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Abstract

Novel characterizations of the integral Input-to-State Stability (iISS) property are provided for multistable systems with pe-
riodic dynamics in a part of the state. The concepts of i[SS-Leonov functions and output smooth dissipativity are introduced,
and their equivalence to the properties of bounded-energy-bounded-state and global attractiveness of unperturbed solutions are
proven. Furthermore, the strong ilSS property is examined in terms of the presented ilSS-Leonov functions. The proposed
approach represents a relaxed characterization of the iISS property for the considered class of systems, in contrast to conven-
tional results, since iISS-Leonov functions are not necessarily positive definite. Finally, the usefulness of the theoretical results
is illustrated by a robustness analysis of a synchronous generator with saturated control input.
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1 Introduction

New developments in power electronics, biological and
chemical systems involve the design of complex processes
with highly nonlinear dynamics, whose analysis requires
advanced approaches, for example, see [3,24]. In this con-
text, the Lyapunov function method has been accepted
as the main tool for the analysis of stability of dynami-
cal systems [8,19,21,26]. This approach offers an elegant
characterization of boundedness and convergence of the
system’s trajectories with respect to an invariant set via
the existence of a continuously differentiable (or at least
Lipschitz continuous) Lyapunov function, which is pos-
itive definite with respect to such an invariant set and
whose time derivative is negative definite along the tra-
jectories of the system under study.

* This paper was not presented at any IFAC meeting. Cor-
responding author Jesus Mendoza Avila.

Email addresses: Jesus.MendozaAvila@b-tu.de (Jesus
Mendoza-Avila), Denis.Efimov@inria.fr (Denis Efimov),
MercadoU@b-tu.de (Angel Mercado-Uribe),
Schiffer@b-tu.de (Johannes Schiffer).

Preprint submitted to Automatica

Classical results on Lyapunov stability are mainly ap-
plicable to systems with a single equilibrium point at
the origin. However, many engineering applications deal
with systems with multiple equilibria or invariant sets,
e.g., power or biological systems [3,11]. Hence, exten-
sions of the Lyapunov stability approach and related no-
tions have been developed for systems with several dis-
joint invariant sets [5,12,19,31]. Nevertheless, these ex-
tensions are far from being trivial, and require signifi-
cant modifications and relaxations of the employed sta-
bility notions, see for example [1,4,12,34]. Therefore, the
study of stability and robustness of strongly nonlinear
systems continues attracting considerable attention in
the control systems community.

The concept of Input-to-State Stability (ISS) [40] has
been found very useful for the analysis of robust stabil-
ity of nonlinear systems affected by external inputs, e.g.,
exogenous disturbances or measurement noises. More-
over, a weaker notion of ISS has been introduced with
the concept of integral ISS (iISS) [6]. Qualitatively, we
say that iISS is a relaxed property because it indicates
robustness against disturbances with finite energy, while
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the former implies robustness against bounded distur-
bances. Although iISS is referred to as a “weak” con-
cept, the results of [6] have shown that it is a natural
property of well-behaved systems, so that, it is indeed
a very useful notion. An intermediate property between
ISS and ilISS is called strong iISS [7]. This property is
a combination of ISS with respect to small inputs and
iISS, which means robustness against inputs with large
amplitude but bounded energy and any input with a
sufficiently small amplitude. Naturally, the connections
between ISS notions and the Lyapunov function method
have been widely studied, see for example the survey pa-
pers [9] and [41].

Recently, extensions of the ISS property in [2] and of the
iISS property in [18] have been developed for systems
with multiple invariant solutions constituting a decom-
posable set. ! These works provides necessary and suffi-
cient conditions for the global analysis of the correspond-
ing property in terms of the existence of a nonnegative
(taking zero values only at some elements of the decom-
posable invariant a set) and continuously differentiable
(in the manifold where the system evolves) ISS- or iISS-
Lyapunov function, respectively, with a negative definite
(with respect to such an invariant set) time-derivative
along the solutions of the system under investigation.

A particular class of systems with multiple equilibria
is formed by periodic dynamics with respect to a part
of the state. Some examples of this class of systems in-
clude the forced nonlinear pendulum [17], phase-lock
loops [24,25], microgrids [10,16,39], and power systems
[11,33]. Unfortunately, the aforementioned Lyapunov-
based approaches cannot be straightforwardly applied
for the study of stability and robustness properties of
this class of state periodic systems, then a more sophis-
ticated solution is required. For instance, the implemen-
tation of the results in [2] or [18] leads to the construc-
tion of periodic Lyapunov functions with respect to the
part of the state in which the system is periodic. This
fact represents a strong limitation and in the most of the
cases just local stability results can be obtained, see for
example [11,33].

Recently, the concept of 1SS-Leonov functions was in-
troduced in [15] as a fitting characterization of the ISS
property for multistable state periodic systems. Typi-
cally, ISS-Leonov functions are sign-indefinite, and their
derivative is required to be non-positive only in the re-
gion of the state space where the respective function is
nonnegative. Hence, they significantly relax the study of
the ISS property for multistable state periodic systems,
in contrast to the results of [2] based on ISS-Lyapunov
functions in the multistable sense. The result of [15] is
based on the so-called cell structure approach, which
provides a fitting tool to establish global boundedness

! In the sense of [31].

of solutions for unforced periodic systems with a scalar
periodic state variable [23] (see also [19,32,42]). Lately,
the work [14] presents a multivariable version of the cell
structure approach for systems that are periodic with re-
spect to multiple state variables and introduces the con-
cept of Leonov functions: sign-indefinite functions with
respect to the periodic states, radially unbounded with
respect to the non-periodic ones, and whose derivative
is sign-definite. This approach has been successfully ap-
plied to establish almost global stability properties of
power systems and microgrids in [36,37] and to ensure
global synchronization of networks of heterogeneous Ku-
ramoto oscillators in [29,30].

Then, motivated by [14,15] and [18], this paper is de-
voted to the development of a novel characterization
of the iISS property for multistable system with peri-
odic dynamics in a part of the state. For this purpose,
we present the concepts of an i[5S5-Leonov function and
output smooth dissipativity, and prove their equivalence
to the properties of bounded-energy-bounded-state and
global attractiveness of solutions in the absence of dis-
turbances. Those notions were introduced by [18] as an
appropriated definition of iISS for system with multiple
equilibria (including periodic dynamics). Partial results
of this research have been already published in [28]. The
novelty of this paper is summarized as follows:

e Detailed proofs of the equivalence between the intro-
duced properties and iISS notions in the multistable
sense are presented.

e Refinements on the definition of iISS-Leonov functions
are realized to strengthen the theoretical foundation
of our results.

e An extension of our main results that establishes a
connection between the proposed iISS-Leonov func-
tion framework and the original Leonov function ap-
proach of [14,35] is developed. This result may simplify
the application of the proposed approach in practical
cases, as it is illustrated in Section 5.

e The strong iISS property is examined in terms of iISS-
Leonov functions for multistable state periodic sys-
tems, completing the characterization of ISS related
properties within the Leonov function framework.

e The proposed approach is applied for analysis of ro-
bustness in a synchronous generator with saturated
control input.

The remainder of the paper is structured as follows. In
Section 2, the considered class of systems, useful defi-
nitions and preliminary results are presented. Section 3
contains the main results of our investigation. Section
4 is devoted to study the concept of strong ilSS in the
framework of iISS-Leonov functions. An analysis of ro-
bustness in a synchronous generator with saturated con-
trol input is developed in Section 5. The conclusions are
given in Section 6. Finally, the proofs of some of our re-
sults are presented in Appendices A and B.



1.1 Notation

N, Z and R stand for the sets of natural, integer and real
numbers, respectively. Furthermore, Ry = {z e R: z >
0} represents the set of nonnegative real numbers.

Following [21], we say that a function « : Ry — Ry is of
class K if it is continuous, strictly increasing and «(0) =
0. The function o : Ry — Ry is of class K if @ € K and
it is unbounded. Besides, a function o : Ry — Ry is of
class L if it is continuous, decreasing and lim;_, o a(t) =
0. Moreover, a continuous function 8 : Ry x Ry — R
belongs to the class KL if B(-,t) € Ky for each fixed
t € Ry, and S(s,-) € L for each fixed s > 0.

The notation DV (Z)v stands for the directional (or Dini)
derivative of a continuously differentiable (or locally Lip-
schitz continuous) function V' : R™ — R, in the direction
of the vector v € R", and evaluated at the point £ € R™.

For a vector £ € R™, |Z| stands for the Euclidean norm
and |Z|sc = maxi<;<n |Z;| represents the infinity norm,
which satisfies |Z]oo < |Z| < /n|Z|oo. Besides, for a
locally essentially bounded and measurable signal d :
R, — R™ the essential supremum norm is defined as
Id]| oo = ess sup;~q |d(t)], and the set of such signals with
a finite norm is further denoted by £72.

2 Preliminaries

Let amap f : M x R™ — T,M be continuously dif-
ferentiable with respect to its arguments, where M is
a n—dimensional smooth connected orientable Rieman-
nian manifold without boundary and T, M is its tangent
space. Then, consider the system

#(t) = f(x(t),d(t)), t =0, (1)

where z(t) € M is the state and d € L7 is an input
signal. Moreover, for any g € M and d € L7, we denote
by X (t, zo; d) the uniquely defined solution of (1) at time
t fulfilling X (0, zg; d) = xo. Together with (1), consider
its unperturbed version

(t) = f(2(t),0). (2)

In the sequel, the time variable ¢ will be omitted for
compactness, when the context allows it. Hence, a set
S C M is invariant for the unperturbed system (2) if
X(t,z0;0) € S for all t € R and for all zy € S. For
xo € M, the point y € M belongs to its w-limit (a-limit)
set if there is a sequence t;, lim;_, 4 o, t; = 400, such that
lim; s oo X (t5, 20;0) = y (limj 400 X (—t5,20;0) = y).
For any x¢ € M, the a— and w—limit sets of the unper-
turbed system (2) are invariant [20]. Furthermore, the
distance from a point x € M to a set S C M is defined
as |z|s = inf,cs @w(x,a), where the symbol w(z,x2)
denotes the Riemannian distance between x; and x5 in
M, |x| = |z|o for z € M (0 is a point selected on M).

2.1 Decomposable sets

Let A C M be a compact invariant set of the system (2).

Definition 1 [31] A decomposition of A is a finite and
disjoint family of compact invariant sets Ay, ..., Ay such
that A = UY_| A;. Each A; is called an atom.

For an atom A;, its attracting and repulsing sets are
given by

A(A;) ={z e M :|X(t,x;0)|p, — 0ast — +oo},
R(A;) ={z e M:|X(tx;0)|p, = 0ast - —c0}.

Definition 2 [31] Let Ay, ..., Ay be a decomposition of
A. For any i # j, the relation A; < A; means A(A;) N
R(A,) # 0. Then,

(1) An r-cycle (r > 2) is an ordered r-tuple of distinct
indices iy, ...,i, such that A;; < ... < A; < Ay

(2) Al-cycle is anindexi so that A(A;)NR(A;)\A; # 0.

(3) A filtration ordering is a numbering of A; so that
A; < Aj = i< J.

Following [20], the existence of an r-cycle (r > 2) implies
the existence of a heteroclinic orbit for the system (2).
Likewise, the existence of a 1-cycle implies the existence
of a homoclinic orbit for the system (2).

Definition 3 [2] The set A is called decomposable if
it admits a finite decomposition without cycles, A =
UK A;, for some nonempty disjoint compact sets A;,
which form a filtration ordering of A.

Then, we establish the following assumption for an in-
variant set W C M of the system (2).

Assumption 4 LetasetW C M containing all a— and
w—limit sets of (2) be compact and decomposable.

2.2 Robustness notions for multistable systems

The following notions of robustness have been intro-
duced by [2] and [18] for multistable systems like (1),
with an invariant set W satisfying Assumption 4 (for de-
tails on the standard ISS and iISS frameworks see [6,9]).

Definition 5 [2/ The system (1) has the practical
asymptotic gain (pAG) property if there exist v € Ko
and ¢y > 0, such that for all xg € M and alld € LT the
solutions are defined for allt > 0 and

limsup | X (¢, zo; d)|w < v(||d ) + c1.

t—o0

If ¢4 = 0, then we say that the asymptotic gain (AG)
property holds. Moreover, if d = 0, then the AG property
implies the so-called zero-global attraction (0-GATT)
property for the unperturbed system (2) to the set W.



Definition 6 [18] The system (1) is said to have the
uniform bounded-energy bounded-state (UBEBS) prop-
erty if, for some class K functions x,s and n, and a

positive constant co, the following estimate holds for all
t>0,allxzo e M andalld e LT}:

X([ X (t, zo; d)[w) < <(|$o|w)+/0 n(ld(s)|)ds +ca. (3)

Definition 7 [2] Suppose that the system (1) satisfies
Assumption 4 and possesses the pAG property. Then, it
is said to be ISS in the multistable sense with respect to
the set W and the inputd € L.

Definition 8 [18] Under Assumption 4, the system (1)
is said to be iISS in the multistable sense with respect to
W if it possesses the UBEBS and 0-GATT properties.

The lack of Lyapunov stability in the general case of
multistable systems is the main difference between the
classical notions of ISS and iISS [6,40] and the ones pre-
sented above. The importance of Assumption 4 to deal
with this issue can be appreciated in the following exam-
ple. Consider a system with a single equilibrium point
at the origin. If such a system is practically ISS but the
origin is locally unstable, there may exist a limit cycle
or a chaotic trajectory. We cannot say that the system
is ISS in the classical sense but it could be ISS in the
multistable sense, under Assumption 4.

Definition 9 [2,18/ A C' function L : M — R, is
said to be a practical ISS-Lyapunov function for the sys-
tem (1) if there exist functions a1, as, a3,y € Koo, and
scalars £,r > 0, such that, the inequalities

ar(|zlw) < L(z) < as(lzlw + 1) (4)

holds for all x € M, and the dissipation inequality
DL(z)f(z,d) < —as(|z|w) +(d]) +r  (5)

is satisfied for all (x,d) € M x R™. Ifr =0 in (5), then
L is said to be an ISS-Lyapunov function. Moreover, if
a3 s just a positive definite function and r = 0, then L
is said to be an iISS-Lyapunov function.

Next, we present an extract of the main theorems of
[2,18], which establish the equivalence between the afore-
mentioned robustness notions and the existence of prac-
tical ISS- and iISS-Lyapunov functions as in Definition 9.

Theorem 10 [2/ Consider a nonlinear system as in (1)

and let W be as in Assumption 4. Then, the following

properties are equivalent:

(1) pAG;

(2) AG;

(8) existence of a (practical) ISS-Lyapunov function;

(4) existence of an ISS-Lyapunov function L, such that
DL(z) =0 forallz € W.

Theorem 11 [18] Consider a nonlinear system as in
(1) and let W be as in Assumption 4. Then, the following
properties are equivalent:

(1) 0-GATT and UBEBS;

(2) existence of a smooth iISS-Lyapunov function L
such that DL(z) = 0 for all x € W;

(3) existence of an C* iISS-Lyapunov function L.

Remark 12 In Theorems 10 and 11, only compactness
of the set W is necessary from Assumption 4 to show
that the existence of an ISS- or iISS-Lyapunov function
L, such that DL(z) = 0 for all x € W, implies the rest
of the properties, respectively. Indeed, decomposability of
the set W can be proven with this kind of ISS- or i1SS-
Lyapunov function (see the proof of [2, Claim 3]). How-
ever, the converse results require all conditions of As-
sumption 4. Particularly, the equivalence of the pAG and
AG properties is based on the decomposability of W (see
the proof of [2, Claim 4]).

2.3 Boundedness of solutions of state periodic systems

In this subsection, we start by assuming that f : R™ x
R™ — R™in (1) and (2), and we will denote its argument
by £ € R". Consider k,q € N, such that n = k + q.
Let 2 € R* and 6 € RY be two subsets of the state 7,
ie., Z = (Z,0) € R". Then, let us establish the following
special feature over the system (2):

Assumption 13 The vector field f in (2) is 2w —periodic
with respect to 0, i.e., for all & = (2,0) € R™

f(iao):f(i'+£j70)a (6)

where & = [0] 275 T]T € R™, with 0y, being a zero vector
of dimension k and j € 74.

The systems that satisfy Assumption 13 are called state
periodic systems. Under this assumption, we can define
a manifold M = R* x S, where S is the unit sphere,
and a projection P : R™ — M, that is just a modulus
of the 0 coordinates over 2. Therefore, for any & € R™
we have P(Z) = x, where x = (2,0) € M, with z € R¥
and 0 € S9. Hence, the system (2) can be embedded

in a manifold M, i.e., its solutions X (¢,Zp;0) € R",
with Zop € R"™, can be projected to the trajectories
X(t,x0;0) € M, with g = P(Zo) € M, by applying
X(t,20;0) = P(X(t,%0;0)), such that both solutions
are defined on the same time interval. Similarly, the set
W C R”, containing all a— and w—limit sets of the sys-
tem (2), can be projected to W C M by using the peri-
odicity of the last ¢ variables. Note that W can be com-
pact in M but the set YW becomes unbounded in R"™.
Moreover, |Z],;, = inf .3 [Z — y[ represents a distance

from a point & € R" to the set W, where || = 17| {03



is the usual Euclidean norm for a vector £ € R". Since
the elements of the set W are uniformly distributed in
the whole R™ due to the periodicity of (2), then we have
|z|w = |Z|,; provided that P(Z) = .

Remark 14 In Assumption 13, we can consider any in-
terval of periodicity. For a very general case, we can de-
fine a matrizx A = diag(Ay, Ag, ..., 4y), with A; > 0
(i=1,...,q), such that the system (2) is assumed to be
A—periodic with respect to 0, i.e., for allz = (Z,0) € R™:

f(2,0) = f(z +&;,0), (7)

where & = [0f (Aj)T]T € R™ with j € Z9. Then, the
vector field f can exhibit different kinds of periodicity in
each component of the vector 6 € RY.

Now, consider a change of coordinates § = ST, where
S = diag(Ix, 2n A~1Y), with Iy, being the identity matriz
of dimension k. The system (2) in coordinates § becomes

ij=Sf(S71§,0)=Sf(S7 (7 +§5).0),

where & = S& = [0f 2mjT|". Thus, the vector field
f(-,0) is A—periodic in coordinates &, and 27— periodic
in coordinates §y. Hence, without loosing generality, we
only consider 2m—periodicity in Assumption 13.

The cell structure approach allows us to establish bound-
edness of solutions for state periodic systems satisfy-
ing Assumption 13 for ¢ = 1. It was introduced by
[23] and [32], independently, and further developed by
[19,42]. This approach can be seen as a fine handling
of attractiveness and periodicity, which leads to bound-
edness of trajectories. That is, the existence of a sign-
indefinite function Up(Z), whose time derivative satis-
fies Up(Z) < —20Uy(Z) for all t > 0, where ¢ > 0,
implies attractiveness and forward invariance of the set
Qo = {& € R™ : Up(&) < 0}, i.e., X (t,%0;0) € Qp for all
t € [0, +o0] provided that &y € €. Then, the functions
U;(@) =U;((2,0)) = Up((2,0 + 2mj)) are defined for all
j € Z, and by the periodicity of (2), it is proven that
the sets Q; = {# € R" : U;(z) < 0} are also attractive
and forward invariant. Finally, it is shown that the in-
tersections of the sets 2; form a kind of cell cover of the

domain of the variable 6, where each cell is isolated, at-
tractive and forward invariant. Hence, for any 2, € R™,
the solution X (t,Zg) of (2) asymptotically enters and
remains in one of those cells.

Recently, the works in [13,14] introduced the concept
of Leonov functions to develop a generalization of the
cell structure approach for systems whose dynamics are
periodic with respect to multiple state variables, i.e., for
the case when the system (2) satisfies Assumption 13 for
g > 1. These results have been further extended in [35].

Consider the sets: U = U,ez, Uy, where U, = {Z =
(2,0) € R" : |0|oo = 2rm, f(2,0) =0}, and V D {Z €
R" : ¢ < |0]s0 < &} for some ¢ € (0,27) and ¢ € (m, 27),
with ¢ < ¢. Additionally, the equilibrium set of (2) is
given by D = {Z € R" : f(z,0) = 0}, and consequently,
U C D C . Then, let us present the following corollary
from [35].

Corollary 15 [35] If for the system (2), under Assump-

tions 4 and 183, there exists a C' function U : R® — R

satisfying
U(0) <0,

inf U(F) <0, inf UF) >0,
zeU\Uo zeV

and a dissipation inequality
DU (%) f(z,0) <0, VZ e R"\{DU{z € R" : U(z) < 0}},

then for all £y € R™ the corresponding trajectories

X(t,Zo) are bounded for allt > 0.
2.4 ISS-Leonov functions

The concept of practical ISS-Leonov functions was orig-
inally introduced by [15] as a fitting characterization
of the pAG property for multistable state periodic sys-
tems. In general, practical ISS-Leonov functions are sign-
indefinite and non-periodic permitting to address global
analysis of the ISS property for the system (1) with
respect to W, under Assumptions 4 and 13. Here, we
present a refined definition of practical ISS-Leonov func-
tions. To this end, let us introduce a set W C W (then

W and W are their projections in R™, respectively).

Definition 16 A C' function V : R® — R is said to
be a practical ISS-Leonov function for the system (1) if
there exist functions 91,92, 01,71, \1 € K, and scalars
g1,41,m1 > 0, such that the inequalities

91(1Z)y50) — 01(|9~|) — g1 <V(2) <Io(|T|)30 + 1) (8)
hold for allz = (2, 9~) € R™, and the dissipation inequality
DV (2)f(z,d) < =M(V(Z)) +n(d]) +m  (9)

holds for allz € {x € R™ : V(&) > 0} and all d € R™.
If the latter inequality holds for ry = 0, then V is said to
be an ISS-Leonov function.

The definition of practical ISS-Leonov functions in [15]
considers g; = 0, W = W, and the dissipation inequal-
ity (9) holding for all £ € R™, with A; € K only
for nonnegative arguments. Thus, Definition 16 enlarges
the family of practical ISS-Leonov functions. The next
Lemma validates the effectiveness of ISS-Leonov func-
tion as in Definition 16 to characterize the ISS property
in the multistable sense.



Lemma 17 [15] Let Assumptions 4 and 13 be satisfied
by the system (1) and its invariant set W. Then, the
ezistence of a practical ISS-Leonov function implies the
pAG property with respect to W.

PROOF. The proof of Lemma 17 was originally given
in [15] by using a more restrictive class of practical ISS-
Leonov functions. Now, let us show that the same proof
can be repeated with a practical ISS-Leonov function
V :R™ — R as described in Definition 16.

Take Ty € R™ and consider a solution X(t, Zo;d) of the
system (1), which is defined at least locally in time for
t € [0,T), with some T > 0. Then, we split this interval
of time as [0,T) = T4 UT_, where

Ti ={t€[0,T): V(X(t,Z0;:d)) > 0},

T_={t€[0,T): V(X(tZo;d)) <0}

Notice that for any ¢ € 7_ and any isolated ¢ € T3 we
have V(X (t,Zo;d)) < 0. Hence, from (8) we obtain

911X (t, 203 d) y3) < 01 (16(2)]) + g1 (10)

If t € T+ is not an isolated element of 7, then there is
an interval [ts,t.] C T with V(X (¢,Z0;d)) > 0 for all
t € [ts,te]. Therefore, on [ts,t.] the function V satisfies
the definition of practical ISS-Lyapunov functions and
we can apply the standard results of the ISS theory [41].
Accordingly, there exists a function 8 € KL such that

for all ¢t € [ts,te]:

V(X (t,&0;d)) < B(V (X (ts, Zo:d)),t — tg)
+ AT M (lldllso) + 1) (11)

By definition, if ¢, = 0, then V(X(ts,fo; d)) > 0, while

if ts > 0 then V(X (ts,%0;d)) = 0. Hence, combining
(8), (10) and (11), we have for all ¢ € [0, T that

01 (1 X (t, 203 d)|yz0) < BV (Fo),t) + a1 (10(2)])
+g1 + AT (M (ld]lso) + 71),

Then, consider the projections of the trajectory
X(t,i0;d) € R™ to X(t,z9;d) € M, and the set
W' C R™ to W C M. Therefore, |X(t,Zo;d)|\; =
| X (t,z0;d)|yw+, and the latter inequality is also
satisfied in M. Moreover, since W' C W, then
| X (t,zo;d)w < |X(¢,20;d)| . Besides, due to com-
pactness of the set W, there exists a constant b > 0,
such that |zo|lws < |zolw + b. Thus, since ¥; € Ko and
B € KL, we obtain

D (1X (8, Zo; d)|w) <BW2(|zolw + b+ ), 1) + g1
+a1(100)]) + A (i (lldllo) + 1)

After this step, the proof of [15, Lemma 1] can be re-
peated just as it was originally developed. O

3 Main results: iISS-Leonov functions and
equivalent properties

Inspired by [14,15] and [18], we present the following two
definitions as new characterizations of the iISS property
in the multistable sense for periodic systems evolving in
R™. Recall the set W C W.

Definition 18 A C! function V : R® — R is said to
be an iISS-Leonov function for the system (1) if there
exist functions 93,04, 02,72 € Koo, a continuous positive
definite function Ao : Ry — Ry, and scalars ga, €2 > 0,
such that for all T = (Z,0) € R":

D3(|Z| 1) — 02(10]) — g2 < V(&) < Dal|E] )3 +62), (12)
and a dissipation inequality
DV (2)f(z,d) < =A(V(2)) +72(ld]) — (13)
holds for allZ € { € R™ : V(%) > 0} and d € R™.

Definition 19 The system (1) is said to be output
smoothly dissipative (OSD) if there exist a C' function
V : R™ — R, functions ¥3,04,092,73 € Ko, a contin-
wous nonnegative function A\g : Ry — Ry, constants
g2,¥2 > 0, and a continuous output map h : R” — RP,
such that V' satisfies inequality (12) for all & € R™, and
a dissipation inequality

DV (2)f(#,d) < =As(|h(@)]) +s(ld])  (14)
holds for all € {Z € R™ : V(&) > 0} and d € R™.

These two definitions have been introduced in [28] for
the case W' = W. However, due to Assumption 4 we
have that |Z];, < |Z|,;, < |%|); + b for some b > 0.
Hence, the present versions are more general.

The next two lemmas represent the key contributions of
this work. Their proofs are presented in Appendix A.

Lemma 20 Let Assumptions 4 and 13 be satisfied by the
system (1) and its invariant set W. Then, the existence
of an iISS-Leonov function for (1) implies the 0-GATT
and UBEBS properties with respect to W.

Lemma 21 Let Assumptions 4 and 13 be satisfied by the
system (1) and its invariant set W. If the system (1) is

endowed with the OSD property, then it also possesses
the 0-GATT and UBEBS properties with respect to W.

Our main result about the characterization of the iISS
property for periodic system by iISS-Leonov functions
is established in the next theorem.



Theorem 22 Let Assumptions 4 and 13 be satisfied by
the system (1) and its invariant set W. Then, for the
system (1) the following properties are equivalent:

(a) 1ISS property in the multistable sense with respect
to the set W;

(b) existence of an iISS-Leonov function;

(c) existence of an oulput function that makes the sys-
tem OSD.

PROOF. By Definition 8, the system (1) is said to have
the iISS property in the multistable sense if it satisfies
the UBEBS and 0-GATT properties. By Theorem 11,
we have that if the system (1) possesses the UBEBS and
0-GATT properties with respect to the set W, then there
exists a C! iISS-Lyapunov function L : M — R, as in
Definition 9 where M = RF x S%. Due to periodicity
of the vector field f in (1), L is also 2w —periodic with
respect to 8 € RY,i.e., L((z,0—2mj)) = L((2,0)) = L(Z)
where j = [j1,...,jq] € Z9. Hence, from Definition 9 we
have that for all Z = (Z,0) € R™ and all d € R™:

a1 (12yy) < L(7) < aa(|Zyz + 0), (15)

and

DL(2)f(z,d) < —as(|zly) +~(d]),  (16)
with W being extended from W C M to R™ by using
the periodicity of (1) in 6, and considering |z|yy = |Z|3,.
Clearly, L satisfies all conditions of Definition 19 with
W' =W, h(z) = a3(|Z]);), and Az equal to the identity
function. Thus, we conclude that (a) implies (c).

From (15), we can see that L(#) < ay(¢) for all # € W.
Hence, consider a constant go > a(2¢) and the function

V(&) = L(Z) — ga, such that V(&) < 0 for all & € W, and
a1(|Z]yy) — g2 < V() < a2(2(Z]y5), (17)
for all € R™. Moreover, by invoking [6, Lemma IV.1]

)
we have that for the positive definite function ag in (16)
there exists az; € Ko and aszo € L, such that

as3(1Z]yy) > as1(|Z])3)as2(|Z]15)-

Then, considering (17), we define the function

as(s) = a31(0.5a; ' (s))asz(a; ' (2max{s, g2})),

which is positive definite and satisfies the condition
a3(V(2)) < as(|z|y;) for all 2 € {# € R™ : V(z) > 0}.
Therefore, from inequality (16) we obtain

DV (z)f(2,d) < —as(V(2)) +~(d]),  (18)
for all Z € {# € R™ : V(%) > 0}. Due to (17) and (18),

we can say that V satisfies Definition 18. Thus, it is an
iISS-Leonov function for (1). Then, (a) implies (b).

From Lemma 20, we have that the existence of an iISS-
Leonov function for the system (1) implies that it admits
the UBEBS and 0-GATT properties with respect to W.
Then, by Definition 8 and Assumption 4, we can say that
the system (1) has the iISS property in the multistable
sense. Therefore, (b) implies (a). Similarly, by Lemma 21
we can conclude that (c¢) implies (a). Finally, all equiva-
lencies have been justified, which completes the proof.[]

Remark 23 Note that Definition 19 allows to set
A3 = 0. This condition is equivalent to the so-called
zero-output smooth dissipativity (0-OSD) property [6].
In general, 0-OSD is not a characterization of the clas-
sical iISS property but we can see in the proof of Lemma
21 that it is enough to conclude the UBEBS property for
the system (1), under Assumption 13.

Remark 24 In results based on iISS-Lyapunov func-
tions, the 0-GATT property is concluded by using a weak
zero-detectability condition [18]. Differently, the conclu-
sion of 0-GATT in the previous results based on iISS-
Leonov functions is obtained by exploiting Assumption 4.

Now, let us introduce the following assumption.

Assumption 25 For the system (1), there exists a func-
tion € € Koo, such that | fo(Z,d) — fo(Z,0)] < e(|d]) for
allz € R™ and d € R™, where fy denotes the compo-
nents of the vector field f describing the dynamics of the
periodic states 6.

Then, by combining Corollary 15 with Definition 19 and
Lemma 21, we present the following theorem, which re-
laxes the conditions for the function V' in Definition 19,
and may simplify the verification of the OSD property
in practice, as we can see in the case study of Section 5.
Recall the sets U, V and D defined before Corollary 15.

Theorem 26 Let Assumptions 4, 13 and 25 be satisfied
by the system (1) and its invariant set W. If there exist
a C! function V : R® — R, functions ¥s5,0¢,03,7v1 €
Ko, a continuous positive definite function Ay : Ry —
R, constants gq4,03 > 0, and a continuous output map
h: R™ — RP, with h(Z) = 0 if and only if |T|5 = 0, such
that the conditions

U5(12]) — o3(10]) — 92 < V(&) < J6(|Z] + £5),

V(0) <0, (19)

inf V(&) <0,
TeU\Uo

%rg; V(z)>0

hold for allz = (2, é) € R", and the dissipation inequality
DV (2)f(z,d) < =Ma([h(Z)]) +ya(ld])  (20)

holds for all & € {& € R™ : V(%) > 0} and d € R™,

then the system (1) possesses the 0-GATT and UBEBS
properties with respect to WW.



The proof of Theorem 26 is given in Appendix B. Note
that the function V() in Theorem 26 satisfies all con-
ditions of Corollary 15 for d = 0, therefore it allows us
to ensure that the trajectories X (¢, Zo;0) of the system
(2) are bounded for all 5 € R™ and ¢ > 0.

4 Relation with the strong iISS property

The most typical scenario in practice is that processes
are affected by both signals with large amplitude but
bounded energy (such as impulse modeled signals), and
persistently exciting signals of small amplitude (such as
noise). For the study of these cases, reference [7] intro-
duces the strong iISS property as the combination of ISS
with respect to small inputs and iISS. Let us empha-
size that ISS with respect to small inputs is a stronger
condition than local ISS since the former implies global
asymptotic stability in the absence of perturbations and
the latter is a local property in both the state and the
input. The extension of the strong iISS property for mul-
tistable systems is given in [18] as the fusion of the iISS
property in the multistable sense (Definition 8) and the
AG property for small inputs (i.e., when Definition 5
holds only if ||d||o < R for some R > 0):

Definition 27 The system (1) is said to be strongly iISS
in the multistable sense if it has the UBEBS property
with respect to VW, and there exists k € K and a constant
R > 0, such that

ldllo = B == Timsup [X(t, z0; d)jw < A([ld]|), (21)
—00

forallzg € M and alld € LT.

Remark 28 Since the 0-GATT property is a conse-
quence of inequality (21), Definition 27 is equivalent to
the original definition of strong iISS introduced by [18].

The following result provides sufficient conditions for
verifying the strong iISS property by means of iISS-
Leonov functions.

Lemma 29 Let Assumptions 4 and 13 be satisfied by
the system (1) and its invariant set W. If there exists an
1ISS-Leonov function V : R™ — R as in Definition 18
with the dissipation inequality (13) admitting a function
A2 of class KC, then the system (1) has the strong iISS
property with respect to V.

PROOF. From Definition 18, recall the functions
U3,04,02,72 € Ko, A2 : Ry — R4, and the scalars
g2, ¢ > 0. Note that the condition Ay € K represents a
particular case of Definition 18. Therefore, the 0-GATT
and UBEBS properties are established by Lemma 20.
Now, we only have to show that inequality (21) is sat-
isfied by the system (1), which is equivalent to the AG
property for small inputs.

To this end, let us select a constant R > 0 such that
Y2(R) < FA2(400). Accordingly, Az is invertible in
[0,272(R)]. Next, consider ||d||cc < R, and from the
inequality (13) we can see that if V() > Ay ' (272(|d])),
then we get

DV(@)f(F,d) < —ha(V(2)). (22)
Consequently, the set {# € R : V(%) < Ay (272(/d]))}
is globally attractive and forward invariant for the tra-
jectories of the system (1).

Now, recall that g is the dimension of the periodic state
variable 6. So, denote by j € Z? a multi-index vector,
and let us check the behavior of the functions V;(Z) =

V((2,0 — 27j)) for any j € Z9 (ie., Vo(Z) = V(F)).
First, note that |%,5, = [(£,0) = (3,0 — 275)|y3
and f(i,d) = [((2,0),d) = f((%,0 — 27j),d) due to
Assumption 13. Hence, from (12) and (22) we have

I3(|&ly3) — 02(10 — 2mj]) — g2
< V(@) < da(|Z]15 +£2),  (23)

for all Z = (%,0) € R, and for ||d||oc < R, the condition
Vj(&) > A3 ' (272(]d|)) implies

for any j € Z9. In consequence, we can say that the
set Qg = Njeza{@ € R™ : V(%) < A\ ' (272(]d]))}, with
ld]|oe < R, is globally attractive and forward invariant
for the system (1). Hence, for any &g € R™ \ g4, the

trajectory X (¢, Zo; d) enters to §24 in a finite time Ty, and
remains there for all future time. Next, from (23), we get

P3(1X (¢ 7o d)lyi) — 02(10() — 27j]) — g2
< Vi(X(t, Zo5 d)) < A3 (2ya([d(8)]),

for all X (t, Zo;d) € Qq, such that

Da(1X (1, 30i d) i) < A3 (222(1d()))
+03(18(t) — 27j]) + g2

Since this inequality is satisfied for all possible j, then
we can take the minimum with respect to j of its right-
hand side. Note that it is composed of three indepen-
dent terms, which can be minimized separately, and
only one of them depends on j. Since by construction
minjezq [0(t) — 27| < \/qm, we have

931X (¢, %o d)]y3) < Az ' (272(1d(1)])
+ 91+ 02(Vam), (24)

for all t > Ty, %o € R and ||d||o < R.



Now, by Assumption 13, we have that for any o € R™
the solution X(t,Zo;d) € R"™ can be projected to
the solution X (t,z9;d) € M, such that, both solu-
tions are defined on the same time interval. Also, the
set W C R"™ can be projected to W C M. Hence,
| X (t, Zo;d)|\; = |X(t,20;d)|wr, and we can say that
inequality (24) is also satisfied for the trajectories
in M. Next, recall that W C W, therefore we have
| X (¢, zo; d)w < | X (t,x0;d)|wr. Thus, (24) implies that
Definition 5 is verified with v(-) = 95227 (272(+))
and ¢; = U3 (2(g2 + 02(y/gn))). Hence, we conclude
that the system (1) has the pAG property with respect
to W, provided that ||d||cc < R. Moreover, the result
of [2, Claim 4] establishes the equivalence between the
PAG and AG properties for systems evolving in M, with
the set W satisfying Assumption 4. Then, we can say
that the system (1) has the AG property with respect
to W for all zp € M and ||d|e < R. O

The function Ay in inequality (13) is called the dissipa-
tion rate. The proof of Lemma 29 shows that if the dis-
sipation rate of an iISS-Leonov function is of class I,
then it is possible to prove the AG property for small
inputs for the system (1). However, the converse may
not be true, i.e., if the system (1) is strong iISS, the
corresponding iISS-Leonov function does not necessar-
illy have a class K dissipation rate. Recall that the con-
verse results in Theorem 22 are proven by using iISS-
Lyapunov functions, and the previous assertion has been
supported through a counter-example based on iISS-
Lyapunov functions in [7].

The hierarchy of ISS-related notions establishes that the
iISS property is a special case of the ISS property, and the
strong iISS is an intermediate property between them.
Thus, we can unify Definitions 16 and 18, and Lemmas
17, 20 and 29, such that the existence of a function V :
R™ — R as in Definition 16 with a dissipation rate:

o of class K implies ISS for the system (1),
e of class K implies strong iISS for the system (1),
e positive definite implies iISS for the system (1).

5 Applying the iISS-Leonov function approach
to assess the iISS properties of a synchronous
generator with saturated control input

Consider the classical representation of a regulated syn-
chronous generator by a constant voltage behind tran-
sient reactance, and whose turbine is connected to a gov-
erning system equipped with droop control, which allows
to manage its mechanical power output Pp; and speed
wps- As usual, we assume ideal governor dynamics, and
a linear relationship between the valve position and the
mechanical power. Recall also that the mechanical speed
w)y is related to the electrical speed w via w = 0.5pjways,

d
PM

Governor

Transmission
Synchronous Line )
Generator Infinite
Bus
Fig. 1. Block diagram of a synchronous generator connected
to an infinite bus.

with p; being the number of machine poles. Moreover,
the synchronous generator is connected to an infinite bus
through a transmission line, whose impedance is purely
inductive with a susceptance B < 0. Figure 1 shows a
block diagram of the described system. The active power
flow is given by

P(t) = GsE% + |B|EsEp sin(4(t)),

where Gg > 0 represents the self-admittance, and
Egs, Ep > 0 denote the voltage amplitudes of the syn-
chronous generator and the infinite bus, respectively.
Besides, §=0-06p represents the difference between the
phase angle of the synchronous generator § and the one

of the infinite bus d5. Thus, @ = & represents the dif-
ference of their frequencies (recall that the infinite bus
has a constant frequency). Under the aforementioned
conditions, the droop control takes the form

ug = Pu(t) = Py — ko(@(1)),

where k > 0is a proportional gain, and P, > 0is the ref-
erence setpoint for the mechanical power. Furthermore,
¢ : R — [—1,1] is a continuously differentiable and non-
decreasing function, satisfying ¢(0) = 0 and sp(s) > 0,
for all s # 0, e.g., ¢(s) = tanh(s) or (s) = 1375 This
means that the control input ug is saturated. Finally,
we denote by M > 0 the inertia coefficient, and consider
a zero damping term. Then, a simplified mathematical
model for the described system is given by

(t) = (),

Mé(t) = —Asin(6(t)) — kp(@(t)) + ¢ + %

(25)

where A = |B|EsEp, ¢ = P, +GsE%, with || < k, and
d € L is a perturbation that becomes negligible if the
generator phase angle significantly deviates from the bus
one. In the sequel, the time argument of all variables will
be omitted for compactness. The system (25) and the
steps of modeling were adapted from those presented in
[38] (see also [22,27] for further details about modeling
and control of synchronous generators).

Now, for |¢| < A and d = 0, the system (25) has equi-
libria in the manifold {[6,0] € R? : —7 < § < 7} at



the points [0g, o] T = [asin(cA™1),0]T and [5),@)]T =
[ — asin(cA~!),0]"T. Then, consider the coordinates

¢ = [¢1,¢]T € R2, where ¢; = 6 — & and (o = &. The
system (25) in coordinates ¢ becomes
Go= G
, J (26)
MG = —A¢(C1) — ko(C2) + sl

where ¢(¢1) = sin(Cy + o) — sin(dp). Let us define the
set Wse = {[27m,0] T U [(1 +2j)7 —26,0]" : j € Z},
which contains all equilibria of the system (26). Hence,
for this case we have D = Wgq.

We define \C&/SG = (2 + ¢?(¢1) as the distance from the

trajectories of (26) to the set Wsg, and [¢|> = (3 4¢3 as
the distance from the trajectories of (26) to the origin.

Now, we apply the methodology develop in Section 3 to
verify the iISS properties of the system (26) with respect
to the set Wgqg. To this end, consider a iISS-Leonov
function candidate of the form

V(Q) = 5 G+ ed(G) plG2) -

+ % (cos(so) —cos((1 + 50))»

C
as

where € > 0 is a constant parameter. Next, we define

0(C1) = A (cos(dg) — cos(¢1 +00)) — 1 — 10 A%, then
0'(¢1) = A sin(G + do) —c —v AL,
0"(C1) = A cos(Ci + do) — v A

Note that the equation ¢'(¢;) = 0 has a solution at ¢; =
0. Moreover, the equation ¢”({1) = 0 has no solutions
for v > 1. Hence, ¢'((1) is strictly decreasing in such a
case. Thus, (; = 0 is the unique solution to the equation
0'(¢1) = O0for v > 1. Since the inequality ¢”(0) < 0 holds
for v > 1, then we can conclude that {(; = 0 is a global
maximum of the function ¢(¢1), and o(0) = 0. Therefore,
we have that o(¢1) is negative definite for v > 1, which
implies that A (cos(do) — cos(¢t + 00)) — ¢y < 1vAG
under such a condition. By using similar arguments, we

can obtain A (cos(d) — cos(¢y 4 80)) — ¢y > —3vAG
for v > 1 as well. Therefore, we get
3G =355 —2e <V < 3G+ 55 ¢+ 26 (27)

for all ¢ € R?, where v > 1.

Now, the derivative of the function V' along the trajec-
tories of the system (26) is given by

—(& — €ecos(C1 + 00)) G2 (C2) —
— <k (G2) (C1) p(C2) +

A () (Gr)

ep (C2)¢(C1)A+C2 d
M (1+|¢1+00])
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Since the function ¢((2) is non-decreasing and bounded,
we have ¢'(¢2) > 0 and ¢'((2) vanishes as |(2| grows
up. Moreover, by using Young’s inequality, we obtain
20(C1) (C2) < ¢?(C1) + ¢*(¢2). Therefore, we have

V() <= (37 —€) o(G) + 337 ¢'(¢2) ¥*(C2)
— 3¢ () (24 — k)¢ () + i Alate

Due to the function ¢({z) is continuously differentiable
and bounded, we can find two constants A > 0 and

Lp{'nax >0, such that |(P(C2)| < A‘C2| and |L,0/<C2)‘ < (pinax
for all (5 € R. Hence, we obtain

- 7EkA¢‘“ax) G2 <P(C2)

M(1+|C1+50|)

V) - (& -
7579 (C2) 2A — k)9*(C1) + <

Now, consider the set Q = {¢ € R? : V(¢) > 0} and the
auxiliary function

W(C) ={

which is a continuous function since W(¢) = V({) =
In(1 + V(¢)) = 0 for all ¢ € 99, where I denotes the
boundary of Q. Note that the term In(1 + V(¢)) is well-
defined for all ¢ € €2, and by properties of the natural
logarithm, we have 0 < In(1 + V(¢)) < V() for all
¢ € Q. Besides, since In(1+|s]|) is a Ko-function, we can
deduce the inequality

In(14+V(¢)) for ¢ € Q,
for ¢ € R?\ ,

In(143 ¢3) < In(143 (3 — 257 (7 —2¢)+HIn(1+ 25 (T +2€),

where the argument of the first logarithm in the right-
hand side is nonnegative on the set . Accordingly, we
obtain from (27) that for all ¢ € R?:

(¢ —2e <W(C)
< = max{l

In(1+§G3) — 541
LAt ¢ + 26 (28)
Define the set U = {[2jm,0]T : j € Z} for the sys-
tem (26). Being that V' ([0,0]) = 0, and V([2j7,0]) < 0
for a sufficiently large positive value of j € Z, we have
that W ([0,0]) = 0, and

inf W(¢) <0.
¢eu\{[0,0]} ©) =

Also, V ([, 0]) =A—ﬁ7r + 24 cos(dg) > 0 provided that
le|]m < 2 A cos(dg), which is ensured for a sufficiently
large value of A > 0. By continuity of V, we can claim

the existence of constants ¢ € (0, 7) and ¢ € (w, 27), such
that V(¢) > 0forall ( € VD {¢ € R? : ¢ < [(1]0 < €}



Consequently, we obtain that

5 WO

> 0.

Thus, we can conclude that the function W satisfies (19).

Now, let us check the derivative of W along the trajec-
tories of the system (26) for all ¢ € §2, which is given by

I _ V(O e’ (C2) P(¢1)+¢e
W) =1 + V() < -hO+ M(liw<>><1+\<+1+30\> I
where
1 ek A ;ﬂax
h(¢) = ATV ((ﬁ —€— %) G p(C2)

—557 ¢ (G2) (24 = k)67 (Cr)) -

By setting 24 > k, k > % and 2 > €A @y,

the output h(¢) is nonnegative for all ¢ € Q. In addition,
h(¢) = 0 if and only if ( € Wgq. Besides, since the

. Co .
quotient TvOGraT 8 bounded for all { € Q,
there is a constant a = sup.cq {(1+V(C))(Cl2+lcl+50|)}'
Then, we get

W(C) < RO+ 57 ld, (20)

for all ¢ € Q. Thus, we conclude that the function W
and the output h satisfies all conditions of Theorem 26.
Hence, we can confirm that the system (26) has the

UBEBS and 0-GATT properties with respect to Wgg,

. le| ™ 2¢e M
provided that 2A > max{k:, cos(So)}7 k> 5= ;
and 2 >eAgl . .

Moreover, from inequality (B.4) in the proof of Theo-
rem 26, we can see how the parameters of inequalities
(28) and (29) are related to those in Definition 6. So,
similarly to (B.4), we can obtain the following inequality
for the solutions of the system (26) for all ((0) € R?:

(Kt Iwse) < D (I6(0)lwse)+est37 o6 (/0 Id(S)IdS) :
(30)

where () = 18max {1, %3} (()? + p3()), 9()
In (14 4;()%), o6() 2max{81fA (1)2,a()} and
c3 = 4de+ 18max {1,528} (1 — 200)? + 3284 p2 +
%max{l, %} w2 4 %7‘(2, with parameters pg > 0
and p; € K as in the proof of Theorem 26. Note that
the functions ¢, 74, and consequently v5 in (B.4), are
linear for this case. We can see from inequality (30)
that the inertia parameter M is the main actor in the

attenuation of perturbation’s effects. Basically, higher
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Fig. 2. of the with

Behavior
d = 3 (1 — tanh?(0.2¢ — 4)). Each curve represent a trajec-
tory of the system (25) from an arbitrarily chosen initial
condition. Red and black points represent stable focus and
saddle points of the system (25), respectively.

system  (25),

the inertia, lower the influence of perturbation on sys-
tem’s behavior. In this case, the damping coefficient k is
not considered in the attenuation of perturbations be-
cause of the saturation. We omitted the step of applying
5! (3(+)) in both sides of inequality (30) for simplicity,
and because it does not reveal further insights about

the behavior of the trajectories of the system (26).

Finally, by restricting the system (26) to the manifold
{¢ € R? : —1 < (1 < =}, all points of the set Wsg
are projected to the set Wsg = {[0,0]T, [r — 240,0] T }.
Therefore, we have |¢| < [C|wsg + 7 — 2 0. This fact to-
gether with inequality (30) implies that the trajectories
of the system (26), with d(t) = 0, are bounded in the
manifold {¢ € R? : —7 < (; < 7} for all ((0) € R? and
all ¢ > 0. Local stability properties of the system (26)
have been extensively studied in the literature. For in-
stance, we can invoke [38, Proposition 4.7] to claim that
the set Wg¢ is attractive for the trajectories of the sys-
tem (26). Thus, the set Wg¢ is decomposable in the sense
of Definition 3. Finally, we have that the system (26)
satisfies Assumptions 4 and 13, and by Theorem 26 and
Definition 8, we conclude that it has the iISS property
in the multistable sense with respect to the set Wgq.

5.1  Numerical ezample

For the system (25), we select p(w2) = %, and
the parameters ¢ = 1.5, A = 3, M = 1 and k = 5.
Hence, the system (25) has equilibrium points in the set
Wsa = {[F+2jm,0] T U[(1425)m—%,0] T } where j € Z.
Considering d = 2(1 — tanh(0.15¢ — 4)), some trajecto-
ries of the system (25) from different initial conditions
are depicted in Figure 2. We can see that the trajecto-
ries approach the stable equilibria in spite of the effect
of the bounded-energy perturbation. Hence, we can ob-
serve that the system (25) has the iISS property with
respect to the set Wsq.



6 Conclusions

Novel characterizations of the iISS property has been
developed for multistable systems whose dynamics are
periodic with respect to a part of the state. The concepts
of iISS-Leonov functions and OSD have been presented,
and their equivalence with the UBEBS and 0-GATT
properties have been proven for the considered class of
systems. Also, a new result that establishes a connection
between the proposed iISS-Leonov function framework
and the original Leonov function approach was devel-
oped, such that robustness against inputs with bounded
energy and boundedness of solutions in absence of per-
turbations are ensured for the system under study. Ad-
ditionally, the relation of iISS-Leonov functions and the
concept of strong iISS was studied. Finally, our results
were applied for robustness analysis of a synchronous
generator with saturated control input. Future work in-
cludes the development of numerical methods based on
machine learning and physics-inspired neural networks
for the design of ISS- and iISS-Leonov functions.

A  Proofs of Lemmas 20 and 21

Consider a C! function V : R® — R satisfying inequality
(12). Moreover, take any &y € R™ and consider a solution
X (t,Zo;d) of the system (1), which is defined at least
locally in time for ¢ € [0,7) for some 7' > 0. Then, we

can introduce two subsets of instants of time

T. ={te[0,T): V(X(t,io;d)) > 0}, (A1)
T_={te[0,T): V(X(t,io;d)) < 0}, ’

such that [0, T) = T UT_. Therefore, for any t € T_ we
have from inequality (12) that

I3(1X (¢, %03 d) ) —02(10(t) ) —g2 < V(X (t, Z0;d)) <0,

then ~ _
D3(1X(t, Zo; d)yyr) < 02(10(2)]) + g2-

for all these instants of time. Moreover, by continu-

ity of V, for any isolated element t € 7T, we have

V(X(t,Zp;d)) = 0, then as previously

I5(1X (¢, Zo; d)lyy) < 02(1(1)]) + g2 (A.2)

If t € 74 is not an isolated element of 7, then there
is an interval [t,,t.] C T, with V(X(t,Zo;d)) > 0 for
all t € [ts,te]. Therefore, on the interval [ts,te] both
inequalities, (13) and (14), become

DV (X (t,%0;d)) f(X(t, Zo;d),d) < y2(ld]), (A.3)

and by integration it follows that

VIR (1 d0: d)) — V(X (e T d)) < / Ya(ld(s)|)ds.
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By definition of t; we have V(X (ts, Zo;d)) > 0if ts = 0,

and V(X (ts,Zo;d)) = 0 if t; > 0. Hence, we have

V(X (t,50;d)) < V(F0) + / Ya(|d(s)])ds,

s

for all ¢ € [ts,te]. Now, considering inequality (12) and
estimate (A.2) we obtain that

951X (8, Zo; d)lyi) < VallZolyis +L2) + g2

+ o) + / T (|d(s))ds,

for any t € [0,T). Recall that g is the dimension of the
periodic state variable 6. Denote by j € Z9 a multi-index
vector, and define the functions V;(z) = V((2,0 — 277))
for any j € Z9 (then Vo(%) = V(&)). From (12), and
cither (13) or (14), we have for all Z = (Z,6) € R™:

93(1y3) — 02(10 = 27j]) — g2 < Vj(&) < 04(|1Z]y30 +2),
and for all Z € { € R" : V}(Z) > 0} and all d € R™:
DV;(2)f(&,d) < y2(/d]).

Since |#|y3 = [(Z,0) i = |(2,0—27))|,5, and f(F,d) =
f((2,6),d) = f((2,0 — 27j),d). Then, by repeating the
same calculations as above for the function V; for any
multi-index vector j, we have for all ¢ € [0,T):

I5(|X (¢, Zo; d) i) < Va(|Folyy + L2) + a2(10(t) — 27j))

g+ / 7 (|d(s)])ds.

Since this inequality is satisfied for all possible j, then the
minimum with respect to j of its right-hand side can be
calculated. Note that it is composed of five independent
nonnegative terms that can be minimized independently,
and only one of them is dependent on j. Furthermore, by
construction minjezq |0(t) — 2mj| < (/qm. Thus, we get

93(|X (1, 203 d) y3) < Va(|Zolyyr + €2) + o2(/am)

Fgat / va(ld(s))ds, (A4)

for all t € [0,T). Now, due to the periodicity of the
system (2), we have that for any Zo € R™ the solu-
tion X (t,%o;d) € R™ can be projected to the solution
X (t,z0;d) € M by using the periodicity of the variables
0 e RY, hence both solutions are defined on the same
time interval. Also, the set W C R™ can be projected
to W' C M. Then, |)~((t,£o;d)\w, = | X (¢, zo; d)|w,
and consequently, the property (A.4) is also satisfied



in M, with T = +o0. Next, recall that W C W, thus
| X (¢, zo; d)|w < | X (t, x0; d)|wr. Moreover, since the set
W is assumed to be compact, then there exists a con-
stant b > 0, such that |zl < |zolyy + b. Therefore,
considering that ¥3, 94 are class K, functions, we obtain

O3 (1X (8, wo; d)lw) < Da(2|zolw) +0+/0 Y2(|d(s)|)ds,

where 75 is a class Ko function, and ¢ = 94(2(¢5 +
b)) + g2 + 02(,/qm) is a positive constant. Thus, we can
say that the system (1) has the UBEBS property with
respect to W.

Moreover, from the latter inequality with d = 0, we have
that the distance of the trajectories X (t,x0;0) to the
set W is bounded for all xy € M and all ¢ > 0. By
Assumption 4, the set VW contains all a— and w—limit
sets of (2), and is compact and decomposable. Due to
compactness of W, for any x € M there is a constant
b > 0 such that |z| < |z|w + V. Hence, the trajectory
X (t,20;0) is bounded in M for any x¢ € M. Therefore,
by [21, Lemma 4.1] we have

lim | X (t,20;0)|w =0,

t——+o0o

for all xg € M. Thus, we can conclude that the system
(1) has the 0-GATT property in M.

Note that this proof can be developed by using a C!
function V' : R™ — R satisfying either Definition 18 or
19. Thus, this proof is valid for both Lemmas 20 and 21.

B Proof of Theorem 26

From Theorem 26, there exists a C! function V : R* — R
satisfying condition (19) for all Z € R™, and (20) for all
Ze{ZeR":V(z)>0}and d € R™.

Recall the property va + b < v/a + Vb for any a,b>0.

Thus, we obtain |Z| < |Z| + |0] for all Z = (Z,0) € R™.
Then, by properties of K .-functions we have

5 (3(12

=
IN
)
ot
—
Nl
=
+
<
N
IN
<
ot
=
+
)
at
=

Now, recall the set W C R"™. Due to Assumptions 4
and 13, we have that W is compact with respect to the
subspace R¥ of coordinates %, and uniformly distributed
in the whole subspace R? of coordinates 6. Hence, there
exists a constant g3 = ming 3 [Z[, such that |7]; <
|Z| + g3. So, we can rewrite the first inequality in (19) as

95 (31zly) — 0a(10]) — g5 < V(7) < O6(|7| +£5), (B.1)

where 04(|0]) = 03(16]) + 95(16]) and g5 = g4 +V5(393)-
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Take any Zo € R™ and consider a solution X (¢, Zo; d) of
the system (1), which is defined at least locally in time
for t € [0,T) for some T > 0. Recall the sets of instants
of time 71 and 7_ in (A.1), such that [0,7) = T, UT_.
Thus, for any ¢ € T_ we have V(X (t, Zo; d)) < 0, and by
continuity of V', for any isolated element ¢ € T, we have

V(X (t,Zo;d)) = 0. Accordingly, from inequality (B.1)

we have that V(X (t, Zo;d)) < 0, implies

05 (X (130 )y ) < oa(BB)) +95,  (B2)

for all these instants of time. Besides, if ¢ € 75 is not an
isolated element, then there is an interval [ts,t.] C T}

with V(X (t,Zo;d)) > 0 for all ¢ € [ts,t.]. Moreover,
since A4 in (20) is a nonnegative function, we obtain

DV (X(t,%0;d)) f(X (t, Z0;d), d) < va(|d]),

for all t € [ts,t.]. By integration it follows that

V(X (t, Fo; d)) <V (d0) + / 7a(1d(s)))ds,

for all t € [ts,t.]. Now, by using (B.1) in the latter in-
equality, we can establish

95 (i\X‘(t,fo;d)lw) < 96(|Fo| + €3) + aa(|6(1)])
g5+ / Ya(ld(s)|)ds,

for all t € [ts,t.]. Notice that considering (B.2) we can
extend the latter inequality to the whole interval [0, T).

Let j € Z? be a multi-index vector, and 0 be a zero
vector of dimension k. Moreover, define the functions

V;(2) = V((%,0 — 2nj)) for any j € Z9. Hence, from
(B.1), we have for all # = (2,0) € R™

and for all z € {Z € R™ : V}(Z) > 0}
DV;() f (2, d) < ya(

because |3, 1(2,0),ir = [(%,0 — 275)|y3, and

f('%vd) = f((2>6>7d) = f((i,é - 27T‘j),d).

By repeating the same calculations as above for the func-
tion V; for any j € Z9, we have for all t € [0,T):

5 (i\X(t, Zo; d)|w) < ¢(|Toljo,,275) + £3) + 95

+0a(18(t) — 2mj]) + / va(|d(s)])ds.



Moreover, we have that [Zol[, 2] < |Z0| + 00 — 2],
and |0(t) — 2mj| < |0(t) — bo| + |0p — 27j|. Thus, we can
rewrite the latter inequality as

Us (i\f((t,io;d)lw) < 96(3|20]) + 96(303) + g5
+ 05100 — 2m5]) + 04(210(t) — bo) +/0 Ya(|d(s)|)ds,

where o5(r) = ¥6(3r) + 04(2r). Since this inequality
is valid for all 7 € Z9, the minimum with respect to
j of its right-hand side can be calculated. Note that
it is composed of six independent nonnegative terms
that can be minimized independently, and only one of
them is dependent on j. Furthermore, by construction
minjeza |6 — 27j| < \/gm. Thus, we obtain

95 (31X (¢ 05 )y ) < Do (3l200) + D6 (3s) + 5 (/ar)

+g5 + 04(20(t) — o)) +/0 Ya(ld(s)])ds,

for all ¢ € [0,T). Now, let us denote by 6" (t) the peri-
odic components of the solution X (¢, Z¢; 0) of the unper-
turbed system (2). Accordingly, we get

95 (31X (t, 305 dlyy) < Vs(3l30]) + Ie(3) + 75 (V)
g5 +0a(40(¢) — o] — 6°(2) ~ Gol))

+oa@(0) =80 + [ u(ld(s))as.

Moreover, by the reverse triangle inequality we have
10(t) — G| — 6"(t) — o]| < |6(t) — 6*(t)|. Further-
more, we can write 6(t) = 6(0) + fot fo(Z(s),d(s))ds
and 6%(t) = 6(0) + fot fo(Z(s),0)ds, where fy denotes
the components of the vector field f describing the dy-
namics of the periodic states 6. Consequently, we get

8(t) = 0"()] < Jq fo(@(s),d(s)) — fo(E(s),0)]ds, and
due to Assumption 25, we obtain for all ¢ € [0, T):

95 (31X (¢ 205 d)lyy ) < Do(3I200) + D6 (3s) + 75 (/ar)

g5 + oa (48 (1) — Bol) + / ya(ld(s)])ds

o <4 Ate(|d(s))ds) .

Consider the case d = 0. Since Theorem 26 establishes
that A4 is a positive definite function and k(%) = 0 if and
only if |Z|5 = 0, we can rewrite the inequality (20) as

DV (&) f(#,d) <0, V# € {z € R" : V() > 0} \ D.

Therefore, we have that the function V' (Z) in Theorem 26
satisfies also all conditions of Corollary 15. Hence, we
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can say that the solutions of the system (1), with d = 0,
are bounded for all £ € R™ and all ¢ > 0. Consequently,
we can claim that there exist a constant pg > 0 and a
function p; € Koo, such that |6%(¢) — | < po + p1(]60])
for all ¢ > 0.

Additionally, let us define the class K, functions
v5(r) = max{4e(r),v4(r)}, and o6 (r) = 2max{r, o4(r)}.
Then, we obtain for all ¢ € [0,T):

95 (31X (05 d)lyy ) < Do (3l20]) + Do (3s) + 75 (/ar)

o oo+ pr))) + 0 [ t a(ld(s))s)

Finally, note that |Z| < |#| as well as |0] < ||, then by
applying og * (% (+)) in both sides of the latter inequality,
we obtain

7 (51Xt 0l ) < 0s(3faol) + e+ [ 2a(d())ds,

" (B.3)
where 97(-) = o5 (395()), Us(-) = o5 (96(3(")) +
4(8p1(+))), and ¢ = 06_1(196(363) + 05(\/§7r) + g5 +
a4(8p0))-

Now, by Assumption 13 we have that for any £y € R”
the solution X (¢,Zg;d) € R™ can be projected to the
solution X (¢,20;d) € M, hence both solutions are de-
fined on the same time interval. Furthermore, the set
W' C R™ can be projected to W C M. Besides, we have
that |Z| = |z| provided that = P(Z). Thus, the prop-
erty (B.3) is also satisfied in M. Hence, T' = +o0.

Note that due to compactness of W C M, there exists a
constant b’ = max,eyy |x|. Then, by triangle inequality
we can establish that |z| < |z|w + V' for all z € M.
Moreover, since ¥y is a class K, function, we have that
I(3|xo|) < 9s(6 |zolw) + 9s(61). Hence, we obtain

t

Vs (|d(s)[)ds.

(B.4)
where ¢/ = c+95(60'). Thus, we can say that the system
(1) has the UBEBS property with respect to W.

s (31X (tz0s D) < Ds(6laolw)+c'+ |

Finally, for d = 0, we have already established bounded-
ness of solutions X (¢, Zo; 0) of the system (2) in R", and
this property is straightforwardly extended to the pro-
jected solutions X (¢, xo; 0) in M. This fact together with
Assumption 4 and [21, Lemma 4.1] confirm the 0-GATT
property with respect to W for the trajectories of the
system (1) in M.
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