0Q(P, Q)
is an isomorphism from (R? x R3)" onto TP(P).

Forany Q € Q(P) and anyi = 1,...,n, we denote Q' = (6°,h?) and A'(P, Q) =
(R([R],6"),h?), so that Q = (Q,...,Q") and A(P, Q) = (A}(P,Q}),...,A"(P,Q")).
When there is no confusion possible, we shall droppedf’ in the notations and
denote merely Q instead of Q(P) and R(0) instead of R([R],0). In the same way,
in local coordinates, S%(Q?) will stand for S*(A (P, Q%)), T4(Q?) for T (AP, Q?)),

I5(Q) = U, T5(Q") and Q(Q) for Q(A(P, Q).

Euler-Lagrange equations of the fluid-solids system in local coordinates

The time derivative of (1.1) yields:

(1) = 2 04(0) 30 (0°)) (0 ) + K (),
k=1

where 0'(t) = (0i(t),05(t),05(t))T = R([R'(t)]). Defining for all & € © the

vectors:
wi(0) =e1, wy(0)= el ws(0) = e1lArlgfa[A2lg

and the 3 x 3 square matrix [w(0)] as the horizontal concatenation of the column
vectors wy(0) for k = 1,2, 3, the following formula holds:

OR

aT(O)R(G)TX =wp(@)AX, VXER3 VOO, VE=1,2,3, (1.4)
k

and the Eulerian velocity v'(¢,x) at a point x of S%(t) is given by:
vi(t,x) = [w(6")]0° A (x — hi) + B, (1.5)
To simplify notations, we set wi = wy(0%), k = 1,2,3 and [w/] = [w(0")].

Fori=1,...,n, p' stands for the density of the solid 5%, m’ > 0 is its mass and
[J'] is its inertia tensor defined by:

7= [0 (i = B ] = (x50 = 1) © (x0 — b)) o,

The kinetic energy of the solid S? reads K(Q?, Q%) = (1/2) fsi(Qi) plvi(t,x)|? dx.
Denoting [M?] the 3x 3 diagonal matrix diag(m?, m*, m?), and [71(Q?)] = [w?] T [J*][w’]
this expression reads:

QL Q) = 5 (0-17°(@V)8" + - (M)
Setting then the (6 x 6)™ bloc-diagonal matrix
[Ks(Q)] = diag(l7"(Q")], [M'], [7%(Q)], [M?],.... [7™(Q")], [M"]),  (1.6)
the total kinetic energy of the n solids reads:
Ks(Q.Q) = ;’CZ(Q’,Q’) =5Q [Ks(QlQ.

The Eulerian velocity u(t, -) of the fluid in Q(Q(¢)) is given by:

u(ta ) = V(p(t, ')a



where ¢(t,) is the harmonic potential. It decomposes into ¢(t,-) = 1" | ©(t,"),
each function ¢’ (¢, -) being harmonic in Q(Q(t)) and satisfying the Neumann bound-
aries conditions:

D2 = Vi) (@) on THQ(),
X t)=0 on T U THQ (1),

where the velocity v¥(t) is given by (1.5) and the vector n’(Q’(¢)) stands for the unit
normal to I'5(Q(t)) directed towards the exterior of the fluid. According to (1.5),
©'(t,-) is a linear combination of the functions ¢} (Q(t),-),i=1,...,n,k=1,...,6
defined, for any Q € Q as the solution (in a sense that will be made precise later
in) of:

A o o
on (@) = 9(@) on T5(Q’), (L.7b)
%(Q» ) =0 on Fl Uj?gi F%(QJ), (17(3)

where g (Q,-) = (wi A (x —h")) -n’(Q’,-) for k = 1,2,3 and ¢, ,(Q",") = e -
n’(Q?,.) for k=1,2,3.

Thus, denoting ¢*(Q,-) = (¢1(Q,"),...,»¥5(Q,-)) ", and ¢(Q,-) the vertical
concatenation of ¢*(Q,-), i = 1,...,n, we obtain the formula:
The kinetic energy of the fluid which is assumed to be of constant density pp is
Kr(Q,Q) = (1/2) fQ(Q) lu(t)?dx = (1/2) fQ(Q) |V(t,x)|2dx. Taking into account
(1.8), we define for all Q € Q the 6™ x 6™ square matrix

Kr(Q)] = pr /Q o [PP@XDE(Q T dx

and rewrite that: 1
Kr(Q,Q) = iQ - [Kr(Q)]Q.

Following Lamb [11], we will derive the governing equations for the solids motion
by using Lagrangian mechanics. In the absence of body forces, the Lagrangian of
the system is the sum of the kinetic energy of the fluid and the kinetic energy of
the solids:

£(Q.Q) = 1Q - (Ks(@Q) + [Kr(Q))Q (19)
and (see [1] page 53) the equations of the motion are:
d oL , . oL .
a@(@ Q) - @(Qa Q) = Ogn. (1.10)

Various fluid-solids interaction models were studied during the last years. We refer
for example to [12] for a precise bibliography on this topic. The originalities of our
approach is to use Euler-Lagrange equations and tools of shape sensitivity analysis
deriving from shape optimization theory. These technics allow us to deal with a 3d
model involving any number of solids of general shapes immersed in either bounded
or unbounded fluid. The firsts who worked on solids dynamics in a frictionless
fluid were Thomson, Tait and Kirchhoff. They were also the firsts who introduced
the generalized coordinates and the Euler-Lagrange equations to study this kind
of problems. Lamb, in [11], used their works to study the motion of solids in
unbounded irrotational fluid. For example he dealt with the motion of a cylinder,
an ellipsoid or two spheres. However the interesting case of shocks was not studied.



1.2 Notations

Throughout this article, we shall use bold print notations for vectors like x, h, Q
whereas we keep the usual characters for their coordinates x;, h;, ¢; and in a general
way for any real valued functions like ¢, ¢. The canonical basis of the physical space
R? is {e;,eq, ez} and the canonical basis of the 6n dimensional space of the local
coordinates Q is {el,... el e?, ... €2, ... e}, ..., e}}.

A matrix is denoted in square brackets [M], its entries are M;, ;, and [M]T is
the transposed matrix. We use double square brackets for three-rank tensors like
[T]. Its entries are Tj, j, j,-

In section 4, we will identify R? with the complex plane C and any vector
X = (x1,72)" with the complex number z; + izy where i> = —1. Due to this
identification and according to the rules of notations above, we shall use bold print
notations for complex numbers z = 1 + izo. In the same way, we will make no
difference between a complex valued function f(z1+ize) = f1(x1+ixe)+ifo(x+izs)
and the vector valued one f(x1,29) = (fi(z1,22), fo(x1,22)) . At last, for an
holomorphic function, the complex derivative f'(zy + izg) will coincide with the
Jacobian matrix of f and sometimes be denoted [f'].

1.3 Main results

The first Theorem concerns the existence, uniqueness and regularity of local solu-
tions for the Euler-Lagrange system of ODE (1.10):

Theorem 1.1 Assume that O is Lipschitz continuous. Then, for any time t > 0,

any admissible position of the solids Pe?P and any initial data (Q, Q) € Q(lg) X
(R? x R3)™, there exists an interval (t1,t2) C R containing t and a unique solution

t € (t,t2) — Q*(t,ﬁ@,@_) € Q(P) to the ODE (1.10) satisfying Q*(#,1,Q.Q) =

Q and Q*(f,f,@,(j) = Q. Moreover, the function Q*(~,f,(§,(~2) s indefinitely
differentiable.

Combining this Theorem with a priori estimates, it shall allow us to prove:

Theorem 1.2 Assume that 0$) is Lipschitz continuous. Then, for any initial data
(), [E)).- . ([Is]. [F)) € (T'SO(3))" and (B, Bb), ... (b, b)) € (RS x RY)"
(initial positions and initial velocities of the solids), there exists a times T* > 0 and
a unique indefinitely differentiable function:

P*:[0,T") =P
t— (([R'®)],h'(1),.... ([R"()], h" (1)),

for which P*(0) = (([Is},hb), .., (L), 1g)) and P*(0) = (([BS). Bd), .. (R3], g))
and such that the trajectory of a point X'(t), occupying the position x{, € S* at the
instant t = 0 be given by (1.1).

The time T™ corresponds to the time of the first collision between two solids
or between a solid with the fluid domain boundary. If there is no collision, then

T = .

Assuming additional regularity for 0f), it is possible to make explicit the Euler-
Lagrange equations (1.10). The expression shall involve ¢(Q, ) and [De(Q, )] on
I'5(Q) and geometric data of the solids. Thus, for any x € I'y(Q?), 7¢(Q?,x) and
75(Q¢, x) stand for the principal directions on T'5(Q) at the point x and x¢(Q¢, x)
and x%(Q?, x) are the principal curvatures. The set {7%(Q¢, x), 75(Q¢, x),n*(Q¢, x)}
is a direct orthonormal basis of R? and IT/(Q?, x) = % (Q%, x)7% (Q!, x)®@7% (Qf, x)+
k2 (Q%, x)T2(Q%, x)®@72(Q1, x) is the second fundamental form on I'y(Q) at the point



x. We refer to [4] for details and precisions on this topic. We introduce also the
6—length column vectors defined on I'4(Q) by:

Wi (06 x) — [[@((x=h) An'(Q',x))

n(Q aX) - |: ni(Qi7x)) :l ) (1113’)
i rvi oy | [@]((x = h) ATL(QF, %)) _ i

W (Q',x) = [ T;(Qi,xlf ] . k=1,2, Vx ey (Q), (1.11b)

and Wi (Q',x) = WL (Q',x) = 0g if x € T}(Q/), j # i. We define also the
6n—length column vectors W, (Q,x) and W, (Q, x) obtain by concatenating re-
spectively the n vectors W;k (Q'i, x) and the n vectors Wi (Q%, x). Forallx € T'x(Q)
and k= 1,2, ki(Q,x) = £, (Q", x) if x € I'5(Q"). We set then the following three-
rank 6n x 6n X 6n tensors:

[Tr,(Q)] = —pr / DEQIIDAQ) © Wa(Q) do

+ o [ Wa(Q)® [Do(Q)Dp(Q)] do,

2 r2(Q)
e (54(Q) + 2 Q)P(Q) © Wa(Q) & Wa(@dr, (112
I'2(Q
and for k =1,2:
[T (@) = pr | Q@) W (Q O Wo Qo (113)
I2(Q
In the other hand, for any ¢ = 1,...,n, we introduce the three-rank 6 x 6 x 6 tensor
[7°(6")]:
Tli,jl,jg(ei) = (wfnin{jl,jg} A winax{jl,jz})wi]w?c + (‘-"3‘1 A wz)[‘]i]‘*’;g

+ (wé-2 A w}é)[]ﬂw?v

(1.14)
if 1<k, j1,jo <3and T} . (0") = 0if 4 <k, j1,jo < 6. Thus, ([T7(6")],Q", Q")
yields a 6—length column vector. With the tensors [T7%(6")], we build the three-rank
61 x 61 x 6n tensor defined for all (Q, Q) € Q x (R%)" by:

([T"(Q"].Q", Q")
([Ts(Q)],Q,Q) = : . (1.15)
([T"(QM], Q" Q")
Theorem 1.3 Assume that 0S) is of class C?. Then, the Euler-Lagrange system
of ODE (1.10) reads:
(Ks(Q)] + [Kr(QNQ+([75(Q)]. Q. Q)
+ <[[TFn(Q)]]7 Qa Q> + <[[TF1 (Q)]]v Q7 Q> + <[[TF2 (Q)H? Qa Q> = Ogp-

Furthermore, all the matrices and tensors involved in this equation are well defined
and indefinitely differentiable with respect to Q for all Q € Q.

At last, assuming there is only one solid in the fluid, we shall prove:

Theorem 1.4 If we specify the solid to be an infinite cylinder and the domain of
the fluid to be an half space, then there exist initial conditions such that the cylinder
collides with the boundary in finite time with non zero relative velocity.



1.4 Plan of the paper

This paper is organized as follows : in the following section, we deal with a generic
problem of shape sensitivity analysis. The results are used in section 3 for the proofs
of Theorem 1.1, Theorem 1.2 and Theorem 1.3. Then, in section 4, specifying the
solid to be an infinite cylinder and the domain occupied by the fluid to be an half
space, we shall prove that finite time collisions happen. In the last section, we will
study the behavior of the solid just before the collision time.

2 Shape sensitivity analysis

2.1 The context

Let € be an open connected subset of R? satisfying one of the following assertions:

 bounded, (2.1a)
Q° bounded, (2.1b)
O is an hyperplan outside a bounded set. (2.1c)

We denote ' = 992 and we assume furthermore that
I'= Fl @] FQ, Fl n FQ = @ and FQ is bounded. (Hl)

Following A. Henrot and M. Pierre in [10], we introduce for all m > 1 the Banach
spaces C™ > (R3,R3) = C™(R3,R?) N W™= (R3,R?) and C;">(R3, R?) the subset
of the functions compactly supported in C™>(R3,R?). The following properties,
which proof can be found in [10] page 184, will be useful in the sequel:

Lemma 2.1 There exists a neighborhood U of [I3] in C1>°(R3 R?) such that the
following mappings are well defined and indefinitely differentiable:

O U [DO] ! € L®(R*, M(3)), © €U~ |det[DO]| € L®(R?).  (2.2a)

Let now Q be an open subset of R? (p > 1) containing 0, and consider a C¢
mapping (a > 1):

Q= (a1, 0) € Q- 6(Q,) € C™F(RYR?), (2.3)
such that
, Forall Q € Q, #(Q,) € U, $(Q,) — [I3] € CH(R3R3) and (Hy)
¢(0p,) = [13].
For all Q € Q, ¢(Q,T'1) =T'; and ¢(Q, ) is a rigid motion in a neigh- (Hs)

borhood of T';.

We denote 2(Q) = ¢(Q,Q), I'(Q) = ¢(Q,T) and I'y3(Q) = #(Q,T'2) and we define
for all Q € Q:

[A(Q, )] = [D&(Q, )] ' [DH(Q, )] det[DB(Q, )] € L= (R?, M(3)).

The hypothesis (Hz) leads to [A(0,, )] = [[3] and [A(Q,")] — [I5] € Cy"™(R3,R3).
Let 0 < § < 1. Lemma 2.1 allows us to choose Q small enough such that:

IAQ, )] = sl s mz) <0, VQe€ Q. (Ha)



For any Q € Q, we consider the solutions (in a sense that will be made precise later
in) u1(Q,-) and u2(Q,-), of the following Neumann problems:

—Auk(Q,-) =0 in 2(Q), (2.4a)
2@ ) = (@) n Q) k=12 (2.40)

where ¢1(Q,-) and ¢2(Q,-) are given functions on I'(Q). We are interested in
studying the sensitivity with respect to Q of the functional:

T(Q) = o) Vu1(Q, x) - Vua (Q, x) dx. (2.5)

2.2 The functional spaces
We denote:
L) = {G € L*(I) |/F Gdo, = 0 if (2.1a) holds and G|p, = 0 if (2.1c) holds},
H'Y?(T) = HY*(T) n L*(T),
and the weighted Lebesgue spaces:

L2Q) ={ueD(Q)|(1+ |x[*)*u e L2 (Q)}, if Q is not bounded,
L2(Q) = L*(Q), if © is bounded.

We define also:
V= {u e D/(R3) | u/(1 + |x[2)/* € L2(R%), Vu € L2(R3,R3)} :
and, if ) is bounded, we set for all Q € Q the quotient space:

VH(Q) = {ueD'(QQ))|ue L*(2Q)), Vu € L*(2Q),R*)} /R.

If © is not bounded, the definition above turns into:

VH(Q) = {u e D(QQ)|u/(1+ [x[)** € L2(RAQ)), Vu € LA(AQ). R
At last, we will need:

V2 = {ue V(Q)|(1+ x2)*/4[D%] € L*®*, M(3)) } .
V2(Q) = {u e Vi(Q)|(1+ [x?)*/4[D%] € L(Q(Q), M(3)}, if ©is not bounded,
V2(Q) = {ueV'(Q)|[D%y] € L*(2(Q),M(3)}, if € is bounded,

where [D?u] stands for the Hessian matrix of u. We denote merely V! = V1(0,)
and V? = V?(0,). The spaces V!(Q) and V?(Q) are endowed respectively with the
scalar products:

(u, v)y1(q) :/ Vu - Vo dx,
2(Q)
(u, v)v2(q) = (4, V)yv1(Q) +/ [D?u] : [D*0](1 + |x[?)%/? dx.
Q(Q)

We refer to the PhD thesis [6] for details about these spaces. Dealing with the
existence of solutions for (2.4), we claim that:



Lemma 2.2 Assume that T' is lipschitz continuous and that m =1 in (2.3). Then

for any gr(Q.) (k= 1,2) on T(Q) such that gx(Q, 6(Q, )) € L*(T), the system
(2.4) admits in V(Q) a unique weak solution uy(Q,-) defined by:

Vur(Q.x) - Veolx) dx = / 0 (Qux) p(x) oy Vo EVI(Q).  (26)

Q(Q) Q)

IfT is of class C% and gx(Q, #(Q,-)) € HY2(T) the solution uy(Q,) is in V2(Q)
(k=1,2).

The proof is classical if ) is bounded and we refer to [7] for the case 2¢ bounded
or the case (2.1c), which is similar.

2.3 Regularity results

From now on we shall denote G (Q, ) = gx(Q, #(Q, ) and Ur(Q, ) = ux(Q, 0(Q, )
forall Qe Q, k=1,2.

Proposition 2.1 Assume that T is Lipschitz continuous, m = 1 in (2.3) and that
Q< 9 Gi(Q,-) € LAT) is of class CP, 3 > 1. Then, the mappings:

QeQ—Ui(Q,) eV, QeQ—T(Q) ER,

are of class C™™8} in 4 neighborhood of Q = 0,.
IfT is of class C%, m =2 in (2.3) and Q € Q — G(Q,-) € HY/2(T') is of class
Cl, then:
Qe Q~Ur(Q,)eV?
is of class C' in a neighborhood of Q = 0,. Furthermore, for all compact set
K C Q, there exists a neighborhood Qx of Q = 0, in Q such that ¢(Q, K) C Q,
for all Q € Qi and the mappings:

Qe Qx — u(Q,) |k € L*(K), Q€ Qx — Vur(Q,) |x € L*(K,R?),

are also of class C'. That allows us to define x—a.e. in Q the functions duy/dq;(0,, -)
and d(Vuy)/0q;(0p,-) for alli = 1,...,p. The first one lies in V' and the second
one in L*(Q,R3).

The local results of this Proposition which are available only in a neighborhood of
Q = 0, can easily be extended to the whole set Q. Indeed, denoting 2 = ¢(Q, )

for any Q € Q and defining, for all Q in a neighborhood of Q = 0,, the function
g(Qv ) = ¢(Q + Qa ¢71(€23 ))a

there is only to apply the Proposition with the function 25 Therefore, it makes
sense to define, for all Q = (q1,...,q,)" € Q:

dq;

] (Qa) evl(Q) and (Q7) € L2<Q(Q)7R3)> i = 1ap

Assuming additional regularity for I, it is possible to compute explicitly the expres-
sions of the partial derivatives of T with respect to ¢;:



Proposition 2.2 Assume that T is of class C?, m = 2 in (2.3) and Q € Q —
Gr(Q,-) € HY2(T) is of class C'. Then, we have:

oY
9q;

Q= / Vs (Q) - Van (Q)(VH(Q) - m) dor,
2 (Q)

X (g B V! U o
+/FQ(Q) (5% (¢7(Q) = V-01(Q) -V (Q)> 2(Q) do,;

S (! o -V U o
+/rz<q>(aqi (¢#7(Q)) ~ Vrg2(Q) V(Q)> 1(Q) do,

+9 / 7(Q)g>(Q)(VI(Q) - n) do,
r'2(Q)

- /(m(Q) +#2(Q))(91(Q)u2(Q) + 92(Q)u1(Q))(V(Q) - m) dor,

FQ(
092
0q;

O

r, 0gi (Qui(Q) dow, (2.7)

+

(Qu2(Q) +

where k1(Q) and k2(Q) stand for the principal curvatures of the surface T'2(Q) (we
refer to [4], page 129 for a definition), V. is the tangential gradient and

_ 99

Vi(Q) = 5-(Q67Q)), i=L...p

2.4 Proofs of the Propositions

Proof of Proposition 2.1: Let ¢ be a function of V! and define $(Q,-) =
0(¢~1(Q,-)). Simple computations yield:

Va(Q,-) = Ve(o Q. ) [Do(Q, 67 1(Q, )],
/ VE(Q, %) dx = / Vo(x)[A(Q.x)] Ve (x) dx,
2(Q) Q

and according to the hypothesis (Hy), ¢ 0 ¢~1(Q,-) lies in V(Q). The variational
formulation (2.6) can be rewritten with the test function ¢ o ¢~1(Q,-) and yields,
upon a change of variables:

/ VUL(Q3)[A(Q, )]V () dx = / G(Q. x)¢(x) do,. (2.8)
Q I

Notice that the expression of the integral on I' results from the hypothesis (Hs).
We define then the mapping:

Fi:Qx Vi — (VY
(QaU) HA(Q)Uka(Q)a k=1,2,
where A(Q) : V! — (V1) and B(Q) € (V') are defined by

(AQU, @) iy = /Q VUAQ)Ve  dx, YU, € VY,
(Bi(Q), @) vyt = /F Ce(Qpdo,, VeV,

The mapping Q € Q — Bi(Q) € (V) is of class C” because Q € Q — G(Q,-) €
L3(T') is. According to the Lemma 2.1, one deduces as well that Q € Q — [A(Q)] €

10



L>(R3, M(3)) is of class C*. At last, the mapping

L= (R?, M(3)) x V! — (V1Y
([AL,U) — AU,

defined by
(AU 9) iy = [ TULAVT dx, WU € V1,
Q

is of class C*. Therefore (Q,U) € Q x V! — A(Q)U € (V') is of class C and F}}
is of class C™n{*f} (remark that F}! is of class C™ with respect to U because it is
linear and continuous). Moreover, F{(0,,u;(0,,-)) = 0 and 9F} /OU(0,,u(0,,))
is an isomorphism from V! onto (V!)’, according to the Riesz representation Theo-
rem. Indeed, for all U, ¢ € V! we have:

OF}
W(Opvuk(opy'))an = | VU -Vepdx.
Q

(V1) xpt
Applying then the implicit function Theorem, we conclude that there exists a neigh-
borhood Qp of Q = 0, in Q and a function Q € Qy — U(Q,) € V' of class

Cmin{eB} such that F(Q,Ux(Q,:)) = 0 for all Q € Qp. By uniqueness of the
solution of (2.6) in V1(Q), we conclude that Ux(Q, ) = ux(Q, #(Q,-)).

Proceeding as in (2.8), we rewrite Y(Q):
T(Q) = /QVUl(Q,x)[A(Q,X)WUQ(Q,X)T dx.

Since Q € Qy — VU,(Q,") € L2(Q,R3) is of class C™™e8} and Q € Q
[A(Q, )] € L>®(R3, M(3)) is of class C°°, we obtain the expected regularity result
for Q S QO — T(Q)’ namely Cmin{a,ﬁ}.

Assume now that T' is of class C? and that G(Q, ) is like in the hypothesis of
the second part of the Proposition. We define

F2:Qx V= L2(Q) x HY(T)

—div([A(Q)]VU)
(Q.U) ( VU|r-n—Gi(Q,") )

Taking into account (Hs), [A(Q)]—[I5] is compactly supported and div([A(Q)]VU) =
div([A(Q)]) - VU + [A(Q)] : [D?U] lies in £2(£2). Proceeding as for F}}, we prove
that F? is continuously derivable. Moreover FZ(0,,u(0,,-)) = 0 and:

OF? ~AU
W(Opvuk(opv'))(]— ( VU\F-H ) :

Classical results for elliptic equations [2], [7] ensure that OF2/0U(0,,u(0,,)) is
an isomorphism from V? onto £2(£2). We use then the implicit function Theorem
and conclude as for FF.

Let K be a compact subset in €2 and consider a function (x € C§°(€2) such that
(x = 1 in a neighborhood of K. The function Q — ﬁk(Q,~) = (k(HUL(Q,-) €
H(R3) is of class C! and according to the Lemma 5.3.3 page 181 of [10] we deduce
that Q — ux(Q, ") = (x (07 1(Q, ) ur(Q, ) € L?(R3) is differentiable. Furthermore
ﬁk and uy, are linked through the formula:

ouy,
0q;

U,

@)= THQ6Q) - VIHQ 67 Q) V@), i= Lo

11



We can define the function Ouy/0¢;(0,, ) in the whole set Q through its restriction
to any compact subset of (2 :
8’u;~c 66;.3
( )" ’ = (0 )" ’ ’
8(]1 p ) x 8(11 p ) X

VK C Q.

We obtain therefore that:

8uk - (9Uk

(0,,-) = VUR(0,,") - V;(0,,-) € V',

since AU} /9q;(0,,) € V1, VUL(0,,-) € L*(Q,R?) and V¥(0,,-) = 0 on I';. We
proceed as well to define OVuy/9qi(0,,) € L*(,R3), taking into account that
Uk(()p, ) S V2. [ |

Proof of Proposition 2.2: The domain (2 being of class C?, we can extend
any function ¢ € V? to be a function of V? and for all Q € Q, ¢|q(q) lies in V*(Q).
Choosing this test function in (2.6), we compute the derivative of the variational
formulation:

Vur(Q, x) - Viplx) dx = / Gr(Q. x)0(H(Q, x)) da
2(Q) r

at the point Q = 0, with respect to ¢;. Applying the Corollary 5.2.5 of [10] page
173, we obtain that:

/ %(Op,X)'Vqﬂ(X)dxﬂL Vug(0p,x) - Vp(x)(V' - 1) do,
a@ 94 r,

- [ G20 pdn+ i ([ G@sts@an ). (29)

The Lemma 5.3.3 page 181 of [10] ensures that Q € Q — Vo(¢(Q,-)) € Vs
differentiable and that

OV
dq;

(Q.") = Vo(#(Q,") - Vi($(Q,-)) € V.

In particular OV /d¢;(Q, -)|r, € H'/?(T'y) and we have :

i ([ cr@mp@xar ) -

0Gy,
Iy dq;

(Q,x)¢(6(Q,x)) + Gi(Q. x)Vep(6(Q, %)) - V'($(Q, X)) do.

Plugging this expression into (2.9), specifying Q = 0, and denoting merely uy, G
and V* for uy(0,,), Gx(0,,-) and V¥(0,,), we obtain in one hand the variational
formulation for Vuy:

/ OV Vo dx + Vuy, - Vo(Vi-n)do, = G pdo,
Q(Q) 0q; I's I, 0q;

+/ %C;kgaJerch-Vide, V@ET)Z. (2.10)
I's i

12



In the other hand, computing the derivative at the point Q = 0, of the expression
of T(Q) and applying the Corollary 5.2.5 of [10] page 173, we get:

4
dg;

= Vu, -Vus do,
Q=0 r 9q

( Vur(Q,x) - Vua(Q, x) dX>
Q)

+/ VU2 Gy, do, +/ Yy - Vus (V- ) doy.
r 0¢ I

Since u; and us lie in V2, we can use the identity (2.10) in order to transform both
right hand side terms. We get therefore:

=— [ Vu;-Vuy(V'-n)do,
Iy

& ( Vui(Q,x) - Vua (Q, x) dX)
dgi \ Jo)

Q=0,

+/ 0G Uy + @ul do, +/ G1Vuy - V' + GoVuy - Vido,. (2.11)
r, 9¢ 9q; Is

Then, decomposing V¢ into its normal and tangential part on I'y : Vi = (Vi.n)n+
V., one obtains that:

Vug - Vi = %(Vi ‘n) + V,uy - Vi, (2.12)
n

where V. stands for the tangential gradient on I's. Using some results of differential
geometry (see [10] pages 192-197), we have in one hand:

G]_VTUQ V:_ = diVT(Gl’UQVi) - VTGl . V:_UQ - Gl’u,gdiVT(Vi),
and in the other hand:
div, (VL) = div, (V) 4 (k1 + k2)(V?-n), div. (V%) =div(V') —=n'[DV]n,

where 1 + k2 = —div, (m). Taking into account (H3), we deduce that div(V%) =0
and n' [DVin = 0 since [DV'] is a skew symmetric matrix. We remark also,
applying Lemma 5.4.10 page 194 of [10], that:

diVT(GluQVi) do, = / ddi—(GlUQVi) do, =0,
Ty r
the first equality resulting from the hypothesis (H;) which means in particular that
Vi =0 onI;. Finally we get:
GV, us V:_ do, = —/ (Hl + HQ)GﬂLQ(Vi . n) + us V., Gq V‘Zr do,. (2.13)
F2 F2

Summarizing (2.12) and (2.13) and plugging the result into (2.11), we obtain the
expression (2.7) of the Proposition. W

3 Proof of Theorems

3.1 Proof of Theorem 1.1

Going back to the expression (1.9) of the Lagrangian and taking into account the
symmetry of the matrices, we deduce easily that £ is analytic with respect to Q
and that

oL

ﬁ(Q) = ([Ks(Q)] + [Kr(Q)Q.

13



Assuming for a while the matrices [K(Q)] = [Ks(Q)] + [Kr(Q)] to be derivable
with respect to Q and applying the chain rule

1 iy (K@)
ar@i= (T a).

we obtain that:

4oL oL _ 5 [AEQ) o\ o 1T /OEQ)] ¢
Qo6 9Q [K(Q)}Q+< 2Q Q)Q-3Q 5q Q. (3.1)
The Euler-Lagrange system of ODE (1.10) can formally be rewritten under the
normal form:

d[Q
at [ Q ] -
B s

To study this system, one begins with remarking that:

Lemma 3.1 Denote \; > 0 the smallest eigenvalue of the inertia tensor [J'] (see
/8] page 195) and
a=min{\;,m;,i =1,...,n},

where we recall that m; is the mass of the i—th solid. Then « > 0 and
XTK(QX = [[K(Q)X]* > ofX[*, VX e (R%)",VQeQ. (3.3)
In particular, the matriz [K(Q)] is invertible for all Q € Q.

Proof : The matrix [K(Q)] is the sum of [Kz(Q)] which is positive and [Kg(Q)]
which is definite positive for all Q € Q. Indeed, remind that [Ks(Q)] is a bloc
diagonal matrix. Each bloc is either a 3 x 3 diagonal matrix diag(m?,m?, m*)
with m? > 0 for all i = 1,...,n, either a matrix [w’]"[J!][w!]. The matrix [J]
is definite positive and simple computations yield det[w] = cos() # 0 because
0" = (0:,05,00)T € © =] —m,w[x] —7/2,7/2[x] — 7, x[. M

Therefore, in order to apply the Cauchy-Lipschitz Theorem to the ODE (3.2), the
key point consists in proving that 9[K(Q)]/0Q is well defined, at last Lipschitz
continuous and to compute it when it is possible. This task will be achieved using
arguments of shape sensitivity analysis developed in section 2.

According to the definition (1.6) of [Ks(Q)], it is clear that the mapping:

Q€ 2 [Ks(Q)] € M(6n),

is analytic. Moreover, the formula easy to prove,

Owy | wi(@) Awi(8), fl1<j<k<3,
o6, ‘{ 0a, if1<k<j<3, (34)
leads to:
Olw? . . . . Alw? . _
[w.] = e ® (w] Awh) +e3®@ (W] Aw}), [w] =e3® (whAwy), Vi=1,...,n.
00% 004

14



The differential of the matrix [w’] with respect to Q is therefore the three-rank
tensor:

[w?]
0Q

After some algebra, one obtains that:

<a[‘7al(g?z)]7Qz> Qi_%QiT <a[“7aléz(31)]7 > Ql _ <[[T1(Q1)H’Q1’Qz>7 i=1.....n,

where the three-rank tensor [7%(Q?)] arising in the right hand side has been defined
by (1.14). We get finally the equality:

(g a)a- o (Pl a- Qe @)

where [Ts(Q)] is defined by (1.15). It is clear that [Ts(Q)] is analytic with respect
to Q.

The use of the Proposition 2.1 will allow us to prove that [K#(Q)] is continuously
differentiable with respect to Q if 02 is Lipschitz continuous. Nevertheless, the
computation of d[Kr(Q)]/0Q is only possible when 9 is of class C?. Remind
that:

=R Wi AW Re +e3® (Wi Awh) ®e; +e3® (wh Awh) @ es.

[Kp(Q)] = pr /W?;(Q,x) Ve (Qux)dx, 1<iyiz<n, 1<k k<3,
Q)

where ¢! solves the Neuman problem (1.7). Hence, each entries of the matrix
[Kr(Q)] has the form of the functional Y defined by (2.5) in section 2. We define
the function ¢ arising in (2.3) as follows: let O be an open set such that T'y ¢ OY.
For each S% it is possible to find an open set O' such that S ¢ O, O compact,
O'NOY =P foralli=1,...,nand O'NOI = if i # j. We consider then a C'*®
partition of unity {¢°, ¢%, i =1,...,n} such that ¢! =1 in O, i =0,1,...,n. For
any Q in a neighborhood of ((03,h}),...,(03,hy)) in Q, the function

5(Qux) = 6%+ 37 ¢ (RO (x — ) + ),

lies in C°*>°(R?,R?) and satisfies the hypothesis (Hy) and (H3) of section 2. Then

we introduce, for all i = 1,..., n, the following vectorial fields on I'5(Q):
Vi(Q',x) = wi A (x — h), k=1,2,3 onT%(Q),
Viis(Q',x) = e, k=1,2,3 onT5(Q),
Vi(Q',x) = 03, k=1,...,6 onT(Q)\TI5(Q").

The boundaries values of dp} /On in the system (1.7) read for all i = 1,...,n and
k=1,...,6:

glic(inx) = ni(inx) -Vz(Qi,X), on Fé(Qi)’

9:(Q",x) =0, on I'(Q) \ I'3(Q"),
and the functions G (Q,-) = g.(Q%, ¢(Q,-)) are:

Gi(Q',x) =n" - ((R(6") "wj) A (x — hy)),

2+3(Qi7 X)

n
n’ ~R(9i)—rek, onTh 1<k<3,
L(Q',x) =0,

onT\T%, 1<k<6.
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Since G4.(Q', ") € L2(I'y) for all Q € Q, Lemma 2.2 applies. It ensures the existence
and uniqueness of the functions ¢%(Q,-) in suitable weighted Sobolev spaces. The
matrix [Kr(Q)] is hence well defined for all Q € Q. Moreover, it is clear that the
functions Q — GL(Q',-) € L2(T) are indefinitely differentiable. According to the
Proposition 2.1, the mapping Q — [Kr(Q)] is also of class C*° in a neighborhood
of ((03,h}),...,(03,h%)). The proof of Theorem 1.1 is then completed.

3.2 Proof of Theorem 1.2

Let (Pg,Pg) € P x TP(Py) (namely, initial positions an initial velocities of the
solids) and define Qo = ((03,h}),...,(03,h?)) € Q(Py) and Qg € (R* x R3)™ such

that oA
<8Q(PO’ Qo). Q0> = P,.

We can apply Theorem 1.1: there exists a real interval [0,7) and a unique C'*°
function Q*(-,0, Qo, Qo) that solves (1.10) on [0,7"). We set then

P*(t) = A(Py,Q"(t,0,Q0, Qo)), Vte€[0,7).
The principle of conservation of energy ensures that
‘C(Q*(t7 07 Q07 Q0)7 Q*(ta 07 QOa QO)) = L(QOa Qo)a Vi S [07 T)
The definition (1.9) of the Lagrangian and the formula (3.3) yield:

(0. Q0, Q) < —£(Q. Q). V€ [0,T). (36)

Classical results on the ODE (see for example [3] page 13) allow to make precise the
behavior of the point (¢, Q*(¢,0, Qo, Qo), Q*(¢,0,Qo, Qo)) € R x Q(Pg) x (R®)" as
t — T. One of the following alternatives holds:

e cither T'= o,
e either |Q*(t,O,Q0,Q0)| — o0 as t — T but this case is excluded by the
estimate (3.6).
o cither Q*(t,0,Qo, Qo) — Qi € IQ(Py) and Q*(t,0,Qo, Qo) — Q; € (R)"
ast — T.
In the last case, if the point Q; does not correspond to a collision, we can set
Py = A(Po, Q) Py = (91/0Q(Po, Q). Q, ), and Q' = A~ (Py, Q).
) OA—L - .
=({——(P .
Qi < 7Q ( 17Q1)7Q1>

We can then build a new solution with initial data (Qq, Ql) This solution does
continue P* to the right of T

3.3 Proof of Theorem 1.3

We assume now that 9 is of class C? and we shall compute the expression of
I[Kr(Q)]/0Q. Applying the formula (1.4) and (3.4), we get:

8691- (R(O)Tw}) = —R(O) T (wj Aw}) +R(O) T (wj Aw}) =03, 1<1<k<3,
l

0 (R(8) k) = ~R(O) (w] A0}, <k<i<s
l

16



From these identities, we deduce that, on I'j and for all i = 1,...,n:

Fled

S(Q,x) = 1<l<k<
00y (@%) =0, <I<k<3,
aaif (Q',x) =n" - ((-=R(8") " (wj A w})) A (x — hp)), 1<k<I<3,

l

9Gi , N ,
e (QLx) = —R(0) 0’ (Q',x) - (w] Aep), 1<kiI<3
l
and
8G{“(QZQX)=0, 1<1<3,1<k<6.
Ohi

We deduce that, on T'h:

0@ @) =0 i<k,
l
oGt . . o o
Q071 (Qx) = (Wi An'(Q1) - Vi@
l
— (Wi, An’(Q) - VI(Q), 1<k<I<3,
8?—}52_,3 (Qi’d)*l(Q,X)) = (w} A nZ(QZ)) - €L, 1<I< 3’ 1<k< 3’
l
%%(Qi,cb_l(Q,X)):O, 1<1<3, 1<k<6.
l

In order to apply formula (2.7), we need also to compute the quantities Vg (Q?, x)-
Vi(Q,x). We will denote merely Vi instead of Vi(Q?,x) in the following. We have,
Vi=1,....,n,Yk=1,2,3

V-(0'(Q', %) - (wi A (x —h'))) - Vi = (Von'(Q',x) - V]) - (w} A (x — h'))
+0(Q",x) - (wj, A (V-(x = h') - V})).
According to the definition of the tangential gradient in [10] page 192, we get:
Vo(x—h')- Vi =V (V] n'(Q",x))n"(Q",x),
and therefore:
V-0i(Q', %) Vi = (Vn'(Q',x)-V])- Vi~ (wpAn'(Q',x))- V] 1<k <3. (3.7a)
Proceeding as well, we get:
V-91(Q',%) - Vi = (V,0'(Q',x) - V) - V|, 4<k<6. (3.7b)

Denoting then TT%(Q?) the tangent bundle of I'4(Q?), TS? the tangent bundle
of the 2-dimensional sphere S? and II' : TT%(Q%) x TT%(Q?) — TS, the second
fundamental form on I'y(Q") (see [4] for a definition of these notions), we rewrite
(3.7):

VTinc(inx) V; = _<Hi<Qi7X)>Vli’V;:c> - (w;c A ni(Qi,X)) ’ ?a 1<k<3,

V-g1(Q',x) - Vi = —(ITIN(Q",x), V], V}.), 4<k<6
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According to the notations introduced in subsection 1.3, we get the relation:
'(Q', x) = #1(Q%, x)71(Q’, x) @ T1(Q", %) + r5(Q", x)75(Q", x) ® T5(Q, x).

If 1 <1,k < 3, we can rewrite, according to the definition of the vectors V¢ and the
properties of the wedge product:

(@ AN'(Q1,x)) - Vi = (@] AR (Q),x)) - (i A (x — b))
— wiT[((x — ') - n*(Q, %)) [I5] — n*(Q",x) @ (x — h)]uw].

Denc_)ting gl(le )= (gi(QZ’ S ’gé(Qz7 ))T and G'(Q',-) = (G1(Q", ), ... ’_Gé(QZ7 '))Tv
[0G/0Q"(Q%, ¢~ 1(Q,x))] is a 6 x 6 matrix whose column vectors are dG*/d0;,
O0G'/Ohi, 1 =1,2,3. We define as well that matrix [V,¢*(Q’, x)] whose row vectors

are V,gi(Q',x) for k = 1,...,6 and we denote [V'] the matrix built by the hor-
izontal concatenation of the column vectors V};, k=1,...,6. We can summarize

the results still obtain by:

0G?
0Q!

(Q,671(Q, x>>} —[V.g1(Q1,x)] [VI] - (£ (Q")+r5(Q"))g" (Q', x)[V] Tn’
Ai 7 Ai \1T
. M( [¢R<Qv>1 [Rmn ]
(A% (Q)] Ay (Q)]
[Bir(Q)]  [Bir(Q)]T D l o] ]
[Bir(Q)]  [03xs] L] |

where (we dropped Q! and x in the following to simplify the notations):

M

[Afpl = > ki((x—h) AT, ® (x —h') AT} — (x —h') An’ ® (x — h') An’),
k=1
[Bir] = (x —h*) -n)[[5] - n’ ® (x — h'),
[Ar] = Y k(7). ® (x =) A7) —n' ® (x — ') An'),
k=1
[Bir] =71 @75 — TH @ T,
2
[Ap] = Z%(Ti T, —n'®n’).

=

[

Setting then the 6n x 6n bloc-diagonal symmetric matrix:
(B] = diag([BY), (B2), ..., [B"]),

and applying formula (2.7), we get:

IKFQ)] A\ n_ TC .O)do
(P a)a= [ PRCELEIC LA

py / (51 + 12)(P(Wa - Q) + Wa(gp - Q)(Wa - Q) do,
I'2(Q)
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where the vectors W, (Q,+), W,,(Q,-) and W,(Q,-) are defined on I'2(Q) by
(1.11a). Proceeding as well we get:

Q' <3“§;’C§Q”, YQ=-or [ (@IDeIDE QWs o,

+§ij Jie sl Q)(Wo - QW +2(¢ - Q)BIQ) o

. / 2k + o) - Q)W - Q) do.
T2 (Q)

After some simplifications, we deduce that:

<a[f;FéQ)] , Q> a-1a7 < [I%Q)] >Q )

. / DD QW - Q) dory + i / D] QW do,
rs(Q) 277 Jra@

2
+3pr / AW Q) (W Qo (39

Introducing the tensors [Tr, (Q)] and [TF, (Q)] defined respectively by (1.12) and
(1.13) and plugging the expressions (3.5) and (3.8) into (3.1), we obtain the formula
of Theorem 1.3.

4 Motion of an infinite cylinder

In the remaining part of this paper we study the motion of an infinite cylinder in
an half space. For symmetry reasons, the problem reduces to a plane configuration
and the cylinder to a disk. Therefore, let us denote €2 the upper half-plane 2 =
{(z1,72)" € R?, s.t. 29 > 0}. The solid S(0) is supposed to be a disk of center
hy = (0, ho) and of radius r = 1. Since we shall consider only initial velocities of
the form hg = (0,70) ", the center of the disk remains in the axis z; = 0 for all
t > 0 and then h(t) = (0,h(t))". The velocity is therefore h(t) = (0,h(t))"T. We
assume also that the initial angular velocity is zero and hence that the disk will not
rotate in his motion. In this case, the potential of the fluid is linear with respect to
h and reads merely hgp where the function ¢ solves:

—Ap(t,-) =0 in Q\ S(t), (4.1a)
g—i(t, y=h—1x9 on 0S(t), (4.1b)
gi (t,-)=0 on Of. (4.1c)

We shall compute explicitly the solution of (4.1), using a conformal mapping method.
Then we will determine the kinetic energy of the fluid in terms of k and h and apply
the Lagrangian formulation (1.10) in order to show that the disk hits the boundary
with non-zero velocity.

Lemma 4.1 For allt > 0, the conformal mapping G defined by:

zZ —1a

G(z) =

z+ia’
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where a = Vh% —1, maps S(t) onto the disk D, of center 0 and radius o =
1/(h+Vh? —=1) and Q\ S(t) onto A, = A(0,0,1), the annulus of center 0 and
radii o and 1. For all w € A,, the inverse function g = G~ is given by:

1+ w
ia ,
1—w

g(w) =

and we have h = (671 +0)/2, a= (07 — 0)/2.
Proof : A proof can be found in [9]. W

z plane

Figure 2: The conformal mappings G and g.

Let us recall some useful classical properties of an holomorphic change of vari-
ables, the proof being let to the reader:

Lemma 4.2 Let O and O be two open subsets of R? and P = P, +iP : O — o
be a conformal mapping.

1. Considering a function f € C?(0O), we denote F = foP. Then F € C?(0O)

and we have the relation:
on*, (9P’
8u1 8u1

2. Let T be a C’~1 curve, I' C O and n be the unit normal to I'. Denote also
I'=P(T") C O and n the unit normal to T'. Then we have:

AF(ul,UQ) = Af(P(’U,l,UQ)),

for all (uy,uz)" € O.

—n(P(ul,uQ)). (4.2)

Applying Lemma 4.2, the new function ¢(u1, u2) = ¢(g(u1,u2)) solves the Neumann
problem:

Ag(uy,ug) =0 for (u1,us2) € Ay, (4.3a)
g—i(ul,lw) =0 for u% + u% =1, (4.3b)
0¢ _a20% — (1 + 0?)uy]

a—n(ul, ug) = for u? + u3 = o2 (4.3c)

o(l4 02 —2uy)?
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For all t > 0, according to [5, Theorem 3.1], the harmonicity of ¢ ensures the
existence of an harmonic conjugate function ¢ and of an holomorphic function F
defined in 2\ S(t) by F = ¢ + i1). Remark that, since 2\ S(¢) is not a simple
connected set, this existence result is not obvious. The function F is defined up
to an additive complex constant because ¢ is the solution of a Neumann problem.
From the boundaries conditions (4.3b) and (4.3c) for ¢, we deduce the boundaries
conditions for F. On the boundary |w| = 1 of A,, the exterior unit normal is
n = w, then 0F /On(w) = F/(w)w. On the boundary |w| = o, the normal vector is
n = —w/o, therefore —00F /On(w) = F/(w)w. Finally, with w = uy + ius, (4.3b)
and (4.3c) yield for F the conditions:

R(F'(w)w) =0 for |w| =1, (4.4a)

—a[20? — (1 + 0?)uy]

R(F'(w)w) = (1507 —2uy)? for |w| = o. (4.4b)

The function F being holomorphic in the annulus A,, it admits an expansion in
the form of a Laurent series.

Lemma 4.3 The Laurent series of the function F, holomorphic in A, and satisfy-
ing (4.4) is:

— —az T (W W), Vw € A, (4.5)
n>1
where v € C is an arbitrary constant.
Remark 4.1 The above series converges for o>
domain than A, .

< |w| < 072, what is a larger

Proof : Seeking the coefficients of the Laurent series (4.5), we write formally that:

F(w)=~+ Z(an +ibp)W" + (¢, +id,)w™" forallw e A,, (4.6a)

n>1

and then

R(F'(w)w) = > _ n[r"a, — r~"¢,] cos(nd)
n>1 00

> — 1"y + 7 "dn]sin(nf)  for all w =re’?. (4.6b)

For r = 1, according to (4.4a), we obtain that a,, = ¢, and b, = —d,,. For r = o,
the identity (4.4b) allows us to deduce the coefficients a,, and b,,. Thus, we get:

—o" 1 —0

27
. _ - —1in6 _ ~
Ay, + iby, = n— o) /0 a(f)e dé nd = o7 Jzn)a(n),
. —a" 1 [ ind 1p _ —o " ~
¢y +id, = 771(1 e ;/0 a(f)e™ do = 7_7](1 — a_zn)a(—n),

where a(n) is the n-th Fourier coefficient of «, the function defined for all § € R by:

—ac[20 — (14 02) cos(0)]

OZ(Q) = [1 + 02 —-20 005(9)]2

Plugging the expressions of a,,, by, ¢, and d,, in the formal expansion (4.6a), we
get:

=7+ > i Uzn a(n)w", (4.7)
nGZ*
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where v € C is an arbitrary constant. We next compute explicitly the Fourier
coefficients of . Set z = €%, it follows that:

L/ —aoldoz — (1 + 0?)(z% + 1)] dz
2it Jop (1 +0%z—0@ 1) 2"

a(n) = (4.8)

Since:

—aa[4az—(1—|—a2)(z2+1)]:(w[ 1 +i 1
[(1+02)z — o(22 + 1)) (z—0)?  o2(z—o01)2]’

the relation (4.8), combined with (4.7) gives, according to the residue Theorem:

(n) = nac™ for all n > 1,

2 2

(n) = —nac™" for all n < —1.

Plugging these identities into (4.7), we get (4.5) and the proof is then completed. W

We shall compute now the kinetic energy of the system fluid-solid for all 0 < o0 < 1
(and hence for all h > 1, according to the relation h = (¢=! — ¢)/2). Then, using
the Lagrangian principle (1.10), we will be able to determine the velocity of the disk
and prove that for an adequate initial velocity the disk collides the fluid boundary
with non zero velocity. The following Lemma displays some properties of the energy
of the fluid:

Lemma 4.4 For all t > 0, the energy of the fluid reads Ep(t) = 1/2|h|2pp&(0)
where E(o) is given by the following series:

1 +O.2n)
_ 2
=Ta Z TZO' 1 — 0'2”)
n>1

Moreover, the function E(o) is continuous with respect to o, for all o €]0,1[ and

verifies:

. ™ . T
Jm &) =35 = Jim &0) =7 (4.9)

Proof : The kinetic energy of the fluid is:
1.
Be(t) = 5liPor [ VePx
Q\5()

where ¢ is the solution of the system (4.1). The functions G and g are holomorphic.
Hence, taking into account the Cauchy Riemann conditions, their Jacobian matrices
can be written as:

[Qc](z1,22) for all (z1,22) € 2\ S(1),

[JG](x17x2) = ‘gﬂcj(xla‘TQ)

[Jg](u1,u2) = (u1,u2)| [Qqg](u1,u2) for all (u1,uq) € Ay,

I8
(’)ul
where [Q¢] and [Qg] are orthogonal matrices. We deduce the expression of V¢ in
terms of V¢

VSD(-TLJTZ) = ‘g;i(xhiCZ) [QG](x17$2)V¢(G($1,$2))
- %(G(.’L‘l,l‘g)) _ [QG]($1,$2)V¢(G(x17x2)).
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Figure 3: Graph of the function £ with respect to h

Finally the energy of the fluid can be expressed as follows:

1 . 1 :
Be(t) = goelif [ Ve dx=goeli? [ [VoPdw.
2 2\s(t) 2 A,

Let us define (o) = ng |Vo|?(u1,uz) dw. Since |[Vo(u,us)|> = |F'(w)|?, we have
in cylindrical coordinates:

E(o)=2m /01 [;ﬂ /:Tr [F'|(pcos(0), psin(0)) dﬁ} pdp.

In order to apply the Parseval Theorem, we need to prove that for all p € [o,1] the
function § — F'(pcos(6), psin(f)) is in L?(0,27). We have the following estimates:

2n
. a no o
|[F'(pcos(6), psin(0))] < p > 1_702"(1 +o07")

n>1

ST " T T

n>1

So we can apply the Parseval equality to |F’| and we obtain:

! ano® 1 2n—2 2n—2
E(o) = 277/ pdpz L — %] P pT T (4.10a)
g n>1 o
14 o2
2 2n
= . 4.10b
Ta ;na o (4.10b)

The well known identities z/(1 —z) = >, o, 2" and z/(1 —2)* = Y, -, na™, for
all |z| < 1 together with (4.10b), allow us to turn the expression of £ into:

E(o) = ma? Z n(1+ ") Z o2k,

n>1 k>1
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We can invert the order of both sums because all the terms are positive.

E(o) = ma? Z Z no?™ 4 po?n k)

k>1n>1
2%k 2(k+1)
= ma’ Z - AV - :
= (1 —o02F) (1- 02(k+1))2

The similarity of both terms in the above series allows us to get the final expression

for &:
o ko [ 1—0? E ™
E>1

We show that the coefficients in this series are uniformly bounded by the terms of
a convergent series. By the way we prove the continuity of the energy up to o =1
(i.e. h =r). We have the following inequality:

17 k k—1
: =N 0" > kot for all 0 < o < 1,
— 0
p=0

and then

2
0%_2[1—02} _ Qk_2[1+a l-0¢

4
1_ g2k 11 okl _ok Sﬁ forall0 <o < 1.

Finally the terms of £ are uniformly bounded by a convergent series for all 0 < o < 1.
Then £ is a continuous function of ¢ (and therefore of h). We can pass to the limit
in the series as o goes to 1 and as o goes to 0 and we get the values for the energy
given by (4.9). N

To conclude this section, we show that the disk can touch the half plane boundary
with non-zero velocity. We denote merely £(h) the function £(1/(h++vh? — 1)) and
we compute the Lagrangian £ of the system and write the Euler-Lagrange principle
(1.10). That leads to the following equations:

1 .
L= -mh?+ %’W&:(h),

2
d oL oL - p:0E
T ok h(m + pr&(h)) + §h%(h) =0,
and hence
. Im+ pp&(ho)
= po [T prelio) 4.12
0 m+ pp€(h) ’ ( !

where ho and hg are the initial position and velocity of the disk. The ODE (4.12)
ensures that for all ¢ > 0, h keeps the same signum as hg. In particular, for
ho < 0 and for any hg > 1, we have 1 < h < hy. By continuity of E(h) at h=1
(what corresponds to o = 1), there exists hg > 1 such that, for all h €]hg,1],
E(h) < 3£(1)/2. We deduce that, for any hg < 0:

h m

A bl 1],
ho =\ mrppeyz <l

what proves that the disk collides the boundary in finite time with non-zero velocity.
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5 Velocity damping at the collision point

We have seen that our model of fluid-solid interaction, dealing with an ideal fluid
flow, allows the rigid body to collide the boundary of the fluid domain. Nevertheless,
the fluid has a damping effect on the velocity of the solid. Considering again the
configuration of the preceding section, we can rewrite (4.12):

ho

i ¢+p/pf<h> (5.1)

“\ 7t or/psER)

We have drawn in the figure 5 the disk velocity damping percentage 100(1 — h / ho)
with respect to h for some values of pr/ps. Note that the d’Alembert’s paradox,
holding for a disk in the whole space R?, does not apply any more in our case. The
resulting hydrodynamic force on the disk is non-null and the disk slows down when
approaching the fluid boundary.
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Figure 4: Ball velocity damping for hg = 2.5

No surprisingly, the damping effect increases as h decreases and is maximum
at the collision point, that is to say for h = 1. Since £(1) = 7%/12 — 7/4 and
E(00) = m/4, we can compute that a disk coming from infinity has lost 100(1 —
V(T + pr/psm/4)/(m + pr/ps(m3/12 — 7/4))) percents of its initial velocity at the
moment of the impact. This quantity, represented in figure 5, increases with pr/ps
and tends to 100(1 — \/1/(72/3 — 1)) ~ 34% as pr/ps goes to infinity.
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Figure 5: Velocity damping at the collision point with respect to pr/ps

In particular, even with an infinite density fluid, the disk does collide the bound-
ary.
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