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A finite-time observer for time-varying systems with applications to
epidemiological compartment systems

Radostaw Patelski, Rosane Ushirobira, Denis Efimov

Abstract—1In this paper, we present the design of a finite-
time observer for estimating the spread of an epidemic in
a population. The dynamics of the epidemic is represented
by a nonlinear time-varying compartment model, and the
system is written in a polytopic form. By using the implicit
Lyapunov function approach, conditions for the observer’s
convergence are given in terms of linear matrix inequalities
(LMI). We provide an analytical proof of robustness to a certain
extent of structural uncertainty. In addition, we show the
input-to-state stability (ISS) with respect to exogenous inputs
and measurement noise. A numerical simulation confirms the
validity of the proposed solution.

I. INTRODUCTION

Studies on modeling and analysis of the spread of infec-
tious diseases are crucial to ensure public health, especially
in densely populated urban areas. In order to investigate the
evolution of a disease, compartmental models were intro-
duced in [1], the population is then represented by homoge-
neous compartments grouped by selected characteristics. The
change in a compartment volume corresponds to the flow of
individuals passing through different stages of infection or
treatment. An overview of selected models focused on the
representation of actively commuting populations is given
in [2].

In epidemiological research, estimating the momentary
state of the epidemic from available measurements arises as
a significant issue. While the use of control theory methods
to tackle the problem of epidemiological systems estimation
is not widespread, in the literature certain solutions utilizing
linear [3] and nonlinear [4]] observers, as well as Kalman
filtering [5] can be found. Due to the nonlinear character
of the dynamics of population flows between different com-
partments, the design of state observers for these systems
poses a nontrivial challenge, with solutions available for
selected classes of systems only. Assuming the measurability
of certain nonlinear terms in the model dynamics, standard
observers for linear time-varying (LTV) systems [6] can
also be efficiently used for state estimation of compartment
models. Nevertheless, these solutions offer asymptotic con-
vergence of estimation errors, which may not be acceptable
for some systems. In particular, selected compartment models
are characterized by vanishing observability in equilibrium
configurations, leading to a decrease in the convergence
rate, an increase in noise or disturbance sensitivity, and
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an inability to correctly recover the information about the
system’s state.

A finite-time observer is proposed in this paper to address
these problems. The epidemiological system under consider-
ation is first rewritten in an exact convex form [7]], leading
to a semi-linear model structure. To ensure a suitable form
of the system dynamics, parts of the model are treated as ex-
ternal disturbances, which nonetheless do not deteriorate the
convergence properties of the algorithm. Using the Implicit
Lyapunov Function approach, the observer is then designed
to have a kind of homogeneity of the estimation error
dynamics and finite-time convergence of the estimates [J8].
As the transformed system is described by matrices, which
may not conform to any canonical form, the observer design
is based on linear generalized homogeneity [9] to obtain non-
asymptotic state estimates. In particular, our solution extends
the results of [9] by applying the method to time-varying
systems and explicitly establishing the qualitative estimate
of the extent of rejectable disturbances.

The structure of the paper is as follows. Section
describes the epidemiological compartment model under
consideration. In Section some key results on finite-
time stability are recalled. Section [IV| presents the proposed
observer design and stability analysis, while Section
contains the numerical verification of the method. Section
concludes the paper.

The following notation is used in the paper. We denote
Rsg:={z €R:2z>0}and Rsg :={x e R: 2 >
0} with R being the field of real numbers. Without loss of
generality, ‘H stands for the Euclidean norm of a vector in
R™ or the induced norm of a matrix in R™*"*. The identity
matrix of dimension n x n is denoted by I,,. The notation
exp(A) stands for the matrix exponential for A € R™*"
or the ordinary exponential for scalar arguments. For A €
R™*", we denote |A| := infxcpn %, while Apax(A),
Amin (A) denote the maximum and minimum eigenvalues of
a symmetric matrix, respectively. A continuous function « :
R>o — R>( belongs to class K if it is strictly increasing
and «(0) = 0. For p, n € N with N being the field of natural
numbers and p < n, the set {p,p+1,...,n} is represented
by p, . The symbol (*) denotes transposition of the previous
term in the formula, i.e., A + (*) = A+ AT,

II. EPIDEMIOLOGICAL COMPARTMENT SYSTEM

To motivate our studies, we consider a dynamic model
of tuberculosis spread with active treatment procedures, as
given in [2]]. The considered model comprises four compart-
ments, representing susceptible .S, exposed F, infectious [



and treated 7' individuals. The transmission of the disease
to susceptible and treated individuals is characterized by
different rates 31, B2 € R>q respectively. Flow of individuals
from the exposed to the infectious compartment happens at
rate v € R>q. The treatment rates of exposed and infectious
individuals are denoted by rq, ro € R>p, and ¢ € Ry
is a fraction ratio of successful treatments. The death and
birth rates are assumed to be equal and denoted by b,
leading to a constant population size, see Fig. Il Denoting
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Fig. 1. Treatment model diagram
x = [E I S T]" € R* and A\(x) = £, where
N =S+ FE+1+T1T, yields the dynamics
x = Ag(A(x))x (D
with
—b—v-r1 (I—q)ra BiA B2
- v —b—r 0 0
Ao() = b b “BiA b
71 qra 0 —b — P2

For brevity, we will further skip the argument x in A(x).
Henceforth, the compartments of infectious and susceptible
individuals are considered to be measurable outputs of the
system, and thus
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We also assume that the total population is known and
normalized, without loss of generality, so N = 1 and
A € [0,1]. Consequentially, function A is fully known and
can be utilized in the observer synthesis.

We first decompose the system to treat all terms involving
ro and [y as disturbances, which will not be directly utilized
in the core observer design procedure. This decomposition
will enable the fulfillment of the LMI conditions required for
the proposed observer. In particular, due to the structure of
the measurable output, the LMIs to be formulated are feasible
if the nonmeasurable state variables have no time-varying
coefficients in the system dynamics. While this property is
not a necessary condition of LMIs feasibility, such decom-
position greatly simplifies the observer design. Nonetheless,
the robustness properties of the observer will ensure that the
system remains finite-time stable in the presence of these
disturbing dynamics. Denote A(A) = Ag(\)|r,,5,—0 and
G(A) = Ag(A) — A(X). The resultant system can now be
expressed in an equivalent convex form, inspired by [7]:

2

% =Ag(N)x = hi(NAx+ G)x, (3)
=1

with h1(A) = A, ho(A) = 1— ), and constant known matrices
A= A1) = AV 5_1, Az = A(0) = A(V)| .

III. PRELIMINARIES

Some definitions and properties of homogeneous systems

following [[10, (11} |9} |12]] can be found in the sequel.

Definition 1: The map d : R — R” is called a linear

dilation in R" if:

1) d is a continuous map with d(0) =1, and d(s +1¢) =
d(s)d(t) = d(t)d(s), for all t,s € R; (d is a one-
parameter subgroup);

2) lim,_, oo ||d(s)x|| = 0 and lim,_,; o||d(s)x| = +o0
uniformly on the unit sphere S = {x € R" : ||x|| = 1}.

In particular, the dilation d can be written as:
d(s) = exp(Ggs) = Z i ,G'd 4)

7!
i=0

oo

where Ggq € R™*"™ is the constant generator matrix.
Theorem 1: If d is a dilation in R", then

1) the matrix generator Ggq is anti-Hurwit and there
exists a matrix P € R™*"™ such that

PGq+GJP >0, P> 0; (5)

2) the dilation d satisfies
e** < [d(s)] < [ld(s)]| < e,
¢’ < |d(s)] < [|d(s)| < e,
where & = §Aax(P2 GaP 2 +P2G1P%) and =

Fmin(P2GaP72 + P 2G]P2).

Definition 2: The scalar function fy : R™ — R and the
vector field f; : R™ — R"™ are d-homogeneous of degree

veRif -
fo(d(s)x) = " fo(x),
fi(d(s)x) = e"*d(s)f1 (x),
for all x € R™\ {0},s € R.
Definition 3: The canonical homogeneous norm HHd :

R™ — Ry is defined as a d-homogeneous function of
degree 1 satisfying

[ (= In([[x[[a))x[| =1 8
for x € R™\ {0}, and ||0]|a = 0.
Lemma 1: Let d be a dilation with generator G4. Then,

the vector field fo(x) = Ax with A € R™" is d-
homogeneous of degree v € R if and only if

AGd — GdA =vA. (9)

s <0

ss0 @

)

Recall now some properties of finite-time and input-to-
state stable systems (see, for instance, [13]]). In particular,
consider a general nonlinear dynamic system in the form of

x(t) = fo(t, x(t), r(t)), x(0) = %o, (10)

'A matrix A is anti-Hurwitz if —A is a Hurwitz matrix.



where x(¢f) € R"™ is the state of the system, fy : R x
R™ x R™ — R"™ is a continuous vector field that guarantees
existence of solutions at least locally in time, and r(t) € R™
is an essentially bounded disturbance input.

Definition 4: The system is finite-time input-to-state
stable (FT-ISS) if for any initial time ty € R>g, any initial
state x, any essentially bounded input r, and for any ¢ > t,
the trajectory of the system exists and satisfies

=@ < BIx(Eo) |l —to) + W(esés[tsgl)) ()1,

where 7y is a function of class /I, and 8 : R>o xR>¢ — R
is such that §(-,0) is a function of class K and for each
fixed s, function S(s,t) is continuous, decreasing to zero
and S(s,t) = 0 for any ¢t > T'(s) with T' € K.

Theorem 2 (Implicit FT-ISS Lyapunov function): The
system (I0) is globally FT-ISS if there exists a continuous
function @ : Ry x R® — R that satisfies the following
conditions:

(C1) Q@ is continuously differentiable in R~y x R™ \ {0};

(C2) for any x € R™\ {0} there exists V' € R~ such that
Q(V,x) = 0;

(C3) let Q ={(V,x) € Ryg x R": Q(V,x) = 0} then

lim V=0%, lim |x||=0, lim V =oc;
x—0 Vot [Ix[1—0
(Vix)eQ (V,x)eQ (V,x)eQ

(C4) 29VX) < holds for all V € Rsg and x € R™\ {0};
(C5) there exist constant b € R~ and u € (0, 1] such that
9Q(V, x) 1-,90Q(V,x)
£ (¢, x,r) < BV TH :
t?ézo ox olt; x,r) < ov
for all (V,x) € Q and all x such that ||x|| > x(||r||)
with x being K function.
The settling time estimate is given by T'(xq) < ‘;—i where
Vo € Ry is such that Q(Vp,xg) = 0.
Theorem 3 (Explicit FT-ISS Lyapunov function): The
system is FT-ISS if there exists positive definite,
radially unbounded function V' : R" — R> such that

IV (x)
ox

for all x such that ||XH > X(HI‘H) with x € K, b1 € Ry,
and 11 € (0,1].

fO (ta X, I‘) S *blvliﬂl (X)

IV. OBSERVER DESIGN

To facilitate the finite-time observer design, recall the
system in the convex form representation (3) under unknown
disturbances r € R™ and measurement noise v € R":

= hi(MNAx+GN)x+r, y=C(x+v), (1)
1=1

where m € Ry is a number of terms obtained through
transformation of the nominal system into a convex form, and

x € R", y € R?. The observer is proposed in the following
formf]

x=Y hi(AR—L;(y - CX) — g (y - CX)) + GX,
=1

e

where L;, M; € R"**, for i € 1,m, are the observer
gains, v € [—1,0) corresponds to the desired degree of
homogeneity of the resultant closed loop error system, while
€ € Ryg and P € R**# are the design parameters to be
specified. The selection of L;, M, is derived in the theorem
given below. Denote now X = x — X with the dynamics
expressed by

with g(s) = [Bs| = (1n (B

X=> hi((Ai+LC)X+g (CX+Cv)) (13
1=1

+ 3 hLiCv+ GX 41 =f(t,X,v,1),
i=1
with T := Z?il h;L;Cv + GX +r.

Theorem 4: Assume v = 0. For H € R**"? X ¢ R***
with X - 0, v € [—1,0), and € € R>, consider Gq =
vH + €I, and P = X2. Assume all of the following are
satisfied:

1) for some Y; € R"** (i € 1,m),

AH-HA, - A, -Y.C=0,VicT,m, (14
CH =0, (15)
H+HT +2I, - 0; (16)

2) for some P € R™™ with P > 0, &, 0;,, 7, € R>o
with fz > 71, Z; € R"*™ with Z; = 0, X; € R"*?,
Li=H+IL,)7'Y, M; =P7!'Y; (i € I,m),

P —4;| T
(17
. T
{TTX ;SE,] =0, VicT,m, (18)
P - CTXC > 0, (19)
vPH + vHTP + 2:P = 0 (20)

3) for all A € (0,1], set E(A) = A*~¢d (In (\)) — I,

1
NEET(NZEN) — g P20vielm

K3

2n

Then the system (13) is globally FT-ISS with respect to the
input T. The asymptotic gain estimate is so that

vta

7117 < min { (in (P) [1%11%) 5, (in () [K]1%) 57 }
(22)

for some § € R satisfying

I, -6 'P >0, (23)

2We omit X in the arguments to simplify the notation.



20 < SUp;eton {& — 7}, and v+ B > 0, with «, 5 as in
Theorem [1]
Proof: Consider the implict Lyapunov function candi-

date given by
QV,x)=xTdT (=In(V))Pd(—=In(V))x—1. (24)

To prove the theorem, (24) should satisfy the conditions of
Theorem [2| The function Q) is continuously differentiable
and clearly satisfies condition . Due to properties of
homogeneous norm (§), condition is satisfied. Condition
(C3) holds also by design. Consider now

wQ=-V'x"d" (~In(V)) (vVPH +vH'P + 2P) x (25)
xd(—In(V))x%.

Using (20), we can conclude that condition (C4) also holds.
Finally, recall that v = 0 and consider

ch
+d(~In(V ))gi(CxD (26)

where € = 2XTdT (—=In(V))Pd (—In(V))T is a new
disturbance term. substituting Gg4 = vH + €I, into
(T3) and recalling @ﬁ one can_show that C exp (—esl,) =

Cd(—s). Denoting A =V~

Q%X =2%"d" (- V) (Ai + L,C) X

= yields
Oz Qx =2x"d" (-

PZh

+ A" fd (In(A\) V* MiCd(fln(V)))ere.

)) (A; + L;C)

27
By substituting L; into (I4), adding and subtracting the term
£(A;+L;C), and recalling the definition of Gq, one shows
that the vector fields defined by A; + L;C satisfies the
conditions of Lemma [T] and thus (@) holds. Consequently

0zQX =2V" > " hi(z) P (A; + L;C + M;C) 2o
i=1
+ 2y Pz;) + €,
where z; = E(A)M;Cd (—In (V)) X, fori € 1, m, and zg =
d (—In(V))x. Due to (T7), it follows that

(28)

0zQxX < V* i hs

i=1

(—za_fion + leZZ-zZ-) + el -

Notice now that z] Pzo = Q + 1 and consider only (V,X) €
Q, which implies ) = 0, and thus

QX <V hi (-
i=1
Substitute back z;, then due to (ZI) and the properties
implied by (I3) it holds that

& +2] Ziz) + ||l

0zQx < VU hi(AT#V 20 'XTCTM] PM,Cx
i=1

= &) + el
By the definitions of M;, P, and following (T8), it yields

0xQX < V"> hi(AT*¥V E5XTCTPPCX — &) + e -
=1

On can now consider the term involving ||f’C§H2 By
recalling Definition [I] one may use (T3] and the definition
of P to show that due to (19), for all (V,x) € €, it holds
that ||PCx||2 < V2¢ and thus A\ < 1. Hence

0xQX < VU hi(— & +7) + el (29)

i=1

By Theorem [I| we have 2aP — PG4 — GJP = 0, and
from (23), it can be shown that for (V,X) € €, it holds that
Oy Q > —2aV L. Thus, it follows that

QXS VY hi (&) Bl kel 30
i=1
<V sup (647 B g e

i€lm

which satisfies condition (C3) of Theorem [2]if € = 0 due to
condition 2).

To consider a more general case of non-zero disturbance,
assume that T satisfies

FTdT (—In(V))d (~In (V) F <

V25xTdT (—In(V))Pd(—1In(V))x

(3D
with § satisfying 23). From 29) it thus follows that
QX< VY hi( —&+m) +2V"0

i=1

and, following the analysis of (30), one can show that
0
3~Qx< VUt sup {=& 47 + 20} =~ VQ

i€l,m

and the system is finite-time stable if 2§ <

SUp; 15, 1& — 7). To finalize the proof, we must show
that (31) is satisfied if (22) holds. Note, that for (V,X) € €,

(22) holds if

[d (—In (V))[|*[IF]| * < V*. (32)

consider first case when V> 1. Thus,
D[ZI[F[* < [[¥]*e~27™". Taking now [[¥|[* <
|2)(w*8)/e | condition (32) is equivalent to

Amin (P)||%[|2 ) vss
( @) H) “

From (24) and (6), it follows also that V =2\ i, (P ||x||2
Amin(P)|d (= In (V) |?||x||* < Q+1 and thus for (V,X) €
Q, B2 is satisfied if v + 8 > 0. By similar analy51s
one can show that for V' < 1, (BI) holds if H H2
§ (Amin (P HXH )% and v+« > 0. As a > f3, an explicit
condition on only smaller of these is necessary, then the
presented conditions holds if (22)) is satisfied. ]
Remark 1: To verify the conditions of Theorem [d] it is
necessary to solve the nonlinear inequality (ZI). In [TT]], an
equivalent condition is given in the form of linear matrix
inequality enabling more accessible validation.

Recalling @
|[d(=In(V

5()\min ||X




Theorem 5: 1f the conditions of Theorem [4] are satisfied,
then system (I3) is FT-ISS with respect to v.

Proof: 1f v, T = 0, then by Theorem [ (2) implicitly
defines a continuously differentiable (out of the origin),
positive definite and radially unbounded Lyapunov function
V' such that

oV (x)

ox

for x € R\ {0}. By (24) and comparing the resultant
Lyapunov function on trajectories of X and d(s)X it can
be shown, that V' (d(s)X) = e*V(X). Denoting q € S such
that X = d(In||x||a)q and recalling positive-definiteness and
homogeneity of the Lyapunov function, it follows also that
V(X) = ||x||aV(q). Thus there exists ag € R>q such that
V(X) > aol|x||a. From (33) it directly follows then that
OzV (X)f(t,%,0,0) < —bay™||x||4"". Finally, it can be
shown that dynamics (I3) satisfy

£(t,d(s)X, d(s)v,d(s)F) = e**d(s)E(t, X, v, F)

f(t,%,0,0) < bV (X) (33)

(34)

with  d(s) = ¢%d(s). One can thus recall
x = d(In||x[|a)a to show that dzV(X)f(t,%,0,0) =
%[5 0V (a)f(t,q,0,0). It follows, that there exists
co € Ry such that H(‘)qV(q)H < ¢p. Consider now the
derivative of V' (X) with nonzero v, T, expressed by

V(%) = 05V (X)f(t, X, v,T).
Due to (34), it follows that
V(%) = 0V (X)f(t,%,0,0) — [|X]| §'94V (a) (£(¢, q,0,0)
—f(t,q,d(~In(|X]|a)) v,d(~In (|X]| a) T))-
Since f is continuogvs, then there exist vg,rg € Rxq that
for any s € R if ||d(s)r| < 7o and ||d(s)v|| < vy then
Hf(t,q,(),O) - f(t,q,d(s)v,d(s)?)” < fo with fo € R>g

being any constant. Substituting the norm with a homoge-
neous ones, utilizing their homogeneity properties and setting

fo o= Y0 s = —n(||%]a), yields that if ||X[la >

max {vo_lﬁv d,ro_le'Ha} then

- 1 - 1 .
V(R) < —5bal IR 5 < S0V R),
what satisfies the conditions of Theorem [3 |

V. NUMERICAL VALIDATION

The validation of the proposed method is carried out in
simulation. Namely, we consider system (3)), with constant
parameters chosen as $; = 0.7, B2 = 0.4, v = 0.5, r; =
£B1, r2 = 3B2. ¢ = 0.1, b = 0.2. The initial state of the
system is taken as xo = [0.3 0.15 0.3 0.25]T resulting
in the normalized population of N = 1. The observer is tuned
with € = 7.677 and

0 —1.742

S [ 2915 —0.186 0 1133

P_{0.186 2.956}’1'1_ 0.2 0 |
—0.2 0.609

—0.7 —1.742 —0.056  0.530
0 1.133 —0.001 —1.718

La=1 09 0 Mz =1\ 17 0002
—0.2  0.609 —5.409  0.969

that enables conditions of Theorem [ to be satisfied. The
initial state estimates are selected as Xg = [0 0 0 0] T
Fig. 2] shows the simulation results for different values of the
parameter v. Specifically, the evolution of the state variables
of the original system is given and compared with the
estimates produced by the observer. Absolute values of the
estimation errors are also presented in the logarithmic scale.
The plots also show the extent of disturbance acting upon the
system (in solid lines) and the feasible disturbance bounds
(in dashed lines) according to (22).

Nonasymptotic convergence of the estimation errors is
visible on the plots in logarithmic scale, with a settling
time of about 7 days for the observer tuned with v =
—1. The considered system approaches equilibrium after

S \ = - T ] e
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-
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A 0 10 20 t [days]
= system state == v = —1 = v = —0.5 = v = —0.3 = v = —0.1

Fig. 2. Simulation results of the proposed observer

approximately 50 days. Thus, employing our solution enables
efficient estimation of the disease spread long before the
epidemic ceases to evolve. While the convergence rate in the
initial period is not significantly affected by the selection of v
parameter, it can be changed by choosing tuning parameters
leading to maximization of &; — 7; terms. Notably, the finite-
time convergence is achieved despite the presence of the
disturbance term Gx which is not directly addressed by the
synthesis rules of Theorem ] which highlights the robustness
of the proposed design.



The simulations are repeated in the noisy environment
to verify the conclusions of Theorem [5] empirically. Fig. [3]
presents the results of the numerical trials with additional
measurement noise in the form of uniformly distributed
values in the range of [—0.05,0.05] (i.e., an uncertainty of
10% of the total population). The results of the trial confirm
the ISS property of the observer, and a proper estimation of
the states of the system is exhibited despite the presence of
non-vanishing measurement noises.
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Fig. 3. Simulation results with noised measurement

VI. CONCLUSION

In the paper a finite-time observer for a class of time-
varying systems with known and bounded nonlinearities was
proposed. We used a convex representation of the nominal
system to synthesize the observer and formulate conditions
for its convergence in the form of linear matrix inequalities.
It was shown analytically that, under proper tuning, the
observer ensures the convergence of the estimation errors in
finite time and exhibits robustness to structural uncertainties
and measurement noises. Additionally, we discussed the
applicability of the observer to certain classes of epidemio-
logical systems and validated through numerical trials. While
the provided theorems establish the method of selection of
feasible set of parameters of the observer, its fine tuning to
achieve desired performance goal is not fully intuitive and
constitutes a topic of future research.
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