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ABSTRACT. This paper studies Monge parameterization, or differential flatness, of control-
affine systems with four states and two controls. Some of them are known to be flat, and
this implies admitting a Monge parameterization. Focusing on systems outside this class,
we describe the only possible structure of such a parameterization for these systems, and
give a lower bound on the order of this parameterization, if it exists. This lower-bound is
good enough to recover the known results about “(z,u)-flatness” of these systems, with
much more elementary techniques. on the order of this parameterization, if it exists.

RiESUME. On s’intéresse aux paramétrisations de Monge, ou & la platitude, des systémes
affines & quatre états et deux entrées. Des travaux antérieurs caractérisent ceux de ces
systémes qui sont “(x,u)-plats”, mais on ne sait pas si certains des sytémes restants sont
plats, ou non. La conjecture est qu’aucun n’est plat, ni Monge-paramétrable. Pour ces
sytémes, on montre que toute paramétrisation est d’'un type particulier, et on donne une
borne inférieure sur ’ordre de cette paramétrisation, suffisante pour retrouver, de manieére
beaucoup plus élémentaire, le résultat connu sur la “(z, u)-platitude”.

1. INTRODUCTION

In control theory, after a line of research on exact linearization by dynamic state feedback
[4, B, [, the concept of differential flatness was introduced in 1992 in[ff] (see also [, H).
Flatness is equivalent to exact linearization by dynamic state feedback of a special type,
called “endogenous” @], but, as pointed out in that reference, it has its own interest, maybe
more important than linearity. An interpretation and framework for that notion is also
proposed in 7 @7 @], see [E] for a recent review.

The Monge problem (see the the survey article [@], published in 1932, that mentions
the prominent contributions [[J] and [[f, and others) is the one of finding explicit formulas
giving the “general solution” of an under-determined system of ODEs as functions of some
arbitrary functions of time and a certain number of their time-derivatives (in fact [R5 allows
to change the independent variable, but we keep it to be time). Let us call such formulas a
Monge parameterization, its order being the number of time-derivatives.

The authors of @] already made the link with the above mentioned work on under-
determined systems of ODEs dating back from the beginning of 20" century; for instance,
they used [Id, ] to obtain, in [P, [L4] some results on flatness or linearizability of control
systems.
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Let us precise the relation between flatness and Monge parameterizability : flatness is
existence of some functions —we call this collection of functions a flat output— of the
state, the controls and a certain number j of time-derivatives of the control, that “invert”
the formulas of a Monge parameterization, i.e. a solution ¢ +— (z(t),u(t)) of the control
system corresponds to only one choice of the arbitrary functions of time appearing in the
parameterization, given by these functions. Let us call j the order of the flat output.

Characterizing differential flatness, or dynamic state feedback linearizability is still an
open problem [1(], apart from the case of single-input systems [E, E] The main difficulty
is that the order of a parameterization or a flat output, if there exists any, is not known
beforehand: for a given system, if one can construct a parameterization, or a flat output, it
has a definite order, but if, for some integer j, one prove that there is no parameterization
of order j, then it might admit a parameterization of higher order, and we do not know
any a priori bound on the possible j’s. In the present paper, we consider systems of the
smallest dimensions for which the answer is not known; we do not really overcome the above
mentioned “main difficulty”, in the sense that we only say that our class of systems does
not admit a parameterization of order less than some numbers, but the description of the
parameterization that we give, and the resulting system of PDEs is valid at any order.

Consider a general control-affine system in R* with two controls, where ¢ € R* is the
state, wy, and ws are the two scalar controls and Xy, X; and X5 are three smooth vector
fields :

£ = Xo(§) + w1 X1(§) + w2 X2(€) -
In [@], one can find a necessary and sufficient condition on Xy, X1, X2 for this system
to admit a flat output depending on the state and control only (j = 0 according to the
above notations). Systems who do not satisfy this conditions may or may not admit flat
outputs depending also on some time-derivatives of the control (j > 0). This is recalled and
commented in section @ and ﬂ

Instead of the above control system, we study a reduced equation (B)); let us briefly explain
why it represents, modulo a possibly dynamic feedback transformation, all the relevant cases.
Systems for which the iterated Lie brackets of X; and X5 do not have maximum rank can be
treated in a rather simple manner [@, first cases of Theorem 3.1]; if on the contrary iterated
Lie brackets do have maximum rank, it is well known (Engel normal form for distributions of
rank 2 in R?, see [B]) that, after a nonsingular feedback (w; = 5"°(£) + 8" ()wy + 372(ws,
i=1,2, with 311322 — g123%1 £ (), there are coordinates such that the system reads

G=wi, & =7(61,6,8,8) +&wr, & =0(61,6,8,&)+&wr, Sa=wr (1)

with some smooth functions v and §. One can eliminate wy and we and, renaming &1, &2, €3, &4
as x,y, z, w, obtain the two following relations between these four functions of time :

y=7y 2w +zi, =0y zw)+wi (2)

(this can also be seen as a control system with state (z,y,z) and controls w and ). If
~ does not depend on w, this system is always parameterizable, and even flat (see ] or
Example E below). If, on the contrary, v does depend on its last argument, one can, around
a point where the partial derivative is nonzero, invert v with respect to w, 7.e. transform
the first equation into w = g(x,y, z, y — z&) for some function g, and obtain, substituting into
the last equation, a single differential relation between z,y, z written as (E) in next section.

Note that (E) also represents the general (non-affine) systems in R? with two controls that
satisfy the necessary condition given in [@, @], i.e. they are “ruled”; we do not develop this
here, see [E] or a future publication.

The paper technically focuses on Monge parameterizations of (E) The problem is unsolved
if g and h are such that system (EI) does not satisfy the above mentioned necessary and
sufficient condition. We do not give a complete solution, but our results are more general
than —and imply— these of [@] The techniques used in the present paper, derived from
the original proof of non-parameterizability of some special systems in [[J] (see also [PI]),
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are much simpler and elementary that these of [E] recovering the results from that paper
in this way has some interest in itself.

2. PROBLEM STATEMENT

2.1. The systems under consideration. This paper studies the solutions t — (z(t), y(t),
z(t)) of the scalar differential equation

2 = h(z,y,z,\) + g(z,y,2,\)& with A=g—zi (3)

where g and h are two real analytic functions 2 — R, Q being an open connected subset of
R%. We assume that g does depend on \; more precisely, associating to ¢ a map G : Q — R*
defined by G(z,y,z,\) = (2,9, 2, 9(z,y, z,\)), and denoting by g4 the partial derivative of ¢
with respect to its fourth argument,

g4 does not vanish on  and G defines a diffeomorphism Q — G(Q) . 4)
We denote by Q the open connected subset of R® defined from Q by :
(#,9,2,8,9) €0 & (2,29 28) €. (5)

From g and h one may define v and §, two real analytic functions G(2) — R, such that
Gil(xa Y, va) = (xvya Za’Y(Ia Y, va)) and 6 = ho G717 i.e.

w=g(z,y,z,\) & X=v(x,y,z,w) , (6)
h(ﬂcayazw\)25(9673/,279(5673/,27/\))7 é(x,y,z,w) :h(x7y7277(x7y7z7w))' (7)

Then, one may associate to () the control-affine system ([[) in R* with two controls, that
can also be written as (f); our interest however focuses on system () defined by g and h as
above. Let us set some conventions :

The functions 7 and §: when using the notations v and ¢, it is not assumed that
they are related to g and h by (E) and (E), unless this is explicitly stated.

Notations for the derivatives: We denote partial derivatives by subscript indexes.
For functions of many variables, like ¢(u,...,u® v,... 0®) in (E), we use the
name of the variable as a subscript : p,, -1 means 9%p/dzdu*~1, o, @ means
dp/dv®) in (g-b). Since the arguments of g, h, 7, § and a few other functions will
sometimes be intricate functions of other variables, we use numeric subscripts for
their partial derivatives : hy stands for Oh/dy, or g4 4.4 for 93g/ON3. To avoid confu-
sions, we will not use numeric subscripts for other purposes than partial derivatives,
except the subscript 0, as in (2o, Yo, 20, 0, Yo) for a reference point.

The dot denotes, as usual, derivative with respect to time, and ) the j* time-

derivatives.

The following elementary lemma —we do write it for the argument is used repeatedly
throughout the paper— states that no differential equation independent from (E) can be
satisfied identically by all solutions of (E) :

Lemma 2.1. For M € N, let W be an open subset of R3*2M and R : W — R a smooth
function. If any solution (x(.),y(.),z(.)) of system (B), defined on some time-interval
I and such that (z(t),z(t),..., 2™ (@t),y(t),... y M (t)) is in W for all t in I, satisfies
R(z(t),y(t), ...,y (t), z(t),...,a™M)(t)) = 0 identically on I, then R is identically zero
on W.

Proof. For any X € W there is a germ of solution of () such that (2(0),z(0),...,z?)(0),
y(0),...,y™)(0)) = X. Indeed, take e.g. for z(.) and y(.) the polynomials in ¢ of degree M
that have these derivatives at time zero; Cauchy-Lipschitz theorem then yields a (unique)
z(.) solution of (f) with the prescribed z(0). O
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2.2. The notion of parameterization. In order to give rigorous definitions without taking
care of time-intervals of definition of the solutions, we consider germs of solutions at time 0,
instead of solutions themselves. For O an open subset of R™, the notation C§°(R, O) stands
E the set of germs at ¢t = 0 of smooth functions of one variable with values in O, see e.g.

.

Let k, ¢, L be some non negative integers, U an open subset of R¥t*t2 and V' an open
subset of R2+3. We denote by U C C5°(R, R?) (resp. V C C°(R,R?) ) the set of germs of
smooth functions ¢ +— (u(t),v(t)) (resp. t — (z(t),y(t), 2(t)) ) such that their jets at ¢ =0
to the order precised below are in U (resp. in V) :

U = {(u,v) € C(R,R?)|(u(0),a(0),...,u"*(0),v(0),...,00) e U}, (8)
V = {(2,y,2) € C&°(R,R?)|((0),y(0), 2(0), (0),5(0), ..., 2" (0),y M (0)) e V}. (9
These are open sets for the Whitney C*> topology @, p. 42].

Definition 2.2 (Monge parameterization). Let k,¢, L be non negative integers, L > 0,
k < £, and X = (20, %0, 20, 20, Y0, - - - ,xéL), y(()L)) a point in Q x R2E=2 (Q is defined in @)).

=~
)

A parameterization of order (k,{) at X for system (fJ) is defined by
e a neighborhood V of X in Q x R2L-2
e an open subset U C RF+¢+2 and
e three real analytic functions U — R, denoted ¢, 9, ¥,

such that, with ¢ and V defined from U and V" according to (§)-(f]), and
[:U — C5°(R,R3) the map that assigns to (u,v) € U the germ I'(u,v) at t = 0 of

x(t) e(u(t),u(t),... ,u(k)(t), v(t),o(t),..., & (1)
t y(t) | = | ), w),. .., u® @), vt),o(t),...,v00) | , (10)
2(t) x(u(t),a(t), ..., u® (1), v(t),o(t),. .., 00 )

the following three properties hold :
(1) for all (u,v) belonging to U, I'(u,v) is a solution of system (f),
(2) the map T is open and T'(U) D V,
(3) the two maps U — R? defined by the triples (¢, , ¥y k), Xut ) and
(o, Yyo), Xu© ) are identically zero on no open subset of U.

Remark 2.3 (On ordering the pairs (k, £)). Since u and v play a symmetric role, they can
always be exchanged, and there is no lack of generality in assuming k£ < ¢. This convention
is useful only when giving bounds on (k,¢). For instance, k¥ > 2 means that both integers
are no smaller than 2.

Example 2.4. Consider the equation Z=y+ (y — z&)z , i.e. (E) with g = A\, h =y (and

Q= R3). At any (z0, yo, 20, ¥0, Y0, 0, §jo) such that g+ 9'650’ # 1, a parameterization of order
(1,2) is given by :

. 2 . . . .
0?u+1u (1 =9)u+vu
=U, = = 3 ) = " 5 . 11
A U403 —1 ¥ U403 —1 (11)
It is easy to check that (z,y, z) given by these formulas does satisfy the equation, point E is
true because the above formulas can be “inverted” by v = —z + y&, v = x (this gives the

“flat output” see section ﬂ), point E is true because ¥y, ¥y, X and X3 are nonzero rational
functions. Here, L = 2 and V can be taken the whole set of (x,y, z, &, 7, #,4) € R” such that
i+ 4% # 1 and U the whole set of (u,,v,v,1) € R® such that 4 + 03 # 1.

Example 2.5. Suppose that the function v in (E) depends on z,y, z only (this is treated in
[Ld, case 6 in Theorem 3.1]). For such systems, eliminating w does not lead to (f), but to
the simpler relation y — z& = y(z,y, z). One can easily adapt the above definition replacing
(B) by this relation. This system § — z& = (z, y, z) admits a parameterization of order (1,1)

at any (o, Yo, 20, o, Jo) such that <o + v3(xo, yo, 20) # 0.
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Proof. In a neighborhood of such a point,, the map (z,%,y,2) — (z,2,y,v(x,y,2) + 22) is
a local diffeomorphism, whose inverse can be written as (x,z,y,9) — (x,Z,y, x(x,Z,v,9)),
thus defining a map x. Then z = u,y = v,z = x(u,u,v,0) defines a parameterization of
order (1,1) in a neighborhood of these points.

Remark 2.6. The integer L characterizes the number of derivatives needed to describe the
open set where the parameterization is valid. For instance, in Examples @ and @, L must
be taken no smaller than 2 and 1 respectively. Obviously, a parameterization of order (k, £) at

(20, Yo, 20, L0y Y0, - - - 7:10((JL),y(gL)) is also, for L’ > L and any (xéLJrll),yéL/H), .. .,xéLl), yéL/)),
a parameterization of the same order at (zo, yo, 20, €0, Yo, - - - ,xéL ), yéL )).

The above definition is local around some jet of solutions of (E) In general, the idea
of a global parameterization, meaning that I' would be defined globally, is not realistic; it
is not realistic either to require that there exists a parameterization around all jets (this
would be “everywhere local” rather than “global”) : the systems in example E admit
a local parameterization around “almost every” jets, meaning jets outside the zeroes of a
real analytic function (namely jets such that & + vs3(x,y, z) # 0). We shall not define more
precisely the notion of “almost everywhere local” parameterizability, but rather the following
(sloppier) one.

Definition 2.7. We say that system (f]) admits a parameterization of order (k,€) somewhere

in Q if there exist an integer L and at least one jet (zo, Yo, 20, Z0, Yo, - - -» :v((JL), yéL) €0 x
R2E-2 with a parameterization of order (k,£) at this jet in the sense of Definition

In a colloquial way this is a “somewhere local” property. Using real analyticity, it should
imply “almost everywhere local”, but we do not investigate this.

2.3. The functions S, T and J. Given g, h, let us define three functions S, T" and J, to
be used to discriminate different cases. They were already more or less present in [@] The
most compact way is as follows : let w, w! and 1 be the following differential forms in the
variables z,y, z, \ :

wl=dy—zdz, w = —2¢,%dz + (gaahs — gahaa) W' — gs4 (dz — gdx),

n = dz—gdr — hyw! . (12)

From ({f), wAw!An = 2g42dzAdyAdz # 0. Decompose dwAw on the basis w,w!,n,dA,
thus defining the functions S, T and J (we say more on their expression and meaning in
section [l :

dwAw = —(id/\/\n—i-zd/\/\wl—i—le/\n)/\w. (13)
294 2

Example 2.8. Le us illustrate the computation of S, T and J on the following three partic-

ular cases of (E) For each of them, the table below gives the differential forms w and 7, the

decomposition of dw A w on w!',w,n,dX and the resulting S, T, J according to (E) System

(a) was already studied in Example P-4.

(a): 2 =y+(Y—z2)i, (b):2=y+(@—22)H—(2—1)1), (c):%=y+(H—zi)?z. (14)

R TSV TN e dwhw | ST
dx
(a) A y dr — A 0 0,0,0
dy — (z —1)dz
(b) A Y+ A2 dZ—g\dx—)Q)\wl wiAnAw | 0,0, -1
2
(c) A2 Yy 321—3\2\(1;1‘% SAAADAw | —12,0,0
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2.4. Contributions and organization of the paper. If S =T =J =0, i.e. dwAw =0,
system (E) admits a parameterization of order (1,2), at all points except some singularities.
This is stated further as Theorem @, but was already contained in [E] We conjecture that
these systems are the only parameterizable ones of these dimensions, i.e. system (I) admits
no parameterization of any order if (S,7,J) # (0,0,0), i.e. if dw Aw #0.

This is unfortunately still a conjecture, but we give the following results, valid if (S, T, J) #
(0,0,0) (recall that k < ¢, see Remark P.3) :

e system (f) admits no parameterization of order (k,f) with k < 2 or k = £ = 3
(Theorem [.4),

e a parameterization of order (k,¢) must come from a solution of the system of PDEs
S,Zy’g (Theorem f.1)),

e since a solution of this system of PDEs is also sufficient to construct a parameteri-
zation (Theorem @), the conjecture can be entirely re-formulated in terms of this
system of partial differential relations.

Note that this allows one to recover the results from [[J] on (z,u)-flatness’. See Remark f.q
for details.

The paper is organized as follows. Section E is about the above mentioned partial dif-
ferential system S,Zy’g . Section {ll is devoted to some special constructions for the case where
S =T =0, and geometric interpretations. The main results are stated in Section E, based
on sufficient conditions obtained in Sections E and @, and necessary conditions stated and
proved in Section E Sections ﬂ and E comment on flatness vs. Monge parameterization and
then give a conclusion and perspectives.

3. A SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS

This section can profitably be skipped or overlooked in a first reading; the reader will come
back when needed to this material that might appear, at first sight, somehow disconnected
from the thread of the paper.

It defines S,Zy’g and its “regular solutions”, proves that a regular solution induces a param-
eterization of order (k, ), and that no regular solution exists unless k > 3 and ¢ > 4.

3.1. The equation E,Z’f, regular solutions. For k£ and ¢ some positive integers, we define
a partial differential syétem in k + ¢+ 1 independent variables and one dependent variable,
i.e. the unknown is one function of k+£¢+1 variables. The dependent variable is denoted by
p and the independent variables by u, @, ..., u* 1 z v, 0, ..., 01 Although the names
of the variables may suggest “time-derivatives”, time is not a Varlable here.

In RF+4+1 with the independent variables as coordinates, let F' be the differential operator
of order 1

0]
Z z-‘rl)au +Z (1-1-1)a 5 (15)

where the first sum is zero if k < 1 and the second one is zero if £ < 1.
Let Q be an open connected subset of R* and v,§ two real analytic functions Q— R
such that ~4 (partial derivative of v with respect to its 4'" argument, see end of section @

does not vanish on 2. Consider the system of two partial differential equations and three
inequations :

a
b

Pute-1 (Fpz = 8(2, D, Doy Paz)) — Peute-n (Fp — (2,0, Pas Paz)) =0,
Duylk=1) Paye=1) — Ppys-1) Dye-1) = 0,
5,1’3 Puk—1) 75 0,
Pye-1 # 0,
Y1+ V2 Pz + V3 Pww + V4 Praz — 0 # 0.

~ —

(16)

LTt
e

@
~

IThe term “dynamic linearizable” in [E] is synonymous to “flat” here.
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To any p satisfying 5,3’5, we associate two functions ¢ and 7, and a vector field E :

:_pv(l;l), — —Fp+7($7papzvpmx) E=o¢ 0 + 0 '
Pye—1) Puk—1) Suk—1) 9u(t—1)

We also introduce the differential operator D (see Remark @ on the additional variables
. (k+£—1)) .
T,...,2 :

(17)

k+£-2

_ E (i+1)
D F ()U(k 1) i=0 ’

9z

(18)

Definition 3.1 (Regular solutions of 8;1’5). A regular solution of system 5,1’3 is a real
analytic function p : O — R, with O a connected open subset of R¥+#+1 such that the image
of O by (z,p, pz, Pzx) is contained in (NZ, (E—a,b) are identically satisfied on O, the left-hand
sides of (@—c,d,e) are not identically zero, and, for at least one integer K € {1,...,k+{—2},

EDXp #£0 (19)
(not identically zero, as a function of u,...,u* =D z, v, ..., 0D & .. 25 on O x R¥).
We call it K -regular if K is the smallest such integer, i.e. if ED'p =0 for all i < K — 1.

Remark 3.2 (on the additionnal variables i, ..., z*+t¢=1) in D). These variables appear in
the expression (E) Note that D is only applied (recursively) to functions of u, ..., u*=1 z,
v, ..., v only; hence we view it as a vector field in R¥T4+1 with these variables as param-
eters. In fact, D is only used in ED*p, 1 < i < k + ¢ — 1. This is a polynomial with respect
to the variables &, Z, . .., (¥ with coefficients depending on wu, ..., u* =V z v, ..., v¥D via
the functions p, v, § and their partial derivatives. Hence ED'p = 0 means that all these
coefficients are zero, i.e. it encodes a collection of differential relations on p, where the
spurious variables &, %, ..., 2 no longer appear. Likewise, ED'p # 0 means that one of
these relations is not satisfied.

Definition 3.3. We say that system Eg’f admits a reqular (resp. K -regular) solution some-

where in Q if there exist at least an open connected O C RF¥F1 and a regular (resp.
K-regular) solution p: O — R.

Remark 3.4. It is easily seen that p is solution of Eg’f if and only if there exist o and 7
such that (p,o,7) is a solution of

Fp+ 1pye-1y = V(Iapvpmapzz) Ep=0, 0, =0, (20)

sz + TPz uk—1) = 6(Iap7pmapzz) Dy k-1) 3& 0; Tx # Oa o # 0
Indeed, (E) does imply the above relations with ¢ and 7 given by (EL in particular, 7, # 0
is equivalent to (e) and o # 0 to (d); conversely, eliminating o and 7 in (@), one recovers
E,Z’f. Note also that, with g and & related to v and § by (f) and ([j), any solution of the

above equations and inequations satisfies
The following will be used repeatedly in the paper :

Lemma 3.5. If p is a solution of system 5]1’5 and

(1) either it satisfies a relation of the type p, = a(x,p) with a a function of two variables,
(2) or it satisfies a relation of the type Py = a(x,p,p.) with o a function of three
variables,
(3) or it satisfies two relations of the type prre = (X, P, Dy, Prx) and
Fpue + TDgputs-1) = U(T,D, Py Daz), With ¥ and o two functions of four variables,

then it satisfies ED'p = 0 for all i > 0 and hence is not a regular solution of Eg’f.
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Proof. Point [ll implies point E because differentiating the relation p, = a(x, p) with respect
to  yields pyr = au(z,p) + pray(z,p). Likewise, point P implies point f] : differentiating
the relation p, » = a(x, p, p,) with respect to x yields przs = (@, D, Px) + Pop(x, P, Pz) +
Puaty, (T, p, py) while differentiating it along the vector field F + 7 9/0u*~1) and using (R0)
yields

Fpesw + TDypu—1 = Y(¥, P, Pay Paac) ap(x b, pz) + 6($ papmapwm) Op, (z,p, pm)

Let us prove that point E implies ED'p = ED'p, = ED'p,, = 0 for all i > 0, hence the
lemma. It is indeed true for ¢ = 0 and the following three relations: Dp = W(x,p,pm,pm) +
& pr, Dpr = 6(2,0,PusPaz) + & P2z, DPuz = (T, P, Pz, Pux) + (T, P, Puy Paa), that are
implied by (@), (@) and the two relations in point E allow one to go from ¢ to ¢ + 1
(ED'z = Ex) = 0 and ED'% = Ex(*tY) = 0 from the very definition of D and E). O

3.2. The relation with Monge parameterizations. Let us now explain how a Monge
parameterization for system (E) can be deduced from a regular solution p : O — R of 5,;’ zf;
This may seem anecdotic but it is not, for we shall prove (¢f. sections E and E that all
Monge parameterizations are of this type, except when g and h are such that dw Aw =0
(see ([12)-(E)).

We saw in Remark @ that (E—e) is equivalent to 7, # 0; let (uo,... ,ugkfl) L0, V0, - - -

véé_l)) € O be such that 7 (uo, ... ,uék_l),xo,vo, - (Z 1)) # 0. Choose any (ugk),véé))
R? (for instance with v{") = 0) such that

ugk) — o(uo, - - ugk 1), Vg, - - .71}(()@—1)) v((f) = 7(ug, . - . ,u(()k_l),xo, Vs -« -y v(()é_l)). (22)
Then, the implicit function theorem provides a neighborhood V' of (uo, ..., u(()k), Vs .- v((f))
in R*%+2 and a real analytic map ¢ : V — R such that ¢(uo, .. u((J ), Vo, . . . ,vée)) = 0
and

(.. u Y o 0®) o, oY) = P (BT e, o) 0 (23)

identically on V. Two other maps V' — R may be defined by
1/J(u,...,u(k),v,...,v(€)) = p(u,...,u(k_l),<p(~~),v,...,v(g_l)), (24)
X(u,...,u(k),v,...,v(g)) = pm(u,...,u(k_l),<p(~~),v,...,'U(g_l)). (25)
From these ¢, ¥ and x, one can define a map I' as in (E) that is a candidate for a
parameterization. We prove below that, if p is a regular solution of Ek v, then this I' is

indeed a parameterization, at least away from some singularities. The following lemma
describes these singularities; it is proved in Appendix @

Lemma 3.6. Let O be an open connected subset of RFHH! and p: O — R be a K -regular
solution of system Ek ., see (@) Define the map 7 : O x RE — RE+2 py

pw(u e u(k_l), x7v .. U(é_l))
p(u .o .u(k_1)7x’v “e U(Z_l))
m(u- Cg D D) G .x(K)) _ Dp(u---u®D z v 01 )

DKp(u u(k_1)7x71; /U(Z_l),x x(K))

(26)
There exist two non-negative integers io < k and jo < £ such that ig + jo = K + 2 and
on on on or
det <8u(ki“) T Quk=1) 7 gye—o) " Oult- 1)> @7)

is a nonzero real analytic function on O x RX .

We can now state precisely the announced sufficient condition. Its interest is discussed in
Remark @
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Theorem 3.7. Let p : O — R, with O C R¥t1 open, be a K-reqular solution of system
5,;’2 , and ig, jo be given by Lemma @ Then, the maps p,1¥,x constructed above define a
parameterization T of system ({§) of order (k,€) (see Definition @) at any jet of solutions

(o0, Y0, 20, 0, - - - ,xé ),yo, .. .,y(() )) such that, for some uy, ... ,uo 1),1)0, cee (()Z 1),
(uo,...,uék_l),xo,vo,.. (()é 1))60,
k— —
ZO_:pw(u07"'7ué 1),’U0,...,Ué 1>,,’E0), ) (28)
y(gl) = Dp(u, . . u((Jk 1),1)0, . ,vélil),xo, ... ,x((f)) 0<i<K,
the left-hand sides o -c,d,e) are all nonzero at (ug, . . . ,u(kfl), g, Vg, - - v(lfl) , and the
0 0
function ED¥p and the determinant @) are nonzero at point (uog, . . ugk 1), To, .- ,x(()K),
V0, - (()E b ) €0 x RE .

Proof. Let us prove that I' given by ), with the maps ¢, ), x constructed above, satisfies
the three points of Definition P.3. Differentiating (R3) with respect to u*) and v yields
Ouwy Tz = 1, @ w7z = —o, hence the point E (o # 0 from (@)) To prove point EI, let
u(.),v(.) be arbitrary and z(.),y(.), z(.) be defined by ([L(]). Differentiating ([L0) with respect
to time, using relations (B4) and (RF), taking u®) (¢) from (B3), one has

§(t) = Fp+1pyon +0 O Q) Ep+a(t) 2(t),  2(t) = Fpy+ 7Py v + 09 (8) Epy + & (t) pos »

where F' is given by ([l) and the argument (u(t)...u* =D (1), z(t),v(t) ... v¢=D(t)) for Fp,
Fpy Ep, Eps, T, Py yt-1), Put-1 and pg, is omitted. Then, (@) implies, again omit-
ting the arguments of p,,, one has y(t) = vy(x(t),y(t), z(¢), pm) + z(t)@(t), and 2(t) =
5(2(6), (1), 2(t), Paz) + pasi(t). The first equation yields pee = g(x(t),y(8), 2(t),i(f) —
2(t)i(t)) with g related to v by ([}), and then the second one yields (f]), with & related to §
by (ﬂ) This proves point EI The rest of the proof is devoted to point

Let t +— (x(t),y(t), 2(t)) be a solution of (f). We may consider T'(u,v) = (z,y,2) (see
([£0)) as a system of three ordinary differential equations in two unknown functions u,v :

u® — o(u,... kD gy ,v(é_l))v(é) —7(u,y... w0z 0, (Z_l)) = 0, (29)
Pty s w, o) =y (30)

pe(uy . uF D w0y = 20 (31)

Differentiating ([B0) K +1 times, substituting u*) from (@) and using the fact that EDp = 0

for i < K (see Definition B.1]), we get

Dip(u(t),...,u* V@), v(t),..., 0 V), z(t),..., D () = d—fj(t) , 1<i<K, (32)
vOt) EDEp (u(t),...,u* V@), 0(t),..., 0" V@), 2(t),...,251))
B B dKJrly
+ DE I (ut), I, 0(t), 0TI, (1), STV (1) = T () (33)
Equations (B0)-(B1)-(BJ) can be written 2
Y
(.o u® Y g Y g )y = Y (34)
()
with 7 given by (B). From the implicit function theorem, since the determinant (R7) is
nonzero, (BA)-(BI)-(BJ) yields uk—io) . k=1 o) (=1 a5 explicit functions of
Uy .. w0 gy pEdo= ) g )y y(K) and 2. Let us single out these
giving the lowest order derivatives :
uk=i0) = fl(y, .. uF=1=io=1) g p=do=1) g () ooy y D),

=d0) = f2(y, ... ub—1ml0=1) g pEdo= ) g gD oy (D), (35)
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Let us prove that, provided that (z,y, ) is a solution of (fJ), system (BJ) is equivalent to
®D-BD-(B1), i.e. toT(u,v) = (x,y,2). It is obvious that any t — (u(t),v(t), z(t), y(t), 2(t))
that satisfies (), (29), (BJ) and (B1)) also satisfies (B), because these equations were obtained
from consequences of those. Conversely, let ¢ — (u(t),v(t), z(t),y(t), 2(t)) be such that
{) and (BH) are satisfied; differentiating (BH) and substituting each time # from (f]) and
(uk=i0) (E=30)) from (BH), one obtains

yoo o EFD oy (B G e N,
vy o EED oy yEED) 5 e N,

(36)
Now, substitute the values of u(k=i0) . 4*) yE=do) & from () into (@)7 (BY) and
(@), either the obtained relations are identically satisfied, and hence it is true that any
solution of (ff) and () also satisfies (R9)-(B0)-(B1), or one obtains at least one relation of
the form (recall that k < ¢):

uk=ioti) — fLi(y qk=t=io=1) 4, g(t=do=1) g
, x

Vo tD) = 20 (y, .. q—1=i0=1) gy y(E=do=1)

)

R(u,.. SutEtio=) g o) g (B .,y(KH)) =0.

This relation has been obtained (indirectly) by differentiating and combining ([))-(R9)-(Bd)-
(B1). This is absurd because (R9)-B0)-(B1)-(B)-(B) are the only independent relations
of order k, /¢ obtained by differentiating and combining? (29)-(B0)-(BT) because, on the one
hand, since DX p # 0, differentiating more (@) and (@) will produce higher order differential
equations in which higher order derivatives cannot be eliminated, and on the other hand,
differentiating (B1)) and substituting 2 from (), u*) from (RY) and ¢ from () for i = 1
yields the trivial 0 = 0 because p is a solution of S,Z”f , see the proof of point El above.

We have now established that, for (z,y, 2) a solution of (f), I'(u,v) = (z,y, 2) is equiv-
alent to (@) Using Cauchy Lipschitz theorem with continuous dependence on the param-
eters, one can define a continuous map s : V — U mapping a germ (z,y, 2) to the unique

germ of solution of (BF) with fixed initial condition (u,...,uF=%0=1 ¢ . ylt=jo—1)) =
(ug, - -, uék_m_l), Vo, .. v(()g_m_l)). Then s is a continuous right inverse of I, 4.e. T'os = Id.
This proves point E g

3.3. On (non-)existence of regular solutions of system E,Z’f.

Conjecture 3.8. For any real analytic functions v and ¢ (with 74 # 0), and any integers
k, ¢, the partial differential system Eg’f (see ([ld)) does not admit any regular solution p.

An equivalent way of stating this conjecture is: “the equations ED%p = 0, for 1 < i <
k + ¢ — 2, are consequences of (E)”. Note that “ED'p = 0” in fact encodes several partial
differential relations on p; see Remark @ If v and ¢ are polynomials, this can be easily
phrased in terms of the differential ideals in the set of polynomials with respect to the
variables u, ..., u* =Y z v, ... vV with k 4+ ¢+ 1 commuting derivatives (all the partial
derivatives with respect to these variables).

This is still a conjecture for general integers k and £, but we prove it for “small enough”
k, ¢, namely if one of them is smaller than 3 or if £ = ¢ = 3. The following statements assume
k < ¢ (see remark P.3).

2In other words, @)—(@)—(ﬂ)—(@)—@), as a system of ODEs in u and v, is formally integrable (see e.g.
[, Chapter IX]). This means, for a systems of ODEs with independent variable ¢, that no new independent
equation of the same orders (k with respect to u and ¢ with respect to v) can be obtained by differentiating
and combining these equations. It is known [[], Chapter IX] that a sufficient condition is that this is true when
differentiating only once and the system allows one to express the highest order derivatives as functions of the
others. Formal integrability also means that, given any initial condition (u(0),...,u®*)(0),v(0),...,v® (0))
that satisfies these relations, there is a solution of the system of ODEs with these initial conditions.
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Proposition 3.9. If system 8,1’5, with k < £, admits a regular solution, then k > 3, £ > 4
and the determinant
DPayk—1) DPayk—2) DPay(k—3)
Py e-1) Pguk—2) Pguyk-3) (37)
Praut-1  Prguk-2)  Prgulk-3)

s a nonzero real analytic function.

Proof. Straightforward consequence of Lemma @ and the three following lemmas, proved
in appendix E O

Pyk—1)  Pyk—2) -0
Paut—1  Prulk—2) '
then around each point such that p,x-1) # 0, there exists a function « of two variables such
that a relation p, = a(x,p) holds identically on a neighborhood of that point.

Lemma 3.10. Ifp is a solution of system 5,1’; and either k =1 or

Lemma 3.11. Suppose that p is a solution of 5]1’5 with

¢ > k > ) , Puti-1) ?é 0 7 Dyk—1) Doy (k—2)
Pruk—1)  DPpy(k—2)

(38)

If either k = 2 or the determinant ) is tdentically zero, then, around any point where the
two quantities in (@) are monzero, there exists a function a of three variables such that a
relation pg o = oz, p, py) holds identically on a neighborhood of that point.

Lemma 3.12. Let k = ¢ = 3. For any solution p of 5;7’??, in a neighborhood of any point
where the determinant (@) 18 monzero, there exist two functions « and ¥ of four variables
such that pree = (T, D, Pry Prx) and Fpry + TDppuk-1 = (X, P, Pu, Daw) identically on a
neighborhood of that point.

4. REMARKS ON THE CASE WHERE S =T = 0.

4.1. Geometric meaning of the differential form w and the condition S =T = 0.
For (z,y,2) such that the set A = {\ € R, (z,y,2,\) € Q} is nonempty, () defines, by
varying A in A and i in R, a surface ¥ in [the tangent space at (z,y, z) to] R3. Fixing A
in A and varying 4 in R yields a straight line Sy (direction (1, z, g(z,y, z,A\))). Obviously,
Y = Usea Sx; ¥ is a ruled surface. For each A € A, let Py be the osculating hyperbolic
paraboloid to ¥ along S, i.e. the unique? such quadric that contains Sy and has a contact
of order 2 with ¥ at all points of Sy. Its equation is

(y-m:-A)(:HW(y—m—AH;;;2 (z—ggb—h))—erﬂ(y—m—A):o

94 94 94

where we omitted the argument (z,y, z, A) of h and g. With w, w!, 1 defined in (@) and §
the vector with coordinates &, 9, z, the above equation reads

: ) + (haags — gasha) A h ) —h
_ (<w1,§> _ A) (w, &) + (haaga 52744 ) A+ gauah (0§ _
294 94
that can in turn be rewritten (w!, £)(w, £) — (w?, &) —a® = 0, with w® and a° some differential

form and function; w, w® and a® are uniquely defined up to multiplication by a non-vanishing
function; they encode how the “osculating hyperbolic paraboloid” depends on z,y, z and A.

0,

We will have to distinguish the case when S and T', whose explicit expressions derive from
([3) and (L3):

S=2gsg144 — 3924>, T =2gshsaa — 3gaahas, (39)

3General hyperbolic paraboloid: (ang'v +a?Y + a13Z) (azlm' + a2y + a23Z) +a3d 4+ a2y + 4337 +
a® = 0, where the matrix [aij} is invertible and Y, Z stand for y — z& — X\, 2 — g& — h. It contains S if
and only if a'’ = a3 = a% = 0. Contact at order 2 means a'® = 0, a33 = —a'2a?!/g4, a32 = —h4a’3,
a?? = %a21(94h44 — gaaha)/g4?,

a?’ = %a21g44/g42. Normalization: a2 = 2! = 1.
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are zero. From ([[d), it means that the Lie derivative of w along 8/d\ is co-linear to w, and
this is classically equivalent to a decomposition w = k@? where k # 0 is a function of the
four variables z,y,z, A but @? is a differential form in the three variables x,y, z, the first
integrals of 9/0\. Then, one can prove that the form &3 = w?/k and the function a° = a°/k
also involve the variables z, y, z only. From w’s expression, one can take for instance k = g4q
or k = ggas — 294 (they do not vanish simultaneously because g4 does not vanish). Hence
S =T =0 if and only if, for each fixed (z,y, z), the osculating hyperbolic paraboloid Py in
fact does not depend on A i.e. the surface ¥ itself is a hyperbolic paraboloid, its equation
being

<w1,§.><@2,§.>+<&)3,§.>—|—d020 ) (40)
where { is the vector of coordinates #, 7, 2. This yields the following proposition?, where the
functions a°, a*, a2, b°, bt, &9, ¢ of x,y, z are defined by

3 aO

o2 = % — bldz + a2w! — &ldz, 0F = % — p0dz + alw! — Odz, a0 = - (41)
Proposition 4.1. If S and T, given by ([1)-(13), or (39), are identically zero on Q, then,
for any (z0,y0, 20, \o) in 2, there exist an open set W C R3, an open interval I C R, with
(70,%0, 20, No) € W x I C Q, and seven smooth functions W — R denoted by a°, a', a2, b0,
131, &0, &' such that é° + '\ does not vanish on W x I, elb0 — ¢ does not vanish on W,
and, for (z,y,z,\) e W x I, & € R and 2 € R, equation (B’) is equivalent to

A (Pew i+ ey ) - ey)2) + (Feyi +ale A - Qewz) + ey, = 0.

4.2. A parameterization of order (1,2) if S =7 = J = 0. It is known [E] that system
@) is (=, u)-flat (see section ) if S =T = J = 0. For the sake of completeness, let re-state
this result in terms of parameterization. We start with the following particular case of (E)

2=r(x,y,2)E X+ a(z,y, 2) A+ b(z,y,2) & + c(z,y,2) with A=g — z& (42)

where x does not vanish on the domain where it is defined. Note that Example @ was of
this type with kK =1, a = b = 0, ¢ = y. For short, define the following vector fields:

0 0 0 0 0 0

X0 = X' = oz b, X2 = o fam, X =
z z 0z

Note that, for h an arbitrary smooth function of x, ¥ and z, X°h, X'h, X2h, X3h also

depend on z,y, z only.

Lemma 4.2. System (@) admits a parameterization of order (1,2) at any (xo, Yo, 20, <o, Yo,
Zo, o) such that

kio+ %)+ (XK= Xb+2akr) i+ (X a+ Xk — XPc— X?b+a?)do+ X%a— X3¢ # 0. (43)

Proof. From (i), the two vector fields Y = X244 X3 and Z = [ X442 X ", X2 +&X?]+5X3
are linearly independent at point (zo, yo, 20, €0, Zo). Let then h be a function of (x,y, z, &)
such that Yh = 0 and Zh # 0; its “time-derivative along system ([2))”, given by h = X°h +
(th)dH— (Yh) A+ (8h/8i:)i, does not depend on \: it is a function of (x, y, z, &, Z); also, since
Yh =0, one has Yh = Zh; finally, Zh # 0 implies that dh A dh A dz A dé Adi # 0. In turn,
this implies that (z,y, z, &, &) — (h(z,y, 2, %), h(z,y, 2, &, &), x, &, &) defines a local diffeomor-
phism at (xo, Yo, 20, 0, Zo). Let 1 and x be the two functions of five variables such that the

4We introduced the osculating hyperbolic paraboloid because it gives some geometric insight on w, S and
T, but it is not formally needed: Proposition can be stated without it, and proved as follows, based on
(E) (see also [E]) the general solution of S = 0 is a linear fractional expression g = (BO —+ 51)\)/(60 +ét A)
where l;o, l;l, &0, &' are functions of x,y, z only —this is known, for S/(g4)? is the Schwartzian derivative of
g with respect to its 4" argument, but anyway elementary— and g4 # 0 translates into boal — pleo # 0;
then T' = 0 yields h = (do +atA+ d2)\2)/(éo + 61)\) with a%, al, a2 functions of x,y, z. With such g and h,
multiplying both sides of (E) by é° 4+ ¢ yields the equation in Proposition @
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inverse of that local diffeomorphism is (u, @, v, v, 9) — (v, ¥ (u, @, v, 0,9), x(u, @, v, 0,8), 0, D).
The parameterization (E) is given by : z = v,y = ¥(u, 4, v,0,9), 2 = x(u, 0, v, 0,0). O

) ) )

Theorem 4.3. If S =T = J = 0, then system ([}) admits a parameterization of order (1,2)
at any (o, Yo, 20, Lo, Yo,ZLo,Yo) € (Q X Rz) \ F, where F C Q x R? is closed with empty
nterior.

Proof. From Proposition [L1], () and ([i0)) are identical. Since d&? A &2 = 0 (see ([L3)-
(D)), there is a local change of coordinates (%, 7, 2) = P(z,y, z) such that & = k’dZ and
wh =K' (dy — Z% with & # 0, k" # 0. Hence P transforms ([i(]) into ([{2)), for some
k,a,b,c. Lemma gives p, 1, x defining a parameterization of order (1,2) for this system.
Then P~ o, P~' o), P~! o x define one for the original system (ff), or ([i0); ((AZ xR?)\ F
is the inverse image by P of the set defined by (). O

4.3. A normal form if S=T =0 and J # 0.

Proposition 4.4. Assume that the functions g and h defining system (ﬂ) are such that S
and T defined by ([13) or (39) are identically zero on Q, and let (0, vo, 20, \o) € Q be such
that J(xo, Yo, 20, )\0) 7é 0.

There exist an open set W C R and an open interval I C R such that (xo, o, 20, Ao) €
W x I C Q, a smooth diffeomorphism P from W to P(W) C R? and siz smooth functions
P(W) — R denoted K, a, B, a, b, ¢ such that, with the change of coordinates (Z,3,2) =
P(z,y,2), system ([}) reads

2= k(#,9,2) (y — #,§,2)7) (y - B(Z,5,2) &) + a(&,§,2) T +b(E,§,2) g+ c(&,9,2) (44)
and none of the functions k, o — 3, az and B3 vanish on W.

Proof. From Lemma [L1], we consider system ([{(). Let P!, P? be a pair of independent

first integrals of the vector field & (6% + Za%) + 51%; from (Jtl]), w!, &2 span the annihi-

lator of this vector field, and hence are independent linear combinations of dP' and dP?:
possibly interchanging P! and P? or adding one to the other, there exist smooth functions
k', k2, 1, f? such that &% = k° (dP2 —fidPl), fr—f2+0,k#0,i=1,2. Now, take
for P3 any function such that dP* A dP? A dP? # 0; decomposing &3, we get three smooth
functions p°, p', p* such that &* = p° (—=dP?®+p'dP! —|—p2d@, p® # 0. The change of

coordinates P = (P, P2, P3) does transform system ([]) into with
kR 1 p-1 2, p-1 1, p-1 2. p-1 a
k=—-0oP ", a=foP, f=f0oP ", a=poP ", b=poP ", c=—50P .
p p

x and o — 3 are nonzero because f' — f2, k! and k? are. oz and B3 are nonzero because the
inverse images of azdZ AdgAdZ and B3dZ AdgAdZ by P are dP* AdP2Adf? for i = 1,2, that
are equal, by construction, to dw! A w!/(k*)? and do? A ©?/(k?)?, which are both nonzero
(the second one because J # 0). O

Note that (fi4) is not in the form (f]) unless o = Z or 8 = Z. This suggests, since az # 0
and (3 # 0, the following local changes of coordinates A and B, that both turn @) to a
new system of the form ([):

(2,9,2) — A(2,9,2) = (L,9,a(Z,9,2)) and (2,9,%2) — B(Z,9,2) = (2,9, (%,7,2)) .
(45)
These two systems of the form () correspond to two choices h', g' and h?, g% instead of the
original h, g, and they yield, according to (H) and (ﬂ), two possible sets of functions v and
6. These will be used in Theorem (.5, let us give their explicit expression :

w —m*0(z,y, 2)

3 _ : 2,0 2,1 0,2, 2 .
V) = BB =t gty it e (12) (46)
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with (these are obtained from each other by interchanging o and () :

m'0 = (a1 +aaz+ (a+ba)ag)o A7, mtl = (kaz(a—B))o AL,
10:0430Al, 11—(a2+ba3)oA 1, L2 = (kag)o A7L,
m*0 = (B + BB+ (a+bB)B3) o B~H, m*! = (kfB5(8—a))oB™,
O=pf30B7", n2’1=(ﬁz+bﬁ3)03_1, n*? = (kf3) 0 B~".

Example 4.5. System ([[4-b) in Example P.§ is already as in ([i4). The above choices are,
for this system:

(47)

”)/l(x,y7 Z7w) = w7 51(I’y7 Z7w) = y+w2’ 72($7y’z’w) = _w’ 52(I’y7 Z7w) = y+w2' (48)

5. MAIN RESULTS

We gather here our main results in a synthetic manner. They rely on precise local results
from other sections : sufficient (sections | and B.3) or necessary (section fj) conditions for
parameterizability, results on solutions of the partial differential system ﬁgﬁ’f (section ) and
on the relation between flatness and parameterizability (section E) We are not able to give
local precise necessary and sufficient conditions at a given point (jet) because singularities

are not the same for necessary and for sufficient conditions; instead, we use the “somewhere”
notion as in Definitions @ and E

Theorem 5.1. System (ﬁ’) admits a parameterization of order (k,{) somewhere in Q if and
only if

(1) either S=T =.J =0 on Q (in this case, one can take (k,0) = (1,2)),

(2) or S=T =0 on Q and one of the two systems Ek g or Ekz " with vt 8% given by

©ad)-071), admits a regular solution somewhere in Q.
(3) or S and T are not both identically zero, and the system 87’ with v and § defined

from g and h according to (Ia) and (ﬂ) admits a regular solutzon somewhere in ).

Proof. Sufficiency : the parameterization is provided, away from an explicitly described set
of singularities, by Theorem @ if point Elholds7 and by Theorem @ if one of the two other
points holds. For necessity, assume that there is a parameterization of order (k,£) at a point
(z,9,2,2,9,...,205) yL)) in ((AZ X R2L—2)\F. From Theorems and @, it implies that
one of the three points holds. O

Example 5.2. Consider again systems (a), (b) and (c) in ([[4). From point [ of the theorem,
system (a) admits a parameterization of order (1,2), see also Example R.4. System (b) is
concerned by point E of the theorem: it has a parameterization of order k, ¢ if and only one
of the two systems of PDEs

Pute—1) (FPe = P = Paa?)) = Pouti-0 (FP £ Paz)) = Pute—1) Paye—1) — Paute—1) Pye— =0,
Dy e—1) 7é 0 ;  Pple—1) 7é 0 , P +pm;ﬂ2 :l:p;uuﬂ 7é 0
(49)
admits a “regular solution”. Point Eof the theorem is relevant to system (c) because S # 0:
(c) admits a parameterization of order k, ¢ if and only there is a “regular solution” p to

Pute—1 (FPz = D)) = Poute-1 (FP = \/Pzz)) = Pute—1) Paye-1) — Pputs—1 Ppe-1 =0, (50)
Doy —1) ?A 0 ) Dye—1) 7£ 0 5 pP— pmmx/2\/pzz ?A 0.

If Conjecture @ is true, neither system (b) nor system (c) admits a parameterization of any
order.

Theorem Ell gives a central role to the system of PDEs & ’g . It makes Conjecture @
equivalent to Conjecture below. Theorem Q states that the conjecture is true for k, /¢
“small enough”.
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Conjecture 5.3. If dw A w (or (S, T,.J)) is not identically zero on €2, then system (B)) does
not admit a parameterization of any order at any point (jet of any order).

Theorem 5.4. If system (E) admits a parameterization of order (k,0), with k < £, at some
jet, then either S =T =J =0o0rk >3 and { > 4.

Proof. This is a simple consequence of Theorem .1 and Proposition B.9. O

Remark 5.5. If our Conjecture @ is correct, the systems 5,1’2 never have any regular
solutions, and the sufficiency part of Theorem @ (apart from case EI) is essentially void,
and so is Theorem @ However, Conjecture @ is still a conjecture, and the interest of the
sufficient conditions above is to make this conjecture, that only deals with a set of partial
differential equalities and inequalities, equivalent to Conjecture @ below. For instance, if
one comes up with a regular solution of some of these systems Eg’f , this will yield a new
class of systems that admit a parameterization. 7

Remark 5.6 (on recovering the results of [E]) The main result in that reference can be
phrased :
“ () is (2, u)-dynamic linearizable (i.e. (z,u)-flat) if and only if S =T =
J=07".
Sufficiency is elementary in [@], Theorem implies it. The difficult part is to prove
that S = T = J = 0 is necessary; that proof is very technical in [@] it relies on some
simplifications performed via computer algebra. From our Proposition @, (x, u)-flatness
implies existence of a parameterization of some order (k,¢) with £ < 3 and ¢ < 3. Hence
Theorem @ does imply the above statement.

6. NECESSARY CONDITIONS

6.1. The case where S and T are not both zero. The following lemma is needed to
state the theorem.

Lemma 6.1. If (S,T,J) # (0,0,0) and system ([}) admits a parameterization (¢,1,x) of
order (k,£) at point (xg, Yo, 20, - - - ,:E((JL), yéL)) € R2L43 then ¢, is a nonzero real analytic

Sfunction.

Proof. Assume a parameterization where ¢ does not depend on u®). Substituting in (E)
yields

Since ¢ does not depend on u*+1) differentiating twice with respect to u(**+1 yields

Xut = Yy (s + 94®) , 0=y ° (haa + ga,49) -

If 9,y was zero, then, from the first relation, x, would too, and this would contradict
point E in Definition @; hence the second relation implies that hs 4 + g4,4¢ is identically
zero. From point E in the same definition, it implies that all solutions of () satisfy the
relation : hga(z,y, 2,9 — 2&) + gaa(z,y, 2,9 — 2z&)& = 0. From Lemma @, this implies that
ha4 and g4 4 are the zero function of four variables, and hence S =T = J = 0. This proves
the lemma. ]

Theorem 6.2. Assume that either S or T is not identically zero on §2, and that system

(ﬂ’) admits a parameterization of order (k,f) at X = (xo, Yo, 20, T0, Yo, - - - ,xéL),y(()L)) €0 x

R2E=2 with k, ¢, L some integers and p,1),x defined on U C RFH+2,
Then k > 1, £ > 1 and, for any point (ug, ... ,ugk),vo, . ,véé))
to X by the parameterization) such that

€ U (not necessarily sent

Outk) (U, - - ,uék),vo, .. ,vél)) #0,
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there exist a neighborhood O of (ug, .. ., uék_l), o(ug - v(gé)) S0y - - s v(()é_l)) in RFHHL gnd
a regular solution p: O — R of S,ny, related to @, v, x by @), @) and @), the functions
v and § being related to g and h by (&) and ().

Remark 6.3. The regular solution p is K-regular for some positive integer K < k+/¢—2. If
L > K, Theorem @ implies, possibly away from some singular values of (z¢, Yo, 20, ©0, 0, - - -

a:gK), y(()K)), that system (E) also admits a parameterization of order (k, £) at (zo, Yo, 20, Zo, Yo,

e ,xéK), y(()K)). See also Remark E

Proof. Assume that system (E) admits a parameterization (¢, v, x) of order (k, £) at (xo, yo,

. . L L
20,20, Yo, axg )a y(() ))

theorem to the map

. Since ¢,k does not vanish, one can apply the inverse function

(u,,... ) o, ,v(e)) — (u,... ,u(kfl),cp(u, v u® ,v(z)),v, .. ,v(l))
and define locally a function r of k + ¢ + 2 variables such that
o(u,, ... R v, ,v(é)) =z < r(u,q,... D o, ,v(é)) =u® (51)

Defining two functions p, ¢ by substitution of u*) in 1, y, the parameterization can be
re-written implicitly as

y=plu,t,... v D zvo,.. . 00),

z=qu,a,...,u* D z0,0,.. . 00), (52)

u® = r(u, .., u* D 200, 0®),
We now work with this form of the parameterization and u, @, ..., u* Y, z &, &, ... v,0,...,
@ WD ingtead of w, ..., u® D w®) w0, 0@ o@D In order to sim-
plify notations, let us agree that, if k& = 0, the list u,,...,u* "1 is empty and any term

involving the index k — 1 is zero (same with £ — 1 if £ = 0). Let us also define P and Q by
P = Fp+rpo-0+0pye—n +0pue . Q= Fatrguu—n+0¥g,e-0+0" g0 , (53)

with F given by ([[). P and Q depend on u, @, ..., u* D z,v,0,...,9%+Y but not on i; Fp
and F¢ depend neither on 4 nor on v“*1). When substituting () in (E), using y = P+ 2p,
and z = Q + 2q,, one obtains :

Q+dqy = h(z,p,q,\) + g(z,p,q, N with A =P +@(ps — q). (54)
Differentiating each side three times with respect to &, one obtains :

qz = (h4($,p, q, A) + 94($,p, q, A)I) (pI - Q) + g(xapv q, A)? (55)

0= (haa(z,p,q,\) + gaa(z,p, ¢, N)i) (pr — ¢)* + 294(2,, 4, N) (P2 — q), (56)

0= (haaa(z,p,q,N) + gaaa(x,p, 4, NE) (pr — )° + 3g14(2,p, ¢, (P — @)% (57)

Combining (@) and (@) to cancel the first term in each equation, one obtains (see S and T'
in (

(T(:ap, ¢ A) + S(z,p,q, /\)9'6) (ps —q)* = 0. (58)

The second factor must be zero because, if T + Si was identically zero as a function of

Uy .., u* D g0, 0D ] then, by Definition P (point ), all solutions (x(t),y(t),z(t))

of (f) would satisty T'(z,y, z,§—2&) +35(x, y, 2,y — 24) = 0 identically, and this would imply

that S and T are identically zero functions of 4 variables, but we supposed the contrary. The
relation ¢ = p, implies

A=P=Fp+rp,e-1 + 'U(e)pv(l—l) + v(”l)pv(u (59)
and (55) then yields pyz = g(,p, pe, A), or, with  defined by (),
A =(2,p, P2 Paa) - (60)
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Since neither p nor Fp nor r depend on v+, (@) and (@) yield p,y = 0, i.e. pisa
function of u,...,u* =V z v,..., 0D only. Then (F9) and (p0) imply (L09) with f = ~.
Furthermore, since ¢, # 0 (point f of Definition d), (E1)) implies r,«) # 0. Also, if p was
a function of # only, then all solutions of (53) should satisfy a relation y(t) = p(z(t)), which
is absurd from Lemma @ We may then apply lemma @ and assert that £ > 1, ¢ > 1,

Puk-1 7# 0, pyee—1 # 0.
Since p does not depend on v, (Bd) implies that the right-hand side of (b9) does not

depend on v either; since DPutk-1 # 0, r must be affine with respect to @ e
r=r71+c0", (61)
with ¢ and 7 some functions of u, ..., u* 1 z v, ... vV, Since p, ¢ = ps, X and ¢z = Pas

do not depend on v, (@) implies that Q does not depend on v¥) either; with p, = ¢, and
r given by (B1)), the expression of Q, ) is TPyyui-1) +Pypce—1) while, from (59), the expression
of P, . Collecting this, one gets

ODy(k—1) + Pye—1) = 0Py k—1) + Ppye-1) =0 . (62)

Since p,x-1 # 0 and pye-1y # 0, (@) implies Eo = 0, and also o, = 0, 0 # 0.
Then, since r, # 0 (see (51))), (F1]) implies 7, # 0. With the above remarks, (59) yields
P = X\ = Fp+ 7p,t—n and hence, from (B(), the first relation in (R(). In a similar way,
(E3) yields Q = Fp, 4 7pyu-1), and substituting in (54), one obtains (the terms involving
& disappear according to (B0))) Fpr — 6(x, p, Pwy Paz) + Ppuk-»7T = 0 with § defined by (ﬁ)
This proves that p satisfies (R(]), equivalent to (@) according to Remark @, and hence that
p is a solution of S,Zy’g.

To prove by contradiction that it is K-regular for some K < k + ¢ 4 1, assume that
ED'p = 0 for 0 < i < k+¢. Then pg,p,...,DPtVp o a1 are 2k + 20 + 1
functions in the 2k+2¢ variables u, ..., u®*=D v, ... o@D g . 2+ At points where
the Jacobian matrix has constant rank, there is at least one nontrivial relation between them.
From point E of Definition E, this would imply that all solutions of system (E) satisfy this
relation, say R(z(t),y(t),...,y =0 (#), 2(t),...,* =1 (#)) = 0, which is absurd from

Lemma . O

6.2. The case where S and T are zero. Here, the situation is slightly more complicated:
we also establish that any parameterization “derives from” a solution of the system of PDEs
(d), but this is correct only if .J is not zero, and there are two distinct (non equivalent)
choices for v and 6. If J # 0, we saw, in section @, that possibly after a change of coordinates,
system () can be written as (fi4), which we re-write here without the tildes:

i=k(w,y,2) () —al@,y,2) &) (§ — Bx,y,2) &) + a(z,y,2) i +b(z,y,2)§+c(z,y,2), (63)
where K, «, 3,a,b,c are real analytic functions of three variables and k # 0, @« — 8 # 0,

Oa/Ox # 0, 08/0x # 0. We state the theorem for this class of systems, because it is simpler
to describe the two possible choices for v and ¢ than with (f)), knowing that S = T = 0.

Lemma 6.4. If system (@) admits a parameterization (o, ¥, x) of order (k,£) at a point,
then p, k) 1S a nonzero real analytic function.

Proof. After a change of coordinates ([§), use Lemma [.1]. O

Theorem 6.5. Let (z9,yo,20) be a point where k, o — 3, ag and B3 are nonzero, and k, ¢, L
three integers. If system @ has a parameterization of order (k,£) at X = (o, Yo, 20, L0, Yo,
.,x((JL), y(()L)) with o, x defined on U C RFH2 then k > 1, £ > 1 and, for any point

(ug, . . . ,uék), v, ..., v(()e)) € U (not necessarily sent to X by the parameterization) such that

Outkr (U, - - ,uék),vo, e ,vél)) #0,
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there exist a neighborhood O of (ug, .. ., uék_l), o(ug - v(gé)) S0y - - s v(()é_l)) in RFHHL gnd

a regular solution p : O — R of one of the two systems SIZ;’[SI or 522’62 with v%, 6% given by
@)—(@’), such that p, p,v, x are related by @), @) and @)

Remark applies to this theorem in the same way as theorem @

Proof. Like in the beginning of the proof of Theorem @, a parameterization (¢,,x) of
order (k,f) with @, # 0 yields an implicit form (J). Substituting in (f3), one obtains
an identity between two polynomials in v“*1) and &. The coefficient of (v(”l))2 in the
right-hand side must be zero and this yields that p cannot depend on v(®); the linear term
in v*Y then implies that ¢ does not depend on v(¥) either. To go further, let us define, as
in the proof of Theorem ,

P=Fp+rp,e-1 + ’U(Z)pv(l—l) , Q=Fq+rq,x-1 + 'U(e)q,u([—l) , (64)

with F as in ([[). Still substituting in (§3), the terms of degree 0, 1 and 2 with respect to
& then yield

Q = k(z,p,q)P* + b(z,p,q)P + c(x,p, q) ,
¢ = 6(x,p,9) 2ps — a(z,p,q) — B(x,p,q)) P+ a(z,p,q) + b(x,p, Q)p= (65)
0= (pz — a(z,p,q)) (P — B(,p,q)) -

The factors in the third equation cannot both be zero because e — 3 # 0. Let us assume

pz_a(xap7Q):Oa px_ﬂ(xvp)q)¢0 (66)

(interchange the roles of o and 3 for the other alternative). Since az # 0, the map A defined
in () has locally an inverse A~!, and the equation in (B) is equivalent to (z,p,q) =
A=Yz, p, ps); by differentiation an expression of ¢, as a function of x,p, ps, pzs is obtained;
solving the second equation in () for P and substituting ¢ and ¢,, one obtains P =
Y@, P, Pas Poz) With 1 defined by (4G)-(E7). If one had chosen the other alternative in (64),
A and ' would be replaced by B and 2.

Since P is also given by (p4), the relation ([[0g) holds with f = ~!; also, for the same
reasons as in the proof of Theorem @ (two lines further than (@)), 7,0 is nonzero and it
would be absurd that p depends on = only. One may then apply Lemma @ and deduce
that k> 1,0 > 1, py,a—1) # 0, pye—1y # 0.

Since neither p nor P = v(z, p, Pz, pre) depend on v® and p,x-1y # 0, the first equation
in (B4) implies that r assumes the form (BI]) with ¢ and 7 some functions of the k + ¢ + 1
variables u,w,...,u* Y z v,0,..., 0%V and that two relations hold: on the one hand
OPyk-1) +Pye—1 = 0, i.e. one of the relations in (), and on the other hand the first relation
in () with v = 4!, Similarly, the second equation in (@) yields oq,x-1 + qye-1 =0
and Fq+ 7q,-ny = Q = kP2 4+ bP + ¢. Applying F + 79/0u*~Y and E to the first
relation in (@) and using the four relations we just established, one obtains on the one hand
the second relation in (R0), with § = &' (6! defined in (§)-(17)) and on the other hand
OPgyk-1) + Pype—1y = 0. The relations o, = 0, 0 # 0 and 7, # 0 are then obtained exactly
like at the end of the proof of theorem [.3; hence p satisfies (R() with v = 4 and § = §;

1 ¢1 2 ¢2
this proves, thanks to Remark @, that p is a solution of & e’[s (it would be & e’[s if one

had chosen the other alternative in @)) The last paragraph of the proof of Theorem @
can be used to prove that this solution is K-regular with K < k4 ¢+ 1. O

7. FLAT OUTPUTS AND DIFFERENTIAL FLATNESS

Definition 7.1 (flatness, endogenous parameterization [[J]). A pair A= (a,b) of real analytic

functions on a neighborhood of (xq, yo, 20, - - - , xéj) , y(()j)) in OxR¥2iga flat output of order

jat X = (zo, o0, 20, - - - ,x((JL), yéL)) (with L > j > 0) for system (f]) if there exists a Monge
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parameterization ([[q) of some order (k, £) at X such that any germ ((.),y(.), 2(.), u(.),v(.)) €
V x U (with U, V possibly smaller than in ([l0)) satisfies (§7) if and only if it satisfies (6):

w(u<t>,u<t>,...,u<k><> o(t). 50, v O(D) = a()
blult ..,u<k><> o) i0),....v0(0) = ylt) ¢ . (67)
Rt A

Y
| |

(:vt,y(t)wz () 2(1)i(t) + g(x(), ()Z(t)ay() 2(H)a(t)) (t)
(x(t) 7y L (0),9(0), (), (), .. 20 (1), y W(t)) - (68)
((z(t) ), (t),9(8), &(), 4 ()---,z(”>()7y(”(t))

System (E) is called ﬂat if and only if it admits a flat output of order j for some j € N. A
Monge parameterization is endogenous® if and only if there exists a flat output associated
to this parameterization as above.

h
a
b

In control theory, flatness is a better known notion than Monge parameterization. For
general control systems, it implies existence of a parameterization (obvious in the above
definition), and people conjecture [E} that the two notions are in fact equivalent, at least
away from some singular points. In any case, our results are relevant to both: systems (E)
that are proved to be parameterizable are also flat and our efforts toward proving that the
other ones are not parameterizable would also prove that they are not flat.

Theorem @ gave a procedure to derive a parameterization of (E) from a regular solution
p of Ek v, and we saw in Section E that, unless S =T = J = 0, these are the only possible
parameterizations. One can tell when such a parameterization is endogenous:

Proposition 7.2. Let p: O — R, with O C RFT*! open, be a reqular solution of system
Eg)’f. The parameterization of order (k,£) of system (E) associated to p according to Theo-
rem @ is endogenous if and only if p is exactly (k + € — 2)-regular; then, the associated flat
output is of order j < k+ ¢ — 2.

Proof. Tn the end of the proof of Theorem [3.7, it was established that (67), written T'(u,v) =
(z,y,2), is equivalent to (BY) if (z,y,2) is a solution of (). If either iy < k or jo < ¢ in
(BY), then there are, for fixed z(.),y(.), 2(.)), infinitely many solutions u(.), v(.)) of (B5) while
there is a unique one for (f§). Hence ig = k and jo = £ if (67) is equivalent to (bg); then
K =ig+jo—2=k+{—2so that pis (k+ ¢ — 2)-regular and (B§) (where u and v do not
appear in the right-hand side) is of the form (f§) with j = K =k + ¢ — 2. O

The main result in [ is a necessary condition for “(z, u)-dynamic linearizability” ((z,u)-
flatness might be more appropriate) of system () For system (m), it means existence of a flat
output whose components are functions of &', €2, €3, ¢4 w!, w?; for system (E), it translates
as follows. The functions v and § in (ﬂ) are supposed to be related to g and h in (E) according

to (@) and ().

Definition 7.3. System ([) is “(x, u)-dynamic linearizable” is and only if system (f) admits
a flat output of order 2 of a special kind : A(x,y, 2z, 4,9,%,9) = a(z,y,z,\, &, \) for some
smooth a.

The following proposition is usefull to recover the main result from [E], see Remark @

Proposition 7.4. If system ([]) is “(x,u)-dynamic linearizable” in the sense of (LY, then
@) admits a parameterization of order (k,£) with k <3 and £ < 3.

PT’OOf. a(xayvzv)‘aj:ax) .
. . 4 a(z, y,z/\g'c)\i,)\)
Consider the map (z,y, z, \, &, A, . .. 2@ A )) — iy, 2\ i ® @)

al® (z,y, 2, A, &, A, . ,x(4),)\(4))

5This terminology (endogenous vs. exogenous) is borrowed from the authors of [ﬂ, ]; it usually qualifies
feedbacks rather than parameterizations, but the notion is exactly the same.
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Its Jacobian is 8 x 12, and has rank 8, but the 8 x 8 sub-matrix corresponding to derivatives

with respect to &, )\, oo 2®A® has rank 4 only. Hence z, y, z, and A can be expressed
as functions of the components of a, &, d, a®, yielding a Monge parameterization of order at
most (3,3). O

8. CONCLUSION

Let us discuss both flatness (see Section ﬁ) and Monge parameterization. For convenience,
assume k < £ and call F-systems the systems (fJ) such that S = T = J = 0 and C-systems
all the other ones.

F-systems are flat; this was proved in [[LJ]. This paper adds that they admit a Monge
parameterization of order (1,2), but does not prove differential flatness of any system not
known to be flat up to now: C-systems are not believed to be flat. It does not either prove
non-flatness of any system: it only conjectures that no C-system admits a parameterization,
and hence none of them is flat. To the best of our knowledge, no one knows whether simple
systems like ([[4b) or ([[4c) are flat of not.

The first contribution of the paper is to prove that a C-system admits a parameterization
of order (k,¢) if and only if the PDEs 5,1’?, for suitable ~y,d, admit a “regular solution” p.

The second contribution is to prove that, for any =, d, there is no regular solution to ng if
either k£ < 2 or k = ¢ = 3 (this does not contradict existence of parameterizations of order
(1,2) for F-systems: these do not “derive from” a solution of these PDEs). We guess, in
Conjecture @, that even for higher values of the integers k£, ¢, none of these PDEs have any
regular solution; this would imply that C-systems are not flat.

Besides recovering the results from [@] with far more natural and elementary arguments,
we believe that some insight was gained on Monge parameterizations of any order for “C-
systems”, by reducing non-parameterizability to non-existence of solutions to a systems of
PDEs that can easily be written for any &, ¢.

The main perspective raised by this paper is to prove Conjecture @ The only the-
oretical difficulty is, in fact, that no a priori bound on the integers k, /¢ is known. Indeed,
as explained in Section @, for fixed k,£,,d, it amounts to a classical problem. To prove
Proposition @, we solved, in a synthetic manner, that problem for ¥ < 2 or k = /¢ = 3
and arbitrary v and . We lack a non-finite argument, or a better understanding of the
structure, to go to arbitrary k,£. Let us comment more on the (non trivial) case where =
and § are polynomials, for instance the very simple ones in (@) For fixed k, ¢, the question
can be formulated in terms of differential polynomial rings: does the differential ideal gen-
erated by left-hand sides of the equations ([iJ) contain the polynomials ED'p ? Differential
elimination (see [R(] or the recent survey [[L3]) is relevant here; finite algorithms have been
already implemented in computer algebra. Although we have not yet succeeded (because of
complexity) in carrying out these computations, even on example ([i9)) for (k, ¢) = (3,4), and
although it will certainly not provide a bound on k, ¢, we do believe that computer algebra
is a considerable potential help.

Another perspective is to enlarge the present approach to higher dimensional control
systems. For instance, what would play the role of our system of PDEs 8]3_’2; when, instead
of (E), one considers a single relation between more than three scalar functions of time (this
captures, instead of (EI), control affine systems with n states and 2 controls, n > 4) ? We
have very little insight on this question: the present paper strongly takes advantage of the
special structure inherent to our small dimension; the situation could be far more complex.
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APPENDIX A.
Proof of Lemma . For this proof only, the notation F; ; (0 < i <k, 0 < j < {) stands
either for the following family of i+ vectors in R +2 or for the corresponding (K +2) x (i+7)
matrix :
£ om om on on
BT\ Guk=) T G (k1) gyl=5)7 "7 Pye=1)
with the convention that if ¢ or j is zero the corresponding list is empty; F; ; depends on

Uy .Y o@D g 2K Let us first prove that, at least outside a closed subset
of empty interior,
Rank Fp, = K+2. (69)

Indeed, if it is smaller at all points of O x R¥ then, around points (they form an open
dense set) where it is locally constant, there is at least one function R such that a non-trivial
identity R(pg,p,...,D%p,z,...,25)) = 0 holds and the partial derivative of R with respect
to at least one of its K + 2 first arguments is nonzero. Since p is K-regular, applying E to
this relation, shows that R does not depend on D¥p, and hence does not depend on (%)
either. Then, applying ED, ED? and so on, and using the fact that, according to (@)7
Dp, is a function of p, p, Dp, z, &, we get finally a relation R(ps,p,x) = 0 with (R, , Rp) #
(0,0). Differentiating with respect to u(*~1) one obtains R, pyut-1 + Rppyk-1 = 0;
hence, from the first relation in (LG-c), R,, # 0, and the relation R(p,,p,z) = 0 implies,
in a neighborhood of almost any point, p, = f(p,z) for some smooth function f. From
Lemma @, this would contradict the fact that the solution p is K-regular. This proves (@)

Let now Wy (1 < s < K +2) be the set of pairs (7, j) such that ¢ + j = s and the rank of
Fi.j is s at least at one point in O x RX | i.e. one of the s x s minors of F; ; is a nonzero real
analytic function on O x R¥. The lemma states that Wi o is nonempty; in order to prove
it by contradiction, suppose that W o = @ and let 5 be the smallest s such that Wy, = @.
From ([[6-c), W, contains (1,0), hence 2 <5 < K +2 < k+ £+ 1. Take (i',5) in Ws_1; Fir v
has rank ¢’ + j' (i.e. is made of i’ + j' linearly independent vectors) on an open dense set
A C O xRE. Let the i; <k and j; < £ be the largest such that Fi 5 and Fy j, have rank
5 —1 on A. On the one hand, since ¢/ + 7' =35 — 1 < k + £, one has either i/ < k or j/ < /.
On the other hand since W5 is empty, it contains neither (i’ + 1, j7) nor (¢, 5/ 4+ 1); hence the
rank of Fi 41 ; is less than ¢’ + j' + 1 if i’ < k, and so is the rank of Fy j 41 if j/ < L.

To sum up, the following implications hold: ' < k =41 > #'4+1 and j/ <€ = j; > j'+1.
From (B9), one has either i; < k or j; < £. Possibly exchanging u and v, assume i; < k; all
the vectors dr/Ou* =) . Ox/ouk—1+ D) ox Jgut=I) . Or/dut=I"*1) are then linear

combinations of the vectors in Fs j/, while 9 /0u*~"1=1 is not :
.y g, on .y
Rank 7y jy =4¢'+j', RankF;, ; =i'+j, Rank (W ) fi',j') =i'+5'+1 (70)

on an open dense subset of O x RX | that we still call A although it could be smaller. In
a neighborhood of any point in this set, one can, from the third relation, apply the inverse
function theorem and obtain, for an open Q@ C RFFHE+L 4 map O — RY*H'+1 that ex-
presses u(k_i/), o uE) v(f_j/), o, oY and w11 as functions of w, ..., uF~1=2)
wlk=i) k=D D g 2 and i + §7 4 1 functions chosen among
Pz, 0, Dp, ..., DXp (i'4+5'+1 columns defining an invertible minor in (8#/81;(’“’“*1) , filﬁj/)).
Focusing on u(F~#1
yk—in—1) —

B (u, k=) g (ki) ,u(k_i/_l),v, . m“‘j/_l),x, oz pap, ..., DEp

—1 one has

(71)
where B is some smooth function of k + ¢ + 2K + 2 — i’ — j’ variables and we have written
all the functions ps,p, Dp, ..., DE~1p although B really depends only on i’ + j’ + 1 of them.
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Differentiating ) with respect to u(k_i/), D v(é_j/), ..., oY one has, with

obvious matrix notation, gTB %—5 apﬁTBflp) Fi . = 0, where the right-hand side is a
line-vector of dimension i’ + j'; from (@), this implies
0B 0B 0B
—— = ... —— | F, =0, (72)
Op, Op ODEK-1p 1

where the right-hand side is a now a bigger line-vector of dimension i; + j;. Differentiating
([1) with respect to w1 .., cuE=i =0 (=i (=31 and using (f2) yields that B
does not depend on its arguments u(*=1) . ,u(k_i/_l) and 0= . ,v(é_j/_l). B cannot
depend on DXp either because EDXp # 0 and all the other arguments of B are constant

along E; then it cannot depend on z(5) either because () appears in no other argument;

(1) becomes

ub—i-1) — g (u, .. ,u(k_il_z),v, . ,v(é_jl_l),x, e ,x(K_l),pz,p, . ..,DK_lp) .

Applying D, using (@) and substituting u*~"1=1 from above, one gets, from some smooth
¢,

uF—i) = C’(u, coutFmam2) g ) e ) o DKp) . (73)
——_— ——
empty if j1=~¢
Differentiating with respect to u*=%), ... u*=1 (=i =D yields
(% % e é?DaTC;lp) Fir ;o =0, the right-hand side being a line-vector of dimension ¢’ + j'.
From the first two relations in (f(), d7/8u* =1~ is a linear combination of the columns of
F b 150 h oCc oC oC om 0
i.jr, hence one also has | — — - . =0.
7 Ops Op ODE-1p ) gulk—ir—1)

This implies that the derivative of the right-hand side of () with respect to u(*=%1=1) is
zero. This is absurd. O

APPENDIX B. PrOOF oF LEMMAS B.1(, B.11 anD [3.19

We need some notations and preliminaries. With F, E and 7 defined in (@) and (IE),
define the vector fields

0 0
X, =[X)Y], Xo =[X4,Y], Ey, =[E\Y], E5 =[FE2Y]. (75)
Then @) obviously implies
Yp=9(®,p.p2:Pra)s YD =06(2,0,D0,D02), Xo=0, (76)
and a simple computation yields (we recall E from ([[7)) :
Xlsz%a XQZTEﬁ_F("')%v (77)

_ le] o _ 9 o 9
E= Jut—1) +o Suk—1) > Ey = Sut—2) +o Juk—2) + ( ) ')au(k—l) s

o 9 o 9
Es= g togms + (g + (g -

The vector field X7 and Xs are linearly independent because 7,, # 0, see (@) Computing
the following brackets and decomposing on X; and Xs, one gets

(X, X1] = AX1, [X1,Xo| =NX1+ N X, (78)
[X, E] = 0, [X, EQ] = ,lLXl 5 [X, Eg] = ‘LL/Xl + ILLNXQ 5 [EQ, XQ] = I//Xl + V”XQ (79)

for some functions A\, X', N, u, i/, u”, v/, 1",
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Proof of Lemma . From (-c), y = plu,...,u* D z v, ... 0 D) defines local coor-
dinates u, ... u*=2 y, z, v,..., v, Composing p, by the inverse of this change of coordi-
nates, there is a function « of k+£¢+1 variables such that p, = a(u, . .. kD p o v“_l))
identically. Since Ep = Ep, = 0 (see @)), applying E to both sides of this identity yields
that a does not depend on its argument v¢~1). Similarly, if k& > 2, differentiating both sides
of the same identity with respect to u(*~1) and u(*=2), the fact that the determinant in the
lemma is zero implies that o does not depend on its argument «(*=2). To sum up, p and p,
satisfy an identity

(k—3) (€—2)),

Do =, ..., u
where the first list is empty if K = 1 or K = 2. Now define two integers m < k—3 and n < £—2
as the smallest such that o depends on u, ..., u™ z,y,v,...,v("™, with the convention that
m < 0if k=1, k =2, or a depends on none of the variables u,...,u*"3) and n < 0 if
depends on none of the variables v, ..., v¢=2),

Applying Y to both sides of the above identity yields

Ype = a, Yp+ Zu(iﬂ)au(i) + ZU(HD%M ;
i=0 i=0

s, P, T,V,...,0

where, if m < 0 or n < 0, the corresponding sum is empty. Using (I@), Since Py = Qg + oy,
one can replace Yp with vy(z, y, o, ap + aay) and Yp, with 6(z,y, o, oy + ) in the above
equation, where all terms except the last one of each non-empty sum therefore depend on
U, . . .,u(m),x,y,v, IO only. Differentiating with respect to w(™tD and ot yields
Qym) = Q) = 0, which is possible only if m < 0 and n < 0, hence the lemma. O

Proof of Lemma . From (), setting
y=p(u,..., wF Dz, m“‘l)), z2=p(u,... kY g, m“‘l)), (80)

one gets some local coordinates (u, . . ., uF=3) oy 2o, v(efl)). In these coordinates, the
vector fields X and Y defined by @) have the following expressions, where x and « are
some functions, to be studied further :

0 0 0
X = %—an—y"f'a&, (81)

o 0 o =
Y = 95,405 XG0 +Zu”1> +Z (+1) 81}(1 (82)

In the expression of Y, the third term is zero if k = 2, the fourth term (Zf;é .-+ ) is zero if

k =2 or k = 3, and the notations vy and ¢ are slightly abusive : « stands for the function

(u’ te ,u(k*3),x,y7z7v7 s 7U(E71)) = ”Y($7ya2a05(u, - 7u(k73)7$7y5 2,0, .. .7'11(271))) s

and the same for §. With the same abuse of notations, ([Ld-e) reads

X~y —6#0. (83)
The equalities (0% + %)u(k_z) = a%u(k_m = au(f,l) u*=2) = 0 are obvious in the
original coordinates. Since the inverse of the change of coordinates () is given by
w2 = x(u, ..., u* 3z oy 20, 71)(571))7 w1 = Yx(u,... ) oy 2, v(lfl)),
and F, X and X are given by (IE)7 those equalities imply
Ex=Xx=X1x=0. (84)
Then, from (f3), §1) and (BJ),
X, = (Xw—é)(,% + (X(S—Ya)%, (85)
X, X1] = (X?y—-2X0-Ya) zfy (X?0— XYa— X1a) (,fz (86)
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With these expressions of X and X, the first relation in (E) implies :

Xy—94 X%y -2X5+Ya

X6—Ya X25—XYa- X« =0. (87)

The definition of « implies Xz = «a. In the original coordinates, this translates into
the identity pee = a(u,...,u* 3 2z p, py,v,...,0¢"V). Since Ep = Ep, = Epy. = 0 (see
(B0)), applying E to both sides of this identity yields that v does not depend on its argument
v~V Also, if k > 3, differentiating both sides with respect to w1 4*=2) and 4#—3),
we obtain that the determinant (B7) is zero if and only if a does not depend on its argument
u*=3). To sum up, under the assumptions of the lemma,

a depends on w, ... JuY g Y, 2,0V, =2 only (88)
with the convention that the first list is empty if £ = 2 or kK = 3. Now define two integers
m < k—4 and n < ¢—2 as the smallest such that a depends on u, ..., u™ z, y,v,..., 0",
with the convention that m < 0 if K = 2, £k = 3, or « depends on none of the variables
u,...,u* % and n < 0 if a depends on none of the variables v, ...,v¢=2). We have

m>0 = aum #0, n>0 = a,m #0. (89)
Since m is no larger that k — 4, x does not appear in the expression of Y :
m ) n )

Yo = ~vay+da, + Z w0 + Z v Do) (90)

i=0 i=0

where the first (or second) sum is empty if m (or n) is negative.

In the left-hand side of @), all the terms depend only on u,...,u'™) x4,z v, ..., 0™,
except Yo, XYa and Xjo that depend on u(™*Y if m > 0 or on vV if n > 0 (see
above); the determinant is a polynomial of degree two with respect to (™t and v+
with coefficients depending on w,...,u™ z,y,z v, ..., v only, and the term of degree
two, coming from (Ya)?, is

(O‘um)u(mﬂ) + av<n>v(n+1))2 '

Hence @) implies a,,(m) = a,m = 0 and, from (@), negativity of m and n are negative.
By definition of these integers, this implies that « depends on (z,y, z) only: in the original
coordinates, one has p,, = a(z,p, ps). O

Before proving Lemma , we need to extract more information from the previous proof :

Lemma B.1. Assume, as in Lemma , that p is a solution of ﬁgﬁ’f satisfying (@), but
assume also that £ > k > 3 and the determinant ([37) is nonzero. Then [X, Fy] = [X, E3] = 0.

Proof. Starting as in the proof of Lemma [B.11], one does not obtain (Bg) but, since (B7) is
nonzero,

a depends on w, ... ,u(k74),x,y,z,v, o2 and k-3 #0 . (91)

Since Ep = Ep, = 0, one has E = §/9v*~1) in these coordinates. The first equation in (§4)
then reads y,«-1 = 0, and (7g) and (BJ) yield

0 0

W ) [X7 E2] = — Oy (e—2) & .

Since [X, Fa] = uX; (see (9)), relations (85) and (B3) imply that a2, p, and the bracket
[X, E»] are zero, and prove the first part of the lemma. Let us turn to [X, F3] : from ()
and ()7 one gets, since Fy and X commute, and Xx = 0,

0 0 0

Ouk—3) + ov(-3) "’ [X7 EB] = _(E?»O‘) 9z (92)

By =

E3 = Xypt—2)
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In order to prove that Esza = 0, let us examine equation (@) For short, we use the
symbol O to denote any function that depends on w,...,u* =3 z y z v,... 03 only.
For instance, Xy — § = O, and all terms in the determinant are of this nature, except the
following three :

Ya = xa,w-3 + 1;(572)0%(@,3) + O,
XYa = xXoa,m-s + v<e72)Xo¢v<e73> + O,
Xia = —a, (X Oy (k-3) + 0(272)041,(173)) +0
(we used Xx = 0). Setting ¢ = x - + v Pa, w3, one has
X - X _
X< = MC + b’l)<e72) with b = Xa,u(zfs) — Oy (e—3) M D (93)
QL (k—3) Q (k—3)
and equation (R7) reads
CHOC—(Xy=8)bo" D +0 = 0. (94)

Differentiating with respect to X and using (@) yields

Xa w(k—3)

g Lulmd 2y (2b =2 4 O) (+002 40 = 0.

u(k 3)

Then, eliminating { between these two polynomials yields the resultant

1 o —(Xy=0)bo2 +0 0

0 1 O —(Xy-0)bov2 +0
2ZBD 9b (D) 4 O Ovl=2 4+ 0 0 =0.

0 po s 2bv(=2) + O 0v=2 + 0

This is a polynomial of degree at most three with respect to v(*=2), the coefficient of (U(€_2))3
being —4b%(X~ —4). Hence b = 0 and, from (P4), ¢ does not depend on v\*=2). This implies
Esa = 0 because, from (Bg) and the definition of ¢, one has -2 = Fsa. O

Proof of Lemma . The independent variables in 53 3 are u,u, i, , v, v, . Since the de-
terminant @ ) is nonzero, one defines local coordinates (x,y, z, w, v, v, ) by
y = plu, 0,4, 2,v,0,0), z=0pg(u,a,i,z,v,0,0), W= pg(u,,i,z,v,0,0). (95)

In these coordinates, X and Y, defined in (@), have the following expressions, with ¢ and
« some functions to be studied further :

0 0 0 0
0 0 o .0
= 6_+ E+¢_+ 6’U+U%. (97)
Then, using, for short, the following notation I' :
' =Xy-§ # 0, (98)
one has
0 0 0
Xy =Ty 4 (X0 =) 5o+ (X = Ya) 5o, (99)
_ 0 9 0 9 9]
(X, X1] = (XT — X6 +¢) 99 + (X265 —2X¢ +Ya) 5+ (X?Y — XYa — Xa) 8w.(1oo)
Also,
0 0 9] 0 9]
= — EQZ[El,Y]Z’t/Jﬁ—-F—, [X,EQ]:wﬁ_+(X¢u(k—1)—EQCY)—

T ow O 0z ow
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but, from Lemma @ one has [X, E5] =0, hence 3 =0, E; = 9/00 and oy = 0. Then
0 0 0 0

[(% Y]= 1/% +8_ [X,Eg]—d){,&—f—(XU)@—EgOé)%,

but, from Lemma @, one has [X, E3] =0, hence ¢, =0, E3 = 9/0v and «, = 0. To sum

up,

b3 =

0 0 0

E= 9’ Bz = 0’ Es = o’

a depends at most on (z,y, z,w) only and ¥ on (z,y, z, w, v).

Notation: until the end of this proof, O stands for any function of x,y,z,w only. For
instance, a =0, 7y=0,6=0,T =0, XI'=0 , X§ =0 and X25 = 0.

r X0 —1 B
From ([7§), (09) and ([L0d), one has XT— X6+ X20—2X¢+Ya =0 . Hence

(101)

X = %W + 0y +0. (102)
We now write the expression (pd) of X, as
X; = X+ oX{ + 92 X7 (103)
8 0 0 0 0 1 0
: 0 1__ 9 9 2_ + O
with X7 = 8 +(9a +08 X = 8z+08w’ X; 5T B (104)
Note that X?, X{ and X? are vector fields in the variables z,y, z, w only. Now define :
Y 0 8 1/) 0
= X1 = - - =) = 1
u LT ow oz " © ow '’ (105)
0 0 P2\ 9
= X9 _y2x2 = 1= = - ) = 1
Vv 1 — Yo Xy 8y+082+<0 21">8 (106)
so that
=V —-9U (107)
and, from (P7) and (103) one deduces the following expression of X = [X1,Y] :
0 0 0
— 0  ar 9 9 1 0
Xy = (YY) U+ (Xlw) PREAT R +w (2P a5 05 + Oaw) +9 Xy + X5 (108)

where X1 and X are two vector fields in the variables z,y, 2, w only.

This formula and ([L01)) imply [E2, Xo] = (Y4p) U = 1, U; hence, from the last relation
in (@), either v, is identically zero or U is a linear combination of X; and X5. We assume,
until the end of the proof, that U is a linear combination of X; and X5. This implies, using
(@), that X5 and X; are linear combinations of U and V; hence U,V is another basis for
X1, Xy. Also, from (F§) [U, V] must be a linear combination of U and V. From ([10§) and
(od).

X1 0 20 1 0
T 9w -0 — + YW+ W
where W' and W are two vector fields in the vamables x,vy, z,w only, and, finally, with Z*
and Z° two other vector fields in the variables , v, z, w only, one has, from )
0 9]

)
X, — (YQ)U-T[U,V] = ¢3 oTd aw + 2 (ﬁ3_+0&+0%>+¢21+20'

This vector field is also a linear combination of U and V. Computing the determinant in

the basis 9/dy, 9/0z, d/0w, one has, using ([[05) and ([L04),
det (U, V, X5 — (Y$)U —T[U,V]) = ;—gw4+(9¢3+0¢2+0¢+0=0 .

[Uv V] =

It is assumed from the definition of & ’g that the partial derivative of v with respect to its
fourth argument is nonzero; hence ,, # 0 and the above polynomial of degree 4 with respect
to 1 is nontrivial; its coefficients depend on x,y, z, w only, hence 1 cannot depend on v.



MONGE PARAMETERIZATIONS WITH 3 STATE AND 2 CONTROLS 27

We have proved that, in any case, both a and v depend on z,y, z, w only, and this yields
the desired identities in the lemma. g

AprPENDIX C.

Lemma C.1. Let p be a smooth function of u,...,u* =V z v, ... 0D r a smooth func-
tion of u,...,u*V x v ... 0O with r,w #0, and f a smooth function of four variables
such that

k—2 -1

Z up,o + TPy + ZU(HDPW) = f(2,p, Pz, Paa) (109)

i=0 =0

where, by convention, rp,x—1) is zero if k =0 and the first (resp. last) sum is zero if k <1
(resp. £ =0). Then either p depends on x only or

k>1, £>21, p,e—1 #0, pye-n #0. (110)

Proof. Let m < k—1 and n < ¢ — 1 be the smallest integers such that p depends on
u,...,u™ z v ..., v if p depends on none of the variables u, . .., u(*=1) (orw,..., v(f_l)),
take m < 0 (or n < 0). Then p,m) # 0 if m > 0 and p,m) # 0 if n > 0.

The lemma states that either m <0andn <0ork >1,¢>1and (m,n) = (k—1,£—1).
This is indeed true :
-ifm=k—1and k> 1thenn=/—1and ¢ > 1 because if not, differentiating both sides in
(@) with respect to v® would yield 7, p,-1 = 0, but the lemma assumes that 7, # 0,
-if m < k—1orm =0, (l09) becomes : S ultVp oy +37 v Vp o) = f(2,p, Py, Pos);
if m > 0, differentiating with respect to u("+1) yields p,m) = 0 and if n > 0, differentiating
with respect to u(™*1) yields p,) = 0; hence m and n must both be negative. O
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