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Abstract An optimal a priori error estimate O (h’C + At), result is presented for
viscoelastic fluid flow problems in IR, d = 2,3 when using a suitable Lagrange-
Galerkin method, under the constraint At < h%2*¢ for the time step At and the
mesh size h. The time discretization bases on a backward-Euler scheme together
with a specific approximation of the Oldroyd derivative of tensors. A mixed stress-
velocity-pressure (Pj_1, P, Pr—1) finite element method is used for the space dis-
cretization. This approach leads to a fully decoupled algorithm that is of practical
interest, both for continuous and discontinuous approximations of stresses.
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mixed finite element method - optimal error estimates
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1 Introduction

The numerical simulation of viscoelastic fluid flows is a major challenge: it appears
as both a test for assessing the robustness and efficiency of numerical methods, and a
qualification of models for complex flow geometries. Accurate numerical simulations
of time-dependent viscoelastic flows are important to the understanding of many
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phenomena in non-Newtonian fluid mechanics, particularly those associated with
flow instabilities. For many years, the numerical simulation of viscoelastic fluid flows
have been marked by the loss of convergence of the iterative techniques. Intensive
researches have pointed out theoretical difficulties in solving the large non-linear
system obtained from the approximation of the boundary value problem. Last re-
search are motivated by a clearer understanding of this numerical phenomena. It
is observed that the cause of the failure of the numerical simulation is mainly due
to the hyperbolic nature of differential viscoelastic constitutive models. It is now
well accepted that these difficulties was only caused by numerical reasons, mainly:
(a) the use of inappropriate boundary conditions and numerical schemes associated
with the type of the governing equations [20]; (b) the use of inappropriate iterative
algorithm in order to treat the tremendous non-linear system.

To palliate the difficulty (a), most researchers proposed to apply one of the follow-
ing four standard approximation methods to viscoelastic flow problems : (i) The
SUPG method and its variants. Successfully, J. Marchal and M. Crochet [24] have
used a non-consistent version of the SUPG method, called the streamline-upwind
method. These authors obtains for the first time numerical solution for reasonable
Weissenberg number. The numerical analysis of such methods was then developed
in [18] and next extended : see e.g. [22,25,14]. (ii) The Lesaint-Raviart method
(aka discontinuous Galerkin method), was applied to viscoelastic flow computation
by M. Fortin and A. Fortin [17] and P. Saramito [26]. For various extensions, see
e. g. [27,13,21], although the list is not exhaustive, (iii) The finite-volume upwinding
schemes, based on staggered structured meshes, was widely applied to viscoelastic
flow computations : see e.g. [30,1]. See also [26] for an analysis of the link between
such finite volume and mixed finite element methods, and [27] for computations
with the Baba-Tabata finite volume upwinding method, suitable for unstructured
meshes. (iv) The method of characteristics (aka Lagrange-Galerkin method) was in-
troduced for viscoelastic flow computations by M. Fortin and D. Esselaoui [12,16].
The numerical analysis of this approach in the context of stationary flow problems
was first addressed in [23].

While the numerical analysis of the steady case of the viscoelastic fluids flows is
abundant, few works are available in the transient case. In 1986, M. Fortin and
D. Esselaoui proposed an original adaptation of the method of characteristics to
viscoelastic fluid flow problems [12,16]. This scheme leads to a splitting of the prob-
lem into two standards subproblems : a generalized Stokes problem and a tensorial
transport problem. Another robust second-order scheme, based on operator splitting
methods was proposed in [26,28]).

In 1995, Baranger and Wardi [3] started the numerical analysis of time-dependent
viscoelastic problems : they studied a discontinuous Galerkin approximation of
inertia-less flow in IR?, using a technique similar to those used for the steady-
state problem [2]. With the Hood-Taylor finite element pair used to approximate
the velocity and pressure and a discontinuous linear approximation for the stress,
they showed, under the assumption At < Ch?, that the discrete H !and L? errors
for the velocity and stress, respectively, were bounded by O(At + h%).

In 2003, Ervin and Miles [11] proposed the numerical analysis of the SUPG method.
v denoting the SUPG coefficient, and assuming a k-order Hood-Taylor pair approx-
imation for velocity and pressure (continuous Py and Py_1, respectively, k > 2) and
continuous P, approximation for the viscoelastic stress' and under the assumption

! While Ervin et al. (2003 & 2004) introduced m, k and g integers for the stresses,
velocities and pressures polynomial orders, we use here the optimal choice m = ¢+ 1 = k.
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max(At,v) < Ch%?2, the discrete H' and L? errors for the velocity and stress,
respectively, is bounded by O(At + h* + v). Nevertheless, the effective choice of v,
depending on At and h, is not clearly treated in this paper and the error estimate
for the pressure is not available.

Next, in 2004, Erwin and Heuer [10] combines the Crank-Nicolson approximation
for time derivatives with the discontinuous Galerkin approximation for constitutive
equation. Assuming discontinuous piecewise polynomial approximation of order k
for stresses and the k-order Hood-Taylor pair for the velocity and pressure, and

under the assumption At < Chf, an a priori error estimates O(At2 +h*) is derived.

The aim of this paper is to analyze the time-dependent method that was proposed
by M. Fortin and D. Esselaoui [12,16] where the first numerical tests was performed.
The present paper is the continuation of a preliminary work [4] on the constitutive
equation. The k-order Hood-Taylor pair approximation for velocity and pressure are
assumed together with a continuous (k — 1)-order approximation for the stresses.
Notes that, while previous works used a higher k-order stress approximation, we
only use a (k—1) order. Under the condition the assumption At < CthrE, we show
an optimal a priori error estimate O(At + h*).

[ method [ work [ assumption | estimate [ ohn
Lesaint-Raviart | Baranger et al. (1995) | At < Ch% O(At + h%) p-c!
Lesaint-Raviart | Ervin et al. (2004) At< b | oA +wk Po-C~ 1
SUPG Ervin et al. (2003) At, v < Ch3 | O(At+ k¥ + 1) Py-C°
characteristics present At < Ch%+£ O(At 4 h*) Py_1-C° or 7!

Table 1 Summary of time-dependent viscoelastic a priori error estimates.

The table 1 summarises the state of the art : discontinuous approximations of the
stresses are denoted by C'~! in the o}, column, while continuous approximations are
denoted by C°. The article is organised as follows. Section 2 presents the continuous
and approximate problems and present the convergence result. Section 3 shows
how the scheme leads to a decoupled algorithm and develops some practical issues.
Section 4 introduces some necessary notations and furnish an interpretation of the
approximate problem. The rest of the paper is related to the proof of the convergence
theorem. Section 5 is the main body of the proof, while section 6 shows three main
lemmas used in the proof, section 7 contains some others technical lemmas and the
appendix groups some more or less classical results.

2 Problem statement

The total CAUCHY stress tensor oot associated to a viscoelastic fluid writes as:
Otot = —p-I +2(1 —a)D(u) +o

where p is the pressure, u is the velocity field, D(u) = (Vu+Vu?®)/2, o is the extra
stress tensor, and « €]0, 1] is a polymer-solvent mixture parameter.

Let us introduce the material derivative of a field ¢ :
Dy _ ¢

D_t = E + (u.V)tp
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and the OLDROYD derivative of a symmetric tensor 7 is defined by:

Do OT

- = : M, MT
o1 = gp T @V)T+7Mo (w) + My (u) 7
where M, (u) = ((1—a) Vu— (1+a) Vu®) /2 and a € [-1,1] is the parameter
of the OLDROYD derivative. Let 7' > 0 and {2 be an open polygonal subset of IR?
with d € {1,2,3}. Let We be the WEISSENBERG number and Re be the REYNOLDS
number. The viscoelastic flow problem writes:

(P): find o, u and p, defined in 2x]0,T[ such that
We%f +0—2aD(u)=0 in 2x]0,T]
ReBY — div (0 +2(1— a)D(u) —pD) = f in 2x]0,T]
divu=0 in £2x]0,T]
0(0) =09 in 2
u(0) =uy in £
u=0 on 0£2x]0,T]

where f, 0¢p and ug are given. For a = 1, the first equation of this problem is the
standard OLDROYD-B model, and when a € [—1, 1], this is the generalized Oldroyd-
B model, often called the Johnson-Segalman model.

The discrete counterpart of this problem, first introduced in [12,16], is defined by:

(Py): find U](Ln) e Ty, ugln) eV andpgln) € Qn,1 <n <N, such that for all 7, € Ty,
v € Vi, and qn € Qp, we have

T
We (a,gw R oo xiV (R)

n (U}(anrl) _92aD (ugnﬂ)) ) =0

% ugln+1) o uén) o X}(ln) Vi

+ (o 4200 = @)D (ufV) = "L D (Vi) = (E(tns1), Vi)
(div w" ™ ) =o.

The notations X }(ln) and R,(Ln) represent the approximations of characteristics and
tensor flows, respectively, and are defined by:

X"(2) = & — At (z), (1)
R (z) = I — AtM, (ug’”) (). 2)

The finite element spaces are defined by:

T, = (Lk—l,h N C(ﬁ))dXd NI or Ty, = (Lk_Lh)dXd NnT
Vi = (Lk,h n C(ﬁ))d nv
Qn=Lr-1,,NQNC(2)

where I' = {7 € L2(2)™4; 1 =77} V = HY(2)4, Q = LE(2) and Ly, p, for any
m > 0, is defined by:

Linw = {on € L*(2); ¢px € P, VK € T3}
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Remark that the stresses approximation space T}, can be chosen either continuous
or discontinuous. The time step At = T/N, where N > 1 is the number of time
intervals [t,,, tnt+1], where ¢, = nAt, n € {0,..., N}. The family of triangulation
(h)n>0 1s indexed by the maximal element diameter h and is supposed to be quasi-
uniform [7]. The polynomial degree index k is supposed to satisfy k& > 2, in order
for the high order generalised Hood-Taylor pair (V,, @) to be stable [6,8].

We denote by 7, € Ty the L? orthogonal projection on Ty, of any 7 € L2(£2)4*,
characterised by (7, — 7, yn) = 0, V45 € Th. Let

K = {v € Hj ()% divv =0}
Kp = {vh € Vi; (divva, qn) =0, Yan € Qn}

Conversely, we denote by v, € K, the H} orthogonal projection on Kj; of any
v € K, characterised by (D (v, —v), D(wp)) = 0, Yw, € Kj. Without any loss of
generality, we suppose here that the initial condition of the approximated problem

(Pp,) is expressed by (0'}(10), uglo)) = (00, Uo). Indeed, it could also be expressed for

instance on the basis of the LAGRANGE interpolation operator.

For a given BANACH space Y, equipped with the norm ||.||y, and for 1 < p < oo,
we introduce:

N 1/p
lp(07T7Y) =43y ¥: (tla R tN) - Y7 ||(10||IP(O,T;Y) = (Z ||(10(tl)||€/At> <00,
n=1

1°(0,7:Y) = {wr (t1, .. tn) = Y5 lelliseo,my) = max, lo(t)lly < OO}-

Also, we denote by C%1(£2) the space of lipschitz continuous functions on the closure
of 2 and LP(Y), H*(Y) and C™(Y") will denote the spaces LP(0,T;Y), H*(0,T;Y)
and C™([0,T];Y) respectively.

The following hypothesis will be required for the convergence result to hold:
Hypothesis 1 (Time and space discretization compatibility)

There exists three positive constants €, hg and C1 such that

At < CyLh2Te, VYh e, hol (3)
The main result of this paper writes:

Theorem 1 (a priori error estimate)
Assume that there exists s > 0 such that a solution (o, u, p) of problem (P) satisfies

o€ (CHIA)NC(H*))™, ue (C(C)nCAI2) NCH*))! and pe C(H?).

Assume also the hypothesis 1 holds and that r = min(k,s) > <. Then the solu-

2
tion (on, un, pr) of problem (Py) satisfies

lo = onlljoo 2y + l0 = Wl (12) < c(At+h") (4)
lo = onllizzy + 0= anllz oy + 1P = palli(rz) < (AL +R7) (5)

where ¢ is a positive constant independent of h and At.



6 Mohammed Bensaada et al.

3 Decoupled algorithm

We show in this paragraph that the problem (P)j is of practical interest: the com-
putation of the stress and velocity-pressure are completely decoupled in a time-step.
Assume first that stresses are approximated by discontinuous functions: the case of
continuous stress approximations will be treated at the end of this paragraph. The
first equation of (P); can be rewritten as:

20 At T
(21 ) = 22 (0 () ) (oo () ).

= Wext Al tTWer At

(6)

for all 7, € Tj. When stresses are approximated by discontinuous functions, we
have Tp, = D(V},) and (6) writes also:

(n+1) 200 At (n+1) We ~(n)
-2 b _C
Th We + At (uh ) T Weraih (™)

where ﬁf(l") €T;, denotes the L? orthogonal projection on Ty
T
of 1" = B oV o X\ (R{") €T

Then, the second and third equations of (P)p becomes:

A
+ (7. Dva)) (®)

(div ug"H), qh) =0 9)

n . n Re n n
a (ué H), vh) + (leVh, p; H)) = (f(tn_H) + —tug ) oX,(L ), vh)

for all (vi,qn) € Vi, X Qp, where the bilinear form a(.,.) is defined by:

aWe

 We+ At

a(v, w) = % (v, w)+2 (1

) (D(v), D(w)), Vv,w e H'(12)%

Then, the algorithm writes

Algorithm 1 (decoupled algorithm)

o n=20:let (a}(lo), uéo)) € Ty, x Vi, being given.

e n > 0: suppose that (a,(Ln), ué")) are known.

(nt1) (n+1)
h

The computation of (0‘ , , pgfﬂ)) involves three steps:

step 1: compute explicitly X,(Ln) and R;Ln) from (1) and (2), respectively.
step 2: find (u;bn+1), p2n+1)) € Vi, xQp as the solution of the linear generalised

Stokes problem (8)-(9).
step 3: compute explicitly a,gnﬂ) e Ty, from (7).
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This algorithm involve at each loop the resolution of a generalised Stokes problem,
that is completely standard: the computation of the stress and the velocity-pressure
is decoupled, and thus this algorithm is of practical interest.

When stresses are approximated by continuous functions, then Tj, C D(V},) while
D(V3,) @ Tp. We introduce Sy, the L? projection from D(V},) on Ty, defined for all
vy € Vi, by

ShD(Vh) € T} and ((I — Sh)D(Vh), Th) =0, Y, € Ty,

Then, (6) writes also:

(n+1) 2 At S D [y We _m 1
_ _ Ve 0
Th We+ A" (uh )+ We + At/ (10)

A decoupled algorithm can also be obtained by replacing (7) by (10) and the bilinear
form a(.,.) by an(.,.), defined for all v,w € V}, by:

an(vw) = 5 (v, w) 4 2(1 - 0) (D(v), D(w) + e (SUD(v), $1D(w))
= a(vw) ~ 7o (= S)D), (T - §)D(w))

This formulation generalises the previous one in the sense that when Ty = D(V4),
then Sy, = I and the two bilinear forms coincides : ap = a. By using some quadrature
formulae (i.e. mass-lumping procedure) for computing the integrals, the L? scalar
product on Tj, x T}, expresses as a diagonal matrix, and thus the S} operator can be
explicitly expressed by a matrix. Thus, the a(.,.) bilinear form can be expressed as
a matrix without matrix inversion: the continuous stress variant is also of practical
interest.

4 Characteristics and tensor flows

This paragraph presents some theoretical backgroud that will be used in the proof
of the theorem, and give some explanations of the construction of the approximation
of the OLDROYD derivative and of the characteristic X} and the tensor flow Rj,.

The characteristic method [5] has been proposed for the numerical treatment of
convected-dominated flows and transport equations. It is based on an approximation

of the material derivative 2> = & + (u.V):
D¢ p(z, 1) = (X (2, t;1.), 1)
—(z,1) = 11
D (%:1) r— (11)

The characteristic X (x, s;.), associated to the vector field u, is defined for all (z, s) €
2 x[0,T] by

{%?t_((x,s;t) — u(X(z,5:0), ), t€]0,T], (12)

The backward Euler time-discretization of (12) leads to

X(x, tpt1,tn) = x — Atu(x, tyg1)
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Then, remplacing u(.,t,41) by ug"), we obtain the approximation X,g") of

X (.ytny1,tn) expressed by (1).

In 1987, M. FORTIN and D. ESSELAOUI [12,16] extended the characteristic method
for the approximation of the OLDROYD derivative of a symmetric tensor. For all
tensor 7 and (z, s) € §2 x [0, T] these authors considered the following tensor trans-
formation:

T(x,t;8) = R(x,t;8) 7(x,t) R (2,t; )

where the tensor flow R(z,.;s) is defined for all (x,s) € 2 x [0,T] by

{ DRy t;5) = R(x, 1;5) MT (u) (3,1), t€]0,T], 13)

R(z,s;8) = 1.

A short computation shows that

D™g Do T, .
T (x,t;8) = R(z,t;8) W(l‘,t) R* (z,t;8), Ym € IN.

The associated transformed problem (P,) is then obtained by replacing in (P) the
first equation (constitutive equation) and the fourth equation (stress initial condi-
tion) by
We%(x,t; s)+o(x,t;8) = 2a D(u)(x,t; s)
o(x,0;5) = R(z,0;s) oo(z) RT(x,0;s).
The OLDROYD derivative has been replaced by a material derivative of a tensor: we
are now able to use the method of characteristics. By using the formulae (11) for

the discretization of the term £ x,t;s) and then setting s =t = t,+1 we get
Dt +

Da0 Do 8(;5, tn+1; tn-‘rl) - a(yv tn; tn-‘rl)

—(z,? = —(z,t ;T ~

.@t (:Ea n-l—l) Dt (l‘, n+1;s n+1) At
where y = X (2, th41;t0).
Remark that (@, tnt1;tns1) = oz, try1) and
a\’(y, 2% tn+1) = R(yvtn;tn-‘rl) U(yvtn) RT(ya tnitny1). Then

@aU O'(I,tn+1) B R(yatna t’n+1) U(yatn) RT(yatna tn+1)

— (@ th) ~ :

Pt At

This approximation of the OLDROYD derivative has been used in the first equation
of problem (P,). It remains to approximate the the tensor flow R(y,t,;t,+1). Using
the backward Euler scheme (13), we get:

R(l‘, tnt1; tn+1) - R(X(:L’, tnt1; tn)v tn; thrl)
At

~ M, (w) (2,t041)
Remark that R(x, t,41;tn+1) = I. We get:
R, tny1itn) = I — AtMT (u) (2, t,11).
Then, replacing MI (u) (., tp11) by MT (ug")), we obtain the approximation R,(ln)
of R(.,tn11;tn) expressed by (2).
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5 Proof of the theorem

Let n € {0,...,N}. We denote 0™ = o(t,), u™ = u(t,), p™ = p(t,), E;ln) =
E,(l") —0}(1"), egln) = ﬁé") —ugn) and C,(ln) = f){hn) —pgln). We introduce also the notations

XM(z) = X (2, tyir; t,) and R () = R(x, tn; thy).

5.1 Recurrence hypothesis

We consider the following recurrence hypothesis:
(R)n: there exists two positive constants ha and Co such that, for all h €]0, hi[ we
have

Haﬁbo,(j) 2+Hu(i)—u§j) LG (ALY, Vie 1, n) (14)
> e[ (w9 — )| < ot ay (15)
=0

where h; and Cy are independent of n, h and At. From the standard interpola-
tion [19], the hypothesis (R)g is true for n = 0. We suppose that (R),, is true for
n € {0,...,N—1} and show that (R),41 it is then true. The demonstration is made
by three steps : a general bound, the [°°(L?) estimate and the [2(H!) estimate. The
I2(L?) bound for the pressure is treated separately. The main bounds (4)-(5) are
then obtained from the recurrence hypothesis for n = N and the 12(L?) bound for
the pressure.

Notice that (15) leads to Atz HV (u(i) - ug)) H < CQ% (At+h"), Vi e {0,...,n}.

This expresses a weak discrete gradient convergence property, that is exploited at
many steps of the the proof.
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5.2 General bound

For any i € {0,...,n}, let us develop the following expression, using (P4), (P) and
the fact that et € Kj,:

We <(7,+1) RO w6 o X0 x (REZ'))T, (1+1)) H Ejﬂ)Hz

At
2 R 7 7 7 7 7 2
(e x ) st (47
We (i1 i) =) 3 () (0) (i+1)
Tt<0}g )—Rg x o, 0 X, X(Rh) s Ep

+ () = 20D (G, )

B (0 )
+ 20 (500 + 20— a)D (§Y) ~ BV D (V)
— 2a (f(ti_l,_l), egﬂ))

= (p(z‘+1)7 Egjﬂ)) + ( (i+1) D( (H—l))) T (r(i+1), egﬂ))

where

. ; . . \\ T

Pt .= We v " (tit1)

B 04 o (G ),

| @0 — i o X D
i u ul¥ o u
rit) . — 920 Re ( v h ~ 7 —(tit1)

X0 = 24 {5,(}'“) — oD 1201 —a)D (ﬁﬁf“) - u“’“))
_ (fyﬁf“) 7p(i+1)) .I}.

Let us consider the decomposition

We ( (i11 ; ; N _G+1) (i+1
e 0o« () ) 4

P : : G :
+ —(Xfe (egfﬂ) - egf) o X(Z)7 eﬁfﬂ)) +4o(l — «) HD (eéﬂ)) H

= (p(i-i-l)’ EE:'H)) + ( (i+1) D( (H—l))) 4 (r(i-i-l), egjﬂ))

) ) N |
+ VXt (R(z) X ES) X}(IZ) X (RS)) — R « E( 1) o X « (R(Z)) ’ €S+1))
" QQTIEB (ef 0 X7 —ef o X0, ofi*1)
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Using the CAUCHY-SCHWARTZ inequality, then lemma 1 and finally the generalized
Pythagore identity a? — b? < 2(a — b, a), Va,b € IR, the previous relation becomes:

We (i4+1) 2 (4) 2 (i+1) Cl? (2)
s (=107 el = S e

aRe <H <z+1>H Hei“ )*40‘(1@)“19(653“))\]2 16
< (p(z‘+1)’ EEIZH)) +( (i+1) D( (z+1))) n (r(iﬂ), egjﬂ))

We i % % % N\ T %
+ = (R<>xg;>xg>x(3gg ~ RO x £ 0 X0 x (RO) ,52+D>

At

9 . . . _ .
+ —(Xfe (egf) o X,(f) — egf) o X egﬂ))
Ayt Ay + As + Ay + As,

The three first terms are bounded by using the identity 2ab < Ba®+b%/3, Va,b € IR
and # > 0 as:

. 2
At st A < H s HD(““)H 3\e“*”H 07

z+1)H +

g el

+ a2+ 5 b+ g

where 31, 82, 83 > 0 will be chosen later, independently of n, h and At.

The lemma 2 and the standard interpolation [19] lead to
H (i+1) H L= HX(zH H L= Hr(zﬂ H < Cy(At+h")?, Vie {0,....n}

for some constant C3 independent of n, h and At.

The terms A4 and As contains sgj) and eg)

From lemma 3:

, and thus, may be bounded with care.

Ay < Wngl{ (H uh —i—At) X HVES) . X ‘5 .
q \T
() <[]}

where p, q,7 € [0,+00], 1/p+1/q+1/r = 1. The imbedding from H*(£2) to LP({2)

is continuous for any p € [2,4o00[ when d = 2, and for p € [2,p*] with 1/p* =

1/2 — 1/d when d > 2. Using then the POINCARE inequality, there exists some

;li) . < Cy ‘ \V4 (u(i) — u,(f)) H From the
P

inverse inequality lemma 12, relation (33), and then using 1/¢g+ 1/r=1—1/p we
have:

A< L Lt 1) (|9 (a9 — )|+ 20) x o0

’ +At) X Hel(l)

positive constant Cy such that Hum —-u

(i4+1)
x |
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where C5 = 2We Cy max (1, Cy) max (1, C3). Choosing d/p = ¢ for any ¢ > 0
when d =2, and d/p =d/2—1 and € =0 when d = 3, we get for h small enough:

A= Ot ([ (o i) [ ae) ] ]
Then, from the mesh restriction hypothesis (3):
ar s G o]+ g
204
# ConA [ (=) e e 0%)

where Cg = (0501)2 and G4 > 0 will be chosen later. Conversely, from the lemma 3:

(
x el

A5 < 2aRe 020 <Hu(’) - 11( + At) HVeEj)

0,p 0,9

Choosing p, q,r and ¢ as for the previous term A4, we get successively:

o5 0t ([ (o w) - ar) o] e
; 2
< 0o e S e
55
#0379 (a0 = al?) o o < e+ 19

where C7 = 2aRe Cy0C3s max (1, Cy), Cs = (C7C1)? and 5 > 0 will be chosen
later.

Multiplying (16) by 2 and collecting previous bounds (17), (18) and (19), we get:

W i 2 A2 i 2

2 (T = 1T) 2]
2aR i 2 NIt i 2
5t (Jee[ = o) + a1 o ()]

< (/81+ﬁ4)H€(z‘+1 H + 6 HD( z+1))H (Bs + Bs) H z+1)H

+ (017+ )H %

2
+ =2 H S Oy (A4 )

20 h7E 9 (u? = s [
+2C;h7PE (u(i) - ug)) H X Hegf) X HehZH)H (20)
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Notice that, using the CAUCHY-SCHWARTZ inequality, the recurrence hypothesis
(14)-(15), from the mesh hypothesis (3) and since r > d/2, we have successively:

o0 3o ()
%M2mwwuuw)(2mwmﬁz
< Oy O h™575 (At + h7)? (ZAtH ““)H)

<[

_d_
< Cs5h™27° max
0<i<n

NI

< CyCs (Cr +1) (At +h7) <i At HESH)H2>
i=0

<R af] g .
i=0

where Cy = C3 C2 (Cy + 1)2 and O > 0 will be chosen later. Also:

o i \v; (u(i) - ug))H X He,(j) x Heﬁl"“)H

Br (i+1) Cho
<T¥" A H H Z10 (Af 4 BT 22
< At + Z @t (22)

where C1p = C3 C? (Cy + 1)® and B7 > 0 will be chosen later. Then, we multiply
by At, sum from i = 0 to n, and obtain:

WeHe%"H H +2aReH H)H +2AtZH

* 4 8a l—aAtZHD( )H2
(63+65+ﬂ7+—> AtZH ()

+ ﬁgAtni:l HD (e§j>) H (03 + % + %) (At +17)? . (23)
=0

< (51 B4+ B + Car + %) s =
1=0

5.3 The [°°(L?) estimate

Choosing 8 = 8a(l — ) and 1 = f3 = B4 = 5 = B = B7 = 1, in (23), we get:

2 2
Eg"-i_l)H + 2aRe e2n+1)"

n+1 n+1
T(Cs + Oy + C1o) (At 4 1) + (1t Cug + Co) At 3 |60+ (34 0y At 3 )
1=0 =0
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Then, we rearrange the expression and obtain:

2 112
el

2 2 ntl =~
Hsﬁf*”H + Heﬁj‘“)H < u(At+h’“)2+nAtZHs§j)
1=0

where

o max(l + 017 + CG, 3+ Cg)
min (We, 2aRe)
T (03 + Cy + 010)
~ min(We, 2aRe)

Assuming that At is small enough, we can assure that 1 — kAt > 1/2. Then, the
discrete GRONWALL’s lemma 11 yields :

2 2
Hs,g"“)H +He§;‘+1>H < pexp (26T) (At + h)2. (24)

Thus, the first relation (14) of the recurrence hypothesis is satisfied for the step
n—+ 1.

5.4 The [?(H") estimate
From inequalities (23) and (24), we get:
2 N (12 2 N (12
o)} < mard {4 + o @)}
Cs C;
+ {T(Cg + Cy + Cho) + (61 + B34 Ba+ Bs + B6 + Br + Crr + =2 + —8) uT exp (2HT)} (At 4 h")?

Bs  Bs

Choosing 82 =4a(l — «) and B = B3 = B4 = 5 = B = 7 = 1, we get:

n+1 2
4ol — a) At Z {Hsg)
i=0

where C11 = {T (03 + Cq + ClO) + (6 + Ci7+ Cs + Cg) wI exp (QKT)}.

Sa (lfozAt {H ()

( )H} < O (At+hT)?

Thus (R),+1 is satisfied and then (R),, is true for n = N.

5.5 The [?(L?) bound for the pressure

Using (P) and (P), for any n € {0,...,N — 1} and v, € V},, we have

R n n n n n n
(e = el o X, v ) + (=) + 201 = @)D (V) = ¢Vt D (vi))

~(n+1)  ~(n) ()
— Du u, —u,oX, (n+1)
= Re <Dt (tn+1) At , Ve |+ (,u , D (vh))
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where
p ) = gt _ Gt 90 p (u<n+1> _ ﬁg"“)) _ (p<n+1> _ 1;2"“)) I

Splitting

e = e — el o X0}l o0 o117}

we get
(n+1) (n)
e —e n
Re (% vh> — ("L D ()
~(n+1) _ ~(n) (n)
Du u —u; 'oX
= Re (E(tnﬂ) e A: h , Vh) + (M(nﬂ)a D (Vh))

= (e 4200 - @)D ("), D (vi))
R n n R n n n
— Xi (egl ) —egl ) o XM, vh) — Zi (e§1 ) o X (™) —egl ) oX}(l ), vh) (25)
=k ++Fs+Fy+F5+ Fg
The polynomial degree index k is supposed to satisfy & > 2, in order for the Hood-

Taylor pair (V3, Q) to satisfy the BREZZI-BABUSKA inequality [6,8,9]. Then, using
the KORN inequality, we obtain:

‘( A diVVh)‘ = Chz HC}SHH)H [vall; = Ci2Chis HC}SH)H 1D (va)ll

with a constant C5 independent of h when k& > 2 and where C13 is the constant of
the KORN inequality.

From other hand, the CAUCHY-SCHWARTZ and the KORN inequalities, and then
the lemma 2 lead to:

F1 S Clg(u) (At+ hTJrl) ||Vh||

From the standard interpolation [19], there exists a positive constant C14 such that:

< Cu (At + hr“) D (va)ll

From the CAUCHY-SCHWARTZ inequality
B < (] + 20 -y () 10 o

From the H~! — H} duality, the KORN inequality and then using a result shown
in [29, p. 470]:

F4<Re

=N eg feg o X™

vl < Cus el 1D )
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for some constant Cy5 > 0 independent of h, At and n.

From the Holder inequality, then lemmas 3, 12 (relation (34)), the KORN inequality
the 1°°(L?) bound (14) for u — uy, and the mesh restriction hypothesis (3):

Re || (n) ny _ (n n)
Fs< & el™oxm g™ xf . Vallo,oc
< ReCyy (Hu(") - ug") + At) X ‘Veg") X 1vallo,oo

< Oy thlf% | log hllié (At + hr) X HVeEl")

X ||D (va)

< O | vel || 10 (vl
for some constant C16 > 0 independent of h, At and n.
Collecting the previous inequalities in (25) and choosing

egln-ﬁ—l) B egln)

Vh = At

we obtain
HC](anrl) H < {Clg(u)clg + 014} (At + hr+1) + H{:‘Eln+1)H + {2(1 — a) +Cis + 016} Hegﬂ+1)H1

Multiplying by At and summing from n = 0 to N — 1, together with (14)-(15) leads
to the 1?(L?) bound for the pressure.

6 Three main lemmas used in the proof of the theorem

This paragraph groups the three main lemmas used by the previous proof of the
theorem.

Lemma 1 (Estimate on the transformation)

Letu € C(C%Y).

1) The following equality holds:

2
oo x| = llel?, ve e L2(@)

11) There exists two positive constants Aty and Ci7 such that if At < Aty then

2

T
Hm x 70 XM x (R™)'|| < (14 CrrAn 7|, vr € L3 ()™




Approximation of time-dependent viscoelatic fluid flows 17

Proof From the morphism of characteristic lemma 5, we have X (™ (£2) = 2 and,
since divu = 0, J = 1. Thus

XM (2)|” de = 2 UMW (y)dy = ?
@o (z)| dz= le(y)] (y)dy = |l
0 X ™) (02)
Conversely
T2 2 )
oo <o
0,00

As in the demonstration of the lemma 7:

HR(W)

2
o0 = OXP (4At ||Vu||Loo(Loo))

Using the bound exp() <1+ 2n when n <1, let Atg = 1/{4[|Vul| o (o)}

H R™

2
S 148ALVU| poo(poy  When Al < Atg

0,00

Then the result holds with C17 = 8 [Vul| o (100

The following hypothesis is required by the proof of lemma 4, that shows that the

discrete gradients are weakly bounded. Since this argument is required at many
places, this hypothesis is shared by many lemmas.

Hypothesis 2 (weak gradient convergence)
Let u € C(C%Y) and u;, = (ugln))
0<n<N
constants v > d /4, hg and ¢ such that

€ VhN 1. There exists three positive

Atz

v(u<">—u,g">)“ < c(At+hY), Yhe]0,ho, ¥ne {0,...,N} (26)

where ¢ is independent of At and h.

Lemma 2 (Estimate on the time approximation)

Letu € C(C%Y) and u), = (ug}))(K x € VNt Let s > 0 and r := min(k, s).

i) For all ¢ € C(H*TY) N C?(L?) there exists a constant Cis(p) > 0 depending
upon ¢ but independent of h and At such that for all n € {0,...,N — 1} we
have

~(n+1 ~(n n
B = o xf?
At

Dy
Dt

(tnt1) — < Cus(p) (At +h™)
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i1) Assume that that the hypotheses (3) and (26) hold and that r > max(0,d/2 — 1).
Then there exists hy €10, ho[ such that

T
g, TR o (1))
%( n+1) - At » Th

< Cao(r) {[[ (u = u )|+ At 7} Yl

for all h €]0,h1[, n € {0,...,N -1}, 7 € C}(L*)NCH(H*1)?*d ~), € T}, and
Ci9(T) > 0 is a constant depending upon T but independent of n, h, At and ~p,.

Proof We prove only the second inequality, since the first proof of the first one is

similar and simpler. Let us denote £(™ = 7(») — ?,(Ln). We consider the following
decomposition:

@aT ~(n n) ~(n n n T
At (1) - (T,§ - R A o x( (R(V) )

Dot T
- Zal _ (41 _ p(n) (n) () (R
{At 91 (tnt1) <7’ R™ ™o X (R ) )}

N {§<n+1) _ R ¢ 6 x(m) (R<n>)T}

+ {(R(") — R7) A o X (R(”))T} + {R,(j” Ao x (R —R,@)T}

=T +To+T3+T;

Ti-estimate) Let f(t) = 7(x,t; tpt1). From one hand, remark that f(t,4+1) =
7+t (z) and that f(t,) = R (z) 7™ o XM (2) (R(”))T (x). From other hand,
by the property of the material derivative f(")(t) = %Tw:,f(z, t; tpt1), m > 0. Then,
by a second order Taylor expansion and then the lemma 7, we have

Dur D) _ R0 20 6 X () ( R(n))T
- tn _
@t( +1) At
At 2 .@27'
< ARG ) e e ]L
9 L (tn,tn+1,L ) @tQ Loo(tnﬁtn+1;L2)
< ¢(r)At (27)
where
o(r) = % Dat
o 2 @1‘/2 LOC(LZ) '

T5- estimate) Remark that

(D) _ R ¢  x(n) ( R(n))T

tnt1 B

— /t 7 {R(.,s; tns1) E(X (s tnsrs 8),8) (R(.,s; tn+1))T} ds
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and then

H£<n+1> _ R g o x (R(n))TH

€M Loo (2,0 £ 40:22)
Lo (ty,tny1;L°°)

Lw(tnqtn+l;L2)}

From the definition (13) of the tensor flow R :
H OR

E('v -3 tn+1)

’81%

< At {2 ||R(-a -3 tn+1>||Loc(tn,tn+1;L°°)

+ ||R('7'; tn+1)||L°°(tn,tn+1;L°°) 5

o

(-3 tnt1) < 2[[RGs 5 )| poe i y05000) XNV oo 1, 1,005 00)

ot

Lo (tn,tn41;L°°)

Then, from the lemma 7 and using a classical interpolation [19] we get
1 T
- Hg(nJrl) — R ¢ 5 x (R(n)) H < Jd(r) R (28)

where
C/(’]') = 014022 max (1, 4||vu||Loo(Loc)) |‘T||W1’°°(HT+1)

(T5 4 T4)- estimate) The test-function 7, and the HOLDER inequality are used here
to obtain a fine bound. Using the symmetry of the tensors ; and ?,(Ln), and the
splitting ?,(Ln) =7 — ¢ we obtain:

T
(Ts + Ty, 1) = <(R<") - Rggﬂ) 7o x (™ (R(”) + REL”)) : 7h>

<{je

<l s e o

(n)
R
0,00 * H h

n (n
Ooo}XHR( )7Rh)

. |m|o,oo}

From lemmas 1, 12, 6 , 7, 9 and using a classical interpolation [19] we have

Ly 4+ Ty, ) < {Con + i) {HV (u("> - ug">) H + CQsAt}

At
(n)
- {HT T+1} . ”’YhHO’OO

</ {]|v (0 = u) [+ At} < hmllo o (20)

T+1}

+ (1 + C14C% hTJrl*%) HT(")
0,00

where

_d
2

(1) = (Cag + Cy3) max(1, Cys) (1 + C14C% h8+1 ) {HT(n)

e
0,00

Collecting (27), (28) and (29), we get C19(7) = ¢(1) + /(1) + (7).
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Lemma 3 (HOLDER-like estimate on the approximation of characteristic)

Let u € C(C%Y) N Wh°(L>®) and uy, = (u;ln)) € VN1 Assume that the
0<n<N

hypothesis (26) holds.

1) There exists a constant Cyg > 0 independent of h and At such that for all
p,q,7 € [1,4+00], 1/p+1/qg+1/r =1, o € WH9(Q2) and 1) € L™($2), we have

((,0 o X(") —po X](Ln)’ ’(p) S CQO At (Hu(n) - uén) 0.p + At) HV()DHO,q H’L/}HO,T :

ii) Suppose also that u € WH(WL>°). There ewists a constant Co; > 0 inde-
pendent of h and At such that, for all p,q,r € [1,4+00], 1/p+1/q¢+ 1/r = 1,

e (Whi(2)n L‘X’(Q))dXd and v € (L*(22) N LT(Q))dXd, we have

<R<”> 7o X® (R<">)T ~ R rox™ (REL"))T , 7>

< onarf ([u <u?] 4 a) 197l Il

(|7 (a = )|+ 2¢) Il oo 111}

Proof 1) Let us introduce the following notations:

V" (2,0) = X (2) + (1 - 0) X\ (2) € 0
6(x,0) = o Y, (x,0).

Then

oy,
09

9¢

20

(2.0) = (X = X" (@)

(z,0) = (X(”) — X,(ln)) (z) .V o Y™ (z,0).

and thus from the HOLDER inequality, for all p,¢,r € [1,+o0], 1/p+1/q+1/r = 1:

(pox®—goxiv) = [ o) =o@0) vwar = [ | 09,0y bie) 0 da
= /Q (X(”) — X,(ln)) (x). {/0 V(poYh(")(:E,H) d@} P(x)dx

oAl

Using another instance of the HOLDER inequality yields:

1 1 1_% 1 %
/u\oné")(z,@)\dos{/ 1d9} x{/ \VsooY,f")(w)\qd@}
0 0 0

1 a3
/ woy;%,e)de\ } el
0
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and then, permuting the integrations:

1 a7 1 :
{/ / choYh(n)(x,G)dG‘ } < meas(£2)1 " {/ / ’choYh(")(z,@)’qdsz}
(9] 0 0 (%}

Let Jy(.,0) denotes the Jacobian matrix of the Yh(")(.,O) transformation. From

lemma 6, we get the bound det (J;l(y,G)) <¢ Vy € 2 and 0 € [0,1], for some
constant ¢ > 0.

n q —
[|veoriP@o)| a=[ Vo) det (55 00) dy < et [ Vel dy
10 v (™) (£2,0) 10

h

for h small enough, says h < hg. Grouping the previous inequalities:

(cpoX(”) - gaoX,(L"), 7,/1) < cmeas(2)" "

‘X(n) _ X,(I")

o IV Plloq [1¥llo,r

By applying the lemma 8, we obtain the first result of the lemma with
Cy = max(1, c) max(1, Ca4) max(1, meas(§2)).

ii) The second result is treated by considering the splitting:

T T
R™ x 10 XM x (R(”)) — REL") X To X,S") X (REL"))
T T
= (R =B x 70 X® x (R™) " 4+ RV x 70X x (R™ ~ R(")

T
+ RE:L) X (ToX(”) —TOX,(LH)) X (Ré"))

Then

T T
<R<"> w70 X0 s (R0)" R x o x( x (R ,7)

§<HR<"> +||& >><HTox<n> xR R < I
0,00 0,00 0,00
2
R
<51+ 52

From lemmas 5, 7 and 9 we have
$1 < (Coz + Can) At x (|7 (u® = uf) | + Casat) Yo e 1
and from lemma 7 and the first result of the current lemma:

So < CopCa3 At (Hu(") — ugn)

Op+c24At) 1970, ..

Then, the proof is complete.



22 Mohammed Bensaada et al.

7 Others technical results

The current paragraph groups some technical results used in the proof of the three
lemmas presented in the previous paragraph.

Lemma 4 (Discrete gradient bound)

Letu € C(WH®) and uy, = (ug"))0<n<N € VN1 Assume that that the hypothe-
ses (3) and (26) hold. Then there exists hy €0, ho[ such that

At HVugﬁ < ba(h), Vel
where

64(h) = VAth=%. (30)

Proof Since hypothesis (3) is satisfied, we have limj_,0d4(h) = 0. There exists
hy > 0 such that if h < hy then At < h%. Let us denote hs = min(hg, he) and

Atg = hg/Q. If h < hg then At < Atz and, starting from the lemma 12, relation (32),
and then using hypothesis (26), we get successively:

At ||Vuh|\0m < O K% At HVug")

S 026 h_% At { HVu(")

v (= u) [}

< Cyeh~ 3 At HVu<"> T Cos ch?~ 3 At3 + Cag ch™3 A3/

< 54(h) {aléd(h) + agh”’d/‘l}

where a; = Cagg (Hu||Lao(W1,oo) + cAtf) and ay = Cyge. Since limy,_,9 dg(h) = 0 and

v > d/4, there exists hy > 0 such that if A < hy then a184(h) + agh?~%* < 1. Then
the result holds for hy = min (hs3, hy).

Lemma 5 (Morphism of characteristics)

Ifu € C(C%1(92)) then there exists a constant Atg such that, for all At < Atg the
transformation X (")(x) 18 a quasi-isometric homeomorphism and the determinant
det (J(")) of the Jacobian matriz of the transformation satisfies

’1 — det (J(") (ZC))’ < At ||divuallpee, b, n(2)) 0 VT E 2
Proof See [15, p. 55], lemma 5.

Lemma 6 (Morphism of approxzimate characteristics)

Let u € C(C%Y) N C(HY) and v, = (ugln)) € VNt Assume that
0<n<N

hypothesis (26) holds. Then, there exists a positive constant hg such that

Yh(n) (z,0) = 60X (z) + (1 - G)X}(L") (x) is a quasi-isometric homeomorphism of 2
onto itself with a Jacobian Jy, bounded by 1/2 for all 6 € [0,1] and all h €]0, ho).
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Proof The proof is made in three steps,

step 1: Y, +(™ (22,0) C 0.
Let x € 2 and y = Yh(") (x,0)p : let us show that y € £2. By definition:
tn41

x—z—(1-0)Atuj(z) — 0 w(X(x,tny1;5),5)ds
tn,

dist(y, 062) = min |y — z| = min
(y,002) = min |y — 2| = min
Since both u and u;, vanish on the boundary, the previous relation writes also:

r—z+(1-— G)At/ VuZ(y).u dv

T |‘T_Z|

tn g2 X (,t —
+ 9/ / Vu(y, s). (@ tni1,5) = 2 dvds
tn X (x,tn41,8) |X

dist(y, 0¢2) = min

z€02

(matn+las) - Z|

2 (1= 0) min |z — 2| |1 = At [Vugllo

+9Z1251)?z {|x -zl - Ats max Vullp oo X [ X (@, tnt1,8) — z|}

n n+1]

Since X (£2) = 2 and {2 is bounded (lemma 5), there exists a constant ¢ > 0 such
that

max | X(z,tnt1,8) — 2] <c¢,
s€[tn,tnt1]

and thus
dist(y,092) > dist(z,002) { (1~ 6) |1 = At] [[Vuflly o + 60 1~ cA] [Tul poyo }

Therefore, for all € > 0 there exist hg > 0 and Aty > 0 such that for h < hg and
At < Aty

dist(y,002) > (1 —e)dist(x,082)
From the above property, we deduce that y € (2.

step 2: Y,f”’(.,e) is injective.
Let 21,22 € £2. From the definition of Yh(n)(.7 0) :

x2

1 —xa+ (1 — G)At/ Vuj (v)

1

tna1
0 [ U 111390, — (X 0 t155), )} ds
t

n

Y (21,0) — Y. (22, 9)‘ - T2 g

|1 — 23]

Since

tna1
/ {u(X(z1,tnt1;8),8) — u(X (22, tni1;8),5)} ds
¢

X(z1,tny158) — X(w2,tn4158)
| X (21, tht158) — X (22, tnt1;9)]

tnt1;L°°)

dvds

n
tny1  px2
= / Vu(v,tni1;8) x
tn 1

< At |z1 — x| ||Vu||L°°(tn,,
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we get

Y, (21,0) - Y, (22,0)| > (1—6) |21 — 22| (1 - At [ Vu}]l,..)

0 for — | (1= ALVl )

Thus, for all € > 0 there exist hg > 0 and Aty > 0 such that for h < hg and
At < Aty we have

Y (@1,0) — Y, (22,60)| > (1 =€) |y — o

Then it holds the injectivity propriety of Yh(") (.,0).

step 3: Jacobian bound.

Let us introduce the notations J;;(z,t;s) = %)x(z

(n)
63};;? (x,0). From the definition of Y,f”’(.,e) and using the repeated index sum-
J

(x,t;s) and Jp,i ()

mation notation convention, we have for all 7,7, 1 <14,j < d:

Oup.; tnt1 1o}
hosal = 185 = (L= ) A =0 [ g0, 9) % G (Xt 5), 9 ds
Zj tn 6xj
> 10 — (1= 0)At ||vuhHO,oo — QAL (s s ')||L°°([tn,tn+1;L°°(Q)) ”quLOC(LOC)‘

From lemma 4, At[|[Vuy||, o, < da(h) where d4(h) is expressed by (30). Thus

| Thsi, gl >

5. — 8a(h) ((1 —0) + cead(h)h%)}

For d = 2, we have det(Jp;i ;) = Jn:1,1Jn:2,2 — Jni1,2Jn21 Then, using hypothe-
sis (3), we deduce that lim,_d04(h) = 0 and det(Jp; ;) > 1 — cdq(h) for h small
enough. The proof is then similar for d = 3, by expanding det(Jp;; ;).

Lemma 7 (Bound for the tensor flow)
Let u € C(C%Y) and u;, = (ug")

holds.
1) There exists two positive constants Aty and Cag such that if At < Aty then

) € VN1 Assume that hypothesis (26)
0<n<N

||R('7 B t"+1)||L°°(tn,tn+1;L°°) S 022’ O S n S N - 1

i) Let up, = (u;bn)) e € VNt Assume that that the hypothesis (3) on the
0<n<

discretisation holds and that there exist two positive constants ho and ¢ such that

Atz

v(u<n>—u§f>)H < c(At+h), Yhelohl, Vne {0,...,N}

where ¢ is independent of At. Then there exists a positive constant Caz such that

e

0 < Cas, VTLE{O,...,N*I}
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Proof 1) Let (z,t) € 2 X [tn, tn+1]. From (13):

tn41
R(z,tytper) =1+ / R(x,s; tny1) ME (u) (z,s)ds
t

and then

tnt1
IRttt < 1 [ IR sstas)lo o [T () 6] o

From the continuous GRONWALL’s lemma 10:

RO i)l < 1+ [ {14 @) 00 ([ M w0, an) } as

< 1 [|My (u)HLOO(t,tn+1;L°°(.Q))

tnt1
X /t exp ((S —tn) HM;F (u)HLW(t,tn,+1;L°°(-Q))) ds

= exp (At | Mg (u)HLw(t,tn+1;L°"(Q)))

< exp (24 |V e ) )
S 14+ 4ALVU|| poc ()

Then, we have [|R(., t; tni1)| ooy < 2 for At < 1/{2||Vul| ooy }-

ii) From the definition (2) of the approximate tensor flow and from lemma 4 we get
successively:

HR}P < 1+ 204(h)

< 1424t HVuﬁL")

0,00 0,00

and then the result yields from the hypothesis (3).

Lemma 8 (The discretization of the characteristics)

Let u € C(C%) N Whe(L>®) and u;, = (ugln))0< € VNHL Assume that
hypothesis (26) holds. Then, there exists a constant Cay > 0 independent of h and
At such that for all p € [1,+00]:

< Hu(”) — ug")

+ Coy At
0,p

xm — xtm
At

0,p

Proof Since

o
B

S

S~—"
!

tnt1
e [ uX @ i), ds
t

n
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we have

() o= [ (o it9.) 0

+ / (@, ) — WX (@, tsrs 5), 8)) ds (31)

Notice that u(z, t,) = u(X(x, tnt1; tnt1), tn). After two Taylor expansions:

|u(x, tn) - u(X(aj’ (2NN S)? S)'
du

< [X(@, tngrss) — ] x ”vu”LOO(tn,th;LOO(Q)) + (s—1n) X ot

Lm(tnvtn+1?[‘m(~o))

Notice that

tnt1
X (@, tosris) — 2] = / (X (@, tysri ) ) dy

< (tne1 —5) ¥ ||u||L°°(tn,tn+1;L°°(Q))

Then

tnt1
/ lu(z,t,) —u(X(z,thi1;8),8) ds < cAt?
[2%

with

1

e = 5 {lulwre g + Il gy X Il ey }

Thus, from (31) and the triangular inequality, we get for all p € [1, +00]:

HX(”) - X,(L") < At Hug}) —u™ + cmax (1, meas(_(l)l/p) At?
0,p 0,p
< At Hug}) —u™ + Oy A
0,p

with Caq = ¢ max(1, meas(£2)).

Lemma 9 (The discretization of the tensor flow)
Let u € C(COY) n WLee(Wh>) and u;, = (ugln))o< o € VNt Assume that

hypothesis (26) holds. Then, there exists a constant Ca5 > 0 independent of h and
At such that

R — R™

8 < o o) e
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Proof Since

tn+1
RM™(z) =1 — / R(z,t; tyyr) Vu(z, t) dt
tn

R (z) =1 / " vul () at
we have

(R(") _ R;Ln)) (x) = /ttnﬂ (vugn) (z) — R(,t; tyy1) Vu(z,t)) da
- /ttn# (vugﬂ (x) —Vu(m,tn)) dat

n

) /tn+1 (Vu(z, t,) — Vu(z,t)) dt

n

tnt1
[0 Bt ) Vute g ar
tn

From a first order Taylor development

Vu(z,t) = Vu(z,t,) + %(z,t*), where t. € [tn,1]
and then
tnt1
[0 - R < a0 (w - uf) | + |22 [
Lo (ty tni1;L2) I tn
tnt1
AV pipy [ 1= Rt )
Next

tnt1
I — R(z,t; thy1) = / R(z, s; tny1) Vu(z, s) ds
t

[ = R(z,t; tnia)] SVl pooqr, o,y ismoe) IBC5 tn) o, 0,002y (Bngn — 1)

Using lemma 7, the result holds with Cas = (||u||W1,w(W1,w) + Cao ||u||Lw(W1,w)) /2.

A Some classical results

This appendix recalls some more or less classical results that was referenced in the present
paper.

Lemma 10 (Continuous GRONWALL’s)
Let ¢, @o and k be continuous positive functions. If we have

pt) < <po(t)+/0 k(s)(s)ds, Vt>0
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then

o0 < oo+ [ {se) o) e ([ mtman) } as, wizo

Lemma 11 (Discrete GRONWALL’S)
Let At, ho, Gn, by, cn and Ky, for integer n > 0 be non negative numbers such that

an+Atibn < ho+Atinnan+Aticn, n>0
q=0

q=0 q=0

Suppose that kK, At < 1, for allm > 0. Then

an+Athn < exp< %) <ho+Athn,>
q=0 q=0 n

q=0

Lemma 12 (Inverse inequalities)
Let (Ih)n>0 be a quasi-uniform family of triangulation of 2. Then, there exists a positive
constant Cas such that for all piecewise polynomial function ppn we have:

_4a
llenllo,e < C26h™ 2 [|onll (32)
lonlls < Cas b~ lonll, when o, € C(12) (33)
llenllo.co < Ca6 pa(h)|lenlly,  when pn € C(£2) (34)

where pq(h) = hl=% | log h|1_%.

Proof See [7, p. 111] and [29] for the last inequality.
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