N
N

N

HAL

open science

Weighted Fourier Factorizations: Optimal Gaussian Noise for
Differentially Private Marginal and Product Queries
Christian Janos Lebeda, Aleksandar Nikolov, Haohua Tang

» To cite this version:

Christian Janos Lebeda, Aleksandar Nikolov, Haohua Tang. Weighted Fourier Factorizations: Optimal Gaus-
sian Noise for Differentially Private Marginal and Product Queries. 2025. <hal-05436327)

HAL Id: hal-05436327
https://inria.hal.science/hal-05436327v1

Preprint submitted on 31 Dec 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://inria.hal.science/hal-05436327v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:2512.21499v1 [cs.DS] 25 Dec 2025

Weighted Fourier Factorizations: Optimal Gaussian Noise for
Differentially Private Marginal and Product Queries

CHRISTIAN JANOS LEBEDA, Inria, Université de Montpellier, INSERM, France
ALEKSANDAR NIKOLOV, University of Toronto, Canada
HAOHUA TANG, University of Toronto, Canada

We revisit the task of releasing marginal queries under differential privacy with additive (correlated)
Gaussian noise. We first give a construction for answering arbitrary workloads of weighted marginal
queries, over arbitrary domains. Our technique is based on releasing queries in the Fourier basis
with independent noise with carefully calibrated variances, and reconstructing the marginal query
answers using the inverse Fourier transform. We show that our algorithm, which is a factorization
mechanism, is exactly optimal among all factorization mechanisms, both for minimizing the sum of
weighted noise variances, and for minimizing the maximum noise variance. Unlike algorithms based
on optimizing over all factorization mechanisms via semidefinite programming, our mechanism runs
in time polynomial in the dataset and the output size. This construction recovers results of Xiao et
al. [Neurips 2023] with a simpler algorithm and optimality proof, and a better running time.

We then extend our approach to a generalization of marginals which we refer to as product
queries. We show that our algorithm is still exactly optimal for this more general class of queries.
Finally, we show how to embed extended marginal queries, which allow using a threshold predicate
on numerical attributes, into product queries. We show that our mechanism is almost optimal
among all factorization mechanisms for extended marginals, in the sense that it achieves the optimal
(maximum or average) noise variance up to lower order terms.

1 Introduction

In this work we study marginal queries and generalizations under differential privacy. We
consider datasets D in which each data point is specified by d categorical attributes (we
discuss our generalization to numerical queries later). A marginal query is given by a subset
S of the attributes, and asks, for each possible setting ¢ of the attributes in S, for the number
of data points in D that have attributes in S with values agreeing with t. For example,
consider a dataset that tracks sex, education level, place of residence, marital status, presence
or absence of some genetic markers, and whether a person has been diagnosed with a certain
disease. Then the answer to a marginal query corresponding to the sex attribute, one of the
genetic marker attributes, and the disease diagnosis attribute, is a 3-dimensional table with
2 X 2 x 2 cells: one for each setting of these three attributes. The cells of the table give the
number of males that have the genetic marker and have been diagnosed with the disease,
the number of females that have the genetic marker and have been diagnosed, the number
of males that don’t have the marker and have been diagnosed, etc.

Marginal queries like these are known by different names, e.g., OLAP data cubes, and
contingency tables, and are ubiquitous when summarizing high-dimensional data, including
data from surveys, clinical studies, and official statistics. Often, however, the underlying
data is sensitive, and protecting its privacy is sometimes even mandated by law. In these
situations, releasing marginal queries can raise significant privacy concerns. Answers to a rich
enough set of marginal queries can reveal enough about a dataset to enable an adversary to
reconstruct most of the data [KRSU10], or to infer the membership of a given data point in
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the dataset [BUV14]. For this reason, we adopt the differential privacy framework [DMNS06],
and study marginal query release subject to the constraints of this framework.

A concrete motivating example to keep in mind are the marginal queries released by the
US Census Bureau for the 2020 Census of Housing and Population. After it was discovered
that prior disclosure avoidance systems failed to adequately protect the privacy of the census
data [GAM19, JAS20, Uni21], the US Census Bureau implemented a new differentially
private algorithm, the TopDown algorithm, for the 2020 Census [AACT22]. The TopDown
algorithm releases estimates of selected marginal queries partitioned based on a geographical
hierarchical structure. Since the accuracy of certain marginal queries has high practical
importance additional privacy budget is allocated for those estimates. We similarly allow
the user to specify an importance weight for each marginal query.

As another motivating application, marginal queries have also been used as a subroutine
when generating synthetic data [MMS21, MSM19, ZWL*'21]. Those techniques typically
select a set of marginals that are then privately estimated using Gaussian noise. The synthetic
data is generated so that it roughly matches the measured marginals.

In some applications it is also natural to consider more complex extensions of marginal
queries. A particularly natural example are the extended marginal queries (called prefix-
marginals in [MMHM?23]), in which the attributes are partitioned into categorical and
numerical, and, for a set S of attributes, the extended marginal query asks, for each possible
setting of the categorical attributes in .S, and each possible choice of prefix intervals for the
numerical attributes in S, how many data points agree with the settings of the categorical
attributes and have numerical attribute values lying in the chosen prefix intervals. Extended
marginals allow us, for example, to ask how many data points correspond to males under
the age of 35, or to females under the age of 45, etc. Workloads of extended marginals also
appear in products released by the US Census Bureau, see examples described by McKenna
et al. [MMHM23].

Marginal query release under differential privacy has been studied extensively since
differential privacy was first introduced. An exhaustive account of this line of work is beyond
the scope of this paper, but we highlight the results most relevant to our contributions.
The early work of Barak, Chaudhuri, Dwork, Kale, McSherry, and Talwar [BCD07],
which initiated the formal study of differentially private marginal query release, considered
binary attributes and proposed a method to release answers to marginal queries by adding
Laplace noise to a workload of Fourier queries, i.e., queries that compute the Fourier
transform of the empirical distribution of the data. They further showed how to make the
query answers consistent with some real dataset. Later work showed lower bounds on the
minimum error necessary to answer marginal queries under differential privacy [KRSU10,
BUV14], and investigated the trade-offs between privacy, accuracy, and computational
complexity in answering marginal queries [UV10, TUV12, DNT15]. McKenna, Miklau,
Hay, and Machanavajjhala proposed an efficient method to approximately optimize over a
class of private algorithms for answering marginal queries [MMHM23]. In particular, they
consider algorithms that first compute private estimates of other marginal queries, and then
reconstruct answers to the marginal queries that were originally asked. Xiao, He, Zhang,
and Kifer [XHZK23] gave an explicit algorithm for answering marginal queries which is
efficient and optimal over the same class of private algorithms considered by McKenna et
al. Concurrent to our work, the same authors, joined by Toksoz and Ding, extended their
technique to support more general queries, including extended marginal queries, but did
not show any optimality results for this extension [XHT¥25]. We discuss their work and its
relation to ours in more detail below.
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1.1 Problem Setup

We consider a dataset D := (ac(l), ey x(")), consisting of a sequence of n points from a data
universe U. Each data point has d attributes, where the i-th attribute is drawn from the
set U; := {0,...,m; — 1}.! Marginal queries are then specified by sets S C [d], and partial
assignments t € Ug := Hiesui. Le., t has a value t; € U; for each i € S, and specifies an
assignment to each attribute in S. Then the marginal queries are given by ¢s +(D), equal to the
number of data points z(*) in D agreeing with ¢ on S, i.e., gg (D) := |{i : 335—1) =t; Vj e S}.
A marginal query workload Qs is then specified by a collection of sets of attributes S. We
always assume that, for each S € S, all possible marginal queries gs (D) for all ¢ € Ug are
asked. Le., we assume that, for each S € S, we need to privately estimate the full table of
marginals corresponding to S.

To generalize this set-up to extended marginals, we partition the set of attributes [d] into
the categorical attributes C, and the numerical attributes N. We can now redefine gg+(D)
to equal

gs(D){i 2l =t;vje snCal) <t;vje SNN}|.

Once again, an extended marginal query workload is specified by a collection of sets of
attributes S, and we assume that, for each S € S, all possible queries gg (D) for all t € Ug
are included in the workload.

Informally, differential privacy requires that the randomized algorithm A that takes as
input a private dataset D, and outputs (approximate) answers to the queries in @ g, has the
property that the probability distribution on outputs of A(D) is similar to the probability
distribution on outputs of A(D’) for any D’ that is neighboring to D. In our work, we adopt
the add/remove notion of neighboring, i.e., D and D’ are neighboring (denoted D ~ D') if
and only if we can get D’ from D by adding or removing at most one data point from D.
We refer to Section 2.2 for the formal definitions.

Let us take the Gaussian mechanism as a baseline [DN03, DN04, DKM T 06]. For a function
f:U* — RE, the Gaussian mechanism releases f(D) + Z, where Z is a K-dimensional
normally distributed random vector with independent coordinates, and variance (Af)? at
each coordinate.? Here Af is the sensitivity of f, and equals maxpp/||f(D) — f(D')|2. If
we take f to be the function that maps D to the true answers to all marginal queries in S,
then it is easy to see that Af = \/E , since adding or removing a data point can only affect
gs,+(D) for a single partial assignment ¢, and for that ¢ we have |gs+(D) — gg+(D’)|= 1. We
can improve over this baseline by correlating the Gaussian noise, as we discuss below.

1.2 Our Contributions, and Factorization Mechanisms

Weighted marginal workloads. Our first contribution is a mechanism that privately answers
any workload of marginal queries over arbitrary finite domains. Motivated by applications,
such as the US Census, in which different marginal queries have different importance, we
allow the queries to be weighted, and optimize a weighted average of the noise variances. In
particular, we assign a non-negative weight p(S) to each attribute set S and measure error
as the square root of the weighted sum of variances, where the variance of gg ¢ is scaled by
%. In this normalization, the weight p(S) of S is split among the |Ug| partial assignments

t defining different marginal queries on S. We call this notion of error the weighted root

We can accommodate any finite set by mapping it bijectively to {0,...,m; — 1} for some m;.
2In the rest of the introduction we ignore the privacy parameters. Technically, we give the results for 1-GDP.
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mean squared error. This is similar to error measures considered in prior work, e.g., by
McKenna et al.  [MMHMZ23], and Xiao et al. [XHZK23].

Our algorithm is inspired by the Fourier theoretic approach of [BCDT07]. We first compute
the Fourier coefficients of the empirical distribution of D, and add independent Gaussian
noise to each resulting Fourier query, with the variance of the noise carefully chosen to
minimize the total noise added. This step already achieves the privacy guarantees. We
then use the inverse Fourier transform to reconstruct answers to the marginal queries from
the noisy Fourier query estimates. The resulting algorithm is roughly as efficient as the
baseline Gaussian mechanism, and has running time polynomial in the dataset size, the
dimension d, and the number of queries. While this approach is similar to that of Barak
et al. [BCD'07], we extend it to Gaussian noise, non-binary domains, and optimize it by
choosing the noise variances non-uniformly. We discuss our approach in more details in
Section 1.3. The algorithm is described precisely as Algorithm 2, and its guarantees for
weighted root mean squared error are given in Theorem 3.8.

Optimality among Factorization Mechanisms. This algorithm is an instance of the fac-
torization mechanisms framework of Edmonds, Nikolov, and Ullman [ENU20|, which itself
generalizes the matrix mechanism of Li, Miklau, Hay, McGregor, and Rastogi [LMH*15].3
In general, a factorization mechanism “factors” the queries @) into strategy queries R and a
reconstruction matrix L. The strategy queries should be linear, in the sense that we can
write them as R(D) = Y., R(z(¥)). The true query answers are given by LR(D). To use
this factorization as a private mechanism, we release R(D) using the Gaussian mechanism,
and multiply the resulting private estimate by L. In the case of our algorithm, the strategy
queries are given by the Fourier queries, and the reconstruction matrix is derived from the
inverse Fourier transform.

Factorization mechanisms have been the subject of intense research, and can signifi-
cantly improve over the Gaussian mechanism baseline in many settings [MMHM?23, HUU23,
XHZK23, HU25, LUZ24, Leb25] (see also the recent survey [PUCT25]). The class of factor-
ization mechanisms is also equivalent to mechanisms that add unbiased correlated Gaussian
noise to the true query answers [NT24]. Furthermore, factorization mechanism are known to
achieve nearly optimal error among all differentially private mechanisms in several important
settings [NTZ16, ENU20, NT24]. For example, factorization algorithms are optimal up
to absolute constants among unbiased differentially private estimates of the true query
answers [NT24], and among all differentially private algorithms when the dataset size n is
large enough [ENU20]. Similar techniques have also been used to reduce error for hierarchical
queries [DGK™23]. Nevertheless, in other settings biased and data-dependent algorithms
may achieve smaller error [HRMS10].

As our next contribution, we show that our mechanism achieves optimal weighted root
mean squared error among all factorization mechanisms for any marginal workload. More
precisely, no factorization mechanism can achieve smaller weighted average noise variance.
This result is given in Theorem 5.8.

Let us remark here that it is possible to optimize error (measured as any linear func-
tion of the noise variances) over all factorization mechanisms using semidefinite program-
ming [ENU20]. The resulting running times are polynomial in the number of queries |Qs]
and the universe size [U|. In the case of marginal queries, however, || is exponential in d or

3Tt is common to refer to all factorization mechanisms as matrix mechanisms. We prefer the name factorization
mechanisms, and reserve the name matrix mechanism for the original mechanisms proposed in [LMH*15].
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worse, and this running time is prohibitive. Our results, by contrast, achieve running times
polynomial in d and give explicit factorizations.

Next, we consider the problem of minimizing the maximum variance over all queries in
an arbitrary workload of marginals. Here we reuse our algorithm for weighted root mean
squared error. We choose weights p*(S) for S € S that sum to 1, and maximize the weighted
root mean squared error. Since the resulting maximization problem is concave in the weights,
we can solve it efficiently using standard methods. Once the p*(S) weights are computed,
we simply run Algorithm 2. First order optimality conditions show that, for these weights,
the weighted root mean squared error equals the maximum variance, as p* is supported
on queries for which the noise has maximum variance. Once again, the algorithm runs in
polynomial time in n, d, and |@Qs|, and it achieves optimal mazimum variance among all
factorization mechanisms. The guarantees of the algorithm are given in Theorem 3.11, and
its optimality is proved in Theorem 5.8.

It is worth noting that, unlike the algorithm described above, this one is not a “closed form”
solution, since it relies on an optimization routine to find p*. Nevertheless, the algorithm
still has the same structure of measuring Fourier queries and reconstructing marginal query
answers using the inverse Fourier transform, and only the variance of the noise added to
each Fourier query depends on p*. Moreover, p* can be found much more efficiently than
optimizing over all factorization mechanisms.

We note that there are known asymptotic expressions for the optimal error achievable on the
workload of all k-way marginals over binary domains by either factorization [ENU20, NT24],
or arbitrary differentially private mechanism [BUV14]. By contrast, we are interested in
exactly optimal factorizations and exact expressions for their error.

Extensions. We extend our technique to more expressive workloads, which we refer to as
product queries. We associate a function ¢; : U; — R to each attribute j € [d] and define,

for S C [d] and t € Ug, the queries qgt(D) as y iy [jes @it — zgl)), where the difference
is interpreted modm;. Using the same approach as for marginals, we give factorization
mechanisms for arbitrary workloads of product queries, and prove their optimality among all
factorization mechanisms with respect to weighted root mean squared error, and maximum
variance. The mechanisms are roughly as computationally efficient as the ones for marginals.
The upper bound is given as Theorem 4.1 and Theorem 4.4 in Section 4.1, and the lower
bound is in Theorem 5.14.

We then show that we can embed any workload of extended marginal queries into a
workload of product queries, to which we can apply our mechanism (Theorem 4.8). This
approach is similar to the design of explicit factorization mechanisms for prefix (i.e., threshold)
queries by embedding the into “circulant queries”, i.e., queries that count points in an interval
on a circle [CMRT23, HU25]|. Indeed, prefix queries are a special case of extended marginals
when there is only one numerical attribute, and our mechanism for this special case reduces
to the factorization mechanism of Henzinger and Upadhyay [HU25]. We also show lower
bounds for extended marginal queries that match the error of our mechanisms up to lower
order terms, both for root mean squared error and maximum variance (Theorem 5.15). In
particular, the lower and upper bounds converge to the same value as the minimum domain
size of numerical attributes grows to infinity. For the special case of prefix queries, our lower
bounds are slightly weaker than the best known lower bound [MNT20], but only by an
additive constant. At the same time they are significantly more general.
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Comparison with ResidualPlanner. In closely related prior work, Xiao et al. [XHZK23]
proposed a mechanism, ResidualPlanner, which efficiently computes private estimates for
an arbitrary workload of marginals, and achieves optimal error among all factorization
mechanisms for a class of error measures that includes weighted root mean squared error and
maximum variance. The authors define a subtraction matriz and construct residual queries
by combining subtraction matrices using the Kronecker product. These residual queries serve
as the strategy queries for the mechanism. ResidualPlanner computes all residual queries
required for the marginal workload, adds correlated Gaussian noise to each vector of residual
query answers, and recovers marginal estimates by inverting the transformation.

To speed up processing time, ResidualPlanner represents martices implicitly. The authors
show how to optimize the privacy budget used for each residual query for each error measure
in the class they consider. Notably, for weighted root mean squared error, they give closed
form expressions for the optimal privacy budget allocation. The extended version of the
paper [XHT*25] (which is concurrent with this work) introduces ResidualPlanner+, which
supports more general workloads similar to our product queries, but requires an externally
provided strategy replacement matrix, which is used to construct the subtraction matrix.

There is significant overlap between our results and [XHZK23, XHT*25], but the tech-
niques we use are significantly different. Next we go into more details about how our results
compare with ResidualPlanner and ResidualPlanner+, and argue that our Fourier-theoretic
approach offers some advantages. First, we improve over Residual Planner [XHZK23] in the
following ways:

e Running time: Reconstructing estimates of marginal queries is the bottleneck for
the running time of our mechanisms. [XHZK23] reconstruct estimates to a k-way
marginal with domain Ug in time O(k|Us|?). We reconstruct estimates in time
O([ths1og([Us)).

e Simplicity: We argue that our mechanism is simpler than ResidualPlanner. Our
strategy queries compute Fourier coefficients, rather than using Kronecker products
of custom matrices. Since our technique releases a number of sensitivity 1 queries,
our privacy proofs are significantly simpler. Computing the variance of any marginal
estimate is similarly easy.

e Explicit factorization: A technical difference from our technique is that the noise added
to the answers of a residual query in ResidualPlanner is correlated for non-binary
data, which is not standard for the factorization framework. While ResidualPlanner
can be expressed equivalently as a standard factorization mechanism, Xiao et al. state
they avoid doing so because of the complexity of the re-formulation. By contrast, we
show that our mechanisms can be expressed as standard factorization mechanisms
in a straightforward way.

e Simpler lower bounds: Xiao et al. show that ResidualPlanner is optimal among all
factorization mechanisms for a class of error measures via a symmetry argument. They
argue that the covariance matrix of the noise distribution of a factorization mechanism
must satisfy certain symmetries, induced by the structure of marginal queries, and that
ResidualPlanner finds an optimal mechanism with these symmetries. The technical
details of this argument are fairly involved. By contrast, we derive simple necessary
and sufficient optimality conditions for any factorization mechanism. Verifying that
our mechanism satisfies these optimality conditions is then straightforward.

We improve over ResidualPlanner+ for generalizations of marginals [XHT25] in the following
ways:
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e External input: We give simple explicit algorithms for estimating any workload of
product queries. ResidualPlanner+ relies on strategy replacement matrices as external
input to the framework.

e Optimality results: ResidualPlanner+ provides no strong theoretical optimality guar-
antees for the error it achieves, beyond the ones already known for ResidualPlanner.
The error they achieve is also heavily dependent on the externally provided strategy
replacement matrices. In contrast, we give matching upper and lower bounds for
product queries both for weighted root mean squared error and maximum variance,
using the same technique we used for marginal queries. We also give a lower bound
for extended marginal queries that matches the leading term of our upper bound.
Here we use the singular value lower bound on the error of factorization mecha-
nisms [LM13], and use insights from the lower bound for product queries in order to
compute the necessary estimates of sums of singular values for extended marginals.
Note that, by contrast, it is unclear how to adapt the symmetry argument used to
show the optimality of ResidualPlanner to extended marginal queries.

1.3 Technical Intuition

Here we present the central idea behind our approach. For simplicity, we present the results
for 1-GDP* and focus on estimating all 2-way marginal queries over binary attributes. In
the end of this section we discuss how we generalize the technique to other settings. All
results apply naturally to u-GDP by scaling all noise samples by 1/pu.

The Gaussian mechanism would release estimates for all 2-way marginals by adding
independent noise from N(0, (‘21)) to each query. We aim to reduce the magnitude of noise
by taking advantage of the inherent correlation between marginal queries.

We privately estimate aggregate queries in the Fourier basis. In the case of binary attributes,
the queries we are interested in are relatively simple. For all subsets of [d] with at most 2
elements we answer aggregate queries of the form
FyD)= 3 (-1°=IDl; Fu(D)= 3 (1% Fund)= 3 (@t

i€[| D] i€[| D] i€[| D]

These queries are, up to scaling, the Fourier coefficients up to level 2 of the empirical
distribution of dataset points.

It is easy to see that each of these queries has sensitivity 1. We can thus release these
queries privately by adding noise from N(0, (g) + d+ 1) to each of them. However, we can
do slightly better if we add less noise to the queries that we will reuse for multiple marginal
queries later. Similarly to [Leb25] whose mechanism handles the case of 1-way marginals,
we scale the variance inversely proportional to the square root of the number of queries in
which each Fourier coefficient appears. Specifically, for all j, k € [d] we release the following:

2<g>+d\/ﬁ+\/@ Fy(D) = Fy(D )+N<002/\/>>

Fijy(D) = Fgy(D) + N (0,03/VA=1)  Fi;3y(D) = Fy; 1y (D) + N(0,0%)

We can release all the noisy queries above under our privacy constraints. We omit the
proof here.

4The definition of GDP is deferred to Section 2.2. In this section, we only use the fact that the Gaussian
mechanism satisfies differential privacy, or, formally, 1-GDP, and that post-processing preserves it.
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From these noisy estimates, we can recover unbiased estimates for the 2-way marginals as
post-processing. Notice that for any j € [d], t; € {0,1}, and any z € {0,1}¢,

1+(—1)tj(—].)zj o 1 tj:l'j
2 |0t Ay

Therefore, for any j, k € [d] and ¢ € {0, 1}{7F},
L+ (=D%(=1)% 14 (=1)"*(=1)"

Ay (e) = 1{t; = x5} - {ty, = ap} =

2 ' 9
= i(l + (=1)1 (=1)% + (=1)(=1)% 4 (=1)bFt (—1)7itek)
1

= Z(Fm(ﬂf) + (D)9 Fy () + (1) Fey (@) + (1) Fyj i (2) -

As a result, a marginal query on the attributes {j, k} with assignment ¢ € {0, 1}{j’k} can be
estimated by

- 1 = ~ , -
G(mye(D) = 7 (Fp(D) + (=1)" 'F{j}(D) + (=1 - Fy (D) + (=1)54"% - Fyj (D))
Then the error Gy 11.¢+(D) — qgj,k},.(D) is distributed as a mean zero Gaussian with variance

<1+2/ﬁ+1/\/7>< +dVd—1+ (g))

The expression above approaches / 16 as d increases, where the main source of the error
is the estimate of F ik (D). By contrast, a straightforward application of the Gaussian

mechanism would add noise with variance (‘21) to each query. The approach above generalizes
naturally to k-way marginals by estimating Fourier coeflicients up to level k. Each marginal
query for binary attributes can be recovered using 2 Fourier queries, and the standard

deviation of the error approaches 2% \/@ as d increases. In the more general setting where
an attribute has one of m values the Fourier coefficients are complex roots of unity, but
the sensitivity is still bounded by 1. The improvement over i.i.d. noise is not as large as for
binary attributes, since the marginals are not as correlated. Nevertheless, we still achieve an

improvement and the standard deviation of the error approaches (1 — 1/m)* (i)

Then, in Section 3.3 we consider much more general workloads, in which attributes can
have different domain size and we assign a weight to the error of marginal queries for each
subset of attributes. The algorithm is slightly more complicated in this setting, but the
underlying idea is the same. We privately estimate the Fourier coefficients required to recover
all non-zero weight marginals, and we allocate additional privacy budget to important
coefficients that are reused for many marginals. Finally, in Section 4 we extend our technique
to product queries, and to extended marginals. The underlying idea of the mechanism still
remains the same, but the product queries affects the privacy budget allocation.

Organization

The remainder of the paper is organized as follows. In Section 2 we present the problem
of privately estimating marginal queries and provide the relevant background. In Section 3
we present our mechanisms for privately releasing marginal queries. In Section 4 we extend
our mechanism to product queries and extended marginals. In Section 5 we show lower
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bounds for factorization mechanisms for answering weighted marginal and product queries
that match our upper bounds, as well as a lower bound for extended marginals showing our
mechanism is optimal up to lower order terms.

2 Preliminaries
2.1 Marginal Queries

We consider data points x € U with d attributes where the i-th attribute has domain
U; ={0,1,...,m; — 1}. In general, we have U = Hie[d] U;. A commonly studied special case
is binary attributes where we have € {0, 1}%.

A k-way marginal query is parameterized by a set S C [d] where |S|= k and an assignment
t € Us = [[;cqUi- For a data point 2 € U a marginal query gs:U — {0, 1} evaluates to

() 1 ifViESZLL'i:tZ',
) =
5.t 0 otherwise.

We define a marginal query of a dataset D with n data points as gs+(D) = Zl’j‘l qs,t(m(i)),
where 2(?) is the i-th data point in D for some arbitrary order. Our goal is to privately
estimate the value of marginal queries for a dataset under differential privacy. Note that
for any S C [d], there are a total of |[Us|= [[;cgm: marginal queries, one for each possible
assignment of attributes in S. We always assume that, once we choose S, we ask each
possible marginal query for each possible setting of the attributes in S. This is standard
practice both in research papers (e.g. [MSM19, MMS21]), and in deployments of differential
privacy (e.g. [AAC"22]). Specifically, we are given a workload Qs of marginal queries defined
by a collection S of subsets of [d]. For each subset S € S, the workload contains all queries
qs,t for all t € Us := [];c g Ui- We use the notation Sy for the collection of all sets R C [d]
such that R C S for some S € S. Le., this is the closure of S under taking subsets.

Extensions. We extend our technique to a generalization of marginal queries that we call
product queries. We define product queries by functions ¢ = (¢1,...,¢q), ¢; : U; = R, and

a query qgt on a single data point is defined by

g5, (@) =[] 6((t; — x;) mod m;).

JES

We recover standard marginals ¢g; from product queries by setting ¢;(z) := 1{z = 0}.

We also consider an extension of marginals where attributes can be categorical or numerical.
The queries for categorical attributes match standard marginal queries. For numerical
attributes, we consider prefix or suffix predicates. We thus define T; := U; for i € C, and
T; := {-m,...,0,...,m; — 1} for i € N, and Ts := [[;c5 Ti, where C' and N are the set
of categorical and numerical attributes. We can now redefine the query gg for S C [d] and
teTg as

gsa(z) = | [ 1fz; =t} [[ 1= <t} [T 1z =10
jesnc JESNN JESNN
;>0 ;<0

We show how to embed extended marginals as product queries in Section 4.2.
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2.2 Differential Privacy

Differential privacy [DMNS06] is a framework for preserving privacy by ensuring that the
distributions of a mechanism for any pair of neighboring datasets are not too far apart.
The difference between neighboring datasets, as defined below, corresponds to adding or
removing all data about any individual data point. Several definitions of differential privacy
exists, and our results apply to any variant satisfied by the Gaussian mechanism. We present
our results using Gaussian Differential Privacy because it exactly describes the privacy
guarantees of additive Gaussian noise. Informally, GDP ensures that the pair of distributions
for neighboring datasets is at least as hard to distinguish as two normal distributions.

Definition 2.1 (Neighboring datasets). Two datasets D and D’ are neighboring, denoted
D ~ D', if we can obtain one dataset of the pair by adding one data point to the other
dataset.

Definition 2.2 (Gaussian Differential Privacy [DRS22, Definition 4]). A randomized mecha-
nism M:U* — R satisfies u-GDP if for all pairs of neighboring datasets D ~ D’ it holds
that

T(M(D), M(D')) > T(N(0,1), N'(1, 1))
where T'(P, @) : [0,1] — [0,1] denotes the trade-off function for two distributions P and @
defined on the same space. The tradeoff function is defined as

T(P,Q)(o) = inf{fy : gy <},

where the infimum is taken over all (measurable) rejection rules ¢, and «y and 3, denote
the type I and type II error rates, respectively.

The Gaussian mechanism [DN03, DN04, DKM ™ 06] is one of the most important tools
in differential privacy. The mechanism achieves the desired privacy guarantees by adding
unbiased Gaussian noise to all queries scaled by the {5 sensitivity. Applying the Gaussian
mechanism directly to our setting gives us a baseline for privately estimating marginal
queries.

Lemma 2.3 (The Gaussian mechanism). Let ¢:U* — R be a set of queries with lo sensitivity
Agq = maxp~p|q(D) — q(D’)||2. Then the mechanism that outputs q(X) + Z where Z ~

N(O’ (A#%)z Id) satisfies u-GDP.

Lemma 2.4 (Gaussian noise for marginal queries). Let S = (S1,...,Sm) be a collection of
sets such that S; C [d]. Then the mechanism that for each i € [m] and each assignment
t € Us, independently samples noise Zs,; ~ N(0,m/u?) and releases qs, +(D) + Zs, +
satisfies pu-GDP.

PRrROOF. Notice that for each S;, adding or removing a data point changes exactly one
marginal query by 1 while the remaining (J],c¢[|) — 1 queries are unaffected. The /3

sensitivity for all queries in § is thus , /Zie[m] 12 = \/m. The privacy guarantee follows
from Lemma 2.3. |

We use some standard properties of differential privacy in our proofs.

Lemma 2.5 (Post-processing [DRS22, Proposition 4]). Let M:U* — R denote any u-GDP
mechanism. Then for any (randomized) function g: R — R’ the composed mechanism
goM:U* — R’ also satisfies u-GDP.
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Lemma 2.6 (Composition [DRS22, Corollary 3.3]). Let Mi:U* — Ry and Ma:U* — Ro
denote a pair of mechanisms that satisfies p1-GDP and ps-GDP, respectively. Then the
mechanism M(D) = (M1(D), Mz(D)) that outputs the result from both mechanisms satisfies

V1t + p3-GDP.

2.3 Complex Numbers

For any complex number z, we use Z for its complex conjugate, and

|z|= V2zZ = \/Re(a)? + Im(a)?
for the absolute value. We recall the standard inner product over C?, defined as (x,y) =

Zle 2;7;. The standard £, norm on C? is ||z||2= /(z,z) = \/Z?:1|$i|2- For a matrix A

with complex entries, we use A* for its conjugate transpose, i.e., A7 ;= Aj; for all 4 and j.

Definition 2.7 (Roots of unity). For any positive integer n, the n-th roots of unity is the set
of complex numbers z satisfying 2™ = 1. For the primitive n-th root of unity, we write

wp = 2™ = cos(2m/n) + i - sin(27/n) .
Note that all roots of unity and their powers lie on the unit circle in C, i.e., |w,|= 1.

Lemma 2.8 (Multidimensional fast Fourier transform [CT65]). Let U := Uy X ... X Uy, where
U :=1{0,...,m; — 1}, and let x € CY be a d-dimensional vector of complex values indexed
by U. Consider for any t € U the d-dimensional discrete Fourier transform (DFT)

d
iti
w Y s Lot

acl =1

All entries of y € CY can be computed from x in time O(mlogm) where m = Hie[d} m;
using a multi-dimensional DFT (see e.g. [CLRS09, Section 30-3] for a construction).

Definition 2.9 (Complex Gaussian distribution). We denote the complex zero-mean normal
distribution as CN(0,02), where 02 > 0 is the variance. If Z € C is a sample from the
distribution Z ~ CN(0,0?), then the real and imaginary parts of Z are distributed as
independent samples from N(0,02/2).

More generally, we denote the complex d-variate zero-mean normal distribution as
CN(0,%), where the covariance matrix ¥ € C%*? is a Hermitian positive semidefinite
matrix. CA(0, %) is the probability distribution on C% with probability density function

p(z) : exp (—(2z,2)) .

1
B mdy/det(X)

The following lemma, which is standard, will be useful in analyzing our algorithms.

Lemma 2.10. Suppose that Z ~ CN(0,%) is a d-variate normally distributed random
vector, and that A is an € X d matriz with complex entries. Then AZ ~ CN (0, AL A*). In

particular, if Z1, ..., Zq are independent, and Z; ~ CN'(0,02), and a € C? then 2?21 a; Z; ~
CN (0,35, Jail0?).
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3 Optimal Factorization for Weighted Marginal Queries

In this section we introduce our technique for adding noise to marginal queries. We first
show how the marginal queries can be recovered from aggregate queries in the Fourier
basis of U. This observation immediately yields a correlated Gaussian noise mechanism,
or, equivalently, a factorization that achieves noise with lower variance than the standard
Gaussian mechanism. It is then easy to observe that some of the queries in the Fourier
basis are used for more marginal queries than others. By allocating privacy budget weighted
by the importance of the queries, we can further reduce the error of our factorization. In
Section 5, we show that our factorization is, in fact, optimal!

3.1 Marginal Queries in the Fourier Basis

Let a € U be a choice of value for each attribute, and recall that wy,, = exp(27i/m;) is an
my-th root of unity. Our algorithm relies on aggregate queries of the form

|D|
F.(D Zxa (x(®)) where yq(x H waJ ich (1)

=1

As in the example of binary domains from Section 1.3, these queries give, up to scaling,
the Fourier coefficients of the empirical distribution of D. The functions x, are the Fourier
characters, which form an orthogonal basis for functions on /. In the common special case
where |Uy|= [Uz|= - - - = |Ug|= m, the queries take the form

|D]

)i 3 o), 2)
=1

We denote the support of a by supp(a) := {j : a; # 0}. The size of the support, i.e., the
weight of a, is denoted by |lal|p and is an important parameter.

It is easy to see that adding or removing one data point from D always changes the value
of any F,(D) by a unit complex number (see Definition 2.7 for background). We use this
fact later to bound the sensitivity for privatizing the queries. Note that in the special case
where a = 0 all values of U evaluate to 1, so Fy(D) = |D] is the dataset size.

Next, we show how we recover marginal queries using the aggregate Fourier queries above
using the inverse discrete Fourier transform. The main observation is that, for any = € U,
j €[d], and t; € Uj,

mj—1 at; —ax; mj—1  a(t;—z;) B
Za 0 W"L]w7nj _ Za:O Wm _ 1 tj*xj

m; - m; 0 tj#a;’

and, therefore,

Z at] —am]- 1
gsa(x) =[] 1t; ==} =[] Wmy o S Xaxa(@).  (3)
JES JES s acU
supp(a)CS

Above, we slightly abused notation: we used x,(¢) even though t; is defined only for j € S.
Note, nevertheless, that this is well defined since supp(a) C S, and x, only depends on
coordinates in supp(a).
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Summing over dataset points now gives us

|D|
QSt ZQSt @ ) |US| Z Xa(t)Fa(D)~ (4)
acU
supp(a)CS

3.2 Warm-up: Estimating All k-way Marginals

In this subsection we show how to privately answer all k-way marginals using the Fourier
representation discussed above. We focus on the setting where all attributes are defined on
the same domain, such that |U|= [Us|= - -- = |Uy|= m. We use this simpler problem as a
warm-up before discussing the more general setting at the end of the section.

First, we show that we can privately release estimates of the complex-valued Fourier
aggregate queries using complex Gaussian noise. Then, we show that correlating the noise
across marginal queries by simply reusing estimates gives a utility improvement. We further
improve the variance by distributing the privacy budget similar to [Leb25]. In fact, we
recover Lebeda’s mechanism in the simplest setting of estimating all 1-way marginals for
binary attributes (m = 2).

We start with a basic lemma that the complex Gaussian mechanism satisfies GDP, since
it is equivalent to running the standard real-valued Gaussian mechanism separately for the
real and imaginary components.

Lemma 3.1. Let ¢:U* — C?% be a set of queries with {5 sensitivity Aq = maXDND/Hq(D) —
q(D")||2. Then the mechanism that outputs q(D) + Z where Z ~ CN( Q(AQ) Id> satisfies
u-GDP.

PROOF. Define an alternative query set §:U* — R?? as

4(D) = {Re(qi(D)) if i <d

Im(q;—q(D)) otherwise.
Then for any pair of datasets D and D’ we have

1G(D) —a(D")ll2 = | > (@ q(D")i)?

1€(2d]

> (@(D)i = 4(D)i)? + (4(D)iga — 4(D)ixa)? = llg(D) — q(D") |2,

1€[d]

where the last equality follows from (§(D); — G(D");)? + (4(D)ira — G(D")i+a)? = |q(D); —

q(D’);]? by definition of ¢. As such, we have Aq = Ag and we can release §(D)+Z where Z ~
2 A~

N (O, (AM%) Izd) under p-GDP by Lemma 2.3. If we post processes §(D) + Z by constructing

complex numbers such that Re(g;(D)) = (§(D) + Z); and Im(g;(D)) = (§(D) + Z)i1q then

g is distributed as ¢(D) + Z. The lemma therefore holds by the post processing property of
GDP (Lemma 2.5). o

We now consider the setting where we want to privately estimate all k-way marginals.
Notice in Equation (4) that queries Fj(D) for which ||al|o< |S| are used to estimate gg (D)
for any set of attributes S that contains supp(a). Rather than privately estimating F, (D)
separately for each such S, we can, of course, reuse the estimate. In total, to estimate all



14 Christian Janos Lebeda, Aleksandar Nikolov, and Haohua Tang

k-way marginals, we need to estimate Fy (D) for each a of weight |la|lo< k, which brings the
number of aggregate queries to
Ly .
> (1) im0y
J

§j=0

We can then estimate any k-way marginal query by post-processing private estimates of
the mF relevant Fourier queries. As a final step, we always remove any imaginary part of
the estimate, since that must come from noise. Estimating all F,,(D) queries privately and
reusing values already gives us a slight improvement over the baseline where the error is
distributed as N (0, (Z) /u?) since m~F Z?:o (‘;) (m—1)7 < (Z) However, we can further
reduce the error by releasing more accurate answers to Fourier coefficient that are reused. We
scale the variance of each estimate inversely proportional to the square root of the number
of queries it is used for. This scaling is optimized for £3 error with Gaussian noise as shown
for different settings in [ALNP24, DJY 24, Leb25]. The pseudocode of our mechanism is in
Algorithm 1.

Algorithm 1 Differentially private estimates of all k-way marginals.

For each a € U of weight |lal|o< k, compute the value
|D|

F,(D):= Z w;&(a@(i)) .

=1

= n (m-y ()

Privately release estimate of each F, (D), ||al|o< k, by adding independent noise such that

Fo(D) = Fa(D) + Za, whete Zy ~CN' (O, o (Z - ||||Z||o>>
- 0

Estimates for k-way marginal queries can be recovered using post-processing by computing

Let

a 1 I . aiti

gs,t(D) =Re | — E Xa(t)Eu(D) |, where xo(t) = wﬂ;zes _
acl

supp(a)CS

Next, we show the privacy properties and error of our mechanism. Later we discuss how
to speed up computation time over a trivial implementation by computing estimates using
FFT.

Lemma 3.2. Algorithm 1 satisfies yu-GDP.

PROOF. Since the released estimates §g (D) are just post-processing of the Fourier query
estimates Fy (D), it is enough to show that releasing F, (D) for all a € U of weight ||a|o< k
satisfied u-GDP. We show this via composition. Observe that, since the sensitivity of F,(D)

is 1, by Lemma 3.1 releasing F, (D) satisfies j1-GDP, where p2 := (d_”auo)/r Moreover,

k—llallo

notice that there are (‘g) (m —1)¢ choices of a with weight ||a|lo= £. Therefore, the lemma
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follows from the composition property of GDP (Lemma 2.6), since

dfé)

> u3=i<j>(m—1)e(f_g=u2- :

azl|allo<k =0

Lemma 3.3. For any S C [d], |S|=k, and any t € {0,...,m — 1}7, the estimate Gs (D)
computed by Algorithm 1 has error Gs (D) — qs.+(D) distributed as N'(0,0?), where

g B e )

PROOF. Let g ,(D) be s (D) without removing the imaginary part. By equation (4),

- 1

Ba(D) ~asa(D) = o > xalt)Za.
aclU
supp(a)CS

Therefore, by Lemma 2.10, and since |xq(t)|= 1, g5 ,(D) — gs,:(D) ~ CN(0, 02), where

2= % L2 (1)
C7 m2k = (&Teloy m?k £~ ) '
supp(a)Cs ¥ Flello N ot

The second equality holds because there are (Iz) (m — 1)* choices of a with supp(a) C S and
lallo= £. Using the identity (Z) ('z) = (CZ) (g:g% and plugging in the value of 7, we get

P (;f><m—(1d>; (D) e (i (om -1y (Z:ﬁ)) |

£=0 k k =0

The lemma now follows after observing that ¢s (D) — ¢s,+(D) is distributed as the real part

of G5 ,(D) — gs,¢(D) which has variance o2 = 102 m|

The improvement of Lemma 3.3 over the Gaussian mechanism baseline with standard
deviation 4/ (Z) /1 depends on the parameters d, k, and m. When d = k both mechanisms

have o = 1/u, and for fixed k and large m and d we have o ~ ((m — 1)/m)*,/ (g)/u in

Lemma 3.3. The intuition behind this improvement factor is that (m — 1)¥ of the coefficients
used in Equation (4) are unique to S, while the remaining m* — (m — 1)* coefficients are
reused for other marginals. When d is sufficiently large, we can estimate these remaining
coefficients with little noise at only a small privacy cost, because they are reused in many
marginals queries. We plot the relative improvement over the baseline for small parameters
in Figure 1.

Next, we discuss the computation time of Algorithm 1. We focus on the time for adding
noise, since all baselines (even non-private solutions) must compute all gg (D). Note that the
mechanism that adds i.i.d. noise to each marginal query runs in time O(A(g) mF), where O(\)
is the time needed for sampling a standard Gaussian®. Our mechanism uses fewer Gaussian
5In practice, implementations for (approximately) sampling a standard Gaussian often have randomized

running time (e.g. [CKS22]). For simplicity, we assume that sampling runs in time O(\) deterministically.
Our results technically only bound the expected running time of our algorithms.
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Fig. 1. Comparison for small values of k, m, and d of the standard deviation from Theorem 3.5 relative
to the baseline that adds i.i.d. noise with magnitude 4/ (Z) When d increases the improvement ratio
approaches (1 — 1/m)*.

samples because we reuse samples across marginals. However, we combine m* samples for

each marginal estimate. This results in a running time overhead of O((g) m%k) using a
straightforward implementation. We can speed up the computation time if we compute all
assignments for each S at the same time using FFT.

Lemma 3.4. Assume that we sample a standard Gaussian in time O(X), and that we have
access to all non-private k-way marginals qs+(D). Then all private k-way marginal estimates

Gs,+(D) from Algorithm 1 can be computed in time O((g) m*klog (m)+ X Z?:o (‘Z) (m—1)%).

PROOF. It is easy to see that only 2 EIZZO (Z) (m —1)* Gaussian samples are needed. Thus,
it suffices to prove that for any fixed S of size k, we can compute all marginal queries with
support S in time O(mFklogm) given access to the relevant Gaussian samples. This is
a standard multi-dimensional FFT, which can be computed by a multi-dimensional FFT
algorithm within time O(m*klog (m)) (see Lemma 2.8). ]

We are now ready to state one of our main results by summarizing the properties of our
technique.

THEOREM 3.5. Let D be a dataset containing data points x € U, whered = {0,1,...,m—
1}d. Then there exists a u-GDP mechanism that estimates all k-way marginal queries of D,
where the error of each estimate of qs+(D) for |S|=k is distributed as N'(0,02) where

e B e ()

Additionally, the noise for all marginal estimates can be sampled in time O((Z)mkk:log (m)+
)\Z?:() (‘g) (m —1)%) where O(N) is the time required for sampling a standard Gaussian.

ProOF. That mechanism is Algorithm 1. The privacy guarantees, error distribution, and
running time follow from Lemma 3.2, 3.3, and 3.4, respectively. m}
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3.3 Estimating Arbitrary Marginal Query Workloads

We now consider a general set up for answering arbitrary workloads of marginal queries.
Recall that the workload Qs of marginal queries on the universe U := Uy X ... X Uy, where
U; :==1{0,...,m; — 1}, is defined by a collection S of subsets of [d]. For each subset S € S,
the workload contains all queries gg ¢ for all t € Ug := [[;c g Ui

We first consider an error metric which is a weighted version of root mean squared error.
In this case, together with the workload Qs, we are also given a weight function p : § — R>¢.
Although it is not essential to our algorithm, we will assume the weights are normalized, i.e.,
> sesP(S) = 1. Then the goal is to compute estimates gs¢(D) for all S € S and all ¢t € Ug
that minimize the error

1/2

p(S)

s > El(ds(D) — gs.4(D))?]

teUgs

erry(q, 4) :=
ses

Notice that, in this definition, the weight p(S) of a set of attributes S is evenly split between
the Us marginal queries corresponding to S. The error definition allows for zero-weight
queries. This is required when we optimize for maximum variance later in the section.
Whenever a zero-weight query is a subset of a non-zero weight query we can release an
unbiased estimate at no additional privacy cost. This is the case e.g. when releasing all
k-way marginals with Algorithm 1, as we can estimate all 1,2,..., (k — 1)-way marginals
from the Fourier queries. In the rest of the section we do not explicitly handle zero-weight
queries that are not a subset of a non-zero weight query. We cannot release an unbiased
estimate for these queries but since they do not affect the error measure it does not matter
how they are estimated.

Our algorithm in this setting is an extension of Algorithm 1. We answer all Fourier
aggregate queries F, necessary for reconstructing the answers to queries in Qs. The amount
of noise added to F, is proportional to how much this noise contributes to err,(g,d)? in
expectation. The full description is given in Algorithm 2. In Section 5 we also show that this
choice of noise magnitudes gives an optimal factorization for )s. Below we present some
intuition behind the design of our algorithm, and then present the proofs of the privacy and
error guarantees.

It is easy to check that Algorithm 1 is a special case of Algorithm 2 when S consists of all
subsets of [d] of cardinality k, and p(S) = - for all S € S.

k

(%)

As for the intuition behind 7, note that the error gg (D) — gs+(D) is a sum of [Ug|
random variables. Specifically, each F, where supp(a) C S contributes a random variable to

the sum with variance
(Re (Gopal0(FatD) - Fa<D>>))Q] —3| (e (W))

where (72 is half the variance of Z,. Since the noise variables added to all F, queries are
independent, the variance of g (D) — ¢s,+(D) is simply the sum of variances for each of the
|Us| random variables. Likewise, the noise of the estimate for F}, contributes to the error for
all marginals where supp(a) C S. In total, the private estimate of the query F, (D) adds

$ p(S) 3 e DY p(S)
2 a 2

Ses Us| tells U Ses Us|

supp(a)CS supp(a)CS

2 2

g

E = _—a_
Us|?
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Algorithm 2 Differentially private estimate of a workload Qs of weighted marginals.
For any a € U, let

p(S)
Z 2 and T2 Z Ta-
Ses Us] acll
SDsupp(a)

For any a such that 7, > 0, privately release an estimate of F, (D) (see Equation (1)) by
adding independent noise such that

F,(D) = Fy(D) + Z,, where Z, ~ CN (0’ 27—) .

Ta
Estimates for marginal queries for S € S can be recovered using post-processing by
computing

1 .
Gs+(D) =Re | — Z Xa()Fo(D) | , where xq(t H weti,
‘Z/[S| acU €S
supp(a)CS

to the expectation of err,(q,§)?. As such, we set 7, to the square root of the weight for
E,(D). This leads to the optimal values for all &, when minimizing errp(q, 4)%. See the work
of Lebeda and Pagh for more details on calibrating Gaussian noise for £3 error when queries
have different scales [Leb23, Chapter 4].

We first give the privacy guarantees.

Lemma 3.6. Algorithm 2 satisfies p-GDP.

PrOOF. The proof is analogous to that of Lemma 3.2. We argue that releasing the Fourier
query estimates F, (D) satisfies u-GDP, and then the privacy of the estimates s+ (D) follows
by post-processing. Once again, Lemma 3.1 gives us that F, (D) satisfies p,-GDP, where
p2 := 2. Now the lemma follows from composition and the definition of 7. O

Next we compute the error of the algorithm. Recall that we use the notation S| for the
collection of all sets R C [d] such that R C S for some S € S. Le., this is the closure of S
under taking subsets.

Lemma 3.7. The estimates Gs+(D) computed by Algorithm 2 for S € S and t € Ug have
weighted root mean squared error

1/2

errp q, q Z p Z QS,t(D) - QS,t(D))Z}

SES tEZx{S

:*Z H(mjfl)

RESi JER
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PROOF. Take some S € S for which p(S) > 0, and some ¢ € Ug. By equation (4),

. 1
Gs4(D) = gss(D) =Re | =—— > xa(t)Za
|uS| aclU

supp(a)CS
By Lemma 2.10, \U%I > Xa(t)Z, is a complex mean zero normal random variable, and its

real part is also normally distributed with half the variance. Again by Lemma 2.10, and
since |xq(t)|= 1, we get that Gs (D) — gs,+(D) ~ N(0,0%), where

—1/2
2 T 1 T p(T)
Aegls Y Loy |y H
[Us| acu @ Us] acU TeS U]
supp(a)CS supp(a)CS \supp(a)CT

Here we used the observation that 7, > 0 for any a such that supp(a) C S, since p(S) > 0
contributes a positive amount to 7,. Then the average squared error, weighted by p, is
~1/2

~ S T
emy(g, )’ =D p(S)of =73, > |lz)4(s|)z > ﬁT)g

ses Ses  acld TS
supp(a)CS supp(a)CT

Let S,y be the collection of all R C [d] such that R C S for some S € S with p(S) > 0.5
Changing the order of summation above, we get
—-1/2

N p(5) p(T)
(.0 =7 >, Y A DY 2
acll ses Us] TES U]
supp(a)€S,, | S2Osupp(a) T Dsupp(a)

p(5)

=7 > ek
acl ses  Us]
supp(a)€S, \ SDsupp(a)

After plugging in the value of 7, and recalling that, for any R, there are [[;cp(m; — 1)
choices of a with supp(a) = R, we have

p(5)

>

Ses
S2supp(a)

L1
erry(q,4)* = 2 >

acU
supp(a)€ES,, |

Us|?

- (T -

ReS, \JER

We now may conclude with the following theorem:

61t is natural to assume that p(S) > 0 for all S € S, in which case S, = S;. We do not make this
assumption here because later we optimize over choices of p for a fixed S.
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THEOREM 3.8. Let D be a dataset containing data points x € U, where U := Uy X ... XUy,
U; :={0,...,m; — 1}. Let the workload Qs of marginal queries on the universe U be defined
by a collection S of subsets of [d] such that for each subset S € S, the workload contains all
queries qs¢ for allt € Us := [[;cgUi. Given a weight function p : S — R>o, there exists a
u-GDP mechanism that estimates all marginal queries in Qs and satisfies

1/2

errp q, q Z p Z qs,t(D) - QS,t(D»Q}

SES

-y

RGSL

Additionally, the noise for all marginal estimates can be sampled in time

> (Hmz> log (Hmz> 4 S T omi -

ses \ies ieS RES, i€R
where O() is the time required for sampling a standard Gaussian.

PROOF. The error bound is already proven in Lemma 3.7. The time complexity of sampling
noise is straightforward with FFT, with the same argument as in Lemma 3.4. O

Next we turn to the setting in which our measure of error is the maximum standard
deviation of §s+(D) — gs,¢(D) over all S € S and all ¢t € Us. We reuse Algorithm 2, with
“worst case” choice of p, i.e., the p that maximizes the error in Lemma 3.7. The privacy of
this algorithm follows directly from Lemma 3.6. We also have the following error bound.

Lemma 3.9. Let §s+(D) be the estimates produced by Algorithm 2 with weights

p* € argmax Z H(mj -1) Z

.Z p(S)=1,p(S)>0VSeS}. (6)

_ | sl2
ReS; \jeR Ses ses
SOR
Then,
1
- B apni/2 4 o
g, (Bsa(D) — asa(D))Y2 = = = [Lomy=1)

Lemma 3.9 follows easily from the following lemma, which gives first order optimality
conditions for the optimization problem in (6).

Us|?

all R € §;. Moreover, for any S € S, and any S" € S such that p*(S”) > 0, we have the
inequality

Lemma 3.10. The function p* : S — R>q defined in (6) is such that Y ges ‘p(—s) > 0 for
- SOR

—1/2 —-1/2

1 p*(T) 1 p*(T)
<
Us|? g;, Tze;g |tr|? = Us? g;, TXE;S |t |?
supp(a)CS \TDsupp(a) supp(a)CS’ \TDsupp(a)
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PROOF. Let us denote the objective in the optimization problem in (6) by

flp):= Z fr(p) where fgr(p):= H(mj—l)

RES, JER

Let p* be as in (6). We first argue that fr(p*) > 0 for all R € S|, which is equivalent to
the first claim. Assume this were not the case for some R € S|, and consider increasing
p*(S) by a small amount 3 for some S € S that contains R, and decreasing p*(S’) by 3
for some S’ € S such that p*(S’) > 0. Increasing p*(S) increases fr(p*), and thus also
f(p*), by at least ¢/ for a constant ¢ > 0 independent of 8 (but possibly dependent on
S). At the same time, decreasing p*(S’) only affects fr(p*) when R C S’. For any such R,

p*(S") > 0 implies fr(p*) > 0, and, therefore, 85&{53) (p*) exists, and fr(p*) decreases by
at most ¢/ for all small enough 8 and some constant ¢’ independent of 8. From this, we
conclude that decreasing p*(S’) decreases f(p*) by at most ¢’ 3 for another constant ¢ and
all small enough 3. The overall change in f(p*) is thus at least ¢y/B — ¢”’8 > 0 as long as 3
is small enough, contradicting the optimality of p*.

Let us now choose any S’ € S such that p*(S’) > 0. For any S € S, first order optimality

conditions imply that
of . . of .
— < O’ 7
(S) (") Bp(s,)(p ) < (7)

where the fact that fr(p*) > 0 for all R € S| guarantees that the partial derivatives exist
at p*. Indeed, if (7) did not hold, then adding S to p*(S) and subtracting 8 from p*(S’) for
a small enough 8 > 0 would increase the value of f, contradicting the optimality of p*. We
calculate the partial derivatives as

—1/2
of 1 p*(T)
(»") = 2 E: H(mjfl) 2
ap(9) 2|Us| it \cr Fos lurl
RCS TOR
—1/2

1 p*(T)
= 2 Z Z 2 )
21Uts| acl Tes [t
supp(a)CS \T2supp(a)

where the second equality holds because the number of choices of a with supp(a) = R
equals HjeR(mj —1). Plugging back into (7) and multiplying both sides by 2 completes the
proof. o

PROOF OF LEMMA 3.9. Recalling (5), Lemma 3.10 implies that 0% < a%, for any S € S,
and any S’ € S such that p(S’) > 0, where 0% = E[(Gs,+(D) — gs,+(D))?] for any ¢ € Us.
Therefore,

~ p* S/)
errp* (q7q)2 = g Z,S /‘
sies 1S

= o 21 _ *0Ql 2, _ 2
E E[(@s'¢(D) — qs/,+(D))7] E p*(S)os max og.
tEUS/ S'eS

The lemma now follows from Lemma 3.7. O

The following theorem is our main result for maximum error when releasing answers to
general workloads of marginal queries.
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THEOREM 3.11. Let D be a dataset containing data points x € U, whereU := Uy X ... XUy,
U; :={0,...,m; — 1}. Let workload Qs of marginal queries on universe U be defined by
a collection S of subsets of [d] such that for each subset S € S, the workload contains all
queries qs,¢ for allt € Us = [[;cgUi. Let p* : S — Rxq be as defined in (6). There exists a
u-GDP mechanism that estimates all marginal queries in Qs and satisfies

p*(T)
r|?

max  (2[(ds(D) — g5 (D)2 == 3 [Loms - 1)

SeSs tel,
s M res, \jer Tes

TOR

Additionally, given the optimal p*, which can be computed in time polynomial in |S| |+ maxses|S|,
the noise for all marginal estimates can be sampled in time

oy (Hmi> log (Hmi> +A Y [[mi-1)

ses \ies ieS RES, i€R
where O()) is the time required for sampling a standard Gaussian.

PRrROOF. The weight function p* can be computed is the solution to a concave maximization
problem in |S| variables, and the objective and its gradients can be computed to arbitrary
precision in time polynomial in |S| |+ maxgecs|S| (see, e.g., [Bubl5]). Therefore, p* can
be computed within polynomial time in |S;|+maxges|S|. The error bound was proven in
Lemma 3.9. The time complexity of sampling noise is straightforward with FFT, with the
same argument as in Lemma 3.4. m}

Assuming, without loss of generality that m; > 1 for each ¢ € [d], one can check that

i< Y [T —1) < > sl=|Qsl,

RES, i€R Ses

and the running time bound above is certainly polynomial in the number of queries.
It is worth noting also that, since the noise added to each query is normally distributed,
standard concentration bounds show that

B | aus,, [1s4(D) ~ asu(D)| < VERIGs] | ya, (E[(3s:(D) - ase(D))

SeS, tels €8 tels

Remark 3.12. One may also consider error measures that interpolate between weighted root
mean squared error and maximum variance, as was done in [NT24, LUZ24]. For example,
we can consider, for an exponent r > 1, the error measure

1/2r 1/2r

E Z |Gs,:(D) — gs,:(D)[*" SV Z E[|gs,+(D) — gs,:(D)|’]" )

SeS tels SeS, tels

where the inequality follows from standard Gaussian moment bounds - see [NT24, LUZ24|

1/r
for the details. The quantity (ZSes,teus E[|gs,:(D) — qg,t(D))|2]T) is the £, norm of the

vector of noise variances for each query. We can derive a mechanism minimizing this error
measure analogously to the proof of Theorem 3.11. In particular, we can show an analogous
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result to Lemma 3.9, with p* defined as

p(9)" <1,p(S)>0VSEeS s,

p* € arg max Z H (my; —1)

B
N~
@iM

ReS, \jeR SES
SDOR
where 7’ =
1/2r
> Blas) - as 0P| =% 3 [ TJom -1
SeS,teus ReSi JER

More generally, we can extend this approach to any error measure which is a norm of the
vector of noise variances by defining p* as the solution to an analogous optimization problem
where the optimization is over the dual norm ball. We omit the details of these extensions
from this paper, and focus on the two most commonly studied and natural error measures -
the weighted root mean squared error, and the maximum variance measures.

4 Upper Bounds for Product Queries and Extended Marginals

In this section, we first introduce a generalization of marginal queries, which we call product
queries. Our algorithms extend, with only small modifications, to answering arbitrary
workloads of product queries. Later, in Section 5.4, we also show that the resulting upper
bounds are optimal within the class of factorization mechanisms. We further show how to
use product queries to answer extended marginal queries, in which the data points have
both categorical and numerical attributes, and the predicates on numerical attributes are
threshold functions.

4.1 Estimating Product Queries

Let us now extend our Fourier queries framework to product queries, as defined in Section 2.1.
For any j € [d], and a € Uj, let

mj—1

Z $j(2)wpms” (8)

be the Fourier coefficient of ¢; corresponding to a. Then, by the inverse (discrete) Fourier
transform, for any ¢, z € U; we have

m;—1
¢;((t = 2) mod my) = — Z a7 (9)
Therefore,
—x; 1
a5 @) =1] | = Z b5 (az)wad 779 | = sl > H(bg (a5) | Xa(t)xa(2),
jes \"'Y a;=0 St aeu jES
supp(a)CS

(10)
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and, summing over data points,

2.0 =—— S (Lo | xe®Fa(D). (11)
acU jes
supp(a)CS

This is a generalization of our formulas for marginals, since when ¢;(z) = 1{z = 0}, then
¢i(a) =1 for all a € U;.

Algorithm 3 Algorithm for estimating a workload Qﬁ of weighted product queries.

For any a € U, define g/bz(al), cee @(ad) as in Equation (8), and let

p() I esi(a;)I? 1
To = E 5 , and Ti=— E Ta-
Ses s ] =
SDsupp(a)

For any a such that 7, > 0, privately release an estimate of F, (D) (see Equation (1)) by
adding independent noise such that

i 2
Fo(D) = Fy(D) + Za, where Zy ~ CA (0, T) .

Ta
Estimates for product queries for S € S can be recovered using post-processing by
computing

. 1 —~ ~ aits
q?t(D) =Re| — Z H oj(aj) | xa(t)Fo(D) |, where xq(t) = H wm’fl.
Usl 2=, jES =
supp(a)CS

The privacy proof is analogous to the proof of Lemma 3.6. For the error analysis, observe
that, reasoning as we did with Algorithm 2, we have that for any S and ¢t € Ug, q~§ .= qg ¢
is distributed as a real Gaussian with mean 0 and variance

2. T a2 | L
75 = UsP Z H|¢j(%)\ g

acl jes
supp(a)CS

The rest of the error analysis is also analogous to the proof of Lemma 3.7.

To implement Algorithm 3 efficiently, we first compute, for each j € [d] that is contained
in some S € S, the Fourier coefficients ¢;(0), ... ¢;(m; — 1) using standard (one-dimensional)
FFT in time O(m;logm;). The total time to compute all the Fourier coefficients is then
0] (Zj:{j}esi m; log(mj)). Then, we compute the noisy Fourier query answers F, (D) for
those a such that 7, > 0, which is a subset of those a such that supp(a) € S). Finally,
for any S € S, to reconstruct qgt for all ¢t € Ug, we apply the multi-dimensional FFT
(Lemma 2.8) to the values [[,c¢ (/b;(aj)ﬁa(D), allowing us to perform the reconstruction in

time O(|Us|log(|tds]))-
In summary, we have the following theorem, generalizing Theorem 3.8.
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THEOREM 4.1. Let D be a dataset containing data points x € U, where U := Uy X ... XUy,
U; :={0,...,m; — 1}. For a choice of functions ¢ := (¢1,...,¢4), ¢i : Ui — R, let the
workload Qg of product queries qgt defined by a collection S of subsets of [d] be such that,

for each subset S € S, the workload contains all queries qgt for allt € Us := [[;cqUi-
Given a weight function p : S — Rxo, there exists a u-GDP mechanism that estimates all

queries in Qg, and satisfies
1/2

ey = | 30 521 S Bl D) - 8, (D))

SeSs teUsg

Lox v A hesloa)f

2
p oy Us|

acU
supp(a)€S, \| SDsupp(a)
Additionally, the noise for all product query estimates can be sampled in time
0 Z (Hmz> log (Hm1> + A Z H(mi -1)
SeS§ \ieS €S REeS| i€ER
where O(N) is the time required for sampling a standard Gaussian.
We can extend this result to the maximum variance error measure, as we did for marginals.

Lemma 4.2. Let cjg (D) be the estimates produced by Algorithm 3 with weights

5 () [ es105(a)2

UsP :Y O p(S)=1,p(S) =0VS €S

Ses

p* € arg max E
acU SeS
supp(a)€S) \ S2supp(a)

(12)
Then,

S(OVTT. - ol dilas)]2
max (E[(dd’t(D)—qj’; (D))Q])l/Q:l Z Z P*(5) I1esldi(ay)] .

S t
Ses,telds ’ ’ poo= et Us|?
supp(a)€S, \| SDsupp(a)

The proof of Lemma 4.2, which is analogous to the proof of Lemma 3.9, relies on the
following lemma, whose proof is analogous to the proof of Lemma 3.10.

Lemma 4.3. The function p* : S — R>( defined in (12) is such that

5 () [jes05(a;)?

2
for Us |
SDsupp(a)
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for alla € U for which there is at least one S € S satisfying S O supp(a) and Hjes‘@(a’j)lQ?é

0. Moreover, for any S € S, and any S’ € S such that p*(S’) > 0, we have the inequality
—1/2

| (1) [0 (aj) 2
WE 2 | X T

aclU TeS
supp(a)CS \TDsupp(a)

—1/2

Ly > " (1) TLjer|95(a;)I?

<
~ |Us|? Uz |?

acU TeS
supp(a)CS’ \T2supp(a)
The next Theorem follows from Lemma 4.2.

THEOREM 4.4. Let D be a dataset containing data points x € U, where U := Uy X ... XUy,
U; :={0,...,m; — 1}. For a choice of functions ¢ := (¢1,...,¢4q), @i : Ui — R, let the
workload Qg of product queries qgt defined by a collection S of subsets of [d] be such that,
for each subset S € S, the workload contains all queries qgt for allt € Us := [[;cqUi-
Let p* : S — R>q be the function defined by (12). There exists a p-GDP mechanism that
estimates all product queries in Qf; and satisfies

S(VTT. - oldilas)]2
max (E[(ﬁﬁt(D) —qgt(D))z])l/2 _! Z Z P*(5) I1esli(ay)] '

SeS tels Lo e Us|?
supp(a)€S) \ S2supp(a)

Additionally, given the optimal p*, which can be computed in time polynomial in |S| |+ maxses|S|,
the noise for all product query estimates can be sampled in time

o> (Hmi> log (Hm> +A ) [[mi—1)

Ses \ies icS RES, i€R
where O() is the time required for sampling a standard Gaussian.

Remark 4.5. The model can be generalized further by allowing the functions (¢;);cs to
depend on the set of attributes S. We do not pursue this here, mostly to avoid introducing
more complex notation.

4.2 Estimating Workloads of Extended Marginals

In this subsection we consider extended marginal queries, which we defined in Section 2.1,
and we recall the definition here. The set of attributes [d] is partitioned into subsets C' (the
categorical attributes) and N (the numerical ones). As with standard marginal queries, the
domain of attribute ¢ is U;, and the universe is U := U; X ... X U;. We allow prefix and
suffix queries on the numerical attributes. To encode them, we allow, for any numerical
attribute ¢ € N, t; to be positive or negative, with positive values denoting prefix predicates,
and negative values denoting suffix predicates. We thus define T; := U, for i € C, and
T; :={-m,...,0,...,m; — 1} for i € N, and T := [[;cg Ti- We now redefine the query
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gs, for S C[d] and t € T as

gsa(@) = ] 1z =15} IT fz <3} I =10 13)
jesnc JjESNN JjeESNN
t;>0 t; <0
In the case when C = [d], these are just marginal queries. On the other hand, if N = [d],
these are multi-dimensional (prefix and suffix) range queries. Note that we do not explicitly
support the 1{z; > 0} suffix query because it is equivalent to a 1{z; < m; — 1} prefix query.
Given a collection of subsets S of [d], let us define Qgr'SUf to be the workload of all queries
gs,t for S € S and ¢t € T's. We also define a variant which contains only prefix predicates for

numerical attributes: Qgref contains all queries gg¢ for S € S and t € Us.

Remark 4.6. When t; = m; — 1, 1{z; < t;} always evaluates to 1, and when t; = —m,,
1{z; > |ti|} always evaluates to 0. It is possible to achieve slightly stronger results by
removing these values. Then the query with ¢; = m; — 1 can then be recovered from other
extended marginal queries that omit the attribute i.

Next, we show how to “embed” extended marginal queries into the product queries studied
in the previous subsection. This idea was already used for prefix queries by Choquette-Choo
et al. on factorization mechanisms for optimization [CMRT23], and is implicit in the group
algebra based factorization mechanism of Henzinger and Upadhyay [HU25] (see also Section
5.1 of [HKU25)).

Lemma 4.7. Given a partition of [d] into numerical attributes N and categorical attributes
C, and a corresponding universe U = Uy x ... x Uy, define U’ = U] x ... x U}, where
U =U; forie C, and U] ={0,...,2m; — 1} for i € N. There exist functions ¢1,...,dq,
¢i U] = {0,1}, such that for any S C [d] and any t € Ts, there exists a t' € U for which

gs(x) = qg o (x) for all x € U. Moreover, the mapping from t to t' is a bijection.

PrOOF. We define ¢;(z) := 1{z = 0} for ¢ € C, and ¢;(z) := 1{z < m; — 1} for i € N.
Notice that, for ¢,z € {0,...,2m; — 1},

t—z 2z <t

2m; +(t—2) z>t (14)

(t — z) mod 2m; = {
Suppose that z,t € {0,...,m; — 1}. When z < ¢, clearly t — z < m; — 1. When z > t,
since z —t < m; — 1, we get 2m; + (t — z) > m; — 1. Therefore, for z,t € {0,...,m; — 1},
¢i(t — z mod 2m;) = 1{z < t}.

Now consider z € {0,...,m; — 1} but ¢t € {m;,...,2m; — 1}. In this case, z < t always
holds, so (t — z) mod 2m; = t — z. Then t — z < m; — 1 if and only if z > t — m; + 1.
Therefore, for z € {0,...,m; — 1}, and t € {—my,...,—1}, ¢;(t' — z mod 2m;) = 1{z > ||}
where t' := |t|+m; —1=m; — 1 —¢.

This means that, when z e Y CU’, S C [d], and t € Ty, q?t, () = gs,t(z), where

L t; 1€C,ori€e N,t; >0
" Imi—1—t ieNandt; <0

It is easy to check that this mapping between ¢t and ¢’ is a bijection. O
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We can then use Algorithm 3 to answer the extended marginal queries s. Doing so gives
us the guarantees in the following theorem. In Section 5.5 we give a lower bound for Qpref.
Note that unlike our other results our bounds for extended marginals are “only” nearly
optimal. The gap occurs because our product query embedding is slightly more expressive
than Qpre Nevertheless, no optimal construction is known even for a single prefix query
despite significant attention from the research community (see [HKU25] for the current best
known bounds).

THEOREM 4.8. Let D be a dataset containing data points x € U, where U := Uy X ... XUy,
U; :={0,...,m; — 1}, and the attributes [d] are partitioned into categorical attributes C, and
numerical attributes N. For any collection S of subsets of [d], the workload Q?_S“f defined
above, and a weight function p: S — R>q, there exists a u-GDP mechanism that estimates

all queries in Qm U ond satisfies
1/2
p(S
erry(q, ) Z Z [(Gs.+(D) — gs5.4(D))?]
SES tETS
p(S)
o Z [Lem =0 |- | TLntma) | | X2 EWIEDTE
I rce \jer j€o ies Usncl?4ISnN]
OCN SDORUO

where n(m) == + Ze 1] (ﬁm oy - Furthermore, there is a weight function p* : S — Rx>q

computable in time polynomml in |S| |+ maxgses|S|, such that

max_ (E[(ds,:(D) — gs.4(D))2) "

SeS, teTy
*(S
— S (Tom-0) (o) ] | ¥ s

RCC’ JER jeo ses
SDRUO

Additionally, the noise for all extended marginal estimates can be sampled in time

> (Hﬂ%) log (Hm;) 2 S I -

Ses \ies ieS RES, i€R

where O(X) is the time required for sampling a standard Gaussian, and m; = m; if i € C
and m, = 2m; ifi € N
The same guarantees hold when Qgr'suf is replaced by Qgref )

PROOF. The proof is the same for Q%" and Q2', since the noise variance E[(qs,(D) —
s.t(D))?] is independent of ¢ for each S. Moreover the proofs for weighted mean squared
error and maximum variance are the same, and only differ in whether we use Theorem 4.1
or Theorem 4.4. We present the proof for weighted root mean squared error.

The privacy and running time guarantees follow directly from Theorems 4.1 and 4.4. For
error, we get that for any weight function p : S — R>¢, the weighted root mean squared
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error is

—_

S 3 p(S) 1L esldi(as)l?

3 .
-y 5€s ITs|
supp(a)€S) \ S2supp(a)

To evaluate this expression, we need to compute gﬁ;(aj). When j € C, we have @(a) =1.
When j € N, we have ¢;(0) = m;, and, for a; > 0,

-1 —aj-m, —aj-my
3 WQnCvL,; " —~ , 1= 2an i 1 — cos(may)
¢J a;) Z W2 = 7_%5 |95 (a;)"= a1, :
L —wyp, 11— wopy | 1—COS(mJ)
- J

Since w;ni; # 1 for a; > 0, we could use the standard formula for a finite geometric series

in the left equation. In the last equality we used the identity |1 — exp(i0)|?>= 2(1 — cos(#)).
Note that when a; # 0 is even, cos(ma;) = 1, and when a; is odd, cos(wa;) = —1, so

2-1{a; is odd}  1{a; is odd}
= 5
1—005(7:;:;) Sin(;ﬁj)

Let odd(a) := {j € N : a; is odd}, and null(a) := {j € N : a;j = 0} = N \ supp(a). If
Hj65|$;(aj)\2: HjesmNM/b;(aj)\Q;é 0, then it must be the case that, for any j € SN N, a;
is either odd or 0, i.e., SN N C odd(a) Unull(a). Notice that this contradicts S 2 supp(a)
unless supp(a) N N = odd(a), since, otherwise, there would be some j € N such that a; is
nonzero and even, and S 2O supp(a) would imply that this j is also in S. Therefore, for any
S and a such that supp(a) N N = odd(a), and S 2 supp(a) (which implies S 2 odd(a)), we
have

M5er= I m I — =Ml [ —s

2
. . maj . <3 Ta;
JjES j€SNnull(a) j€odd(a) Sin ( m; ) j€odd(a) SIn <2m]->

(65 (a)*=

If supp(a) N N # odd(a), then Hjes|ab;(aj)|2: 0 for all S D supp(a).

We can now rewrite the error as

errp (Q7 (j) =

1 3 3 p(S) [ esl9i(a;)l?
2

e s€s sl

supp(a)€S; \ S2supp(a)

Z H # Z p(‘s)‘Z/[Sﬁnull(a)|2

. Ta; 3 .
acll’ j€odd(a) S (2:1]7,) Ses ITs|
supp(a)NN=odd(a) : SDsupp(a)

1
I
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Here we used the observation that the sum equals 0 for any a where supp(a) N N # odd(a)
as discussed above. Using the observation that |T's|= [Us|-215"N! we can rewrite further as

o1 1 p(S)
errp(q,q) = ; Z H ﬁj) Z |uS\null(a)|2'4lsmN|

acll’ j€odd(a) S (2’m Ses
supp(a)NN=odd(a) S2Osupp(a)

1 1 p(S)
= > I ——x | 2 wopasr 9
acu’ j€odd(a) My S (W) Ses N
supp(a)NN=odd(a) J SDsupp(a)

where, in the second line, we used the observation that if supp(a) N N = odd(a) and
S 2 supp(a), then S\ null(a) = (SN C)Uodd(a), so [Us\nuii(a)l= UsnclUoadayl=
UsnclIljeoad(a) ™s- Note that in these formulas we use the convention [Up|= 1.

We can re-write the right hand side further by first choosing the sets R := supp(a) N C,
and O := odd(a). For any fixed such choice of R C C' and O C N, we have

> o Iy
. Lol Taj
acut’ J€O My S| 5
supp(a)NC=R
supp(a)NN=odd(a)=0

Mg

1 1

= IIemi-v | 11 e > - m(20—1) (16)
JER j€O J ¢=1 SIn (W)

Recall that in the theorem statement we defined n(m) := L >7" m From (15)

2n

and (16), we have
1 p(S)

errp(q,q) = — Z H(mj - H n(m;) Z m o

H ace \jer j€0 ses MSNC

OCN SDRUO

In the case when d := 1, m; := m, N := {1}, and the only set in S is S := {1}, we
simply have the workload of prefix and suffix queries on & = Uy = {0,...,m — 1}. Then
Theorem 4.8 gives us (for p(S) =1)

m

1 1 1

1
1 +nim)) =—+ ,
( n(m)) 2n | 2um “~ Gin (n(%ﬁl))

2p

errp(q, 4) =

which recovers the explicit upper bound on the error of a factorization algorithm for this
workload due to Henzinger and Upadhyay [HU25]. We remark that the function n(m) is
asymptotically n(m) = %ln(m) + O(1). Our bound is a small additive constant worse than
the best known explicit factorization [HKU25] for a single prefix query. We note that the
only known explicit factorization that outperforms ours on prefix queries is concurrent work
[HKU25], and our mechanism handles extended marginals which is a much more general
class of queries.
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5 Lower Bounds

In this section we present lower bounds for factorization mechanisms and marginal queries
that show that the algorithms from Sections 3 and 4.1 are optimal, and that the algorithm
for extended marginals in Section 4.2 is optimal up to lower order terms. First, we present
properties of factorization mechanisms. Then, we show how our algorithms can be represented
in the factorization framework. Then, we present lower bounds for marginal queries that
match our upper bounds. We also show how to extend these results to product queries, and,
finally, we give a lower bound for extended marginals that nearly matches the factorization
implied by the algorithms in Section 4.2.

5.1 Properties of Factorization Norms

We start with some general properties of factorization norms. For a matrix M, let | M |12
be the maximum ¢ norm of a column of M, and || M |2, the maximum ¢2 norm of a row
of M. Let ||M||r be the Frobenius norm of M, i.e., ||M|| p= \/tr(MT M) for real matrices,
and 4/tr(M*M) for complex matrices. Finally, let | M||; be the trace norm of M, i.e., the
sum of its singular values, and let ||M||op be the operator norm of M, i.e., its largest singular
value.

For a K x N real matrix W, we have the factorization norms

p(W) = it {||L| | Rl o2: LR = W
12 (W) = inf{|[Ll2socl| Rl1s2: LR = W}

Here the infima are over real matrices L and R for which LR = W. The -5 norm is classical,
while the definition of the vF norm is due to Edmonds, Nikolov, and Ullman [ENU20],
except the definition in the latter paper is normalized differently.

We deviate slightly from these definitions and allow the factors L and R to be complex
matrices. This does not change the quantities we study, as explained in the following remark.

Remark 5.1. Tt is not hard to see that, when the matrix W has real entries, allowing the
matrices L and R to have complex entries does not change vg (W) or vyo(W). It is obvious
that allowing complex entries can only decrease the norms. In the other direction, take any
complex factorization LR = W where L = Lg + iLc and R = Rr + iRc for real matrices
Ly, L¢, Rg, Rc. Since Re(LR) = W, we have the real factorization

(L Lc) <_R§C> =W

achieving the same value as the complex factorization. This observation was also made by
Henzinger and Upadhyay [HU25].

We also note that, for any diagonal matrix P with non-negative entries such that tr(P) = 1,
using the fact that

K

IPY2L| %= Z Py
i=1

K
3 wtix|613= 1Ll o

we have that vz (PY/2W) < vo(W). Above, we used ¢; for the i-th row of L.
The next lemma gives a lower bound on yg, as well as a necessary and sufficient condition
for a factorization to achieve the lower bound.
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Lemma 5.2. For any K x N matriz W, and any N X N diagonal matriz S with non-negative
entries such that tr(S) =1, we have

Yr(W) > WS|4,

Moreover, for any factorization W = LR, we have |WSY/2||y= v (W) = ||L|| || Rlj1>2 if
and only if

o for any j such that S;; # 0, the {o norm of the j-th column of R equals ||R||1—2,
and
o L =cRSR* for some real number ¢ > 0.

The next lemma is the analogous result for s.

Lemma 5.3. For any K x N matrizc W, and any diagonal matrices P and S with non-negative
entries, respectively of dimensions K x K and N x N, and such that tr(P) = tr(S) = 1, we
have
72(W) 2 |[PYVEW S,

Moreover, for any factorization W = LR, we have | PY/2W SY/2||,= 72 (W) = || L||2— 00 | R] 152
if and only if

o for any i such that P; ; # 0, the {a norm of the i-th row of L equals || L||2— 00, and

o for any j such that S;; # 0, the {2 norm of the j-th column of R equals || R||1—2,

and
e L*PL =cRSR* for some real number ¢ > 0.

The lower bounds in Lemmas 5.2 and 5.3 themselves are not new. A special case of the lower
bound on v, known as the singular value lower bound, was shown by Li and Miklau [LM13,
LM15], and the lower bound for v goes back to work of Haagerup in the 1980s [Haa85], see
also [LSS08]. Both lower bounds also follow from the duality results in [NT24]. Moreover,
these duality results show that, for any W, both lower bounds are achieved for some choice
of diagonal matrices. We have, however, not found the characterization of the tight cases
in Lemmas 5.2 and 5.3 in the literature, which is why we include proofs of the lemmas in
Appendix A.

5.2 Our Algorithms as Factorizations

Let us recall the factorization mechanisms framework. Suppose we are given a query workload
Q over a universe U: @ is a set of queries, where each ¢ is a function from I/ to R, and induces
a query on datasets D = (z(1), ... 2(™) given by ¢(D) := 31, g(z¥)). We also use Q(D)
to denote the vector of query answers (¢(D))qeq. We represent @ by a workload matrix
W € R*Y with entries W, , := q(z). We also represent the dataset D by a histogram
vector h € ZY, where hy := |{i : () = z}| is the number of occurrences of z in D. These
definitions turn the workload into a linear function of the histogram: Q(D) = Wh.

For a factorization W = LR of workload matrix, we define a corresponding private
factorization mechanism for answering queries in @ as follows. We draw a normally distributed

2
vector Z ~ N (0, %L), where r is the number of rows of R, and output the vector of

query answers L(Rh + Z) = Wh+ LZ = Q(D) + LZ. Note that, using r, to denote the
column of R indexed by € U, Rh = >_" | r ) is simply another workload of 7 queries, and
they have sensitivity maxecy||7z|l2= || R||1—2. These are usually called the strategy queries,
and we can view the factorization mechanism as answering a well chosen set of strategy
queries and using them to reconstruct answers to the queries in Q. It is easy to verify that
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the mechanism satisfies u-GDP: outputting Rh 4+ Z satisfies u-GDP by Lemma 2.3, and
then multiplying by L is just post-processing. Moreover, an easy calculation shows that the
factorization mechanism achieves error bounds

1
E[|Wh — (L(Rh + 2))I3]'/? = E[I|ILZ|3]"/* = ;HLHFIIRHHQ;

max B[|[Wh — (L(Rh + 2))4|3]"/* = maxE[|(LZ),[*]'/* = l||L||2_>oo||R||1—>2-
q€Q qeQ "

This motivates the definitions of the yg(W) and ~2(W) norms: they correspond to the
minimal error bounds achievable by a factorization mechanism. Note also that if we are
interested in weighted root mean squared error, i.e., if each query ¢ € @ is assigned non-
negative weight p(q), then we get the error bound

1/2

1
> p(@)(Wh)g — (L(Rh + 2)),)? = E[|PY/?LZ||3]"/? = ;||P1/2L||F||R”1—>27
qeQ

where P is the diagonal matrix indexed by queries and with diagonal entries P, , := p(g).
This error bound is optimized by the factorization that achieves vp (Pl/ 2w).

Our algorithms fall in this framework: the Fourier queries defined in (1) are the strategy
queries, and the formula (4) shows how to reconstruct the query answers. We now describe
this re-interpretation of the algorithm more precisely. We only do so for Algorithm 2, since
our other algorithms are special cases of it.

Let us fix a set of marginals & and a weight function p: S — R>¢, as in Section 3.3. Let
W, from now on, be the workload matrix W of Qs. Recall the definition of 7, for a € U
from Algorithm 2:
> LS)Q . (17)
St WUs|
S2supp(a)

Let V be the complex matrix with columns indexed by those a € U for which 7, > 0, and
rows indexed by U, and with entries f/x’a = Ya(z). Next, let U be the matrix for which
UV* = W. The rows of U are indexed by (S,t) where S € S, and t € Ug. The columns are
indexed by the same set as the columns of o, i.e., by those a € U for which 7, > 0. The

entries of U can be deduced from (3), and are
S
’ 0 supp(a) € S

Now UV* = W follows from (3). This factorization, however, does not, in general, correspond
to Algorithm 2 because the noise variance we use for different Fourier queries is different.
Instead, let L be a matrix of the same dimensions as U, and let R be a matrix of the same

dimensions as V*, and define their entries by
Ta -
| =—(V . 18
> beu Tb( Jow (%)

— 7 Zbeu 7o )
St)a'_ (S,t),a am~ EbEuTb

In other words, if we define a dlagonal matrix E with rows and columns indexed by a € U
such that 7, > 0, and let E, , := Z ,then L := UE~Y2 and R := EY2V*. Clearly
beb{

LR=UV*=W.
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To see the equivalence with Algorithm 2, consider the mechanism that outputs L(Rh + Z )
- 2 -
for Z ~ CN(0, —21). We can think of this mechanism as first releasing E'/2(Rh + Z) =
W

V*h+ EY/2Z and then multiplying on the left by U. Now it is immediate that that V*h
gives the answers to the Fourier queries F, (D), and that (E'/2Z), is distributed as Z,
in Algorithm 2. Therefore EY/2(Rh + Z) is distributed identically to the estimates Fj, in
Algorithm 2. Finally, multiplying this vector on the left by U and taking real parts gives
the estimates §s+(D). Thus, Algorithm 2 corresponds to running a complex version of the
factorization mechanism and taking real parts of the result. It is easy to see that this is also
equivalent to making the factorization real (as described in Remark 5.1), and running the
usual real-valued factorization mechanism.

The following lemma records, for future reference, the fact that the error bounds from
Lemmas 3.7 and 3.9 are achieved by factorization mechanisms.

Lemma 5.4. For a workload of marginal queries Qs over a universe U with workload matriz
W, a weight function p : & — Rx>q, and a corresponding diagonal matriz P indezed by
queries (S,t), S € S, t € Us, with entries P(g4) (s4) = %, the factorization LR =W in
(18) satisfies

ve(PYPW) < | PYL|p||Rse= D | [[(my—1)
ReS, \jeR

Moreover, for p* : S — R>q chosen as in (6), the factorization satisfies

p*(T)
Ur|?’

%2 (W) < ILllasocl Rlis2= D> | [Tm; —1)

ReS, \jeR TeS

TOR

where we recall that S| is the collection of sets R which are subsets of S for some S € S.

PROOF. The lemma follows from the calculations in Lemmas 3.7 and 3.9. First, observe
that, since every entry of V is a root of unity, so has absolute value 1, the squared £ norm
of every column of R is (3,1 7a) /(X pey ™) = 1. Therefore, ||R||1—2= 1. To compute
| PY/2L| , observe that the squared £3 norm of the row of L indexed by (S,t) is

—1/2

2 beu T ) 1 2eeu™ $ Z p(T)
ts|? = s acUl tes Tl
supp(a)CS supp(a)CS \TDsupp(a)
This is exactly p20%, for 0% as defined in (5). We now have ||PY/2L||2= 12 Y g s p(S)02,
and the result follows as in the proof of Lemma 3.7.

These observations also hold for p* : S — R chosen as in (6): the squared ¢2 norm of the
row of L indexed by (S,t) is u?c%. Moreover, by Lemma 3.10 we know that for any S € S
such that p*(S) > 0, we have 05 = maxpes or. Therefore, || L|j200= ||(P*)*/2L||r, where
P* is defined as P above but with p* in place of p. The result follows from the equation for
|(P*)}/2L|| above. o

Remark 5.5. When we transform the matrices L and R in our factorization into real matrices
as in Remark 5.1, we create some redundant rows of R and columns of L. Indeed, for any
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a € U, let @’ be defined by a; = m; — aj mod m; for all j € [d]. Then, for any x € U,
Xa(z) = xa(x). Writing R = Rg + iRc as in Remark 5.1, we see that the rows of Rg
corresponding to a and a’ are the same, and the rows of Rc corresponding to a and o’ are
either both all-zero, or negations of each other. Similar observations can be made about Lg
and L¢. It is possible to remove these redundancies without changing the quality of the

factorization, resulting in smaller matrices. We leave the details to the reader.

5.3 Lower Bounds for Marginals

Now we are ready prove that the upper bounds on vz (PY2W) and v2(W) in Lemma 5.4 in
fact hold with equality, and, therefore, the factorization LR = W in (18) is optimal. We use
the same notation as the previous subsection. Our proof relies on Lemmas 5.2 and 5.3.

We will make extensive use of the following basic identity, which states the classical and
easy to check fact that the Fourier basis is orthonormal (with the correct normalization).
We have that, for any a,b € U,

W1| 3" Xa(@)xe(@) = 1{a = b}, (19)

zeU
where 1{a = b} is 1 if a = b and 0 otherwise.

Lemma 5.6. For any workload of marginal queries Qs, and for any weights p : S — R>q,
with W and P as in Lemma 5.4, the factorization LR = W for L and R defined in (18)
satisfies yp(PY2W) = | PY2L|| p||R||1-2-

Similarly, for p* : & — Rxo chosen as in (6), the factorization satisfies v2(W) =
[ Lll2— o0 [ Bll1—-2-

Proor. We will use Lemma 5.2 with S := ﬁ[. In the proof of Lemma 5.4 we observed
that all columns of R have the same ¢5 norm. It then suffices to check that L*PL = WC‘RR*
for some real constant ¢ > 0.

First we compute RR*. Recall that F is a diagonal matrix with diagonal entries E, o :=
Z:M Tb for all @ € U such that 7, > 0. For any a and b such that 7, > 0 and 7, > 0, we

have
(RR")ap = (EY2VVEY?) 0 = V/EaaBos(V V)
= VEaaEop Y x6(2)xa(@) = [U|\/Eq.aBpp 1{a = b}.
zeU

The last equality follows from (19). Therefore, RR* = |U|E.
Now we turn to computing L* PL. For any a and b such that 7, > 0 and 7, > 0, we have

~ ~ 1 - ~
(L*PL)a,b = (E_l/QU*PUE_1/2)a,b = 7(U*PU)a,b
Ea,aEb,b

1 S
= \/ﬁ Z ﬁsé Z Xb(t)Xa(t)

Ses tels
S2Osupp(a)Usupp(d)
1 p(5)
e - 1{a = b}.
Ea,aEb,b 526;5' ‘Z/[S|2

S2Osupp(a)Usupp(b)
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The last equality again follows from (19) after observing that, since any S in the outer sum
contains both supp(a) and supp(b), X, and X, can be interpreted as Fourier characters over
Us. We then have that L*PL is a diagonal matrix, and the diagonal entries are

. 1 p(S) _ ZpeuT p(S)
(L*PL)4,a = =
“ Ea,a SZG;S' ‘US|2 Ta SZE;S' |US|2
S2supp(a) S2supp(a)

- (bezu n,) Tq = (bezufbea,a.

In the penultimate equality we used the definition of 7, in (17). In conclusion,

2 2
L*PL= (Z Tb> p = ™) ppe

= ]

as we needed to show.

Let P* be the diagonal matrix P but with p* in place of p. By Lemma 5.3, and the proof
so far, it is enough to check that for any S € S such that p*(S) > 0, and any ¢ € Ug, the {5
norm of the row of L indexed by (.5,t) equals ||L||2— o0, i-€., is maximal. The square of this
{5 norm equals

—1/2
2 beu T 3 1 2eeu™ 3 3 p*(T)
s act @ Us|? acU fes  Url?
supp(a)CS supp(a)CS \T2supp(a)
The maximality of the row norm is now implied by Lemma 3.10. m}

Remark 5.7. The proof of Lemma 5.6 gives a singular value decomposition of the matrix
P2 . The matrix of right singular vectors is V := —=V. Let & be a diagonal matrix

Viul

indexed by those a for which 7, > 0, and with entries ¥, 4 := 74. Then the matrix of
left singular vectors is U := UX !, and the diagonal entries of ¥ are the singular values.
The singular value decomposition is then PY/2W = USV*. Our factorization results from
splitting the singular value decomposition into a left matrix UX/2 and a right matrix
$1/2V* and normalizing the right matrix to have unit norm columns.

The next theorem is our main result giving optimal factorization norms for the workload
matrix of a workload of weighted marginal queries. The theorem is a direct consequence of
Lemmas 5.4 and 5.6.

THEOREM 5.8. For a workload of marginal queries Qs over a universe U with workload
matriz W, a weight function p: S — R>q, and a corresponding diagonal matriz P indeved

by queries (S,t), S € S, t € Us, with entries P(g 4 (s,1) = %, the factorization LR =W
in (18) satisfies

v (PYV2W) = |IPV2L| p|Rlise= > [ J[(ms - 1)
ReS, \JER
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Moreover, for p* : & — Rx>q chosen as in (6), the factorization satisfies

Y2 (W) = | L2 ol Blise= Y | [T (my—1)

ReS, \JER

where we recall that S| is the collection of sets R which are subsets of S for some S € S.

Remark 5.9. Since in the proof of Lemma 5.6 we showed that L*PL is a constant multiple
of RR*, Lemma 5.2 implies that the right hand side of (20) equals the singular value lower

bound of PY/2W , i.e., the value of \/TLTI | PY/2W ||, This formula is similar but different from

the one given in by McKenna et al. [MMHM23]. We explain the discrepancy in Appendix A.

Finally, we record as a corollary the optimal factorization norms for the workload of all
k-way marginal queries when m; = m for all j € [d]. This is the special cases considered
in Algorithm 1, and the corollary shows the algorithm is optimal among factorization
mechanisms for this workload.

Corollary 5.10. Let S be the set of all subsets of [d] of size k, and let U be a universe such
that [U;|=mj; = m for all j € [d]. Let W be the workload matriz of Qs. The factorization
LR =W in (18) with p(S) = 1/(%) for all S € S satisfies

1

1 kL ord d—1
———7 (W) =12(W) = L2l Rllis2= —F— (m—1)" :
mk(d)”YF 72 2 152 mk\/@;(€> (k—€>

k

PRrROOF. Follows from Theorem 5.8 and the observation that p(S) = p*(S) = (—(11) satisfies
k
the conclusion in Lemma 3.10. O

Remark 5.11. Similarly to Remark 3.12, the results in this section can be extended to other
factorization norms, corresponding to error measures that interpolate between root mean
squared error, and maximum variance. These are the 7(,) norms defined in [NT24], and
studied further in [LUZ24]. We believe our methods extend to these norms, but we do not
pursue them further.

5.4 Lower Bounds for Product Queries

Here we show that Algorithm 3 describes an optimal factorization mechanism for workloads
of product queries.

First we describe how to formulate Algorithm 3 as a factorization, as we did with
Algorithm 2. Let us fix the functions ¢1, ..., @4, a collection S of subsets of [d], and a weight
function p : S — R>o. Let W be, for the rest of this subsection, the workload matrix of Qg.
Recall the definition of 7, for a € U from Algorithm 3:

e | Y p($) I jesli(a))I?

s |? (21)

Ses
SDsupp(a)
Let V be, as before, the complex matrix with columns indexed by those a € U for which
7o >0, and rows indexed by U, and with entries V, 4 = xq(z). The matrix U is such that
UV* =W, and can be described explicitly using the formula (11) used in Algorithm 3. The
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rows of U are indexed by (S,t) where Ses, and ¢ € Ug, and the columns are indexed by
the same set as the columns of V. The entries of U are

U, = \MITI (Hjes @(%’)) Xa(t) supp(a) C S ‘
U supp(a) £ S

To define the factorization LR = W, we take L and R to have the same dimensions as,

respectively U and V*, and define their entries by
Ta .
=, /—2 (V . 22
Vs e (22)

= Zbeu Tb Ta =
st = Uisnall S R [

Once again, we can equivalently write this by defining a diagonal matrix F with rows and

columns indexed by @ € U such that 7, > 0, and letting E, , := ZT“ ot then L := UE~1/2,
beu

and R := EY2V*. The equivalence with Algorithm 3 is easy to check, as we did with

Algorithm 2. This construction gives the following upper bounds on factorization norms of

the workload matrix W, which simply record the error guarantees of Algorithm 3 in the

language of factorization norms. The proof is analogous to the proof of Lemma 5.4.

Lemma 5.12. Let Qﬁ be a workload of product queries over a universe U, with functions
¢ :=(¢1,...,Pq) associated with the attributes, with workload matrix W. Let p: S — R>g
be a weight function, with corresponding diagonal matriz P indexed by queries (S,t), S € S,

t € Us, with entries P(g4) (s1) = %. Then the factorization LR =W in (22) satisfies

> p(9) [esl05(a;)I?

v (PYPW) < [PYV2Lp|Rlise= Y Us]?

acl
supp(a)€S, SDsupp(a)

Moreover, for p* : S — Rxq chosen as in (12), the factorization satisfies

* bila)2
2 (W) < |LlasslRllim2= > 3 P"(5) [esléi(as)l”

Ua|2
acU SeS I S|
supp(a)€S) \ S2supp(a)

where we recall that S| is the collection of sets R which are subsets of S for some S € S.

As with Lemma 5.4, the upper bound in Lemma 5.12 holds with equality, as shown in the
following lemma, which is analogous to Lemma 5.6.

Lemma 5.13. For any workload of product queries Qg, and for any weights p : S — R>,
with W and P as in Lemma 5.12, the factorization LR = W for L and R defined in (22)
satisfies yp(PY/2W) = ||PY2L|| g || R||1-2.

Similarly, for p* : & — Rx>q chosen as in (12), the factorization satisfies yo(W) =
[ Lll2— 001 R2l[1-2-

PROOF. The proof is almost identical to the proof of Lemma 5.6. We again use Lemma 5.2

with § := |71|I’ and it suffices to check that L*PL = WC‘RR* for some real constant ¢ > 0.

Once again RR* = |U|E by the same calculation (despite the definition of 7, and therefore
E being different).
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Now we turn to computing L* PL. For any a and b such that 7, > 0 and 7, > 0, we have

1
N
¢ vV Ea,aEb,b

(L*PL) (U*PU)ap

- 1 p(S) HJGS(¢J
"~ VEaoEbp Z |US|3 Z ot
a,a--0, Ses tcls

S2supp(a)Usupp(b)

| > () T es(65(b;)é;(ay))
iV, Ea,aEb,b Ses |u5|2

S2Osupp(a)Usupp(b)

- 1{a = b}.

The last equality again follows from (19) after identifying x, and x; with Fourier characters
over Us. We then have that L*PL is a diagonal matrix, and the diagonal entries are

1 p(S) el (aj)?
= Z jE J\%g

(L*PL)aﬂ = 5
“0 ges Us]
SDOsupp(a)
_ Xbeu 3 p(S) I esl@i(as)?
Ta Ses |Z/{S|2
S2Osupp(a)

- <l§ Tb> To = (g{ Tb>2Ea,a.

2
L*PL= <Z Tb> (Eoeum)” RR",

= <

Thus,

as we needed to show.

Let P* be the diagonal matrix P but with p* in place of p. By Lemma 5.3, and the proof
so far, it is enough to check that for any S € S such that p*(S) > 0, and any ¢ € Ug, the
{5 norm of the row of L indexed by (S,t) equals ||L||2— 00, i-€., is maximal. This is verified
analogously to Lemma 5.6, using Lemma 4.3. o

The next theorem is a direct consequence of Lemmas 5.12 and 5.13. It gives optimal
factorization norms for a workload of weighted product queries, and shows optimality of
Algorithm 3 among all factorization mechanisms.

THEOREM 5.14. Let Qg be a workload of product queries over a universe U, with functions
¢ = (P1,...,04) associated with the attributes, and with workload matrizc W. Letp: S —
R>¢ be a weight function, and define the corresponding diagonal matriz P indexed by queries
(S;t), S €S, t €Us, with entries Pg ) (s,1) = |( f Then the factorization LR = W in

(18) satisfies

Abila)?
PP = PR e |y A Lesla)l oy

2
acl Ses |US|
supp(a)€S, \| SDsupp(a)



40 Christian Janos Lebeda, Aleksandar Nikolov, and Haohua Tang

where we recall that S) is the collection of sets R which are subsets of S for some S € S.
Moreover, for p* : & — R>q chosen as in (12), the factorization satisfies

(ST - ol (a;)|2
Y2(W) = [[Lll25 0| Rl[1—2= Z Z P )H]€S|¢J( il

2
acU SeS |MS|
supp(a)€S) \ S2supp(a)

5.5 Lower Bounds for Extended Marginals

Our goal in this subsection is to show that the upper bound in Theorem 4.8 is nearly optimal
among all factorization mechanisms. We do so by proving a lower bound on the trace norm
| PY/2W |4, of the weighted workload matrix P'/2W of a workload of extended marginals.

In the special case where d = 1, and the only attribute is numerical, the workload is
just the workload of prefix queries. The corresponding workload matrix is lower triangular,
and has 1’s on and below the main diagonal. The singular value decomposition (SVD) of
this matrix is well known, see [MNT20]. Unfortunately, we are not able to give an explicit
description of the singular value decomposition of W when we have a mix of numerical and
categorical attributes. A technical hurdle is that the all-ones vector is not a singular vector
of the lower triangular matrix mentioned above.

To get around this issue, we instead prove a lower bound on ||PY/2W||;,. using the fact

1/2 *
that |W{|¢-> Itr(P”Yi”WY)\ for any matrix Y of the same dimensions as W (Lemma A.1 in
op

Appendix A). To construct such a “test matrix” Y, we take inspiration from the proof of
Theorem 5.14. Note that, if the SVD of PY/2W is PY/2W = USV*, then UV* is an optimal
choice of Y, i.e., choosing Y := UV*, we have tr(PY/2WY™*) = | P2W ||, and ||V ||op= 1.
While we do not know closed forms for the matrices U and V for extended marginals,
we “pretend” W is defined by product queries, and construct U and V analogously to the
construction of U and V in Section 5.4.

Before presenting our lower bound, let us illustrate this idea with the case of d = 1
and a single numerical attribute, i.e., a workload of prefix queries on a universe of size
m. Then the workload matrix W is an m x m Toeplitz lower triangular matrix, with 1’s
on and below the main diagonal. If this matrix were circulant, then its left and right
singular vectors would be proportional (up to a phase shift) to the Fourier basis vectors

Vg 1= ﬁ(l,w%,w%ﬁ, ... ,wﬁnm‘l)“), a € {0,...,m —1}. While W is not circulant, we can
still use the Fourier basis vectors to construct a matrix ¥ such that tr(WY™*) = |[W||¢-. In

particular, it is not hard to calculate that

o [ a0
v W, = 1 040"

1—w,,

Using this observation, we can define an m X m matrix V' which columns the Fourier basis
vectors v, ...Umn—1, and an m X m matrix U := VE, where F is a diagonal matrix with

entries
1 a=0
Eqq = 1—wd a0 .

1—wm?|
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This matrix is defined exactly so that Eq qviWuv, = |v;Wuvg|. Then we define the matrix
Y := UV* = VEV*, which clearly satisfies that ||Y||,p= 1. We have

[Wller > e (WY )] = [tr(WV E*V?)]
m—1

g EoqvoWug| =
a=0

= [tr(E*V*WV)|=

The right hand side is 24 + Z;”:_ll ﬁ, which can be shown to be within an additive
constant of ||| (see, again, [MNT20]).

We now extend this approach to arbitrary workloads of extended marginals. Let us first
recall the notation for extended marginals from Section 4.2. The universe is U := Uy X ... XUy,
and the d attributes are partitioned into C' and N, where C are the categorical attributes,
and N are the numerical ones. We consider the workload Qgref of extended marginal queries
defined by a family of subsets S of [d] = C' U N. The corresponding workload matrix W has
rows indexed by pairs (S,t) for S € S and t € Us, and columns indexed by U. The entries
of the workload matrix are Wig ) » = ¢s,+(x), with gs¢(z) as defined in (13). We also fix
a weight functions p : S — R>0, and define the corresponding diagonal matrix P indexed
by pairs (S,t) for S € S, and t € Us, with entries Pg ) (s,4) := %. We focus on lower

bounds for factorization mechanisms for releasing Qgref, but an analogous argument would

apply to Qgr'suf.

We define a test matrix Y such that ||Y[|op= 1, and compute tr(P*/2WY™*), which is a
lower bound on ||PY/2W ||;,.. First we define a few auxiliary matrices. Let A C U be the set
of all @ € U such that supp(a) € S, |, i.e., such that supp(a) is contained in some S € S
with p(S) > 0. As in our other lower bound arguments, let V be a complex matrix with
columns indexed by A and rows indexed by U, and with entries V, , := xa(z). We also
define another complex matrix U, with rows indexed by pairs (S,t) for S € S, and t € Ug,
and columns indexed by A. Let us define the functions f; : U; — C for every j € N by

—mj;l a=0
fj(a> = 1 a#0 .

l—wmj

We define the entries of U as

e 0 otherwise

This choice of U is analogous to the definition in Section 5.4. In particular, if we had a
workload of product queries on U for which ¢;(z) := 1{z = 0} for j € C, and for j € N
the function ¢; were such that q/b;(a) = f;(a), then this would be the same U. While this
workload of product queries is not same as the workload of extended marginals, it turns out
that the same definition of U works for our purposes.
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Next we normalize U and V so that they have orthonormal columns. We define V := \/ﬁV
We also define

- p(S) 0, _ ) P(S) [Tesnnl!filaz)?
ses sl oo ses Us]?
teUs SDsupp(a)
We then define Ug,) 4 (S t) © Tt is now easy to check that V and P'/2U have orthonormal

columns. Our test matrix is Y := PY2UV*. Our lower bound, derived from computing
tr(PY/2WY*), is given by the following theorem.

THEOREM 5.15. Let ngf be a workload of extended marginal queries over a universe
U = U X ... XUy, where [d] is partitioned in categorical attributes C, and numerical
attributes N. Let p : S = Rx>q be a weight function, and define the corresponding diagonal

matriz P indexed by queries (S,t), S € S, t € Us, with entries P(g4) (s,4) = |( f Then

2
1
p(S) Hje(SmN)\O (1 + nT])
Usnco|?-4190N ’

ye(PYPW) = S [ my =) || TT <Omy) >

RCC JjER j€0 Ses
OocC SORUO

where ¢(m) == + =3 sm(i)

Before we prove the theorem, let us see how it implies that our factorizations for extended
marginals are nearly optimal. Notice that, since 1 + % > 1 for every j, the lower bound in
J

Theorem 5.15 is at least as strong as

vePPW) = > [ =0 | - | T] ¢tmi) > p|(fismv-

RCC \jER jeo Ses Usnc
OCN SDRUO

Recall also that vo(W) > ~vp(PY2W) for any weight function p and the corresponding
diagonal matrix P.

On the other hand, we can use Lemma 5.12 and the calculations in the proof of Theorem 4.8
to get the upper bound

vePPWY < ST [ ms =0 | - | T] n0ms) > Wsmp(ﬁmm'

RCC \j€eR jeo Ses
OCN

SDORUO

Moreover, there is a weight function p* for which

e < X (Tom =0 |- (T | | ¥ i

RCC \j€R o) s Usnc
OCN SORUO
The upper and lower bounds differ only in that n(m) := Ze 1 m is replaced

by ¢(m) = L 3" ﬁ Lgme W These two functions are always within
2

an additive constant of each other, and are both asymptotically equal to % In(m)+ O(1). See
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n(m) and ¢(m) n(m) = ¢(m)
0.915
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Fig. 2. The functions n(m) and ¢(m), as well as their difference n(m) — {(m).

Figure 2. This means that the upper and lower bounds on vz (PY/2WW) and 2 (W) are equal
up to a multiplicative factor of 1 — o(1) as min ey m; — 0o with maxges|S| fixed. This
regime of large domain size for the numerical attributes is arguably the most natural one.

PROOF OF THEOREM 5.15. We define Y := PY2UV* with U and V as defined above.
First we claim that ||PY/2U||,p= ||V ||op= 1, and, therefore, ||Y[|op< 1. We have

TV Vs = g 3 xo(@inala) = 1o =),

(V*V)ep =
|Z/{| rel

by (19). Therefore, V*V is the identity, and all singular values of V are 1, which implies
||VHop§ 1. For P1/2U, we have

1 - .
*PU)yp = *PU),
(U*PU)ay Ra%b(U Dap

1 (S)H N (f] f] a]
Z p Jj€ES |ZS|3 Z WX ®

Fakb Ses
S2supp(a)Usupp(b)

teUs

- 1{a = b}.

1 3 P(9) ILesnn (fi(b5)f5(a;))

Ka Kb Us|?

ses
S2Osupp(a)Usupp(b)

Therefore, U* PU is a diagonal matrix, with diagonal entries

1 Z p(S) HjeSmN|fj(aj)‘2

— =1.
K2 Us|?

(U*PU)qg,q =
Ses
S2supp(a)
This shows that U* PU = I, and ||PY/2U||,p= 1. Therefore, ||Y||lop< [|PY2U ||op |V *|lop= 1,
and, by Lemma A.1, [tr(PY2WY*)|< ||[PY/2W||s,.. We proceed to compute tr(PY/2WY*).
We will need fact show that tr(PY/2IWWY™*) is real and non-negative, so the absolute value

will be unnecessary.
Note that
tr(PV2WY™*) = tr(P2WVU*PY?) = tx(U*PWV).
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Let us first compute WV. For each S € S, t € Ug, and each a € A, we have

WV)(s,t),0 =

\/WZQSt

zeU

\/WZ [T 1fz; =1} IT 1z <t} ) xal2)

z€U \FjESNC jeESNN
t]' mJ—l
1 aj-t; a;-xj a; T
=—= | 1l i II (> [T{ > wn
| | jesnc jeESNN \z;=0 JéS ;=0

The final product on the right hand side is 0 unless a; = 0 for all j ¢ S. Therefore,
(WV)(s,t),a = 0 unless supp(a) C S. Defining

t t+1 a=20
frala)i= o = 4 o
=0 T—wt, a#0

we have that, if supp(a) C S, then

WV)(s,t),0 = \/% H wgrf;tj H fit;(aj) H m;

jesnc JESNN jgs

U\ s ait;
:% I wi” IT fistay)

jesSNc JESNAN

_ \/W H w;zr{;tj H fj,t]-(aj)

s ] jesnc JESNN

Next we fix a € A, and proceed to compute (U*PWV), 4. For any S € S such that
supp(a) C S, we have

Z Uis),aWV)(5,0).a
tells

Sl I @i | | IT (Fin(@)fi(a) | xa®

K Z/I 2
al S| teUs \jESNC jeSNN

- DM I U e o

teUs \jeSNN

_ VUl Usnc 3

PR [T (i, (ap)omy T az)

teUsnn \JESNN

-1
VU UsAc| g "
=iz AL (50 2 fie (e

JESNN ;=0
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We now claim that Z:;]:Bl fit;(aj)w™%"% =my;fi(a;). If aj = 0, then wf;{;tj =1, and we

have

mj_l m; ( + 1)
m4i(m
S fi0) = = 21 =m;f;(0)
t;=0 /=1
If aj 75 0, then
m]'—]. mj—l —aj-t; a; aj
Caits W, — Wy . mjwm. . mj .

> figlajw =" Jl_waj_ t= 1 _wa;_ 1w = m;fi(aj),
;=0 t;=0 m; ™m; Wm;

where we used that 379 ! win®% = 0 whenever a; # 0. Plugging back into (24), we have
tro Wiy J gging

- Ul Ushc - 1UsA U
S Uisara(WV) sy = YR Hsoct Usonl 110 yee VUL 1 02

2
= ia|Us] jESNN Ka|Us] jESNN

Adding up these equalities over S € S, and using that U(g4).q = (WV)(s4),o = 0 whenever
supp(a) Z S, we have

* b S T a0
(U'PWV)ga= Z (5) Z U(s,t),a(WV)(S,t),a

Ses Us] tells
SDsupp(a)
VUl p(S)
:Ta Z Us|? H \fj(aj)|2
nguepi(a) JESNN
p(S
Vil | Y 25 T 6k
nguepi(a) JESNN

Summing over a € A, we finally get
1

Vil

1 *
v (PYRW) = 1PY2W o > \/WW(PI/QWY )|
1
= [tr(U*PWV)|

ViU
SR ED DI | (IO

a€A ses jeSNN
S2supp(a)

where the first two inequalities are by Lemma 5.2 and Lemma A.1, respectively.
The final step in the proof is to manipulate (25) to put it in more explicit form. To this
end, we first compute |f;(a;)]
e a; =0

| fi(a;)]= 1) aj #0,

. Ta;
2sin wy
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with R :=supp(a) N C and O :=supp(a) N N, we have

S S mj 2
S B O her= X BT —= || I "™

where we use that |1 — wp,’|?= 2 (1 — cos (%)) = 4sin (%) . Therefore, for any a

. |L{5\ : . (ﬂa') .
Ses SNN SeS 04 —L
SquEpp(a) esn SZ_JIezuO R T JE(SNNNO
_ L p(S) 1)?
a H 2 (ma;\? > Usnc 245NN 11 o) @9
j€0 mfsin (—’) Ses JE(SNAN)\O J
m; SORUO

Moreover, for any R C C and O C N, summing over a such that supp(a) N C = R and
supp(a) NN = O, we get

1 1 & 1
> H—Fmx == X 7y ] @
acA jeo ;s ( J) JER jeo \ 7 a;=1 51 (#)
supp(a)NC=R J
supp(a)NN=0

my;
Combining (25), (26), and (27), and recalling ((m) := + st ﬁ we get
e (PY2W) >

S 1)?
S (Mow-0)-(Tem) | ¥ otPem T (1+5)

m
RCC \jeR jeo Scs MUsnc JE(SANN\O J
OCN SDRUO

as we needed to show. ]
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A Missing Proofs from Section 5.1

Towards proving Lemmas 5.2 and 5.3, let us first recall a well-known characterization of the
trace norm.

Lemma A.1. For any two matrices X and Y of the same dimensions, we have |tr(XY™*)|<
1 X ¢ 1Y lop. Moreover, for any matriz X, there is a matriz Y of the same dimensions with
IY||op=1, and such that

tr(XY™) = [|X[[er [ [lop= [ X[]¢r-
PrROOF. Let X = UXV™ be the SVD of X, where ¥ is an r x r diagonal matrix with
non-negative entries, and U and V are matrices with r orthonormal columns each. Then
T
[tr(XY*)|= [r(SUY V)<Y ailu Yo,
i=1

where u; is the i-th column of U (i.e., the i-th left singular vector of Y'), and v; is the i-th
column of V' (i.e., the i-th right singular vector of X). We have that

i Yoi | < [Juil[2[]Y [[op [[vill2= 1Y [|op,

so tr(XY™) < 3701 aillYllop= I X ler 1Y llop-
For the claim after “moreover”, take U and V' to be the matrices of left and right singular
vectors of X, as above, and define Y = UV*. Then

tr(XY™) = tr(U*XV) = tr(2) = || X ||er,
and |[UV*||op= 1. m|
To prove Lemma 5.2, we also need a matrix version of the Cauchy-Schwarz inequality.
Lemma A.2. For any two matrices X and Y for which the product XY is well defined,
XY [[er < [ X[ P Y] 7,
and equality holds if and only if X*X = cYY™ for some real number ¢ > 0.

PROOF. Let Z be a matrix with ||Z]|,p= 1, and of the same dimensions as the product
XY, so that tr(XY Z*) = || XY ||+ We have

[ XY [er= [tr(X(2Y ")) < I X £l 2Y || s (28)


https://www.census.gov/data/academy/webinars/2021/disclosure-avoidance-series/simulated-reconstruction-abetted-re-identification-attack-on-the-2010-census.html
https://www.census.gov/data/academy/webinars/2021/disclosure-avoidance-series/simulated-reconstruction-abetted-re-identification-attack-on-the-2010-census.html
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where we just used the standard Cauchy-Schwarz inequality, treating X and ZY* as vectors,
and tr((X)(ZY™)*) as the standard inner product between them. Now observe that

12y "= tr(Y(Z2*2)Y") < e(YY™) = ||V || (29)

This is because, by assumption, ||Z*Z||op= || Z]|2,< 1, so yi(Z*Z)y; < y;y; for each row y;
of Y (seen as a row vector). Substituting gives us the required inequality.

If the inequality holds with equality, then (28) and (29) must also hold with equality. For
the Cauchy-Schwarz inequality (28) to hold with equality, it must be the case that there is
a number ¢ € C for which X = ¢(ZY™). For (29) to hold with equality, Z*Z must act as the

identity on the row space of Y, i.e., we must have Z*ZY™* = Y*. Then we have
X*X = |cPYZ*ZY* = |c]*YY™,

as we needed to show (after renaming |c|? to c).
Finally, assume that X*X = c¢YY™ for some real number ¢ > 0. If ¢ = 0, then clearly
X =0as well, so | XY ||tr=0=||X||r||Y]F. Let us assume then that ¢ > 0. Then

1
(X X*)2.
c( )

(XY)(XY)* = XYY*X* =

Therefore, the singular values of XY are equal to the eigenvalues of the positive semidefinite
matrix =X X*, and we have

\/E
XY= \% tr(X X*) = /tr(X X*)y/tr((1/c) X X*)

= Viu(XX)Vu(Y*Y) = | X[|p|Y]F.
Thus the inequality holds with equality. O

We can now prove Lemma 5.2.

PrROOF OF LEMMA 5.2. Let W = LR be a factorization of W. Applying Lemma A.2 to
X :=Land Y := RSY2, we have

WS 2||er= | L(RSY?)[ler< |LI|#[| RS . (30)
Let r; be the j-th column of R. We have

N N
N
IRSY2H= " S llrill3< | Y Sii r]!ljf\ler%: IRII . (31)
j=1 j=1

The inequalities (30) and (31) imply that |[WS/2||;,< ||L|r||R||1—s2 for any L and R such
that W = LR. Minimizing the right hand side over all such choices of L and R then gives
us [|WSY2 < e (W).

Suppose now that LR = W is some factorization of W. Clearly ||[WSY/2||;,= yp(W) =
IL||Fl|R||1—2 if and only if both (30) and (31) hold with equality. By Lemma A.2, (30) is
tight if and only if L*L = ¢RSR* for some ¢ > 0. The inequality (31) is clearly tight if and
only if HT]'”Q: ”RHIHQ whenever de' 7é 0. O

The proof of Lemma 5.3 is analogous to the proof of Lemma 5.2, but we use Lemma A.2
with X := P1/2L and Y := RS'/? instead.
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B Discrepancy with the SVD Lower Bound of McKenna et al.

Theorem 12 in [MMHM?23] claims the following formula holds for the singular value lower
bound of weighted marginal queries. Here we use the notation from Section 5.2, rather the
notation of McKenna et al.

1)|ud T|
P1/2W r p( 7[ }\ s 32
|| Ht - /7|U| E | R| § |Z' | ( )

RC[d] TDOR

where we define [Uy|= 1, and set p(T) = 0if T ¢ S. To see that this corresponds to Theorem
12 in [MMHM23], note that the bit vectors a,b € {0,1}% in their notation correspond to sets

R and T whose indicator vectors are, respectively, a and b; ¢(—a) in their notation equals
p(R)
[Ur|"

Let us rewrite (32) to bring it closer to (20). By bringing the 1/4/]U| term inside the
square root, we get

1/2 ( |U \T|

[UR|, while ¢(b) = [Ugp\ 7], and, with our normalization, w(b) =

T2R RC[d]
= > | IIm (33)
RC[d] \JER

Now we can see that the coefficient in front of each square root on the right hand side in
(33) is [[ ;e g my rather than [, r(m; — 1) as in (20). In particular, (33) is always at least
as large as (20), and would seem to contradict Lemma 5.4.

The reason for the discrepancy is an error in the proof of Theorem 12 in [MMHM23]. In
their Theorem 9, McKenna et al. define, for each set R C [d], a matrix V/(R) (or V(a) in
their notation) with [Ug| rows, where each row is an eigenvector of W PW with eigenvalue

K(R) =3 1R p(T)‘Z/;l ! The matrix is given by the formula V(R) := H;l 1 Vi(R), where

V;(R) equals the 1 x m; all-ones matrix if j € R, and J — m;I if j € R, for the m; x m;
all-ones matrix J, and the m; x m; identity matrix /. From this, they infer that, for any
R C [d], WT PW has |Ug| singular values equal to \/k(R), and add these singular values
with these multiplicities to get (32). This argument, however, overcounts the singular values.
In particular, the rows of V(R) are not linearly independent unless R = (), so the eigenspace
spanned by V(R) is not necessarily of dimension [U/g|. Indeed, notice that J —m;I has rank
mj — 1, and, therefore, V(R) has rank [];.r(m; —1). One needs to also verify that there
are no non-trivial linear dependencies between the rows in different V' (R) matrices, but this
turns out to be a non-issue since V(R)V(R')T = 0 whenever R # R’. Correcting for the
dimension of the rowspan of V(R) in the McKenna et al. proof recovers our formula (20).
Let us consider a small example to illustrate this. Suppose that d = 2, m; = mo = 2,

S ={{1}.{2}}, and p({1}) = p({2}) = 5. Then

wWTPWw = i

O~ N
= O N
=N O =
N~ = O
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This matrix has one eigenvalue equal to 1, two eigenvalues equal to %, and one eigenvalue
equal to 0. The eigenvectors are just the columns of V:

1 1 1 1
1 1 -1 -1
1 -1 1 -1
1 -1 -1 1

‘7:

Therefore, the SVD lower bound is || PY/2W ||;= 5 + T\l/i + T\IE +0= % At the same

time, (32) and (33) give 5 + /2 which is larger than the sensitivity of W, i.e. |[W|j1o2= V2.
The eigenmatrices in Theorem 9 of [MMHM23] are

V)=(1 1 1 1);
van=(3 7 4 L)
vien= (3 4L 3 4)

Notice that the two rows of V({1}) are colinear, as are the two rows of V({2}), which is the
cause of the overcounting.
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