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∗ SJT F�UWVRN(GXD9UZYWNPQ\[�]9Q\U ∗

^`_�acbEd8e`f=g�hjilkOmon�acbEdpmrqtsvuKwvuKxysvzl{�dpm
|(}�u\~odcn�|(}�dc�y�\w

���\�t��uK}on��td�}�dp��_�dc}���_�d4�������K�y��h��:dp�pdcb8q9dc}��y�y�y��h ���	���\x�dpm

���"�p�����t���y� ^`_tsvm�}�dc��uK}on�svm�no_�d/� uK}�dc¡¢uK}��.u\�¢��m�dc}osvdpm��tdp�Osv���\n�dp�.n�u£mon�uM��_��Kmonosv�	�tdW� uK}ob¤��¥
nosvuK��m:u\�¦�c{t}o��dpm�§�|(}�uKqtwvdcbEm/�\}�d	m�dcn�s¨�©n�dc}obEm:u\�¦dWªt�cw¨{�mosvuK�©�t}�uM�pdpm�m�dpm¬«�no_�d�{tw¨nos¨b¤�\n�d	x�u��\w
q9dcs¨�txEn�uE�tdc}os¨��d8_kO�O}�ul�OkM���\b®sv�/w¨s¨b®s¨n�m��¯uK}�no_�dpm�d/mokOmon�dcbEm����¯n�dc}��t}�uK�9dc}�m����\w¨s¨�tx�m�§¢f°�?no_tsvm
m�no{��Ok�«"m�uKwvdcw¨k�no_�d¤q��Kmosv�¤±"²¬³�´µmokOmon�dcb¶uK�µno_�dEn�uK}o{�m�svm��\���\w¨kM·�dp�X§�^`_�dE{�mo{��\w¸m�dpzl{�dc���pd
u\�:dcb®�ts¨}osv���\wrbEd��Kmo{t}�dpm�«¢�puK���dc}ox�dpmEs¨�7�t}�uKq��\qts¨w¨s¨n¹kºn�uH���tdcn�dc}ob®s¨�tsvmonosv�»bEd��Km�{t}�dy«B¡r_tsv��_
svm:no_�d¼{t�tsvzl{�d¼¡¢d��\½.m�uKw¨{tnosvuK�¾u\�r��¿`�\{���_k.�t}�uKqtwvdcb�§¼^`_�d¼bEdcno_�uM�.�t}�dpm�dc�n�m�m�uKbEd	��dc¡
� d��\no{t}�dpm�«Owvdcnonos¨�tx®_�uK�9d��¯uK}�dWªOn�dc��mosvuK��m`n�u¼_ts¨xy_�dc}��Os¨bEdc��m�svuK�À§Bf°n`}�dcw¨svdpm�uK�»no_�d/�\���\w¨kOmosvmru\�
�¤�Á�\b®s¨w¨k�u\�¸���\}��\q�uKw¨sv�¤�OsÃÂ9dc}�dc�lnosÄ�\w¦uK��dc}��\n�uK}�m¬«Às¨���uKw¨�Ms¨�tx��y�\}osÄ�\nosvuK���\w¦���\wv�c{tw¨{�m�§¼Å:�\bEdcw¨k�«
no_�d��K�\}osÄ�\qtwvdpmr�\}�d�no_�d��y�\w¨{�dpm¢u\�X�¯{t���cnosvuK��m`�\n¦xys¨��dc�£��uKs¨�ln�m�«Mno_�dcs¨}¦�{tb�q�dc}`q9dcs¨�tx8�9uym�mos¨qtw¨k
s¨�OÆ��ts¨n�dy§
Ç�È�É9Ê�Ë�Ì ��Í"�y�ÏÎ ªt�cw¨{�mosvuK�£�t}�ul�pdpm�m�«�_lkM�O}�uM�Okl���\b®sv��w¨s¨b®s¨n�«lb¤�\}onos¨�tx�\wvdy«t¿`�\{���_kE�t}�uKqtwvdcb�«
¡¸d��\½»m�uKw¨{tnosvuK�À«��Osvmono}os¨qt{tnosvuK�À«����\}��\q�uKw¨sv�/uK�9dc}��\n�uK}�§
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�� ���� � � ¿¸dcnon�d��cno{��td©dpm�n�wÄ�¾�t}�dcb®svac}�d©�tsvdc}o}�d���� {t��d�mo{ts¨n�d©�td©}��\�t�9uK}on�m��puK��m��K�c}��pm
�\{Oª ���W�¯uK}ob¤�\nosvuK��m»mon�uM��_��Km�nosvz{�dpm<�td��puK{t}oq�dpm�§��Àdpm£�t}�uKqtwvacbEdpm»m�uK�ln£�9uym��pm£dc� n�dc}obEdpm
�td��t}�ul�pdpm�m�{�mB��� dWªO�cw¨{�m�svuK�À«wvdrqt{tnBÆ����\w��cn��\�n`��� uKqtn�dc�ts¨}¢�tdpm��pz{��\nosvuK��m¦_kO�O}�ul�OkM���\b®svz{�dpm
�9uK{t}��pdpm�mokOmon�acbEdpm�«K�\�t}�apm���_��\�tx�dcbEdc�n�m(�����p��_�dcw¨wvdr�K���pzl{��\n�m�§"f¹�csÁ«���uK{�mJ��� �\���\w¨kOm�uK��m"z{�d¦wvd
m�kMmon�acbEd`±�²�³�´®m�{t}"wvd`n�uK}�d

Z/NZ
§��J�:mo{ts¨n�d`_��\qts¨no{�dcw¨wvd��tdpm(bEdpm�{t}�dpmBdcb®�ts¨}osvz{�dpm¦�puK���dc}ox�d

dc���t}�uKq��\qts¨w¨s¨n��y«MwvuK}�m�z{�d
N → ∞

«���dc}�m¢{t��d�bEdpmo{t}�d����cn�dc}ob®s¨�tsvmon�dy«M{t�tsvz{�d�m�uKw¨{tnosvuK�¤� �\s¨qtwvd
��� {t�?�t}�uKqtwvacbEd/�td�¿`�\{���_lk�§��J�®b��cno_�ul�td��t}�uK�9uym��pd��t}��pm�dc�n�d/zl{�dcwvz{�dpm�no}��\s¨n�m���uK{t��d��\{OªX«
wÄ�\svm�m��\�n/dpmo���c}�dc}/�tdpm:x��c� �c}��\w¨svm��\nosvuK��m"!<�tdpm/�Os¨bEdc��mosvuK��m/mo{t���c}osvdc{t}�dpm�§ Î w¨wvd®m#� �\�t�t{tsvd¤mo{t}
w$� �\���\w¨kOm�d:��� {t��d��Á�\b®s¨w¨wvd���� uK���c}��\n�dc{t}�mr���\}��\q9uKw¨svz{�dpm¬«��p��dp�����\wv�c{twJ�\{»m�dc��m`�tdpm`�K�\}osÄ�\nosvuK��m¬§
�:d<�Á�\s¨n�«¸wvdpmE�y�\}osÄ�\qtwvdpm¤m�uK�ln¤wvdpm¤�K�\wvdc{t}�m¤�t}osvm�dpmE���\}�{t��d»� uK���cnosvuK�&mo{t}E{t� dc��m�dcb8qtwvd©�td
�9uKs¨�n�m¬«��tuK�n�wvd:��uKb�qt}�d8dpmon���uym�m�s¨qtwvdcbEdc�n�s¨�OÆ��tsÁ§
% Ì ��� Ê �'& � �©� |(}�uM�pdpm�mo{�m���� dWªt�cw¨{�mosvuK�À«�w¨s¨b®s¨n�d/_lkM�O}�uM�Okl���\b®svzl{�dy«�b¤�\}onos¨�tx�\wvdy«��t}�uKqtwvacbEd
�td8¿`�\{���_k�«�m�uKw¨{tnosvuK�»�Á�\s¨qtwvdy«�uK���c}��\n�dc{t}����\}��\q�uKw¨svzl{�dy§
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7 819;:=<?>.@A>�BDC=9E>F:HG
f¹�n�dc}o�twÄ��k�q9dcn°¡¸dpdc���Osvm��c}�dcn�d/�\���<�puK�nos¨�l{�uK{�m��tdpm��c}os¨�tnosvuK�»svm��8}�dp�c{t}o}�dc�n�zl{�dpmonosvuK�<s¨�»mon���¥
nosvm�nosv���\w�t_kOmosv�pm�«�¡r_tsv��_�s¨��m�uKbEd¦���Km�dpmJ���\�/q9d¦�\��mo¡¸dc}�dp��zl{ts¨n�d(}os¨x�uK}�uK{�mow¨k��MsÄ�`�t}�uKq��\qts¨w¨svmonosv�
bEdcno_�uM�tm�§"f°�¼no_�d`�puK�n�dWªOnBu\��}�d��K�cnosvuK�O¥°�OsÃÂ9{�mosvuK�¤mokOmon�dcbEm�«\no_tsvm�svm"n��\�n��\bEuK{t�lnBn�u:mono{��OkMs¨�tx
I {tsv��uK}B_kO�O}�uM�Okl���\b®sv�pm¸w¨s¨b®s¨n�m�§�Å�{tb8q9dc}¢u\�J�\�t�t}�u��K��_�dpm¸_��p��d�q9dpdc�E�t}�uK��uym�dp�X«s¨�����\}onosv�W¥
{twÄ�\}¸s¨�¤no_�d��¯}��\bEdc¡¢uK}o½�u\�JdWªt�cw¨{�mosvuK�£�t}�ul�pdpm�m�dpm�«Mm�dpd�dy§ x�§*J¨���LK°«MJ ��KNJ¨���LK°«�J¨�y�K9�\����}�dW�¯dc}�dc���pdpm
no_�dc}�dcs¨�À§PO�mr� �\}��Km I {tsv��w¨s¨b®s¨n�m��\}�d��\n�mon��\½�dy«��\w¨wÀno_�dpm�d�bEdcno_�ul�tm�_��p��d�s¨�©�puKb®bEuK�?n�u®q9d
w¨s¨b®s¨n�dp�£n�u¼mokOmon�dcbEm¦�¯uK}¸¡r_tsv��_»no_�d�mon��\nosvuK���\}ok�m�n��\n�dpm`�\}�d�xys¨��dc�<s¨�<�cwvuym�dp�£�t}�ul�O{��cn¸� uK}obEm�«
�KmB� �\}`�KmB_lkM�O}�uM�Okl���\b®sv��w¨s¨b®s¨n�m`�\}�d��puK���pdc}o��dp�X«OuK}¸�\n¢wvd��KmonB� uK}B¡r_tsv��_£no_�d�s¨�l�K�\}osÄ�\�ln`bEd���¥
m�{t}�dE� uK}	Æ��ts¨n�d

N Q no_�d<mos¨·�d<u\��no_�d<mokOmon�dcbSR/svm¼dWªM�tw¨sv�cs¨now¨kµ½l��u¬¡r�À§UT�uK}¼s¨��mon��\���pdy«¦±"²¬³�´
¡rs¨no_ uK�9dc�7q�uK{t�����\}okº���\�ºq9d£�tdpm��c}os¨q�dp�ºs¨�7n�dc}obEm®u\��b¤�\no}osÃª7�t}�ul�O{��cn	� uK}ob Q �?m�uK}on®u\��¤��uK�O¥°�puKb®b8{tn��\nos¨��d¤�t}�ul�O{��cn:� uK}obSR��\���.no_�d	�puK�lnos¨�{�uK{�m�w¨s¨b®s¨n�m����\�.q9d	{t���tdc}�mon�uluM�©qk
bEd��\��m	u\�rqt}�u�¡r�tsÄ�\�7qt}osv�Ox�dpm Q m�dpdVJ �LK.RW§XW¾d¤�t}�uK��uym�d¤n�u©�K�O}�dpm�m�no_tsvm8zl{�dpmonosvuK� �P}�uKb no_�d
� uKw¨wvu�¡rs¨�tx��OsÃÂ9dc}�dc�ln��9uKs¨�n	u\�r�lsvdc¡�Y�mon��\}onos¨�tx��¯}�uKb¶�Osvm��c}�dcn�d�m��\b®�twvd®���\no_�m	mo{tqO~=dp�cn�dp� n�u
m�n�ul��_��Kmonosv�®�tdW�¯uK}ob¤�\nosvuK��m¬«Àno_�d¼{tw¨nos¨b¤�\n�dEx�u��\w(svm:n�u<{t���tdc}�m�n��\���Hno_�d®���\no{t}�d®u\�`no_�d¼w¨s¨b®s¨n
�c{t}o��dpm¤¡r_�dc�

N
s¨���c}�d��Km�dpmEn�uHs¨�OÆ��ts¨n¹k�§[Z�u¬¡$�tu¾no_�dpm�d?�c{t}o��dpm¤dc��uKw¨��d�¡rs¨no_&nos¨bEdy«`�\���

¡r_tsv��_Hw¨s¨b®s¨nos¨�tx»�t}�ul�pdpm�m��tu�no_�dck©}�dc�t}�dpm�dc�n	�Km
t
x�uldpm:n�u£s¨�OÆ��ts¨n°k Q dpzl{ts¨w¨s¨qt}os¨{tb �c{t}o��dpm&R�\

T�uKw¨wvu�¡rs¨�txUJ^]LKB�\���_J �LK°«�¡¢d	¡rs¨w¨w"no}ok»n�u¤xys¨��d	m�uKbEd����\}onosÄ�\w(�\��m�¡¢dc}�m�n�u¤no_�dpm�d�zl{�dpmonosvuK��m�s¨�
�¼m�dc}osvdpm�u\�"���\�9dc}�m�§
^`_tsvmrÆ�}�mon�mono{��Ok£svmrb¤�\s¨�tw¨k£�tdp�Osv���\n�dp�?n�u¼no_�d/±�²�³�´<bEuM�tdcwÁ§B^`_�d:b¤�\no_�dcb¤�\nosv���\w"�\�t�t}�uM��_
}�dcw¨svdpm®uK�ºno_�d»�\���\w¨kMm�svm®u\��mo�9dp�csÃÆ������\}onosÄ�\wr�OsÃÂXdc}�dc�nosÄ�\w�dpzl{��\nosvuK��m¼s¨���uKw¨�Ms¨�txH�K�\}osÄ�\nosvuK���\w
���\wv�c{tw¨{�m¬§NO {�m�{��\w�m�dpzl{�dc���pd�u\�Àdcb®�ts¨}osv���\w�bEd��Km�{t}�dpm¦svm¢mo_�u�¡r��n�u8�puK���dc}ox�d�s¨�¤�t}�uKq��\qts¨w¨s¨n¹k
n�u®�	�tdcn�dc}ob®s¨�tsvmonosv��bEd��Km�{t}�dy«O¡r_tsv��_�svm`no_�d�{t�tsvzl{�d:¡¢d��\½<m�uKw¨{tnosvuK��u\�"�E¿`�\{���_lk��t}�uKqtwvdcb�§
Z�dc}�d��y�\}osÄ�\qtwvdpm<�\}�d�no_�d©�K�\w¨{�dpm£u\�/m�uKbEd»�¯{t���cnosvuK� �\n�xys¨��dc� �9uKs¨�n�m<�\��� no_�dcs¨}£�{tb�q�dc}
q9dp�puKbEdpm�s¨�OÆ��ts¨n�dy§rf¹�?uK{t}�uK�ts¨�tsvuK�À«�no_�d�bEdcno_�uM���t}�dpm�dc�n�m�m�uKbEd/��dc¡)�¯d��\no{t}�dpm�«�¡r_tsv��_©wvdcn
_�uK�9d�� uK}�dWªMn�dc��mosvuK��m�n�u¼_ts¨xy_�dc}��Os¨bEdc��mosvuK�À§
O �¯{tno{t}�dB�puK���pdc}o�8¡rs¨w¨wlq�d�n�u�dpm�n��\qtw¨svmo_	�`�puKb®�twvdcn�d¢_tsvdc}��\}���_lk/u\�tm�kMmon�dcbEmJu\�M_lkM�O}�uM�Okl���\b®sv�
dpzl{��\nosvuK��m8«O¡r_�uym�d�mon�d��K�Ok»mon��\n�d:¡rs¨w¨wÀ_�dcw¨��n�u®�tdpm��c}os¨q9d���uK�O¥a`�s¨qtq�m�mon��\n�dpm�§

Ò�Ò$ÙcbHd�eEf�g
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^`_�d�mokMm�n�dcbEm(¡¢dr¡rs¨w¨w��puK��mosv�tdc}¢���\�En¹kl�tsv���\w¨w¨k¼q9dr�tdpm��c}os¨q9�tdp���Km¦�\�¤uK}osvdc�ln�dp�E���\no_£dcb8q9dp�M¥
�tdp�¼s¨�£��qtsv�Os¨bEdc��mosvuK���\w�b¤�\�tsÃ� uKwv�=Y

N
mon�dc��mBu\�9dpz{��\w�mos¨·�dy«�d��K��_�uK��drq�dcs¨�tx���_�uym�dc���\bEuK�tx

�¼�Osvm��c}�dcn�d8m�dcn�u\�
n
��uym�mos¨qtwvd�uK}osvdc�n��\nosvuK��m:�O}��p¡r�?�P}�uKb no_�d8m�dcn

{2kπ/n, k = 0 . . . n− 1}u\�B�\�txywvdpm�¡rs¨no_�m�uKbEd�xys¨��dc�?uK}os¨xys¨�À§B^`_�d/m�n�ul��_��Kmonosv�/�OkM���\b®sv�pm�¡r_tsv��_©svm��\�t�tw¨svdp���puK��mosvm�n�m
s¨�7�Osvmo�twÄ�K�cs¨�txHuK��d<mos¨�txywvd£��uKs¨�ln¼�\nE�?nos¨bEd£¡rs¨no_�uK{tn	qt}�d��\½Ms¨�tx.no_�d£���\no_À«(¡r_ts¨wvd£½�dpdc�ts¨�tx
�\w¨w¸w¨s¨�t½Om�¡rs¨no_ts¨�7no_�d<m�dcn¼u\���K�Ob®svm�mos¨qtwvd<uK}osvdc�ln��\nosvuK��m�§¾f¹�µno_tsvm¼uK�9dc}��\nosvuK� n°¡¢u�w¨s¨�t½Om®�\}�d
�Osvm��twÄ�K�pdp�X§ ^`_tsvmE�puK��mono}��\s¨��mEzl{ts¨n�d»mono}�uK�txyw¨kºno_�d<��uym�m�s¨qtwvd»�Okl���\b®sv���\w�}o{twvdpm¬«B¡r_tsv��_ �\}�d
xys¨��dc�?s¨�»n�dc}obEm�u\� ����	 �(�����c� � q9dcn°¡¢dpdc���puK��m�dp�c{tnos¨��d�w¨s¨�t½Om�§
W¾d:_�����d

XkX l
λkl

�

λlk

X lXk, k ∈ [1, n], k 6= l.

���$� %'&6C$@)( < :HG
* +,+.- �/���&�.�0/��M���21-�3� # �&� ���4/������E�&�&�
^`_�d8Æ�}�mon�dcwvdcbEdc�n��\}ok��\���©bEuymon�mo{��Osvdp�©dWª��\b®�twvd�svm�no_�d�mos¨b®�twvd�dWªt�cw¨{�mosvuK���t}�ul�pdpm�m�Y¸no_tsvm
bEuM�tdcwÁ«9���Pn�dc}�b¤�\�t�ts¨�tx<���\}onosv�cwvdpm�uK�ln�u¤w¨s¨�t½Om�«��puK}o}�dpmo�9uK���tm�n�u<�EuK��dW¥°�Os¨bEdc��m�svuK���\w I {��cno{O¥
�\nos¨�tx?s¨�n�dc}=�Á�K�pdy§ Z�dc}�d®¡¢d®_�����d��£qts¨���\}ok¾�\w¨�t_��\q9dcn��\���Hwvdcnonos¨�tx

X1 = τ
�\���

X2 = τ̄
«

no_�d�m�dcn�u\�"}�d��K�cnosvuK��m�mos¨b®�tw¨k£}�dc¡r}os¨n�dpm

τ τ̄
λ−

�

λ+

τ̄ τ,

¡r_�dc}�d
λ±

�\}�dEno_�dEno}��\��mos¨nosvuK�µ}��\n�dpm/� uK}/no_�d:~={tb®�µu\���<���\}onosv�cwvd¤n�u�no_�d®}os¨xy_ln	uK}/n�u�no_�d
wvdW�¯n�§
*65 +.- �/� ���&� 	��87�#9�M	��:�M	c� �����&��	��<;S�.�/�100= ! � ��; �>�
Z�dc}�d	no_�d®dc��uKw¨{tnosvuK�¾u\�¢no_�d¼}��\���tuKb ¡`�\w¨½©svm�}�dpmono}osv�cn�dp�Hn�u£no_�d¼no}osÄ�\�txy{twÄ�\}�wÄ�\nonosv�pdy§ Î �K��_
w¨s¨�t½ Q uK}¸mon�dc��R¦u\�Jno_�d�¡¸�\w¨½�svm¢dcs¨no_�dc}

1
«
e2iπ/3 uK} e4iπ/3 «M�\���£zl{ts¨n�d����\no{t}��\w¨w¨k�¡rs¨w¨w�q9d�m��\sv�n�u	q9d:u\��n°kM�9d2O	«Oe uK}�¿�«M}�dpmo�9dp�cnos¨��dcw¨k�§B^`_tsvm��puK}o}�dpm���uK���tm`n�u¼no_�d:m�u\¥°���\w¨wvdp� 0?= ! � ��; �>� «

m�s¨���pd®no_�dc}�d®svm����pul�Os¨�tx�qlk.bEd��\��m8u\���
3
¥Áwvdcnon�dc}	�\w¨�t_��\q9dcn�§�^`_�d¤m�dcn8u\� ���;	��H�&���������H� Q uK}
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}�d��K�cnosvuK��m�R¸svmrxys¨��dc��qlk

AB
p−

�

p+

BA, BC
q−

�

q+

CB, CA
r−

�

r+

AC, Q �O§¨� R
¡r_�dc}�d�no_�dc}�drsvm¦�:�t}osvuK}os���u8moklb®bEdcno}ok�«qt{tn(¡¢d�¡rs¨w¨w�s¨b®��uym�d / ��������;c�������c# �<; 	��&� ������;��.��� ��� �
uK�¼no_�d`m��\b®�twvd¸���\no_�m�§�^`_tsvm�bEuM�tdcwM¡`�Km"Æ�}�mon�s¨�no}�uM�O{��pdp�¼s¨� J���KMs¨�¼no_�dr�puK�ln�dWªMn(u\�����\}onosv�cwvdpm
¡rs¨no_�dWªO�cw¨{�m�svuK�À«��\���<� uK}�m�uKbEd����Km�dpm��puK}o}�dpmo�9uK���Os¨�tx�n�uEno_�d/}�dc��dc}�mos¨qts¨w¨s¨n¹k?u\�"no_�d8�t}�ul�pdpm�m�«
� `:s¨qtq�m`�¯uK}obÏ�¯uK}rno_�d�s¨�l�K�\}osÄ�\�ln�bEd��Kmo{t}�d/¡¸�Km�xys¨��dc�?s¨�UJ � K

� ��� �49 ����� B�C$@A>��/G
	2� 9 C �NBD:�� �4>�@ :=BDG->��NBDC < C�G�=@ @ :��c9&>��U:
&<��<��DG->��NB
(=9 � �/:6GLG�� ��� %�8��

O�m®bEdc�lnosvuK��dp� �\q9u���dy«`¡¸d©�\s¨b �\n�uKqtn��\s¨�ts¨�txº_kO�O}�ul�OkM���\b®sv�?dpzl{��\nosvuK��mE� uK}£�¾�cwÄ�Km�m¤u\�
dWªt�cw¨{�mosvuK��bEul�tdcwvm�§(^`_�d�bEdcno_�uM�X«M�\w¨no_�uK{txy_<}�dcw¨kMs¨�tx	uK�£�cwÄ�Km�mosv���\w���u¬¡¢dc}=�¯{tw�n�uMuKwvm Q b¤�\}onos¨�O¥x�\wvdpm¬«O}�dcwÄ�\nos¨��d��puKb®���K�cno��dpm�m�u\�"bEd��Kmo{t}�dpm�«M�¯{t���cnosvuK���\w��\���\w¨kMm�svm&RW«M_��Km�m�uKbEd���dc¡ �¯d��\no{t}�dpm
¡r_tsv��_»mo_�uK{twv�E_�uK�9dW�P{tw¨w¨k¤�t}�u���d��P}o{ts¨n=�¯{tw�s¨�<uKno_�dc}`�puK�n�dWªOn�m�§(^`_�d�dpm�m�dc���pd�u\�Àno_�d:�\�t�t}�u��K��_
svm¸s¨�<�Á�K�cnr�puK�n��\s¨��dp�»s¨�<no_�d��\���\w¨kMm�svmru\�Jno_�d:��uK�t{twÄ�\}r±�²�³�´£bEuM�tdcwÁ«O�t}�dpm�dc�n�dp��q�dcwvu¬¡/§ W¾d
��uKn�d	no_�d®�Os��¤�c{tw¨n¹k©n�u£Æ�����s¨�Hno_�d¼dWªMsvm�nos¨�tx£w¨s¨n�dc}��\no{t}�d����puKb®�twvdcn�d¤mono{��Ok©dc���puKb®���Km�m�s¨�tx
�y�\}osvuK{�m¼mo�9dp�csÄ�\w`���Km�dpm Q m�klb®bEdcno}ok�«(n�uKn��\w��KmokMb®bEdcno}ok�«Bdcn�� RW§µiMuKbEd£�t}�uMu\�¯m	¡rs¨w¨w`uK�tw¨k q9dm�½�dcn���_�dp�X«��\���<no_�d/}�dcwÄ�\n�dp�»}�dpmo{tw¨n�m��t}�dpm�dc�n�dp�?�Km��cwÄ�\s¨bEm�uK}�dc��dc�?�puK�K~odp�cno{t}�dpm�§
¿¸uK��m�sv�tdc}

N
mos¨n�dpm`wÄ�\q9dcw¨wvdp�<�¯}�uKb

1
n�u
N
«M� uK}ob®s¨�tx��¼�Osvm��c}�dcn�d8�cwvuym�dp�»�c{t}o��d�s¨�»no_�d��twÄ�\��dy«

m�u�no_��\n(no_�d`�l{tb8q9dc}os¨�tx8u\��m�s¨n�dpm�svm�s¨b®�tw¨sv�cs¨now¨k	n��\½�dc�®bEuM�O{twvu
N
«KsÁ§ dy§�uK�®no_�d`�Osvm��c}�dcn�d`n�uK}o{�m

G
(N) �����= Z/NZ

§¼f°�H_ts¨xy_�dc}8�Os¨bEdc��m�svuK�À«�m���k�uK�Hno_�dEwÄ�\nonosv�pd
Z

k «Xno_�d®}�dcwÄ�\n�dp� m�dcn/u\�`m�s¨n�dpm¡¸uK{twv�»q9d��O}��p¡r�©uK�?no_�d:n�uK}o{�m
(Z/NZ)k §

W¾d:x�\no_�dc}�q�dcwvu¬¡)m�uKbEd:��uKn��\nosvuK���\w�b¤�\n�dc}osÄ�\wJ�y�\w¨sv�<no_t}�uK{txy_�uK{tn�no_tsvm�m�dp�cnosvuK�À§
• R

mon��\���tm�� uK}�no_�d }�d��\w	w¨s¨��dy§
Ck[0, 1]

svm�no_�dµ�puKw¨wvdp�cnosvuK��u\���\w¨w	}�d��\wÃ¥Á�K�\w¨{�dp�X«
k
¥

�puK�nos¨�l{�uK{�mow¨k �OsÃÂ9dc}�dc�lnosÄ�\qtwvd<�P{t���cnosvuK��m¤�tdWÆ���dp� uK� no_�d�s¨�ln�dc}o�K�\w
[0, 1]

«¸�\���
M

svm
no_�d/mo���K�pd�u\�B�\w¨wXÆ��ts¨n�d��9uymos¨nos¨��d:bEd��Kmo{t}�dpm�uK��no_�d:n�uK}o{�m

G
�����= [0, 1)

§

C∞
0 (K)

svm`no_�d�mo���K�pd�u\��s¨�OÆ��ts¨n�dcw¨k»�OsÃÂXdc}�dc�nosÄ�\qtwvd:�¯{t���cnosvuK��mr¡rs¨no_?�puKb®���K�cn�mo{t�t��uK}on
s¨���cw¨{��tdp��s¨�

K
§

•
T�uK}

S
�\���\}oqts¨no}��\}ok�bEdcno}osv�Bm����K�pdy«

P(S)
svmXno_�d¢m�dcnJu\�O�t}�uKq��\qts¨w¨s¨n°k/bEd��Kmo{t}�dpm

DS[0, T ]svm�no_�dEmo���K�pd®u\�`}os¨xy_n��puK�nos¨�{�uK{�m��¯{t���cnosvuK��m
z : [0,∞] → S

¡rs¨no_HwvdW�Pn/w¨s¨b®s¨n�m��\���
t→ zt

§

Ò�Ò$ÙcbHd�eEf�g
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•
T�uK}

i = 1, . . . , N
«(wvdcn

A(N)

i (t)
�\���

B(N)

i (t)
q9d¤qts¨���\}okµ}��\���tuKb �K�\}osÄ�\qtwvdpm¼}�dc�t}�dW¥

m�dc�nos¨�tx¤}�dpmo��dp�cnos¨��dcw¨k»�¼���\}onosv�c{twvd/uK}��	_�uKwvd��\n�mos¨n�d
i
«tm�u¼no_��\n�«tu�¡rs¨�tx�n�u¼no_�d�dWªO�cw¨{O¥

mosvuK�µ�puK��m�no}��\s¨�n�«
A(N)

i (t) + B(N)

i (t) = 1
«��¯uK}��\w¨w

1 ≤ i ≤ N
§<^`_l{�m {

A
(N)(t) � � �=(

A(N)

i (t), . . . , A(N)

N (t)
)
, t ≥ 0

} svm������\}o½�u¬���t}�uM�pdpm�m�§

• Ω(N)
¡rs¨w¨w��tdc��uKn�d�no_�d©x�dc��dc}��\n�uK}<u\��no_�d��.�\}o½�u�� �t}�uM�pdpm�m

A
(N)(t)

«��\���
F (N)

t =
σ
(
A

(N)(s), s ≤ t
) svmrno_�d/�Km�m�uM�csÄ�\n�dp�»���\no{t}��\wXÆ�w¨no}��\nosvuK�À§

•
g�{t}��t{t}o��uym�d:svmrn�u¤�\���\w¨kM·�d�no_�d�m�dpzl{�dc���pd/u\��dcb®�ts¨}osv���\w�}��\���tuKbÏbEd��Kmo{t}�dpm

µ(N)

t =
1

N

∑

i∈G(N)

A(N)

i (t)δ i

N

, Q �O§¨� R

¡r_�dc�
N → ∞

«����¯n�dc}��»�puK�l��dc�tsvdc�n®m����\w¨s¨�tx©u\�`no_�dE���\}��\bEdcn�dc}�m	u\�rno_�d®x�dc��dc}��\n�uK}
Ω(N)

§�^`_�d©�t}�uKq��\qts¨w¨s¨n°k �Osvmono}os¨qt{tnosvuK� �Km�m�ul�csÄ�\n�dp� ¡rs¨no_&no_�d©���\no_ u\�/no_�d��.�\}o½�u��
�t}�ul�pdpm�m

µ(N)

t , t ∈ [0, T ]
«O� uK}�m�uKbEd:Ætªtdp�

T
«Osvm�mos¨b®�tw¨k<�tdc��uKn�dp��qlk

Q(N)
§

O�m/{�m�{��\wÁ«"uK��d����\�µdcb�q�dp�
G

(N)
s¨�

G
«�m�u?no_��\n	�»�9uKs¨�n

i ∈ G
(N)

�puK}o}�dpmo�9uK���tm8n�u?no_�d
�9uKs¨�n

i/N
s¨�

G
§ Z�dc���pdy«ts¨���Msvdc¡�u\� Q �O§¨� RW«ts¨n�svm�zl{ts¨n�d����\no{t}��\wJn�u¼wvdcn�no_�d/m�dpzl{�dc���pd Q(N)q9d��tdWÆ���dp�»uK�»�8{t�tsvzl{�d�m����K�pd

DM[0, T ]
«O¡r_tsv��_»q9dp�puKbEdpm��8�9uKw¨svmo_<mo���K�pd Q sÁ§ dy§(�puKb®�twvdcn�d�\��� m�dc���\}��\qtwvd R��MsÄ�<no_�d¼{�mo{��\w¸il½�uK}�uK½�uM�Hn�uK�9uKwvuKxyk�«"�Km/m�uluK� �Km

M
svm�s¨n�m�dcwÃ�`|"uKw¨svmo_ Q m�dpddy§ x�§ J �LK°«X��_��\�tn�dc}

4
RW§�W s¨no_�uK{tn:�P{t}ono_�dc}��puKb®bEdc�n�«

M
svm/�Km�m�{tbEdp�©n�u£q9d�dc���tu¬¡¢dp�H¡rs¨no_

no_�d<�y�\xy{�d<�t}�uM�O{��cnEn�uK��uKwvuKxyk�«`�Km¤�.�puK��m�dpzl{�dc���pd»u\�:no_�d£� �\bEuK{�mEer�\���K��_O¥ O�wÄ�KuKxywvuº�\���
^¦kM��_�uK��u\Â¾no_�dpuK}�dcbEm Q m�dpd�dy§ x�§ J¨���O«À���LK.RW§
�Jdcn

φa, φb
q�d�n°¡¸u��\}oqts¨no}��\}ok��¯{t���cnosvuK��m�s¨�

C
2[0, 1]

�\�����tdWÆ���d	no_�d�}�d��\wÃ¥Á�K�\w¨{�dp���9uymos¨nos¨��d
bEd��Km�{t}�d

Z(N)

t [φa, φb]
� � �= exp

[
1

N

∑

i∈G(N)

φa

( i
N

)
A(N)

i (t) + φb

( i
N

)
B(N)

i (t)

]
, Q �O§ �-R

¡r_tsv��_ svm8�<�P{t���cnosvuK���\w¸u\�
φa, φb

§ST�uK}/no_�d¤mZ�\½�d®u\�`qt}�dc�Ms¨n°k�«�no_�dEdWªO�tw¨sv�cs¨n��tdc�9dc���tdc���pd¤u\�
A(N)

i (t), B(N)

i (t), Z (N)

t [φa, φb]
uK�
N, t, φ

«�¡rs¨w¨wlq�d¦uKb®s¨non�dp�8¡r_�dc}�dc��dc}"no_�dBbEd��\�ts¨�tx�}�dcb¤�\s¨��m
�cwvd��\}¢�¯}�uKb4no_�d��puK�n�dWªOn�Y�� uK}¢s¨��mon��\���pdy«M¡¸d�u\�¯n�dc�£m�_��\w¨w�mos¨b®�tw¨k¤¡r}os¨n�d

Ai, Bi
uK}
Z(N)

t

§ O�wvm�u
Z(N)

mon��\���tmr�¯uK}�no_�d:�t}�uM�pdpm�m
{Z(N)

t , t ≥ 0}
§

O$mon��\�����\}��7��u¬¡¢dc}=�¯{twrbEdcno_�ul�7n�u��t}�u¬��d<no_�d£�puK�l��dc}ox�dc���pd Q s¨� ��m�dc��m�d£n�u�q�d£mo�9dp�csÃÆ�dp�wÄ�\n�dc}&R	u\��no_�d<m�dpz{�dc���pd»u\���t}�uKq��\qts¨w¨s¨n°k7bEd��Kmo{t}�dpm¼s¨�lno}�ul�O{��pdp� s¨� Q �O§¨� R	�puK��mosvm�n�m	Æ�}�mon®s¨�m�_�u�¡rs¨�tx/s¨n�m(}�dcwÄ�\nos¨��d��puKb®���K�cno��dpm�m�«l�\���¼no_�dc�¤s¨�®��dc}osÃ�PkMs¨�tx�no_�dr�puKs¨���csv�tdc���pd�u\�À�\w¨wt��uym�mos¨qtwvd
w¨s¨b®s¨n	�9uKs¨�n�m Q m�dpd¤dy§ x�§UJ¨�y�(K°§��©uK}�dpu¬��dc}	_�dc}�d¤s¨n	m�{��¤�pdpm8n�u?�t}�u���d�no_�dpm�d¤n¹¡¢u©�t}�uK��dc}onosvdpm
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� uK}Bno_�d�m�dpz{�dc���pd�u\�9�t}�u\~odp�cn�dp��bEd��Kmo{t}�dpm¦�tdWÆ���dp�£uK�
DR[0, T ]

�\���¤�puK}o}�dpm���uK���Os¨�tx	n�u�no_�d
�t}�uM�pdpm�m�dpm

{Z(N)

t [φa, φb], t ≥ 0}
«�mos¨���pd�no_�d��¯{t���cnosvuK��m

φ
q9dcwvuK�txEn�u

C
2[0, 1]

§
�Jdcn�{�m���u�¡ s¨�no}�uM�O{��pd	zl{��\�nos¨nosvdpm�¡r_tsv��_À«9�Km��Á�\}��Km�m����\w¨s¨�tx�svm��puK���pdc}o��dp�X«X�\}�d8�c}o{��csÄ�\w�s¨�
uK}��tdc}�n�u®uKqtn��\s¨�?bEd��\�ts¨�txK�¯{twÀ_kO�O}�ul�OkM���\b®sv�8dpzl{��\nosvuK��m�§




λ(N) � ���=

λab(N) + λba(N)

2
,

µ(N) � � �= λab(N) − λba(N),
Q �O§ �-R

¡r_�dc}�d/no_�d/�tdc��dc���tdc���pd8u\�"no_�d�}��\n�dpm�uK�
N
svm�dWªO�tw¨sv�cs¨now¨k<bEdc�nosvuK��dp�X§

���������	��
��������� �� �&���� ��� *�� ' � +��
	c%���	 7c��%��� 	��&���?/����c��� � �21>//	�� �������U�;���.� �4�(�����



λ(N) � � �= λN2 + o(N2),

µ(N) � � �= µN + o(N),
Q �O§ � R

� � �����
λ

	��<;
µ

	������ 1 �2;://���&�����.%�� �E��� ����	c�6�.�('�� 02� ������.�/����E	�� �.�87"	��E��# �?/���� ��� *�� '���+��N�.�/�
��	��<; ��� � ��	���# ���

logZ (N)

t

� ��	��&#
���(��� ����	 � �;���.�/� # ��; ���>� ���.�87�� 	�� ����% /������E�&�&� �P�.� � � ����
�.� �����.� �2�
	������E��� � / �E�2; �2;X#�/ ���S	*�(	-�(���c�

N2 	c�<; �.� �1�6//	-�E���E� �&#
�!� ���
N−1 " ' 02�&�&#
� �

� ��������%���� �.�/�S�(�$## ����E� �;� �.�H������	�� ���?/������ ��	�� � ��	��&#
�����
logZ (N)

0

����	%�c��� 	c�1���.� �
t = 0

�
�E���H%���� 7 �&� �.� /���� ��	 ���	� �.��� ���"�(��� ��; �� ���������6� �������� ��	��&#
��� � �.�.� 	 7c��%��� ; ���H�&�����

ρ(x, 0)
�

�(� �.�/	c�

lim
N→∞

logZ (N)

0 =

∫ 1

0
[ρ(x, 0)φa(x) + (1 − ρ(x, 0))φb(x)]dx,

��� /���� ��	 ���� �.���
, Q �O§ �-R

�(����	��H� / 	������;� ��# ���(�����c� �
φa, φb ∈ C∞

0 (K)
� � �/�����

K ∈ R
� ��	S�E���?//	-�(� �����6��	c���H�.�87 �.�/�

�.�6� ����%L	��
[0, 1]

'
- � ����� ��c� ��%������

t > 0
� �.�/���(�&#(# �����E� �;����	��<;-�c� � ��	���# ���&�

µ(N)

t

�����6%���� 7 �&����� /��;� ��	 ���	� �('
�����,�P	��

N → ∞
�P��� 	 ; �(� ���&���.�H������� � � ��	��&#
��� �/	�%��.�87 	 ; ��� ���.���

(ρ(x, t) � ���.� ���&�6/ ���(� ���
�.� � � � ���&�27�#H� � ��	��&#
���,� � � � ���X� ���.�/� #
�H�)## � ¡¢d��\½»m�uKw¨{tnosvuK�?u\��no_�d�¿`�\{���_lk»�t}�uKqtwvdcb

∫ T

0

∫ 1

0

[
ρ(x, t)

(∂θ(x, t)
dt

+ λ
∂2θ(x, t)

dx2

)
− µρ(x, t)

(
1 − ρ(x, t)

)∂θ(x, t)
dx

]
dxdt

=

∫ 1

0
[ρ(x, T )θ(x, T ) − ρ(x, 0)θ(x, 0)] dx,

Q �O§��-R
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� � ����� * � ' � + �/����;��4���� 	c�H� ��# �����������
θ ∈ C∞

0 ([0, 1] × [0, T ])
'

� �,� � ��������%��� �����D��	��E��# � �&� �.� � �21������ �����E� �;� ∂2ρ(x,0)
dx2

� �.� ��� *�� ' � + ���2;�# �E�&� ��� 	 � �M	��&�&� ��	��
= #
��7 ���� ���&## 	c��� ���

∂ρ(x, t)

dt
= λ

∂2ρ(x, t)

dx2
+ µ[1 − 2ρ(x, t)]

∂ρ(x, t)

dx
.

���	� ��� � ^`_�d¼mo½�dcn���_¾u\�¸no_�d	�t}�ulu\�¦svm�m��t}�d��K��u¬��dc}�no_t}�dpd	b¤�\s¨�¾mo{tq�m�dp�cnosvuK��m�«9}�dW� dc}o}�dp�.n�u
_�dc}�d����¯n�dc}��Km	��
�«���?�\�������À§

� ������������� ����� � ���� !� 
"�!�$#��%�&�'�(�*)+� �-,/.������0��12 	� � 
3#�1��4�5���-�0��6 O�mE{�mo{��\w�s¨�&�t}�uKqtwvdcbEm
�td��\w¨s¨�tx7¡rs¨no_ �puK���dc}ox�dc���pd u\��m�dpzl{�dc���pdpm£u\���t}�uKq��\qts¨w¨s¨n°k bEd��Kmo{t}�dpm�«�uK{t}<��dc}ok&m�n��\}onos¨�tx
�9uKs¨�n¢¡rs¨w¨w�q9drn�u8dpm�n��\qtw¨svmo_¤no_�d�¡¢d��\½®}�dcwÄ�\nos¨��d��puKb®���K�cno��dpm�m¢u\�Àno_�d�m�dcn

{logZ (N)

t , N ≥ 1}
§

iMuKbEd¸u\��no_�d¢�t}�uKq��\qts¨w¨svmonosv���\}oxy{tbEdc�n�m(dcb®�twvu¬k�dp�¼s¨�¼no_tsvmJ���\}��\xy}��\�t_¤�\}�d¢s¨�¼��¡¸��k��cwÄ�Km�m�sv���\w
�\���?���\�»q�d�� uK{t���»s¨�»x�uMul�<q9uluK½Om�«tdy§ x�§*J¨���t«X�y�(K°«��\w¨no_�uK{txy_�� uK}�mos¨b®�twvdc}�bEuM�tdcwvm�§
^`_�d/�t}�ul�pdpm�m

U (N)

t
�����= Z(N)

t − Z(N)

0 −

∫ t

0
Ω(N)[Z(N)

s ]ds Q �O§ �cR
svm:��q�uK{t���tdp�

{F (N)

t }
¥Áb¤�\}onos¨�tx�\wvdy§87�mos¨�tx£no_�d�dWªO��uK��dc�lnosÄ�\w��¯uK}ob�u\�

Z (N)

t

n�uKx�dcno_�dc}:¡rs¨no_
�cwÄ�Km�mosv���\wÀmon�uM��_��Kmonosv�/���\wv�c{tw¨{�m Q m�dpd/dy§ x�§*J ��K°«t��_��\�À§ �O«����\x�d8�y�-RW«�s¨n`�¯uKw¨wvu¬¡�m�no_��\n

[V (N)

t ] � � �= (U (N)

t )2 −

∫ t

0

(
Ω(N)[(Z (N)

s )2] − 2Z (N)
s Ω(N)[Z(N)

s ]
)
ds Q �O§^]-R

svm��\wvm�uE�	q�uK{t���tdp��}�d��\wÀb¤�\}onos¨�tx�\wvdy§
T�}�uKb

A(N)

i (t) +B(N)

i (t) = 1,∀1 ≤ i ≤ N
«�uK�©m�dpdpm�no_��\n

Z (N)

t

svm�b¤�\s¨�tw¨k��	�¯{t���cnosvuK���\w�u\�
no_�d:m�uKwvd��¯{t���cnosvuK�

ψxy
� � �= φx − φy = −ψyx

«O{t�<n�u®�¼�puK��mon��\�lnr{t�tsÃ�¯uK}ob®w¨k£q�uK{t���tdp�£s¨�
N
§

Z�dc���pdy«�m�dcnonos¨�tx

∆ψxy

( i

N

) � � �= ψxy

( i+ 1

N

)
− ψxy

( i

N

)
,

λ̃xy(i,N) � � �= λxy(N)

[
exp

(
1

N
∆ψxy

( i

N

))
− 1

]
, xy = ab

uK}
ba,

¡¸d�_��p��d
Ω(N)[Z(N)

t ] = L(N)

t Z(N)

t , Q �O§ �-R
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¡r_�dc}�d
L(N)

t =
∑

i∈G(N)

λ̃ab(i,N)AiBi+1 + λ̃ba(i,N)BiAi+1. Q �O§¨���-R

e¸k {�mos¨�txµno_�d©dWªt�cw¨{�mosvuK� �t}�uK��dc}on¹k�«��¾m�no}��\s¨xy_n=� uK}o¡¸�\}�� ���\wv�c{twÄ�\nosvuK� s¨� dpzl{��\nosvuK� Q �O§¨���-R�\w¨wvu¬¡�m�n�u¼}�dc¡r}os¨n�d Q �O§^]-R¸s¨�»no_�d:� uK}ob

[V (N)

t ] = (U (N)

t )2 −

∫ t

0
(Z(N)

s )2R(N)
s ds, Q �O§¨�y� R

¡r_�dc}�d/no_�d��t}�ul�pdpm�m
R(N)

t

svm�mono}osv�cw¨k£��uym�s¨nos¨��d8�\���»xys¨��dc��qlk

R(N)

t =
∑

i∈G(N)

[λ̃ab(i,N)]2

λab(N)
AiBi+1 +

[λ̃ba(i,N)]2

λba(N)
BiAi+1.

^`_�d�s¨�n�dcxy}��\w�n�dc}ob�s¨� Q �O§¨�y� R�svm¢��uKno_ts¨�tx�dcwvm�d�qt{tn¦no_�d�s¨���c}�d��Km�s¨�tx8�t}�uM�pdpm�m¢�Km�m�ul�csÄ�\n�dp�¤¡rs¨no_�:uMuKq�� m��tdp�puKb®�9uymos¨nosvuK�?u\��no_�d/mo{tqtb¤�\}onos¨�tx�\wvd
(U (N)

t )2
§

^`_�d��¯uKw¨w¨wvu¬¡rs¨�tx¤dpmonos¨b¤�\n�dpm��\}�d8�c}o{��csÄ�\wÁ§
����
 
 1 �������

L(N)

t = O(1), Q �O§¨���-R

R(N)

t = O
( 1

N

)
. Q �O§¨���-R

���	� ��� � W¾d8¡rs¨w¨w��tdc}os¨��d Q �O§¨���-Rrqk�dpmonos¨b¤�\nos¨�tx�no_�d/}os¨xy_ln=¥Á_��\���©mosv�td/bEdcb8q9dc}�u\�Bdpzl{��\nosvuK�
Q �O§¨���-RW§
¿¢wvd��\}ow¨k�«

∆ψxy

(
i
N

)
= 1

Nψ
′
xy

(
i
N

)
+ O

(
1

N2

) «�¡r_�dc}�d
ψ′ �tdc��uKn�dpm¼no_�d£�tdc}os¨�K�\nos¨��d<u\� ψ §^`_�dc�À«On��\½Ms¨�tx¤�	m�dp�puK���»uK}��tdc}�dWªO���\��mosvuK��u\��no_�d�dWªO��uK��dc�lnosÄ�\w9�P{t���cnosvuK�?�\���<{�m�s¨�txE�tdWÆ��tsÃ¥

nosvuK��m Q �O§ �-Rr�\��� Q �O§ � RW«t¡¸d/���\��}�dc¡r}os¨n�d Q �O§¨���-Rr�Km

L(N)

t =
µ(N)

N

∑

i∈G(N)

[
Ai +Ai+1

2
−AiAi+1

]
∆ψab

( i

N

)

+
λ(N)

N

∑

i∈G(N)

(Ai −Ai+1)∆ψab

( i

N

)
+ O

( 1

N

)
. Q �O§¨� � R
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^`_�d�Æ�}�mon¸mo{tb4s¨� Q �O§¨� � RBsvm¦{t�tsÃ� uK}ob®w¨kEq9uK{t���tdp��qlk¤�8�puK��m�n��\�nr�tdc��dc���Os¨�tx¼uK� ψ §(f°���tdpdp�X«
|Ai| ≤ 1

�\���
ψ ∈ C

2[0, 1]
«�m�u¼no_��\n

ψ′ svm�u\��q�uK{t���tdp���K�\}osÄ�\nosvuK�À§
O�m¸� uK}rno_�d/m�dp�puK����mo{tbÏ�puKb®s¨�tx�s¨� Q �O§¨� � RW«t¡¢d/_��p��d

∑

i∈G(N)

(Ai −Ai+1)∆ψab

( i

N

)
=

∑

i∈G(N)

Ai+1

[
∆ψab

( i+ 1

N

)
− ∆ψab

( i

N

)]
.

^`_�dc�?no_�d��Osvm��c}�dcn�d �J�\�twÄ�K�csÄ�\�

∆ψab

( i+ 1

N

)
− ∆ψab

( i

N

)
≡ ψab

( i+ 2

N

)
− 2ψab

( i+ 1

N

)
+ ψab

( i

N

)

�K�Ob®s¨n�m�u\�"no_�d�m�s¨b®�twvd:�¯uK}ob

∆ψab

( i+ 1

N

)
− ∆ψab

( i

N

)
=

1

N2
ψ′′

ab

( i

N

)
+ O

( 1

N2

)
, Q �O§¨���-R

¡r_�dc}�d
ψ′′ �tdc��uKn�dpm�no_�d/m�dp�puK���»�tdc}os¨�y�\nos¨��d8u\� ψ §

e¸k Q �O§ � RW« λ(N) = λN 2 + o(N2)
«�m�u¼no_��\n Q �O§¨���-Rrs¨b®�tw¨svdpm

λ(N)

N

∑

i∈G(N)

(Ai−Ai+1)∆ψab

( i

N

)
=

∑

i∈G(N)

λAi+1

N
ψ′′

ab

( i

N

)
+o

( 1

N

)
= O(1), Q �O§¨� �-R

¡r_tsv��_©�puK���cw¨{��tdpm�no_�d��t}�uMu\�(u\� Q �O§¨���-RW§¸^`_�d/�puKb®�t{tn��\nosvuK�.u\� R(N)

t

wvd��K�Os¨�tx¤n�u Q �O§¨���-R����\�q9d�uKqtn��\s¨��dp�»�MsÄ�®mos¨b®s¨wÄ�\}��\}oxy{tbEdc�ln�m�§

^�u8mo_�u¬¡ no_�d�}�dcwÄ�\nos¨��d��puKb®���K�cno��dpm�m¸u\�9no_�dr� �\b®s¨w¨k
Z(N)

«y¡r_tsv��_�_�dc}�dy«qkEm�dc���\}��\qts¨w¨s¨n¹k¤�\���
�puKb®�twvdcn�dc��dpm�m8u\�`no_�d®{t���tdc}ow¨kls¨�tx�mo���K�pdpm�«Xsvm8dpz{ts¨�y�\wvdc�n�n�u»nos¨xy_no��dpm�m¬«À¡¢dE�t}�ul�pdpdp� �Km8s¨�
J¨�y��K�qk£bEd��\��m�u\��no_�d��¯uKw¨wvu¬¡rs¨�tx¤{�m�dW�¯{twÀ�c}os¨n�dc}osvuK�À§
���	��#���� �!�0� ��� ��� �����  �����.������8�0�	���'�5���-�0��� � �!� ��� � ����
/� ��� �)� 6� � 0 �(�$## ����E�

{X (N)}
�;�1��	���'

; ��� �>�?��� ���6�.� �;�
DR[0, T ]

� � ��� 7�� � * � '.��'X�.� � ;���������� ��#
��� ��� � �;� �.�/�
{X (N)}

	c��� ����7�� � + � �
�.� � � � � �(�����M� � �.�87"�����<;������ ��� �1�
��� ; ,
* ��+

lim
a→∞

lim sup
N

P [||X (N)|| ≥ a] = 0, Q �O§¨�¬�cR
� �/�����

||X (N)|| �����= sup
t≤T

|X(N)

t |
'
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* �.� + � ���X��	-���
ε, η
�2�.�/���� �21c� ��2	

δ0
	��<; 	��

N0
� ��#/�� �.�/	c�	��� �

δ ≤ δ0
	��<;

N ≥ N0
�

	��<; � �
τ

� � 	�� 	�� ���.����	���� ����,/ /��.�87S����� � � �.�.�
τ + δ ≤ T

�4�.�/���

P
[
|X(N)

τ+δ −X(N)
τ | ≥ ε

]
≤ η. Q �O§¨��]-R

� �c� � �.�
	c� �����<;������ ��� * � '.+�� + � � 	�� � 	����������E���E�	c�&�2��c������7��
�����&�E��'
W¾d�¡rs¨w¨wr��u�¡ �\�t�tw¨k �Àdcb®b¤� �O§ �.n�u¾dpzl{��\nosvuK��m Q �O§ �cRE�\��� Q �O§¨�y� RW«¸no_�d»}�uKwvd�u\� X(N)

s¨�
|B}�uK��uymos¨nosvuK���O§ �¼q�dcs¨�tx®�twÄ��k�dp��qlk

Z(N)
§

g�q�m�dc}o��d8no_��\n�«�qk�no_�d8{t�tsÃ�¯uK}ob q9uK{t���tdp�O��dpm�m:u\�
Z(N)

t

«��puK���Os¨nosvuK� Q �O§¨�¬�cRrsvm�s¨b®bEdp�OsÄ�\n�dcw¨k��dc}osÃÆ�dp�X§
^�uE��_�dp��½»�puK���Os¨nosvuK� Q �O§¨��]-RW«t}�dc¡r}os¨n�d Q �O§ �cRr�Km

Z(N)

t+δ − Z(N)

t = U (N)

t+δ − U (N)

t +

∫ t+δ

t
Ω(N)[Z(N)

s ]ds. Q �O§¨���-R

^`_�d¤s¨�n�dcxy}��\w¸n�dc}ob s¨� Q �O§¨���-R�svm8q�uK{t���tdp�µs¨� bEuM�O{tw¨{�m8qlk Kδ J ¡r_�dc}�d
K
svm	�»�puK��m�n��\�n

{t�tsÃ� uK}ob®w¨k7q�uK{t���tdp� s¨�
N
�\���

ψ
K��\��� _�dc���pd?mZ�\nosvm=Æ�dpm Q �O§¨��]-RW§ W¾d?�\}�d�wvdW�Pn®¡rs¨no_ no_�d

�\���\w¨kOmosvm¸u\�
U (N)

t

§(e¸{tn�«�P}�uKb Q �O§¨�y� RW« Q �O§¨���-R¸�\������uMuKq�� m¢s¨��dpz{��\w¨s¨n¹kE� uK}¢mo{tqO¥Áb¤�\}onos¨�tx�\wvdpm�«¡¸d�_��p��d

E
[
(U (N)

t+δ − U (N)

t )2
]

= E

[∫ t+δ

t
(Z(N)

s )2R(N)
s ds

]
≤
C

N
,

P

[
sup
t≤T

|U (N)

t | ≥ ε

]
≤

4

ε2
E

[∫ t

0
(Z(N)

s )2R(N)
s ds

]
≤

4C

Nε2
, Q �O§ �y�-R

¡r_�dc}�d
C
svm:�E��uym�s¨nos¨��d��puK��mon��\�ln��tdc��dc���Os¨�tx»uK�tw¨k?uK�

ψ
§�^`_{�m

U (N)

t → 0
�\w¨bEuymon:mo{t}�dcw¨k

�Km
N → ∞

§�^`_tsvm�wÄ�Kmon��t}�uK�9dc}on°k�n�uKx�dcno_�dc}�¡rs¨no_H�Km�mo{tb®�tnosvuK� Q �O§ �-R`kMsvdcwv� Q �O§¨��]-R��\����no_�d�\�t��uK{t���pdp� Q ¡¢d��\½HR�}�dcwÄ�\nos¨��d®�puKb®���K�cno��dpm�m/u\�¢no_�d®m�dpz{�dc���pd
Z(N)

t

§ Z�dc���pdy«Xno_�d¼m�dpzl{�dc���pd
u\�"�t}�uKq��\qts¨w¨s¨n°k£bEd��Kmo{t}�dpm

Q(N)
«t�tdWÆ���dp�»uK�

DM[0, T ]
�\���»�puK}o}�dpmo��uK���Os¨�tx®n�u¼no_�d��t}�uM�pdpm�m

µ(N)

t

«�svm¦�\wvm�u�}�dcwÄ�\nos¨��dcw¨k®�puKb®���K�cn�Y�no_tsvmBsvm¦���puK��m�dpz{�dc���pd�u\�9�cwÄ�Km�m�sv���\wt�t}�u\~=dp�cnosvuK�Eno_�dpuK}�dcbEm
Q m�dpd�� uK}¢s¨��m�n��\���pd�^`_�dpuK}�dcb � �O§ ���8s¨� J¨���LK.RW§ W¾d��\}�d���u�¡ s¨���/�9uymos¨nosvuK�<n�u�m�n��\n�d:�/�¯{t}ono_�dc}
s¨b®�9uK}on��\�n��t}�uK��dc}on¹k�§
�Jdcn

Q
no_�d¼w¨s¨b®s¨n���uKs¨�ln/u\�¸m�uKbEd®�\}oqts¨no}��\}okHmo{tq�m�dpzl{�dc���pd

Q(nk) «J�Km nk → ∞
«À�\���

Zt
� � �=

limnk→∞Z
(nk)
t

§�^`_�dc�®no_�d`mo{t�t�9uK}onBu\�
Q
svmB��m�dcn(u\��m��\b®�twvd¸���\no_�m¦�\q�m�uKw¨{tn�dcw¨k	�puK�lnos¨�{�uK{�m
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¡rs¨no_£}�dpmo�9dp�cn¢n�u�no_�d �Àdcq�dpm�xy{�d�bEd��Km�{t}�dy§(f°���tdpdp�X«Mno_�d:�\�t�tw¨sv���\nosvuK�
µt → supt≤T logZt

svm
�puK�lnos¨�{�uK{�m:�\���»¡¢d/_��p��d/no_�d:s¨b®bEdp�OsÄ�\n�d8q�uK{t���

sup
t≤T

logZt ≤

∫ 1

0
[|φa(x)| + |φb(x)|]dx,

¡r_tsv��_¾_�uKwv�tm:� uK}8�\w¨w
ψa, ψb ∈ C

2[0, 1]
§ Z�dc���pdy«Jqk�¡¢d��\½.�puK���dc}ox�dc���pdy«(�\�k�w¨s¨b®s¨n/�9uKs¨�n

Zt
_��Kmrno_�d:� uK}ob

Zt[φa, φb] = exp
[∫ 1

0
[ρ(x, t)φa(x) + (1 − ρ(x, t)φb(x)]dx

]
, Q �O§ �O� R

¡r_�dc}�d
ρ(x, t)

�tdc��uKn�dpmBno_�d�w¨s¨b®s¨n¦�tdc��mos¨n°k Q �:�t}osvuK}os�}��\���tuKbSR(u\�9no_�d�m�dpzl{�dc���pd�u\�Xdcb®�ts¨}osv���\w
bEd��Km�{t}�dpm

µ
(mk)
t

s¨�no}�uM�O{��pdp��s¨� Q �O§¨� RW§

� � � ��� .2���4�0� ����1% 2�&�'� � ����12 !��#�����1'� ��� � �3� ��1 ��1��4� �!� ���%�" �� 
"�!� #��%� ���(�(6 ^`_tsvm¦svm¢m�uKbEdc_�u�¡
no_�d�`:uK}��OsÄ�\�<½M��uKn¸u\�Àno_�d��t}�uKqtwvdcb�§B��dcw¨kMs¨�tx¼uK��no_�d:�\q�u¬��d�¡¢d��\½¤�puKb®���K�cno��dpm�m`�t}�uK�9dc}on°k�«
uK{t}8��dWªMn/}�dpm�{tw¨n�mo_�u¬¡�m/no_��\n	�\�lk¾�\}oqts¨no}��\}okHw¨s¨b®s¨n8�9uKs¨�n

Q
svm8�puK���pdc�no}��\n�dp�7uK�µ��m�dcn8u\�

no}���~odp�cn�uK}osvdpm�¡r_tsv��_��\}�d:¡¸d��\½<m�uKw¨{tnosvuK��m�u\�B� �&#
���(��� ����	��=�.�6� � 7c�;	��N�&## 	c��� ��� Q f T Î RW§
T"s¨}�mon�«Oqlk Q �O§ �cRW« Q �O§ �-Rr�\��� Q �O§¨���-RW«t¡¸d/uKqtn��\s¨�©�\n�uK���pd

∂(Z (N)

t − U (N)

t )

∂t
=

N2
∑

i∈G(N)

λ̃ab(i,N)
∂2Z(N)

t

∂φa( i
N )∂φb(

i+1
N )

+ λ̃ba(i,N)
∂2Z(N)

t

∂φa( i+1
N )∂φb(

i
N )

.
Q �O§ �y�-R

f¹n(svm(¡¸uK}ono_¤}�dcb¤�\}o½Ms¨�tx8no_��\n Q �O§ �y�-RBmo_�uK{twv�®q9d`¡r}os¨non�dc�À«lmono}osv�cnow¨k®mo�9d��\½Ms¨�tx�«�Km¦��mon�uM��_��Km�nosv��OsÃÂXdc}�dc�nosÄ�\w�dpz{��\nosvuK�À«¡r_tsv��_Esvm(¡¸dcw¨wÃ¥°�tdWÆ���dp�¤mos¨���pd`s¨���tdpdp���\w¨wtno_�d`{t���tdc}ow¨kls¨�tx/�t}�uKq��\qts¨w¨s¨n¹k
m����K�pdpm�dcb¤�\���\n�d��¯}�uKb$��� �\b®s¨w¨svdpm�u\�"s¨�ln�dc}��K�cnos¨�tx�|"uKsvm�m�uK�©�t}�ul�pdpm�m�dpm�§
��dc�twÄ�K�cs¨�tx.�¯uK}¤�©¡r_ts¨wvd»no_�d»zl{��\�nos¨nosvdpm

φa(
i
N )

�\���
φb(

i
N )

qkº�K�\}osÄ�\qtwvdpm
x(N)

i

�\���
y(N)

i}�dpm���dp�cnos¨��dcw¨k�« Q �O§ �y�-R`q�dp�puKbEdpm
∂(Z (N)

t − U (N)

t )

∂t
= N2

∑

i∈G(N)

αxy(i,N)
∂2Z(N)

t

∂x(N)

i ∂y(N)

i+1

+ αyx(i,N)
∂2Z(N)

t

∂y(N)

i ∂x(N)

i+1

, Q �O§ �y�-R
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¡r_�dc}�d/¡¢d�_�����d��t{tn

αxy(i,N) = λab(N)

[
exp

(x(N)

i+1 − x(N)

i + y(N)

i − y(N)

i+1

N

)
− 1

]
,

αyx(i,N) = λba(N)

[
exp

(y(N)

i+1 − y(N)

i + x(N)

i − x(N)

i+1

N

)
− 1

]
.

W¾d�m�_��\w¨wÀ}�dc¡r}os¨n�d Q �O§ �y�-R¸s¨��no_�d8uK��dc}��\n�uK}r� uK}ob

−
∂U (N)

t

∂t
= L(N)

t [Z(N)

t ], Q �O§ � � R
}�dcb¤�\}o½Ms¨�tx?s¨� no_�dE�t}�dpm�dc�ln�m�dcnonos¨�tx�no_��\n�«�� uK}/d��K��_µÆ��ts¨n�d

N
«
L(N)

�K�cn�m8uK� no_�d®�¯{t���cnosvuK�
m����K�pd

Cp
[
−|φ|, |φ|]2N

«O¡r_�dc}�d

|φ| � ���= sup
z∈[0,1]

(
|φa(z)|, |φb(z)|

)
, Q �O§ �y�-R

�\���
p
svm��\���\}oqts¨no}��\}ok:��uymos¨nos¨��d��l{tb8q9dc}�«y�Km

Z (N)

t

svmJ�\���\w¨kMnosv�(¡rs¨no_�}�dpmo�9dp�cnÀn�u
{φa(.), φb(.)}

§
^`_�d�uK��dc}��\n�uK}

L(N)

t

svmBu\�9���\}��\q�uKw¨sv��n°kM��dy«�qt{tnBno_�dc�Es¨�®no_�dr¡rsv�td�m�dc��m�dy«�mos¨���pdr_�dc}�d�uK��dr���\�
��_�dp��½©no_�d�zl{��K�O}��\nosv�/� uK}ob {�mo{��\w¨w¨k©�Km�m�uM�csÄ�\n�dp��¡rs¨no_�no_�d	m�dp�puK���©uK}��tdc}��tdc}os¨�y�\nos¨��d8n�dc}obEm
svm���uK���tdWÆ��ts¨n�dy«�m�dpd�dy§ x�§ J ��K.RW§
^`_�dE½�dck��9uKs¨�n8¡rs¨w¨w¦q9d¼n�u�mo_�u�¡4no_��\n��\�kHw¨s¨b®s¨n8��uKs¨�ln

Zt
Law
= lim

nk→∞
Z

(nk)
t

m��\nosvm=Æ�dpm��\�
faT Î «OuKqtn��\s¨��dp�<qk£mono{��Okls¨�tx®no_�d:m�dp�puK���»uK}��tdc}`w¨s¨��d��\}r���\}onosÄ�\wÀ�OsÃÂXdc}�dc�nosÄ�\wJuK�9dc}��\n�uK}�m

L(N)

t�\wvuK�tx¤no_�d/m�dpzl{�dc���pd
nk → ∞

§
^�u����\}o}ok�uK{tnÀno_�d¦�\���\w¨kOmosvmÀu\�tno_�d(w¨s¨b®s¨nJm�{tb��puKb®s¨�tx�s¨� Q �O§ �y�-R Q ¡r_tsv��_8svm"�¸�t}osvuK}oss¨�no}osv���\n�d RW«¡¸d��t}�uK��uym�d���x�dc��dc}��\wJ�\�t�t}�uM��_À«t¡r_tsv��_?�\s¨bEm��\n¸�t}�u¬�ls¨�tx¼Æ�}�m�n¸no_��\n

Zt
svm�� � ��	%� �� � #/�����c�

Q uK} ;���������� ��#
��� ����	 � s¨��no_�d¼m�dc��m�d�u\��iM��_¡`�\}ono·LR:u\�¸�»¿`�\{���_lk©n¹kl�9d¼uK��dc}��\n�uK}�§8^`_�d�w¨s¨��d¼u\�
�\}oxy{tbEdc�ln�¡rs¨w¨wÀq9d�mo½�dcn���_�dp�»q�dcwvu¬¡/§
e`dW� uK}�dc_��\���X«��¯uK}/no_�d�m��\½�dEu\��mo_�uK}ono��dpm�m¬«Js¨n�¡rs¨w¨w¦q9dE�puK���dc�tsvdc�ln	n�u?�tdWÆ���d¤no_�d¼� uKw¨wvu�¡rs¨�tx
�ckMw¨s¨���tdc}�m�dcn�m¬«M�¯uK}

p = 1, 2 . . .
«

Up
t
� � �= [−|φ|, |φ|]p × [0, t], Up � � �= [−|φ|, |φ|]p.
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f¹�no}�uM�O{��pd	no_�d®uK��dc}��\n�uK}
L̃(N)

t

«9¡r_tsv��_Hsvm�no_�d®�K�\~=uKs¨�ln/u\�
L(N)

t

s¨�.no_�d �J�\xy}��\�tx�dEm�dc��m�dy«9m�u
no_��\n�«t�¯uK}�dc��dc}ok��P{t���cnosvuK�

h ∈ C∞
0 (U2N

t )
«

L̃(N)

t [h] � � �=
∂h

∂t
+N2

∑

i∈G(N)

∂2
[
αxy(i,N)h

]

∂x(N)

i ∂y(N)

i+1

+
∂2

[
αyx(i,N)h

]

∂y(N)

i ∂x(N)

i+1

� � �=
∂h

∂t
+ B(N)[h]. Q �O§ � �-R

� ��� ���!�0� ��� ����� � � ��� � �	� � �)����6 
 � 1 � � � 
 � �-�4�0� ���������(�
	 � � 0[��# ���(�����c�
g ∈ L2

��� �(	���; ���
�E� 	 � ��	 � * ��� ;c� ����&� ��#/��������	�� + ���� #/������� �;�S�.�/� !N	�# ��� � /���� �>�?���

L(N)g = 0
� �,�N���� 	��	�

h ∈ C∞
0 (U2N

T )
�

∫

U2N

T

gL̃(N)

t [h] d~u dt = 0, Q �O§ ���cR
� � ����� �.� �.� ���.�6� � 7c�;	��

~u
; �����c� �&� 	c� 	�� �������;	c�&�://���.�6�4�.�

U2N
'

�©{tw¨nos¨�tw¨kMs¨�tx dpz{��\nosvuK� Q �O§ �y�-R<qk �\�)�\}oqts¨no}��\}ok&�¯{t���cnosvuK� h ∈ C∞
0 (U2N

T )
«�� uK}£ÆtªOdp�

T�\}oqts¨no}��\}ok®�9uymos¨nos¨��dy«M�\���®no_�dc�¤s¨�ln�dcxy}��\nos¨�tx�n¹¡rsv�pd�qlk	���\}on�m¬«�¡¢d�uKqtn��\s¨�À«s¨�£�\xy}�dpdcbEdc�n¸¡rs¨no_
Q �O§ ���cRW«

∫

U2N

T

[
(Z(N)

t − U (N)

t )
∂h

∂t
+ Z(N)

t B(N)[h]

]
d~u dt =

∫

U2N

[
(Z(N)

T − U (N)

T )h(~u, T ) − Z (N)

0 h(~u, 0)
]
d~u .

Q �O§ �c]-R

Oºqt}o{tn�d¦�¯uK}��pd¸�\���\w¨kMm�svm�u\�tno_�d`�K�\~=uKs¨�ln"uK�9dc}��\n�uK}��puK{twv��wvd��K�8n�u����td��K�M¥°dc���X§ Oº�t}�dcw¨s¨b®s¨���\}ok
m�n�dc�¾¡rs¨w¨wBq9d®n�u�dWªO�twvuKs¨n8���\}�dW�P{tw¨w¨k.no_�d�dpmonos¨b¤�\n�dpm8uKqtn��\s¨��dp� s¨� �Àdcb®b¤�?�O§ �O§£^`_tsvm/svm/no_�d
�puK�ln�dc�n�u\�"no_�d���dWªOnrwvdcb®b¤�O§
����
 
 1 ����	 � - �/�4����	�M� � ���97 //	c����� 	�� ;�� ���������6��� 	��$�&#(#/	c��� ��� �
� ��;���'
∂(Z (N)

t − U (N)

t )

∂t
=

∑

i∈G(N)

µψ′
ab

( i

N

)[
1

2

(
∂Z(N)

t

∂x(N)

i

+
∂Z(N)

t

∂x(N)

i+1

)
−N

∂2Z(N)

t

∂x(N)

i ∂x(N)

i+1

]

+ λ
∑

i∈G(N)

ψ′′
ab

( i

N

)∂Z(N)

t

∂x(N)

i+1

+ O
( 1

N

)
,

Q �O§ �y�-R

� � ����� �.�/�"� �����
O

(
1
N

) � � �.� � ��;�#9� # �S#
�H� ��c�&��� �����c# �<; �2; ��� C
N

�
C

�����.�87U	U���c� ����	����
; �6/ ���<;c���87X��� � �S�c�

ψ,ψ′
	c�<;

ψ′′
'
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���	� ��� � f¹b®bEdp�OsÄ�\n�d��¯}�uKbÏdpz{��\nosvuK��m Q �O§¨� � Rr�\��� Q �O§¨� �-RW§
iln��\}onos¨�tx<�¯}�uKb �Àdcb®b¤�»�O§ �O«X¡¸d�¡rs¨w¨w(�t}�dpm�dc�n�no_�d	n°¡¸u<xywvuKq��\w(xy{tsv�tdcw¨s¨��dpm/u\�`�¤�¯{t���cnosvuK���\w
�\�t�t}�u��K��_À«¦���\w¨wvdp��� 
 �\�����3�À§.e`�Km�sv���\w¨w¨k�«(s¨n�}�dcw¨svdpm¼uK�7���\}onosÄ�\wr�OsÃÂ9dc}�dc�lnosÄ�\w�dpz{��\nosvuK��m¬«
¡r_�uym�d��K�\}osÄ�\qtwvdpm��\}�d ��# �����������H����	 �����U	c� //���.�6�.� �;� �.�/� ������# � §NW¾d�no_ts¨�t½<no_tsvm�b®s¨xy_ln�¡¸dcw¨w
dWªOn�dc���»n�u¼wÄ�\}ox�dc}��Os¨bEdc��m�svuK��m�«��\w¨no_�uK{txy_?no_tsvm��Km�m�dc}onosvuK�?�puK{twv���pdc}on��\s¨�tw¨k<q9d��tdcq��\n�dp�X§
� 
 f°�ln�dc}obEdp�OsÄ�\n�d»}�dp�O{��cnosvuK� n�uH�\� �\w¨bEuymonEmo{t}�d<�puK���dc}ox�dc���pd?�puK�n�dWªOn�§µ^`_tsvm®���\� q9d

�K��_tsvdc��dp�©qk<bEd��\��m�u\�"no_�d�dWªMn�dc���tdp�.il½�uK_�uK}�ul�©�puK{t�tw¨s¨�tx¤no_�dpuK}�dcb Q m�dpd�¿¸uK}�uKw¨wÄ�\}ok�O§¨����s¨�"J¨����K.RW«K¡r_tsv��_¼s¨��qt}osvdW�9m��pkOmJno_��\n�«�sÃ����m�dpz{�dc���pd¸u\��}�d��\wO}��\���tuKb �K�\}osÄ�\qtwvdpm
(ξk)svm�mo{���_ no_��\n

limk→∞ fk(ξk) = f(ξ)
�puK���dc}ox�dpm8s¨�¾�Osvmono}os¨qt{tnosvuK�À«Àno_�dc�¾no_�dc}�d®dWªOsvmon

���t}�uKq��\qts¨w¨s¨n°kHmo���K�pd
V
�\���¾����dc¡�}��\���tuKb m�dpzl{�dc���pd

ξ̃k
«Xm�{���_Hno_��\n

ξ̃k
L
= ξk

�\���
limk→∞ fk(ξ̃k) = f(ξ)

«��\w¨bEuymon�m�{t}�dcw¨k£s¨�
V
«�¡rs¨no_

ξ̃
L
= ξ

§*Z�dc}�d/no_tsvm�no_�dpuK}�dcb ¡rs¨w¨w
q�d¼�\�t�tw¨svdp�.n�u�no_�d8�Á�\b®s¨w¨k

Z
(nk)
t

«�¡r_tsv��_Hno_l{�m:xys¨��dpm:}osvm�d	����dc¡�m�dpzl{�dc���pd¼�tdc��uKn�dp�
qk

Y
(nk)
t

s¨��no_�d/m�dpzl{�dcwÁ§¦^`_tsvm�mon�dc�»svm�s¨�»��u®¡`�pk�uKqtw¨s¨x�\n�uK}ok�«�qt{tn(~Ú{�m�n��	b¤�\non�dc}�u\�
n��Kmon�dy§�f°���tdpdp�X«9uK��d	�puK{twv��m�nos¨w¨wJ½�dpdc�HuK�©¡rs¨no_�¡¢d��\½��puK���dc}ox�dc���pd®�puK�ln�dWªMn/�\���©{�m�d
O�wvdWª��\���O}�u���� m��9uK}onob¤�\�n�d��\{©no_�dpuK}�dcb Q m�dpd�dy§ x�§ J �LK.R¸¡r_�dc��dc��dc}���dpdp�tdp�X§

�3� T�uK}�d��K��_»Æ��ts¨n�d
N
«�¡¢d/���\���puK��mosv�tdc}�no_�d�z{��\�lnos¨nosvdpm

ψ′
ab

( i
N

)
, ψ′′

ab

( i
N

)
, i = 1, . . . , N,

�Km �E��� ����	c�6� //	���	�� �� ���&� � � � �	�M� �.�/�
x(N)

i

� � 	���� �&����� %L	c�&� 	 �>�?�&� §�^`_tsvm�svm��cwvd��\}ow¨k»� d���¥
mos¨qtwvdy«���_�uluymos¨�txE�¯uK}rs¨��mon��\���pd

φa(.), φb(.)
s¨��no_�d��cwÄ�Km�m�u\����uKw¨kM��uKb®sÄ�\wvm�u\�(�tdcxy}�dpd��\n

wvd��Kmon
3N

§ O�wvm�ut«B�P}�uKb ��u¬¡ uK�À«¢no_�d£�P{t���cnosvuK��m
φa

�\���
φb

¡rs¨w¨wrq9d»mo{t�t��uym�dp� n�u
q�dcwvuK�tx¤n�u

C∞
0 (K)

«O�¯uK}�m�uKbEd/�puKb®���K�cn
K ∈ R

�puK�ln��\s¨�ts¨�tx�no_�d:s¨�ln�dc}o�K�\w
[0, 1]

§
^`_�dc�À«��K�p�puK}��Os¨�tx¤n�u�� 
�«O¡¢d�}�dc¡r}os¨n�d Q �O§ �y�-R��Km

−
∂U (N)

t

∂t
� � �= A(N)

t [Y (N)

t ] + O
( 1

N

)
, Q �O§ �y�-R

¡r_�dc}�d
A(N)

t

svm¸�Msvdc¡¢dp�»�Kmr�\�»uK��dc}��\n�uK}ru\�J���\}��\q9uKw¨sv��n°kM��d�¡rs¨no_ ����� ���	��6� �puld �¤�csvdc�ln�m��\���
�tuKb¤�\s¨�

C∞
0 (U

(N)

T )
§

A(N)

t [g] �����= −
∂g

∂t
+

∑

i∈G(N)

µψ′
ab

( i

N

) [
1

2

(
∂g

∂x(N)

i

+
∂g

∂x(N)

i+1

)
−N

∂2g

∂x(N)

i ∂x(N)

i+1

]

+ λ
∑

i∈G(N)

ψ′′
ab

( i

N

) ∂g

∂x(N)

i+1

,
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}�dcbEdcb�q�dc}os¨�tx£no_��\n
ψab = φa − φb

§¢^`_�d�n�dc}ob
O

(
1
N

) s¨� Q �O§ �y�-Rrm�n��\���tmr� uK}��\�?uK�9dc}��\n�uK}_����ls¨�tx£�	��dcxyw¨s¨xys¨qtwvd/}��\�tx�d:� uK}
N → ∞

§
�Jdcn

Ã(N)

t [h]
�tdc��uKn�d�no_�d8�K�\~ouKs¨�n�u\�

A(N)

t

§(^`_�dc�

Ã(N)

t [h] =
∂h

∂t
−

∑

i∈G(N)

µψ′
ab

( i

N

) [
1

2

(
∂h

∂x(N)

i

+
∂h

∂x(N)

i+1

)
+N

∂2h

∂x(N)

i ∂x(N)

i+1

]

− λ
∑

i∈G(N)

ψ′′
ab

( i

N

) ∂h

∂x(N)

i+1

,

Q �O§ �O� R

�\���X«t�¯uK}��\�lk
h(N) ∈ C∞

0 (U (N)

T )
«O¡¢d/_��p��d

∫

U(N)

[
(Y (N)

T − U (N)

T )h(N)(~u, T ) − Y (N)

0 h(N)(~u, 0)
]
δ~u =

∫

U
(N)
t

(Y (N)

t − U (N)

t )Ã(N)

t [h(N)] δ~u dt+ O
( 1

N

)
,

Q �O§ �y�-R

¡r_�dc}�d
δ~u
s¨� Q �O§ �y�-Rr}�dc�t}�dpm�dc�n�m�no_�d/�OsÃÂXdc}�dc�nosÄ�\wJ��uKw¨{tbEd8dcwvdcbEdc�n

δ~u = dx(N)

1 dx(N)

2 ...dx(N)

N = δφa

( 1

N

)
δφa

( 2

N

)
. . . δφa(1).

^`_�d���dWªOn	mon�dc�µsvm8n�u©b¤�\½�d»��mo{ts¨n��\qtwvd<��_�uKsv�pd£u\��no_�d¤�¯{t���cnosvuK�
h
s¨� Q �O§ �y�-R�s¨�7uK}��tdc}¼n�udWªOno}��K�cn���bEd��\�ts¨�txK�¯{tw�s¨�O� uK}ob¤�\nosvuK� uK� no_�d»w¨s¨b®s¨nEuK�9dc}��\n�uK}�«r�Km

N → ∞
§���dpdc�ts¨�tx s¨�

b®s¨����no_��\n`no_�d�}��\���tuKbA�y�\}osÄ�\qtwvdpm
Y (N)

t

�\}�d:�tdWÆ���dp�£uK�£no_�d�s¨b®�tw¨sv�cs¨n¸�t}�uKq��\qts¨w¨s¨n¹k£m����K�pd
Vs¨�lno}�ul�O{��pdp�?s¨� � 
�«O¡¢d/mon��\n�d/no_�d��¯uKw¨wvu¬¡rs¨�tx¤}�dpmo{tw¨n�§

����
 
 1 ����������� &P�	� � 
�
 � ��
Yt = lim

nk→∞
Y

(nk)
t a.s.

� 	���; �M�(�
W ∈ C∞

0 (K)
�E�V	 � 1 �2;

�E���?//	-�(� � //	-�&��' - �/���� ��c� 	 � �M	��E� �;� � �&��� �&#
���(��� ��� �
k
/����,/ ���>� � ���
�������_�.�_	 �&# �&�(��2�;�

C∞
0 (W × [0, T ])

� � ���
	c%��
∫ T

0
dt

∫
Yt[φ(.)]Ft[φ(.)]δφ(.) =

∫ [
k
(
φ(.), T

)
YT [φ(.)] − k

(
φ(.), 0

)
Y0[φ(.)]

]
δφ(.) ,

Q �O§ �y�-R
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���������
	��������������	���������������������� �"!$#
�&%����('*)*	���*+-,��.�/�102�/34)5�6����� �� �¬�

� � �����

Ft[φ(.)] =
∂k

(
φ(.), t

)

∂t

−

∫ 1

0

[
µ
∂2k

(
φ(.), t

)

∂φ2(x)
ψ′(x) +

[
µψ′(x) + λψ′′(x)

]∂k
(
φ(.), t

)

∂φ(x)

]
dx.

� ��������%���� *�� ' ��� + ��� � ��;�� �.� �S!N	c#/��� � /���� �>�?��� / ���(�2;"�.� * � ' � +c'
���	� ��� � W¾d/uK�tw¨k<mo½�dcn���_?no_�d:b¤�\s¨��w¨s¨��dpm�u\�(�\}oxy{tbEdc�ln�§

•
^`_�d<�\w¨bEuym�n	mo{t}�d£�puK���dc}ox�dc���pd?u\�

Y (N)

t

�\���
U (N)

t

«�}�dpm���dp�cnos¨��dcw¨kµn�u
Yt
�\���

0
J qlk

Q �O§ �y�-R K°«M¡rs¨w¨w�kMsvdcwv� Q �O§ �y�-R¦�t}�u¬�lsv�tdp�£no_��\n¸s¨� Q �O§ �y�-R¦no_�d��¯{t���cnosvuK��m h(N)
�\}�d��t}�uK�9dc}ow¨k

��_�uym�dc�À«On�u¼dc��mo{t}�d�no_�d:dWªMsvm�n�dc���pd�u\��no_�d�w¨s¨b®s¨nrmo{tbEm`�puKb®s¨�tx®s¨� Q �O§ �O� RW«t�Km N → ∞
§

iMdcnonos¨�tx
~x(N) � ���= (x(N)

1 , x(N)

2 , . . . , x(N)

N )
«�_�d?}�d��K�tdc}<���\� �puK��Ms¨���pd©_ts¨bEm�dcwÃ�8no_��\n<s¨n

mo{��¤�pdpmrn�u®n��\½�d/s¨� Q �O§ �y�-R

h(N)

(~x(N)

N
, t

)
= k(~x(N), t),

¡r_�dc}�d
k ∈ C∞

0 (W×[0, T ])
«Ks¨�/¡r_tsv��_	���Km�d¦�puK�l��dc}ox�dc�n���svdcb¤�\�t�	mo{tbEm��\}�dBuKqtn��\s¨��dp�

s¨� Q �O§ �O� RW§
•

Tt}�uKb il½�uK_�uK}�uM��� m¤�puK{t�tw¨s¨�tx¾no_�dpuK}�dcb�«
Yt
�tuldpmEmZ�\nosvm=�Pk7�\� dpz{��\nosvuK� u\��no_�d<� uK}ob

Q �O§ �O� RW§[Z�dc���pdy«`¡¸d?���\� ¡r}os¨n�d?no_�d»� uKw¨wvu�¡rs¨�tx¾�¯{t���cnosvuK���\w:�tdc}os¨�K�\nos¨��dpm Q ¡r_tsv��_ �\}�d�twÄ�\s¨�tw¨k»u\�(�¼���K�tuK�O¥°Å�kM½�ul�OkMb ���\no{t}�d R




∂Yt

∂φ(.)
= ρ(., t)Yt,

∂2Yt

∂φ2(.)
= ρ2(., t)Yt.

•
^Ju��tdc}os¨��d Q �O§��-RW«(uK��d�_��Km8n�u©�tsv��½µuK{tn k �P}�uKb �?�cwÄ�Km�m�u\���puK���uKw¨{tnosvuK� n�dpmon8�P{t���W¥
nosvuK��m�«t�tdc�9dc���Os¨�txEuK�<m�uKbEd����\}��\bEdcn�dc}

ε
�\�����t}�uK�9dc}ow¨k<�puK���dc}oxys¨�txEs¨�<no_�d�mo���K�pd:u\�

iM��_l¡¸�\}ono·¼�Osvmono}os¨qt{tnosvuK��m�§
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��] � #
��� 	��-�����?����!$�����	�
�=# ����?�&� �����

��� ��� ����,/. �����-�0�(6 ^`_�d©�t}�uKqtwvdcb u\��{t�tsvzl{�dc��dpm�m�u\�/¡¸d��\½ m�uKw¨{tnosvuK��m£u\�/no_�d�¿`�\{���_lk
�t}�uKqtwvdcb Q �O§��-R¸� uK}���uK�tw¨s¨��d��\}����\}��\q9uKw¨sv��zl{��\nosvuK�?svm�s¨���Á�K�cn��\w¨}�d��K�Ok?m�uKw¨��dp�?s¨�?no_�d8w¨s¨n�dc}���¥no{t}�dy§4W¾d:}�dW�¯dc}�no_�d/}�d��K�tdc}r�¯uK}rs¨��m�n��\���pd�n�u J �cKX� uK}��¼¡rsv�td:qts¨qtw¨svuKxy}��\�t_k?uK�»no_�d8mo{tqO~=dp�cn�§
^�u��puK���cw¨{��tdEno_�d��\���\w¨kMmosvm8u\�`^`_�dpuK}�dcb �O§¨�y«�s¨n/mo{��¤�pdpm8n�u»mo¡rs¨n���_µq��K��½.n�u

Z(N)

t [φa, φb]
«

¡r_tsv��_©�puK�l��dc}ox�dpm�s¨���Osvmono}os¨qt{tnosvuK�?n�u
Zt[φa, φb]

§ Z�dc���pdy«�no_�d/}��\���tuKb$bEd��Km�{t}�d
µ(N)

t

�puK�O¥
��dc}ox�dpmJs¨�8�Osvmono}os¨qt{tnosvuK��n�u��r�tdcn�dc}ob®s¨�tsvmonosv�¢bEd��Kmo{t}�dy«\¡r_tsv��_�svmJ�`�9dp�c{tw¨sÄ�\}�mos¨no{��\nosvuK��s¨b®�tw¨s¨�tx
�\wvm�u®�puK���dc}ox�dc���pd�s¨�»�t}�uKq��\qts¨w¨s¨n°k�§

� � �D: B ��G8( : ��>F:HG @#� � :=<
W¾d¼¡rs¨w¨w¢mon��\n�dE�<�puK�K~=dp�cno{t}�d��\q�uK{tn�_lkM�O}�uM�Okl���\b®sv�¤dpz{��\nosvuK��m/�¯uK}�no_�d

n
¥°mo�9dp�csvdpm:bEul�tdcwÁ«

qt}osvd I k¤s¨�no}�uM�O{��pdp��s¨�<m�dp�cnosvuK�»�O§¨�y«Ms¨��no_�d�m�u\¥°���\w¨wvdp� �&##
��;�� �*# �&� ��� ���Km�dy«M�t}�dp�csvm�dcw¨k��tdWÆ���dp�
_�dc}�d����¯n�dc}�§
^`_�d

n
¥°mo�9dp�csvdpmrmokOmon�dcbAsvmrm��\sv�£n�u¼q�d �&#(# � ;�� �*# ����%�� ¡r_�dc��dc��dc}�no_�dc}�d�dWªMsvmon�m��	�puK��mon��\�ln

D
«

m�{���_�no_��\n�«O� uK}��\w¨wX���\s¨}�m
(k, l)

«

lim
N→∞

λkl(N)

N2
= D.

�Jdcnonos¨�tx

αkl
� ���= lim

N→∞
log

λkl(N)

λlk(N)
,

¡¸d8�Km�m�dc}onrno_��\n�no_�d:�¯uKw¨wvu¬¡rs¨�txE_kO�O}�uM�Okl���\b®sv��mokMm�n�dcb _�uKwv�tm � � &R�	� � � 
o§

∂ρk

∂t
= D


∂

2ρk

∂x2
+

∂

∂x

(∑

l 6=k

αlkρkρl

)

 , k = 1, . . . , n.

^`_�d/sv�td��	svmrn�u¤�\�t�tw¨k£no_�d:�P{t���cnosvuK���\w��\�t�t}�u��K��_©�t}�dpm�dc�n�dp�?s¨�»no_tsvmr���\��dc}�§

� : 	�:=9;:=B"�/:6G
J¨��K����
	�����������²�³��¦« !N���H%���� 7 �����E�"�;�1) ��� ��	 ����� ����� � ��	��&#
���&� «DW s¨wvdck�iMdc}osvdpm�s¨�©|(}�uKq���¥

qts¨w¨s¨n°k��\���©iln��\nosvmonosv�pm�«���uK_t� W s¨wvdck�� iMuK��m�f°���y§¨«��K��dp�X§¨«J���y�y�O§
J �LK���� �¼³�!µ±�²���±"�$#&%��'�)(X³�²�*,+-+,�°« � 	c�.�/�� 	-������	 ��� ��.�
��;�� ����/.�� ;c�;��;c����	������ � �.� '
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J �LK�	 � �¼³ (,(,��#�± � ! � %���±"�À² ��� ���8±	� ��
 � ± ��# � � ��±�²�"*��P³ ("« 3�1 	-�(�2�� � #/�����c�"�(���
+ ; 	�������� ��������S�21-� � # �����c�_� ��; � �$# �&�.�87 	X� 	c���&� 11�(����� #9�M	c�����c� «-��§9|(_kOm�§DO Y �.�\no_À§
`:dc�À§¨«�� � Q ���y�y�-RW«t�t�À§À� ��y�������O�¬�M§J ��K�� �
% ��� (���� ±"��# ! ������*�� ���(«�dp�tm¬§¨« )*	c����� 	��D��� ��������6����	 �=3 #(#/	c��� ��� � «���uKwÁ§�f°¥°f�fÁ¥°f�f�f
u\� Î ���ckO�cwvuK�9dp�OsÄ�Eu\� �.�\no_�dcb¤�\nosv���\w�iM�csvdc���pdpm¬«�il�t}os¨�tx�dc} 0Bdc}owÄ�\x�«����y�y�O§

J �LK�� � % +����R³�( ±"��#�� � � *�(�+"!t« � 	�� ����%S) �����E�&�&�(�&�,�S! �
	���	-�(� �����$# 	c��� ��� 	��<; !N���H%��� '
7 �����E� «���uK_t� W s¨wvdck � iMuK��m�«À���c] �O§

J��LK�! �
%���±"�À² � ��� ����%��"² +X³ ( ��& ��'(�"#"(�)+*"�À³ � ±"��# ��� ! *��J±�
�³ t« � //�c�6��	������c# �
�&����� �(���&� �����	 � ���97 �.�[	 ����� ;c��� ��� �����c��	��0;�����%���� ;�� �*# ����%��V������� ��� «r|(_lkMm�§¢��dc�9§
�Àdcnon�§¨«���� Q ���y�y�-RW«t�t�À§��y�c]��M�O�y�y§J � K�! � %��±"�À² � � ���¼±	,�(,� � ! ���-�"#"*"��³  � � ± ��# ���
! *��J±�
�³ t« )P�
	��(� �D�6/ 	��;	-�������
	��<;A!N��	��&�(���H�.�87 �.� ���D� '������ ���H�&� ����	��$������%���U��� �*# ����%�� ���L�� ��� � «�|(_kOm�§J��dc��§ Î §¨«
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Z
2 « ��uK{t}o���\w�u\�9iln��\nosvm�nosv���\w|(_kOmosv�pm�«À�y� � Q �y�y� � RW«��t�À§��y�y���M� �y�O§J �LK�'���%�±��/� �l³�± ��# & ��% *�( +,³����À³ ("« ���������
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�<;-	c��� ��� � �;� � ��; ����� ) �;� ��	 ���	� ����� «�il�t}os¨�tx�dc}�«��K�»dp�X§¨«��y�y�O�y§
J¨�y��K & �8� �R´ �$�R²¾±"��# & �09�±"��#"��
/« ����	 � �.�87 � �.���.�.�V�;� � ��� ���;	 �(�����97 ) 	������ � �?�&� �6����� �� � «

il�t}os¨�tx�dc}=¥�0Bdc}owÄ�\x�«����y�y�O§
J¨���LK(� �)! �.9 ���
�"³ + +"« ��������
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il�t}os¨�tx�dc}�«J���y�y�O§
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