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Abstract

In this paper, a novel hybrid control strategy is proposed to ensure the global robust finite–time regulation and tracking of
any admissible reference for the Heisenberg system, sometimes also known as the Brockett integrator. The proposed scheme
is comprised of a local controller, ensuring the finite–time attractivity of the origin of the error vector; a global controller,
providing finite–time convergence to the region of attraction of the local one; and a state–dependent switching condition,
which combines both controllers into a single hybrid structure. The resulting strategy provides settling–time estimations and
is straightforward to tune. Some simulations considering possible applications, such as the tracking of geodesic curves, are
included to illustrate the implementability of the results.
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1 Introduction

The Heisenberg system, sometimes called the nonholo-
nomic or Brockett’s integrator [1], takes its name from
the relation of its vector fields with the Heisenberg alge-
bra [2] and is a prototypical nonholonomic system dif-
feomorphic to many physical systems (e.g., the Unicy-
cle Mobile Robot [3] and the Induction Motor [4]) and
to the well–known canonical chained form for n = 3 [5].
Additionally, the Heisenberg system belongs to a class
of nonlinear systems for which its linearization around
the origin is not controllable [6]. It is well–know that
time–invariant continuous, and even some class of dis-
continuous [7], feedback controllers fail to globally sta-
bilize its origin due to Brockett’s condition [8]. Besides,
the Heisenberg system possesses a sub–Riemannian ge-
ometry. This means that the shortest path connecting

⋆ The work of Manuel Mera was supported in part by the
Project IPN–SIP 20250187. The work of Héctor Ríos was
supported in part by SECIHTI, Investigadoras e Investi-
gadores por México, CVU 270504 Project 922 and in part
by TecNM Projects.

any two given points in its 3–dimensional manifold is not
always a straight line, and its length does not necessary
coincide with the Riemannian metric (see, e.g., [9] and
[10]). For these reasons, the Heisenberg system is a pop-
ular benchmark for controller design and stability anal-
ysis of nonholonomic systems, and also it has been used
as a classic example for design of nonlinear [11], time–
varying [12], hybrid [13], and geometric [14] controls.

In the last decades, many control strategies have been
developed with the aim to ensure the closed–loop attrac-
tivity, or even stability of the origin of nonholonomic
systems, including the Heisenberg system (see, e.g., [15],
[16], and [17]). Most of these results only achieve their
purpose with exponential convergence rates. There are
other more recent results that do consider finite–time,
fixed–time, and even prescribed–time convergence to the
origin (see [18], [19], and [20]), and ensure the robustness
of the closed–loop system. However, in these proposals,
the control inputs are not uniformly bounded or the tun-
ing requires selecting several parameters, constructing
complex auxiliary functions, and some of these results
are only local. In addition, the more general simultane-
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ous regulation and tracking problem, which for some ap-
plications is part of the so–called motion planning (see,
e.g., [21] and [22]) is rarely taken into account. This
task is challenging for nonholonomic systems, mainly be-
cause, in general, the regulation and tracking problems
are not equivalent for this class of systems.

Particularly for the Unicycle Mobile Robot (UMR),
which is an important and popular application for the
Heisenberg system, some interesting results ensuring
simultaneous stabilization and tracking have been pub-
lished. In [23], a particular change of coordinate is
used to design a backstepping controller, ensuring the
asymptotic convergence to the origin of the error vector.
The results presented in [24] extend previous results of
tracking and regulation of the UMR in a unifying simul-
taneous scheme. The authors of [25] consider limited
amplitude control inputs but only guarantee asymp-
totic convergence of the error vector to the origin or to
some compact neighborhood of it if perturbations are
taken into account. Nonetheless, none of these results
obtain faster than asymptotic convergence rates.

Motivated by the issues mentioned above, in this pa-
per, we propose a uniformly bounded hybrid controller,
that is straightforward to tune and guarantees the exact
global finite–time convergence to any given point of the
state space and any admissible trajectory, despite the
presence of time–varying or constant matched perturba-
tions. The design also let us estimate the settling time
of the tracking error. The hybrid nature of the resulting
design is obtained using the framework of [26]. The hy-
brid systems framework allows the design of robust con-
trollers for complex nonlinear, piece–wise smooth and
switched systems (see some examples in [26] and [27]),
and help us to analyze the closed–loop system properties
through a structured formal analysis, which is relevant
for this particular result considering the nonholonomic
constraints of the Heisenberg system.

In order to illustrate the workability of the proposed al-
gorithm, a simulation of the tracking of geodesics con-
necting the origin to any arbitrary point in the state
space is included. The controller design proposed in the
paper can be seen as an extension of the results previ-
ously introduced in [28]. However, some important dif-
ferences and additional contributions of the present pa-
per should be noted:

• The global finite–time convergence to the origin of
the tracking error is ensured by designing a com-
plementary controller and a hybrid system struc-
ture. The global property is relevant since many
controller designs for nonholonomic systems require
the initial conditions to be selected outside of a
zero–measure set.

• The resulting hybrid controller solves both the reg-
ulation and tracking problems, which lets us modify
any initial state to any arbitrary desired reference

through any desired admissible trajectory without
any additional modification to the control struc-
ture. This, in turn, extends its application range to
a broader class of tasks, e.g., motion planning with
almost no inconvenience.

• The global uniform boundedness of the control law
and the simplicity of the tuning (the selection of
only 1 additional parameter is required) are pre-
served.

The structure of the rest of this paper is as follows: some
relevant definitions and important theoretical notions
are included in Section 2. The problem statement can
be found in Section 3. In Section 4, the proposed control
design is given together with the robustness analysis. In
Section 5, some simulations illustrating possible imple-
mentations of the proposed control are presented. Fi-
nally, in Section 6, the concluding remarks can be found.

Notation. Denote R+ = {x ∈ R : x > 0}, R− = {x ∈
R : x < 0} and R≥0 = {x ∈ R : x ≥ 0}, where R is
the set of all real numbers; || · || denotes the Euclidean
norm on Rn. Define the function ⌈a⌋γ = |a|γsign(a), for
any γ ∈ R≥0 and any a ∈ R. For a set A ⊂ U with
the boundary ∂A, Ac denotes the complement of the set
A in U , i.e., Ac = U\A, while Ao denotes its interior,
i.e., Ao = A\∂A, and cl (A) its closure, i.e., cl (A) =
A ∪ ∂A. The notation S1 represents the 1−sphere and
SO(2) denotes the special orthogonal group in R2. A
rotation by an angle θ ∈ S1 of a vector v ∈ R2, can
be computed by the multiplication of v by the rotation
matrix R(θ) ∈ SO(2), as R(θ)v, with

R(θ) :=

[
cos(θ) − sin(θ)

sin(θ) cos(θ)

]
.

2 Preliminaries

2.1 Finite–Time Attractivity

Consider the system

ẋ = f(t, x), t ∈ R≥0, x(0) = x0, (1)

where x ∈ Rn is the state vector. The function f : R≥0×
Rn → Rn is assumed to be locally bounded uniformly
in t. For f locally measurable but discontinuous with
respect to x, the solutions are understood in the sense of
Filippov [29]. That is, x(t, x0) is a solution to (1) if it is
absolutely continuous, and if it satisfies the differential
inclusion

ẋ ∈ K[f ](t, x) = c̄o
⋂
ε>0

⋂
µN=0

f(t, B(x, ε)\N),

2



where c̄oM represents the convex closure of a set M ,
B(x, ε) represents the ball centered at x with radius ε,
µN is the Lebesgue measure of a set N . Note that the
intersections are taken over all sets N of measure zero,
for all ε > 0.

Definition 1 [30]. Let the origin be an equilibrium of
(1) i.e., let 0 ∈ K[f ](t,0). The origin is said to be finite–
time attractive, with a region of attraction Ω ⊆ Rn, if
there exists a locally bounded function T : Rn → R+ such
that x(t, x0) = 0, for any x0 ∈ Ω, and all t ≥ T (x0).
Such a function T is called a settling–time function.

2.2 Hybrid Dynamical Systems

A hybrid dynamical system, comprised of continuous
and discrete dynamics can be formally described, as pro-
posed in [26], by H = (C,D, F,G), where C ⊆ Rn is the
flow set, D ⊆ Rn is the jump set, F : C → Rn is the flow
map, and G : D → Rn is the jump map. Then, the ex-
plicit expressions describing the evolution of the hybrid
state ξ ∈ Rn are given as

ξ̇ = F (ξ), ξ ∈ C, (2a)
ξ+ = G(ξ), ξ ∈ D. (2b)

Let a hybrid arc ϕ(t, k) with the initial condition ϕ0 =
ϕ(0, 0), be a solution of (2) parametrized by the contin-
uous time parameter t ∈ R≥0 and the discrete time pa-
rameter k ∈ N, with domϕ denoting the corresponding
hybrid time domain of ϕ.

Definition 2 The set Ω ⊂ Rn is said to be globally
finite–time attractive for (2), if there exists a locally
bounded function T : Rn → R+ such that for each
ϕ0 ∈ Rn, all respective solutions ϕ(t, k) ∈ Ω for all
t+ k ≥ T (ϕ0), for any (t, k) ∈ domϕ.

3 Problem Statement

The Heisenberg system, affected by non–vanishing but
bounded matched perturbations, is described by the
equations

ż(t) = Y ⊤(t)JX(t) + ∆⊤(t)JX(t), (3)
Ẋ(t) = Y (t) + ∆(t), (4)

with the vector state q(t) = [z(t), X⊤(t)]⊤ ∈ R3, the
initial conditions q(0) = q0, and the perturbation ∆ :
R≥0 → R2, bounded as ∥∆(t)∥ ≤ ∆̄, for all t ≥ 0, and for
a known real scalar ∆̄ > 0. The function Y : R≥0 → R2

is the control, and J ∈ R2×2 is the skew–symmetric
matrix

J =

[
0 −1

1 0

]
.

Given an initial point r0 = [zr0 , X⊤
r0 ]

⊤ ∈ R3 and a
feasible desired trajectory r : R≥0 → R3 such that r(t) =
[zr(t), Xr(t)]

⊤ ∈ R3, r(0) = r0, where zr(t) = zr0 +∫ t

0
Y ⊤
r (τ)JXr(τ)dτ , and Xr(t) = Xr0+

∫ t

0
Yr(τ)dτ, for a

given function Yr : R≥0 → R2; the problem is to design
a control law Y (t) such that the origin of the tracking
error e(t) = q(t)− r(t)

e(t) =

[
z̃(t)

X̃(t)

]
=

[
z(t)− zr(t)

X(t)−Xr(t)

]
, (5)

is globally finite–time attractive, i.e., e(t) = 0, for all
t ≥ Te(e0) ≥ 0, for any e0 = e(0) = [z̃0, X̃

⊤
0 ]⊤.

Notice that no other constraint, besides the integrability
of the terms Yr and Y ⊤

r JXr, is imposed on the desired
trajectory r. This means that the controller should be
able to track piece–wise smooth reference trajectories r.
Moreover, due to this, the controller should also be able
to solve the regulation case, i.e., to track r(t) = rd, for all
t ≥ 0, for a given arbitrary constant vector rd ∈ R3, and
also to track asymptotic, or even finite–time, convergent
trajectories i.e., r(t) → rd as t → ∞, or r(t) = rd, for
t ≥ T > 0.

In the remainder of the paper, the argument t is omitted
whenever it is clear and does not lead to any ambiguity.

4 Controller Design

The controller design is carried out in three stages. First,
a local controller ensuring the robust finite–time attrac-
tivity of e = 0 from a known region of attraction is ob-
tained. Then, the design of a complementary controller,
guaranteeing that any solution starting outside of the
region of attraction of the first controller reaches its in-
terior in finite–time, is carried out. Finally, a switching
condition is added in order to combine both controllers,
and to obtain the robust globally attractivity property
of e = 0.

4.1 Local Finite–Time Attractive Controller Design

Taking into account system (3)–(4) and the track-
ing error (5), let us introduce the auxiliary variable
Γ = z̃ − X̃⊤JXr, with its time derivative given by
Γ̇ = (Y − Yr)

⊤
JX̃ + ∆⊤JX̃, and initial condition

Γ0 = Γ(e0). Now, defining Ỹ = Y − Yr, the dynamics
for Γ and X̃ can be rewritten as

Γ̇ = Ỹ ⊤JX̃ +∆⊤JX̃, (6)
˙̃X = Ỹ +∆. (7)
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Fig. 1. Representation of the set Dβ for β = 1. The set Dβ

is comprised of the red and blue manifolds and the region
between them.

Note that if X̃ = 0 and Γ = 0 then z̃ = 0. So, the finite–
time tracking problem for system (3)–(4) can be equiv-
alently solved by designing a control law Ỹ for the the
system (6)–(7), that ensures the finite–time convergence
to the origin of the state vector q̃ = [Γ, X̃⊤]⊤ ∈ R3,
verifying that q̃ = 0 implies e = 0. Before introducing
the proposed controller, some additional definitions and
previous control design results for the local attractivity
of the origin of the Heisenberg system are required.

First, we introduce the functions

ω(q̃) = atan (Φ(q̃)) ,

Φ(q̃) =

{
2β⌈Γ⌋

1
2

∥X̃∥ , if q̃ ̸= 0,

0, if q̃ = 0,

with β > 0. Then, define the sets Mx̃ = {q̃ ∈ R3 : X̃ =
0} and Dβ =

{
q̃ ∈ R3 : |Φ(q̃)| ≤ 2β2

}
, or equivalently,

as shown in Figure 1, Dβ =
{
q̃ ∈ R3 : |Γ| ≤ β2∥X̃∥2

}
,

EvidentlyMx̃∩Dβ = {0}. The following theorem, which
summarizes the results presented in [28], gives a con-
troller design and sufficient conditions on its parameters,
ensuring the invariance of the set Dβ and the finite–time
attractivity of the origin from it.

Theorem 3 [28]. Consider the system (6)–(7) with the
control input

Ỹ = Ỹ1 = −γR (ω(q̃))
X̃

∥X̃∥
, (8)

where R ∈ SO(2), and by definition X̃/∥X̃∥ ∈{
v ∈ R2 : ∥v∥ ≤ 1

}
for X̃ = 0; with the parameters

β > |Γ0|
1
2 /∥X̃0∥ and γ > max

{
∆̄/Cβ , γ0

}
; and the

constants ωβ = atan(2β2), Cβ = cos(ωβ), and

γ0 =

√
∥X̃0∥2 + 4β2|Γ0|

(
∥X̃0∥2 + 2|Γ0|

)
2|Γ0|

1
2 ∥X̃0∥

(
β∥X̃0∥ − |Γ0|

1
2

) ∆̄. (9)

Then, the origin of the closed–loop system is finite–
time attractive, with the region of attraction Dβ.
Moreover, for any q̃0 = q̃(0) ∈ Dβ there exists
Tq̃(q̃0) ≤ ∥X̃0∥/(γCβ − ∆̄), such that q̃(t) = 0, for all
t ≥ Tq̃(q̃0). Also, this parameter selection establishes
that |Φ(q̃(t))| is strictly decreasing for t > 0, implying
that Dβ, and Do

β are invariant sets for the solutions of
the closed–loop system.

Note that, if X̃0 /∈ Mx̃, there always exists β > 0 sat-
isfying the conditions of Theorem 3. This condition en-
sures that q̃0 ∈ Dβ . Also, from the definition of Φ and
the invariance of Dβ , it holds that |Γ(t)| ≤ β2∥X̃(t)∥2
for all t > 0, for any trajectory initiated in Dβ . Thus, for
any T > 0, X̃(T ) = 0 implies that Γ(T ) = 0, and hence,
z̃(T ) = 0. However, if X̃0 ∈ Mx̃, there does not exist β
such that q̃0 ∈ Dβ .

4.2 Complementary Controller Design

The main drawback of (8) is that, the finite–time attrac-
tivity of the origin is only achieved locally on Dβ . More-
over, if X̃0 ∈ Mx̃, (8) cannot drive q̃ to the origin. In
order to extend the finite–time attractivity property to
Dc

β , and consequently obtain a globally attractive origin
of (6)–(7) in closed–loop, the following complementary
controller is proposed.

Theorem 4 Consider the set Dβ with a given β > 0,
and system (6)–(7), with initial conditions q̃0 ∈ Dc

β and
the control input

Ỹ = Ỹ2 =

{
γp̂, if q̃ ∈ Mx̃

γ X̃
∥X̃∥ , if q̃ /∈ Mx̃

(10)

with p̂ = [1, 0]⊤, and γ > (1 + 2β2)∆̄/2β2. Then, the
trajectories of the tracking error satisfy q̃(t) ∈ Dβ for all
t ≥ Tβ(q̃0) with Tβ(q̃0) ≤ ( 1β |Γ0|

1
2 −∥X̃0∥)/(γ̄−∆̄/2β2),

where γ̄ = γ − ∆̄.

All of the proofs are postponed to the Appendix.

Despite that the control input (10) ensures the finite–
time attractivity of Dβ , for any given β > 0, the problem
is only partially solved, since it is necessary to switch the
control input to (8), once the set Dβ has been reached.
The subsequent section addresses this issue.
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4.3 Global Finite–Time Attractive Hybrid Controller
Design

For the purpose of ensuring the global finite–time at-
tractivity of the closed–loop system origin, a hybrid con-
troller design, obtained by combining (8) and (10), is
proposed.

Consider the discrete state variable σ ∈ {1, 2} and the
hybrid state vector η = [q̃⊤, σ]⊤ ∈ R3 × {1, 2}. Then,
the corresponding dynamics are given as

η̇ = F (η) =


Ỹ ⊤
σ JX̃ +∆⊤JX̃

Ỹσ +∆

0

 , η ∈ C,

η+ = G(η) =

[
q̃

3− σ

]
, η ∈ D,

where the closed flow and jump sets are given as

C =

2⋃
i=1

Ci × {i}, D =

2⋃
i=1

Di × {i},

with

C1 =
{
q̃ ∈ R3 : |Γ| ≤ β2∥X̃∥2

}
, D1 =cl (Cc

1) \{0},

D2 =
{
q̃ ∈ R3 : |Γ| ≤ β2

ε∥X̃∥2
}
, C2 =cl (Dc

2) \{0},

for some positive scalars β and βε < β. Now, the closed–
loop system can be defined as a hybrid system Hc =
(C,D, F,G), with the given maps and sets 1 . Note that,
if the parameters γ, β, and βε are adequately selected,
the definition of the sets C and D generates a hysteresis–
like switching mechanism [26] for the control signal Ỹσ,
ensuring that only one switch occurs at the same time
instant, thus avoiding any Zeno behaviour.

The mechanism leaves Ỹ2 active if the variable σ = 2
and q̃ ∈ C2. Thus, for any initial condition q̃0 ∈ C2 ⊃ Dc

β ,
q̃ is driven to D2 ⊂ Co

1 while Ỹ2 is active. On the other
hand, the mechanism leaves Ỹ1 if the variable σ = 1 and
q̃ ∈ C1. So, once q̃ ∈ C1 = Dβ , q̃ is driven to the origin in
a finite time while Ỹ1 is active. The variable σ switches
while q̃ ∈ Di, for i ∈ 1, 2. Notice that D2 ⊂ Co

1, then
if σ = 2 and q̃ ∈ D2, the switch to σ = 1 only occurs
on Co

1. Additionally, because Co
1 = Do

β is an invariant
set for the continuous closed–loop system with Ỹ1, and
D1∩Co

1 = ∅, then q̃ cannot reach D1 once it is in Co
1, and

it is impossible to switch back to σ = 2. In the worst

1 Formally, the solutions of Hc are understood in the
Krasovskii sense (see [26, Chapter 4]).

case, i.e., when the initial conditions are such that σ = i
while q̃0 ∈ Cj ∩ Di, for i ̸= j, only two switches can
happen at most. In this case, an instantaneous switch
occurs according to σ+ = 3−σ at the initial continuous
time t = 0, setting σ = j, and leaving the subsequent
evolution of the state continuously on Cj exactly as any of
the cases explained above. Therefore, only one additional
switch happens with respect to any other cases, giving
a maximum of two switches and a minimum of zero.

Remark 5 The nominal system, i.e., Hc with ∆ ≡ 0,
fulfill the hybrid basic conditions given in [26, Assump-
tion 6.5], these are sufficient conditions for the nominal
well–posedness of the system.

Remark 5 also ensures the well–posedness of the system
Hc in the presence of continuous vanishing perturba-
tions [26, Proposition 6.8], e.g., some possible unmod-
eled dynamics. Although this class of perturbations are
not formally considered in the present analysis, the well–
posedness of the closed–loop system rules out any pos-
sible finite–time escape.

The following Theorem gives the conditions on the pa-
rameter selection ensuring the desired global finite–time
attractivity property of the point [0⊤, 1]⊤ for Hc.

Theorem 6 Consider Ỹ = Ỹσ given by (8) and (10),
respectively, for σ ∈ {1, 2} and

γ > max

{
∆̄/Cβ , γβ ,

(1 + β2
ε )

β2
ε

∆̄

}
,

γβ =

√
1 + 4βε

(
β + (2β4

ε/β)
)

2β2
ε (β − (β2

ε/β))
∆̄,

with 0 < βε < β. Then, η = [0⊤, 1]⊤ is globally
finite–time attractive for the hybrid system Hc, with
the settling–time T (q̃0) ≤ mcT̄1(q̃0) + T̄2(q̃0), where
mc = 1 + ∆̄

2β2
ε(γCβ−∆̄)

,

T̄1(q̃0) = max

{
0,

1
βε
|Γ0|

1
2 − ∥X̃0∥

γ̄ − (∆̄/2β2
ε )

}
,

T̄2(q̃0) = max

{
|Γ0|

1
2

βε(γCβ − ∆̄)
,

∥X̃0∥(
γCβ − ∆̄

)} .

The next result, which considers the unperturbed case,
i.e., ∆ ≡ 0, follows directly from Theorem 6.

Corollary 7 If ∆ ≡ 0, then η = [0⊤, 1]⊤ is globally
finite–time attractive, for the hybrid system Hc, with
0 < βε < β, and the control inputs Ỹσ given by (8) and
(10), respectively, for σ ∈ {1, 2}, with γ > 0. Moreover,
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the settling–time can be exactly calculated as

T (q̃0) = max

{
0,

1

γ

(
1

βε
|Γ0|

1
2 − ∥X̃0∥

)}
+

|Γ0|
1
2

γβεCβ
.

4.4 On the Implementation

Note that the actual control input applied to the system
(3)–(4) is Y = Ỹσ +Yr, and although the integrability is
the only formal assumption on Yr, in order to physically
implement the proposed controller it is necessary that
Yr is uniformly bounded, i.e., ∥Yr(t)∥ ≤ Ȳr, ∀t ≥ 0, for
some 0 < Ȳr < ∞. In this case, Yr could be considered
as part of the matched perturbation as ∆y(t) = ∆(t) +
Yr(t), with the upper bound ∆̄y = ∆̄ + Ȳr. Therefore,
we can directly design the control law Y as in Theorem
6, without taking into account Yr (i.e., Y = Ỹσ), but
considering ∆̄y instead of ∆̄.

Implementing the control considering this additional as-
sumption has two important consequences. In first place,
it is not necessary to feed Yr as a part of Y in order
to have global finite–time convergence to the origin of
the tracking error, as long as the gain γ is selected ade-
quately, by considering the upper bound of the pertur-
bation as ∆̄y. And secondly, because no other additional
condition is imposed in the perturbation ∆y, it is possi-
ble to track piece–wise smooth trajectories references r,
generated by discontinuous but bounded functions Yr,
e.g., a bounded upper semi–continuous function.

For the tuning, the selection of β is arbitrary and does
not depend on the initial conditions. The only require-
ment on β is that β > βε > 0, but βε can always be
selected as βε = εβ with ε ∈ (0, 1). Once β and βε are
fixed, it is simply required to select γ according to the
conditions given in Theorem 6, which can be directly
calculated without any additional information because
these conditions only depend on ∆̄, β, and βε; or if it is
assumed that ∆ ≡ 0, simply select γ > 0, as in Corol-
lary 7.

5 Simulations: Tracking of Geodesics

It is well–known that due to the sub–Riemannian geom-
etry of the Heisenberg system, the geodesics, i.e., ad-
missible curves of minimal length connecting any two
given points of the manifold, are of particular interest
[9]. These curves also have the particularity that their
time derivatives go to zero in a finite time. Thus, one
illustrative and interesting application of the proposed
controller is the tracking of geodesic trajectories, show-
casing that the controller achieves the simultaneous reg-
ulation and tracking objective.

For simplicity, in these simulations we only consider
geodesics connecting the origin and any given point rd ∈

Fig. 2. Trajectories of the Tracking Error in R3 – Case 1

R3. The explicit expressions for a geodesic of the Heisen-
berg system from the origin to an arbitrary point rd ̸= 0
are the following [10]

Xr(t) = 1/h0

[
sin(θ0 + h0t)− sin(θ0)

− cos(θ0 + h0t) + cos(θ0)

]
,

zr(t) =

∫ t

0

Ẋr(t)JXr(t)ds = 1/h2
0 (h0t− sin(h0t)) ,

for 0 ≤ t ≤ T and r(t) = rd, for t > T . There-
fore, a geodesic connecting the origin and rd =
[57.0789, −10, −10]⊤, in T = 15.7080[s], can be ob-
tained by selecting h0 = 0.1 and θ0 = π. Additionally,
it is assumed that the system is affected by the pertur-
bation ∆(t) = (0.05 cos(0.01t) + 0.01, 0.05 sin(0.05t) −
0.01)⊤, and hence, we have that ∆̄ = 0.0849. Consider-
ing this, the constants β = 2 and γ = 2.5 were chosen
as parameters for the controllers (8) and (10). Also,
βε = 1.99 was chosen.

Case 1: q̃0 ∈ Dβ . For this case, the initial conditions for
(3)–(4) are selected as q0 = [−25, 2, −2]⊤, and σ(0) = 1
ensuring that q̃0 ∈ Co

1 = Do
β as shown in Figure 2. It is

clear that no switching occurs due to the invariance of
Co
1 for σ = 1 and Co

1 ∩ D1 = ∅, so only Y1 is active. The
upper bound for the settling–time is Tq̃ ≤ 10.0522. The
tracking motion of q related to the geodesic r is shown
in Figure 3, where it is clear that q converges to r, and
then, both r and q reach rd, remaining on this point
afterwards. The control inputs are depicted in Figure 4,
where it is shown that these are only discontinuous at
q̃ = 0, which occurs after 5 seconds.

Case 2: q̃ ∈ Dc
β . For the second case, the initial condi-

tions for (3)–(4) are selected as q0 = [−25, 0, 0]⊤, and
σ(0) = 2, this implies that q̃0 ∈ Mx̃∩C2 ⊂ Dc

β , as shown
in Figure 5. In this case, the controller Y2 is active ini-
tially and remains active until q̃(t) ∈ ∂D2 ⊂ Dβ . At this

6



Fig. 3. Trajectories of the System in R3 – Case 1
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Fig. 4. Time evolution of the control input – Case 1

moment, the controller switches to Y1, and then the so-
lution reaches the origin with Tq̃ ≤ 11.8951. In Figure 6,
the finite–time tracking of the geodesic r is presented. Fi-
nally, the control signals are depicted in Figure 7, where
it is possible to notice a jump around the 1 second mark,
this jump is evidently caused by the hybrid nature of
the controller, and the trajectories reaching the jump
set D2, effectively switching σ = 2 to σ = 1 at this in-
stant. No other switching of this nature happens, until
the control input becomes discontinuous again only at
the origin after around 5 seconds.

6 Conclusions

A simple to tune globally uniformly bounded finite–time
controller, that solves the simultaneous regulation and
tracking, is proposed for the Heisenberg system. The
main contributions of this paper can be summarized as:

a) An extension of the semi–global results from [28]

Fig. 5. Trajectories of the Tracking Error in R3 – Case 2

Fig. 6. Trajectories in R3 – Case 2
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Fig. 7. Time evolution of the control input – Case 2
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to the simultaneous tracking and regulation case is
proposed.

b) A new complementary controller, which ensures the
global attractivity of the domain of convergence of
the closed–loop error dynamics with the controller
obtained in item a), is designed.

c) A hybrid controller, ensuring the global attractiv-
ity of the origin of the closed–loop error dynamics,
comprised of the controllers mentioned in items a)
and b), and a state–dependent hysteresis–like su-
pervisor are developed.

Finally, in order to illustrate the implementation, a sim-
ulation of the tracking of geodesics connecting the origin
to any arbitrary point in Rn is included.

Appendix

Proof of Theorem 4: Notice that Mx̃ is not an in-
variant set for the closed–loop system in Dc

β , due to the
definition of Ỹ2 in Mx̃ ∩ Dc

β , and γ > ∆̄. This implies
that, for any q̃0 ∈ Mx̃ ∩ Dc

β , there exists an arbitrar-
ily small tε > 0, such that q̃(tε) ∈ Dc

β\Mx̃. Then, as-
suming q̃(tε) ∈ Dc

β\Mx̃ and applying controller (10) to
system (6)–(7), the closed–loop tracking error dynamics
satisfies Γ̇ = ∆⊤JX̃, and ˙̃X = γX̃/∥X̃∥+∆. Now, de-
fine the function Cx̃ = 1

2∥X̃∥2, with the time derivative
lower bounded as

Ċx̃ = γ∥X̃∥+ X̃⊤∆

≥ γ∥X̃∥ − ∆̄∥X̃∥ =
√
2γ̄C

1
2

x̃ (11)

with γ̄ = γ − ∆̄, this implies that for any t ≥ 0,

t ≤ 1

γ̄

(
∥X̃(t)∥ − ∥X̃0∥

)
. (12)

Inequality (11), estabilishes that Mx̃ is completely un-
stable on Dc

β (see [31, Theorem 2.13]). Thus, if q̃(tε) ∈
Dc

β\Mx̃, then q̃(t) /∈ Mx̃ ∩ Dc
β for all t > tε. In a sim-

ilar manner, define CΓ = |Γ|, with the time derivative
given by ĊΓ = ⌈Γ⌋0 ∆JX̃, using the fact that as long
as q̃ ∈ Dc

β, |Γ| 12 > β∥X̃∥, we can upper–bound ĊΓ as
ĊΓ ≤ |∆JX̃| ≤ ∆̄∥X̃∥ ≤ ∆̄

β C
1
2

Γ , which in turn implies
that

|Γ(t)| 12 ≤ |Γ0|
1
2 +

∆̄

2β
t. (13)

We are looking for an upper estimate of the time instant
Tβ , such that q̃(Tβ) ∈ Dβ , this is the first instant Tβ that

|Γ(Tβ)|
1
2 = β∥X̃(Tβ)∥. From (12) and (13)

Tβ ≤ 1

γ̄

(
∥X̃(Tβ)∥ − ∥X̃0∥

)
=

1

γ̄β
|Γ(Tβ)|

1
2 − 1

γ̄
∥X̃0∥

≤ 1

γ̄β

(
|Γ0|

1
2 +

∆̄

2β
Tβ

)
− 1

γ̄
∥X̃0∥

=
1

γ̄

(
1

β
|Γ0|

1
2 − ∥X̃0∥+

∆̄

2β2
Tβ

)
.

Then, it is straightforward to deduce that

Tβ ≤
1
β |Γ0|

1
2 − ∥X̃0∥

γ̄ − ∆̄/2β2
. (14)

The numerator of (14) is always positive due to the se-
lection of β. Then, to ensure the positivity of the right–
hand side of (14) it is required, from the denominator
and the definition γ̄ = γ−∆̄, that γ−∆̄−

(
∆̄/2β2

)
> 0.

Thus, γ > (1 + 2β2)∆̄/2β2 > ∆̄ should be satisfied. ■

Proof of Theorem 6: Recall that a jump (switch) can
only occur if q̃ ∈ Di while σ = i, and the jump maps
dictates that σ+ = 3 − i. Otherwise, the time evo-
lution of the system is given by the corresponding i–
esim flow map such that q̃ ∈ Ci. Note that C1 = Dβ ,
C1 ∪ C2 = R3, D1 ∩ D2 = ∅, Co

j ∩ Dj = ∅, but Cj ∩ Dj =
∂Cj\{0} ⊂ Co

i ∩ Dj , for i ̸= j. Also, the definition of
the sets C and D, as it will be shown, ensures that there
does not exist the possibility of more than one switch
at the same time instant for Hc, and no more than 2
switches in total, thus avoiding any possible Zeno be-
haviour or sliding motion on the boundary. Addition-
ally, it is possible to verify that the singleton [0⊤, 1]⊤

is strongly invariant 2 : flow invariant, in Filippov sense,
due to [0⊤, 1]⊤ ∈ K[F ]([0⊤, 1]⊤) ∩ C1, and jump invari-
ant because 0 /∈ D1.

The convergence analysis is carried out considering the
following 4 cases:

1) For initial conditions ηa(0, 0) ∈ Co
2 × {2}, i.e., q̃0 ∈

Co
2 ⊃ Dc

β and σ(0) = 2, initially Ỹ2 is acting on (6)–(7).
From the definition of D2, the fact that C2 ∩ D2 = ∅
and Theorem 4, this control input drives q̃ towards D2,
and remains active until the time instant T1, such that
q̃(T1) ∈ ∂D2 ⊂ Dβ . At this instant

|Γ(T1)|
1
2 = β2

ε∥X̃(T1)∥ < β2∥X̃(T1)∥. (15)

Using a similar argument as in the proof of Theorem 4
it is possible to upper–bound T1 as T1(q̃0) ≤ ( 1

βε
|Γ0|

1
2 −

∥X̃0∥)/(γ̄ − ∆̄/2β2
ε ). Furthermore, at T1 due to q̃ ∈

2 A set S is strongly invariant for a system H, if for each
ξ0 ∈ S all the hybrid arcs (solutions) of H, ϕ(ξ0) ⊂ S.
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D2 ∩ Co
1, this is |Γ(T1)| < β2∥X̃(T1)∥2, a switch occurs

and σ+(T1) = 1. From this moment on, Ỹ1 starts act-
ing on system (6)–(7). The invariance of Do

β = Co
1 with

controller Ỹ1, is ensured if 3

d|Φ(t)|
dt

∣∣∣∣
t=T1

≤ −γ
2β

(
β − 1

2β |Φ(T1)|
)

∥X̃(T1)∥
√
1 + Φ2(T1)

+ |Γ(T1)|−
1
2

(
β +

1

2β
|Φ(T1)|2

)
∆̄ < 0.

The fulfillment of previous inequality requires that, β >

|Γ(T1)|
1
2 /∥X̃(T1)∥, which is fulfilled at this instant, due

to (15). Additionally, it is required that

γ >

√
1 + Φ2(T1)

(
β + 1

2β |Φ(T1)|2
)

|Φ(T1)|
(
β − 1

2β |Φ(T1)|
) ∆̄,

such a condition is equivalent to γ > γβ , taking into ac-
count the definition of Φ and (15). Once the invariance of
Co
1 for (6)–(7), with Ỹ1 is ensured, it is guaranteed that no

further switches would occur due to D1∩Co
1 = ∅; and it is

concluded that the set Co
1 ×{1} is strongly invariant for

Hc. Moreover, from Theorem 3, we may conclude that,
on this set, q̃(t) converges to the origin in a finite time T2

upper–bounded as T2(q̃(T1)) ≤ ∥X̃(T1)∥/(γCβ−∆̄). Us-
ing (13) and (15), an upper–bound for the total settling–
time can be computed as

T (q̃0) = T1(q̃0) + T2(q̃(T1))

≤ T1(q̃0) +
∥X̃(T1)∥
γCβ − ∆̄

= T1(q̃0) +
|Γ(T1)|

1
2

βε

(
γCβ − ∆̄

)
≤ T1(q̃0) +

|Γ0|
1
2 + ∆̄

2βε
T1(q̃0)

βε

(
γCβ − ∆̄

)
= mcT1(q̃0) +

|Γ0|
1
2

βε

(
γCβ − ∆̄

) .
Then, using the previously obtained upper–bound for
T1, we have that T (q̃0) ≤ mc(

1
βε
|Γ0|

1
2 − ∥X̃0∥)/(γ̄ −

∆̄/2β2
ε )+T1(q̃0). Formally, any ηa(0, 0) ∈ Co

2×{2}, with
the hybrid time domain dom ηa = [0, T1]×{0}∪[T1,∞)×

3 For the detailed explanation on how this upper bound is
obtained we refer the reader to [28].

{1}, is given by

ηa(t, 0) =


Γ0 +

∫ t

0
Ỹ ⊤
2 (τ)JX̃(τ)dτ

X̃0 +
∫ t

0
Ỹ2(τ)dτ

2

 ,

ηa(t, 1) =


Γ(T1) +

∫ t

T1
Ỹ ⊤
1 (τ)JX̃(τ)dτ

X̃(T1) +
∫ t

T1
Ỹ1(τ)dτ

1

 .

From the previously stated arguments, we can conclude
that ηa(t, k) = [0⊤, 1]⊤, for all t ≥ T (q̃0) and k = 1.

2) Assume initial conditions such that ηb(0, 0) ∈ Co
1 ×

{1}, i.e., q̃0 ∈ Co
1 = Do

β , while σ(0) = 1, so at this
instant Ỹ1 is acting on (6)–(7), and due to the previ-
ously arguments, the set Co

1 × {1} is strongly invariant
for Hc. Also, from Theorem 3, on this set q̃(t) converges
to the origin in a finite time upper bounded as T (q̃0) ≤
∥X̃0∥/(γCβ − ∆̄). So, any solution ηb(0, 0) ∈ Co

1 × {1},
with the hybrid time domain dom ηb = [0,∞) × {0}, is
given by

ηb(t, 0) =


Γ0 +

∫ t

0
Ỹ ⊤
1 (τ)JX̃(τ)dτ

X̃0 +
∫ t

0
Ỹ1(τ)dτ

1

 .

Once again, we may conclude that ηb(t, k) = [0⊤, 1]⊤,
for all t ≥ T (q̃0) and k = 0.

3) For ηc(0, 0) = [0⊤, 2]⊤ ∈ C1 × D2, an instantaneous
switch happens, and we have ηc(0, 1) = [0⊤, 1]⊤. Thus,
for ηc(0, 0) = [0⊤, 2]⊤, with dom ηc = {0}×{0}∪[0,∞)×
{1}, then ηc(t, k) = [0⊤, 1]⊤ for t ≥ 0 and k = 1.

4) Recalling that ∂Cj\{0} ⊂ Co
i ∩ Dj . For any other

initial condition i.e., ηd(0, 0) ∈ Co
i ∩Dj ×{j} with i ̸= j,

an instantaneous switch occurs, bringing the solution to
ηd(0, 1) ∈ Co

i × {i}, which can be analyzed analogously
as case 1) or 2), respectively, considering the discrete
time parameter k increased by 1. And, it is possible to
conclude that ηd(t, k) = [0⊤, 1]⊤ for all t ≥ T (q̃0) and
k ≤ 2.

Notice that the sets described in items 1) to 4) generate
a partition of R3×{1, 2}. Thus, for any initial condition
η(0, 0) ∈ R3×{1, 2}, there exists a hybrid arc η(t, k), and
a locally bounded positive Th(q̃0) = T (q̃0) + 2 such that
η(t, k) = [0⊤, 1]⊤, for all t+ k ≥ Th, and (t, k) ∈ dom η.

Due to the local boundedness of F and G, the hybrid
arc can be extended continuously from any initial con-
dition η(0, 0) ∈ C\[0⊤, 1]⊤ locally. Additionally, jumps
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are bounded as |σ+ − σ| ≤ 2. Combining this with the
global finite–time attractivity of [0⊤, 1]⊤ it is possible to
conclude that the hybrid arc is globally bounded and no
finite escape time exists, also η converges to [0⊤, 1]⊤, in a
continuous finite time T ∗ ≤ T (q̃0), with T (q̃0) < ∞. Fur-
thermore, no Zeno behavior exists because it is proven
that the discrete time is globally uniformly bounded.
Specifically, k ≤ 2 for any η(0, 0) ∈ R3 × {1, 2}. Thus,
dom η is always bounded in k. Finally, the convexity of
F ([0⊤, 1]⊤) and the fact [0⊤, 1]⊤ ∈ K[F ]([0⊤, 1]⊤), en-
sure that, in Filippov sense, the hybrid arc can be ex-
tended indefinitely and invariantly as η(t, ·) = [0⊤, 1]⊤

for all t > T ∗. Consequently, dom η is unbounded in t,
and the hybrid arc η is complete and either continuous
(k = 0), or eventually continuous (1 ≤ k ≤ 2). This
concludes the proof. ■

References

[1] A. M. Bloch, “Nonholonomic mechanics,” in Nonholonomic
mechanics and control. Springer, 2003, pp. 207–276.

[2] A. Vershik and V. Y. Gershkovich, “Nonholonomic
problems and the theory of distributions,” Acta Applicandae
Mathematica, vol. 12, no. 2, pp. 181–209, 1988.

[3] G. Escobar, R. Ortega, and M. Reyhanoglu, “Regulation
and tracking of the nonholonomic double integrator: A field-
oriented control approach,” Automatica, vol. 34, no. 1, pp.
125–131, 1998.

[4] M. Defoort, T. Floquet, W. Perruquetti, and S. V. Drakunov,
“Integral sliding mode control of an extended Heisenberg
system,” IET Control Theory & Applications, vol. 3, no. 10,
pp. 1409–1424, 2009.

[5] S. Y. Wang, W. Huo, and W. L. Xu, “Order-reduced
stabilization design of nonholonomic chained systems based
on new canonical forms,” in Proceedings of the 38th IEEE
Conference on Decision and Control, vol. 4. IEEE, 1999,
pp. 3464–3469.

[6] F. Clarke, “Discontinuous feedback and nonlinear systems,”
IFAC Proceedings Volumes, vol. 43, no. 14, pp. 1–29, 2010.

[7] E. P. Ryan, “On brockett’s condition for smooth
stabilizability and its necessity in a context of nonsmooth
feedback,” SIAM Journal on Control and Optimization,
vol. 32, no. 6, pp. 1597–1604, 1994.

[8] R. W. Brockett, “Control theory and singular riemannian
geometry,” in New directions in applied mathematics.
Springer, 1982, pp. 11–27.

[9] A. Agrachev, D. Barilari, and U. Boscain, A comprehensive
introduction to sub-Riemannian geometry. Cambridge
University Press, 2019, vol. 181.

[10] V. N. Berestovskii, “Geodesics of nonholonomic left-invariant
intrinsic metrics on the Heisenberg group and isoperimetric
curves on the minkowski plane,” Siberian mathematical
journal, vol. 35, no. 1, pp. 1–8, 1994.

[11] R. Brockett, “The early days of geometric nonlinear control,”
Automatica, vol. 50, no. 9, pp. 2203–2224, 2014.

[12] C.-C. Yih, “Time-varying control for exponential
stabilisation of the brockett integrator,” IET Control Theory
& Applications, vol. 11, no. 12, pp. 1976–1982, 2017.

[13] C. Prieur and E. Trélat, “Robust optimal stabilization of the
brockett integrator via a hybrid feedback,” Mathematics of
Control, Signals and Systems, vol. 17, pp. 201–216, 2005.

[14] G. Stefani, U. Boscain, J.-P. Gauthier, A. Sarychev, and
M. Sigalotti, Geometric control theory and sub-Riemannian
geometry. Springer, 2014, vol. 5.

[15] N. Marchand and M. Alamir, “Discontinuous exponential
stabilization of chained form systems,” Automatica, vol. 39,
no. 2, pp. 343–348, 2003.

[16] M. Defoort and M. Djemaï, “A Lyapunov-based design
of a modified super-twisting algorithm for the Heisenberg
system,” IMA Journal of Mathematical Control and
Information, vol. 30, no. 2, pp. 185–204, 2013.

[17] A. Ferrara, G. P. Incremona, and C. Vecchio, “Adaptive
multiple-surface sliding mode control of nonholonomic
systems with matched and unmatched uncertainties,” IEEE
Transactions on Automatic Control, vol. 69, no. 1, pp. 614–
621, 2023.

[18] E. Rocha, F. Castaños, and J. A. Moreno, “Robust finite-
time stabilisation of an arbitrary-order nonholonomic system
in chained form,” Automatica, vol. 135, p. 109956, 2022.

[19] D. Efimov and I. Kolmanovsky, “On homogeneity with
respect to a part of variables and accelerated regulation,”
IEEE Transactions on Automatic Control, 2025.

[20] B. Zhou, K.-K. Zhang, and H. Jiang, “Prescribed–time
control of perturbed nonholonomic systems by time-varying
feedback,” Automatica, vol. 155, p. 111125, 2023.

[21] V. Grushkovskaya and A. Zuyev, “Motion planning and
stabilization of nonholonomic systems using gradient flow
approximations,” Nonlinear Dynamics, vol. 111, no. 23, pp.
21 647–21 671, 2023.

[22] J. Wang, M. Q.-H. Meng, and O. Khatib, “EB-RRT: Optimal
motion planning for mobile robots,” IEEE Transactions on
Automation Science and Engineering, vol. 17, no. 4, pp. 2063–
2073, 2020.

[23] K. D. Do, Z.-P. Jiang, and J. Pan, “A global output-feedback
controller for simultaneous tracking and stabilization of
unicycle-type mobile robots,” IEEE Transactions on Robotics
and Automation, vol. 20, no. 3, pp. 589–594, 2004.

[24] Y. Wang, Z. Miao, H. Zhong, and Q. Pan, “Simultaneous
stabilization and tracking of nonholonomic mobile robots: A
Lyapunov-based approach,” IEEE Transactions on Control
Systems Technology, vol. 23, no. 4, pp. 1440–1450, 2015.

[25] Z. Wang, G. Li, X. Chen, H. Zhang, and Q. Chen,
“Simultaneous stabilization and tracking of nonholonomic
wmrs with input constraints: Controller design and
experimental validation,” IEEE Transactions on Industrial
Electronics, vol. 66, no. 7, pp. 5343–5352, 2018.

[26] R. Goebel, R. Sanfelice, and A. Teel, “Hybrid dynamical
systems,” IEEE Control Systems Magazine, vol. 29, no. 2,
pp. 28–93, 2009.

[27] R. G. Sanfelice, Hybrid feedback control. Princeton
University Press, 2021.

[28] M. Mera and H. Ríos, “Semi-global and robust finite-time
regulation of the Heisenberg system,” IEEE Transactions on
Automatic Control, vol. 69, no. 10, pp. 7152–7158, 2024.

[29] A. F. Filippov, Differential equations with discontinuous
righthand sides. Kluwer Academic Publishers, 1988.

[30] K. Zimenko, A. Polyakov, and D. Efimov, “On finite-
time robust stabilization via nonlinear state feedback,”
International Journal of Robust and Nonlinear Control,
vol. 28, no. 16, pp. 4951–4965, 2018.

[31] P. Braun, L. Grüne, and C. M. Kellett, (In-) stability of
differential inclusions: notions, equivalences, and Lyapunov-
like characterizations. Springer Nature, 2021.

10




