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Abstract

The thin-walled nature of the atrial myocardium can lead to artificial stiffening
when full 3D electromechanical models are discretized using standard finite ele-
ments. In this work, we propose an electromechanical model of the left atrium
based on a 3D-shell formulation that overcomes these limitations. The model
incorporates both passive and active components of atrial tissue mechanics, while
atrioventricular interaction is described by the coupling with a 0D electrome-
chanical model of the left ventricle. The proposed approach is assessed under
physiological and pathological conditions and systematically compared with the
standard full 3D formulation. The results demonstrate the superior robustness
and computational efficiency of the proposed 3D-shell electromechanical model.

Keywords: Cardiac mechanics, Left atrium, 3D-shell model, Lumped-parameter
model, Finite element method.

1 Introduction

Computational modeling of cardiac electromechanics has become an essential tool
in the analysis of heart function. Such simulations provide quantitative insights into
internal mechanical variables that cannot be accessed non-invasively and enable in-
silico evaluation of therapeutic strategies and device performance (see, e.g., [1–5]).
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The underlying mathematical models must capture the detailed multiscale and
multiphysics processes that govern cardiac function, such as electrical activation, active
and passive tissue mechanics and coupling with blood flow. The atria contribute to
ventricular filling in three distinct ways: by acting as a reservoir during ventricular
systole, by allowing passive blood flow into the ventricles during early diastole, and by
augmenting ventricular filling during late diastole thanks to atrial contraction. Atrial
anatomy is highly complex, with markedly heterogeneous wall thickness that can be
as low as 0.5 mm (see, e.g., [6, 7]). Anatomically detailed geometric models with
spatially varying wall thickness can be obtained from CT imaging data (see, e.g., [6]).
In contrast to the ventricles, atrial myocardial fiber architecture is considerably more
complex and does not appear to follow a simple pattern. Moreover, the thin-walled
nature of the atrial myocardium complicates the acquisition of patient-specific fiber
data (see, e.g., [8]). Rule-based methods are a widely used approach for prescribing
realistic fiber orientations in computational atrial geometries (see, e.g., [9–16]).

While ventricular electromechanical modeling has been extensively studied over the
past two decades (see, e.g., [17–28]), the literature on atrial mechanics remains compar-
atively scarce. The first mechanical models of the atria treated the myocardial tissue as
a purely passive material, neglecting its contractile function (see, e.g., [29–32]). Only
recently has atrial contraction begun to receive significant attention (see [8, 33–46]).
Several of these studies have demonstrated good agreement with key physiological
indicators, such as the characteristic figure-eight shape of the pressure-volume loop.
However, the vast majority of these works disregard the numerical challenges associ-
ated with the thin-walled nature of the atrial myocardium. Indeed, with the exception
of the studies reported in [29, 33], which are based on a Reissner-Mindlin shell for-
mulation, all the aforementioned approaches model atrial tissue using a standard
displacement-based 3D formulation, as commonly done for ventricular myocardium.

Standard finite element approximations of displacement-based 3D solid mechanics
models are known to suffer from severe robustness issues, namely artificial stiffening,
when the thickness is small compared to the other characteristic dimensions. This so-
called numerical locking phenomenon often necessitates highly refined meshes, thereby
leading to prohibitive high computational costs. A well-established strategy in solid
mechanics to circumvent these issues is to adopt reduced-order modeling approaches
based on shell theory, combined with appropriate techniques to mitigate numerical
locking (see, e.g., [47, 48] and the references therein). In particular, 3D-shell elements
with quadratic shape functions through the thickness are particularly appealing, as
they allow for an accurate representation of transverse strains, enable the use of general
constitutive laws and facilitate coupling with surrounding media (see [48]).

In this paper, we introduce an electromechanical model of the left atrium based
on the 3D-shell formulation introduced in [48]. Additionally, a Mixed Interpolation
of Tensorial Components (MITC) reinterpolation technique is considered to mitigate
potential locking effects, which are common in thin-walled solid mechanics models
(see, e.g., [49]). In order to account for atrioventricular interaction, the atrial model
is coupled with a reduced 0D model of the left ventricle electromechanics [50]. The
capabilities of the proposed approach are investigated through a series of numerical
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experiments under physiological and pathological conditions, and comparisons are also
made with a standard displacement-based 3D solid model.

A preliminary version of this work was presented in the FIMH conference paper
[51]. The present study significantly extends that contribution in several aspects.
First, atrial mechanics are coupled with a 0D reduced-order electromechanical model
of the left ventricle, resulting in a more physiologically consistent description of the
inter-chamber pressure-volume interaction. Second, mitral valve motion is incorpo-
rated through viscoelastic Robin-type boundary conditions. Finally, the proposed
3D-shell formulation is systematically assessed through qualitative and quantitative
comparisons with standard full 3D finite element formulations. This includes a com-
prehensive set of physiological biomarkers, such as atrial stroke work, ejection fraction
and pressure-volume loops.

2 Materials and Methods

In this section, we provide the detailed formulation of the left atrial electromechanical
model. We introduce the geometric setting, kinematic variables, and the Lagrangian
framework, followed by the passive and active constitutive laws and the equations gov-
erning the contractile dynamics. Finally, the numerical discretization of the resulting
coupled nonlinear problem is presented.

2.1 Electromechanical model of the left atrium

We consider a 3D anatomical geometry of the left atrium represented by a domain
Ω ⊂ R3 in its reference configuration (see Figure 1). Its boundary ∂Ω is assumed to be
partitioned into four disjoint parts, ∂Ω = Γvs∪Γmv∪Γen∪Γep, where Γvs corresponds
to the pulmonary-vein inlets, Γmv to the mitral-valve annulus interfacing with the left
ventricle, and Γen and Γep denote the endocardial and epicardial surfaces, respectively.
The exterior unit normal vector to ∂Ω is denoted by n. The mechanical response of
the atrial cardiac tissue will be described using a total Lagrangian framework. To
this purpose, we let φ : Ω × R+ → R3 denote the motion map, assigning at each
material point x ∈ Ω its position φ(x, t) in the current configuration at time t ≥ 0.

The associated displacement field is defined by y(x, t)
def
= φ(x, t)− x. The associated

deformation gradient, characterizing the local stretch and rotation of material line

elements, is given by F
def
= ∇φ, while the Jacobian J

def
= detF represents the local

volume ratio between the deformed and reference configurations. We shall also make

use of the right Cauchy-Green strain tensor given by C
def
= F⊤F .

To model the constitutive material behavior, we adopt the multiscale elec-
tromechanical framework introduced in [23], which couples the passive and active
mechanisms of the cardiac tissue, capturing their interaction through the nonlinear
Hill–Maxwell extension. This results in the following additive decomposition of the
second Piola-Kirchhoff stress tensor Σ:

Σ
def
= Σp +Σa in Ω,
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Fig. 1: Geometrical description of the left atrium.

where Σp accounts for the passive stress behavior of the myocardium and Σa denotes
the active stress.

The passive response is modeled as a combination of hyperelastic and viscous
contributions, formulated as

Σp
def
=

∂We

∂E
+

∂Wv

∂Ė
,

where E
def
== 1

2 (C − I) stands for the Green–Lagrange strain tensor (with I denoting
the identity matrix in R3×3), Ė

def
= ∂tE and We and Wv are the hyperelastic potential

and the viscous pseudo-potential, respectively. The myocardium is assumed to be a
nearly incompressible, transversely isotropic material with a preferred direction aligned
with the local fiber orientation, represented by unit tangent field f . Following previous
studies on atrial mechanics [34, 37, 52], we consider the Demiray-Gasser strain-energy
density function [53, 54]

We
def
=

ap
2bp

(
ebp(J1−3) − 1

)
+

af
2bf

(
ebf (J4−1)2 − 1

)
+ κ log2 J, (1)

where ap, bp, af , bf , κ > 0 are given constitutive parameters. The strain energy depends

on the reduced invariants J1
def
= J−2/3 trC and J4

def
= J−2/3 f⊤Cf . The viscous

behavior is described through the pseudo-potential

Wv
def
=

ν

2
Ė : Ė,

where ν > 0 denotes the passive viscosity coefficient.
The active behavior is modeled by the multiscale approach outlined in [23, 55]. The

contractile response arises from chemical processes in myocytes that induce sarcomere
contraction and relaxion, producing the subsequent deformation of the myocardial
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tissue along the fibers. This microscopic deformation induces a change in the fiber
extension ec, which drives both the active tension τc and the active stiffness kc of the
sarcomeres. The dynamics of these contractile quantities are described by the following
extension of the model originally proposed in [56]:{

k̇c = −
(
|ue|+ αd|ėc|

)
kc + n0(ec)k0 |ue|+ in Ω,

τ̇c = −
(
|ue|+ αd|ėc|

)
τc + kc ėc + n0(ec)σ0 |ue|+ in Ω,

where k0 and σ0 respectively denote the maximum stiffness and contractility. The term
αd |ėc| accounts for the bridges destruction upon rapid length changes. The parameter
0 ≤ n0(ec) ≤ 1 is a reduction factor that accounts for the Frank-Starling effect, which
relates the force-generating capacity of the cardiac tissue based on its degree of stretch.

Finally, |x|+
def
= max{x, 0} and ue represents the chemical activation. This source

term is modeled phenomenologically as an affine function of the tissue transmembrane
potential Vm:

ue = αVm + β in Ω, (2)

where α and β are given constants (see, e.g., [20]). The transmembrane potential Vm

is obtained from the bidomain model of cardiac electrophysiology (see Appendix A).
The contractile and elastic stresses within the sarcomeres are respectively given by

σc = τc + µc ėc, (3)

and
σs = Es es, (4)

where µc > 0 is the viscous dissipation parameter and es for the elastic extension
of the sarcomeres, while Es denotes the elastic modulus of the passive sarcomere
response. The total stress along the fibers, denoted by σa, can be expressed in terms
of contractile and elastic stresses via the relation (see [23])

σa =
σc

1 + 2es
=

σs

1 + 2ec
. (5)

Furthermore, the total fiber extension ef
def
= fTEf satisfies

1 + 2ef = (1 + 2es)(1 + 2ec) . (6)

From (5) and (6), the macroscopic active stress can be written as

σa = Es
ef − ec

(1 + 2ec)2
. (7)

By combining (3) and (5) with (7), the evolution of the contractile extension ec is
given by the relation

µcėc + τc = Es
(ef − ec)(1 + 2ef)

(1 + 2ec)3
. (8)
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Finally, the active part of the second Piola–Kirchhoff stress tensor is expressed as

Σa = σaf ⊗ f =
Es

(
fTEf − ec

)
(1 + 2ec)2

f ⊗ f . (9)

Considering the standard 3D space of admissible solid displacements

V
def
=
{
v ∈ [H1(Ω)]3 : v|Γvs = 0

}
, (10)

the weak form of the resulting full 3D electromechanical model of the left atrium reads:
For t > 0, find the displacements y(t) ∈ V , with ẏ = ∂ty, the extension along the
fibers ec : Ω× R+ → R, the active stiffness kc : Ω× R+ → R+ and the active tension
τc : Ω× R+ → R such that

ρ

∫
Ω

∂tẏ · v +

∫
Ω

Σ : DyE · v +

∫
Γmv

(
ay + bẏ

)
· v = −

∫
Γen

plaJF
−⊤n · v,

µcėc + τc = Es
(f⊤Ef − ec)(1 + 2f⊤Ef)

(1 + 2ec)3
in Ω,

k̇c = − (|ue|+ αd |ėc|) kc + n0(ec)k0|ue|+ in Ω,

τ̇c = − (|ue|+ αd |ėc|) τc + ėckc + n0(ec)σ0|ue|+ in Ω

(11)

for all v ∈ V and where ρ > 0 denotes the volumic mass of the atrial wall. Note that
the annuli of the pulmonary veins inlets Γvs are assumed to be fixed and a viscoelastic
boundary condition is enforced on the the mitral valve annulus Γmv. The dynamics of
the unknown internal pressure pla in the atrial cavity will be described in Section 2.1.2
below using a lumped parameter modeling.

2.1.1 3D-shell modeling of the left atrium

A fundamental drawback of (11)1 is that due to the intrinsic thin-walled nature of
Ω, standard 3D finite element discretizations are prone to become highly sensitive to
wall thickness, leading to well-known robustness issues. In particular, the resulting
solutions exhibit artificial stiffening effects (see, e.g., [47]). Accurate results typically
require substantial mesh refinement, which leads to a significantly more expensive
computational problem. These numerical difficulties can be mitigated by adopting
reduced kinematic formulations based on shell theory. When combined with appropri-
ate numerical techniques to alleviate locking at the discrete level (see, e.g., [47, 48]),
shell formulations considerably reduce the sensitivity of the method to wall thickness
and provide a robust alternative to full 3D discretizations. In this work, we consider a
thin-wall modeling of the left atrium by building on the reduced 3D-shell model pro-
posed in [48], which consists of approximating the 3D displacement field by a quadratic
expansion across the thickness, without requiring a plane-stress assumption (in con-
trast to standard shell formulations). As demonstrated in [48], this approach yields a
well-posed shell model and is asymptotically consistent with classical shell theories in
the vanishing-thickness limit.
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In what follows, the mid-surface S of the atrial wall Ω is assumed to be
parametrized by a smooth mapping ϕ : ω ⊂ R2 → R3, such that S = ϕ(ω), with
(ξ1, ξ2) ∈ ω denoting the curvilinear coordinates in the reference 2D domain ω. The
local geometry of S is characterized by its covariant basis vectors

ai
def
= ∂ξiϕ i = 1, 2,

which span the tangent plane to the mid-surface S. Consequently, the unit normal
vector field a3 is defined as

a3
def
=

a1 × a2

∥a1 × a2∥
.

The reference configuration of the left atrium Ω is finally assumed to be parametrized
as

Ω = Φ
(
ω × (−1, 1)

)
,

with the mapping Φ : ω × (−1, 1) → R3 given by the relation

Φ(ξ1, ξ2, ξ3)
def
= ϕ(ξ1, ξ2) + ξ3

ϵ(ξ1, ξ2)

2
a3(ξ

1, ξ2), (12)

where ξ3 denotes the curvilinear coordinate oriented along the unit normal to S, and
ϵ : ω → R+ represents the spatially varying wall thickness. A schematic representation
of the mapping Φ is provided in Fig. 2.

Fig. 2: The geometrical mapping Φ.

The covariant basis vectors describing the full atrial wall geometry are given by

gi
def
= ∂ξiΦ with i = 1, 2, 3. Finally, the components of the 3D metric tensor in the

reference configuration are given by Gij
def
= gi · gj . The corresponding contravariant

basis vectors gi are defined through the orthogonality condition gi · gj = δij , yielding

the contravariant metric components Gij def
= gi · gj .
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The fundamental idea for the 3D-shell modeling of the left atrium consists in
performing a Galerkin projection of the variational formulation (11)1 by considering
the following reduced space (see [48]):

V sh def
=
{
vs ∈ v : v = v0 + v1ξ

3 + v2(ξ
3)2, vi ∈

[
H1(S)

]3
, i = 0, 1, 2

}
, (13)

where ξ3 denotes the transverse coordinate introduced in (12) through the geometric
mapping Φ. Note that the vector fields vi, i = 0, 1, 2, are defined solely on the mid-
surface S and therefore depend only on the tangential coordinates ξ1 and ξ2. Therefore,
after appropriate composition with the mappings Φ and ϕ, the virtual displacement
identity in (13) should be read as

v(ξ1, ξ2, ξ3) = v0(ξ
1, ξ2) + v1(ξ

1, ξ2)ξ3 + v2(ξ
1, ξ2)(ξ3)2

for all (ξ1, ξ2) ∈ ω and ξ3 ∈ (−1, 1).
The proposed 3D-shell model of the left atrium reads therefore as follows:{
For t > 0, find y(t) ∈ V sh, with ẏ = ∂ty, ec : Ω× R+ → R, kc : Ω× R+ → R+,

and τc : Ω× R+ → R such that (11) holds for all v ∈ V sh.
(14)

It is worth noting that the only difference between this reduced problem and the full
3D formulation of the left atrium presented above lies in the kinematic assumption
introduced through the reduced space (13). Additionally, since no plane-stress assump-
tion is imposed in (14), the incorporation of fully 3D, non-quadratic constitutive law
(such as the Demiray–Gasser law (1)) is straightforward, in contrast to what occurs
with standard shell formulations.

In this framework, the usual mechanical quantities such as the deformation gradient
admit a mixed-component representation

F i
j = δij + gi · y, j ,

where y, j denotes the partial derivative of the displacement field with respect to

the curvilinear coordinate ξj , and the identity term arises from the duality relation
gi · gj = δij . Similarly, the covariant components of the Green–Lagrange and right
Cauchy-Green strain tensor are respectively given by

Eij =
1

2
(y, i · gj + y, j · gi + y, i · y, j), Cij = Gij + gi · y, j + gj · y, i + y, i · y, j .

2.1.2 0D blood flow modeling in the left cardiac cavities

In order to model the interactions between cavities at a reduced computational cost,
while retaining the essential physiological features, we adopt a 0D lumped-parameter
description of the circulatory compartments connected to the left atrium. In this
framework, each chamber or vascular segment has an associated pressure, while the
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flows between compartments are determined through algebraic relations that mimic
the effect of valves and vascular resistances.

Blood flow in the left atrium

The exchange of blood between the pulmonary veins, the left atrium and the left
ventricle is controlled by the mitral valve, which acts as a unidirectional flow regulator
driven by the pressure gradient beetwen the cavities. The valve is considered open when
the downstream pressure is lower than the upstream pressure, and closed otherwise.
Accordingly, the net flux exiting the left atrium is given by the following expression:

Qla
def
= Qvs(pla, pvs) +Qmv(pla, plv), (15)

with Qvs(pla, pvs)
def
= kvs(pla − pvs) and

Qmv

(
plv, pla

) def
=

{
0 if plv ≥ pla,

kmv(pla − plv) if plv < pla.

Here, pvs(t) and plv(t) respectively denote the spatially homogeneous pressures in the
pulmonary veins and in the left ventricle, whereas kvs, kmv > 0 stand for the pul-
monary and mitral conductance coefficients. Mass flow in the left atrium is preserved
by enforcing the zero net flux condition

−
∫
Γen∪Γmc

J ẏ · F−⊤n+Qla

(
pvs, plv, pla

)
= 0,

where Γmc stands for an ad hoc surface closure of the mitral valve. Note that, this
introduces a scalar constraint in the weak formulation (14)1, with the atrial pressure
pla(t) acting as Lagrange multiplier. In this work, the pulmonary venous pressure pv(t)
is assumed to be given, while the dynamics of plv are described in the next paragraph
using a 0D electromechanical model of the left ventricle.

Reduced electromechanical model of the left ventricle

To capture the hemodynamic coupling between the left atrium and the left ventricle,
the ventricular pressure plv is described using the 0D reduced-order model proposed in
[50]. This formulation provides a consistent reduction of the full 3D electromechanical
problem (11) proposed in [23] and is adapted to an idealized geometry. The reduced
model assumes spherical symmetry for both the geometry and the constitutive behav-
ior. Under this hypothesis, the ventricle is represented as a spherical shell defined by
a radius R0 and wall thickness d0 in the stress-free reference configuration Ωlv. There-

fore, the associated displacement field of the left ventricle ylv(t)
def
= ylvir = (R−R0)ir,

is restricted to the radial direction ir, where R denotes the current radius.
The myocardium is modeled as an incompressible material, enforcing the isochoric

constraint J = 1. The stress on the idealized sphere can be represented by an effective
spherical stress Σsph. This term arises from projecting the full stress tensor onto the
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reduced radial kinematics (see [50] for derivation details) and incorporates active,
passive, and viscous contributions such that

Σsph = σlv
a + 4(1− C−3)

(
∂W lv

e

∂J1
+ C

∂W lv
e

∂J2

)
+ 2

∂W lv
e

∂J4
+ ηĊ(1 + 2C−6).

Here, C
def
= (1+y/R0)

2 is the squared circumferential stretch, and J1,J2, and J4 denote
the standard reduced invariants of the right Cauchy-Green deformation tensor, with

J2
def
= 1

2 ((trC
lv)2− tr(C lv)2)J−4/3, where the right Cauchy-Green deformation tensor

of the reduced sphere is defined by

C lv def
=

Crr 0 0
0 C 0
0 0 C

 ,

with Crr
def
= C−2. The active contribution of the reduced sphere σlv

a is defined similarly
to the atrial tissue in (7) but assuming a circumferential fiber orientation aligned
with the orthoradial direction iϕ1 of the sphere, such that f lv = iϕ1 . This results in

the following strain along the fibers elvf
def
= (f lv)⊤Elvf lv, where Elv def

= 1/2(C lv − I)
represents the Green-Lagrange strain tensor of the reduced sphere.

Although the general expression for Σsph admits a dependence on the second invari-
ant J2, the specific strain-energy density function We adopted in this work for the left
ventricle relies exclusively on the isotropic invariant J1 and the anisotropic invariant
J4. Therefore, following the formulation proposed in [50] and inspired from [57], the
elastic potential is defined as

W lv
e = C0 expC1(J1 − 3)2 + C2 expC3(J4 − 1)2.

The parameters C0, C1, C2 and C3 are selected to reproduce a physiological response
of the left ventricle.

Given the geometrical and kinematical assumptions, the terms of the dynamic bal-
ance equation (analogous to (11)1) integrated over the reference domain are space-wise.
After some algebraic manipulations, the complete 0D electromechanical formulation
for the left ventricle read as follows: Find the radial displacement ylv : R+ → R, the
extension along the fibers elvc : R+ → R, the active stiffness klvc : R+ → R+, the active
tension τ lvc : R+ → R and the internal pressure plv : R+ → R, such that
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

ρd0ÿ
lv +

d0
R0

(
1 +

ylv

R0

)
Σsph = plv

(
1 +

ylv

R0

)2

,

Σsph = σlv
a + 4(1− C−3)

(
∂W lv

e

∂J1
+ C

∂W lv
e

∂J2

)
+ 2

∂W lv
e

∂J4
+ 2ηĊ(1− 2C−6),

σlv
a = Elv

s

elvf − elvc
(1 + 2elvc )

,

τ lvc + µlvėlvc = Es
(elvf − elvc )(1 + 2elvf )

(1 + 2elvc )
3

,

k̇lvc = −
(
|ulv

e |+ αlv
d |ėlvc |

)
klvc + n0(e

lv
c )k

lv
0 |ulv

e |+,

τ̇ lvc = −
(
|ulv

e |+ αlv
d |ėlvc |

)
τ lvc + n0(e

lv
c )σ

lv
0 |ulv

e |+ + klvc ėlvc .

(16)

In this formulation, all variables marked with the superscript lv denote quantities
specific to the reduced-order electromechanical model of the left ventricle.

Blood flow in the left ventricle

Blood flow in the left ventricle is regulated by the coordinated action of the mitral
and aortic valves. Depending on the cardiac phase, namely, filling, isovolumetric con-
traction, ejection, or isovolumetric relaxation, the status of these valves (mitral-aortic)
transitions sequentially: open-closed, closed-closed, closed-open, and closed-closed,
respectively. Consequently, the total flux on the left ventricle, Qlv can be modeled as

Qlv(plv, par, pla)
def
=


−Qmv(pla, plv) if plv ≤ pla,

0 if pla ≤ plv ≤ par,

kar(plv − par) if plv ≥ par,

(17)

where kar > 0 is the arterialconductance, while par denotes the pressure in the aorta.
Mass conservation requires that the net flux entering or leaving the left ventricle

balances the rate of volume change of the cavity. Expressed in terms of spherical shell
kinematics, this dynamic continuity equation is defined as

V̇ = 4πR2
0

(
1 +

ylv

R0

)2

ẏlv = −Qlv(plv, par, pla).

The aortic pressure par is determined using a lumped-parameter model that describes
the systemic circulation downstream of the left ventricle. Specifically, we employ
the two-element Windkessel model (see, e.g., [58]), which characterizes the external
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circulatory dynamics as
Cpṗar +

par − plv
Rp

= |Qlv(plv, par, pla)|+,

Cdṗd +
pd − par

Rp
=

pv − pd
Rd

.

(18)

where Cp and Cd denote the proximal and distal compliances, respectively, while Rp

and Rd correspond to the proximal and distal resistances. The symbols pv and pd
represent the venous and distal pressures, respectively.

2.1.3 Complete mathematical model

The complete formulation of the proposed 3D-shell electromechanical model of the left
atrium read as follows: For t > 0, find y(t) ∈ V sh, with ẏ = ∂ty, ec : Ω × R+ → R,
kc : Ω × R+ → R+, τc : Ω × R+ → R, pat : R+ → R, ylv : R+ → R, elvc : R+ → R,
klvc : R+ → R+, τ lvc : R+ → R and plv : R+ → R, such that

ρ

∫
Ω

∂tẏ · v +

∫
Ω

Σ : DyE · v +

∫
Γmv

(
ay + bẏ

)
· v = −

∫
Γen

plaJF
−⊤n · v ∀v ∈ V sh,

µcėc + τc = Es
(f⊤Ef − ec)(1 + 2f⊤Ef)

(1 + 2ec)3
in Ω,

k̇c = − (|ue|+ αd |ėc|) kc + n0(ec)k0|ue|+ in Ω,

τ̇c = − (|ue|+ αd |ėc|) τc + ėckc + n0(ec)σ0|ue|+ in Ω,

−
∫
Γen∪Γmc

J ẏ · F−⊤n+Q
(
pvs, plv, pla

)
= 0,

ρd0ÿ
lv +

d0
R0

(
1 +

ylv

R0

)
Σsph = plv

(
1 +

ylv

R0

)2

,

σlv
a = Elv

s

elvf − elvc
(1 + 2elvc )

,

τ lvc + µlvėlvc = Elv
s

(elvf − elvc )(1 + 2elvf )

(1 + 2elvc )
3

,

k̇lvc = −
(
|ulv

e |+ αlv
d |ėlvc |

)
klvc + n0(e

lv
c )k

lv
0 |ulv

e |+,
τ̇ lvc = −

(
|ulv

e |+ αlv
d |ėlvc |

)
τ lvc + n0(e

lv
c )σ

lv
0 |ulv

e |+ + klvc ėlvc ,

4πR2
0

(
1 +

ylv

R0

)2

ẏlv +Qlv(plv, par, pla) = 0,

Cpṗar +
par − plv

Rp
= |Qlv(plv, par, pla)|+,

Cdṗd +
pd − par

Rp
=

pv − pd
Rd

.

(19)
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This geometrically heterogeneous coupled non-linear system is schematically illus-
trated in Fig. 3.

Fig. 3: Illustration of the different components involved in the 3D-shell model of the
left atrium (19).

2.2 Numerical approximation

In this section, we detail the numerical approximation of the coupled electrome-
chanical model (19). We first present the time semi-discrete formulation, using a
modified midpoint scheme for the mechanical and hemodynamic equations, together
with a backward Euler method for the active variables. We then introduce the spatial
discretization of the 3D-shell atrial problem using P1 ⊗ P2 prismatic finite elements.

2.2.1 Time discretization

The time interval (0, Tf) is partitioned into N sub-intervals (tn, tn+1), where tn
def
= τn,

Tf = tN , and τ > 0 denotes the time-step length. In what follows, the following
standard notation will be employed:

∂τf
n+1 def

=
1

τ
(fn+1 − fn), fn+ 1

2
def
=

fn + fn+1

2
,

for the first backward difference and the midpoint approximation, respectively.

13



The time discretization of the coupled electromechanical system (19) relies on a
mixed mid-point/back-Euler scheme. Specifically, in the spirit of [23], the 3D-shell
electromechanical model (14) and the reduced valve relations (15) are discretized in
time using a mid-point approximation, while the internal variables governing active
contraction are updated using a first-order Backward Euler scheme written in therms
of the discrete unknowns

en+1
c , ϱn+1 def

= τn+1
c /

√
kn+1
c , γ n+1 def

=
√
k n+1
c . (20)

This time discretization yields an energy-preserving scheme (see [23]).
Similarly, for the reduced ventricular model (16), the momentum equation, the

valve relations (17), and the circulatory subsystem (18) are discretized using the
mid-point approximation. The corresponding active variables (16)4,5,6 are directly dis-
cretized in time using a first-order Backward Euler approximation. In both systems,
the contributions coming from the reduction factor n0 are treated in a explicit fashion.

Finally, the coupling between the two chambers is discretized in time using stag-
gered explicit scheme. The left-ventricular pressure involved in the volume constraint

of 3D-shell atrial formulation is evaluated explicitly as p
n− 1

2

lv , viz.,∫
Γen∪Γmc

Jn+ 1
2 ẏn+ 1

2 ·
(
F n+ 1

2
)−⊤

n = Qla

(
pvs(tn+ 1

2
), p

n− 1
2

lv , p
n+ 1

2

la

)
,

whereas the new atrial pressure pn+1
la obtained from the 3D-shell model is used as

input for the 0D ventricular model, namely,
4πR2

0

(
1 +

ylv, n+
1
2

R0

)2

ẏlv, n+
1
2 +Qlv(p

n+ 1
2

lv , p
n+ 1

2
ar , p

n+ 1
2

la ) = 0,

Cp∂τp
n+1
ar +

p
n+ 1

2
ar − p

n+ 1
2

lv

Rp
= |Qlv(p

n+ 1
2

lv , p
n+ 1

2
ar , p

n+ 1
2

la )|+.

This staggered solution procedure avoids the computational cost of a fully monolithic
approach and has been found numerically stable for all the regimes considered (see
Section 3). The resulting time semi-discrete approximation of (19) reads therefore as
follows: For n ≥ 0,

14



1. 3D-shell atrial electromechanics: Find (yn+1, ẏn+1, en+1
c , ϱn+1, γn+1, pn+1

la ) ∈ V sh×
V sh × R× R× R+ × R, with ẏn+ 1

2 = ∂τy
n+1, such that

ρs

∫
Ω

∂τ ẏ
n+1 · v +

∫
Ω

Σn+ 1
2 : DyE

n+ 1
2 · v +

∫
Γmv

(
ayn+ 1

2 + bẏn+ 1
2
)
· v

= −
∫
Γen

Jn+ 1
2 p

n+ 1
2

la

(
F n+ 1

2
)−⊤

n · v ∀v ∈ V sh,

Σn+ 1
2 = Σ

n+ 1
2

p +
Es

(
f⊤En+ 1

2f − e
n+ 1

2
c

)(
1 + 2e

n+ 1
2

c

)2 f ⊗ f ,

γn+1ϱn+1 + µc∂τe
n+1
c = Es

(
f⊤En+ 1

2f − e
n+ 1

2
c

)(
1 + 2f⊤En+ 1

2f
)(

1 + 2e
n+ 1

2
c

)3 ,

∂τ (γ
n+1)2 = −

(∣∣un+1
e

∣∣+ αd

∣∣∂τen+1
c

∣∣) (γn+1)2 + n0(e
n
c )k0

∣∣un+1
e

∣∣
+
,

∂τϱ
n+1 = γn+1∂τe

n+1
c +

n0(e
n
c )σ0

∣∣un+1
e,l

∣∣
+

γn+1

(
1− k0

2σ0γn+1
ϱn+1

)
− 1

2

(∣∣un+ 1
2

e

∣∣+ ∣∣∂τen+1
c

∣∣) ϱn+1,∫
Γen∪Γmc

Jn+ 1
2 ẏn+ 1

2 ·
(
F n+ 1

2
)−⊤

n = Qla

(
pvs(tn+ 1

2
), p

n− 1
2

lv , p
n+ 1

2

la

)
,

(21)
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2. 0D ventricular electromechanics: Find
(
ylv,n+1, ẏlv,n+1, elv,n+1

c , klv,n+1
c , τ lv,n+1

c , pn+1
lv

)
∈

R6 with ẏlv,n+
1
2 = ∂τy

lv,n+1, such that

ρd0∂τ ẏ
lv, n+1 +

d0
R0

(
1 +

ylv, n+
1
2

R0

)
Σ

n+ 1
2

sph = p
n+ 1

2

lv

(
1 +

ylv, n+
1
2

R0

)2

,

Σ
n+ 1

2

sph = σ
lv,n+ 1

2
a + 4(1− (Cn+ 1

2 )−3)

(
∂W

lv, n+ 1
2

e

∂J1
+ Cn+ 1

2
∂W

lv, n+ 1
2

e

∂J2

)

+ 2
∂W

lv, n+ 1
2

e

∂J4
+ 2ηĊn+ 1

2 (1− 2(Cn+ 1
2 )−6),

σ
lv, n+ 1

2
a = Elv

s

e
lv, n+ 1

2

f − e
lv, n+ 1

2
c

(1 + 2e
lv, n+ 1

2
c )

,

τ lv, n+1
c + µlv∂τe

lv, n+1
c = Elv

s

(elv, n+1
f − elv, n+1

c )(1 + 2elv, n+1
f )

(1 + 2elv, n+1
c )3

,

∂τk
lv, n+1
c = −

(
|ulv

e (tn+1)|+ αlv
d |∂τelv, n+1

c |
)
klv, n+1
c + n0(e

lv,n
c )klv0 |ulv

e (tn+1)|+,
∂ττ

lv, n+1
c = −

(
|ulv

e (tn+1)|+ αlv
d |∂τelv, n+1

c |
)
τ lv, n+1
c + n0(e

lv,n
c )σlv

0 |ulv
e (tn+1)|+

+ klv, n+1
c ėlv, n+1

c ,

4πR2
0

(
1 +

ylv, n+
1
2

R0

)2

ẏlv, n+
1
2 +Qlv(p

n+ 1
2

lv , p
n+ 1

2
ar , p

n+ 1
2

la ) = 0,

Cp∂τp
n+1
ar +

p
n+ 1

2
ar − p

n+ 1
2

lv

Rp
= |Qlv(p

n+ 1
2

lv , p
n+ 1

2
ar , p

n+ 1
2

la )|+,

Cd∂τp
n+1
d +

p
n+ 1

2

d − p
n+ 1

2
ar

Rp
=

pv(tn+ 1
2
)− p

n+ 1
2

d

Rd
.

(22)

2.2.2 Fully discrete method

Having specified the time discretization and the explicit coupling strategy in (21)-(22),
we now introduce the spatial discretization used for the 3D-shell atrial sub-problem
(21). The reference domain Ω is discretized using a computational mesh Th composed
of triangular prismatic elements (see Fig. 4). The construction of this mesh relies on
the following geometrical steps:

• An approximation of the atrial mid-surface S, represented by a triangulation T S
h

made of linear triangles;
• An approximation of the unit normal to S at each vertex of T S

h ;
• An approximation of the local atrial wall thickness associated with each vertex of
T S
h .
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Fig. 4: Left: Prismatic mesh of the left-atrial wall Ω. Right: The map Φh,K between
the reference and current element of the mesh Th.

Let K̂
def
= T̂ × (−1, 1) be the reference unit prism, where T̂ stands for the refer-

ence unit triangle in R2. Each element K of the computational prismatic mesh Th is
obtained as the image of the local mapping Φh,K : K̂ → K ⊂ R3 defined by

Φh,K(r, s, z)
def
=

3∑
i=1

λi(r, s)

(
x
(i)
T + z

ϵ
(i)
K

2
a
(i)
3,T

)
∀(r, s, z) ∈ K̂, (23)

where {λi}3i=1 stand for the 2D affine shape functions of the reference element T̂ ,{
x
(i)
T

}3
i=1

denote the positions of the nodes of the mid-surface triangle T ∈ T S
h associ-

ated to the prismatic element K ∈ Th and
{
a
(i)
3,T

}3
i=1

,
{
ϵ
(i)
T

}3
i=1

respectively represent
the normal vectors to the mid-surface S and the thickness associated to each node of
the triangle T . All these geometrical ingredients are illustrated in Fig. 4.

It is worth noting that the mapping Φh,K defined in (23) provides a piecewise
parametrization of the computational domain, where (r, s) represent the local coor-
dinates tangential to the mid-surface and z denotes the coordinate in the direction
normal to it. This construction can be regarded as the discrete analogue of the contin-
uous mapping (12). However, it offers a practical advantage, instead of requiring an
explicit parametrization ϕ of the mid-surface S, it only relies on its discrete approx-

imation given by the triangulation T S
h together with the nodal normal vectors a

(i)
3,T

and the nodal thickness values ϵ
(i)
T .

The 3D-shell electromechanical formulation of the left atrium (21) is spatially
discretized using the following finite element approximation of the space V sh:

V sh
h

def
=

{
vh ∈ V : vh ◦ Φh,K =

3∑
i=1

λi(r, s)
(
v
(i)
0 + v

(i)
1 z + v

(i)
2 (z)2

)
∀K ∈ Th,
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v
(i)
j ∈ R3, i = 1, 2, 3, j = 0, 1, 2

}
, (24)

which corresponds to the tensorization of a P1 approximation in the in-plane coordi-
nates (r, s) with a P2 approximation along the transverse coordinate z. Therefore, the
computer implementation of this 3D-shell element is analogous to that of a standard

3D finite element. The set
{
v
(i)
j

}i=1,2,3

j=0,1,2
in (24) represents the 27 degrees of freedom of

the displacement in each prismatic element K ∈ Th. Furthermore, as outlined in [48],
for each vh ∈ V sh

h the following equivalent representation holds

vh ◦ Φh,K =

3∑
i=1

λi(r, s)

[
(z − 1)z

2
v
(i)
bot + (1− (z)2)v

(i)
mid +

(z + 1)z

2
v(i)
upp

]
,

where the subscripts bot,mid ,upp denote the displacement degrees of freedom associated
with the bottom, middle, and upper triangles of the prismatic element (see Fig. 4).

A Mixed Interpolation of Tensorial Components (MITC) technique is employed
to treat the transverse strain components, as required in shell formulations to avoid
numerical locking induced by asymptotic constraints on the discrete solution (see
[47, 48, 59, 60]). Specifically, the MITC3 formulation is applied within each triangular
layer of the prismatic element [60–62]. In this approach, the in-layer strain components

Ẽ13, Ẽ23, Ẽq3
def
= Ẽ23 − Ẽ13,

are evaluated at the quadrature points by reinterpolation from the associated tying
points (denoted by the tilde )̃, while the in-plane strain components are left unmodi-
fied. This treatment is standard in 3D-shell discretizations and is necessary to obtain
a mechanically consistent and thickness-robust response.

The contractile unknowns en+1
c , ϱn+1 and γn+1 in (20) are discretized in space using

a collocation scheme at each quadrature point ql, l = 1, . . . , Nq,h, whereNq,h
def
= |Th|nq

and nq denotes the number of quadrature points in each element K of the mesh Th.
This leads to Nq,h degrees of freedom for each active variable, collected in the arrays:

en+1
c,h

def
=
{
en+1
c,l

}Nq,h

l=1
, ϱn+1

h
def
=
{
ϱn+1
l

}Nq,h

l=1
, γn+1

h =
{
γn+1
l

}Nq,h

l=1
.

The proposed fully discrete approximation of the electromechanical prob-
lem (19) is summarized in Algorithm 1. The subscript l in the quantities

f l,E
n+ 1

2

l , Σ̃
n+ 1

2

p,l , Σ̃
n+ 1

2

l ,Σ
n+ 1

2
a indicates their evaluation at the quadrature points ql,

l = 1, . . . , Nq,h. It is also noted that the passive stress Σ̃
n+ 1

2

p,l depends on the re-

interpolated Green-Lagrange strain tensor Σ̃
n+ 1

2

l . Furthermore, the discrete active
variables en+1

c,h , ϱn+1
h and γn+1

h can be eliminated at the element level through a Schur
complement procedure (see [63]).
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Algorithm 1 Fully discrete approximation of the 3D-shell electromechanical model
(19).

For n ≥ 0:

1. Find (yn+1
h , ẏn+1

h , en+1
c,h ,ϱn+1

h ,γn+1
h , pn+1

at ) ∈ V sh
h ×V sh

h ×RNq,h×RNq,h×(R+)Nq,h×

R with ẏ
n+ 1

2

h = ∂τy
n+1
h and such that

ρs

∫
Ω

∂τu
n+1
h · vh +

∫
Ω

Σ̃
n+ 1

2

l : DyẼ
n+ 1

2 · vh +

∫
Ω

Σ
n+ 1

2
a : DyE

n+ 1
2 · vh

+

∫
Γmv

(
ay

n+ 1
2

h + bẏ
n+ 1

2

h

)
· vh = −

∫
Γen

Jn+ 1
2 p

n+ 1
2

at (F n+ 1
2 )−⊤n · vh,

Σ̃
n+ 1

2

l = Σ̃
n+ 1

2

p,l +Σ
n+ 1

2

a,l , Σ
n+ 1

2

a,l =
Es

(
f⊤
l E

n+ 1
2

l f l − e
n+ 1

2

c,l

)
(
1 + 2e

n+ 1
2

c,l

)2 f l ⊗ f l,

γn+1
l ϱn+1

l + µc∂τe
n+1
c,l = Es

(
f⊤
l E

n+ 1
2

l f l − e
n+ 1

2

c,l

)(
1 + 2f⊤

l E
n+ 1

2

l f l

)
(
1 + 2e

n+ 1
2

c,l

)3 ,

∂τ (γ
n+1
l )2 = −

(∣∣un+1
e,l

∣∣+ αd

∣∣∣∂τen+1
c,l

∣∣∣) (γn+1
l )2 + n0(e

n
c )k0

∣∣un+1
e,l

∣∣
+
,

∂τϱ
n+1
l = γn+1

l ∂τe
n+1
c,l +

n0(e
n
c )σ0

∣∣un+1
e,l

∣∣
+

γn+1
l

(
1− k0

2σ0γ
n+1
l

ϱn+1
l

)
− 1

2

(∣∣un+ 1
2

e,l

∣∣+ ∣∣∣∂τen+1
c,l

∣∣∣) ϱn+1
l = 0,∫

Γen∪Γmc

Jn+ 1
2 ẏ

n+ 1
2

h ·
(
F n+ 1

2
)−⊤

n = Qla

(
pvs(tn+ 1

2
), p

n− 1
2

lv , p
n+ 1

2

at,l

)
,

(25)

for all vh ∈ V sh
h and l = 1, . . . , Nq,h.

2. Find (ylv,n+1, ẏlv,n+1, elv,n+1
c , klv,n+1

c , τ lv,n+1
c , pn+1

lv ) ∈ R6 with ẏlv,n+
1
2 = ∂τy

lv,n+1,
such that (22) holds.

3 Results

This section presents the numerical results of the electromechanical simulations of the
left atrium in physiological (Section 3.1) and pathological (Section 3.2) conditions. A
series of numerical experiments has been carried out with the purpose of assessing the
physiological relevance and computational benefits of the 3D-shell electromechanical
model (19). To this purpose, the results obtained with the numerical method reported
in Algorithm 1 are compared with those obtained with a standard P1 finite element
approximation of the full 3D formulation (11). To ensure a rigorous comparison, consti-
tutive electromechanical parameters and boundary conditions remain identical across
all the 3D-shell and full 3D simulations.
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(a) Left-atrium mesh of Ω. (b) Fiber architecture.

Fig. 5: Geometry and fiber architecture of the left-atrium.

Fig. 6: The three types of spatial grids used in the numerical experiments. Left:
P1 ⊗ P2 (nine-nodes) prismatic elements (quadrilateral elements on the later faces).
Middle: linear tetrahedral mesh with two layer of elements. Right: linear tetrahedral
mesh with one layer of elements.

3D-shell 3D (2-layer) 3D (1-layer)

Number of nodes 59,574 59,574 39,716
Number of cells 39,131 234,786 117,393
Hours per cycle 2.25 3.7 2.11

Total compute hours 15.8 26.06 14.77
Memory per MPI process 300 MB 600 MB 350 MB
Avg. Newton iterations 4 6 5

Table 1: Mesh details, execution times, memory and entity count
per test case.

20



VS VS AF

0 200 400 600 800
Time [ms]

600

800

1000

1200

1400

p v
s  

[P
a]

(a) Pulmonary veins pressure pvs.

0 200 400 600 800
Time [ms]

10

0

10

20

30

ulv e

(b) LV activation profile ulve .

0.6 0.0 0.6 1.2 1.8 2.4
ec

0.0

0.2

0.4

0.6

0.8

1.0

n 0

(c) Starling reduction factor n0(ec).

Fig. 7: Imposed data curves for the pulmonary veins pressure, the electrical activation
for the left-ventricle model, and the profile for n0.

The considered left atrial geometry was extracted from the Zygote heart model1,
from which the internal and external surfaces where smoothed and refined (see Fig. 5a).
Specifically, localized smoothing was applied to the endocardial and epicardial sur-
faces of the left atrial appendage (LAA) and the junction between the LAA and the
pulmonary veins, to prevent the generation of sharp elements. These geometric treat-
ments were performed using the 3-Matic2 software. The final computational mesh
consists of a single layer of triangular prismatic elements, generated by extruding the
epicardial surface along its local inward normal direction. The spatial heterogeneity of
the atrial wall was captured by defining the local thickness as the point-wise Euclidean
distance between the reference epicardial and endocardial surfaces. This distance is
computed using the closest point projection algorithm (see, e.g., [64]) and is explicitly
imposed during the mesh generation process to ensure a geometrically accurate recon-
struction. Since anatomical geometries such as the Zygote model typically correspond
to a loaded state, a pre-stressing procedure is employed to recover an approximate
stress-free reference configuration of the left atrium (see, e.g., [65, 66]), ensuring that
the application of physiological loads reproduces the target geometry with a consistent

1https://www.zygote.com
2https://www.materialise.com
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Parameter Description Value Unit

R0 Reference LV radius 2.6× 10−2 m

d0 Reference wall thickness 1.7× 10−2 m

ρ Myocardial density 1000 kg/m3

η Viscous coefficient in Σsph 70 –

C0 Passive stiffness parameter (isotropic) 1.9× 103 Pa

C1 Passive exponent parameter (isotropic) 1.1× 10−1 –

C2 Passive stiffness parameter (anisotropic) 1.9× 103 Pa

C3 Passive exponent parameter (anisotropic) 1.1× 10−1 –

Elv
s Active stiffness modulus 3× 105 Pa

kar Aortic valve conductance 1.3× 10−5 m3/Pa·s
Rp Proximal resistance 8× 106 Pa·s/m3

Rd Distal resistance 1× 108 Pa·s/m3

Cp Proximal compliance 5× 10−9 m3/Pa

Cd Distal compliance 1× 10−8 m3/Pa
td Activation delay 130 ms
tdep Depolarization duration 11 ms
tplat Plateau duration 140 ms
trep Repolarization duration 80 ms
umax Maximum activation potential 35 mV
umin Minimum activation potential −12 mV
cw Conduction wave velocity 0.6 m/s

Table 2: Parameters of the lumped-parameter left-ventricle model.

stress state, resulting in the final mesh reported in Fig. 5a. Finally, the planar surface
closure Γmc is triangulated without node insertion, using only the inner edges of Γmv.

The fiber architecture (see Fig. 5b) is subsequently generated on the computational
mesh by using an adaptation of the Laplace-Dirichlet Rule-Based (LDRB) framework
proposed in [16]. Unlike the standard volumetric approach, the algorithm is applied
separately to the epicardial and endocardial surfaces to capture the significant trans-
mural variations in fiber orientation [67, 68], with the wall-transverse distribution
interpolated according to [69] (see Appendix B).

In this work, three spatial discretizations of the atrial wall are evaluated and
compared (see Fig. 6):

• the prismatic P1 ⊗ P2 approximation provided by the 3D-shell formulation of
Algorithm 1;

• a standard P1 approximation of the full 3D formulation (11) using single-layer
tetrahedral mesh;

• a standard P1 approximation of the full 3D formulation (11) using a two-layer
tetrahedral mesh.

To guaranty a consistent comparison between the shell and solid models, both tetra-
hedral meshes are derived from the same base 9-node prismatic mesh. The two-layer
configuration is generated by subdividing each prism through its thickness (see, e.g.,
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Parameter Description Value Unit

ap Passive matrix stiffness parameter 6 · 103 Pa

bp Passive matrix exponential coefficient 5.5 –

af Fiber stiffness parameter 12 · 103 Pa

bf Fiber exponential coefficient 11.75 –

κ Bulk modulus penalization parameter 4 · 105 Pa

ν Passive viscosity coefficient 1000 N · s ·m−2

Es Elastic stiffness of sarcomere element 5 · 104 Pa

k0 Maximum active stiffness 1 · 105 Pa

σ0 Intrinsic active stress (contractility constant) 2 · 106 Pa

µc Active viscous coefficient (contractile branch) 100 N · s ·m−1

kmv Conductance of mitral valve 8 · 10−7 m3 · s−1 · Pa−1

kvs Conductance of pulmonary veins 5 · 10−7 m3 · s−1 · Pa−1

αd Cross-bridge destruction coefficient 3.0 –

α Activation scaling for Vm 0 –

β Activation offset for Vm 1 –

a Viscoelastic displacement parameter 1 · 105 –

b Viscoelastic velocity parameter 1 · 107 –

Table 3: Constitutive parameters of the 3D-shell electromechanical model.

[70]), while the single-layer mesh is constructed by first reducing the prism to a 6-
node wedge prior to subdivision. This strategy ensures that all discretizations share
an identical mid-surface and boundary triangulation, providing a coherent framework
for analyzing their mechanical responses. The resulting element and node counts are
detailed in Table 1.

All simulations employ the same passive and active material parameters and the
same mechanical boundary conditions and have been run at a time resolution of
τ = 10−3 s. The constitutive parameters of the Demiray-Gasser law, the viscous regu-
larization, and the active contraction model are identical in all test cases (see Table 3).
The imposed analytic data curves for the pulmonary veins pressure of the electrome-
chanical model (14), the imposed electrical activation of the left ventricle model (16),
and the scaling factor profile n0 relative to the fiber elongation are reported in Fig. 7.

Each simulation is run over seven cardiac cycles to eliminate initial transients
and to reach a periodic solution. The electromechanical coupling strategy, the time-
integration scheme, as well as the nonlinear solvers and tolerances are kept fixed
throughout, thereby providing a controlled setting for analyzing the influence of the
spatial discretization on the predicted deformation and computational cost.

All simulations were performed using the open-source finite element library
FELiScE3 on a 2023 Mac Studio equipped with 128 GB of RAM and an Apple M2 Ultra

3https://gitlab.inria.fr/felisce/felisce
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processor, using 12 cores. The resulting execution times, memory usage, discretiza-
tion sizes and average number of Newton iterations per timestep for each mesh are
reported in Table 1.

3.1 Normal condition

In this section, we present the numerical results of the electromechanical simulations
of the left atrium under physiological conditions.

Electrical propagation

The transmembrane potential Vm involved in the electrical input (2) is obtained by
using the bidomain model (see Appendix A for furhter details). The atrial tissue
is assumed to be initially repolarized, with Vm(·, 0) = −81.2 mV in Ω. Electrical
activation is initiated at Bachmann’s bundle. Fig. 8 reports some snapshots of the

-80 -70 -60 -50-50 -40 -30 -20 -10 0 15

(a) t = 50 ms. (b) t = 100 ms. (c) t = 150 ms. (d) t = 250 ms.

Fig. 8: Left atrium transmembrane potential Vm used as electrical activation in all
physiological simulations.

transmembrane potential at different time instants. The activation wave originates in
the anterior wall near Bachmann’s bundle and propagates throughout the chamber.
At t = 50ms, the wavefront has advanced significantly across the anterior region, with
accelerated propagation along Bachmann’s bundle. By this time, the wave has also
reached the atrial roof and starts its progression towards the middle section of the
posterior part of the left atrium. At t = 100ms, depolarization covers nearly the entire
domain, with only the apex of the left atrial appendage remaining inactivated. Finally,
repolarization of the atrial wall starts at around t = 150 ms near the Bachmann’s
bundle, and the tissue is fully repolarized by t = 250 ms. These activation patterns
are in good agreement with physiological observations reported in the literature (see,
e.g., [16, 71, 72]).
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3D-shell model

The temporal evolution of left atrial pressure, volume and pressure-volume loop
obtained with the 3D-shell model (Algorithm 1) are reported in Fig. 9. These reul-
sts show reasonable agreement with experimental and numerical data reported in the
literature (see, e.g., [46, 73, 74]). In particular, they accurately capture the character-
istic three-phase function of the atrium. Initially, the booster pump phase is observed,
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(c) Pressure–volume loop.

Fig. 9: Left atrial pressure, volume and pressure-volume loop obtained the 3D-shell
model (Algorithm 1) under healthy conditions.

characterized by a reduction in volume driven by active atrial contraction (a-wave).
This is accompanied by a sustained increase in atrial pressure. As the atrium starts
to repolarize, the pressure begins to decrease. Subsequently, the closure of the mitral
valve marks the beginning of the reservoir phase. This phase is characterized by a
temporary pressure spike (c-wave), followed by a pressure decrease as the atrium con-
tinues to relax. Then, both volume and pressure begin to rise due to inflow from the
pulmonary veins (v-wave). As the atrium approaches its maximum capacity, the rate
of filling slows down while the pressure increases more rapidly. Finally, the mitral valve
reopens to start the conduit phase. This results in a sharp drop in both volume and
pressure (y-wave). As the left ventricle fills, the emptying rate slows, eventually reach-
ing a point where both variables remain nearly constant. The pressure-volume loop

25



(Fig. 9c) exhibits the characteristic eight-shape of the left atrium, with both the a-
loop and v-loop displaying shapes consistent with the literature, though with a bigger
a-loop than v-loop which is usually expected to be the opposite.
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(a) Fluxes through pulmonary veins (PV) and
mitral valve (MV).
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(b) Pressure curves for left atrium (LA) and
left ventricle (LV).

Fig. 10: Fluxes and pressures obtained with the 3D-shell model (Algorithm 1) under
healthy conditions.

Fig. 10a shows the flux evolution across the pulmonary veins and the mitral valve.
During atrial contraction (a-wave), the flow through the pulmonary veins is reduced.
This is followed by the systolic forward flow (c-wave), characterized by a continu-
ous decrease in pulmonary inflow immediately after the mitral valve closes. This flux
reaches a minimum at the late systolic phase of the left ventricle (see Fig. 10b), mark-
ing the transition to diastolic forward flow (v-wave). This phase features a gradual
increase in flow as the left atrial pressure converges with the pulmonary venous pres-
sure, which produces a sustained decrease in the flux eventually reaching a plateau
phase. Following this stabilization, the opening of the mitral valve (y-wave) marks a
sudden decrease in the flux across the pulmonary veins followed by a sustained increase
as the atrial pressure drops. Finally, the flux in the pulmonary veins reaches a plateau
phase just before the next contraction begins. On the other hand, flow through the
mitral valve becomes maximal during atrial contraction. This flow decreases as the left
atrium begins to relax, eventually reaching zero when the mitral valve closes (at the
beginning of the c-wave). The closure of the valve, induced by the pressure increase
within the left ventricle, marks the start of the left atrial filling phase, characterized by
zero flux through the mitral valve under physiological conditions. Finally, the mitral
valve opens when the atrial pressure exceeds the ventricular pressure. This gradient
drives a sustained increase in flow across the valve, followed by a plateau phase as the
atrial and ventricular pressures converge (see Fig. 10a). The pressure evolution within
the left ventricle (see Fig. 10b) exhibits physiological behavior, where the opening and
closing of the mitral valve are dictated by the pressure gradient between the atrium
and the ventricle, showing the hemodynamic coupling between these two chambers.
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The left atrial pressure evolution remains within physiological ranges, reaching a
minimum of 390.26Pa at the end of the relaxation phase and a maximum of 1277.07Pa
at the end of the filling phase (see, e.g., [67, 73, 75, 76]). However, the volume variation
is slightly lower than values reported in the literature (see, e.g., [77]). The atrial
ejection fraction (EF) is defined as

EF
def
=

Vmax −Vmin

Vmax
,

where Vmax and Vmin represent the maximum and minimum internal volumes of
the left atrium, respectively. The computed ejection fraction is EF = 32, 08%, with
minimum and maximum volumes of Vmin = 69.48 mL and Vmax = 102.29 mL. This
value falls slightly below the physiological range of [45%–60%] typically reported in
the experimental literature (see, e.g., [78–80]).

Another relevant parameter is the stroke volume (SV), which quantifies the total
volume of blood ejected by the left atrium during a single cardiac cycle, and is formally

defined as SV
def
= Vmax − Vmin. Furthermore, this metric can be decomposed into

passive and active contributions, corresponding to the atrial conduit (early diastolic)
and contractile (booster pump) phases, respectively. The stroke volume for the atrial
conduit phase is SVp = 12.48 mL, while the contribution from the atrial pump phase
is SVa = 20.41 mL, yielding a total stroke volume of SV = 32.89 mL (see, e.g., [80]).

Finally, a key parameter to quantify the mechanical energy generated by the left
atrium during the conduit and booster pump phases is the stroke work (SW). This
metric corresponds to the area enclosed by the pressure-volume loop and is calculated

as SW
def
=
∮
pat(V)dV. Similar to the stroke volume, the total stroke work is parti-

tioned into the specific work performed during the active atrial pump phase and the
passive conduit phase. The computed values are SWp = 16.06 mmHg mL and SWa =
60.85mmHgmL, respectively, producing a total stroke work of SW = 76.91mmHgmL.

3D-shell vs. full 3D formulation

The numerical results show that the spatial discretization has a significant impact
on the predicted electromechanical response of the left atrium under physiological
conditions. In particular, the single-layer tetrahedral discretization fails to reproduce
a physically plausible evolution of the atrial volume, pressure, and flow (see Fig. 11).

This phenomenon is evidenced throughout the left atrial cardiac cycle, which is
characterized by active contraction followed by relaxation and passive filling. While
this sequence is accurately captured by the 3D-shell formulation, the single-layer tetra-
hedral mesh exhibits an artificially stiff response that delays atrial filling This results
in a non-physiological phase characterized by negligible volume changes—essentially
a spurious plateau—which fails to represent the compliant nature of the atrial wall
during diastole. Consequently, this lack of compliance prevents the model from accu-
rately mimicking the pressure-volume relationship required for realistic hemodynamic
simulations. On the other hand, introducing a second layer of tetrahedral elements
substantially improves the mechanical response. The two-layer tetrahedral mesh recov-
ers realistic pressure, volume, and flow evolutions that are in close agreement with the

27



3D-Shell 3D (2-layers) 3D (1-layer)

72 80 88 96
Atrium volume  [mL]

400

600

800

1000

1200

p a
t  

[P
a]

(a) Pressure-volume loop.

0 200 400 600 800
Time [ms]

400

600

800

1000

1200

p a
t  

[P
a]

MC MO

(b) Left atrial pressure.

0 200 400 600 800
Time [ms]

0
2500
5000
7500

10000
12500

p l
v 

 [P
a]

MC MO

(c) Left ventricular pressure.

0 200 400 600 800
Time [ms]

72

80

88

96

At
riu

m
vo

lu
m

e 
 [m

L]

MC MO

(d) Left atrial volume.

0 200 400 600 800
Time [ms]

0
60

120
180
240
300

Q
m

v 
 [m

L/
s]

MC MO

(e) Mitral valve flux.

0 200 400 600 800
Time [ms]

60
0

60
120
180
240

Q
vs

  [
m

L/
s]

MC MO

(f) Pulmonary veins flux.

Fig. 11: Comparison of pressures, volumes, and fluxes for the three discretizations
(3D-shell, 3D two-layer tetrahedral, 3D one-layer tetrahedral) under healthy condi-
tions.

shell results. However, this improvement comes at the cost of increasing the number of
elements from 39,131 prismatic elements to 234,786 tetrahedra, resulting in a 1.6-fold
increase in execution time (see Table 1). Similar observations, can be inferred from
Figs. 12 and 13, which reports some snapshots of the displacement in the deformed
configuration obtained with the 3D-shell and the full 3D formulations.

Finally, Table 4 presents several relevant physiological biomarkers comparing the
3D-shell model with the one- and two-layer 3D tetrahedral models. As observed, the
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(a) t = 0 ms.

(b) t = 100 ms.

(c) t = 200 ms.

Fig. 12: Snapshots of the atrial displacement in deformed configuration. Left: 3D-
shell model; Middle: 3D (2-layers); Right: 3D (1-layer).

3D-shell and the two-layer tetrahedral formulations yield lower minimum and higher
maximum volumes of similar magnitude, contrasting with the restricted range of the
single-layer case. This trend is also preserved in the pressure evolution, where the 3D-
shell and two-layer models achieve lower minimum and higher maximum pressures.
Notably, the 3D-shell model retrieves the highest stroke volume and ejection fraction,
exceeding the single-layer 3D model by around 30.2%. Finally, the comparison among
the stroke works reveals that the single-layer model provides a notably inferior stroke
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(a) t = 300 ms.

(b) t = 400 ms.

(c) t = 500 ms.

Fig. 13: Snapshots of the atrial displacement in deformed configuration. Left: 3D-
shell model; Middle: 3D (2-layers); Right: 3D (1-layer).

work during the active pumping phase, representing only approximately 20% of the
work performed by the 3D-shell and 3D two-layer models.

3.2 Pathological condition

This section presents the numerical results of left atrial electromechanics under the
pathological condition of atrial fibrillation, a cardiac pathology that disrupts nor-
mal electrical propagation, leading to irregular and chaotic activity. Specifically, this
condition alters the standard activation wavefronts, generating rotors or spiral waves
throughout the left atrium (see, e.g., [81]).
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Variable 3D-Shell 3D (2-layer) 3D (1-layer) Unit

Vmin 69.48 68.32 71.53 mL
Vmax 102.30 100.75 96.62 mL
pmin 390.26 400.53 457.16 Pa
pmax 1277.07 1279.14 1167.03 Pa
SVp 12.48 12.56 10.74 mL
SVa 20.41 19.93 14.52 mL
SV 32.89 32.50 25.26 mL
EF 32.08 32.18 26.07 -
SWp 16.06 16.23 24.67 mmHg mL
SWa 60.85 57.97 14.22 mmHg mL

Table 4: Main biomarkers for different spatial approximations
(healthy condition).

Electrical activation

The disruption of electrical propagation results in a weak and disorganized wavefront
that, from a biomechanical perspective, is insufficient to trigger a significant mechan-
ical contraction, leading to the absence of the atrial kick. Accordingly, this state is
modeled using (19) as for the physiological case, but with the left atrial active tension
set to zero, viz., Σa = 0. This approach is consistent with numerous electromechani-
cal studies on atrial fibrillation (see, e.g., [39, 40, 82–85]). Furthermore, the impact of
atrial fibrillation extends to the pulmonary veins. Accordingly, the pulmonary venous
pressure profile imposed in these pathological example lacks of a- and c-waves (see
dotted line in Fig. 7a).

3D-shell model

Fig. 14 compares the evolution of pressure, volume, the pressure-volume loop, the left
ventricular pressure, and the transmitral and veins fluxes obtained with the 3D-shell
model (Algorithm 1) for the healthy and AF conditions. As observed, during atrial
fibrillation (AF), the atrium loses its ability to contract effectively, leading to the
absence of the atrial kick and a subsequent alteration of all hemodynamic quantities.
Specifically, the pressure evolution in the AF case lacks the characteristic pressure
increase associated with the atrial kick (a-wave).

Furthermore, following mitral valve closure, the pressure in the AF model exhibits
a continuous rise, contrasting with the physiological case where a relaxation phase typ-
ically lowers the pressure before the reservoir phase begins. Conversely, upon mitral
valve opening, the y-wave remains similar in both scenarios, indicating that AF pri-
marily impacts the active contractile phase rather than passive filling. The evolution
of the volume shows that during the atrial kick phase, the atrium under AF conditions
fails to contracts, and thus does not reduce its volume. Consequently, immediately
following mitral valve closure, the volume continues to increase during the v-wave,
reaching a slightly larger maximum volume compared to the physiological case. When
the mitral valve subsequently opens, the passive volume decrease (early filling) remains
similar to the physiological baseline. These alterations are distinctly reflected in the

31



Normal AF

72 80 88 96 104
Atrium volume  [mL]

400

600

800

1000

1200

p a
t  

[P
a]

(a) Pressure-volume loop.

0 200 400 600 800
Time [ms]

400

600

800

1000

1200

p a
t  

[P
a]

MC MO

(b) Left atrial pressure.

0 200 400 600 800
Time [ms]

0
2500
5000
7500

10000
12500

p l
v 

 [P
a]

MC MO

(c) Left ventricular pressure.

0 200 400 600 800
Time [ms]

72

80

88

96

104

At
riu

m
vo

lu
m

e 
 [m

L]

MC MO

(d) Left atrial volume.

0 200 400 600 800
Time [ms]

0
60

120
180
240
300

Q
m

v 
 [m

L/
s]

MC MO

(e) Mitral valve flux.
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(f) Pulmonary veins flux.

Fig. 14: Comparison between healthy (continuous lines) and atrial-fibrillation (dashed
lines) conditions obtained with the 3d-shell model (Algorithm 1).

pressure-volume loop, which notably lacks the active a-loop component during the
pathological case.

Furthermore, the simulation of AF demonstrates a decrease in left ventricular
preload, as indicated by the absence of the atrial kick. This reduction in filling subse-
quently lowers the maximum pressure developed within the left ventricle during the
pathological cycle. Finally, the flux through the mitral valve shows that there is a
decrease in the mitrral flux during the atrial kick for the case of AF, which is expected
since the atrium is solely passively filled during this pathology. Then, upon the opening
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(c) Pressure curve for the left ventricle.
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(d) Volume curve for the left atrium.
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(e) Flux across the mitral valve.
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(f) Flux across the pulmonary veins.

Fig. 15: Comparison of pressures, volumes, and fluxes for the three discretizations
(3D-shell, 3D two-layer tetrahedral, 3D one-layer tetrahedral) under atrial-fibrilation.

of the mitral valve, the transmitral flux is nearly identical in both cases. In contrast,
the flux through the pulmonary veins remains nearly constant during the late diastolic
phase in the AF model. This stability results from the absence of the atrial kick, which
impulse significant pressure variations within the pulmonary veins or the left atrium
during this interval. Subsequently, upon mitral valve closure, the venous flux suffers
a sudden drop as the left atrial pressure rises and approaches to the pressure in the
pulmonary veins. Finally, once the mitral valve opens, the flow profile resembles the
physiological case, initially slightly decreasing due to the predominance of the high
transmitral flux, before increasing again as the pressure in the left atrium decreases.
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3D-shell model vs. full 3D

Under atrial fibrillation, the absence of coordinated atrial contraction leads to a
mechanical response dominated by low-amplitude, pressure-driven deformations. In
this regime, all discretizations yield nearly identical pressure, volume, and flow evo-
lutions, as shown in Fig. 15, up to minor shifts attributable to compliance differences
between discretizations.

4 Discussion

The results reported in Section 3 show that the proposed 3D–shell formulation repro-
duces the essential electromechanical behavior of the left atrium at a substantially
lower computational cost than standard 3D solid formulations. This is supported by
the pressure–volume dynamics, deformation patterns, and flow profiles shown in Figs. 9
and 11, together with the execution times and memory usage reported in Table 1.
The proposed 3D-shell model of atrial electromechanics integrates physiological elec-
trical activation sequences, uadratic through-thickness shell kinematics with MITC3
re-interpolation, transmural fiber architecture, atrium-specific active constitutive law,
and the coupling with a dedicated 0D electromechanical model of the left ventricle.

As mentioned in Section 2.1.1, the thin-walled nature of the left atrium intro-
duces a structural limitation in standard displacement-based 3D formulations such as
(11)1. When the wall thickness is small relative to the in-plane dimensions, low-order
kinematic approximations lead to an artificially stiff response unless several elements
are introduced across the thickness. This limitation is clearly observed in the single-
layer tetrahedral discretization, which fails to reproduce a realistic evolution of atrial
volume, pressure, and flow under physiological conditions (see Figs. 11 and 12). As
shown in [48], this behavior is not a numerical locking artifact per se, but rather a
modeling inconsistency induced by the fact that linear through-thickness kinematics
are not asymptotically consistent with classical shell models as the thickness tends to
zero. The artificial stiffening observed in the results of Section 3 therefore provides
numerical evidence of this model inconsistency.

The 3D–shell formulation resolves this issue by adopting a quadratic behavior of the
displacement field through the thickness. This kinematic assumption restores asymp-
totic consistency while retaining a fully 3D constitutive framework. In practice, this
leads to a robust mechanical response, evidenced by larger displacement amplitudes,
a realistic relaxation phase, and physiologically consistent pressure–volume loops (see
Figs. 9 and 11), without requiring through-thickness mesh refinement.

Under physiological conditions, where active contraction induces large deforma-
tion gradients, the mechanical response is therefore critically dependent on the spatial
discretization. Single-layer tetrahedral meshes systematically underestimate deforma-
tion and pressure amplitudes, leading to delayed relaxation, distorted pressure-volume
dynamics, and altered flow patterns (Fig. 11). Introducing a second tetrahedral layer
recovers pressure, volume, and flow evolutions comparable to those of the 3D–shell for-
mulation, but at the cost of a nearly six-fold increase in element count and a 1.6-fold
increase in execution time (Table 1). The 3D-shell formulation achieves comparable
accuracy at a reduced computational cost.
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In contrast, under atrial fibrillation, the absence of coordinated atrial contraction
results in a mechanical response dominated by low-amplitude, pressure-driven defor-
mations. In this regime, all discretizations yield nearly identical pressure, volume, and
flow evolutions (Fig. 15), up to minor shifts attributable to compliance differences.
This behavior follows directly from the kinematic regime involved: when deformation
amplitudes remain small, the asymptotic inconsistency of low-order through-thickness
kinematics identified in [48] is not activated. These results are in agreement with clin-
ical observations and with previously reported numerical studies of AF (see, e.g., the
previous work [51]).

Accurate estimation of left ventricular preload relies on a compliant mechanical
response of the left atrium [86–89]. Inaccurate atrial pressure predictions therefore
propagate directly to the ventricular response. The single-layer tetrahedral discretiza-
tion systematically underestimates preload relative to both the two-layer and 3D–shell
models (see Fig. 11c), resulting in reduced ventricular filling. Consistently, the hemo-
dynamic analysis shows that the 3D–shell and two-layer discretizations produce nearly
identical mitral and pulmonary venous flow profiles, whereas the single-layer mesh
underestimates mitral inflow and delays the pulmonary venous v-wave peak, reflecting
an artificial attenuation of atrial compliance.

While the proposed 3D-shell formulation incorporates the MITC3 technique to
prevent shear locking, numerical evidence (not reported here) indicates that similar
mechanical responses are obtained with and without the MITC3 reinterpolation. This
suggests that shear locking is not a dominant numerical issue in the present applica-
tion. Indeed, since the atrial tissue undergoes significant inflation and stretching, the
deformation is likely membrane-dominated, such that shear locking is not a fundamen-
tal here. Nevertheless, owing to the complex and non-uniform kinematics of the left
atrium under physiological and pathological conditions, the occurrence of other lock-
ing modes cannot be entirely excluded. A truly robust model of the left atrium would
therefore benefit from advanced finite element formulations capable of accounting for
all potential locking phenomena (see, e.g., [48, 49, 90]).

From a clinical perspective, 3D–shell modeling of the left atrium constitutes a
meaningful step toward numerically reliable patient-specific simulations, as required by
emerging digital-twin approaches (see, e.g., [91–93]). Applications such as atrial fibril-
lation analysis or catheter ablation planning require mechanically accurate predictions
at a computational cost compatible with routine use, making spatial discretization a
decisive modeling choice rather than a secondary numerical detail. The present results
show that single-layer tetrahedral discretizations, although inexpensive, fail to deliver
physiologically consistent atrial mechanics and systematically underestimate ventric-
ular filling, stroke volume, and cardiac output. While two-layer tetrahedral meshes
recover accuracy, their computational and memory costs limit their practical appli-
cability [94, 95]. By contrast, the 3D–shell formulation provides a compliant and
mechanically consistent atrial response without through-thickness refinement, offer-
ing a more favorable balance between accuracy and efficiency for clinically oriented
electromechanical simulations.
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5 Limitations

Despite the advantages of the proposed 3D-shell electromechanical model of the left
atrium, several limitations of the present work warrant discussion. First, the model
does not include a fully coupled 3D–0D closed-loop model of circulation. In the cur-
rent formulation, venous inflow is prescribed through an imposed pressure profile
(Fig. 7a), which lacks the dynamic feedback mechanisms inherent to a closed-loop
system. Consequently, venous pressure does not adapt to changes in atrial or ventric-
ular hemodynamics. A natural extension of this work would be the incorporation of a
complete closed-loop circulation model, similar to the approach reported in [44]. Nev-
ertheless, such an extension lies beyond the primary scope of this study, whose central
objective is to investigate the benefits of the 3D-shell modeling of the left atrium.
Second, mechanical contact with the pericardial sac is neglected. The pericardium
provides a physical constraint that can significantly limit atrial motion, particularly
during rapid filling phases or under pathological conditions such as constrictive peri-
carditis (see, e.g., [30, 36, 96]). Third, the left atrium and left ventricle exhibit strong
mechanical interdependence. From this perspective, coupling the present atrial 3D-
shell model with a 3D electromechanical model of the left ventricle would be desirable
to improve both the predicted atrial and ventricular function. Such a multi-chamber
framework would also enable the representation of longitudinal mitral annular motion,
which plays a key role during atrial filling. A major strength of the proposed for-
mulation lies in its suitability as a calibration platform for more advanced modeling
frameworks, including fluid–structure interaction (FSI) models of the left atrium. The
incorporation of 3D fluid dynamics is essential for a comprehensive description of both
chamber hemodynamics and tissue mechanics. While several studies have investigated
atrial hemodynamics and their influence on left ventricular flow patterns (see [97–99]),
only a limited number have addressed the fully coupled FSI problem, owing to its sub-
stantial complexity and computational cost (see [52, 100–102]). In this context, the
proposed 3D-shell electromechanical model represents a natural step toward a robust
and computationally efficient FSI framework (see [103]).

6 Conclusion

This work introduces a 3D-shell electromechanical model of the left atrium that com-
bines physiological fidelity with substantially reduced computational cost. By adopting
quadratic through-thickness kinematics within a fully 3D constitutive framework, the
proposed approach overcomes the artificial stiffening issues commonly associated with
standard low-order 3D solid discretizations in thin-walled atrial geometries.

Numerical results under both physiological conditions and atrial fibrillation demon-
strate that the 3D-shell model reproduces atrial deformation and pressure-volume
loops with accuracy comparable to that of multi-layer 3D tetrahedral meshes, while
requiring significantly lower computational cost. In particular, the numerical compar-
isons revealed that a single-layer tetrahedral mesh captures only about 20% of the
stroke work performed during the active pumping phase, leading to a limited atrial
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response and an underestimation of ventricular filling. Moreover, the 3D-shell formula-
tion captures these compliant atrial mechanics without resorting to through-thickness
mesh refinement, which is mandatory for standard 3D formulations.

These findings highlight spatial discretization as a critical numerical choice in atrial
electromechanics and support the use of shell-based formulations for efficient and
mechanically consistent simulations. The proposed 3D-shell model therefore provides
a solid foundation for patient-specific applications and for future extensions toward
multi-chamber and fluid-structure interaction frameworks.
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A Electrophysiological model

In this work, the electrical activity of the left atrium is described using the bidomain
model (see, e.g., [104, 105]). Cardiac electrophysiology is hence formulated as a coupled
PDE-ODE system involving the cellular ionic dynamics, a nonlinear reaction–diffusion
equation for the transmembrane potential and an elliptic equation for the extracellular
potential. The electrophysiological problem of the left atrium reads: Find the trans-
membrane potential Vm : Ω × R+ → R, the extracellular potential ϕe : Ω × R+ → R
and the ionic variable c : Ω× R+ → RNion such that

Am

(
Cm∂tVm + Iion (Vm, c)

)
− div (σi∇Vm)− div (σi∇ϕe) = AmIapp in Ω,

div
(
(σi + σe)∇ϕe

)
+ div (σi∇Vm) = 0 in Ω,

∂tc+ g (Vm, c) = 0 in Ω,

σi∇Vm · n+ σi∇ϕe · n = 0 on ∂Ω,

(σi + σe)∇ϕe · n+ σi∇Vm · n = 0 on ∂Ω.
(26)
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Here, Am denotes the membrane surface/volume ratio, Cm is the membrane capaci-
tance per unit area, Iion represents the nonlinear ionic current describing the exchange
of ions across the cell membrane, and Iapp denotes a prescribed external stimulus
current.

The ionic current Iion is modeled based on the physiological ionic model proposed
in [106], a widely adopted framework for simulating atrial electrical activity (see,
e.g., [40, 72, 107–109]). The symbols σi and σe denote the intra- and extracellular
conductivity tensors, respectively. The electrical conductivity properties of cardiac
tissue are inherently anisotropic, exhibiting higher values along the fiber orientation
compared to the transverse plane. This anisotropic behavior is incorporated into the
conductivity tensors through the following relation:

σi
def
= σt

i I+
(
σl
i − σt

i

)
f ⊗ f , σe

def
= σt

eI+
(
σl
e − σt

e

)
f ⊗ f ,

where f , as in Section 2.1, stands for the unit vector aligned with the fiber direction, I
is the identity matrix and σl

k and σt
k, with k ∈ {i, e}, are the conductivity coefficients

along and transverse to the fiber, respectively. The Neumann boundary conditions

Parameter Conductivity Tissue BB FO Unit

σt
i Interior transverse direction 2.2 · 10−4 1.045 · 10−3 2.2 · 10−4 S cm−1

σl
i Interiopr longitudinal direction 2.2 · 10−3 1.639 · 10−3 2.2 · 10−3 S cm−1

σt
e Exterior transverse direction 9.0 · 10−4 4.275 · 10−3 9.0 · 10−4 S cm−1

σl
e Exterior longitudinal direction 2.2 · 10−3 1.435 · 10−3 2.07 · 10−4 S cm−1

Table 5: Conductivity values of the electrophysiological simulations. BB: Banchmann
bundle. FO: Fossa ovalis.

(26)4,5 enforce that the left atrium is electrically isolated, that is, the intracellular and
extracellular currents vanish on its boundary Ω. As the bidomain formulation (26)
defines ϕe only up to an additive constant, a unique solution is obtained by imposing,
for instance, the zero-mean constraint

∫
Ω
ϕe = 0.

B Atrial fiber generation

The fiber architecture of the left atrium is modeled using a surface-based adaptation
of the Laplace-Dirichlet Rule-Based (LDRB) framework proposed in [16]. To capture
the significant transmural heterogeneity observed between the inner and outer layers
[68, 110], the algorithm is applied separately to the endocardial Γen and epicardial Γep

surfaces, rather than solving for a single volumetric field.
First, each surface is partitioned into anatomically relevant boundaries, includ-

ing the pulmonary vein rings, the mitral annulus, and the appendage apex. These
boundaries serve as Dirichlet constraints for a set of harmonic potentials Ψj (where
j ∈ {en, ep}), governed by the surface Laplace-Beltrami operator. The gradients of

38



these scalar fields define the local fiber direction for specific anatomical bundles.
Distinct regions, such as the circular fibers surrounding the pulmonary veins or the lon-
gitudinal structures of the septal wall, are identified through threshold-based selection
rules adapted from [16]. Notably, the epicardial definition includes a specific correc-
tion for the Bachmann’s Bundle to ensure fibers align parallel to the mitral valve ring,
contrasting with the orientation of the underlying endocardium.

Once the fiber orientations are determined on both surfaces, the full 3D fiber
architecture is constructed via transmural interpolation. Following the approach in
[69], the fiber vector f at any point across the wall thickness is defined as

f(ξ1, ξ2, ξ3)
def
= f0(ξ

1, ξ2) cos

(
2θ(ξ1, ξ2)ξ3

ϵ(ξ1, ξ2)

)
+ f⊥

0 (ξ
1, ξ2) sin

(
2θ(ξ1, ξ2)ξ3

ϵ(ξ1, ξ2)

)
.

where f0 denotes the fiber orientation at the mid-surface of the left atrium, which
lies in the tangential plane, and f⊥

0 is the fiber orthogonal to f0, also within the
tangential plane. Additionally, ϵ represents the thickness of the left atrium at a given
point, and θ is half the angle between the fibers in the epicardium and endocardium,
as illustrated in Fig. 16. The resulting fiber distribution is illustrated in Fig. 5b.

f0

+θ

−θ

ϵ

Fig. 16: Angle variation across the thickness of the left atrium.
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