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Abstract: In this report, three operations on Gibbs probability measures are studied. The first operation, which
takes as argument one Gibbs probability measure and is often referred to as renormalization, consists in generating a
new Gibbs measure by normalizing a power of the density of the given measure. Such a normalization has a twofold
effect: first, it changes the regularization factor; and second, it concentrates the support within a subset of the original
support. Interestingly, it is shown that these effects can be independently controlled by different parameters. The second
operation, which takes as argument two Gibbs probability measures, consists of changing the reference measure of the
latter by the former. Hence, the former is said to be “nested” within the latter, yielding a new Gibbs probability measure.
The third operation consists of a normalized log-linear combination of the densities of Gibbs probability measures. The
resulting probability measures, from both second and third operations, which are also Gibbs probability measures, are
shown, respectively, to be the solutions to optimization problems of the expectations of linear combinations of the objective
functions of the given measures, subject to a relative entropy regularization. Such optimization problems differ exclusively
in the coefficients of the linear combinations. This observation leads the conclusion that there exists a set of parameters
for which nesting one Gibbs probability measure into another has the same effect as log-linearly combining them. These
operations are shown to have relevant applications in statistical learning. As an example, a one-shot federated learning
system in which clients send to the server their locally trained Gibbs algorithms for being log-linearly combined by the
server, is shown to achieve the same performance as a Gibbs algorithm trained upon the aggregation of all local training
datasets.

Key-words: Empirical Risk Minimization, Relative Entropy Regularization, Gibbs Probability Measures, Gibbs Algorithms,
Renormalization, Nested Gibbs Measures, Log-Linear Combinations.

Yaiza Bermudez and Samir M. Perlaza are with INRIA, Centre Inria d’Université Cote d’Azur,

Sophia Antipolis 06902, France. Samir M. Perlaza is also with the GAATI Laboratory at the
Université de la Polynésie Francaise, Faaa 98702, French Polynesia. Inaki Esnaola is with the School
of Electrical and Electronic Engineering at The University of Sheffield, Sheffield S1 3JD, UK. Samir
M. Perlaza and Inaki Esnaola are also with the Electrical and Computer Engineering Department at
Princeton University, Princeton N.J. 08544, USA.
This research was supported in part by the European Commission through the H2020MSCA-
RISE-2019 project 872172; the French National Agency for Research (ANR) through the Project
ANR-21-CE25-0013 and the project ANR-22-PEFT-0010 of the France 2030 program PEPR Réseaux
du Futur; and in part by the Agence de 'innovation de défense (AID) through the project UK-FR
2024352.

RESEARCH CENTRE
SOPHIA ANTIPOLIS — MEDITERRANEE

2004 route des Lucioles - BP 93
06902 Sophia Antipolis Cedex



Equivalence entre mesures de Gibbs imbriquées et
combinaisons log-linéaires de mesures de Gibbs.

Résumé : Dans ce rapport, trois opérations sur des mesures de probabilité
de Gibbs sont étudiées. La premiére opération, qui prend comme argument une
mesure de probabilité de Gibbs et est souvent appelée renormalisation, consiste &
générer une nouvelle mesure de Gibbs en normalisant une puissance de la densité
de la mesure donnée. Une telle normalisation a un double effet : premiérement,
elle modifie le facteur de régularisation ; et deuxiémement, elle concentre le
support dans un sous-ensemble du support original. De maniére intéressante, il
est montré que ces effets peuvent étre controlés indépendamment par différents
paramétres. La deuxiéme opération, qui prend comme arguments deux mesures
de probabilité de Gibbs, consiste a remplacer la mesure de référence de la seconde
par la premiére. Ainsi, la premiére est dite « imbriquée » dans la seconde, ce
qui donne lieu & une nouvelle mesure de probabilité de Gibbs. La troisiéme
opération consiste en une combinaison log-linéaire normalisée des densités de
mesures de probabilité de Gibbs. Les mesures de probabilité résultantes, issues des
deuxiéme et troisiéme opérations, qui sont également des mesures de probabilité
de Gibbs, sont montrées, respectivement, comme étant les solutions de problémes
d’optimisation des espérances de combinaisons linéaires des fonctions objectives
des mesures données, soumises a une régularisation par entropie relative. De
tels problémes d’optimisation différent exclusivement par les coefficients des
combinaisons linéaires. Cette observation conduit a conclure qu’il existe un
ensemble de paramétres pour lequel imbriquer une mesure de probabilité de
Gibbs dans une autre a le méme effet que les combiner de maniére log-linéaire.

Mots-clés : Minimisation du Risque Empirique, Régularisation par Entropie
Relative, Mesures de Probabilité de Gibbs, Algorithmes de Gibbs, Renormalisa-
tion, Measures de Gibbs Imbriquées, Combinaison Log-Linéaire.
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1 Introduction

ibbs probability measures have gained significant attention in statistical

learning theory and information theory, in part due to their numerous
properties and the fact that they represent the well-known Gibbs algorithm
[1H10]. More importantly, as shown in [11], Gibbs measures form a benchmark
to which algorithms can be compared for assessing their generalization error
[9L[12H14]. Gibbs measures have also been shown to describe the long-run
behavior of stochastic-gradient-based learning algorithms with time-invariant
learning rate [15]; and to represent the worst-case data-generating probability
distributions for a fixed model in supervised learning [16].

The main contributions of this work concern three operations on Gibbs prob-
ability measures. The first operation consists of constructing a Gibbs probability
measure by normalizing (to one) a power of the density of a given Gibbs proba-
bility measure. This operation is classical in statistical physics and information
theory, and is not limited to Gibbs measures. See for instance [17H26] and refer-
ences therein. While some authors coined such operation as “renormalization”,
others coined as “escort distribution” the resulting probability distribution. In
this work, renormalization is shown to lead to two independent effects on the
original Gibbs measure: first, trimming the regularization factor; and second,
concentrating the support to a subset of its original support (Theorem . In-
terestingly, both effects are shown to be independently controlled by different
parameters of this operation. This new result complements existing evidence on
the benefits of trimming the regularization factor in [4,6,[12], as well as on the
benefits of strategically choosing the reference measure as shown in [94[27]28|.
Given two Gibbs probability measures, the second operation consists of construct-
ing a new Gibbs probability measure by using the first measure as the reference
measure of the second. The first measure is then said to be nested within the
second, yielding a nested Gibbs probability measure. Nested Gibbs measures
form a special class of Gibbs measures with important applications in statistical
learning theory, including decentralized learning and machine unlearning; see,
for instance, |27] and |28]. In this work, nested Gibbs measures are shown to be
solutions to a minimization of the expectation of a linear combination of two
original objective functions subject to a regularization by a relative entropy with
respect to a given reference measure (Theorem @ The third operation is the
normalized log-linear combination of the densities of Gibbs probability measures.
This operation has been studied beyond Gibbs probability measures in [17}[19}/29]
and references therein. In this work, it is shown that the normalized log-linear
combination of two Gibbs measures is itself a Gibbs measure, and that it is the
solution to a minimization of the expectation of a linear combination of the
objective functions of the original Gibbs measures subject to a regularization
by a relative entropy with respect to a given reference measure (Theorem .
Hence, nesting Gibbs probability measures or log-linearly combining them, leads
to new Gibbs probability measures that are solutions to optimization problems
whose difference is only on the coefficients of the linear combination of the
objective functions. Using this observation, the central result is a formal proof

Inria
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that there exists a choice of parameters such that both operations yield the same
Gibbs probability measure (Corollary. Finally, this equivalence between such
operations is put at play to design a one-shot federated learning 30| that achieves
at all clients, the same performance of a centralized system that trains a Gibbs
algorithm upon the aggregation of the training datasets of all clients (Corol-
lary . This result is reminiscent of the decentralized learning construction
in [28], which also achieves the same performance as a centralized system. While
the construction in [28] is based on sequentially nesting the Gibbs algorithms of
all clients, the construction in this report is based on simultaneously log-linearly
combining the clients’ Gibbs algorithms at a central server.

2 Preliminaries

This section describes the notation used in this work and formally introduces
conditional Gibbs probability measures.

2.1 Notation

Given a set X C R, for some d € N, the Borel sigma-field defined on X is denoted
by % (X). The set of probability measures on the measurable space (X, %(X))
is denoted by A(X). Given a product measurable space (X XY, B(X x V,)).
Using this notation, a conditional probability measure is defined hereunder.

Definition 1 (Conditional Probability). A family Pyjx % (Py|x=x)xex of
elements of A(Y) indezed by X is said to be a conditional probability measure if,
for all measurable sets B € B(Y), the map

{X — [0,1] W

X +— Py|x=(8B)

is Borel measurable. The set of such conditional probability measures is denoted

by A(Y | X).

Given a o-finite measure Q on (X, %(X)), the set of probability measures in
A (X) that are absolutely continuous with respect to Q is denoted by A (X).
Given two measures P and Q on the same measurable space, the notation P < Q
stands for “the measure P is absolutely continuous with respect to Q”. The

dpP
Radon-Nikodym derivative of P with respect to Q is denoted by @ Using this

notation, the relative entropy or KL-divergence is defined hereunder.

Definition 2 (Relative Entropy). Given a probability measure P and a o -finite
measure Q, both on the same measurable space, with P < Q. The relative entropy
of P with respect to Q 1is

prio « [ j—g(xnog(j—gu))dgw). (@)

RR n°® 9613
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2.2 Gibbs Conditional Probability Measures

Consider two sets X ¢ R% and Y c R?, for some given integers d; and
dy. Let (X, % (X)) and (Y, B (Y)) be two Borel measurable spaces. Consider
also the product measurable space (X X Y, B (X x Y)). Using this notation,
Gibbs conditional probability measures in A (Y|X) are parametrized by a Borel
measurable function & : X X Y — R; a o-finite measure Q on the measurable
space (Y, %(Y)); and a real 1 € R\ {0}. In order to define such conditional
measures, consider a fixed x € X and the following function:

Koo : R— R (3)
{ 1+ log ([ exp (th(x,y))dQ (»)).

Under the assumption that the reference measure Q is a probability measure,
the function Kp, o in (3) is the cumulant generating function of 4 (x, y), when x €
X is kept fixed and y is sampled from Q. Using this notation, the definition of
Gibbs conditional probability measures is presented hereunder.

Definition 3 (Gibbs Conditional Probability Measures). Given a Borel mea-
surable function h : X x Y — R; a o-finite measure Q on the measurable

space (Y, B(Y)); and a real 1 € R\ {0}, the probability measure PI(/}&Q”I) €

A (Y | X) is said to be an (h, Q,A)-Gibbs conditional probability measure if

1
Vx € X, Kh,Q,x (_i) < +o00; (4)

and for all (x,y) € X xsuppQ,

apm-2-v 1
Y|X=x 1
I (mexp (g ) =Ko (-7 (3)

where the function Ky o x is defined in ,

In Definition [3] under the assumptions that Q is a probability measure and
A > 0, the condition in is always met. Thus, under such assumptions, a
conditional measure that satisfies is always a Gibbs conditional probability
measure. Alternatively, when A < 0, the condition in is more restrictive and
might impose particular constraints on the function A.

In general, Gibbs conditional probability measures exhibit numerous prop-
erties, see for instance, [9] and [31]. The following section introduces a class of
Gibbs conditional probability measures that exhibit properties that are shown
to be central in certain applications in statistical learning.

3 Main Results

In this section three operations on Gibbs probability measures are thoroughly
studied: renormalization, nesting and log-linear combinations.

Inria
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3.1 Renormalized Gibbs Probability Measures

The normalization of a power of a probability measure, which is often referred
to as renormalization, is defined as follows.

Definition 4 (Renormalization). Consider @ € R\ {0}, two o -finite measures
Q1 and Q2, and a probability measure P, all on the same measurable space with
P <« Q1 and Q2 < Q1. The (a,Q1, Q2)-renormalization of P is a probability
measure, denoted by R, such that for all y € supp Q2,

(d—P <y>)a
dR (- & (6)

dQ» ap  _\* N
/ (d—Q1 (y)) a0: (5)

provided that 0 < f (dd—; ()’)) dQ2 (y) < .

The renormalization of a Gibbs probability measure is also a Gibbs proba-
bility measure, as shown hereunder. More specifically, given the (k, Q, 1)-Gibbs
probability measure P;}{XQ:;U in , denoted by Ry, its (a, Q, Q1)-renormalization,
satisfies, for all y € supp Q1,

Y|X=x
AR, 0
o, T (de,Q,A)

( qphen @

— .
Y| X=x ,~
_ d
0 (y)) 01 (9
The following theorem shows that the measure R in is a Gibbs probability
measure.

Theorem 1. The (a,Q, Q1)-renormalization of the Gibbs probability measure

P)(,TXQ:;U m , namely the measure Ry in , satisfies for all y € supp Q1,

o dP(h,QL%)
L i G0 It 1 = S (8)
dQ: [ exp (- $h(x.y)) dO1 () dQ:
Proof: The proof is presented in Appendix [A] [ |

Theorem [I| shows that the (@, Q, Q1)-renormalization of the (&, Q, 1)-Gibbs

probability measure PyllXQ:j) in is identical to the (h, Q1, %)—Gibbs probability
a a

l(/}I’XQ;a) in . More specifically, D (R1 “ P;Txgia)) = 0. Hence, such

a renormalization has a twofold effect on the Gibbs measure P;ITXsz) in (5): (i)
the regularization factor is changed from A to A/a; and (ii) the reference measure

is changed from Q to Q1. The second effect might imply a concentration of

measure P

RR n°® 9613



8 Yaiza Bermudez, Samir M. Perlaza, and Inaki Esnaola

the measure given that Q1 < Q. More specifically if supp Q1 C supp Q, then,

a
supp P;};XQ; ) supp Q1 C supp Q = supp P)(/}I’XQZ;I) Interestingly, both effects

are not necessarily simultaneously observed, which follows from the fact that «
and Q1 can be chosen independently. For instance, if Q1 is chosen to be identical
to Q, then only the change of the regularization factor is observed. Alternatively,
if @ = 1, only the change of reference measure is observed. This observation reveals
a structural property of Gibbs probability measures through the optimization
problems stated in the following corollaries. In particular, [31, Lemma 1] yields
the following result.

Corollary 2. When % > 0, the (@, Q, Q1)-renormalization of the Gibbs probabil-
ity measure P;,}‘IXQ::) n , namely the measure Ry in , is the unique solution,
if it exists, to the following optimization problem

A
min h(x,y) dP + —D (P . 9
pomin [ ey apo) + S0P 0w (9)
Alternatively, when % <0, the (a, Q, Q1)-renormalization of the Gibbs probability
measure P;?Xsz) mn , namely the measure Ry in , is the unique solution,

if it exists, to the following optimization problem

max / h(xy) dPG) + 2D (P Q1) (10)
) a

Peng, (¥

Similarly, [31, Lemma 2] leads to the following corollary.

Corollary 3. When % > 0, the (@, Q, Q1)-renormalization of the Gibbs probabil-
ity measure P;}‘IXQ:;) mn , namely the measure Ry in , is the unique solution,

if it exists, to the following optimization problem

min / h(x,y) dP(y)

Peng, (¥Y)

st. D(P|l Q1)< D (Pyl’f:;’%) “ Ql). (11)

Alternatively, when % <0, the (a, Q, Q1)-renormalization of the Gibbs probability
measure P;,?XQ:;) mn , namely the measure Ry in , is the unique solution,
if it exists, to the following optimization problem

max / h(x,y) dP(y)

PEAQl(y)
h,01,2
st D(P ] Q1) <D (Pt “ Q1)~ (12)

These structural properties shed light on the open question concerning the
choice of the reference measure Q in regularized optimization problems involving
Gibbs probability measures, which is a central question in statistical learning
theory. See for instance, [649,/27,28|, and references therein.

Inria
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3.2 Nested Gibbs Probability Measures

Nested Gibbs probability measures can be formally defined as follows.

Definition 5 (Nested Gibbs Probability Measures). An (h, Q1,1)-Gibbs proba-

bility measure Pyll;(Q:i’ﬂ) € A(Y), as the one in , 1s said to be a nested Gibbs

probability measure if Q1 is a Gibbs probability measure.

Consider two Borel measurable functions

h1 :XxY — R and (13)
hy : X xY — R. (14)

Given x1 € X, consider an (A1, Q1,41)-Gibbs probability measure, denoted by

(h1,01,11)
PO ¢ A (). (15)

Given xo € X, consider an (hs, Q2,12)-Gibbs probability measure, denoted by

(h2,Q2,12)
P02) ¢ p (Y. (16)

In the following, the measure P;,hl’QE”h)
11X1=x1

(h2,02.d2) ¢ o (Y), when Q- is chosen to be identical to P(hl’Ql”ll), which

is said to be nested within

Y2|Xo=x2 Y1|X1=x1
yields a (hz, P gl‘lx?:lle) , /12)—Gibbs probability measure, denoted by
)
o eay). (17)

Such a measure is a nested Gibbs probability measure (Definition . It is
also characterized by several optimization problems, as shown in the following
corollaries. In particular, [31, Lemma 1] yields the first characterization.

Corollary 4. When A2 > 0, the nested Gibbs probability measure
hy, A

(2’P;1‘1X?:1X11)’ 2) in (17) is the unique solution, if it exists, to the fol-

Ya2|Xo=x2 q s s

lounng optimization problem

. h1,01,4
pe i, [ 2 a4 220 (P | LY. (18)

(hz,P(hl’Ql’/ll),/lz)
Alternatively, when A9 < 0, the nested Gibbs probability measure PY2|X2$§1:”

mn is the unique solution, if it exists, to the following optimization problem

h1,01,4
s, [y aro + (P PEEY). )

Similarly, [31, Lemma 4] leads to the following corollary.

RR n°® 9613
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Corollary 5. When A3 > 0, the nested Gibbs probability measure
(h1.07.41)

(PG @) is the uni lution, if it exists, to the fol

YolXomxa 0 is the wunique solution, if it exists, to the fol-

lowing optimization problem

min / ha (2. y) dP(3)

Pesg, (V)

(h1,01,11)
P(hz’Plﬁ 1X1=x1 ’/12)

(h1,01,11)
st. p(P| P )< D[Py,

Y1|X1=x1 Y1|X1=x1

P(hval’/ll)) . (20)

(h1,01,171)
(hZ’PY1IX1:X1 ’/12)

Yo |Xo=x2
mn 1s the unique solution, if it exists, to the following optimization problem

Alternatively, when A9 < 0, the nested Gibbs probability measure P.

max / ha(x2,y) dP(y)

Peng, (¥)
(h1,01,11)
(h1,Q1,41) (hQ’PYﬂXl:Xl ’/12) (h1,Q1,41)
st. D (P H pn.on ) <D (PY2|X2=xz L CY))
The following theorem provides an explicit expression for the Radon-Nikodym
(h1,01.11)
22T y11X1=x1

derivative of P}, Xomxy with respect to the measure Q1. For doing so,

consider the folli)wing function

(22)

7 ] XxXxY —R
Prpe (x1,x2,y) > Brhy (x1,y) + Baha (x2,),

where (B1,82) is a pair of given parameters.

. . (A2, PRI 25
Theorem 6. The nested Gibbs probability measure mezzlx; ! in
satisfies for all y € supp Q1,

(hg P(hl'Ql'/ll),ﬂ.g)
d

Ly X =x _1 _ 1
Yol Xaorg ) = GXP( T (x1,y) = he (x2,)’)) (23)
121 Jexp (-2 (1.5 = £ ha (12, 5)) d01(5)
(’7; Lan,l)
APy 3, Xp)=(r1,32)

— 1,A42)=(X1,X2 . 2
0, ) (24)
Proof: The proof is presented in Appendix [ |
(h2’P)(,h‘1)s(le/ll) /12)

11X1=x1 ~

Theorem |6{shows that the nested Gibbs probability measure P

Ya|Xo=x2

in is identical to the (’};% %,Ql,l)—Gibbs probability measure
1’12

(EL’Lle,l)
PY‘&L';?Q):(XLXQ) in , which leads to the following implications.

Inria



Operations on Gibbs Probability Measures 11

Theorem 7. Consider the (hg,Pglll)fi;iﬂ’/b)_c;ibbs probability measure
(ho PRI 2) ~ . .

s | Xamro mn and the (hﬁ’é,Ql,l)-szbs probability measure,

(EL’L’QIJ)

denoted by Py(%, %\ (xr.x0)

equivalent:

mn . Then, the following statements are

(i) For all y € supp Q1,
e
YQ‘X2=X2

(’;; ;,th)
d 1A
Y[(X1,X2)=(x1,x2)

(y)=1 (25)

(i)

(/12 )(/hll};Ql”ll) /12) (I//l\i L’Qlal)
T YpIXy=x1 1A _
D PY2|X2=x2 Y|(X1,X2)=(x1,x2) | ~ 0. (26)

S The robabilt plia Pkl a2)
iii
(iii) The probability measure ¥a|Xamr

to the following optimization problem

i h ,x2,y)dP(y) + D (P . 27
Peinglﬁy)/ Lo G2 )dP() +D (P | 01) (27)

is the unique solution, if it exists,

. 2
(iv) The measure P _
Y| X2=x2

following optimization problem

min ‘/;l\; 1 (x1,x2,y)dP(y)
A1 A2

18 the unique solution, if it exists, to the

PGAQl (y)
(1, P1210) 1)
st D(P | Q)< D(Py o 1 oi|. (28
Proof: The proof is presented in Appendix [C] [ |
| o )
Theorem |7| establishes that the measures PYz\ XZ:lx; ! and
o)

PTRPT . . . . . L
Y1(X1 . Xa)=(x1.x2)’ both in A (Y), are identical. This observation implies
(EL L’lel)

A1 A2

that the probability measure Py v "y ° . is also the solution to the
optimization problems in and , if such solutions exist. Together with
Corollary [4 and Corollary [5] it follows that if 13 > 0, it is also the solution to
the optimization problems in and (20)), if such solutions exist. Alternatively,
if 15 < 0, it is also the solution to the optimization problems in and , if
such solutions exist.

RR n°® 9613



12 Yaiza Bermudez, Samir M. Perlaza, and Inaki Esnaola

3.3 Normalized Log-Linear Combinations of Gibbs Proba-
bility Measures

The normalization of the product of powers of probability measures is formalized
as follows.

Definition 6 (Normalized Log-Linear Combination of Measures). Consider
a1 € R\ {0}, as € R\ {0}, two probability measures P1 and Ps; and three o -finite
measures Q, Q1 and Qa2, all on the same measurable space, such that P1 < Q1,
0 < Q1, Po < Qs and Q < Qs. The (a1, a2,01,02, Q)-normalized log-linear
combination of P1 and Py is a probability measure, denoted by S, such that for

all y € supp Q,
(ﬂ (y)) (dP 2 (y))

ds 3 dQ: d_Qz
a0 " / (ﬂm)m (@m)@dgm’ (29)
a0, ') \ag, V¥ Y

) dP; _\" (dPs
rovided that 0 < / (— ) (—
P 10, ) 0,

Definition [6] which is restricted to the normalized log-linear combination
of only two probability measures, can be generalized to normalized log-linear
combinations of multiple probability measures. Nonetheless, for pedagogical
purposes, this work focuses exclusively on the case of two Gibbs probability
measures. The (a1, a2, Q1, Q2, Q)-normalized log-linear combination of the Gibbs
probability measures Pglllx?ile) in and P;,fogjx’f) in , denoted by
S1 € Ag (YY), satisfies for all y € supp Q

@) 40 (5) < .

h1,01.11) et (h2,02,12) @2
p P
Y1|X1=x1 d Y2 | Xo=x2

ds; dQ; ©) dQ> v
@ (y) = dP(hlth/h) al dP(hQ’QQ,/Iz) a2 . (30)
/ _ni¥ima )[R g g0 (5)
dQ; Q>

The following theorem provides an explicit expression for the Radon-Nikodym
derivative of S; with respect to the measure Q.

Theorem 8. The (a1, a2, 01,02, 0)-normalized log-linear combination of
P(hl’Ql’jl) in and P2:22:42) 4, (16), namely the probability measure Sy

mYle satisfies for all y 22|SX&;’£)2Q’
a5, exp (—%hl (x1,y) = T2 ho (XQ’y))
0 e - Eawmo)ee
Ll ae)
_ Y\(Xlg(é):(xl’m) ), (32)

Inria
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(Eﬂ Q’Q’l)

A1 A2
Y[(X1,X2)

n A(Y|X xX); and the function 2%1 az is defined in .
1’12

where P s an (ﬁ%l o, 0, 1)—Gz'bbs conditional probability measure
1’12

Proof: The proof is presented in Appendix [ |
Theorem 8| shows that the (a1, @2, Q1,Q2, Q)-normalized log-linear combina-

tion of P14 4 and pU2:92:42) 4 is identical to the (}l\%l a2, 0, 1)—
1’12

Y1 |X1=x1 Y2 |Xo=x2

(Eﬂ,Q,Q’l)
Y\&l ;22)=(X1 x2) in . The normalized log-linear
combination S; exhibits all properties of Gibbs probability measures described

in [31]. In particular, |31, Lemma 1] leads to the following corollary.

Gibbs probability measure P

C(%rollar 9. Th(fz (a1, a/%, 01, 02, Q)-normalized log-linear combination S1 of
1,01,41 2,02,42) : . po . .

Yy [Xa=x1 and PY2|X2:xQ 18 the unique solution, if it exists, to the following
optimization problem

i Nay dp D (P :
pain, [T 22 (132004PG) D (P 1 Q) (33)

Similarly, [31, Lemma 4] leads to the following corollary.

Corollary 10. The (a1, a2, 01,02, Q)-normalized log-linear combination Sy of
)(,}llllx?:lel) and P;,zfxgszz) is the unique solution, if it exists, to the following
optimization problem

1 7/1\11/ a R N dP
plnin, / a1 a2 (x1,22, y)dP(y)

st. D(P|Q)<D(S110Q). (34)

The following theorem collects the equivalent formulations associated with
the normalized log-linear combination S;.

Theorem 11. Consider the (ay, @2, Q1,Q2, Q)-normalized log-linear combina-

; (h1,01,41) (h2,02,42) . - .
tion S1 of Py |1X1:1x11 and PY2|2X23x22 n , and the (h%%, 0, 1)—szbs prob-

(ﬁﬂ Q’Qal)

A1 Ay

ability measure, denoted by PY|(X1 Xa)=(x1.x2)

m . Then, the following state-
ments are equivalent:

(i) For all y € suppQ,
ds,

- (y) =1 (35)
(h%lv%?’Q’l)
1 2
dPYl(XlsX2):(X1,X2)

(i)

Eﬂ Q,Q,l)

( T
D{5 PY|(§1,X22)=(X1,X2) =0. (36)

RR n°® 9613
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(iii) The probability measure S1 is the unique solution, if it exists, to the opti-
mization problem in .

(iv) The probability measure Sy is the unique solution, if it exists, to the opti-
mization problem in .

Proof: The proof is presented in Appendix [E} [ |

Theorem [11] establishes that the normalized log-linear combination §; and
(732 03)

the Gibbs probability measure P, & 2 both in A (Y), are identical.

. D Y1(X1,X2)=(x1,x2)’ . .
This observation implies that the normalized log-linear combination S is also the

solution to the optimization problems in and , if such solutions exist. In
particular, when @1 = a3 = 1 and Q and Q1 are identical, the optimization prob-
lems in and coincide with the optimization problems in and ,
respectively. More specifically, denote by So € ag, (¥) the (1,1,01,0Q2,01)-
normalized log-linear combination of pi-21) anq plh2:02.42) flapce, for all

Y1 | X1=x1 Y2|Xo=x2
y € supp Q1,
48, . exp (—%hl (x1,5) = 5 ha (xQ,y)) 37)
y =
00 [oxp (~ ki (11.9) - b2 (12.5) dQ1 5)
ke )
- _ YalXomxs () (38)
do, ’

where the equality in follows from Theorem [8; and the equality in
follows from Theorem [6} Using this notation, the following holds.

(h1,01.11)
2Py xXiovy A2)

Corollary 12. The nested Gibbs probability measure PY2|X2:X2 mn
and the Gibbs probability measure So in are identical. That is,

(h2, P CL) 25)
D52 PYz\X2=x2 = (39)

4 Applications in One-Shot Federated Learning

Consider a federated learning system in which K clients collaboratively tune
their local learning algorithms by communicating with a common server. Let
the sets M C R4, with d € N; X; and Y, denote some sets of models, patterns,
and labels, respectively. For all k € {1,2,...,K}, client k has n; training data

points (Xk,1,Yk,1)s - - -» (Xk,n»> Yk,n ), Which are elements of the set Z £ X x Y,
and form the dataset
2k 2 (k1 Y1) - - s (Cleongs Yieny)) € 2™ (40)
The aggregation of all local training datasets is denoted by
20 2 (z1,....25) € Z7°, (41)

Inria
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Server
E
2 i
i
—® A
- -
Figure 1: One-shot client—server communication system. For all k € {1,2,...,K},
(Lnk’ka/lk)

the Gibbs algorithm of client k, P®k|Zk=Zk , is defined in 7 and the measure
representing the aggregation at the server, Sk, is defined in .

with ng = Zfﬂ ng. Given a model 8 € M, the loss induced by such a model on
a data point (x,y) € Z is denoted by £(x,y,0), where £ : Z X M — [0, +o0) is
referred to as the loss function, which is assumed to be Borel measurable.

The empirical risk induced by a model with respect to an m-length dataset
is determined by the function

42
(2,0) — L 37 (xkis yhi0 0) - (42)

m

L {Z’"XM — [0.+c0)

A supervised learning algorithm trained upon ng-length datasets is repre-
sented by a conditional probability measure in A (M | Z"). A class of algorithms
that is central in this section is that of Gibbs algorithms. For all k € {1,2,...,K},
given a o-finite measure Q defined on M, a regularization factor A € (0, +c0),
and a fixed dataset z; € Z"k, the instance of the Gibbs algorithm at client k,
trained upon the dataset zi, is represented by the Gibbs probability measure

(Lny - Qs k)

@k|Zk:zk € AQk (M) . (43)

Consider the one-shot federated learning system (two communication phases)
described in Figure In the first phase, clients transmit their local Gibbs
algorithms to the server. During the second phase, the server aggregates these
local algorithms by means of a normalized log-linear combination and broadcasts
the resulting probability measure to all clients. More specifically, the server

RR n°® 9613
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defines the measure Sx € Ag (M) such that, for all € supp Q,

K (E)Lng .0k Ak) ak
l_[ k\ k=Zk — Oz (g
dSk . k=
dQ @)= gpLmeQid)  \™ (44)

K
/ ]_[ —eBm ()| do()
=1

K
exp (— Z %Lnk (Zk» 9))
= K a 9
/ exp (— Z _kl—nk (zk V)) do(v)

where, for all k € {1,2,...,K}, it has been assumed that Q < Q. The equality
in follows from iteratively using Theorem Moreover, from |31, Lemma 1],
it follows that the measure Sk is the unique solution to

(45)

K
. (€75
PerAanI(lM)/ (; ﬂLnk(Zk,a)) dP(@)+D (P || Q). (46)

The following corollary leverages this observation for introducing a choice of
parameters in that guarantees the achievability of centralized-performance
for the federated learning system depicted above.

Corollary 13. Assume that for all k € {1,2,...,K},

1 1
/l = — d = N 7
k n ; ana g n()/l() (4 )
for some g > 0 in . Then, for all 8 € supp Q,
1 (Lng-Q.0)
ds exp| 3 Lug(z0,6) dP@ -
o ®= z ) e (0). (48)

/ exp( ! m(zo,v)) aom

Corollary shows that the normalized log-linear combination of the K
algorithms independently obtained by the clients by training Gibbs algorithms
upon their local training datasets, namely the measure Sk in , is identical to
a Gibbs algorithm trained on the aggregated dataset zg. The main assumption
in Corollary [13]is that, for all k € {1,2,...,K},

425 N

= . 49
Ak npdo (49)
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This condition can be satisfied through several choices of the pairs (Ag, ag).
Interstingly, Ax is chosen locally by client k, whereas @y is chosen by the server.
In particular, the choice Ay = 1/n; depends only on the size of the local dataset
at client k. Under this choice, the condition reduces to aj; = ﬁ7 which is
independent of k. Hence, the server does not need any client-specific information
about the local datasets; it only requires the total number of samples ng and the
centralized regularization parameter Ag. In other words, in a one-shot federated
learning setting, this choice of parameters allows the server to achieve the same
performance than a centralized Gibbs algorithm trained on the aggregation
of all training datasets, by forming a normalized log-linear combination of
the locally trained Gibbs algorithms. In particular, this occurs by exclusively
sharing probability distributions on the set of models and not the actual data.
The feasibility of such a learning system is constrained by the possibility of
transmitting the corresponding Gibbs measures without distortion, which is not
possible in practice. This limitation is related to the practical issue mentioned
in [28]. The effect of such a distortion remains to be formally studied.

5 Conclusion and Final Discussion

In this report, three operations on Gibbs probability measures have been pre-
sented: renormalization, nesting, and normalized log-linear combinations. A
first result is that Gibbs probability measures are closed under renormaliza-
tion, nesting, or normalized log-linear combinations. In the case of nesting
and normalized log-linear combinations, the resulting probability measure is
the solution to an optimization of the expectation of a linear combination of
the original objective functions (one for each measure) subject to a relative
entropy regularization. This observation gives a common interpretation to two
operations that are defined differently: nesting operates through the reference
measure, whereas normalized log-linear combination operates directly on the
densities. More specifically, the same Gibbs probability measure can be ob-
tained either through a sequential construction (nesting) or through an aggregate
construction (normalized log-linear combination). This point of view is useful
in statistical learning problems in which objective functions, often represent
empirical risks. In such settings, the results show that combining several Gibbs
probability measures, via nesting or normalized log-linear combinations, can be
understood as combining the corresponding learning objectives. Applications of
the nesting operation in this context include decentralized learning and machine
unlearning [27}28|, while an application of normalized log-linear combinations in
federated learning is described in Section [

In general, the equivalence between nesting Gibbs probability measures
and log-linearly combining them (subject to normalization) further clarifies
this interpretation. More specifically, for a suitable choice of parameters, the
sequential construction obtained by nesting one Gibbs probability measure
within another yields the same probability measure as the aggregate construction
obtained by log-linearly combining them. This equivalence identifies the precise
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conditions under which both operations lead to the same measure. Overall,
these results provide a unified view of renormalized Gibbs probability measures,
nested Gibbs probability measures, and normalized log-linear combinations of
Gibbs probability measures. These results also highlight the importance of the
reference measure and the regularization factor in the design and interpretation
of Gibbs-based methods, particularly in applications where several objective
functions must be combined within a single regularized optimization problem.
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Appendices

A Proof of Theorem [1I

From Deﬁnition Ri in , the (a, Q, Q1)-renormalization of (h, 0, 1)-Gibbs

I h,Q.) . .
probability measure Pl(/l Xsz in , satisfies, for all y € supp Q1,

qph-2-0 @
Y|X=
(# (y)

a0
o - T (50)
/ (T" @)) a0 ()
___ (eplihnn Ko (-3) (51)
/ (exp (—%h(x&)—Kh,Q,x (—%))) 10; )
_ exp (—2h (x,y)) exp (@Kn,0.x (-3)) (52)
[ e (-Snem) dor (7 = (oKnoc (=3))
_ exp (—%h (x, y)) (53)
[ e (-5h0D) 0 ®
(h,01.2)
- % ). (54)

where the equalities in and follow from Definition |3 This completes
the proof.

B Proof of Theorem

From Definition [3] for all y € supp Q1, it follows that

(hg,P(hl’Ql’/ll),/lg)

Y11Xyp=x1 1
dPYZ\XzIXQ (y) _ exp( Ao h2(x2’ y)) (55)
ol 5 h1,01.11) (=
WPy Jexp (_%’W(X%y)) apy; llx?ixll)(y)
exp (—ihz(xg,y))
- 56)
(h1,0Q1.11) (
~ YilX1= N ~
J exp (~dhatnz. ) =45 ()01 ()

o (—%hg()@,y)) [ exp (—%fu(xl,f)) dQl()A’)/

B / exp (—%hg(xz,y)) exp (—%hl(xl,y)) dQl(f’)\
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From [9, Lemma 3] and [32, Theorem 2| the Radon-Nikodym derivative
dQ;

(h1,01,41)
dPY1 [X1=x1
follows that

is well defined and from [32, Theorem 4], for all y € supp Q1, it

pl Pl ) (k2 P2 42)
FalXa=z () = —LelXemxa D—22 () (58)
(h1,01,41) - d (h1,01,41)
dPYﬂXl:xl Ql dPY1|X1=X1

Combining and yields for all y € supp Q1

( 2,1[,‘(:1|1)-(Q:1)211)’/12)
d Yz»lxzzlxz1 '
10, ()
:( a0 ) exp (- harz)) [ exp (-2 1.5)) d01(5)
dP;ﬁfiﬁl) [ exp (—%hQ(XQ,)N}) - ﬁ/u(xl, f)) dQ1(y)
_dpphen e (~da(n ) [ exp (- D) 401
d0; [ exp (= haes,5) = i (1, 5)) Q1 ()
exp(Tllhl(xl,y)) eXp(712h2(x2,)’))feXp(Tllhl(xl’ﬂ)dQl(y) (6
feXp(Tllhl(xl’j’\))dQl(@ feXP(TZM(XQJ) —%lhl(xl,f))dQl(f’)

exp (—ﬁfn(xl,y) - ihz(xz,y))

(59)

1)

= (62)
Jexp (- (1, 5) = Hhax2,5)) 401 ()
(" -01)
1 2
_ dPY|(X1,X2)=(X1,x2) (y) (63)

d0,

where the equality in (60]) follows from [32, Theorem 5]; the equality in (61
follows from Definition (3} and the equality in follows from the Definition

and . This completes the proof.

C Proof of Theorem

From [9, Lemma 3], the following absolute continuity condition holds

(hz plh-Q1.11)

i ,/12)
Y11X1=x1 (h1,01,41)
Y2|X2:x2 < PY1|X1=X1 < Ql' (64)
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(h 1 .01, 1)
. e /12 . . .1s .
Moreover, since PYl(x1 Xo)=(x1.xy) 15 @ Gibbs probability measure with reference

measure 01, from |9, Lemma 3], it also follows that

(" gyon]
Q1 < Py (x, Xo)=(x100) < Q1 (65)
. o d0,
Thus, from |32, Theorem 2| the Radon—Nikodym derivative
(E; ;,Q1,1)
d /11 A2

Xﬁf (xl ,X2)
is well defined and from the multiplicative inverse of the Ra on—Nikodym

derivative |32, Theorem 5], for all y € supp Q1, it follows that

-1
(h 11 ,Q1,1)
d A1 A2

d =
- 01 () = Y|(X1(;1X2) (x1,x2) ) . (66)
(hi L,Q1,1) 01
dpy, L2

Y[(X1.X2)=(x1,x2)

Therefore, from Theorem |§| and the equality in , for all y € supp O1,

) e
Yo |Xa= Y2|X2= dQ1
S (y) = —= de2 (y)—— () (67)
(hﬂl i ,Ql,l) 1 (hll i ,Ql,l)
1 2 1 2
dPYl(Xl ,X2)=(x1,x2) dPYl(X1 ,X2)=(x1,x2)
=1, (68)

where the equality in follows from the chain rule of the Radon—Nikodym
derivative [32, Theorem 4] ; and the equality in follows from Theorem @
This proves (i).

Assume now that (i) holds. Then,

(h1,Q1.,41) h 1,011
P<h2 Y1IXq1=x1 Az ) ( %E o )
Y2 |Xo=x2 Y[(X1,X2)=(x1,x2)

( 9 P(hl,Ql‘al)’/lQ)

Y IX1=x1 (h1.Q1.41)
Ya|Xo= ha,P. e A2
= / log | ——— ) dPI(V2|X2§x';‘1 ' )(y) (69)
(7 gy on
1 2
dPY\(Xl,Xz):(xl,xz)
=0, (70)

which proves (4). Conversely, if (i7) holds, then from |9, Theorem 1] it follows
that

(h1,Q1.11) )
d (h2 PY1 1X1=x1 A2

Y2|Xo=x2

(fl/} L ,Q1,1)
112
dPYl(Xl ,X2)=(x1,x2)

(y) =1 (71)
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Therefore, (i) and (i) are equivalent.

(hQ, (h1,Q71y/11)’ 2)
Assume next that (i) holds. Then PYQ‘X;;Z(“” is identical to the

(E% 1, 01, 1)-Gibbs probability measure in . Hence, from |31, Lemma 1],
1’12

it is the unique solution, if it exists, to the optimization problem in . This
proves that (i) implies (%i).

Assume now that (744) holds. From |31} Lemma 1], the unique solution, if it
exists, to the optimization problem in is precisely the (ﬁ L 01, 1)—Gibbs

(EL L’Ql,l)

A1 Ao

probability measure PY‘(XI’XZ):(XI,)Q) in . Hence,

(h1,01.11) h ,01,1
(hQ’PY1IX1:X1 /12) ( e A )

— A1 A2
Y2 |Xo=x2 T YI(X1,X2)=(x1,%2) " (72)
Thus,
(22200 (74001
D PYzIXz:xz Q1|=D PY|(X1,X2):(x1,x2) 01 (73)

h1 ;,QLl)

. ( a1°a . T . 1e
Since PY|(§1,>§2):(X1,xz) is the (h%,%,Ql,l)—GlbbS probability measure, [31}

Lemma 4] implies that it is the unique solution, if it exists, to the optimization
(h2 p1-Q1.11) )

. Uypixi=xy . . . P .
problem in (28]). Therefore, PYQ‘ Xo=ra is the unique solution, if it exists,

to the same optimization problem. This proves that (%ii) implies (iv).
Assume finally that (iv) holds. From and (68), which follow from
Theorem @ [32, Theorem 5], and [32, Theorem 4], it follows that, for all y €

supp Q1,

(h1,Q1.11)
d (2’ Y11Xy=x1 ”12)
Y2 |Xa=x2

— (y) =1 (74)
hi 1 »Ql,l)

( RERED)
dPYl(Xl,Xz):(xsz)

This proves that (iv) implies (i).
Therefore, (i), (i), (iii), and (iv) are equivalent. This concludes the proof.

D Proof of Theorem

From the definition of Gibbs probability measures in , for all y € supp Q,

(h1,01,41) a1 dP(hz,Qz,/lz) @2
Y1 |X1=x1 Y2 |Xo=x2
— ) )

dQ; dQ»
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1 ! b
exp —Zhl (1, ¥) = Khy,01.:1

I
1 1)\
exXp _ZhQ (x2’ )’) - KhQ,QQ,XQ _E (75>

a (04
= exp (— /l—ihl (x1,y) - /l_th (xz,y))

1 1
€Xp (_al Khl,Ql,xl (_Z) - QQKhz,QQ,XQ (_E)) . (76)

Substituting the equality in into the normalized log-linear combination
of Gibbs measures in yields

ds1 exp (— Z—llhl (x1,y) — Z—;hQ (xz,y))
@ () =

/eXP (— %hl (x1,y) - j—jhz (mf)) do (y)

exXp (_alKhLQl,xl (711) _a'QKhz,Qz,xz (712))

(77)
C€Xp (_alKhLQl,xl (711) _QQKhz,QQ,XQ (712))
B exp (— Thi(x1,y) = Fhe (xg,y)) 78)
- a1 —~ (0%) PR
/GXP - —h1 (x1,y) = —=h2(x2,y)]dO ()
A1 Ao
[i5.5-04)
dpP
Y[(X1,X2)=(x1,x2)
= , 79
10 () (79)

where the equality in follows from Definition [3] This completes the proof
of .

E Proof of Theorem [11]

From Theorem |8 the normalized log-linear combination S; is identical to the

—~ hay ay.,0,1
hay o 1)— ibbs probability measure P, "1 "2 . Moreover, since
( ﬁ’ﬁ’Q’ G P Y Y|(X1,X2)=(x1,x2) ’
il\;til;tiz ,Q,1)
P, ;2 is a Gibbs probability measure with reference measure Q,

Y[(X1.X2)=(x1,x2) *
from |9, Lemma 3|, it follows that

[Pz 52-04)
1 2
Q < Py(x, Xo)=(x1.x0) < ©- (80)
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Thus, from [32, Theorem 2], the Radon-Nikodym derivative
dg

[Pz 52-04)
1 2
dPYl(Xl,X2)=(x1,x2)

is well defined and, from the multiplicative inverse of the Radon—Nikodym
derivative |32, Theorem 5], for all y € supp Q, it follows that

R -1
dQ dpy, )% X2 =(x1,
- () = I( 1dé) (x1 xz)( ) - (81)
(hﬂ Lz,Q,l)
ap\ T

Y[(X1,X2)=(x1,x2)

Therefore, from Theorem (8 and the equality in , for all y € supp Q,

ds ds do
— (y) = d—Q1<y> - () (82)
(Fax 52.04) (Far.327)
1 2 1 2
dPYl(Xl,X2)=(x1,x2) dPYl(Xl,X2)=(X1,X2)
-1
(P 52-04)
dsS; dPY|(?}1 X22):(x1 x2)
= > > 83
10 (y) 10 ) (83)
=1, (84)

where the equality in follows from the chain rule of the Radon—Nikodym
derivative [32, Theorem 4][; the equality in follows from ; and the equality
in follows from Theorem [8] This proves (%).

Assume now that (i) holds. Then,

(ﬁﬂ QsQ’l) ds
A1’ A2 _ 1
D(Sl PY|<X1,X2>:<x1,x2>)‘/1°g (r, Ql) () [dS1(y) (85)
a) ag,U,
PERVTY
dPY\(?él,X22)=(x1,x2)
=0, (86)

which proves (ii). Conversely, if (ii) holds, then from [9, Theorem 1] it follows
that

a5 o) =1 (87)

hay Q,Q,l)

( A1 A2
dPYl(Xl ,X2)=(x1,x2)

Therefore, (i) and (ii) are equivalent.
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Assume next that (7) holds. Then S is identical to the (ﬁ% 22,0, 1)—Gibbs
1742

0
a1 A2
Y[(X1,X2)=(x1,x2)"
unique solution, if it exists, to the optimization problem in (33]). This proves
that (i) implies (%4i).

Assume now that (%) holds. From |31, Lemma 1], the unique solution, if it

exists, to the optimization problem in is precisely the (il\% a2, 0, 1)-Gibbs
1’42

probability measure P Hence, from [31, Lemma 1], it is the

(EQ,Q,QJ)
probability measure PYI(A); ;?2):()61 )’ Hence,
(Far52-04)
— 1 2
$1= Py (%), X)=(r132)° (88)
Thus,
[Pz 52-04)
— 1 2
D (Sl “ Q) =D PY\(X1,X2)=(X1,X2) Q . (89)
(E‘LI Q’Q,l) A
. A1 . . . 1.
Since PYl(};lsXQ2):(x1»x2) is the (/’l%’%,Q,l)—Glbbb probability measure, [31]

Lemma 4| implies that it is the unique solution, if it exists, to the optimization
problem in . Therefore, S7 is the unique solution, if it exists, to the same
optimization problem. This proves that (iii) implies (iv).

Assume finally that (%) holds. From [31, Lemma 4], the unique solution, if it
exists, to the optimization problem in is precisely the (ﬁ%%, 0, 1)—Gibbs

hay ay,0,1

. Hence
Y[(X1,X2)=(x1,x2) ?

probability measure P

(’Alﬂ Q,Q,l)

A1 A2

S1= PY|(X1,x2):(x1,x2)'

(90)

Together with the absolute-continuity relation established above and the explicit
Radon—Nikodym derivatives in Theorem (8] it follows that, for all y € supp Q,

dsS;

- () =1 (91)
PERE
dPYl(Xl,XQ):(xl,xz)
This proves that (iv) implies (7).
Therefore, (i), (i), (iii), and (iv) are equivalent. This concludes the proof.
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