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Un schéma de discrétisation d’ordre un pour les EDS
unidimensionnelles ayant un coefficient de diffusion de
la forme |z|*, o € [1/2,1]

Résumé : Nous étudions la vitesse de convergence d’une version symétrisée du schéma
d’Euler, appliquée a la discrétisation en temps de la solution d’une équation différentielle
stochastique dont le coefficient de diffusion n’est pas Lipschitzien mais de la forme |x|* avec
a € [1/2,1). Nous montrons que erreur faible, pour des fonctions tests réguliéres, reste
d’ordre un comme pour le schéma d’Euler classique. De plus, comme le schéma d’Euler
classique, la version symétrisée reste tres simple a simuler sur un ordinateur.

Mots-clés : Schéma d’Euler, erreur faible, processus de CIR, processus d’Hull-White,
processus SABR.
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1 Introduction

We consider (Xy,t > 0), the R-valued process solution to the following one-dimensional 1t6
stochastic differential equation

t t
Xt:onr/ b(Xs)dera/ | X, |*dW,, (1.1)
0 0

where z¢ and o are given constants, o > 0 and (W;,t > 0) is a one-dimensional Brownian
motion defined on a given probability space (§2, F,P). We denote by (F%, ¢ > 0) the Brownian
filtration. To ensure the existence of such process, we state the following hypotheses:

(HO) o € [1/2,1).
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4 Bossy € Diop

(H1) The drift function b is such that b(0) > 0 and satisfies the Lipschitz condition

[b(z) = b(y)| < K|z —yl, V (z,y) € R

Under hypotheses (HO) and (H1), strong existence and uniqueness holds for equation (1.1).
Moreover, when xg > 0 and b(0) > 0, the process (X;,t > 0) is valued in [0, +00) (see e.g.
[14]). Then (X) is the unique strong solution to

t t
X: =z +/ b(Xs)ds + 0/ XdWs. (1.2)
0 0
Simulation schemes for Equation (1.1) are motivated by some applications in Finance: in
[6], Cox, Ingersoll and Ross (CIR) proposed to model the dynamics of the short term interest
rate as the solution of (1.1) with & = 1/2 and b(x) = a — bx. Still to model the short term
interest rate, Hull and White [13] proposed the following mean-reverting diffusion process

dry = (a(t) — b(t)ry)dt + o (t)ridW,

with 0 < a < 1. More recently, the stochastic-a3p model or SABR-model have been
proposed as a stochastic correlated volatility model for the asset price (see [12]):

dX, = oy XPdw}
doy = vaydBy

where B, = pW} + /(1 — p2)W2 and (W', W?) is a 2d-Brownian motion.

CIR-like models arise also in fluid mechanics: in the stochastic Lagrangian modeling of
turbulent flow, characteristic quantities like the instantaneous turbulent frequency (w;) are
modeled by (see [9])

dwt = —C3<0Jt> (wt — <0Jt>) dt — S((wt>)wtdt
C4<wt>2wtth

where the ensemble average (w;) denotes here the conditional expectation with respect to
the position of the underlying portion of fluid and S(w) is a given function.

In the examples above, the solution processes are all positive. In the practice, this
could be an important feature of the model that simulation procedures have to preserve.
By using the classical Euler scheme, one cannot define a positive approximation process.
Similar situations occur when one consider discretisation scheme of a reflected stochastic
differential equation. To maintain the approximation process in a given domain, an efficient
strategy consists in symmetrizing the value obtained by the Euler scheme with respect to
the boundary of the domain (see e.g. [4]). Here, our preoccupation is quite similar. We
want to maintain the positive value of the approximation. In addition, we have to deal with
a just locally Lipschitz diffusion coefficient.

INRIA
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In [7], Deelstra and Delbaen prove the strong convergence of the Euler scheme apply
to dX; = k(y — Xp)dt + g(X;)dW; where g : R — R vanishes at zero and satisfies the
Holder condition |g(x) — g(y)| < by/|x —y|. The Euler scheme is applied to the modified
equation dX; = k(v — X¢)dt + g(Xd {x,>0y)dW;. This corresponds to a projection scheme.
For reflected SDEs, this procedure convergences weakly with a rate % (see [5]). Moreover,
the positivity of the simulated process is not guaranteed. In the particular case of the CIR
processes, Alfonsi [1] proposes some implicit schemes, which admit analytical solutions, and
derives from them a family of explicit schemes. He analyses their rate of convergence (in
both strong and weak sense) and proves a weak rate of convergence of order 1 and an error
expansion in the power of the time-step for the explicit family. Moreover, Alfonsi provides
an interesting numerical comparison between the Deelstra and Delbaen scheme, his schemes
and the present one discussed in this paper, in the special case of CIR processes.

In section 2, we construct our time discretisation scheme for (X, t € [0,T7]), based on the
symmetrized Euler scheme and which can be simulated easily. We prove a theoretical rate of
convergence of order one for the weak approximation error. We analyze separately the cases
a=1/2and 1/2 < o < 1. The convergence results are given in the next section in Theorems
2.3 and 2.5 respectively. The sections 3 and 4 are devoted to the proofs in this two respective
situations. We denote (X;,t € [0,T]) the approximation process. To study the weak error
Ef(Xr)—Ef(Xr), we will use the Feynman-Kac representation Ef (X7._,) = u(t, z) where
u(t, x) solves the associated Kolmogorov PDE. The two main ingredients of the rate of
convergence analysis consist in, first obtaining the upper-bounds on the spatial derivatives
of u(t,z) up to the order four. To our knowledge, for this kind of Cauchy problem, there is
no generic result. The second point consists in studying the behavior of the approximation
process at the origin.

Let us emphasis the difference between the situations o = 1/2 and 1/2 < a < 1. The case
a = 1/2 could seem intuitively easier as the associated infinitesimal generator has unbounded
but smooth coefficients. In fact, studying the spatial derivative of u(t,z) with probabilistic
tools, we need to impose the condition b(0) > o2, in order to define the derivative of X{

with respect to x. In addition, the analysis of the approximation process (X) at the origin
shows that the expectation of its local time is in AO/o?,

In the case 1/2 < a < 1, the derivatives of the diffusion coefficient of the associated
infinitesimal generator are degenerated functions at point zero. As we cannot hope to obtain
uniform upper-bounds in x for the derivatives of u(t,z), we prove that the approximation
process goes to a neighborhood of the origin with an exponentially small probability and we
give upper bounds for the negative moments of the approximation process (X).
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6 Bossy & Diop

2 The symmetrized Euler scheme for (1.1)

For z9 > 0, let (X;,t > 0) given by (1.1) or (1.2). For a fixed time 7" > 0, we define a
discretisation scheme (X¢,,k=0,...,N) by

Xo=x02>0,
{ 0T (2.1)

Ytk#d = ’Ytk + b(ytk)At + JY?;C (Wtk+1 - Wtk) )

k=20,...,N —1, where N denotes the number of discretisation times t;, = kAt and At > 0
is a constant time step such that NAt =T.

In the sequel we will use the time continuous version (X;,0 <t < T') of the discrete time
process, which consists in freezing the coefficients on each interval [t,tg+1):

Xo = [ Xy + (¢ = 00X ) + 0 X iy (Wi = W) (2:2)

where 7(s) = supyeqy, .y {tk;tr < s}. The process (X;,0 <t <T)is valued in [0, +00).
By induction on each subinterval [tg,tg4+1), for & = 0 to N — 1, by using the Tanaka’s

formula, we can easily show that (X;) is a continuous semi-martingale with a continuous
local time (L?(X)) at point 0. Indeed, for any ¢ € [0, 7], if we set

Zy = Xn(t) + b(yn(t))(t —n(t) + JYZ(t)(VVt —Waw), (2.3)

then X; = |Z;| and
o ¢ - ¢ S 1 g
Xe=mo+ | sgn(Zs)b(Xys))ds+o [ sgn(Zs) X, dWs + §Lt (X), (2.4)
0 0

where sgn(z) := 1 — 21 (;<q).
The following lemma ensures the existence of the positive moments of (X;), starting at
xo at time 0, and of (X}), its associated discrete time process:

Lemma 2.1. Assume (HO) and (H1). For any xo > 0, for any p > 1, there exists a positive
constant C, depending on p, but also on the parameters b(0), K, o, a and T, such that

E( sup X | +E( sup X < C(1+aP). (2.5)
te[0,T) te[0,T]

In the following proof, as well as in the rest of the paper, C will denote a constant that
can change from line to line. C' could depend on the parameters of the model, but it is
always independent of At.

Proof. We prove (2.5) for (X;,0 < t < T) only, the case of (X;,0 < ¢t < T) could be
deduced by similar arguments. By the It&’s formula, and noting that for any t € [0,7)

INRIA
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fg Yip_ldLg(Y) =0, we have

Yfp —xo +2p/ X - sgn(?s)b(yn(s))ds

t (2.6)
+2po fo . sgn(? )777(5 dW, + o*p(2p — 1)/ Xip_ZYi((xs)ds.
0
To prove (2.5), let’s start by showing that
sup E (Yfp) <C(1+xP). (2.7)

t€[0,T]

(2.5) will follow from (2.7), (2.6) and the Burkholder-Davis-Gundy Inequality. Let 7, be the
stopping time defined by 7, = inf{0 < s < T; X5 > n}, with inf{0)} = 0. Then,

tAT, tATh
__2 —2p—1, — —52p—2-52
EX, ., <’ + 2pE ( /0 X’ b(Xn(s))ds) +02p(2p — 1)E < /0 X’ Xn?s)ds) .

By using (HO), (H1) and the Young Inequality, we get

tATH
EX,.  <a2 +Tb(0)* + (2p — 1)E < / Xipds)
0

tATH tATH
—op—1— -2 2
+ 2pKE (/O X Xn(s)d5> +a’p(2p -~ )E </O X" n(s>d5>

Replacing X, by (2.2) in the integrals above, by using another time (H1) and the Young
Inequality, we easily obtain that for any ¢ € [0,T],

2 2 n(t) 2
EX tonr, S0 +C |14 [T B (Xotonn, ) ds |

where C' > 0 depends on p, b(0), K, 0, « and T. A discrete version of the Gronwall Lemma
allows us to conclude that

s E (X)) < CO+ail),

for another constant C which does not depend on n. Taking the limit n — +o0, we get
that supy_o  yE(X ) < C(1+ x3P), from which we easily deduce (2.7) using (2.2). O

2.1 Main results

In addition of hypotheses (HO) and (H1), we will analyze the convergence rate of (2.1) under
the following hypothesis:

(H2) The drift function b(x) is a C* function, with bounded derivatives up to the order /.
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2.1.1 Convergence rate when a = 1/2

Under (H1), (X;,0 <t <T) satisfies

t t
X, = 20 +/ b(X,)ds + a/ VX AW, 0<t<T. (2.8)
0 0

When b(z) is of the form a — Sz, with a > 0, (X;) is the classical CIR process used in
Financial mathematics to model the short interest rate. When b(x) = a > 0, (X¢) is the
square of a Bessel process. Here we consider a generic drift function b(x), with the following
restriction :

(H3) b(0) > o2.

Remark 2.2. When o > 0 and b(0) > 0%/2, by using the Feller’s test, one can show that
P(19g = 00) = 1 where 79 = inf{t > 0; X; = 0}. We need the stronger Hypothesis (H3) to
prove that the derivative (in the sense of the quadratic mean) of X7 with respect to x is well
defined (see Proposition 3.4 and its proof in Appendix B). In particular, we need to use the
Lemma 3.1 which controls the inverse moments and the exponential inverse moment of the
CIR-like process (X¢), for some values of the parameter v = %@ —-1>1.

Section 3 is devoted to the proof of the following

Theorem 2.3. Let f be a R-valued C* bounded function, with bounded spatial derivatives up

to the order 4. Let o = § and zo > 0. Assume (H1), (H2) and (H3). Choose At sufficiently

small in (2.1), i.e. At < 1/(2K) A xzo. Then there exists a positive constant C' depending
on f, b, T and xy such that

Ef(Xr) —Ef(Xp)| <C [ at+ (j(f) -

Under (H3), the global theoretical rate of convergence is of order one. When b(0) < o2,
numerical tests for the CIR process show that the rate of convergence becomes under-linear
(see [8] and the comparison of numerical schemes for the CIR process performed by Alfonsi
in [1]).

2.1.2 Convergence rate when 1/2 < a <1
Under (H1), (X¢,0 <t < T) satisfies

t t
X, = 20 +/ b(X,)ds + 0/ XedW,, 0<t<T. (2.9)
0 0

We restrict ourselves to the case

(H3’) xro > L\/%)At

INRIA
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Remark 2.4. When xg > 0, the Feller’s test on process (X;) shows that it is enough to
suppose b(0) > 0, as in (H1), to ensure that P(t9 = c0) = 1, for 7o = inf{t > 0; X; = 0}.

In Section 4, we prove the following

Theorem 2.5. Let f be a R-valued bounded C* function, with bounded spatial derivatives
up to the order 4. Let 1 < a < 1. Assume (H1), (H2) and (H3’). Choose At sufficiently
small in (2.1), i.e. At < 1/(4K). Then there exists a positive constant C' depending on f,
a, 0,b, T and xq such that

[Ef(Xz) ~ Ef (X)| < C (1 T ql()> At
Zo

where q() is a positive constant depending only on «.

3 The case of processes with a = 1/2

3.1 Preliminary results

In this section (X;) denotes the solution of (2.8) starting at the deterministic point xo at
time 0. When we need to vary the deterministic initial position, we mention it explicitly by
using the notation (XJ) corresponding to the unique strong solution of the equation

t t
X7 :m+/ b(Xf)ds—i—a/ VXEAWs. (3.1)
0 0

3.1.1 On the exact process

We have the following

Lemma 3.1. Let us assume (H1) and (H3). We set v = %(20) —1> 1. For any p such that
1<p<uv, foranyt €[0,T] and any x > 0,

E(X5) ' <Oz and BE(XF) P < C(T)t™P or BE(XF) P < C(T, p)z".
Moreover for all p < %,
t
Eexp <u/ (Xg)—lds) < O(T) (1 +x_”/2) : (3.2)
0

where the positive constant C(T) is a non-decreasing function of T and does not depend on
x.
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Proof. As b(x) > b(0) — Kz, The Comparison Theorem gives that, a.s. XF > Y/®, for all
t > 0, where (Y;*,t <T) is the CIR process solving

t t
Ve—o+ [ 00 - kYD) dsto [ TEaW., (3.3)
0 0

t t
In particular, Eexp(u/ (X7)"tds) < Eexp(u/ (YZ)~tds). Asb(0) > o2 by (H3), one can

0 0
derive (3.2) from the Lemma A.2. Similarly, for the upper bounds on the inverse moments
of X', we apply the Lemma A.1. O

3.1.2 On the associated Kolmogorov PDE

Proposition 3.2. Let o = 1/2. Let f be a R-valued C* bounded function, with bounded
spatial derivatives up to the order 4. We consider the R-valued function defined on [0, T] X
[0, +00) by u(t,x) = Ef(X7_,). Under (H1), (H2) and (H3), u is in CH*([0,T] x [0, +00)).
That is, u has a first derivative in the time variable and derivatives up to order 4 in the
space variable. Moreover, there exists a positive constant C depending on f, b and T such
that, for all x € [0, +00),

sup |2 (t,0)| <C(1+ ), (3.4
tejo,] | O
4
oku
[ull L (fo.77x [0,400)) + D Ak <C (3.5)
k=1 L ([0,T7x[0,+00))
and u(t, x) satisfies
ou ou o? 0%u
JE— —_— P - e T
ot (t,z) + b(x)ﬁx (t,z) + 5 T2 (t,z) =0, (t,x) €[0,T) x [0, +00), (3.6)

u(T,z) = f(z), € [0,400).

In all what follows, we will denote || || the norm on L spaces. Before to prove the
Proposition 3.2, we introduce some notations and give preliminary results: for any A > 0
and any = > 0, we denote by (XF()),0 <t <T), the [0, +0c0)-valued process solving

XF(N) =z + Aot + /t b(XT(N\))ds + o /t VXEN)dW. (3.7)
0 0

Equation (3.7) has a non-exploding unique strong solution. Moreover, for all ¢ > 0, X7 (\) >
X?Z. The coefficients are locally Lipschitz on (0,+00), with locally Lipschitz first order
derivatives. Then X[ (A) is continuously differentiable (see e.g. Theorem V.39 in [16]), and

if we denote JF(\) = dgf (M), the process (JF(N),0 <t < T) satisfies the linear equation

J; (A)_1+/0 JEV(XZ(N)d +/0 J: (/\)2 0 (3.8)

INRIA
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By Lemma 3.1, the process fo \/W 0 <t <T)is alocally square integrable martingale.
Then, for all A > 0, JF () is given by (see e.g. Theorem V.51 in [16]),

Jf(A)zexp(/O W(XF(\))ds + 2 /\/r Z/OtX;ziA)) (3.9)

Lemma 3.3. Assume (H3). The process (MF(A),0 <t <T) defined by

t 2 t
ME) = exp <a AW, o ds )

VxXroy o 8 Jo Xe(n

is a P-martingale. Moreover, sup,cjo ) E (J3'(N)) < C where the positive constant C' does
not depend on x .

Proof. By Lemma 3.1, (M} (X),0 <t < T) satisfies the Novikov criterion. Under (H2), b’ is
a bounded function and

B O] = o ( [ t VX O)ds ) MEOV] < exp¥ 7).

O
1
Let (272) 0 <t < T) defined by
(AA+3) _ ot 1 dxXs(\)
Zt = eXp( 2 fO \/X;:()\) (0'\/st()\) (3 10)
_WXEON+O+HI0® ) o2t _ds '
o/X7(N) 8 Jo X¥(N)
. . AL dQ M 3 1
By the Girsanov Theorem, under the probability Q"2 such that P = o7
t Zt ’ 2
x 1y,2 . . .
the process ( +2 = fo ?Xi?/\ bX, (/:/));1('2\;2) ds,t € [0,T]) is a Brownian motion on

(Q, Fr, QM'?). Indeed, we have that

XZ(\) == )\+ 2t+/bX”” d8+a/ VXTNdBYTE

. 1 A+l
Hence, ﬁ@ RE (XZ(\) = ﬁP(X?”()\—l—%)) and from the Lemma 3.3, Zt()")‘Jré) = exp(—% fg \d/%—

%2 fot Xd—(s)\)) is a Q’\"’%fmartingale. The following proposition allows us to compute the
derivatives of u(t, x).
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Proposition 3.4. Assume (H1), (H2) and (H3). Let g(x), h(x) and k(z) be some bounded
C! functions, with bounded first derivatives. For any X > 0, let v(t,x) be the R-valued
function defined, on [0,T] x RY, by

olt. ) =& [g(xF (V) ol | t b + E Oz e [ kG| ds.

Then v(t,x) is of class C* with respect to x and

2 ) = e[ w0z O0s) (5O ) + 97 00) [ KOO0 s )
+ [ 2 [esat [ woczonan (o) +acc o [ KOG 0050000 | as

The proof is postponed in the Appendix B.

Proof of Proposition 3.2. First, we note that u(t,z) = Ef(XF_,) is a continuous function in
x and bounded by || f||oo. Let us show that u is in C14([0,T] x [0, +00)). f being in C*(R),
by the It6’s formula,

T—t 0_2 T—t
uta) = @)+ [ BGODFOD) A+ G [ BN (D)
4 oF ( xE f’(xg)dm> .
0

f’ is bounded and (X) have moments of any order. Then we obtain that

O (ta) = B (WXF DI (X ) + S XX

Hence, 2% is a continuous function on [0, 7] x [0, +00) and (3.4) follows by Lemma 2.1.
By Proposition 3.4, for x > 0, u(t,x) = Ef(X7_,) is differentiable and

%@, z) = E (f'(X7_4(0)J7_,(0))

Hence, by using the Lemma 3.3, | (t,2)| < [If'looE (JF_1(0)) < C||f'|loc- We introduce

the probability (@2 such that d@ Denoting by E2 the expectation under the

1
zt(o 2

probability Qﬁ, we have

() = B} (X5 (0D 21} J5_,(0))

INRIA
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1
From (3.9), as Wy = B? + fot 2\/%(O)ds, we notice that

¢ o [! ng% o2 [t ds
J7(0) = exp /b’(Xdes—i—f 7‘—1——/7
t) <o O3 ) VTS b B0
and that Z;O;%)J%_t(O) = exp (fOT_t b'(XSI(O))ds), from the definition of Zt(o’%) in (3.10).
Tt
FXF ) exp ( / b’(X:’(O))ds)
0

for > 0, we finally obtain the following expression for %(t, x):

Hence, %(t,m) =E? . As EQ% (X7(0)) = KP(X?C(%)%

1) = E [f'(X%t@))exp ( | b’(X:(i))dsﬂ. (3.11)

Now the right-hand side of (3.11) is a continuous function on [0,T] x [0,4+00) so that u €
CHL([0,T] x [0,4+00)). Moreover for z > 0, by Proposition 3.4, %(t,a:) is continuously
differentiable and

T—t
Z4,0) B | /"X (e ( [ b’(Xf(;))dsﬂ

T—t T—t
f’(X%_t(;))exp</0 b’<X§<;>>d5> (/ b"(X:(é))J:(i)dsﬂ.

2
ot ()
obtain an expression for %(t,x) continuous in [0,7] x [0,400) and also to compute the
third derivative, we need to transform the expression in (3.12) in order to avoid again the

appearance of the derivative of Jf(%) that we do not control. Thanks to the Markov property
and the time homogeneity of the process X{(3)), for any s € [0,T —¢],

E lf’(X%t(;))exp ( [ b'(X;C(;))) / fs]

T—t—s
PO (5) e ( / b’(X;/(;»)]

(3.12)
+E

As previously, we can conclude that

is bounded uniformly in z. In order to

=E

y=X2(3))
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=t 1 ou

By using (3.11), we get E[/(X7_(p))expl [ ¥(XZ(3))/F] = Gt 5. XE(3). We

introduce this last equality in the second terrsn of the right-hand side of (3.12):

E[f’(X%t@))exp ( | b’(X;f(;))du> ( |GG )]
Tt Lo Tot
~E [ | e (f (XFi(5) exp < . (Xu<2>>du> / a)
[ v v >ds}
0
T_t au x / x /! x X
:/0 E{az(tﬂ,xs( )))exp(/o bXE(s ))du)b SHEINAE )} ds.
Coming back to (3.12), this leads to the following expression for (t x):

0%u
o 5 (tz)=E

P ()T i) e ( . b'(X:(é))dsﬂ

-/ TtE[?;ms?Xﬂ;)))exp( vz v )| s

1
We introduce the probability Q! such that 4Q°

i Then,

( )7
Fi th

e 2Dy t(é))JT t<2>exp ( / T‘%«x;c(;))ds)]
+/OTtE1 {zs(zngU(tJr X:v ) exp (/ )b'/(X:r( e )} .

Again for all 6 € [0,T], we have that Zé%’l)Jé‘(%) = exp (fo b (XE( %))du) and

2U T—t
O t2) =B [f”(X%_t(;))exp (2 / b’(Xf(;))dsﬂ

[ E e sxeGmen (2 [ vosga ) o )] as

0

2) = E!

INRIA



Discretisation scheme for SDEs with a diffusion of the form |z|*, a € [1/2,1) 15

As £Q (x=(1)) = £P(x*(1)),

) T—t
GEtz)= E [f//(X%—t(l))eXp (2/ b’(Xi”(l))dz?)]
0

+ - {‘9“ (t+ 5, X7(1))) exp (2/0 b'(X;f(n)du) b”(X;”(l))] ds

(3.13)

2
g;g (t,z):

from which, we deduce that u € CH2([0,T] x [0,400)). As J¥(1) = % exists and is

given by (3.9), for z > 0, 2 63:2 % (t, x) is continuously differentiable (see again Proposition 3.4)
and

T—t
ou (s 1) = E{exp (2/0 b’(Xj(l))ds)

X [ PO ()T (1) + 277X, (1) fo 6" (X2 ()2 (V)ds] |

# Iy e fe (2 [ vz

x 2 <>( <t+s,X:<1>>>b"<Xz<1>>+g—z<t+s,Xf<1>>>b<3><X§<1>>)
Gt 4, XTW)Y(XZ(1) [5 0" (X2 (1) T (1)du] } ds.
(3.14)

By Lemma 3.3, the derivatives of f and b being bounded up to the order 3, we get immedi-
ately that |3I3 (t,z)| < C uniformly in z.

The computation of the fourth derivative uses similar arguments. We detail it in the
Appendix C.

In view of (3.4) and (3.5), one can adapt easily the proof of the Theorem 6.1 in [10] and
show that u(t, x) solves the Cauchy problem (3.6). O

3.1.3 On the approximation process

According to (2.1) and (2.4), the discrete time process (X) associated to (X) is

Xo = xp,

- - — pa— 3.15
th+1 = ‘th + b(th)At +o th (Wtk+1 - Wtk) ( )

3

k=0,...,N —1, and the time continuous version (X;,0 <t < T) satisfies

t
Xt:z0+/0 sgn(ZS)b(Xn(s))ds+a/ sgn(Z)\/ X () dWs + L° X), (3.16)
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where sgn(z) =1 — 21 (y<q), and for any ¢ € [0, T7,

Zi = Xy + (= n(O)( X)) + 0/ Xty (Wi = W) (3.17)

In this section, we are interested in the behavior of the processes (X) and (Z) visiting the
point 0. The main result is the following

Proposition 3.5. Let o = . Assume (H1). For At sufficiently small (At < 1/(2K)),
there exists a constant C > 0, depending on b(0), K, o, x¢g and T but not in At, such that

o . X
E (L?(X) — Ly (X)/f"“)) < CAtexp <_16;;Zt>
A\
and ELY(X) < C <t) o (3.18)
Zo

The upper bounds above, for the local time (L°(X)), are based on the following technical
lemmas:

Lemma 3.6. Assume (H1). Assume also that At is sufficiently small (At < 1/(2K) A xo).
Then for any v > 1, there exists a positive constant C, depending on all the parameters b(0),
K, o, g, T and also on vy, such that

X Ay 220-2)
sup Eexp [ -0 <C <> .
k:o,.I.)..,N P ( ’YUQAt) - T

Lemma 3.7. Assume (H1). For At sufficiently small (At < 1/(2K)), for any t € [0,T],

= ¥ 1 X
< X < — — .
P (Ze<0/Xyw) < gexp ( 2(1 — KAt)—2 02At

As 2(1 — KAt)™2 > 1 when At < 1/(2K), the combination of Lemmas 3.6 and 3.7 leads

to
P(Z;<0)<C (At> - (3.19)

We give successively the proofs of Lemmas 3.6, 3.7 and Proposition 3.5.

Proof of Lemma 3.6. First, we show that there exits a positive sequence (1,0 < j < N)
such that, for any k € {1,..., N},

e k—1
X,
E exp <— 702At> <exp | —b(0) jgzo wiAt | exp (—zopug) -
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We set pog = y (3.15), as —b(x) < —b(0) + Kz, for all x € R, we have that

1
~yo2At®

Eexp (—poXy,) < Eexp (‘MO (thl +(b(0) — KXy, )At+o thlAWtk>> )

AW,, and X, , being independent, Eexp(—uooy/ X, AW,) = Eexp( ,uOAtth )
Thus

_ - o?
E exp (—/,Loth) <exp (—uob(0)At) E exp (‘MOthl (1 — KAt — QMOAt))
= exp (—pob(0)At) Eexp (—u Xy, ),

where we set u1 = po(l — KAt — —qut) Consider now the sequence (y;);en defined by

1o = —=35;
oAl L , (3.20)
K = Hj-1 (1 - KAt - 7/@'71&) , j =1

An easy computation shows that ifyv>1land At < 2K’ then (p;) is a positive and decreasing
sequence. For any j € {0,...,k — 1}, by the same computation we have

E exp (_ll’jytk—j) < exp (—b(O)M]At) E exp (_/"Lj+1ytk—j—1)
and it follows by induction that

k—1

E exp (—Hoytk) <exp | —b(0) Z wiAt | exp (—zopr) - (3.21)
§=0

Now, we study the sequence (1,0 < j < N). For any a > 0, we consider the non-decreasing
function fo(z) := 7%, * € R. We note that (fa o fg)(2) = fa+s(x). Then, for any j > 1,

the sequence (y;) being decreasing, p; < p;—1 — 7Atujuj,1, and

15 < oz ng(15-1) < fo2 5y (fgm(uj—ﬂ) <= foz (o) (3.22)
The next step consists in proving, by induction, the following lower bound for the p;:
1 At(j—1 .
1 > 1 T K UQ(J : o Vi1 (3.23)
1+ S AL(j — 1)uo 1+ S AL(j — 1)uo

(3.23) is clearly true for j = 1. Suppose (3.23) holds for j. By (3.20) and (3.22)

0_2
e =5 (1= G Aty ) = Ky 21 (1 O At o)) = KA, (0

- 1+ AL — Do\ % Atpo
- 1+ 2 Atjpo 1+ 2 Atjpg
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and we conclude by using (3.23) for p;. Now, we replace pg by its value ﬁ in (3.23) and

obtain that p; > m — 26—12(7 for any j > 0. Hence,
k—1 k—1 k
1 2y —1 2Kty 1 2y —1 2KT
}:At”JZjE: - P 2k272 - du — —
= Yo j:02’y—1—‘rj o yo Jo 2v—14u o

vV

2y —1 <2'y—1+k) 2KT
5 In - —
Yo 2y -1 o

Coming back to (3.21), we obtain that

X, 9KT 2K
Eexp (—702&) <exp <b(0) > > exp (moﬂ)

(2=l N (29—
2y —1+k P Atyo?2 (2y—1+k) /)"

Finally, we use the inequality % exp(—z) < a®exp(—a), for all @ > 0 and = > 0. It comes
that

X, 2KT 2K
E exp (—7023 > <exp <b(0) 3 > exp (1:002)

2b6(0) 1_L)
Aty 1.\ 2 47 2b(0) 1
26(0) =L (1 — — - 1——
x ( b(0) - ( 27)) exp( 5 ( 27)
A
Zo

where we set

C = (b(0)(2y — 1) %7 1735 exp (022 (b(o)(KT 1+ %) + IoK)) :

O

Proof of Lemma 3.7. Under (H1), b(z) > b(0) — Kz, for z > 0. Then, by the definition of
(Z) in (3.17),

~ Xy (1= K(t = n(t))) = bO)( —n(t) & .
’ n(t

a1\ X

By using the Gaussian inequality P(G < ) < 1/2exp(—3%/2), for a standard Normal r.v.
G and § < 0, we get

E

P(Z: <0) < 202(t — () X 1)

N =

(_(Xn(t)(lK(tn(t))Hb(O)(tn(t)))2> B ]
exp {X0)>0}
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1 X
from which we finally obtain that P (Z, < 0) < §E[exp(— 20— KAng)*%QAt)]'

O

Proof of Proposition 3.5. By the occupation time formula, for any ¢ € [tg, tx+1), 0 < k < N,
for any bounded Borel-measurable function ¢, P a.s

—
-
h
N
h
;N
>
QL
N
I
s T
SN
N
=
+n
N
|
h
;‘-N
N
QL
N

t tr

Hence, for any = > 0, an easy computation shows that

SR (L) ~ 12,0 (Ko, = o)) s = [ B 62/ (Ko, =2)) s

:J/R¢(z) t:\/%\(/ji_tk)exp< (Z_:;U_;S_tk >dsdz

Then, for any z € R,

E (L:}(X

LX)/ X = a}) —"/ ﬁ o (- )

In particular for z = 0 and t = tj41,

E(Lf,,,(X) - 18,(X)/ {X,, =2}) = a/om . (("T i Z<x)s)2> ds.

2ms 201 s

From (H1), b(z) > —Kz, with K > 0. Then,

_ — At /Xy X, (1 - Ks)?
0 _ 70 < k Dty )
E (L8, (X) - 15,(%)/ F.) < 0/0 Vo O ( ) ds
For At sufficiently small, 1 — KAt > 1/2 and

. L At Xt. X
0 0 k ti
B () - 100/ 7) <o [ Ve (g ) o

Now we use the upper-bound aexp(f%) <1,Va € R, to get

At 'd
— — 2vV A X
IE(LO X—LOX)<2 _=Zh ) g
tk+1( ) tk( ) =0 0 \/7 exp 160’2At S

40’2At Yt

< —— s E — L .

o ™ kzbol}_P’N P < 1602At>
We sum over k and apply the Lemma 3.6 to end the proof. O
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3.2 Proof of Theorem 2.3

We are now in position to prove the Theorem 2.3. To study the weak error Ef (X7)—Ef(Xr),
we use the Feynman-Kac representation of the solution u(t, z) to the Cauchy problem (3.6),
studied in the Proposition 3.2: for all (¢,z) € [0,T] x (0,+c0), Ef(XF_,) = u(t,z). Thus
the weak error becomes

Ef(Xr) —Ef(X7) = E (u(0,20) — u(T, X))
with (X) satisfying (3.16). Applying the It6’s formula a first time, we obtain that
E [u(O,xo) —u(T, YT)]

g

T Tou, — — ou 2 9%
Sh 110 SRR ATS SIEES ST SREETES S Pt
T _ oun, — 10u —
B [ snZoy Ty o (o X)W, - / S o (5, X)L (X
0 0 T

8
From Proposition 3.2 and Lemma 2.1, we easily check that the stochastic integral fo sgn(Zs)y/ X u (s, X s)dWy)

is a martingale. Furthermore, we use the Cauchy problem (3.6) to get
E [u(0,z0) — w(T, X1)]
T
P P — o — — —
= —/0 E |:(b(X77(s)) — (X)) 5 (5 Xe) + 5 (Xps) = Xo) 3;62<57Xs)} ds

10u 0/ T _ _
_]E/O S o (s, X)L (X)s+/o oR (11 <o Xe) 5o (5, X)) ds.

From Proposition 3.5,

‘ / X.)dLO(X),

On the other hand, by Lemma 3.7 for any s € [0, 77,

lau
<|l=
x

X,

du ~ n(s)
(b(O) + KXn(s)) exp ( 80’2At

E
ox

_ ou . —
’21[‘: (]1 {ngo}b(X'fl(S))ax(s’Xs)> ’ ‘

As for any z > 0, z exp(—1555;7) < 1602At, we conclude, by Lemma 3.6, that

T ou _
/(; 2E ( {Z <O}b( n(s) )ax (SaXé)) ds

b(0)

o(3)”
Zo
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Hence,

‘IE [u(0,20) — u(T, X1)] ’

ou, — 0% — . 0%u

T — — —_
< /0 E |:(b(Xn(s)) - b(Xa)) %(&Xs) + ? (Xn(s) - Xs) 8‘Z2(57X‘S):| ds

By applying the Itd’s formula a second time (g—; is a C? function with bounded derivatives),

) TN 0%u ou
= E/( )sgn(Ze)b(Xn(s)) {(b(Xe) —b(Xs)) @(S,Xg) (X )8(8,X9)} &
n(s
s 027 83 azu B 8u B
e ) PR {(b(X") = W(X(s)) 55 (5 Xo) + 26/ (Xo) 55 (5, Xo) + " (Xog) 5 (s, 9)} do

‘]E (0(X.) - H(F0) g (5K '

< Y |2 B O/yy_ 70 5%
< OAt (1+0§3£T]E|X9| +E{(1+|XU(S)|) (LS(X) Ln(s)(X)>})

and we conclude by Lemma 2.1 and Proposition 3.5 that
9 N
J— . 0 — t\ o2
E Xs) = b( X)) =—(5,X5) || < A — .
o - ] e (s ()

By similar arguments, we show that

'E [(Xs — X)) 312‘(3,@” <C (At+ (fj)u)

which ends the proof of Theorem 2.3.
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4 The case of processes with 1/2 < a < 1

4.1 Preliminary results

In this section, (X;) denotes the solution of (2.9) starting at zo at time 0 and (X7), starting
at z > 0 at time 0, is the unique strong solution to

t t
X7 :m+/ b(X;”)ds+a/ (XZ)* dW,. (4.1)
0 0

4.1.1 On the exact solution
We give some upper-bounds on inverse moments and exponential moments of (X).

Lemma 4.1. Assume (H1). Let x > 0. For any 1/2 < a < 1, for any p > 0, there exists a
positive constant C, depending on the parameters of the model (4.1) and on p such that

sup E {(Xf)_p} <C(l+z7P).
te[0,T]

Proof. Let 7, be the stopping time defined by 7,, = inf{0 < s < T; X% < 1/n}. By the Itd’s
formula,

tATy b(XI)dS o2 AR ds
T —P| —pTP _ s/ - -
E [(Xt/\‘rn) ] =T PE [/O (X;L’)erl] +p(p+ 1) 2 E |:/O (X;C)p-‘rQ(l—@):l
¢ 1
oo [ 25
0 (Xs/\Tn)p

e U (p‘p 0% T po?ggﬂ) ds} |

It is possible to find a positive constant C' such that, for any = > 0,

o? 1 b(0)
(p(p + 1)7xp+2(1—a) - pl-p+1> <C.

p+2(1—o)

An easy computation shows that C = p(2a —1) %2 {(p +2(1 - a)) 21‘)’(2;)) 71 s the
smallest one satisfying the upper-bound above. Hence,
t
E[(X/\,)7?] <a7?+CT +pK sup E[(X§r. )77 ds
0 0€0,s]
and by the Gronwall Lemma
sup E[(X{h,, )7?] < (27?4 CT) exp(pKT).

t€[0,T)

We end the proof, by taking the limit n — +o0. O
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Lemma 4.2. Assume (H1).

(i) For any a >0, for all0 <t < T, a.s. (XF)>1=% > ry(a), where (re(a),0 <t <T) is
the solution of the CIR Equation:

re(a) = 22379 +/O (a — Ma)rs(a))ds + 20(1 — a)/o Vrs(a)dW

with

o1 o= T

AMa) =2(1 —a)K + ( b(0)20-)

(i) For all u > 0, there exists a constant C(T,u) > 0 with a non decreasing dependency
on T and p, depending also on K, b(0), o, o and x such that

E b ds <C(T 4.3
exp | B . W < C(T,p). (4.3)
(iii) The process (MF,0 <t < T) defined by
. bodw,
Mt =exp | ao o W — —_ XI 2(1 @) (44)

is a martingale. Moreover for all p > 1, there exists a positive constant C(T,p) depending
also on b(0), o and «, such that

telo, T]

1
E ( sup (Mtw)p> <C(T,p) (1 + x‘lp) . (4.5)
Proof. Let Z; = (XF)?1=%). By the Ito’s formula,

Zy = 2= /ﬂ Jds +2(1 — a)o /\/ AW,
where, for all > 0, the drift coefficient G(x) is defined by
Bz) = 2(1 — a)b(z70 )z~ 20 — 62(1 — a)(2a — 1).
From (H1), b(x) > b(0) — Kz and for all x > 0, B(z) > (x), where we set

— 2c—1

Blx) =21 — a)b(0)z 0= = 2(1 — a) Kz — 0°(1 — a)(2c — 1).
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For all @ > 0 and A(a) given by (4.2), we consider f(z) = B(x) — a + A(a)z. An ecasy

. . : b(0)(2a—1) 217
computation shows that f(z) has one minimum at the point «* = (m) .

Moreover,

b(o)Q(lfa)
(2c0 — 1)2—1

and when A(a) is given by (4.2), f(z*) = 0. We conclude that 5(z) > a—A(a)x and (¢) holds
by the Comparison Theorem for the solutions of one-dimensional SDE. As a consequence,

T ds T ds
s o ez ) <2 (o0 (1 55 )

We want to apply the Lemma A.2, on the exponential moments of the CIR process. To this
llz(a)(l—a)24a2

fla*) = (Ma) —2(1 —a)K)** ' = (a+0*(1 — @)(2a — 1))

end, we must choose the constant a such that a > 4(1—«)?0? and p < 5 , for v(a)

as in Lemma A.2. An easy computation shows that a = 4(1—a)?0?V(2(1 — a)?0? + (1 — a)02v/2p)
is convenient and (i4) follows by applying the Lemma A.2 to the process (r4(a),0 <t <T).
Thanks to (i¢), the Novikov criteria applied to M} is clearly satisfied. Moreover, by the
integration by parts formula.

N XE\ t b(X?) o? 1
M} = ( ” ) exp </0 (—an +a(1_a)77(xf)2(1—a) ds

< ()f)aexp(KT) exp (/Ot (—ai((? +a(l— a)";()@;l_@) ds) .

To end the proof, notice that it is possible to find a positive constant A such that, for any

2
x>0, —b(i)a +Z a(21—a) xml,a) < A. An easy computation shows that

(1 _ a)320¢0.2:| ﬁ

A=S(2a-1) [ b(0)20-

2
is convenient. Thus, M7 < <Tf> exp ((K 4+ A)T) and we conclude by using the Lemma 2.1.
O

4.1.2 On the associated Kolmogorov PDE

Proposition 4.3. Let 1/2 < a < 1. Let f be a R-valued C* bounded function, with bounded
spatial derivatives up to the order 4. We consider the R-valued function defined on [0, T] X
[0,4+00) by u(t,z) = Ef(X5_,). Then under (H1) and (H2), u is in C14([0,T] x (0, +00))
and there ezists a positive constant C' depending on f, b and T such that

ou

I1ull oo 0,7y 0, 400)) + H Ox =¢

Lo ([0,T]x[0,400))
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and for all x > 0,

0
sup 8—1;(@ r)| < C(1 4 z2),
t€[0,T]
4 k
u 1
and sup — | (t,x <C(1—|—)7
t€[0,T7] o al‘k ( ) x‘I(Q)

where the constant g(a) > 0 depends only on «. Moreover, u(t, x) satisfies

@(t x) +b(z)@(t x) + ixza@(t x) =0, (t,x) € [0,T] x (0,+00)
ot "’ or "’ 2 o2 T ’ ’ ’ (4.6)
w(T,z) = f(z), = € [0, +00).

The following Proposition 4.4 allows us to compute the derivatives of u(¢,z). Equa-

tion (4.1) has locally Lipschitz coefficients on (0, +00), with locally Lipschitz first order
dxX7

derivatives. Then X is continuously differentiable and if we denote Ji* = ==, the process
(JF,0 <t < T) satisfies the linear equation
t t
dW
0 0 (Xs )

Proposition 4.4. Assume (H1) and (H2). Let g(z), h(z) and k(x) be some C' functions
on (0,400) such that, there exist py > 0 and pa > 0,

Ve >0, [g(z)|+1¢ (@) + |h(z)| + W (2)] + K (2)] < C (14 2P + ),
k(z)| < C (1+ =) -

Let v be the R-valued function defined on [0,T] x (0,+00) by

v(t,z) =E [g(Xf) exp(/ot k(Xf)ds)] + /OtIE {h(Xf)exp(/Os k(X;”)d@)] ds.

Then v(t,x) is of class C* with respect to x and
v t t
Sotta) =8 [oxo( [ wxzyas) (/00107 + o(x7) [ wCxn)zas )|
0 0
t s s
+/ E [exp(/ k(X2)d6) (h’(Xg)J;” + h(Xg)/ k’(X;”)J;”dG)} ds.
0 0 0
The proof is postponed in the Appendix B.

Proof of Proposition 4.3. Many arguments are similar to those of the proof of Proposition
3.2. Here, we restrict our attention on the main difficulty which consists in obtaining the
upper bounds for the spatial derivatives of u(¢,x) up to the order 4. By Lemma 4.1, for
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o%a?

dWs

= =,0 <t <T)is alocally square integrable martingale. Then J? is given

ds
)2(1-a)

)

2

x)l—a

t t
Jz—exp(/ b’deeroza/
t 0 ( ‘) 0 (XS

| o

)ds) M. V' being bounded, EJ;

Or equivalently J¥ = exp (fg b’(Xf)ds) My, where (M) is the martingale defined in (4.4)
i CEJY <

and satisfying (4.5). Thus , we have J¥ = exp (fo b

exp(KT) and for all p > 1
1
E( sup (JF)? ) <C(T) (1 + a) . (4.8)
€[0T TP
By Proposition 4.4, u(t, x) is differentiable and
ou . .
O ——(tz)=E [f/(XT—t)JT—t} :
Then, [2%(t,2)| < ||f'lsc exp(KT). The integration by parts formula gives
. (XP)e b, ab(X®)  o?a(l —a)
T __ T\ S
JP = —a eXP ; b'(XY) X 3(Xz)2i—0) ds ) .
We apply again the Proposition 4.4 to compute gi’; (t,x): for any x > 0,
dJy aJf  a(JF)? /t " abt(XT)  ab(X?)  o?a(l—a)?
P T pXT) — s s/) z g
T A VAN M C B E A
and
2y T T adu (‘]z— )2 T
B4(0) =B [0 )5 ") - S 5e(tn) + o | S g )
T—t
T—t ! T T 2 2 (49)
/ T T 1" T ab (Xs) ab(Xs) g Ol(]. - a) T
+E f (XT—t)JT—tA (b (Xs) - X;" (X§)2 - (Xg)g,_ga Js ds| .
By using the Cauchy-Schwarz Inequality with Lemma 4.1 and estimate (4.8), the second
term on the right-hand side is bounded by
T—t / T o, 2 2
; o b (XT)  ab(X?T)  ofa(l —a)
' lloE | sup (J¥)? / V(XY — s KA. ds
Ch e P A A S 0 € B b € BT
1
< C(T) (1 + W) .
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By using similar arguments, it comes that

9%u
‘W(ta z)| <

We apply again the Proposition 4.4 to compute %(t, x) from (4.9) and next %(t, x), the

dJ®

dx

term can be bounded by C(T)(1 4 22"~ =) wwhere n is the derivation order, by using

the Cauchy-Schwarz Inequality and the upper-bounds E sup (J7)P < C(T)(1 4 2~?) and
te[0,7]

SUP¢elo,T] E(X/)"<C(1+a™"). O

main difficulty being the number of terms to write. In view of the expression of , each

4.1.3 On the approximation process

When 1/2 < o < 1, according to (2.1) and (2.4), the discrete time process (X) associated
to (X) is
y0 = Zo,
X, = ’Ytk +b(X )AL+ 0 X (W, = Wi)|, k=0,..., N =1,
Its time continuous version (X;,0 <t < T') satisfies
t t
_ . . 1
X, =z —|—/ sgn(Zs)b(X (s))ds + O’/ sgn(Zs)X:(s)dWS + iLg(X), (4.10)
0 0
where for any ¢ € [0,T], we set
Zy =X + (t = 10X 1)) + X0y (We = W), (4.11)

so that, for all t € [0, T, X; = |Z|.
In the sequel, we will use the following notation:

C
Oex AtzCTexp(— 1>,
p(80) = O exp (~

where the positive constants C and C(T) are independent of At but can depend on «, o
and b(0). C(T) is non-decreasing in T'. The quantity Oeyp(At) decreases exponentially fast
with At.

In this section, we are interested in the behavior of the processes (X) or (Z) near 0. We

work under the hypothesis (H3"): xo > %At. We introduce the stopping time 7 defined
by
— b0
T:inf{s>O;XS < (2)At}. (4.12)
Under (H3’), we are able to control probabilities like P(7 < T). This is an important
difference with the case o = 1/2.
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Lemma 4.5. Assume (H1), (H2) and (H3’). Then
P(r <T) < Ocxp(At). (4.13)

Proof. The first step of the proof consists in obtaining the following estimate:

vk e {0,...,N}, P (th < b(\/%)m> < Oup(AL). (4.14)

Indeed, as b(z) > b(0) — Kz for x > 0, for k > 1,

P <th < bm)At)

V2 X, (1= KAt) — b(0)( =)A
X, (1—KAt) —b0)(1— L)AL
SP(Wtk—WtMS i —= V2T X, 1>0>

th—1

As At is sufficiently small, by using the Gaussian inequality P(G < ) < 1/2exp(—3%/2),
for a standard Normal r.v. G and 3 < 0, we get

P (th < b(\gm)

— 2
(th_la — KAL) +b(0)(1 — %)At)
QUQYtz]ilAt

—2(1—a) 1
Xt b(0)(1 = 75)

<E |exp {X¢,_,>0}

20_2y2a71

th—1

By separating the events {ytk—l > At} and {Ytk—l <V At} in the expectation above,
we obtain

— b0 1 b0)(1- )
P (th S \/§At> S exp <—W> +6Xp <_20-2(At)04é = OeXp(At),

Now we prove (4.13). Notice that

N—1
P(r<T) P( inf ZS<At7th>b(20)At).

te<s<t - 2
k=0 k k+1
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For each k € {0,1,...,N — 1}, by using (4.14) and b(x) < b(0) — Kz, we have

P( inf Z,< b(0) At, Xy > b(20)At>

ty<s<tpi1 2

w

:P( inf Z,< @At, Xy, > @At, X, < b(©) At)

tp<s<tpy1 -2

+IP< inf Z,< @At X, > b<O)At>

te<s<tp41 - 2 ’ f
~  b0) : - b( )
< < <
<P (th = At) +P (tk<géftk+1 Z, < =LAt X, th > At
xl_" b(0 ) K z b(0)At
< . : o
< Oup(A1) + E {]1 (Xe>22 At)]P <o<lsn§fAt o + ox +Bs < 202 ) =Xy } ’

where (B;) denotes a Brownian motion independent of (W}). The proof is ended if we show
that

1-a ~K A
IE”( nf 2 CO—KD) g o bo)at) < Oup(A1), for 2> "Wy,

(
0<s<At o oz ~ 20z NG}

We use the following formula (see [2]): if (B}',0 < ¢ < T) denotes a Brownian motion with
drift u, starting at yg, then for all y < yq,

P ( inf BY < y) = ferfc <y0 —Y + M) + — exp(2u(y — yo))erfe <y0 —Y_ M) ,

0<s<t V2t o V2 )2 V2t V2
where erfc(z) = % f?z exp (—%) dy, for all z € R. We set u = (b(og)z%f{x), Yo = f”:a and

b(O) N

we choose y = satisfying y < yo, if = > 2 At Then

P( b PO K)o b(O)At)

0<s<At O oxe - 20x%

Lo (x — boat L (b(0) - Kx)\/E>

= 9 ox*V2AE o2
Lo (2K (b0

0-237201

ox*V2At a ox/2

[\)

) (—“A <b<o>—Kx>¢E>

= A(z) + B(z).

For any z > 0, erfc(z) < exp(—22). Then, if At is sufficiently small, we have

1— KAt) + Y9 Ap)2 2(1-a)
A(m) S exp (_ (33( ) + 2 ) S exp <_£U)

202220\t 802 At
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and, for z > %At, Az) < exp (*M) = Oexp(At). Now we consider B(z). If

1602 At2a—1
2> 3b0Ar

Giran, then as for A(z), we have

— Kz z — QAL — K2 A2
s (A0S (o) (e e

o (z(1 = KA 4 MOAL? <o [0
P 023229\t = xp 802 At

and B(z) < exp (—%) = Oexp(At), for z > %

£ DAL < o < JUOAL ey 200Kl (o boary 5 MOPANETE) g
2 11
2(b(0) — Kz) b(0)At b(0)*At(5 — 3)
B(z) <exp < PR T Sexp | — 02720 :
2 2(1—a) 1 _ 1 At)2>
For z > )At we get B(z) < exp <—2 v 32&0(2‘(/2t)22(3£11+K ) ) = Oexp(Al). O

Lemma 4.6. Assume (H1), (H2) and (H3’). Let 7 be the stopping time defined in (4.12).
For all p > 0, there exists a positive constant C depending on b(0), o, o, T and p but not

on At, such that
1 1
vt € [0, 7], ]E(p ) §C<1+p). (4.15)

tAT Zo

Proof. First, we prove that
Xt
vte[0,T], P|Z;< 5 < Oexp (Al). (4.16)

Indeed, while proceeding as in the proof of Lemma 4.5, we have

v (Z - o >> S < (X (1 — 2K (= n(1))) +2b(0)(tn(t)))2> |
) 802 (t = (1) X

By using (a +b)? > a® + 2ab, with a = X, ;) (1 — 2K (¢t —(t))) and b = 2b(0)(t — n(t)),

—_ 2(1—a) 2
_ X X 1—2KAL b(0)(1 — 2K At
B(7, <20 <k [ [ 00 ( ) exp [ 2O - )
2 82 At 202X ‘(3‘)
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For At sufficiently small,

— —2(1—a)
_ X X
Pl Z; < Za®) <E|exp _Ta) exp —71102) —
2 3202At 40—2Xn((lt)

By separating the events {Yn(t) > At} and {Yn(t) <V At} in the expectation above, we

obtain

_ X 1 b(0)
< n(t) < _ _ — 3
F (Zt =Ty ) =P\ Tarans ) TP\ T hianet Ocxp (A1)

Now we prove (4.15). Notice that Z;n, = X¢ar, by the Ito’s formula

« 2a

1 1 /t/\T b(yn(s)) /t/\'r Y'r](s) o2 tAT Xn(s)
—— =—F5—0D —==ds — po — dWS—i—pp—f—l—/ ———ds.
ZfAT g 0 Z’:r1 0 Zf“ ( ) 2 Jo Z}S7+2

Taking the expectation and using again b(x) > b(0) — Kz, we have

1 1 tAT b t/\TY .
E (p ) <— —pE / 7(3)1 ds | +pKE / —) g
Zine Ty 0 Z’; 0 Zg

2«

0,2 tAT X (s)
+p(p+1)—E / — T8 ds | .
2 0 ZpJr2

S

By the definition of 7 in (4.12),

thr Y7 tAT X tAT X
n(s) _ - n(s) _ n(s)
o[ D) -n ([0, e Tiar) vm ([T, x D)

S S

_ 1/2
2 Pl — X (®) o 1/2 t 1
< T sup |P|Z; < Y sup |E (X +2/ ]E<> ds.
<b(0)At> telo, T ( ! 2 te[O,T]{ ( "(t)ﬂ 0 z"

SAT
We conclude, by the Lemma 2.1 and the upper-bound (4.16) that

E /MTX"(S)ds <C+2/tIE<1)ds
—p+1 = =P ~
0 Zp 0 Zs/\'r

S

Similarly,
—2a —2a <2
t/\TX tAT X tAT X
E / —1ds | =E / 1wy, —2%ds | +E / 1w, =2ds
o Z, 0 (Zs=—37) Z, 0 (Zs>—37) Z,

2

2
tAT X tAT d
_ n(s) 2a 8
< E <A 1 (75§XW2(S) ) ZP+2 dS) +27E (/0 Zp+2(1a)> ’
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By using again the Lemma 2.1 and the upper-bound (4.16), we have

tAT yiz(x) 2 re Z
E 1 _ Yds | <T | e F\Z
/0 7.y p2 T ) = (b(O)At) o

2 p+2
< —_ <C.
<T (b(O)At) Oup(Al) < C

IN
>
=3
N—————
=
~
D
SIS
=0
N

1 1 inT b 92a-1 1)o? ¢ 1
E(,,)<,,+]E/ LG 7ﬁgf1f ))‘T ds+C/]E<p>ds+C.
Zinr o 0 4 zZ" « o \Z

SAT

We can easily check that there exists a positive constant C' such that, for all z > 0, _;;f:r(?) +

2a—1 _2
p(p+1)2°°" "0~ < C. Hence

2pt+2(1—a)
1 1 ¢ 1
o() < dbve [B()arc
Zt/\‘r To 0 Zs/\‘r
and we conclude by applying the Gronwall Lemma. O

4.2 Proof of Theorem 2.5

As in the proof of Theorem 2.3, we use the Feynman—Kac representation of the solution of
the Cauchy problem (4.6), studied in the Proposition 4.3: for all (¢,z) € [0,T] x (0, +00),
Ef(X7%_,) = u(t,x). Thus, the weak error becomes

Ef(Xr) —Ef(X7)=E (u(0,z0) — u(T,X1)).
Let 7 be the stopping time defined in (4.12). By Lemma 4.5,
E(w(T AT, Zonr) —u(T, X7)) <2 ||u||L°°([0,T]x[0,+oo]) P(7 <T) < Oexp(At).
We bound the error by
|E (w(T, X1) — u(0,20))| < [E(w(T AT, Zppr) — u(0,20)) | + Ocxp(At)

and we are now interested in E (u(T A7, Zra-) — (u(0,20)). Let L and £, the second order
differential operators defined for any C? function g(x) by

dg o? 5, 0% dg o? ,., 0%
Lg(x) = b(x)%(x) + 71’2 @(T/) and L.g(z) = b(z)%(ﬂf) + ?Zz @(z)-
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From Proposition 4.3, u is in C**([0, T] x (0, +00)) batlbfylng “(t, @)+ Lu(t,z) = 0. X, has
bounded moments and the stopped process (X, )=(Z¢rr) has negative moments. Hence,
applying the It6’s formula,

e TAT -
E [w(T AT, X1ar) — u(0,20)] = ]E/ (EY e Lu) (s, Xs)ds,
0 e

Notice that

2
Bp(Lou — L) + b(2)8 (Lou — Lu) + %z%agz (Lou— Lu)

= L%u—2L.Lu+ L*u
and by applying again the Itd’s formula between 7(s) and s to (‘CYW)U — Lu) (s, Xs),
T/\T XT/\T) — (0 mo)]

/ / (9<7) E 2£yn(s)Lu+L2u) (a,Yg)} dfds.
0 n(s)

(£L2u — 2L, Lu+ L?u) (A, x) combines the derivatives of u up to the order four with b and
its derivatives up to the order two and some power functions like the z*® or 2*~2. When
we value this expression at the point (z,z) = (Yn(sm,fm), with the upper bounds on
the derivatives of u given in the Proposition 4.3 and the positive and negative moments of
X given in the Lemmas 2.1 and 4.6, we get

q(a)

B osn (€% u-2Lx, Lu+ L2) (0.X0)]|<C (1 T )

which implies the result of Theorem 2.5.

A On the Cox-Ingersoll-Ross model

In [6], Cox, Ingersoll and Ross proposed to model the dynamics of the short term interest
rate as the solution of the following stochastic differential equation

drf = (a — brf)dt + o\/rFdWy,
{ rg =x >0, (A1)

where (W;,0 < t < T) is a one-dimensional Brownian motion on a probability space
(2, F,P), a and o are positive constants and b € R. For any t € [0,T], let F; = o(s < t, W).
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Lemma A.1. For any x > 0 and any p > 0,
E|:1 :|: L(2 2b—bt>p
(re)p T(p) \o2(1—e~b?) ] (A.2)
X fO 917 1( 9)072_17_1 exp (7%> d@,

where T'(p) = fo+oo uP~Lexp(—u)du, p > 0, denotes the Gamma function. Moreover, if
a>o?

e[z < - (A.3)
rd x
and, for any p such that 1 <p < % -1,
bt \ P
N [(T;)P] = F(lp) <2§|2t ) or & {(r;)p} < C(p’T)x% (A.4)
where C(p,T) is a positive constant depending on p and T.
Proof. By the definition of the Gamma function, for all z > O andp > 0, 277 = I'(p) ! f0+oo w1 exp(—

so that
SER RIS -
—| = =5 U xp(—ury)du.
(rf)P]  T(p) Jo !

The Laplace transform of r{ is given by

Eexp(—ury) =

1 uL(t)¢(t, x)
(2uL(t) 4 1)2a/o* P <_ 2uL(t) +1 ) ’

where L(t) = Z—Z(l — exp(—>bt)) and ((t,x) = 02@%&’071) = ze " /L(t), (see e.g. [15]).

Hence,
. [(T;)p] N F(lp) /;Oo (2uL(t1;p:1)2a/a2 exp (—W) du.

ulL(t)
2uL(t)+1

. [(1)] P /01(2 =00 1= 0 e (sz(bt;)) .
2)

By changing the variable 6§ = 2 in the integral above, we obtain

from which we deduce (A.2). Now if a > o2, we have for p = 1

1 1 ! ze 0 ebt
E|— = 7 < 2
= mm ] oo ()<
! 2 b o
-1,E [( an < PTILIP ~ o T(p) (1 — e ) which gives (A.4),
by noting that (1 — e*“"t) |bte o[t 0

andfor1<p<%
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Lemma A.2. Ifa > 02/2 and b > 0, there exists a constant C' depending on a, b, o and

T, such that
2 rtds v
sup Eexp — SC(l—i—x 2), (A.5)
t€[0,T 0o Ts
whereu———1>0
2 2 d t d
:%,/rf,sothatEexp(Vgo /—:):]Eexp(? H—SQ)
0 's 0 s

Proof. Foranyt € [0,T], we set Hy

The process (Hy, t € [0,T]) solves

2 1 2
a4 ) dt by gt aw,, Hy = 2.
g

H=(5-2)—-
dH; (02 2) H 2

For any t € [0,T], we set By = H;, — Hy *fo (? - 5)

b2
Zt—exp</ 3 HedB, — = Hfds).
0

By the Girsanov Theorem, under the probability Q such that ‘Z@

. Let (Z,t € [0,T]) defined by

= L. (Bt e 0,T))
Fi

is a Brownian motion. Indeed (Hy,t € [0,T1]) solves

2 dt 2
dHt(Z ) Y dB;, t<T, Hy=>\/z
o H; o
and under Q, we note that (H;) is a Bessel process with index v = 2§ — 1. Moreover, by
— HZ — 2%t and

the integration by parts formula, fg 2H.dB, = H?

b p2 [t b ba b b

Now, denoting by EQ the expectation relative to Q,
ds ds
s (| ) =22 [0 (5 [ 72) 2]
b ds
Sexp(ﬁc-l—T )EQ [exp(2 /0 Hg)]

Let E(V\)f denotes the expectation relative to IP’(;\)/E, the law on C(R+,R+) of the Bessel
process with index v, starting at 2,/z. The next step uses the following change of probability

measure, for v > 0 (see Proposition 2.4 in [11]).

() (2 ] )
o (Ras<t) 2\/x 2 Jo R?2) 3Ve

)
o(Rs,s<t)

)
P2z
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where (R;,t > 0) denotes the canonical process on C(R™T,R™). Then, we obtain that
V2 [tds b ba ) v2 [t ds
e (g [, 77) <o (o + 752 ) B oo (7 [ 7))
b ba\ ) [[(oR\”
< exp <0_2:C+T0_2> Eg\/;; NG .

R v
It remains to compute E(goz/% [(; \/i> ] . Let (W}, W2, t > 0) be a two dimensional Brow-
sV x

nian motion. Then

o [(25)] - ) (e 25

R\" v
and an easy computation shows that E(gozﬁ [(;ﬁ) } <C(T) (1 4 x*a), 0

B Proofs of Propositions 3.4 and 4.4

Proof of Proposition 3.4. To simplify the presentation, we consider only the case when k(x)
and h(z) are nil. For any € > 0 and = > 0, we define for all ¢ € [0, T], the process
JPC = L(XPTe — XT), satisfying

t t
T = 1+/ qngf‘ds—i—/ YETECAW,
0 0

with ¢¢ = fol Y (XT + 0eJ5) df and S = fol 2\/% Under (H3), the trajectories

(X7,0 <t <T) are strictly positive a.s. (see Remark 2.2). By Lemma A.1, fot YedWs is a
martingale. Then J;"¢ is explicitly given by

. t t 1t
JC = exp </ ocds —|—/ YedW, — 5/ (1/12)2d5> .
0 0 0

We remark that fot s A= dWs = 1log (XTZ) — [P LX) g and

[ Xz L 1b(XT) 1/t t o
X, € < t _ - S _ - € 2d / € _ dWS .
Jpe<C —-exp < /0 > X ds 5 /0 (¢5)*ds + N\ X
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We upper-bound the moments E(J;)*, a > 0. As b(x) > b(0) — Kz, for any p,

o

2
XF\ 2 t o b(0) a [t « p o
ey 2t o ht It €\2 €
(J;7%) _C( . ) exp /0 BT ds 5 /0 (%) ds+/0 P — *Xg’ ds
2
¢ o ta?p o
X e | dW, — — | ¥s — d
P /0 “ (1/)5 2\/)T§> /0 2 v: 2,/X% °

and by the Holder Inequality for p > 1, we have

) e (gt [ v [ ]|}

Then, for any 0 < a < 4, for any p > 1 such that ap < 4,

ap p—1

xXe\oo| ] ?

— . B.1
(™) ®
The same computation shows that for the same couple (p, «) and for any 0 < 5 < p=1

(Jf’e)a C ﬁp pT?l
E(—2t /) <—{IE[XI H , B.2
(587 ) < = {B[on (B2)

which is bounded according to Lemma 3.1. Hence, by (B.1) for («,p) = (2,2), there exists
a positive constant C' such that

E(J)* <C {IE

E(J/ )< C {E

B(XfTe — XF)?2 < Ceé?, Vtelo,T],
and X71¢ tends X7 in probability. We consider now the process (J¥,t € [0,7T]) solu-
tion of (3.8). Applying the integration by parts formula in (3.9), we obtain that J¥ =

% cxp(fot(b’(Xf) — b;;z) + gﬁ)ds) from which by using (H3), we have

JT < \/?exp (- /Ot(b(O) _ "42)2%) exp(KT) < 0\/?. (B.3)

Moreover,
JP = J0 = / V(XE)(JZ — T ds + F — J&)dW,
t
+ [ W - greass / (T — ) Izaw,.
0 0 24/X7Z
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We study the convergence of E(JF — J;7)? as € tends to 0. We set EF := |JF — J7°|. By
the It6’s formula,

t t
E(})? =E / 2 (X7)(E7)2ds + E / A (XT) — §) T (JF — J5)ds
0 0

2
t
o o
—HE/ T (— T )T ds.
0(2 = )+ (7 0 )
We upper-bound the third term in the right-hand side of the expression above: as —&=— > 1§

2\/X7
and (% + 1) < O/ /X7,

E ((" - wzwz*) <CE (( 7wl )> .

2,/X7

An easy computation shows that . /Xg”(z\/"F —f) < \/Ef“])i Then,

E ((2 - w;w;*) < CVeE (g:; ) = CVeE <((J))+> = CVe

where we have applied (B.2) with (o, p,8) = (3,
arguments with (B.3),

< el - 3). By using the same

STTE
E (U(J;E _ J;c,e)(L _ ¢§)J:’€> <E < g (JT + J:’E)\ﬁ']sjf‘)

2/X7 2/ X7 Xz

(Jo)2 (Jo)3
<ovi(2(V") e () <o

where we have applied (B.2) with (o, p, 8) = (2, %,i < pp;l = %) An easy computation
shows that [0'(X?) — ¢¢| < €J®¢||b"||o. Coming back to the upper-bound of E(EF)?, we

have

t t 2
E(£F)% < c/ E(EF)%ds + C\/et + E </ 42@ (5;)%15) . (B.4)
0 0 s
To conclude on the convergence, as € tends to 0, we use the stochastic time change technique
introduced in [3] to analyze the strong rate of convergence. For any A > 0, we define the
stopping time 7 as

. . b o2ds .
7 = inf{s € [0,T], v(s) > A} with y(¢) = and inf() =T.

o 4XY
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Then, by using the Lemma 3.1 with the Markov Inequality,

T028
Mn<T)H%ﬂUZM§wM9EGm<A &é>>§0mm;_
<

Choosing X\ = — log(€") for a given r > 0, we have that P(1y < T) < Ce? and
E(£§)* <E(EX)* + Cet.

With (B.4), we can easily check that for any bounded stopping time 7 < T,

Bes < | " esp(C(T — 5) ([ jx‘f €?) + Cve)

and for Ty,
T
Ben ) < aim ([ EnPn) + oo
0

for some positive constants Cy and C7, depending on T'. After the change of time u = (s),
we can apply the Gronwall Lemma

A
E(&Z)? < CE (/ (Efu)Qdu> + Cogv/e < TCov/eexp(C1N).
0

With the choice r = (4C1)~! and A = — log(€"), we get IE(&'%)2 < TCyei. As T is arbitrary
in the preceding reasoning, we conclude that E|J; — J;”¢| tends to 0 with e for all ¢ € [0, T].
Consider now

9(X7 ™) — g(X¥)

1
(XP)TE = I / §(XF + cad™Vdo — T (X?)
0

1 1
— () / §(XF + cad™)da+ JF / (¢ (X + cad) — ¢'(XF)) dor
0 0
= A° + B,

EA® < ||¢'||lElJF — J;7¢|, which tends to zero with e. B¢ is a uniformly integrable sequence.
g’ is a continuous function. By the Lebesgue Theorem, as X 1€ tends X{ in probability,

X:ere _ Xz
g(Xy™) — g(X )) tends to E[g’(Xf)Jf] when e
€
tends to 0. -

B¢ tends to 0 with e. As a consequence, E(

Proof of Proposition 4.4. The proof is very similar to the proof of Proposition 3.4. Again,
we consider only the case when h(z) and k(z) are nil. Let J;"° = 1(X7+ — X7), given also

by
t t 1 t
ﬁEQWQ/@w+/¢wm—'/wy@)
0 0 2 0
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with ¢¢ = fol b (XF + 0eJ™)df and o = f01 M%. For any C* function g(x) with
bounded derivative, we have

9(X7™) — g(X¥)

1
—(XP)TE = I / §(XF + bT7)dh — TP (X7)
0

1 1
— =) [ g a0+ I [ (X 4 e007) — g (X)) db
0 0
= A° + B°.
t o [t
E(J;9)* < exp(aHb’Hoot)EeXp(a/ YEdW, — 5/ (v¢)?ds) and, by using Lemma 4.2 (ii),
0 0

one easily concludes that E(J;)® < C and consequently that X "¢ converges to X7 in
L?(). Then, by applying the Lebesgue Theorem, E|B¢| tends to 0. Moreover, E|A¢| <

19" lloe \/ E|JF — JF|>. We can proceed as in the proof of the Proposition 3.4, to show that

E|J; ¢ — JF|? tends to 0, but now the moments E(J)*, & > 0 are bounded and the Lemma
4.1 ensures that the E|X}|7P, p > 0 are all bounded. O

C End of the proof of Proposition 3.2

To compute %(t, x), we need first to avoid the appearance of JF(1) in the expression of
3 3 3

%(t, x). We transform the expression of %(t, x) in (3.14), in order to obtain %(t, x) as

a sum of terms of the form

T—t
E <eXp ( ; ﬂ(Xi,”(l))d8> T(X%t(l))J%t(1)>

+ /OT_tIE {exp (/Osﬁ(Xff(l))du> J§(1)A(X§(1))} ds

for some functions B(x), I'(x), A(z). In this first step, to simplify the writing, we write X7
instead of X7(1). Two terms are not of this form in (3.14):

T T
I=2E {eXp (2/ t b'(Xf)dS) f”(X%_f,)/ tb"(Xf)deS}
0 0

T—t s s
I = 2E{/ exp (2/ b’(Xff)du) ?(H&X;”)b”(xg) (/ b”(X:;‘)J;fdu> ds}.
0 0 €z 0

The integration by parts formula gives immediately that

T—t T—t 8U u
II = 2E {/ b”(Xf)Jf </ 3 (t+ u, X)) exp <2/ b’(ng)dG) b”(Xff)du) ds} .
0 s € 0
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By using again the Markov property and the time homogeneity of the process (X7),

T—t T—t—s
E [exp <2/ b'(Xé”)dG) f”(X%_t)/fs exp <2/ b'(Xg)dG) f”(X%_t_s)‘|
s 0
and, by using (3.13),
=t /! / 82
1:2/0 E{b (Xg)Jgexp( / b(X(,)d0> - 2 +s7X§)}ds
T—t
-2 ELb (XT)JT 2 b (X%)d6
| E{vanmes (2 [ veg)

y (/OT_t_SIE [gg(t-ﬁ-S—&-u,X}j)exp (2 /Ou b’(Xg)dG) b”(X;‘j)}

Conversely,
du

T—t—s w
/ E [au(w s +u, XY) exp (2/ b’(Xé’)d9> b"(Xff)]
0 0 0 y=X2

:/ E {gu(t—ku Xﬂ”)exp< / v (X§ d9) b”(Xﬁ)/fs} du
and then

T—t s 2
1:2/0 E{b”(Xg)Jg exp <2/0 b’(Xg‘)d@) g o+, Xm)}d
T—t T—t o u
—2E / b(XZE)JE / 8LE( +u, X7) exp (2/ b’(Xg)dH) b (XF)du | ds ¢ .
0 s 0
Finally, replacing I and IT in (3.14), we get
O3u =t 3
Stt) <Bden (2 [ v s ) OO
T—t s
+/ ]E{exp (2/ b’(X,‘f)du) JE
0 0

x (32 4 s, x4 215, x® (x2) ) L
or2 gr' T )P

=E

y=X7

du ds.
y=X7
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. . 1. 3/92 dQ3/2
To eliminate J;7, we introduce the probability Q /2 such that P

= (fé). Then
Fi z,'?

83U = x : x 17§ x
5 (t,x) =E*/2 {exp (2 / V(XD)ds | O (X5 )20 TE
0

T—t s
+/ E3/2{exp (2/ b’(XZf)du) z8) g
0 0

Pu z\ !/ T du z\7,(3) x
X <3a$2(t+s,XS)b (Xs)+%(t+s,Xs)b (XS)>}ds.

Again, we note that Zt(l’%)Jg’ = exp (fg b’(ij)du) and

3 T—t
%(m) =E3/? {exp (3 /0 b’(Xj')ds) f(3)(X%t)}

T—t s
—|—/ E3/2 {exp <3/ b'(Xff)du)
0 0
ou

Pu T\p! (VT z\7,(3) x
(35, 5 XWX + JE 0+ s XEWO(D)) s

3/2
where we write X* instead of X#(1).. Finally, as cQ / (X*(1)) = L:P(Xm(%))7 we obtain

the following expression for %(t, x):

B Tt
T—t R 2
+/0 E {exp (3 b’(X$(3)du> <3§352(t 4 S’Xf(g))b”(X::(;))

0 2 2
+ 2y s,xg(z))b@(xg(z))) } ds.
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JZ(2) exists and is given by (3.9). By the Proposition 3.4, 9 8 % (t,x) is continuously differ-
entiable and

0*u r=t .3
w(t,x) =E {exp (3/0 b'(X: (2))ds>

T—t
SOXEG) [ VTGN G+ X (3) 5 ﬁ]}

2
- T_tE{exp <3 / bf<xw<3>>du> (322<t+ KT (XE())

L Xz<‘°’>>b<5><xz<3>>) [ e as

0

+ e exp (3 b’(ij@))d (5 ) 3833(t+sXx( ))b”(XI<3)>
0 2 a 2

+4 2 O, Xx<§’>>b<3><X§<§>>

+g (145, X2(5 3@ (Xf(‘;)))}ds,

from which we can conclude on (3.5).

References

[1] A. ALFONSI. On the discretization schemes for the CIR (and Bessel squared) processes.
Monte Carlo Methods Appl., 11(4):355-384, 2005.

[2] AN.BORODIN and P.SALMINEN. Handbook of Brownian Motion : Facts and For-
mulae. Probability and its applications. Birkhauser, 1996.

[3] A. BERKAOUI, M. BOSSY, and A. DIOP. Euler scheme for sdes with non-lipschitz
diffusion coefficient: strong convergence. ESAIM Probab. Stat., to appear.

[4] M. BOSSY, E. GOBET, and D. TALAY. A symmetrized Euler scheme for an efficient
approximation of reflected diffusions. J. Appl. Probab., 41(3):877-889, 2004.

[6] C. COSTANTINI, B. PACCHIAROTTI, and F. SARTORETTO. Numerical approxi-
mation for functionals of reflecting diffusion processes. SIAM J. Appl. Math., 58(1):73~
102, 1998.

[6] J. COX, J.E. INGERSOLL, and S.A. ROSS. A theory of the term structure of the
interest rates. Fconometrica, 53, 1985.

RR no 5396



44

Bossy & Diop

[7]

[10]

[11]

[13]

[14]

[15]

G. DEELSTRA and F. DELBAEN. Convergence of discretized stochastic (interest rate)
processes with stochastic drift term. Appl. Stochastic Models Data Anal., 14(1):77-84,
1998.

A. DIOP. Sur la discrétisation et le comportement a petit bruit d’EDS unidimen-
sionnelles dont les coefficients sont a dérivées singuliéres. PhD thesis, Université de
Nice-Sophia Antipolis— UFR Sciences, 2003.

T.D. DREEBEN and S.B. POPE. Wall-function treatment in pdf methods for turbulent
flows. Phys. Fluids, 9(9):2692-2703, 1997.

A. FRIEDMAN. Stochastic Differential Equations and Applications, volume 1. Aca-
demic Press, New York, 1975.

H. GEMAN and M. YOR. Bessel processes, asian options, and perpetuities. Math.
Finance, 3(4):349-375, 1993.

P.S. HAGAN, D. KUMAR, A.S. LESNIEWSKI, and D.E. WOODWARD. Managing
smile risk. WILMOTT Magazine, September, 2002.

J.C. HULL and A. WHITE. Pricing interest-rate derivative securities. Rev. Finan.
Stud., 3:573-592, 1990.

I. KARATZAS and S.E. SHREVE. Brownian Motion and Stochastic Calculus. Springer-
Verlag, New York, 1988.

D. LAMBERTON and B. LAPEYRE. Introduction to Stochastic Calculus Applied to
Finance. Chapman and Hall, 1996.

P. PROTTER. Stochastic Integration and Differential Equations. Springer—Verlag,
Berlin, 1990.

INRIA



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay UniversiZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Techrilp de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villérs-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rne-Alpes : 655, avenue de I'Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



