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Un schéma de discrétisation d’ordre un pour les EDS
unidimensionnelles ayant un coefficient de diffusion de
la forme |z|%, a € [1/2,1]

Résumé : Nous étudions la vitesse de convergence d’une version symétrisée du schéma
d’Euler, appliquée a la discrétisation en temps de la solution d’une équation différentielle
stochastique dont le coefficient de diffusion n’est pas Lipschitzien mais de la forme |z|* avec
a € [1/2,1). Nous montrons que lerreur faible, pour des fonctions tests réguliéres, reste
d’ordre un comme pour le schéma d’Euler classique. De plus, comme le schéma d’Euler
classique, la version symétrisée reste tres simple a simuler sur un ordinateur.

Mots-clés :  Schéma d’Euler, erreur faible, processus de CIR, processus d’Hull-White,
processus SABR.
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1 Introduction

We consider (X;);>0, the R-valued process solution to the following one-dimensional It6
stochastic differential equation

t t
Xt::p0+/ b(XS)ds+o/ | X, |*dW,, (1.1)
0 0

where zo and o are given constants, o > 0 and (W;);>0 is a one-dimensional Brownian
motion defined on a given probability space (2, F,P). We denote by (F;);>o the Brownian
filtration. To ensure the existence of such process, we state the following hypotheses:

(HO) a € [1/2,1).
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4 Bossy € Diop

(H1) The drift function b satisfies

b(0) > 0,
and |b(z) —b(y)| < K|z —y|, z € R, Vy € R,

where K is a positive constant.

Under hypotheses (HO) and (H1), strong existence and uniqueness holds for equation (1.1)
(see e.g. the result from Yamada & Watanabe cited in [9] p.291 ).

Moreover, when 9 > 0 and b(0) > 0, the process (X¢):>0 is valued in [0, +00). Indeed, as
b(x) > b(0) — Kx > —Kux, comparison Theorems for solutions of one-dimensional stochastic
differential equations give that X; > Z;, for all ¢ > 0, where

t t
Z, = —K/ sts—|—0/ | Zs|dWs.
0 0

Z; = 0 stands for the unique strong solution of the above equation (see e.g. [9]). (X¢)i>0 is
then the unique strong solution to

t ¢
X, =z —|—/ b(Xs)ds + 0‘/ X&dWs. (1.2)
0 0

For the study of simulation scheme of models like (1.1), one can find motivations and
applications in Financial mathematics. Indeed, in [4], Cox, Ingersoll and Ross proposed to
model the dynamics of the short term interest rate as the solution of (1.1) with a@ = 1/2
and b(z) = a — bz. In [8], Hull and White proposed the following mean-reverting diffusion
process

dry = (a(t) — b(t)ry)dt + o(t)ridWy

with 0 < a < 1, to model the short term rate. More recently, (see [7]) the afy—model or
SABR-model have been proposed as stochastic volatility model in which the asset price
and the volatility are correlated:

dX, = a, XPdw}

dat = l/O[tdBt
where By = YW} + /(1 —42)W2 and (W', W?) is a standard two dimensional Brownian
motion.

When the drift b(z) and the diffusion coefficient o(x) are smooth functions, at least with
bounded first order derivatives, one can apply the Euler scheme to the process solution of

t t
Xt:xo—i—/ b(Xs)ds—i—/ o (X)dW,
0 0

INRIA
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and convergence rate results are known, depending on the regularity on b(z) and o(X)
and/or on the regularity of the test function f, when one consider the weak error of the
scheme (see e.g. [12] and the references therein).

The classical Euler scheme could not be applied in our situation since it does not conserve
the sign of the process. Similar situations occur when one consider discretisation scheme
of a reflected stochastic differential equation. To maintain the approximation process in a
given domain, some strategies are now well-known. One consists in take the projection on
the domain of the value obtained by the Euler scheme at each time step (see e.g. [3]). A
more efficient strategy consists in symmetrized the value obtained by the Euler scheme with
respect to the boundary of the domain (see e.g. [2]).

Here, our preoccupation is quite similar. We want to maintain the positive value of the
approximation. Moreover we have to deal with a just locally Lipschitz diffusion coefficient.

In section 2, we construct a time discretisation scheme for (Xy,¢ € [0,7]), based on the
symmetrized Euler scheme and which can be simulated easily.

We prove a theoretical rate of convergence of order one for the weak approximation error.
Convergence results when o = 1/2 and 1/2 < « < 1 are given in the next section in Theorems
2.3 and 2.5 respectively. The sections 3 and 4 are devoted to the proofs in this two respective
situations a = 1/2 and 1/2 < a < 1. We denote (X;,t € [0,7]) the discrete time process.
To study the weak error Ef(X7) — Ef(Xr), we will use the Feynman-Kac representation
Ef(X7_;) = u(t,z) where u(t,z) is the solution of the associated Kolmogorov Equation.
One of the main difficulties of the proofs consist in obtain sufficiently strong upper-bound on
the spatial derivatives of u up to the order four. To our knowledge, for this kind of Cauchy
problems there is no generic results. As we cannot hope to obtain uniform upper-bound in
x, we will also need to study the behavior of the approximation process at the origin.

The case a = 1/2 is a little easier: this can be seen intuitively on the associated infinites-
imal generator which has unbounded but smooth coefficients. In the case 1/2 < a < 1, the
derivatives of the diffusion coefficient of the associated infinitesimal generator are degener-
ated functions at point 0. This is why in this last case, we enforced the hypotheses in order
to obtain stronger controls on the behavior of the approximation process at the origin.

2 A modified Euler scheme solving (1.2)

For a fixed z¢ > 0, let (X;)¢>0 given by (1.1) or (1.2). For a fixed time T' > 0, we define a

discretisation scheme (X¢,,k=0,...,N) by

{X0_$0>0,

- - - —a 2.1
Xty = ‘th +b0(X¢ ) At +0 Xy, Wy, = Wi, )|, E=0,...,N -1, (2.1)

where N denotes the number of discretisation times ¢, = kAt and At > 0 is a constant time
step such that NAt=T.
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6 Bossy € Diop

In the sequel we will use the time continuous version (yt)OStST of the discrete time
process, which consists in freezing the coefficients on each interval [tx, tx41):

Xo= | Xy + (t = n()b(X ) + 0 X 0y (We = Wyy)| (2.2)

where 7(s) = suppeqr,. np{tk;te < s}. The process (X¢)o<i<r is valued in [0,+00). By
induction on each subinterval [tg,tg+1), for & = 0 to N — 1, using the Tanaka’s formula,
we can easily show that (X;) is a continuous semi martingale with a continuous local time
(LY(X)) at point 0. Indeed, for any ¢ € [0, T, if we set

Zy = Xy + b(X0) (t = 0(1)) + 0 X 30 (We = Wiy, (23)

then, X; = |Z;| and
¢ ¢
X, =z —|—/ sgn(Z5)b(X y(s))ds + 0’/ sgn(?s)yz(s)dws + LY(X), (2.4)
0 0

where sgn(z) := 1 — 21 (,<0)-
The following Lemma ensure the existence of positives moments of (Xt)o<t<T starting
at xo at time 0 and of the associated discrete time process (X)o<i<7:

Lemma 2.1 Assume (HO) and (H1). For any xo > 0, for any p > 1, there exists a positive
constant C(p), depending on p, but also on the parameters b(0), K, o, a and T, such that

E( sup Xfp> +IE< sup Xfp> < C(p)(1 + 25P). (2.5)

te[0,T] te[0,T]

Proof. We prove (2.5) for (X)o<t<r only, the case of process (X;)o<t<7 could be deduced
by similar arguments. By the It6’s formula, noting that for any ¢t € [0, T fg YipildLg (X) =

0, we have

t t
Yfp = a:gp+2p/ Yipilsgn(7s)b(yn(s))ds—|—2pa/ szflsgn(is)yzl(s)dws
0 0

b —2p—2—2a (2:6)
+0%p(2p — 1)/ XX wds.
0
To prove (2.5), we start to show that
sup E(X,") < Co)(1+a3") (2.7)

te[0,T)

(2.5) follows from (2.7), (2.6) and the Burkholder-Davis-Gundy Inequality. Let 7, the stop-
ping time defined by 7, = inf{0 < s < T;X; < n}, with the convention inf{}} = 0.
Then,

tATh tATR
EX.Y <a 4+2p / E (Yi”‘lb(fn(s))) ds + o%p(2p — 1) / E (Yip‘QYi‘(”s)) ds.
0 0

INRIA
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Using (HO), (H1) and the Young Inequality, we get
_ 9 tATH 9
IEXJT” §x(2)p + Th(0)* + (2p —1+0%p(2p — 1)) / E (Xsp) ds
0
N e op 1 AT —ap2—2a
+ 2pK/ E (Xf Xn(s)) ds + o%p(2p — 1)/ E (XS” Xn(s)) ds.
0 0

Replacing X, by it expression (2.2) in the integrals above, we easily obtain, using another
time (H1) and the Young Inequality, that for any ¢ € [0, 7],

T](t)/\Tn o
. <2+ C(p) (1 + /O E (ans)) ds>

n(t) —
<ag’ +C(p) (1 + /0 E (Xyonr) ds) ;

where C'(p) > 0 depends on p, b(0), K, o, « and T. A discrete version of the Gronwall
Lemma allows us to conclude that

—2p
EX5mn

sup E (X0, ) < C)(1+af),
k=0,....N

for another constant C(p), which does not depend on n. Taking the limit n — 400, we get
SUPk_o, .. N E(Y?:) < C(p)(1 + 25P), from which we can easily deduce (2.7) using (2.2). B

In addition of hypotheses (H0) and (H1), we will analyze the convergence rate of (2.1)
under the following hypothesis:

(H2) b is a C* function, with bounded derivatives up to the order 4.

2.1 Main results
2.1.1 Convergence rate when o =1/2

In that case (X¢)o<t<r satisfies the equation

t t
X, = 20 +/ b(XS)ds—HI/ VX AW, 0<t<T. (2.8)
0 0

When b(z) is of the form a — bz, with ¢ > 0, (X;) is the classical CIR process used in
Financial mathematics to model the short interest rate. When b(z) = a > 0, (X;) is the
square of a Bessel process.

Here, we restrict yourself to the case

RR n° 5396



8 Bossy € Diop

(H3) b(0) > 202,

Remark 2.2 When xo > 0, one can show using the Feller’s test (see e.g. [9]) that, if
b(0) > 02 /2, then P(1p = 00) = 1 where 7o = inf{t > 0; X; = 0}.

When b(0) > o2, we are able to control the inverse moments and exponential inverse
moment of the CIR-like process (X;) (see Lemma 3.1).

Hypothesis (H3) is a stronger condition under which we can prove that the derivative (in
the sense of the quadratic mean) of X with respect to x is well defined (see Proposition B.1
in Appendix B).

Theorem 2.3 Let f be a R-valued C* bounded function, with bounded spatial derivatives up
to the order 4. Let a = % and o > 0. Assume (H1), (H2) and (H3). Choose At sufficiently
small in (2.1), that is At < 1/(2K) Axzg. Then there exists a positive constant C depending
on f, b, T and x¢ such that

b(0)
¥ At <%
[Ef(Xr) —Ef(Xr)| < C | At+ (x>
2.1.2 Convergence rate when 1/2 < a < 1.

In that case (Xy)o<i<7 satisfies

t t
X, = 2o +/ b(X,)ds + a/ XodW,, 0<t<T. (2.9)
0 0

We restrict yourself to the case
(H4) zo > "PAt.

Remark 2.4 When zo > 0, Feller’s test on process (X;) show that it enough to suppose
b(0) > 0, as in (H1), to ensure that P(tg = 00) = 1, for 7o = inf{t > 0; X; = 0}.

Theorem 2.5 Let f be a R-valued bounded C* function, with bounded spatial derivatives
up to the order 4. Assume (H1), (H2) and (H4). Let 3 < oo < 1.

Consider (Xi)o<i<t, solution of (2.9) and (Xi)o<i<T, the corresponding symmetrized
Euler scheme given by (2.1). Choose At sufficiently small in (2.1), that is At < 1/(2K).
Then there exists a positive constant C depending on f, a, o, b, T and xy such that

gcg(a)

Ef(Xr) — Ef(Xr)| < (1 + 1) At,

where q(«) is a positive constant depending only on a.

INRIA
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3 The case of processes with o = 1/2.

3.1 Preliminary results

In this section (X;) denotes the solution of (2.8) and (X) the solution of (2.8) with the
deterministic initial condition x at time 0, that is the unique strong solution to

t t
Xt‘”:er/ b(Xf)ds+a/ VXEdWs. (3.1)
0 0

3.1.1 On the exact solution

We have the following

Lemma 3.1 Assume (H1) and (H3). We set v = 222 1, so that by (H3), v > 1. For

o

any p such that 1 < p <wv, for any t € [0,T] and any x > 0,
E(XH) ™' <Oz and E(XF)P < C(T)tP.

" Bexp <,L/0t(xg’)1ds) <o) (1+a7v7),  (32)

Moreover for all p < v

where the positive constant C(T) is a nondecreasing function of T and does not depend on
x.

Proof. As b(z) > b(0) — Kz, comparison Theorem gives that, a.s, XF > Y/, for all t > ¢,
where (Y;%,t <T) is a CIR process solving

t t
VP =x +/ (b(0) — KY7)ds + 0/ VYZEAW,. (3.3)
0 0

t t
In particular, E exp (u/ (Xf)_lds) < (,u/ (Yf)‘lds) As b(0) > o2 by (H3), one can
0

0
derive (3.2) from the Lemma A.2. Similarly, for upper bounds on inverse moments of X7,
we apply the Lemma A.1. [ |

3.1.2 On the associated Kolmogorov PDE

Proposition 3.2 Let f be a R-valued C* bounded function, with bounded spatial derivatives
up to the order 4. We consider the R-valued function u, defined on [0, T] x [0,+00) by
u(t,z) = Ef(XF_,). Let a = 1/2. Then under (H1), (H2) and (H3), u is in C**(]0,T] x

[0,400)). That is, u has derivatives up to order 4 in the space variable and a derivative in

RR n° 5396



10 Bossy & Diop

the time variable and there exists a positive constant C depending on f, b and T such that,
for all x € [0, 400),

sup %(t,x) <C(1+wx) (3.4)
tejo,1] | O
and
[[ull Lo (0,77 <C. (3.5)
893 Lo ([0,T]x[0,400))
Moreover u satisfies
210+ 6@ 2 0) + Sr T 1,2) = 0, (1) € [0.7] x [0, +00)
‘ , L X 833 , L 8332 X ) , L ) , T0O0), (36)
u(T,z) = f(z), x € [0,+OO)

Before to prove the above Proposition, let us introduce some notations. For any A > 0,
and any x > 0, we denote by (X (\))¢,<t<7, the R*-valued process which solves

XF(A) = & + A%t + /t B(XT(\))ds + o /t X)W, (3.7)
0 0

Equation (3.7) has a non-exploding unique strong solution. Moreover, for all ¢ > 0, X7 (\) >
XF. The coefficients are locally Lipschitz on (0,+00), with locally Lipschitz first order
derivatives. Then X (A) is continuously differentiable (see Theorem V.39 in [11]), and if we

denote JF(\) = d;g (A), the process (J7(A))o<i<r satisfies the linear equation

odWy

Jf()\):l—i-/o J§(A)b’(X;”(>\))ds+/0 Jf()\)m.

By Lemma 3.1, the process fo )t>0 is a locally square integrable martingale. Then,

WeoTey
(see Theorem V.51 in [11]), JF(A) is given by

J;(A):exp< /tb’(X;”(/\))ds—i—a AW, ot [ ds ) (3.8)

0 VX 8 Jo Xz(V)

Lemma 3.3 Assume (H3). The process (M{*(A))icjo,r) defined by

\/XI 8 0 X¥(N)

is a martingale. Moreover, sup,cio 1 E (Ji'(A)) < exp(CT).

t 2t
MZ(A) = exp (0’ dW, o ds )

INRIA
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Proof. By Lemma 3.1, (M (\)):ejo,1) satisfies the Novikov criteria. Under (H2), b’ is a
bounded function and

B 0] = e [ 0062005 ) 387 < expl1#1),

0

Let (2)),c 0.7 defined by

200D _ o _o—/t 1 dX7() XTI+ (A +35)0” N o [t ds
t 2 Jo Xz \o/X2 (0N o /XE(N) 8 Jo Xz )

. .- A4 d(@)‘+% 1
By the Girsanov Theorem, under the probability Q*2 such that P = oI
t zo
1 g Ed 1y 2
Bt)\+2 = [P XEANTATF)T 5056 5 Brownian motion on (Q, Fr, Q)""%)). Indeed,

0 /XN ay/Xz(N)
we have that

XfAN)=x+ A+ %)UQt—&- /t b(XZ(N))ds —&-a/t \/X;U()\)dB:\Jr%.
0 0

M3 1 AL
Hence, cQ e (X2(N) = CP(X?”(x\—I—%)) and from Lemma 3.3, Zt(/\”\"rz) =exp(—% fot \d/%
%2 fot Xdi(s)\)) is a Q" Z-martingale.

Proof of Proposition 3.2. First, we note that |u(t, z)| is bounded as | f ()|, by hypothesis.
Let us show that u is in C14([0,T] x [0, +00)). f being in C*(R), by the It6 formula,

T—t 0_2 T—t
uta) =Bf(G) = o)+ [ BGODrOD)as+ G [ RO (0) s
+ o ( o \/X?f’(XZ)dWe> .

/' being bounded and (X}) having moments of any order, the above stochastic integral is a
martingale. Its expectation is nil and we obtain that

ou

2
Crttn) = - (WX () + G XF (X))

Thus, % is a continuous function on [0, T] x [0,400) and (3.4) follows by Lemma 2.1.
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In Proposition B.1 of the Appendix B, we prove that u(t,z) = Ef(X7_,) is differentiable
and if we denote JF(0) = dji‘z then

O 1,2) = B (7' (X5, (0)) FF_,(0))

Hence, using Lemma 3.3, we have

ou

o F < || f']|oc exp(CT). (3.9)
55 L) < 1B (J7-0(0)) < |1
1
We introduce the probability Q% such that d%f = ﬁ Denoting by E2 the
Fi Z; 2

expectation under the probability Q%, we have

du 1 @ 0,
o (tw) =B (7(X5_(0) 2001 75, (0)
By the Girsanov Theorem, W, = B2 + fo 2\/X7ds and

T(0) = ex t/ @ S o [* d32 02 bods
JE(0) = p(/o (XS (0)ds + 5 \/XT (o))

We can deduce from the definition of Zt(o’%) that Z:(FO;%)J%%( 0) is reduce to exp (f “y(xz (O))ds)

and hence,

o 1,) = B} [f’(X%t(O))exp ( . b’(Xf(O))ds)] .

As £Q? (X7(0),) = EP(X“’(%)_), we finally obtain the following expression for %(t, x):
ou P 1 r=t 1
xT - T 1
1 0) =B | (5 _(5)) exp (/ H(XE())ds )| (310)

from which we deduce that a" “(t,x) is continuously differentiable (see Proposition B.1) and

T—t
Z(1,0) = Elf"(XT (T (G)exp (/ b’(X:(i))dsﬂ

1 N Ly G
f’(X%t(z))exp</o b'<X§<2>>ds> (/ B (XT()TE ()d ﬂ

+E

INRIA
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It follows that

0%u

32 B S (L oo + 1 Moo 16" llooT) exp(2TEK) = C (3.12)

and v € CH2([0,7T] x [0,+0c0)). We want to compute the third derivative. Before to do
so, we transform the expression (3.11) in order to avoid the appearance of the derivative of
J}(%) that we do not control. Thank to the Markov property and the time homogeneity of
the process X (3)), for any s € [0,T —t],

T—t
E lf’(X%_t(;))eXP ( / b’(X;”(;))) / fs]

PO (5) exp (/ o b'(Xsi(;)))]

=E

Using(3.10), we get

T—t
E [f’(X%_tQ»exp ( / b’(X:f(i))) / fs] = U1+ 5, X2(3)))

We introduce this last equality in the second term of the right-hand side of (3.11):

T—t T—t
E[f’(X%_t@))exp < / b’(XZ(;))dU> ( |GG )]
[ = ! xT 1 Tt / Il
-&| [ E(f (X_i(3)) exp ( / b(Xu<2>>du> / E)

_ e ([ vexznan) vz

_E /OT tg“(wr XT(2 exp</ b(X( ))du)b”(XT( aE )d]

xT

_ / E[Z“(mX( Mo ([ ¥z v )| ds

0

Coming back to (3.11), this leads to the following expression for 2 8$2 L(t,x):
d%u 1 =t 1
O (t,x) =E [f”(XT (GNTE-(5) exp ( | vz

o) G sxgmen ([ vosgum) e o

RR n° 5396
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_ 1
(31"
F Zt2

1
We introduce the probability Q! such that % Then,

2
Oy ) =R

0x2 2

GO iy Ly (1 = oyl
2D G Gew | [ g
[ [ 2 xS ([ Tvoa ) i) d
; e 3752exp0 u(5))du SGNI(G) | ds.
(3,1) 54,1 o 1
By the Girsanov Theorem, for all 6 € [0,T], 2,2 Jé’“(§):exp /b’(X$(§))du and
0

— (t,z) =E!
—(62)

1 = 1
FE_(5) exp (2 / b’(Xf<2>>ds>]
0
=t [ou 1 ¥ 1 1
1z (= Iy T( T "oyt
+/0 E [6x(t+ s, X3 (2)))exp (2/0 b (Xu(2))du) b (X (2))] ds.
As CQl (X*(3) = EP(X_I(l)), we finally obtain the following expression for %(t, x):

S4(t,z)= E lfI/(X%t(l))eXp (2/ _tb/(Xi(l))dSN
’ (3.13)

+/OT_tE [gZ(t + 5, X (1))) exp (2 /Os b’(ij(l))du> b”(Xj(l))} ds.

As JZ(1) = dXd;;(I) exists and is given by (3.8), %(t,x) is continuously differentiable (see
again Proposition B.1) and

ou T
ﬁ(t,x) =E {exp (2/0 b'(X3 (1))ds>

[f(3)(X%t(l))J%t(1)+2f”(X%’t(l))/o _ b”(Xf(Q)Jf(l)dSH

+/OT_tIE{exp (2/0 b’(Xff(l)du) (3.14)

) (G s XY + G+ s XEOO (0 )

$20 1 s, XTI (XZ(1) /0 b”(Xff(l))Jf(l)du} } ds.

By Lemma 3.3, the derivatives of f and b being bounded up to the order 3, we get immedi-
ately that @(t x) <C
Y Ox3 7 T
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The computation of the fourth derivative follows some similar arguments, We detail it
at the end of the Appendix B.

To end the proof, its remains to show that u(¢,z) solve the Cauchy problem (3.6). This
can be done by using the same arguments than in the proof of Theorem 6.1 in [5]. [ |

3.1.3 On the approximation process

For o = 1/2, recall that the discrete time process (X) associated to (X) is defined by

Xo = xp,

- - - J—— 3.15
th+1 :‘th-l-b(th)At-‘rU th(Wtk+1_Wtk) s ( )

k=0,...,N—1,

where N is such that NA¢t = T and ¢, = kAt. The time continuous version (Yt)ogtST is
defined on each interval [tg,tg+1) by

X = 'Xn(t) +(t - U(t))b(yn(t)) RECAY Y77(t)(VVt = W)l (3.16)

or equivalently by,

t
X :xo—i-/ sen(Z4)b(X s )ds—l—a/ sgn(Z,)\/ Xy dWs + LY (X (3.17)
¢ 0 n(s)

where for any ¢ € [0, T], we set

Zy = Xy) + (t = ()X y0) + 01/ Xy (Wi = Wyyr))- (3.18)
In this section, we are interested in the behavior of the processes (X) and (Z) visiting the

point 0. The main result is the following Proposition, the proof of which is postponed:

Proposition 3.4 Let a = §. Assume (H1). For At sufficiently small (At < 1/(2K)), there
exists a constant C > 0, depending on b(0), K, o, xg and T but not in At, such that

X
0 n(t)
E (L (X) = Ly / “)) < CAtexp <_1602At>
and
At o7
ELY.(X) < C (w) : (3.19)
0

The above upper bounds on the local time (L°(X)) are based on the following technical
Lemmas:
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Lemma 3.5 Let (X) defined by (3.15). Assume (H1). Assume also that At is sufficiently
small (At < 1/(2K)Axg). Then for any v > 1, there exists a positive constant C, depending
on all the parameters b(0), K, o, xo, T and also on =y, such that

X NN
Eexp(——2 ) <co(20) 7
k:sol,l.l?,zv exp< ’YUQAt) - (960)

Lemma 3.6 Assume (H1). For At sufficiently small (At < 1/(2K)), for any t € [0,T],

1
%)

— <0/ 1 X
P(Z;<0/X <= | LA
(7 <0/ X)) < 5o ( 2h(At) 02At |’

where h(At) := (1 — KAt)™2 and K is the Lipschitz constant of b.

As 2h(At) > 1 when At < 1/(2K), the combination of Lemmas 3.5 and 3.6 leads to

B(Z, <0)<C (At) - (3.20)

To

We give successively the proofs of Lemmas 3.5, 3.6 and Proposition 3.4.

Proof of Lemma 3.5. First let us show that there exits a positive sequence (1;)o<j<n
such that, for any k € {1,..., N},

< k—1
Xy
Eexp (—7022 ) <exp | —b(0) E At | exp (—zopr) -

Jj=0

We set pp = ﬁ. By (3.15), as exp(—alz|) < exp(—ax), for any a > 0, we have that
E exp (—Moytk) < Eexp (—,uo (th_l +b(Xtp_1)At +o th_lAWtk>>
S Eexp <—,LLO (thl + (b(O) — Kytk,l)At + o thlAWtk>) 5

where we used that —b(z) < —b(0) + Kz, for all z € R. AW}, and X;, , being independent,
2
Eexp (—,uoo th_lAWtk> =Eexp (UZ,ugAtth_l). Thus

2
Eexp (~#0Xs) < exp(—puob(0)At) Eexp (—uoxtk_l (1—KAt—“2qut))

= exp (—pob(0)At) Eexp (—p1 Xy, _,)
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Discretisation scheme for SDEs with a diffusion of the form |z|*, a € [1/2,1) 17

where we set (1 = g (1 — KAt“—;qut). Consider now the sequence (j1;)o<;j<x defined by

Ho = i
onal L , (3.21)
Wi = Hj—1 (1 — KAt — 7Atuj,1> ,j=1,...,N.

For any j € {0,...,k — 1}, by the same computation we have
Eexp (—p;X¢, ;) < exp (—=b(0)u; At) Eexp (—pj11 Xy, _,)
and it follows by induction that

k—1

Eexp (—poX¢,) < exp | —b(0) Z i At | exp (—zopr) - (3.22)
7=0

Now, we study the sequence (1;)o<;<n. First, an easy computation shows that if v > 1 and
At < ﬁ, then (p;) is positive and decreasing sequence, that is 0 < puny < pv—1 <,..., < po.
For any a > 0, we consider the nondecreasing function f,(x) := T7az: © € R and we note

that (fa o f3)(x) = fats(z). Then, for any j > 1, as the sequence (p;) is decreasing,

i < fozp(li—1) < foz 5 (fc;m(ﬂjfz)) <o = fo2 i (Ho)- (3.23)

The next step consists in get a lower-bound of the ;. By induction, we prove that for any
Jj=1

1 At(j—1
w2 | e ] (3:24)
L4+ G AL = Do L+ G ALG = Dpo

(3.24) is clearly true for j = 1. Suppose (3.24) holds for j. By (3.21) and (3.23)

0'2 0'2
M1 = Hyj (1 - 2Atuj> — KAtu; >p; (1 - QAtfa;jAt(uo)> - KAtf%-At(uo)

1+ ZAt(j— 1) At
=0 s ! 5 ) -k 27%.
1+ % Atjuo 1+ % Atjuo

and we conclude by using (3.24) for p;. Then, by definition of y; and o, for any j >0

2
1 — % Atpg HoAtj
1y 2 o | K|
1+ S AL — o 1+ G AL — o

N 2 — 1 2K
~ Atyo?(2y—1+j) o2

RR n° 5396



18 Bossy & Diop

and hence,

_ k—1 k

2y —1 2K 1 2y —1 2K
S Atu]>—§ A tk—Z—/ Sl B W Ml
— ~vo2 “2y—1+j o2 T yo? Jy 2v—1+4u o2

2’y—11 2y —-1+4+k 2TK
n - .
~vo? 2v—1 o2

Coming back to (3.22), we obtain

— 2TK 2K
Eexp (—MOth) <exp (b(O) e ) exp <x002>
2y —1 2v—-1+k Zo 2y —1
—b(0 | —
xexp( (0) ~o? n( 2v—1 ))exp( Atyo? 2y —1+k

2TK 2K
<exp (b(O) 2 ) exp <:co 02>

9 E -4

v—1 “ il o 2y -1

X | =—— exp | — .
2v—1+k Atyo2 2y —1+k

To conclude, we use that for all a > 0, % exp(—z) < a®exp(—a). It comes that

X, 2TK 2K
E exp (— 702’°At> <exp (b(O) = ) exp (mogz)

Y

Aty 1 o e 25(0) 1
2b(0 1—-— — 1-—
(20220~ ) e (-2~ )
2b(0) 1
At o2 (1-33)
< C(’Y,l’o,b T7J) ( >
o

where we set

C(v,20,b,T,0) = (b(0)(2y — 1)) ~

2b(0)( _

By (2 (o -1+ Ly ur)).

Proof of Lemma 3.6. For any = > 0, by the Hypothesis (H1), b(x) > b(0) — Kz. Thus,
by (3.18),

P(Z, <0) <P (Xn(t) + (b(0) = KXy 0))(t = n(t) + 04/ Xyoy (Wi = Wyyy) < 0)

— Xy (1= K(t —n(t)) —b0)(t —n(t))
7/ Xy

=P Wi =Wy < s Xy >0
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Using the Gaussian inequality P(G' < 3) < 1/2exp(—/3?/2) when G is standard normal
distributed and 3 > 0, we get

exp (_ (K (1= K (t = n(t))) +b(0)(t - n<t>>>2)
20‘2(t — n(t))yn(t)

— 1
P(Z, <0) < §E 1 {Xn(t)>0}‘|

—_

from which we finally obtain that P (Zt < 0) §IE

Xy
- ) [ |
P ( 201 — KAt)—%?Atﬂ

Proof of Proposition 3.4. For any ¢ € [ty,tr11), 0 < k < N, for any bounded Borel-
measurable function ¢, by the occupation time formula, P a.s

/]R o(2) (L3 (%) - L, (X)) dz = /R 6C) (1)~ 1 (D) do= [ 6(Z)d <77 >,

and hence, for any = > 0,

[ oE L (X)) X — o)) dz

-0 /tk (/Rgb (z 4 b(z)(s — tr) + oyv/) mexp <_2(sy—2tk)> dy) ds

= O'/R #(2) /t: \/27&/57_%) exp (— (= z;ig)—(st,:) tk))Q) ds dz.

Then, for any z € R,

Li (X)) { %X = 2}) ‘”/tk\/m ( <Z_§g§f(<i)(st;>tk))2)ds'

In particular for z =0 and ¢ = 41,

E (L%, (D) - L8,(X) [ {Xi, = a}) = U/At \/%exp (—W) ds.

From (H1), b(z) > — Kz, with K > 0. Then,

_ _ Aty Xy, X, (1 - Ks)?
E (LY(X) - LY (X < / Dt ) ds.
(120 - 16,00/ ) <0 [ Ve (- T Y as

E (L;(X) -
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For At sufficiently small, 1 — Ks > 1 — KAt > 1/2 and

E (L?M(Y) L2 (X) / ]?tk) <o /0 > @exp (— Xe, >ds

802 At

Now we use the inequality yexp(— y?) <1 for all y >0, to get

At ~
_ — 2V A X
0 0 2 t
E (L), () - 1,(X)) <o s [ ( 1602’&)} ds

40’2At yt

< E — k .

VA k:SUL’l.I,).’N P < 160’2At>
We sum over k and apply the Lemma 3.5 to end the proof. [ |

3.2 Proof of Theorem 2.3

We are now in position to prove the Theorem 2.3. To study the weak error Ef (X7)—Ef(Xr),
we follow the now classical technique due to Talay and Tubaro [13]: the main idea consists in
using the Feynman—Kac representation of the solution of the Cauchy problem (3.6) studied
in the Proposition 3.2: for all (¢,z) € [0,7T] x (0, +00), Ef(XF_;) = u(t,z). Thus the weak
error becomes

Ef(Xr) -~ Ef(X1) = E (u(0,20) — u(T, X)) -
Using equation (3.17) satisfied by (X), we apply the Itd’s formula a first time to obtain that

E [u(O,xO) —u(T, YT)]

T Tou S — ou, — o’ 0*u, —
= —/O E {at (s, X )—i—sgn(Zs)b(Xn(s))%(s,Xs) + 7Xn(s)@(s,Xs) ds

T
—E/ sen(Zs)/ X 8“ ~(s, X.)dW, - E ?(s,x)dﬁ)(i)s.
0 X

By Proposition 3.2, 5% is a bounded function and by Lemma 2.1, E sup X, is also bounded.
te[0,T
Ju

s

in the first integral of the term above, noting that sgn(z) = 1—21 ,<¢), we use that u solves

Hence, the stochastic integral (f(;5 sgn(Z,) Xn(é X )dWs) is a martingale. Moreover,
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the Cauchy problem (3.6) to get

E [u(O,xO) —u(T, YT)]
:_/TIE[(b(X ) b®) LX)+ L (X —X)aQu(sX)}ds
; n(s) $)) gy (5 Xs) + o (X = X)) 55(5, X

~E T@( X,)dL(X) +/T2]E 1,2 . b(X )@(sf) ds
o oz e o (Z.<0} A m(e)) g A7 e ‘

From Proposition 3.4,

b(0

)
u < At\ -
<5 B (L3(X)) < C () ,

Zo

Touw, — 0/
E/O %(S,Xs)d[/ (X)s

On the other hand, by Lemma 3.6 for any s € [0,77],
Ou < Xn(s)

Fe E

1oe

- ou, — 1
E (11 {Zsfo}b(Xn(S))ax(&Xs)) < 5 ’

so that by Lemma 3.5

2(0)

< C(1+ |zo)) (f)

0

T — ou, —
/O 9F (11 2.0yt X)) 5= (5 XS)> ds

The next step consists in applying the It6’s formula a second time:

E [(b(XS) — (X)) gZ(s,Xs)]

s 82 ;
7E\/ Sgn(ZO)b(Xﬂ(é)) |:(b(X0) 7b(X77(é)) 8 2(8’X9)+b/(X9)u(s’X0):| d@
n(s) " o
S 2 83 B 82 )
+]E (s) %XW(S) |:<b<X9> - b(Xn(s)) a 3 (87 X@) + 2b/(X9)7Z(87 Xe) n b//(Xg)aiz(s’

SR ANk ]|

< AC sup E[Xol* + CE [(1+[Xy0)[E (Ls = Lus)/ Fus))]
0<0<T

&
=
|
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and we conclude by Lemma 2.1 and Proposition 3.4 that

— — ou, — ANANESS
E | ((Xs) —b( X)) =—(5,Xs) || < At —
‘ {(( ) ( W())am(s )H ¢ +<$0>
With similar arguments, we can also show that
0 AL\
S — U, — t\ o2
_ g < f—
‘]E |:(X5 Xﬁ(s)) 92 (S’XS):H <O AL+ <x0)

which ends the proof.

4 The case of processes with 1/2 < a < 1.

4.1 Preliminary results

In this section (X;) denotes the solution of (2.9) and (X[) the solution of (2.9), with the
deterministic initial condition x at time 0, that is the unique strong solution to

¢ t
X =xz+ / b(XT)ds + O’/ (XZ)* dW. (4.1)
0 0

4.1.1 On the exact solution

We have the following

Lemma 4.1 Assume (H1). Let x > 0. For any 1/2 < a < 1, for any p > 0, there exists a
positive constant C(a,b(0),0,p), depending on the parameters of the model (4.1) and on p
such that

1 1
sup E() < <+C a, b(0 ,U,p>exp pKT),
t€[0,T) (XF)P P (2:b(0) ) ( )

where K > 0 is the Lipschitz constant of b(x) in (H1). The constant C(a, b(0), 0, p) is given
by

pt+2(1—o)
o Za—1

26(0)

Clasb(0)0.p) =p (20~ 1) G (04201~ )

(4.2)

Proof. Let 7, be the stopping time defined by 7,, = inf{0 < s < T;X? > 1/n}. By the
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1t6’s formula,

1 1 AT (X o2 tAT, 1
((Xzam)p) w7 U (Xg)rs } Hrr g [/ (Xg)pi2i=e) ]
1 tATh 1
<— K E(—)d
< +oK | ((X;EM,,L)p) ¥
tAT 2
" o 1 b(0)
E [/o (p(p+ 1)7 (Xz)pt2(i-a) _p(sz);D+1> ds} .
It is possible to found a positive constant C' such that for any = > 0,
o2 1 b(0)
(p(p - 1)7x1’+2(1*04) B pxl""l) =¢

An easy computation shows that C(«, b(0),0,p) defined in (4.2) is the smallest constant C'
satisfying the upper-bound above. Hence,

1 1 ¢ 1
E| ~— ) <— +TC(a,b(0),0,p) + pK sup B | ds
((Xt/\'rn )p) xP ( 0 6€0,s] (XQ/\Tn)p
and by the Gronwall Lemma
1 1
— | < | — .
sup E <(X )p> < <33P +TC(a,b(O),a,p)> exp(pKT)

xT
t€[0,T] tATy

We end the proof, by taking the limit n — +oo. [ |

Lemma 4.2 Assume (H1). K denotes the Lipschitz constant of the drift function b(-).

i) For anya >0, for allt >0 a.s. (XF)?0=%) > vy(a) where (v;(a))o<i<r is the solution of
the CIR Equation:
¢ t
t(a) = 220~ +/ (a — Ma)ts(a))ds +20(1 — a)/ Vts(a)dWs (4.3)
0 0
with

1

_1ﬁ%1@+a%1—@@a_1»>hl
b(O)Q(lfa) ’

M@—?ﬂ—®K+<@a (4.4)

ii) For all p > 0, there exists a constant C(T, ) > 0 with a non decreasing dependency on
T and p, depending also on K, b(0), o, a and x such that

T s
Eexp (M/o (X§:)d2(1a)> < C(T,p). (4.5)
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iii) The process (M;)o<i<t defined by

b dw, 2t 4
M, = exp <acr/ XIKO‘ - QQ% 2(1’900) (4.6)
0o Xs o X

is a martingale. Moreover for all p > 1, there exists a positive constant C(T,p)
depending also on b(0), o and « such that

E ( sup Mf) < O(T,p) (1 + xip) . (4.7)

te(0, T
Proof. Let Z, = X}'~®. By the It formula,

t t
Zy = g2~ +/ B(Zs)ds +2(1 — a)a/ V ZsdWs,
0 0
with the drift coefficient G(x) defined for all > 0 by

Blz) =2(1 - a)@ — (1 —a)(2a —1).

22—

From (H1), b(z) > b(0) — Kz and for all z > 0, 8(x) > (), where we set

B(x) =2(1—a) bQ((?_)l —2(1 —a)Kz — 0*(1 — a)(2a — 1).

r2(1—o)

For all a > 0 and A(a) given by (4.4), we consider f(z) = B(x) — a + Ma)z. An easy

ion shows th h ini he point o* — [ —bOEa=1 27
computation shows that f(z) has one minimum at the point z* = MNa)—2(1—a)K .

Moreover,

b(o)Z(lfa)

(Ba—1)20 1 (Ma) —2(1 — a)K)** ' — (a + 0*(1 — @) (2a — 1))

fa) =
and when A(a) is given by (4.4), f(z*) = 0. We conclude that 5(z) > a — A(a)x and ) holds
by the comparison Theorem for solutions of one-dimensional SDE. As a consequence,

T T
ds ds
Eexp u/ ——— | <E |exp u/ — -
( 0 X§(1“)> o ts(a)

In order to apply Lemma A.2, we must choose the constant a such that a > 4(1 — «)?0?

2 2 2
and p < L(@U-)Tdo” g v(a) as in Lemma A.2. An easy computation shows that a =

8
4(1—a)?0? v (2(1 — @)?0? 4+ (1 — a)02y/2p) is convenient. ii) follows by applying Lemma
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A .2 to the process (v;(a))o<i<r. Now from i), the Novikov Criteria applied to M, is clearly
satisfied and (M;)¢>0 is a martingale. Moreover, by the integration by part formula.

N2.0% ¢ b(Xs) o2 1
Mt = <1’> exp (/0 (—O[ XS + Oé(l — Q)EW ds ).

By (H1), for all z > 0, —b(z) < —b(0) + Kz and

M, < (f)a exp(KT) exp </0t <ab)((0) +a(l- aijé‘”) ds> L s

To end the proof, we note that it is possible to found a positive constant A(«, o, b(0)) such
b0)a  o%a(l—a) 1

T + 2 22(1-a)
used to prove i)), shows that

that — < A a, o, b(0)). An easy compilation (similar to the one

o _ o)320,2] =T
Ma, 0, b(0)) = 5(2(1 -1) {(1&}(0)2)(10[)}

X «
is convenient. Thus, M; < (;) exp (K + A(a, o, b(0)))T). We take the expectation

and we conclude by the Cauchy-Schwarz Inequality and the Lemma 2.1. [ |

4.1.2 On the associated Kolmogorov PDE

Proposition 4.3 Let f be a R-valued C* bounded function, with bounded spatial derivatives
up to the order 4. We consider the R-valued function u, defined on [0, T] x [0,400) by
u(t,x) := Ef(XF_,). Let 1/2 < a < 1. Then under (H2), u is in C1*([0,T] x [0, +00)).
That is, u has derivatives up to order 4 in the space variable and a derivative in the time
variable and there exists a positive constant C' depending on f, b and on T such that

sup @(t,x) < C(1+2%)
tejo,r) | Ot
and
ou
Jull ont] <c
L=([0,T]x[0,400)) T || §z L (01X [0t 00))
Then u satisfies the equation

%(t x) +b(x)@(t x) + 0—2322&82—”(75 x) =0, (t,x) € [0,T] x (0,400)
ot ) x ) 2 61'2 ) — Y ) ) ) ) (49)
w(T,z) = f(z), © € [0, +00).
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Moreover, for k € {2, 3, 4},

oFul(t, )
Ok

< C(T. k) (1 + mql@) , (4.10)

where the constant q(a) > 0 depends only on «, the positive constants C1(T) and Co(T, k)
are nondecreasing in T .

Proof. In this proof many arguments are similar to those used in Proposition 3.2. We
restrict our attention on the main difficulty which consists on the upper-bound of the spatial
derivatives up to the order 4, of u(¢,z). Equation (4.1) has locally Lipschitz coefficients on
(0, +00), with locally Lipschitz first order derivatives. Then X7 is continuously differentiable

and if we denote J = dg;‘z .» the process (J{)o<i<r satisfies the linear equation
t t
, , , . dW
0 0 (Xs )

By Lemma 4.1, the process ( fot %)t>0 is a locally square integrable martingale. Then,
(see Theorem V.51 in [11]) J? is given by

¢ Loaw,  o%® [P ds
T _ / Xz L _
JE =exp (/0 b'(XT)ds + aa/o (Xr)i-o 9 /0 (st)2(1—a))

= exp (/t b’(XS)ds> M,, (4.12)

0

where M, is the martingale defined by (4.6). b’ being bounded, we get E[J[] < exp(KT)
and by (4.7), for all p > 1

E ( sup (Jf)p> <C(T) <1 + a:ip> . (4.13)

t€[0,T]

We prove in Appendix C that the first derivative of u is given by

0
So(ta) =E /(X5 )JF ]

Then,

Ou 1 )

o = |E [f'(XF_)J5_,]| < If llc exp(KT).

Now we show (4.10) for the second derivative. By the integration by part formula,

U =t o z c2a(l — a
0 F(XF_) (X5 )" exp ( [ (v - 52 4 eine)) d)] -

1

S
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Thus, (the permutation between 6{; and E is discussed in Proposition C.1)

0%u a du 1
o (t0) = S 5) + B[ (G )UF )+ 0B =P (X5 )0 .|

T—t / 2 2
V(XE)  ab(XF)  ofa(l —a)
E IXZ: X /! X;C _ « S S €T
+ f( Tft)JTft/O (b ( s) Xf + (Xg;)g + (Xg;)gfga Js ds
and
E f (X J /T ¢ /1 Xm Oéb/ ) + O[b(X;E) + 0'201(1 B Q)Q J:rd
Pt |, Xy Ty gy )
T—t / x x 2 2
V(XT)  ab(X?)  ofa(l —a)
< 1 oo sup (J7) 2/ b (XT) _a AT ds
I7ecF ] 2o (R, X T T e

1
<C(T) <1+362(1Jm)>,

the last upper-bounded is obtained using the Cauchy-Schwarz Inequality with Lemma 4.1
and estimate (4.13). Using similar arguments, it comes that

82
‘8 5 ()| < C(T) <1+ 2+2a>
We postpone the upper-bound of the hight order derivatives in Appendix C. [ |

4.1.3 On the approximation process

For 1/2 < a < 1, recall that the discrete time process (X) associated to (X) is defined by

(4.14)

)

Xo = 20,
X, = ‘Ytk +b(X )AL+ 0 X (Wi, — W), k=0,..., N =1

where N is such that NA¢t = T and ¢, = kAt. The time continuous version (Yt)ogth is
defined on each interval [tg,tg+1) by

Yt = ‘Yn(t) + (t — U(t))b(yn(t)) + Uys(t)(Wt — Wn(t))‘ , (4.15)

or equivalently by

t t
X, =x0+ / sgn(Z5)b(X y(s))ds + 0/ sgn(?s)yz(s)dWs + LY(X), (4.16)
0 0
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where for any ¢ € [0, T], we set

Zy = y77(t) + (- n(t))b(yn(t)) + UY:(t)(Wt — Waw)- (4.17)

Note that for all t € [0, T], X; = |Z;|. We work under the hypothesis (H4): x¢ > @At.
In the sequel, we will use the following notation:

C
Oeap(At :CTeXp< 1>’
(A1) = C(T)exp (o

where the positive constants C' and C(T') are independent of At but can depend on «, o
and b(0). C(T) is nondecreasing in 7. The quantity Oe.p,(At) decreases exponentially fast
with At.

In this section, we are interested in the behavior of the processes (X) and (Z) near 0.
We introduce the stopping time 7 defined by

T = inf {s >0, X < b(QO)At} . (4.18)

At the contrary of the case a = 1/2, under (H4), we are able to control some probabilities
like P(7 < T).

Proposition 4.4 Assume (H1), (H2) and (H4).

P(r<T) < Oup(D). (4.19)

Proof. The first step of the proof consists in obtaining the following estimate:

Vke{l,...,N}, P (th < bm)At) < Oeup(At). (4.20)
V2
Indeed,
_ b(0) — — —a b(0)
]P (th S \/iAt> S ]P <th1 -+ b(thfl)At+ath,1(Wtk — Wtk—l) S WAt
— X, (1= KAt) = b(0)(1 — At
<p(w, -w, , < —2 ( 7)0‘ A X, . >0
othf1

where we have used b(z) > b(0) — Kz for z > 0. We integrate with respect to the law
of (W;, — W;,_,) and use that P(G < ) < 1/2exp(—£%/2) when G is a Normal random
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variable and 8 < 0. When At is sufficiently small, say 1 — KAt > 1/2, we get

— 2
(Kueo (1= KAL) +b(0)(1 ~ J5)At)
2U2ij_lAt

2(1—a) 1
X b(0)(1 = =)
<E|exp | — ) exp ( o Ve

— b(0
P <th < \(/;At> <Eexp| —

So2At 252 YQO‘ 1

tr—1

Separating the events {Ytk—l > At} and {ytk,—l <V At} in the expectation above, we
obtain

— b0) 1 b(0)(1 = 75)
P (th < \/EAt> <exp (—W> + exp <_202(At)"‘_ < Oeap(Al).

Now we prove (4.19).

N

]P’(T<T):]P’<E|k6{0,1,-~~N—1} s.t. Ytk_>®Atand inf Zs<b(0)At)
2 te<s<tp41 2
N-1
- _ b0) — b(0)
< < =7 . AN )
< ZP(tk&ftk“z < S ALy Xy > =oAL (4.21)
For each k € {0,1,--- N — 1},
SN0\, < 00)
(tk<;2ftm 7o < 75t X > S
it 7, < War %, > War %, < Wu
tre<s<tp41 2 2 2
. — _ b(0) — b(0)
P f Zs<—At X —=At ).
+ (tk<}92tk+1 5= 2 ’ b > \/5
By using (4.20) and b(x) < b(0) — Kz
IP’( inf  Z, < b(0) 2N Xy > b(O)At>
tk<SStk-+1 2 2
< , b(0) b(0)
< < =7 A
<P (th < ) <tk<§2€tk+1 Zs < 5 At; th > \fAt
=  b(0) - Kz b(0)At
< i ~ — .
S Ocap(A) +E {]P <0<lsn§fAt s T ot W, < 202 ) 7=Xu" (X0, >R At }

The proof is ended if we show that

-«
P inr T 2Oy <HOAY o an, for e > MDA
0<s<At o oxe 2022 V2
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We use the following formula (see [1]): if (W/")o<t<7 denotes a driven Brownian motion
starting at x, with drift g, then for all y < x

P <ng Wh < y) - 1erfc < =+ “f) n fexp(p(y — z))erfe <:”\/_2$ - ’“i/‘/;> ,

where erfe(z) = 2 [ exp v dy for all z € R. Note that, if z > wAt, then
VT V22 2 V2

g% > bO)AL Thus,

o = 20z
11—« _
IP’( of & N (b(0) Kx)s LWL < b(O)At)
0<s<At O oxe 200
1e fc T b(O)At + (b©)
= —er
2 oy /ZA xa\[
1 2(b(0) — Kx) At ng (b(0) — Kz) VAt
o\ 5 e (T
2 o2g2e V2AL o2
= A(z) + B(x).
For any z > 0, erfe(z) < exp(—22). If At is sufficiently small, say At < 7%, we have

2
b(0)
1 — KAt b(0) At .’17(1 — KAt) + 2 AL 2(1—a)
Alz) = 1erfc (a:( )+ 5 <exp | — ( 2 ) < exp (_m >

2 oxV2AL 202x22 At 82 At
22p(0)2(1 =) b(0)
and then A(l’) S exp <W fOI' x 2 WAt

Now consider B(x).

B(s) = % exp (_2(17(;)395—2&1@) (x B b(o;m)) erfc( (1 +1;<£At\)/ﬂ (0 )At>

If x > (ii(?()ﬁf) then, as for A(z) we have
2
b(0) At
B < 2(0)— Kz) [ b(0)AL (@ = 221 - (b(0) - Kw)At)
T) = exp o2x?e * 2 P o2x222At

= exp

2
(x(l — KAt) + %) ( x2(1—a))
_ <exp|—

020222\t 8c2 At
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o p(0)2(1—a) b(0) At
and B(z) < exp (*W%) for z > (i-}-(K)At)

_ b(0)2AH(L — 1)
b(0) $b(0)At 2(b(0) — Kx) b(0)At vz 2

f WAt <z < (i+KAt), then 2,20 T — 5 > T and

2 1 1

2(b(0) — Ku) b(0)At b(0)*At(—5 - 3)
B(z) < exp <— 2% T == <exp|-— TS .
2a 2(l—a)/ 1 _ 1 2a
For o > MO At, we get B(z) < exp (—2 M ) < Ouap(A1). N

Proposition 4.5 Assume (H1), (H2) and (H4). For all p > 0, there exists a positive
constant C' depending on b(0), o, o, T and p but not on At, such that

Vie[0,T), E (1} ) <C (1 + 1,,) . (4.22)
Zt/\T Zo

Proof. The first step of the proof consists in obtain the following estimate:

Vte[0,7], P <z < ;(”) < Oeap(Al). (4.23)

Indeed, as in the proof of Proposition 4.4 we have

P<Z < ;U) < Eex (_(Xn(t><1—2f<<t—n<t>>> +223<o><t—n<t>>)2>_
8a2(t —n(t) X y)

Using (a +b)® > a® + 2ab, with a = X,y (1 — 2K (t —n(t))) and b = 2b(0) (¢t — n(t)),

2(1—«)

X X 1 —2KAt)? 1-KA
P Z < n(t) S E exp | — n(®) ( 3 ) exp _Lgalt)
2 82 At 2052 Xn(t)

If At is sufficiently small, say (1 — 2KAt)? > 1,

—_ 2(1-a)
X X
P|Z, < L) <E | exp —777(;) exp 7%02)01 T
2 3202 At 402 Xn(t)

Separating the events {Yn(t) > \/At} and {Yn(t) <V At} in the expectation above, we
obtain

P (Z < Xy >> < exp <_32022At)a> —|—exp( W&?ﬁ) < Opp(Al).
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Now we prove 4.22. Note that Z;,; = Xya-. By the Ito formula

— ——Q 2«
, : /tAT (X)) /MT X o® [ X
— =D — " ds — po ——=dWs+plp+1)— ds.
Zy,.. T 0 7o o Z' 2 Jo 7’5”
Taking the expectation and using again b(x) > b(0) — Kz,
J— —2«
1 1 tAT b(O) tAT X () 0.2 tAT X (s)
E( )g—pE/ — ds+pKIE/ %ds—i—p(p—&-l)fE/ —T2 s
7fAT 0 0 ZZ:rl 0 Z§+1 2 0 Z§+2

By definition of 7,

t/\‘rY s tAT Y Ar tAT Y SAr
E ) gs — | R GAT) s LR I AT 1
0 ZP-‘rl 0 (Zspr< 77(;/\7)) ZP-‘rl o Z -;AT) +1

SAT SAT
_ 1/2
9 p+1 - X0) 9 1/2 tods
< | — T sup [P Z, < 1Y sup [E(X )} +2IE/7 .
(b(O)At) tefo, T < ! 2 tefo, T n(®) 0 ZfAT
tAT Y () t dS
By Lemma 2.1 and by the upper-bound (4.23), we have E — T2 ds < C+2E [ =
o Z'M! o 2o
s SAT
Similarly,
2« 2« —2a
AT X tAT X AT X
]E/ 777J(r82) ds = E/ 1 _ X onm l'(iAJ) ds +]E/ I _ X, ionm) j(sﬁ;) ds
0 Zi) 0 (Zspr <—5572) ZIS)/\T 0 (Zsnr>—L5572) Z];AT
2«
tAT X AT tAT d
< E/ I % 1(4:\2 )d5+22a_1E/ = 251 :
0 (Zsnr <1557 ZZ/\T 0 Zij\__r( —a)

Using again the Lemma 2.1 and the upper-bound (4.23),

_ 1/2
P (Zt < Xg”)] tes[gPT] [E (Yif();s))] 1/2

§< 2 >p+2<9m(At)o(T)gc.

2
AT X 2 p+2
E/ 1 _ % (AT g < ( > sup
0 (ZunrsTugrn) ZpE2 b(0)At) e 1

AT

b(0)At
Finally
1 1 tAT b 0 tAT d t d
E (p ) < —p]E/ DO g5 1 9201 1)02/ — o + 2pK]E/ 4 C
Zt/\‘f' xo 0 Zs/\T 0 Z?/\T 0 SAT
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Now one can easily check that there exists a positive constant ¢(b(0), v, p), depending only
b(0)  (p+1)2%7!

PRl r20-a) < ¢, p) and hence

on b(0), o and p such that —
z

1 1 |
) 0 A

24
Zt/\'r SAT

We end the proof by applying the Gronwall Lemma. [ |

4.2 Proof of Theorem 2.5

We follow the same technique as in the proof of Theorem 2.3. To study the weak error
Ef(X7) — Ef(X7), we use the Feynman-Kac representation of the solution of the Cauchy
problem (4.9) studied in the Proposition 4.3: for all (¢,x) € [0,T] x (0, +o0), Ef(X7_;) =
u(t, ). Thus, the weak error becomes

Ef(Xr) —Ef(X71) =E (u(0,z0) — u(T, X71)) .
Let 7 the stopping time defined by (4.18).
E (u(0,20) — w(T, X 7)) = E (u(0,20) = w(T AT, Zrprr)) + E (W(T AT, Zppr) — u(T, X7)) .
But

E (U(T AT, 7T/\’T) — U(T, YT)) =E [(U(T AT, 7T/\T) — ’U,(T7 YT))H {TST}]
<2ul B(r < T) < Ouap(AL).

Let L and L, the second order differential operators defined for any C? function g(x) by

2 2 2 2
@(z) + ix%‘%(z) and L.g(z) = b(z)@(aj) + 122”‘6 J

Ly(a) = bla) 52(x) + 5 092y + 722000

%(t, x) is uniformly bounded and X; has bounded momentums. By the It6 formula,

e e TAT ou e
E [u(T AT, X7par) — u(0, XO)] = E/ ( + Ezu) (s, Xy)ds
0 Js 2=X 1 (s)
Recall also that %(t, x) + Lu(t,x) = 0 by (4.9). Hence,
- e TAT -
E [w(T A7, Xrar) — u(0, Xo)] = IE/ (L,u— Lu) - (s, Xs)ds
0 2=Rn(s)
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But applying the Itd formula between s and n(s),

2=X(s)

(" (OlL.u — Lul —  \OLu—Lu]  0%—20 0?[L.u— Lu]
- /n<s> ( g ) T T e T g

S OLu—Lu)l, — . —a

(Lou— Lu) (s, X5)

TAT

dL,u—L — | —a , .

But ]E[/ / #(G,Xg)aXn(s)de] = 0 and, as u satisfies Equation (4.9) we
0 n(s)

have

0% 5, 0% [Lou— Luj

2 0x?

O[L u — Lu) N 0L u — Lu]

— 2, _ 2
50 b(z) o =Liu—2L,Lu+ L u.

Then

T s
E [u(T AT, X1ar) — u(0, Yo)} = / / E [Il (<) (ﬂgu — 2L, Lu+ Lzu)
0 Jn(s)

. (Q,Xe):| d9d8.
2=Xp(s)

(L2u —2L.Lu+ L?u) | (A,z) combine with derivatives of u up to order four, b and its

derivatives up to order two and power functions like 24 or x . When one value this
expression at point (z,2) = (X,(s),Xp), with the upper-bounds on the derivatives of u

200—2

given in (4.10) and Lemmas 4.5 and 2.1 on the positive and negative momentum of X we
get

— 1
‘E |:]l (0<7) (EE’U,—2£ZLU+L2U) < (9/\T,X@/\T):| ‘ < C (1+ q(oz)) .
E=An(sAT) Z,

which implies the result.

A Some properties of the Cox-Ingersoll-Ross model

In [4], Cox, Ingersoll and Ross proposed to model the dynamics of the short term interest
rate as the solution of the following stochastic differential equation

dry = (a — bry) + o/redWy, (A1)

where (Wy)o<i<r is a one-dimensional Brownian motion on a probability space (2, F,P), a
and o are positives constants and b € R. For any ¢ € [0,T], Let F; = o(s < t, Wy).
We denote by (rf) the solution of (A.1) starting at = at time 0:

drf = (a — brf)dt + o/rFdWy,
rg =x > 0.
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Lemma A.1 For any x > 0 and any p > 0,

E [(T;)p] - p(lp) <02(1 ibe_bt)>p/01 P11 — 6)7F P Lexp <02(i€tx€1)> do, (A.2)

where T'(p) = f;oo uP~texp(—u)du, p > 0, denotes the Gamma function.
Moreover, if a > o2, then, for any p such that 1 < p < (27% -

= |6 < 1) @i) or B |G <00 (48)

where C(p,T) is a positive constant depending on p and T. For p =1, we have

@ﬂg”. (A4)

T
T T

Proof. By definition of the Gamma function, we note that, for all x > 0 and p > 0,
P =T(p)! f0+°° uP~ ! exp(—uzx)du, so that

1 1 +o0 .
E = — w7 Eexp(—ury)du.
0

(rf)rl T(p)
The Laplace transform of r{ is given by
1 uL(t)((t, x)
E —urfy) = ——
exp( 'U/f't) (QUL(t) + 1)2(1/02 exp < QUL(IJ}) +1
(see e.g. [10]), where L(t) = Z—Z(l — exp(—bt)) and ((t,x) = #@_1) = xe P /L(t).

Hence,

. [<1>] -5 /om BTG 11)?&/02 e <1§i%(t+’?> d“

We set § = L o5 that u = 2uL(t)+1=1/(0—1) and du = %, it

k 2uL(t)+1°
gives

0
2L(H)(1-0)"

. [(ﬂ = T ol P 0F T e (‘C(t’zxw) v

from which, we deduce (A.2). Now if a > o2, we have that

1 1 ! xe g ebt
E|=|<— _re T ap<
H *2L<t>/o eXp( 2L<t>> G
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andif1<p<%— ,

E 1 < 1 _ 2P |p|P
(rf)P| = 22T (p)L(t)? — 2T (p)(1 — e~ Pty
which gives (A.3), noting that (1 — e~ [?1t) > |p|te— VI, ]

Lemma A.2 Ifa > 02/2 and b > 0, there exists a constant C depending on a, b, o and T,
such that

2 2 ot
sup Eexp(yg / ds> <CO(T) (1+a2), (A.5)
0

t€[0,T] Ty

where v = % — 1 >0 and the positive constant C(T) is a nondecreasing function of T.

Proof. Foranyt € [0,T], weset H, = 2,/r7, so that E exp(

vio? /t ds, v [t ds
Then the process (Hy);e[o,7] solves

2 1\ dt b 2

For any t € [0,T], we set By = H; — Hy — fot (-1 g—i. Let (24)iejo, defined by

o2 2
tp b2 [t
Z, = exp <—/ iHsdBS -3 Hfds> .
0 0
—_ 1

Then, by the Girsanov Theorem, under the probability Q such that % =z, (Bt)tefo,r)

t
is a Brownian motion. Indeed (H¢):e[o, 1) solves

2a 1\ dt 2
—(=_Z) = < =2z
dH; ( 3 2) ; + ch t T7 Hy \/E

We note that, under Q, (H;) is a Bessel process with index v = 24 _ 1. Moreover, by the

[og
integration by parts formula, fg 2H,dB, = H} — H3 — %4t and

b p2 [t b ba b ba

o2
v [t ds Q v2 [t ds
E — =E — — | Z
o (g [ ) =2 (3 [ 1) 2]

Now,
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where IEQ denotes the expectation relative to Q, E(ZV\)/E the expectation relative to IP’(;\)/E,
the law on C(R",RT) of the Bessel process with index v, starting at %\/:f The next step
consist in use the following relationship, for v > 0,

_<0Rt>uexp(_’/2/t6lc9> ]P)(O)
o(Rs,s<t) 2\/5 9 0 R§ 2z

where (R;):>¢ denotes the canonical process on C(RT,RT) (see e.g. Proposition 2.4 in [6]).

Then,
E V2 [tds < b Tba £© oR: \"
(), m) =\t Brs e ) |-

R 1%
It remains to compute E(QO ) K ot > } , where (R;) is a Bessel process with index nil. Let

Ve [\ 2y

(W, W2)i>0 be a two dimensional Brownian motion. Then
~ © [(oR:\" y
and an easy computation shows that E <O(T) (142 2). |

)

o(Rq,s<t)

NN

(aviye+ oz + 252

2 |(55) |- () ®
2vr |\ oy

B End of the proof of Proposition 3.2

Proposition B.1 Assume (H2) and (H3). For any A > 0, we consider the process (X7 (\))o<i<T,
solution of Equation (3.7) and the process (JF(X))o<i<T, solution of Equation (3.8). Let
g(z), h(x) and k(x) be some bounded C functions, with bounded first derivative. Let u be

the R-valued function defined on [0,T] x RY by

ult, ) =B [o(XF () ol [ t Hxz s + [ E HCczones( [ KOG 0| ds

Then u(t, ) is of class C1 with respect to x and

2 ) =8 [ex [ KOz (o K010+ 9070 [ KOs |

+ [ Efexp( [ E(XG(A)df) { h'(XT(N)ISN) +h(XIN) | K'(X5(N)Jg(N)do | | ds
e Lo [ e ) )
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Proof. To simplify the notation, we consider only the case when k(z) and h(x) are nil
Moreover, we omit the dependency in A and use X{ instead of XF()\). When b(0) > 02/2,
the trajectories of the process (X7 (0))o<i<r are strictly positive a.s. (c.f. Remark 2.2). For
any € > 0 and x > 0, we define for all ¢ € [0, T the process

1
70¢ = (X X7)
€
so that
t t
zie =1+ [ oizzcdss [ wizzeaw.,
0 0

with

o da
2/ X7 + aeZ]

By Lemma A.1, fot 1edWy is a martingale and then (Z;) is explicitly given by

t t t
Z5¢ = exp (/O <z>;ds+/0 YW, — %/O (w§)2d8)~ (B.1)

For p > 1, as V' is a bounded function,

Bz < (e e (2 s, 2 [ (wias)eso (o= 1) | tw:fds)}

1 1
oS = / b (X? +aeZ )da and oS = /
0 0

t
0
¢ t 1/p
<C(T) []E exp <2p/ PsdWs — 2]92/ (Tﬁ;)stﬂ
0 0

x []Eexp ((2p 1)(1 - ;)/Ot(wi)%ﬂ B

The last upper-bound is obtained with the Holder Inequality. Choosing p = (QZ(S J_1)/2>1

under H3, we have @ < (%(20) — 1)2%2 = ”25’2 and by Lemma A.2

t 2 2 gt
E exp <2p2/ (¢:)2ds> < Eexp <p 7 / ds > < C(T,x).
0 2 Jo X§

This implies that (exp(2p fot YedW, — 2p? fg(w§)2ds),t € [0,7]) is a martingale and hence

p—1

E(Z{)* < C(T) [Eexp ((21’ - ) t(wZ)stﬂ p

< C(T) [Eexp ((Zp— 1)(1— ;)f /Ot ;i)] 7 <O(T,x),
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. o2 V22
where we have used again Lemma A.2 as, for the same chose of p, (2p—1)(1— %)7 <

8
Hence, there exists a positive constant C' such that

E(XP T — X2 <O, Vtel0,T)

and X71€ tends X in probability. One consider now the process
t t Jz

szl—i—/ b’(Xf)J;”ds—i—a/ =—dWs.

0 0

2,/X7

The next step consist in prove that E|JF — Z,”¢| tends to 0 with e. We have

T
olJ;

24/ X%

t t
-z = [ - gz | ( —w:zz.“> aw,

=/ Jg ((b’(Xé”) — ¢5)ds + ( - ¢§)dWs> +/ (¢5ds + opidWs) (J3 — Z5F).
0 0

g
2,/X7

As the solution of the linear SDE above, the process (J¥ — Z;"“)o<t<r admit the following
expression

t
T 7TE€ _ r7T,€ x,e\—1 yx / T\ L€ € g € g o€
Tz =z [z <<b<Xs> s~ (T — U+ (7 wadWs)

and hence, by the Cauchy-Schwarz Inequality
B|JF - 20| < CR(Z7)?

< [x <<z;fv€>-2u:>2 [(b’(X:ﬁ ~ O G e - WD "

Moreover an easy computation shows that

x,€e
oZ%

(X7)3

V(XP) = 6 < eZ2|V" oo and ——— —y <e

2,/X

and, by the integration by part formula applied to the expression of J given in (3.8), we

get
Xz Lrob(X?) o? 1
JE =L -5 —)d
t weXp</o( 2X§+8X§) S)
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Then,

c() [ | X7 1
E[J® — 25 <2 | E[|Xx® s ds.
i -2l s e z /0 | SHIZZ”’S +(Xz”)2 ’

and E|J7 — Z;7¢| tends to 0 with e. Consider now

L (g(X7+) — 9(XD) — ¢ (XD)

1
=27 [ 9(Xp + cazi )da - Jg(XF)
0

1 1
= (z5 — J7) / J(XF + caZP)da+ I} / (¢ (X + caZi) — ¢ (X)) da
0 0
= A€ + B€.

EA® < ||¢' |0 x E|JF — Z°|, which tends to zero with e. B¢ is a uniformly integrable
sequence. ¢’ is a continuous function. By the Lebesgue Theorem, as X7 tends X{ in

1

probability, B¢ tends to 0 with e. A a consequence, E ( (g(XFFe) - g(Xf))) tends to
€

Elg'(X[)J] when € tends to 0. ||

End of the proof of the Proposition 3.2.  To compute the fourth derivative, we
decompose (3.14) in four terms:

O3y

s (t,2) =E {exp (2 | b’<X5<1>>d8> f<3><X%t<1>>J%t<1>}

+ 2 {exp (2 / . b'(X:(l))ds> (X5 (1) / . b"(X:(l))J:(l)ds}

v/ T_tIE{eXp (2 [ vexzan) 2
(212‘« b XEOW/OXEW) + 02t 5, X2 (1)) <X§<U)> } *
ou

+2E{ /OT_teXp (2/0 b'(ng(U)du) L+ s, X2(1)

b (X2(1)) (/ b”(X;‘(1))J5(1)du> ds} =T+ I + IIT + IV.
0
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Using again the Markov property and the time homogeneity property of the process X7 (1),

T—t
E [exp <2 / b’(Xgu))do) (X5, (1)) / fs]

T—t—s
—E |exp (2/0 b'(xg(l))cw) f”(X%_t_s(l))]

and, by using (3.13),

11 =2 /OTtE {b"(Xfu))Jg(nexp (2 / b’(X;”(l))dG) %(t + s,X:u))} ds

0

- 2/0Tt]E {b"(x;v(l))J;(1)exp (2 / b'(Xg(l))do)

0

</0T_t_s E Bz(t + 5+ u, X(1)) exp (2 /u b'(Xf,’(l))d0> b”(X}j(l))]

0

du) } ds
y=Xz(1)

Now we note that

/OTtsE [gZ(t s+ u, XU(1)) exp (2 /Ou b'(Xgu))da) b”(xg(l))} "

y=X7(1)

_ /ST_t E Bz(t 4w, X2 (1)) exp (2 /u b'(Xga))da) b"(Xg(l))/fs] du

S

and then

I =2 /OT_tE {b"(X;a))Jga)exp (2 / b’(X;”(l))dG) %(f + S7X§(1))} ds

0

T—t T—t w
—9E {/0 V(X2 (1))JE(1) (/ g“ (t+u, X2(1))exp (2/0 b/(Xg(l))dG) b”(Xf;(l))du> ds}

x
The integration by parts formula gives immediately that

T—t T—t u
IV = 9E {/O bXT (1)) % (1) </ %(t +u, X7(1)) exp (2/0 b'(Xg(U)de) b”(Xjf(l))du) ds} .

Finally, summing the expression of II with I, IIT and IV, we get

%(t,w) =E {exp (2/0 ) b'(X§(1))ds> f(3)(X%t(1))J$t(1)}

+ /OTtIE {exp (2 / b’(ij(l))dU) J2 (1) (3212‘@ s, XE (L)Y (X2 (1)

0

au xT xT
+a—x(t + 5, X2(1)p®) (X* (1))) } ds.
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3/2
We introduce the probability Q%/? such that d%P

= (113). Then
F Z; 2

T—t ,
%(t,x) =E3/2 {exp <2/ b/(X;”(l))ds> f(S)(X%—t(l))Zi(“l,?f)JJI“—t(]-)}
0

+ /OT_tlEf‘/2 {exp (2 / b'(Xff(l))d“) 2 (32?2’5@ e M)

0

ou o .
—i—%(t + 5, X7(1))p®) (X2 (1))) } ds.

‘ ¢
By the Girsanov Theorem, Zt(l’%)Jf(l)) = exp (/ b’(Xjf(l))du) and
0

a?;u 2 — / x T
o (@) =E {exp (3 | v <1>>ds) f<3><XTt<1>>}

N / g {exp (3 / ’ b’(ij(l))du) (322;(”3,)(5(1))6”()(:(1))

ou

+oo(t+s, X§(1))b<3>(X§(1))) } ds

3/2
As £Q / (X*(1) = EP(X””(%)), we finally obtain the following expression for %(t, x):

30 T—t
Ot = E{exp (3 / b'<X§<§>>d5> f<3><X%_t<‘;’)>}
=t RIE: 0*u w3\ B.2
o[ {en (s [ Vo) (sgae s xz e gy (32
O s XX (X)) s
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J, z(%) exists and is given by (3.8). By proposition B.1, 2 3 &4 (t, ) is continuously differentiable
and

4, T—t
%(t,x) =E {exp (3/0 b’(X;”(g))d;)

T—t
[3f<3><X%_t<§>> | vaEGn Qs + 10 LG 2)]}

v [ o (s [ vexna) (s2ars xr o)

s s xz ez d)) [TwreaGnGa as

R e (3 [y J%) 833<t+osX“C<3>>b"<Xm<3>>
[ elew (3 [ vesica) 2 (353

0%u 3 3
z = z( 2N\ (xT(2
+43x2 (t-i—s,XS( )b (XS(2))

du .3 3
G s XMV ) fds

from which we can conclude on (3.5). ||

C End of the proof of Proposition 4.3
Proposition C.1 Assume (H2). We consider the process (X7 )o<i<t, solution of Equation

(4.1) and the process (J7)o<i<r, solution of Equation (4.11). Let g(z), h(z) and k(zx) be
some C' functions on (0,~+00) such that

1
o >0, )] +19/()| + IhGa)| + W) + o) + K] < € (% + ).
Let u be the R-valued function defined on [0,T] x R by

ult, ) = [o(XF () exp( [ t rxz s + [ E HCczonen( [ KGO ds

Then u(t,z) is of class C* with respect to x and

2 ) =2 [exp( [ ROXzO0A) (55O O) + 90700 [ KOOI )]

0

- E [exp< [ s o) (h'(Xf(A))J:(A) nxe) [ k’(Xef(A))J:(A)de)} s
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Proof. The proof is similar to the proof of Proposition B.1. Again, we consider only the
case when h(z) and k(z) are nil. We consider Z;° = (X7 — X7), so that

t t
zZPe =1 +/ PZT ds +/ YEZT AW (C.1)
0 0

t t t
75 = exp ( [ s+ [ gaw, 5 w;)?ds),
0 0 2 0

with, for all ¢ € [0, T

and

| ot
o (XF +p(X3T - X))t

1
0= [ VOXF 4 p(XET - XD and = 0a
0

For any C' function g(z), we have

< [Bo(x7 ) - Ba(X7) ~ E LIRS (X = B |22 [ o/ (XF + pezi | ~ B 1029/ (X7

1
=5 |z =) [ O ez v | [ ez - (X0 = a7
0 0
We consider first B¢. We note that
t t
E(Z7)? < exp(||t)Eexp (2 [ saw.— [ <w:>2ds)
0 0

< exp(¥lt) [sexp (1 [ Cpsaw, - s / tw;)?ds)] - Ee (o t(w;fds)} -

By definition of ¥§ and by applying (4.5)

t . t d
Eexp (8/0 (ws)zds) < Eexp <802a2/0 ()(;c)ila)) <C(T).

Hence, the process (exp(4 fot edWs—8 fg (¥€)%ds), t € [0,T]) is a martingale and E(Z)? <
C(T). As a consequence, X7 ¢ tends to X7 in L?(Q2) and |BF¢| tends 0 by applying the
Lebesgue Theorem. Indeed by Lemmas 2.1 and 4.1 and by (4.13),

E [J:” | e+ ez - g’(Xf))du] < C[EU)?)? [BOXG) ™+ E(XFH)*]? < +oc.
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1
Now we consider |A¢| < C [E(X])~* + E(X;T)**]? [E|Z&¢— J¥|]2. From (4.11) and (C.1),
we have the following linear SDE for Z;° — J}

t
20t =g = [ (2 ) s + i)
0
# [ (6w Oxmnas + i - i aw,)
o 7\ T M)
and then

t

A :Z”/ Z7)1 [J;” ( ¢ — b (XT))ds + (¢ — o dWs> O - ds] .
t t t 0 ( ) ( ( )) ( (Xg«)l_a) ( (Xf)l_o‘)

By the Cauchy-Schwarz Inequality,

B Z)* - J7| < CB(ZP)?

<[ = <((Z§v€)‘1J§)2 l(qs - VXE) + 0SS - ) ) (0 <X>)D "

Using the upper-bounds of Lemma 4.2, an easy computation shows that E ((Z§’5)71J§)4 <
C(T). The convergence of A€ follows as in the proof of Proposition B.1.

End of the proof of the Proposition 4.3.
33

We have to found an upper-bound for
575 (t, 7). Recall that
0%u adu 1
= (¢ E[f"(XZ& T 2 E (X2 T 2 I
57 = g 1) B XFUE)] 4 aB | T_txJT_t)% (@)
where
T—t / x x 2 2
V(XZ®)  ab(X®) o%a(l —a)
I :E /XI T /! Xm _ o S S I .
@ =2 |res [ (e - P R TRE 0l ras
Thus,
93y o Ou a 0? . - . . d o
@(tvx) = ﬁ%(tx) - ;@(t,x) +E {f(g) (XT—t)(JT—t)g} +2E [f”(XT—t)JT—tdeT—t}
1 1
—oF f/ X.’L’f Jx, 3:| "‘OZ]E|: f// Xa;i JI7 4:|
o XF ) UE ] B | (X))
} 2aE rea )i L |+ L)
« Xz, T—t)/T—t g T~ dr €L).
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Hence,

g:;(t’x)‘ S% %(W) + - gZ(t 2)| + [ F PN ooB(JF_0)* + 2[1f" | o E [JT T t@
+ 20 f | <E [X%tJT - Ji- t'} + ol f'||oE LX} - 5 t)]
T allflE [X;tuT f } ‘1

But

%I(m)

b (X7)

T—t 1
=E | f"(XF_)(JF_y)? ; <b”(Xf) Txr +o?a(l —a)? W) des]

T—t /
LR | F(X5) <C?$J§€_t>/0 (b”(X;”) WD | a1 - @)Q(Xm;“a) des]

P . =t oab(XT) 2ab/(XT) 2ab(X7T) ool —a)?(3 - 2a
BP0 [ (100 - gy 2 2B el oo )
[

x (J¥)?ds]

xe \E pay OV(XE) | ab(XE)  ofa(l-a)? d
+E | fA(XT_) 7y ; (X)) Xz (X2)2 (Xz)3-2e dﬂCJSS
and
d o (e [T e V(XD o%a(l—a)
Tt = Jr _E—’—/O (b %) - Xz ’ (Xg)3—2e )JSdS . €2

Thus, applying Lemma 4.1 and estimate (4.13), it comes that

Bu 1
P o] < (14 215).
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Now we upper-bound %(t, x):

0*u a Ou 200 0%u a d3u
@(LI) = *ﬁ%(t’x) + p@(taz) - ;%(tvx)

d
FE[FOCG )" + 5B |10 )R T

d2
28 | (X5 gg ] + 208 | e ()

(X7_4)
1

e I ] toE {X

—aolE {
T—t

7 (X%_»u%_tf]

X%t
1

+ 2aE

(
0B | PO U0 G| = 208 | G PO )P
|

X5 t H (X7_) (7 t) dJTt] + 2aE {X%_tf/(XTt)JTtdngTt}

"0y d 4 2 d?
28 | (5 (IR + (o)

We deduce from (C.2) that

2
d2 T—t y(X*® 2 1— 2
dr 2JT = J%’ft <—Z+/ <b”(XLSr)_Ol ( s) +0' CV( _a) >Jsmd8>
0

Xr

T—t i T / T 2 _ 2 —
. / (b<3>(X§) _al'(XD) | ab(XD)  oa(l- )3 2a>> ( Jf)zds] |
0

Xp T (X2

The same arguments as for the derivative of order three allow to conclude that

*u

com (14 2).
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