N

N

On the Additivity of Optimal Rates for Independent
Zero-Error Source and Channel Problems
Nicolas Charpenay, Maél Le Treust, Aline Roumy

» To cite this version:

Nicolas Charpenay, Maél Le Treust, Aline Roumy. On the Additivity of Optimal Rates for Indepen-
dent Zero-Error Source and Channel Problems. IEEE Transactions on Information Theory, 2026, pp.1-1.
{10.1109/TIT.2025.3639292). <hal-05401169)

HAL Id: hal-05401169
https://inria.hal.science/hal-05401169v1

Submitted on 5 Dec 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://inria.hal.science/hal-05401169v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

On the Additivity of Optimal Rates for Independent
Zero-Error Source and Channel Problems

Nicolas Charpenay, Student member, IEEE, Maél Le Treust, Member, IEEE, and Aline Roumy, Member, IEEE

Abstract—Zero-error coding encompasses a variety of source
and channel problems where the probability of error must
be exactly zero. This condition is stricter than that of the
vanishing error regime, where the error probability goes to zero
as the code blocklength goes to infinity. In general, zero-error
coding is an open combinatorial question. We investigate two
unsolved zero-error problems: the source coding problem with
side information and the channel coding problem. We focus our
attention on families of independent problems for which the
probability distribution decomposes into a product of probability
distributions. A crucial step is the additivity property of the
optimal rate, which does not always hold in the zero-error
regime, unlike in the vanishing error regime. When the additivity
holds, the concatenation of optimal codes is optimal. We derive a
condition under which the additivity of the complementary graph
entropy H for the AND product of graphs and for the disjoint
union of graphs are equivalent. Then we establish the connection
with a recent result obtained by Wigderson and Zuiddam and
by Schrijver, for the zero-error capacity Co. As a consequence,
we provide new single-letter characterizations of / and Cy, for
example when the graph is a product of perfect graphs, which
is not perfect in general, and for the class of graphs obtained
by the product of a perfect graph G with the pentagon graph
Cs. By building on Haemers result for Cy, we also show that
the additivity of /7 does not hold for the product of the Schlifli
graph with its complementary graph.

I. INTRODUCTION

Transmitting information without any errors has been a
concern for Shannon since the beginning of his work. In his
seminal paper [3]], Shannon proposed a construction for zero-
error source coding, a problem soon solved by Huffman in [4].
Shortly after establishing the channel capacity in [3]], Shannon
turned his attention to channel coding with zero-error in [5]],
instead of vanishing error. This subtle difference radically
changes the nature of the problem, essentially combinatorial
rather than probabilistic. The single-letter characterization of
the zero-error capacity is a notoriously difficult open problem.
For example, the zero-error capacity of the noisy-typewriter
channel with 7 letters is unknown [|6], some lower and upper
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bounds are stated in [7]], [8]], [9], [10]], see also [11} pp. 122].
In the zero-error regime, the exact values of the non-zero
channel transition probabilities are irrelevant, only the support
of the channel distribution matters. The zero-error property
is translated into the characteristic graph that encompasses
the problem data in its structure: the vertices are the channel
inputs X, and two symbols x and =’ are adjacent if they are
“confusable”, i.e. if they can produce the same channel output
y with positive probability. For sequences of symbols x", the
characteristic graph is obtained by taking iteratively the AND
product (A), where two sequences z™ and z’" are adjacent if
forall t € {1,...,n} either x; = z} or the symbols x; and x}
are adjacent. In order to prevent any decoding error, a zero-
error codebook must be composed of non-adjacent codewords.
Thus, the size of the optimal codebook is given by the size of
the maximal independent set, called the independence number.
In other words, the zero-error capacity Cp is the asymptotic
limit of the independence number of iterated AND product
of the characteristic graph. Determining this independence
number is an open question that has attracted a lot of attention
in Information Theory [12, Chap. 11] and in Combinatorics
and Graph Theory, see [13, Chap. 27].
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Fig. 1. The characteristic graph C7 of the noisy-typewriter channel with 7
letters.
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This problem inspired Berge’s notion of perfect graphs [14}
pp- 382], for which the zero-error capacity is given by the
one-shot independence number [15, Theorem 4.18]. Graphs
with odd cycles are also related to Berge’s conjecture [16],
later proved in [17] by Chudnovsky et al., namely “a graph
G is perfect if and only if neither G' nor its complementary
graph G, have odd cycles of length 5 or more.” Since the zero-
error capacity of the pentagon graph C'5 has been characterized
by Lovész [18]], as well as the zero-error capacity for perfect
graphs, see [15, Theorem 4.18], the graph C- depicted in
Fig. [1} is the minimal connected graph for which the zero-
error capacity is an open problem.

In the source coding framework, Witsenhausen in [[19] posed
the question of the optimal compression rate when the decoder
has side information. In this problem depicted in Fig.
the encoder shares information about a source X, exploiting



the side-information Y observed by the decoder but not by
itself. In the vanishing error regime, Slepian and Wolf in [20]]
showed that the optimal rate is H(X|Y). In the zero-error
regime, no single-letter characterization is available. Similarly
to the channel coding problem, the zero-error property is
embedded into the same characteristic graph G, constructed
with respect to the conditional distribution Py x of the “side-
information channel”. The source distribution Px assigns a
probability value to each vertex of the characteristic graph
G, this defines the probabilistic graph (G, Px). The main
difference between zero-error source and zero-error channel
coding problems is that the source distribution Py is given,
whereas in channel coding it is a degree of freedom allowing to
maximize the communication rate. This is a property common
to both zero-error and vanishing-error regimes. Witsenhausen
showed in [[19] that fixed-length source coding amounts to
coloring the characteristic graph. In [21]], Alon and Orlitsky
studied variable-length coding and determined an asymptotic
expression for the optimal rate based on the chromatic entropy.
In [22], Koulgi et al. proved that the optimal rate coincides
with the complementary graph entropy of the probabilistic
graph H (G, Px), introduced by Kérner and Longo in [23]
for the second step of the two-step source coding. These
two expressions are asymptotic, as optimal source rates are
determined by coloring an infinite product of graphs. Similarly
to the zero-error capacity, single-letter characterizations are
known only in a few cases, including the pentagon graph
Cs [22] and perfect graphs [24]. Another concept, called the
Korner graph entropy [25]], provides a single-letter expression
for the unrestricted input setting as considered by Alon and
Orlitsky in [21]]. In this context, the zero-error constraint is met
even outside the source’s support, providing an upper bound
on the optimal rate.

X’n

Encoder Decoder

Y’n

Fig. 2. The source coding problem with decoder side information, called
side-information problem.

The difficulty in zero-error source and channel coding
problems with side information lies in the asymmetry between
the information known to the encoder and to the decoder.
For example in the source problem, if the side information is
known to both encoder and decoder, the problem can be solved
by using conditional Huffman coding [4]], with the same rate
H(X]|Y) as in the vanishing error regime. Similarly, when
the information known to the decoder is communicated to the
encoder via a feedback channel, the zero-error capacity has a
single-letter expression established by Shannon in [5].

A. Related Literature

Various questions have been addressed in point-to-point
zero-error information theory. For instance, in [26]], Sason
characterized the zero-error capacity of two subclasses of

strongly regular graphs by leveraging the Lovasz #-function
[18]]. In [27]], Lavi and Sason established sufficient conditions
under which the zero-error capacity of a polynomial in graphs
equals the corresponding polynomial of the individual capaci-
ties. The computability of zero-error capacity has been studied
by Boche and Deppe in [28]. In [29], Guo and Watanabe
examined a family of graphs where no finite-length code can
achieve the zero-error capacity. In [30], Dalai et al. improved
the upper bound on the zero-error list-decoding capacity for
the 4/3 channel. In [31]], Noorzad et al. provided necessary
and sufficient conditions for the randomly generated code-
book to satisfy the zero-error property under list-decoding.
In [32], Wang et al. analyse the zero-error performance of
superposition codes with expurgation processes. In [33]], Cao
et al. studied the zero-error capacity of channels with memory
which are represented by graphs with one edge.

Network zero-error information theory, have been studied,
with significant recent advances. In [34], Devroye et al. inves-
tigated the zero-error capacity of the primitive relay channel,
by proposing a one-shot relaying scheme, termed color-and-
forward. The zero-error capacity with noisy channel feedback
was studied in [35] and [36], where dynamic programming
provides lower and upper bounds. Bracher and Lapidoth estab-
lished, in [37]], the zero-error feedback capacity of the state-
dependent channel. In [38]], Lapidoth and Yan characterized
the zero-error helper capacity of modulo-additive noise chan-
nel in the presence of feedback, and derived lower and upper
bounds when there is no feedback. In [39], Li and Zuiddam
studied the asymptotic spectrum of graphs and introduced the
quantum version of the zero-error capacity. In [40]], Cao and
Yeung determined the zero-error capacity regions of several
noisy networks. In [41]], Saberi et al. introduced the zero-error
feedback capacity of causal discrete channels with memory,
and they provided a tight condition for bounded stabilization
of unstable noisy linear systems.

In [42]], Wang and Shayevitz investigated the combination of
zero-error source and channel coding schemes, by introducing
the notion of “graph information ratio”, which refers to the
relative Shannon capacity of two graphs of Korner and Marton
in [43]]. In [44], Alipour et al. defined a new quantity called
the relative fractional independence number, which provides
new upper and lower bounds on the zero-error capacity. In
[45], Gu and Shayevitz provided outer and inner bounds on
the zero-error capacity region for the two-way channel. In [46],
Shayevitz investigated the zero-error broadcasting problem
by introducing the p-capacity function, for which upper and
lower bounds are derived. In [47], Ordentlich and Shayevitz
investigated the zero-error capacity region of the binary adder
multiple-access channel. They provided a new outer bound
that strictly improves upon the bound obtained by Urbanke
and Li, in [48]]. In [49], Wiese et al. defined zero-error wiretap
codes by requiring that every output at the eavesdropper can
be generated by at least two inputs. They defined the zero-
error secrecy capacity as the supremum of rates for which
there exists a zero-error wiretap code. They showed that it is
either zero or the zero-error capacity of the channel between
the encoder and the legitimate receiver. In [50], Khooshemehr
et al. characterized the zero-error capacity of the molecular



delay channel by assuming that the maximum number of the
released molecules is fixed.

In [51]], Orlitsky and Roche formulated the graph-based
problem of coding for computing, which has also seen recent
advances. For instance, in [52]], Doshi et al. investigated the
distributed functional compression problem and proposed a
layered architecture that uses graph coloring and distributed
source coding. In [53] and [54], Malak demonstrated that
coding gains can be obtained by using fractional coloring
instead of the traditional graph coloring. In [55], Deylam
Salehi et al. determined achievability and converse bounds
for the broadcast problem when receivers compute distinct
functions.

B. Summary of the Contributions

In this paper, we investigate the additivity property of
optimal rates for zero-error source and channel problems. First,
we consider a source coding problem with side-information
that decomposes into a family of independent subproblems
(X4, Ya)aca with probabilistic graphs (G, Px,)ac.a. This
problem has a characteristic graph with a specific structure
given by the AND product G = AgeaG,, and a product
distribution &), 4 Px,. In the vanishing error regime, the
optimal rate is additive, meaning that it is equal to the sum
of the optimal rates of each subproblem. Consequently, the
concatenation of optimal codes is optimal. On the contrary,
by building on Haemers results for the zero-error capacity
of the Schléfli graph in [56]], we show that independence
alone doesn’t ensure the additivity property in the zero-error
source problem. This inspired us to investigate the conditions
under which the complementary graph entropy is additive, i.e.
F(Gl AN GQ,PXI X PXQ) = F(Gl,PXl) +H(G27PX2).

Our first contribution Theorem [3]in Sec. [[I-Bl shows that A
is additive for the AND product (A) of graphs if and only if it is
additive for the disjoint union of graphs (L), also called “sum
of graphs” in [57]]. The disjoint union is obtained by taking the
union of the vertices, and two vertices are adjacent if they are
adjacent in the original graph. Additivity for the disjoint union
holds if H(G1UGs, aPx, +(1—a)Px,) = aH(G1, Px,)+
(1 —a)H (G2, Px,). We demonstrate an equality that ensures
the equivalence between the additivity of the AND product
and that of the disjoint union. More precisely, we show that all
pairs of probabilistic graphs (G4, Px,) and (G2, Px,) satisfy

— 1
H(G1 U Go, §(PX1 + PX2>)

1 —
=5 H(G1AGs, Px, ® Px;,), (D

where Px, ® Px, is the product of the probability distribu-
tions, and where the probability distribution over the vertices
of G1 U G2 is obtained by taking the uniform distribution
Py = ($,%) over the two probabilistic graphs (G1, Px,)
and (G1, Px,). It follows directly from (T)), that the additivity
of H(A -) is equivalent to that of H(L -). Then, we extend
by showing that if the distribution P4 over the family
of probabilistic graphs (Ga, Px,)aca is a type, see [12,
Definition 2.1], then H (LI-) is a function of the complementary

graph entropy H(A -) of a specific product of graphs. Since
the set of types is dense in the set of distributions, we show
that the additivity of H(A -) and of H (L -) are equivalent for
all distributions Pjy.

Second, we consider a channel coding problem that decom-
poses into a family of independent zero-error subproblems.
Recently, Wigderson and Zuiddam in [58]] and Schrijver in [|59]]
showed the equivalence of the additivity properties of Cq(A -)
and Cy(L-), where C denotes the zero-error channel capacity.
In [59], the key ingredients in the proof are the superadditivity
of Cy, and the additivity property of the independence number
a(GUG) = a(G) + a(G") with respect to the disjoint
union of the graphs. Since the characteristic graph G is
defined similarly, we explore the connections and differences
between the additivity results for Co(G) and for H(G, Px).
For instance, the probability distribution Px is given in the
source problem, whereas it is a priori not specified in the
channel problem.

In order to relate Co(G) and H (G, Px), we use the zero-
error capacity C(G, Px) of a graph G relative to a distribution
Px, introduced by Csiszar and Korner in [60] to bound the
capacity of the arbitrarily varying channel with maximal error
probability. The zero-error capacity Cy(G) and C(G, Px) are
related via the result of [12, equation (11.2)] where

Co(G) = Il’IlDaXC(G, Px). )

Moreover, Marton showed in [61] that the complementary
graph entropy satisfies

C(G, Px) + H(G, Px) = H(X). 3)

Equations and are the analogues of the channel
capacity C = maxp, I(X;Y) and the entropy property
I(X;Y)+ H(X|Y) = H(X) in the vanishing error regime.
Proposition [3] in Sec. uses (3) to prove the equivalence
between the additivity of C(G, Px) and that of H(G, Px).
In order to complete this study, it remains to relate the
additivity of C(G, Px) to the one of Cy(G). This requires
careful analysis of the distribution that maximizes C(G, Px)
and how it decomposes over the AND product and over the
disjoint union of graphs. Suppose that for all subproblems the
source distribution Px maximizes C(G, Px), Theorem [9] in
Sec. =Dl and Theorem [0 in Sec. [MI-El conclude that the
additivity properties of Co(G), C(G, Px) and H(G, Px) for
the AND product (A) and for the disjoint union (L) are all
equivalent.

A crucial notion is the set of capacity-achieving distribu-
tions that contains all the distributions Px for which Cy(G) =
C(G, Px). We show that the uniform distribution is capacity-
achieving when the graph is vertex-transitive, i.e. when all
vertices play the same role within the graph. Since the Schlilfi
graph S and its complementary graph S are vertex-transitive,
so is their product S A S, and the uniform distribution is
capacity achieving for S, S and S A S. Together with Haemers
result [56], this shows a counterexample where the additivity
property of Co(G), C(G,Px) and H(G, Px) for the AND
product and for the disjoint union of S and S does not hold.

The additivity property enlarges the class of graphs for

which Cy and H have a single-letter characterization. For



perfect graphs, we show that the additivity of Cy and H always
hold for the AND product and for the disjoint union. This
allows us to characterize new single-letter solutions for all
products of perfect graphs, that are not perfect in general,
and for the product of a perfect graph G with the pentagon
graph Cj, by building on the characterization of H (G LI C5)
by Koulgi et al. in [57].

The path taken to demonstrate all these equivalences is
shown in Fig. 3] In Sec. [l we study the additivity of the
complementary graph entropy H for the source problem with
side information. The connection with the additivity of the
zero-error capacity C is investigated in Sec. New single-
letter solutions for Cyy and H are provided in Sec. as well
as the counter-example for the additivity based on Haemers
result [56]] for the Schléfli graph.

II. ZERO-ERROR SOURCE CODING WITH DECODER SIDE
INFORMATION

A. Results from the Literature and Open Problems

We investigate the source coding problem depicted in
Fig. which we call the side-information problem. This
situation arises in data compression where the decoder has
side-information Y about the source X that must be retrieved.
This problem has been solved in the vanishing error probability
regime by Slepian and Wolf [20]], but remains open in the
zero-error regime. Asymptotic expressions have been derived
by Witsenhausen [[19] for fixed-length codes, and by Alon and
Orlitsky [21] for variable-length codes.

More formally, we assume that a sequence of length n € N*
of i.i.d. random variables (X™,Y™) is drawn according to
the probability distribution Pxy € A(X x V) where X
and ) are finite sets and A(X x )) denotes the set of
probability distributions over X x ). We assume that the
marginal distributions Py € A(X) and Py € A(Y) have full
support. We denote by {0,1}* the set of binary words. We
consider variable-length source coding, which encompasses
the special case of fixed-length source coding. An (n, ¢, ¢q)
variable-length side-information source code for X and Y
consists of

- an encoder ¢, : X™ — {0, 1}* that assigns to each z™ a
binary word such that its image Im ¢, is prefix-free,
- a decoder ¢g : Y™ x {0,1}* — X" that assigns an
estimate Z" to each pair (y", ¢.(z™)).
The rate of the (n, ¢., ¢q4)-code is the average length of the
codeword per source symbol, i.e. R = 1E[{0 ¢.(X")] where
¢ denote the codeword length. We denote the probability of
error by P = IP’()?” #* X").

Definition 1. The optimal rate in the zero-error regime is the
minimal rate among all coding schemes that satisfy the zero-
error constraint:

1
inf —E[é o qﬁe(X”)]. 4
(na¢ea¢d) : Pe(n) =0 "
When the side-information Y is available at both encoder

and decoder, the optimal rate in the zero-error regime coin-
cides with the optimal rate H(X|Y") in the vanishing error

Ry =

regime. The zero-error coding construction relies on a condi-
tional Huffman coding [4]]. In the side-information problem,
the encoder does not observes the side-information Y. Due to
this information asymmetry, the optimal rates in the zero-error
and vanishing-error regimes are distinct. The characterisation
of the optimal rate Rj is a notoriously difficult open problem
of combinatorial nature. The key features are captured by
the “characteristic graph” of Witsenhausen [19]], which is
constructed based on the support of the side information
channel Py x.

Definition 2 (Characteristic graph). Let X,) be two finite
sets and Py |x be a conditional distribution. The characteristic
graph G = (X, €) associated to Py|x is defined by:

- X as set of vertices,

- x # 2 € X are adjacent xx' € &, if for some y € Y,

Py x (ylz) - Py x(ylz') > 0.

We denote by (G, Px ) the probabilistic graph induced by the

characteristic graph G and the distribution Px on its vertices.

When the side information y does not allow to distinguish
exactly between the source realizations x and 2, then x and
2’ are adjacent, and must be mapped to different codewords.
A zero-error encoding consists of a graph coloring where
adjacent vertices are mapped to different colors.

Definition 3 (Coloring, chromatic number x). Let G = (X, €)
be a graph. A mapping ¢ : X — C is a coloring if for all
adjacent vertices x, =’ with xz' € &, we have c(x) # c(z').
The chromatic number x(QG) is the smallest |C| such that there
exists a coloring ¢ : X — C of G.

For all graphs G; and G3, we have x(G; A Gg) <
X(G1)-x(G3). For sequences of symbols with underlying i.i.d.
conditional distribution Pf?&(yﬂx”) = [Ti: Pyix (yelze),
two sequences of source symbols z”, '™ are adjacent in the
graph if P (y"[a")Pyx (y"|2'™) > 0 for some sequence
of channel outputs 3", i.e. if and only if either z; = x} or
iy € €, for all 1 <¢ < n. This implies that for sequences
of symbols, the characteristic graph is built by using the AND
product of graphs, denoted by A, and also called ‘“strong

product” or “normal product” in [18]], [|61]], and defined below.

Definition 4 (AND product A). Let G; = (X1,&1), Ga =
(Xo, &) be two graphs, their AND product G1 AGy is defined
by

- X1 X Xy as set of vertices,

- (m1m2), (z)h) are adjacent if x12 € £1 and xaxly € &y,

with the convention of self-adjacency for all vertices.

We denote by G1™ the n-th AND power G = Gy A ... NGy
n times.

When (G1,Px,) and (Ga, Px,) are two probabilistic
graphs, the distribution induced on the product of vertices
X1 X Xy is the product of the two distributions Px, @ Px,.

Alon and Orlitsky introduced an asymptotic expression in
[21]], for the optimal rate R in the “restricted inputs” setting.
It relies on the notion of chromatic entropy H, (G"\", P{"),
which is the minimal entropy of a coloring of G induced
by the i.i.d. distribution PZ".
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Fig. 3. Equivalences of additivity properties for the zero-error capacitiCo, for the zero-error capacity relative to a distribution C, and for the complementary

graph entropy H. The equivalences of our Theorem |3, Proposition
distributions.

Theorem 1 (from [21, Lemma 6]). Given a probabilistic
graph (G, Px),

lim lHX(GA“, Py, (5)

n—o0o M

Ry =
where the chromatic entropy is defined by

H, (G, Px) =min {H(C(X)) ‘c is a coloring of G}. (6)

The sequence (H,(G"", Pf?"))neN* is subadditive,
Fekete’s Lemma [62, pp. 103] ensures the existence of the
limit in (3]), which coincides with the infimum.

There is no single-letter expression for Rj. In [21]], Alon
and Orlitsky provided a single-letter upper bound of Rj which
corresponds to the “unrestricted inputs” scenario where the
source X has to be recovered with zero-error for all side
information y, even when (X,y) is outside the support of
Pxy.

(D
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Fig. 4. The pentagon graphs C5 with uniform distribution Px =
Unif ({1, ...,5}) over the vertices.
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With high probability, the source sequence X™ is typical
with respect to Px. Let G""[T"(Px)] be the subgraph of G
induced by the set of fypical sequences T*(Px ) with tolerance
€ > 0, see [[12, Definition 2.8]. We can construct a zero-error
code by taking the minimal coloring of this induced subgraph
x(G""[T(Px)]). The encoder sends the color index to the
decoder if X™ is typical, otherwise it sends the index of the
sequence X™ in X". This coding strategy has a rate upper-
bounded by

L B(X" ¢ T2 (Px)) log|X] +  Tog x (G [T (P ).
(N
The zero-error property is satisfied since the decoder is able
to retrieve X" thanks to Y™ and the color symbol. Koulgi et
al. have shown in [22| Theorem 1] that taking the limit when
n goes to infinity and e goes to 0 yields the best achievable

Theorem E] and Theorem

are valid under specific conditions on the probability

rate in the zero-error side-information problem. This quantity,
introduced by Korner and Longo in [23] for the two-step
source coding, is called the complementary graph entropy.
Here, we adopt the formalism of [63, Definition 7] and [57}
Definition 7].

Definition 5. Given a probabilistic graph (G, Px), the com-
plementary graph entropy H (G, Px) is defined by:
— 1
H(G, Px) = lim limsup — log x (G""[T)"(Px)]).  (8)
e nsco N
The question of the subadditivity of the
(logx(GA”[Z”(PX)D)neN* is open.

Theorem 2 (from [22, Theorem 1]). The optimal rate in the
zero-error regime is

sequence

RS :F(G>PX)7 (9)

where (G, Px) is the probabilistic graph formed of the char-
acteristic graph associated to the distribution Py x, with the
underlying distribution Px on its vertices.

Note that when restricting to zero-error fixed-length code,
the optimal rate Hy(G) introduced by Witsenhausen in [[19]
does not depend on the source distribution Py, since

1
Ho(G) = lim —logx(G"").

n—+oo n

(10)

The limit exists and coincides with the infimum thanks to
Fekete’s Lemma [[62, pp. 103] for the subadditive sequence
(log X(G"™)), .- In fact, the Witsenhausen rate Ho(G) is
equal to the maximum of H over the set of source distributions

Qx € A(X)

Lemma 1 (from [63 Lemma 3]). Given the graph G =
(X, E), the Witsenhausen rate satisfies

Hy(G) = max H(G,Qx). (11)
Qx

The proof relies on the type counting Lemma, see [12}
Lemma 2.2]. Interestingly (TI) shows that the use of zero-
error fixed-length codes is a strong restriction compared to the
use of zero-error variable-length codes. Indeed, the optimal
rate for variable-length code satisfies R = H(G,Px) <
maxg, H(G,Qx) = Ho(G). Moreover, note that the rate



Hy(G) corresponds to a universal source coding problem
in which the characteristic graph is known, but the source
distribution is unknown.

We now focus on variable-length coding. The optimal rate
R} has a trivial single-letter upper bound given by H(X),
where the zero-error coding construction relies on Huffman
coding and the decoder ignores the side information Y. In fact,
this upper bound is tight for a dense subset of distributions in
A(X x )).

Proposition 1 (Full support, from [19]). If the distribution
Px y has full support, then R} = H(X).

Indeed, since the distribution Py y has full support, the
characteristic graph G is complete, i.e. every pair of symbols
x € X, 2’ € X are adjacent in G, thus H, (G, Px) = H(X).

There are a few other cases where the optimal zero-error
rate is known such as perfect graphs [24, Corollary 12], or
the pentagon C5 with uniform distribution shown in Fig. [
where R = %log2(5), see [22, Example 1]. In general, the
single-letter characterization of R} remains a difficult open
question.

B. Problem Statement for Independent Sources

In order to understand this difficulty, we examine a specific
scenario where the source and the side information decompose
into independent variables. In the vanishing error regime,
independence is a key assumption that ensures the additivity of
optimal rates, shedding light on practical coding techniques.
In the zero-error regime, the independence hypothesis alone
is not sufficient to ensure the additivity of optimal rates. We
formulate a condition that implies additivity, enabling us to
enlarge the set of problems for which the optimal rate has a
known single-letter characterization.

n n v v
Xp, XYy R Xp, Xy

Vi Y

Fig. 5. Independent side-information problems

More formally, for a finite set .4, we assume a set of pairs
(Xa,Ya)aea, referred to as an independent family, that con-
sists of |.A| pairs with a joint distribution that decomposes into
a product of distributions. This independent family generates
sequences of i.i.d. random variables,

Rn
(X?,Yln,..., \7:4|7Y\ZX|)N(PX1,Y1®"'®PX\A\7Y\A\) .

Independent side-information problems correspond to a side-
information problem in which the source and the side infor-
mation form an independent family, as shown in Fig.[5] In the
vanishing error regime, the optimal rate is additive,

R =H(X1,...,X|4|Y1, -, Y]a)

= Z H(Xa|Ya) = Z R(*L

acA acA

12)
13)

This property is fundamental to guarantee the optimality of
the codebook constructed by concatenating the codewords of
the optimal codebooks of each subproblem.

But does the additivity property also hold in the zero-error
regime for independent side-information problems? To answer
this question, we first derive an asymptotic expression for the
optimal zero-error rate. This derivation follows from the fact
that the independent family can be characterized by a product
of graphs.

Proposition 2. Let (X,,Y,)aca be an independent fam-
ily. The optimal rate for the independent zero-error side-
information problem is

Rg_H</\ Ga,®PXQ),

acA acA

(14)

where for all a € A, G, is the characteristic graph associated
to the conditional distribution Py, |x,, with the underlying
probability distribution Px, on its vertices.

It is known that the complementary graph entropy H is
sublinear with respect to the AND product. Indeed, [57,
Theorem 2] states that for all probabilistic graphs (G, Px)
and (G', P%)

H(GAG', Px ® Py) <H(G,Px)+H(G' Py). (15)

However, H is not additive in general. Inspired by Haemers
result [56], we show in Theorem [I6] that the inequality (I5)
is strict for the product of the Schlifli graph S with its
complement S. In the following, we study a condition that
ensures the additivity of H, i.e. where holds with equality.
To do this, we introduce the disjoint union of graphs, also
called “sum of graphs” in [57].

Definition 6 (Disjoint union of probabilistic graphs Ll). Let
A be a finite set, let Py € A(A), and for all a € A, let
(Ga, Px,) be a probabilistic graph with G, = (X4, &)
The disjoint union with respect to P4 is a probabilistic
graph denoted by (|_|a€A Gas Y gen PA(a)PXag, where the
vertices X and the edges &€ are defined by:

- X = ||,ca Xa is the disjoint union of the sets (Xa)acAs

- Forall x,x’ € X, xa’ € £ if and only if they both belong

to the same X, and xx' € &,.

The distribution Px =) . 1 Pa(a)Px, is constructed with
respect to P and the family of distributions (Px,)ac. that
have disjoint support in X.

In Fig. [6] we provide an example of an AND product and
of a disjoint union of probabilistic graphs. As for the AND
product, the complementary graph entropy H is sublinear with
respect to the disjoint union. Indeed, [57, Theorem 2] states
that for all probabilistic graphs (G, Px) and (G', P% ) and the
distribution P4 = (s,1 — s) with s € [0, 1],

H(GUG sPx + (1 —s)P%)
<sH(G,Px)+ (1 —-s)H(G', PY). (16)

We present our first contribution, which establishes the
equivalence between the additivity of the AND product and the
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Fig. 6. An empty graph (Gl,le (1,11

= (N3,(3,3, 7)) and a complete
graph (G2, Px,) = (K2, (3, 3)), along with their AND product (G1 A
Ga2,Px, ® PXQ) and their disjoint union (G1 U G2, 4PX1 + 2 sz) The
values on each Vertex corresgpond to the underlying probability dlstrlbutlons
PX1®PX2 and PX1+ PX2

additivity of the the disjoint union. An important consequence
when the additivity holds is that the concatenation of optimal
codes of each subproblems is optimal.

Theorem 3 (Equivalence of the additivity for A and for
U, from [[1, Theorem IV.8]). Let A be a finite set, Py a
distribution with full-support, and let (Go, Px,)aca a family
of probabilistic graphs. The following equivalence holds:

H ( A Ga,®an> =Y H(G., Px,), (17)

acA acA acA
— H<|_| GG,ZPA ) ZPA H(G,, Px,).
acA acA acA (18)

We say that the additivity property holds for the AND product if
is satisfied. Similarly, the additivity holds for the disjoint
union if (18) is satisfied.

This result allows to characterize new single-letter solutions,
as discussed in Sec. By using Theorem (3| we characterize
the optimal rate of all products of perfect graphs, which are
not perfect in general. Since the disjoint product of perfect
graphs is perfect, the optimal rates add up.

Without loss of generality, we consider that A is the
support of P4. We observe that does not depend on the
distribution Py, therefore if (I8)) holds for one distribution P4
with full support, then it holds for all distributions with full
support. This remark allows us to state the following corollary.

Corollary 1. If the additivity properties or hold
for a family of probabilistic graphs (G, Px,)ac.a, then
and (18) also hold for any sub-family of probabilistic graphs
(G&, PXa)aeﬁ with A C A.

C. Proof of Theorem

In this section, we present the three main ingredients for the
proof of Theorem [3| In Lemma [2, we provide an asymptotic
formulation that relies solely on the AND product of graphs.

Lemma 2. Ler Py € A(A) a probability distribution with
full-support and let (@,)pen~ € AV be any sequence such

that its type Tan — Pa when n — oo. Then we have

H ( ] Ga > PA(a)PXu>

acA a€A
— lim H (/\ Gé\nTgn,(<z)7®P§:Ta" (a)> ) (19)
nee acA acA

As a consequence, if Py belongs to the set Ay (A) of types of
sequences of length k € N*, we have

F ( |_| Ga, Z PA(a)PXQ>

acA acA
_ 1 AkPa(a) ®RkPa(a)
=1 < /\ GNkPa ,®PXG . (20)
acA acA

Moreover, if Py is the uniform distribution, we have

7oy e ) - g (Ao @re ).

acA acA
(21)

The proof of Lemma [2] is stated in App. It follows
from the properties of the product of graphs induced by
typical sequences a™ € T"(P4), such as the distributivity
of A with respect to L, the subadditivity of the sequence of
chromatic entropy (H,(G"", P¢")), .. and the property
Hx(Gl (] GQ,PA(al)le + PA(GQ)PX2> = Hx(GhPXl) =
H, (G2, Px,), for all P4 when the probabilistic graphs
(Gy, Px,) and (Gq, Px,) are isomorphic. Lemma [2| shows
that the complementary graph entropy of the disjoint union
of graphs H(LI-) is a function of the complementary graph
entropy of the AND product of graphs H(A -), on a dense
subset of distributions. In that case, the equivalence of the
additivity with respect to A and U is direct.

A consequence of is that both additivity properties of
and are equivalent when P4 = Unif(.A). In order to
prove Theorem [3] we extend this property to all distributions
P4 € A(A) by using the convexity property of the function

] Ga > PA(a>an>- (22)

acA acA
Lemma 3. Given a family of graphs (G )ac 4, the function n
is convex in Py and (log max, |X,|)-Lipschitz.

The proof of Lemma 3] is stated in App. Now, since 7
is convex, if it meets the linear interpolation of (1(14))aeA,
where (1,)q,c4 are the extreme points of the set of distribu-
tions A(A), then 7 is linear. This statement is provided by
Lemma [d] whose proof is given in App. [A-H|

Lemma 4. Let A be a finite set, and v : A(A) — R be a
convex function, and for all a € A, let 1, be the distribution
that assigns 1 to the symbol a and 0 to the others. Then the
following holds:

n:PAHH<

3P, € int(A(A =Y Pa(a)y(la) (23)
acA

— VP4 € A(A), =Y Pa(a)y(La). (24)
acA



where int(A(A)) is the interior of A(A), i.e. the set of full-
support distributions on A.

Now let us prove Theorem

(=) We assume that H (A c4GaQueaPx.) =
> wca H(Gq, Px,). By taking Py = Unif(A), the equation
(21) in Lemma [2] implies that

(UG“’Z%M )

acA
(A G P, )
acA acA
Z | A‘ H(Gq, Px,). (25)

acA

The function 7 is convex by Lemma [3] and satisfies (23) with
the interior point P4 = Unif(A), thus Lemma 4] implies that
for all Py € A(A),

H < |_| Ga, Z PA(a)PXa>

acA acA

GLL’PX )

> Pato)
acA
(26)

(<=) Conversely, we assume ([26) and we consider Py =
Unif (A). According to (ZI) in Lemma [2| we conclude that

H(/\ Ga,®PXa>

acA acA
:|A|.H<|_| Ga,z |A‘ )
acA ac A
=Y H(Ga, Px,). @27)
ac A

This concludes the proof of Theorem [3]

D. Problem Statement with Partial Side Information at the
Encoder

In this section, we highlight the operational significance
of the disjoint union of graphs. Recall that Theorem [3| uses
the additivity for the disjoint union in order to establish the
additivity for the AND product of graphs. This is generally
simpler because the disjoint union has fewer vertices and edges
than the AND product. Yet, the usefulness extends further
as the disjoint union corresponds to the problem in Fig. [7]
where the encoder has partial information about the decoder’s
side information, obtained through the deterministic function
g Y — A. This setting in Fig. [7] is a specific case of the
setting of Fig. 2] where the decoder must retrieve the source
(X,9(Y)). We refer to this as the partial-side-information
problem.

Proposition 3. When the encoder has partial side information,
the optimal rate is

H<|_| GaazPA(a)PXQ)a

acA acA

(28)

XTL R
Encoder

Decoder

An

= g(Y;S)tSn

YTL

Fig. 7. The partial-side-information problem.

where for all a € A, G, is the characteristic graph as-
sociated to the conditional distribution Py|x a—q Wwith the
underlying probability distribution Px|s—, on its vertices.
These conditional distributions and P4 are obtained from the
joint distribution Pxy 1 A=g(v) depending on the deterministic
function g : Y — A.

Indeed, for each realization of the encoder side informa-
tion a = g¢(y), we construct a characteristic graph G, to
model the sub-problem indexed by a € .A. Since, both
encoder and decoder have access to a € A, the characteristic
graph consists in the disjoint union of the graphs (Gg)aca-
Moreover, each (G, contains all realizations x € X, and
there is an edge between two vertices xz,z’ if and only if
Py |x.a(ylz,a) Py x o(y|2';a) > 0 for some y € g (a).

If H is additive for the disjoint union in the sense of @,
then the following coding scheme is optimal:

o For each symbol a € A, we select the indices t €
{1,...,n} of the sequence a™ such that a; = a. We
denote by (X™e Y ™) the corresponding subsequences
of length n,, extracted from (X™,Y™).

o For each a € A, we use the optimal codebook for the
independent sources (X", Y™ ),c 4 with distinct length
of sequences (n4)qc.4 and we concatenate the codewords
obtained.

With high probability, the sequence A™ belongs to the set of
typical sequences 7."(P4), therefore the empirical distribution
(%2)qc.a converges to P, in probability. The coding rate of
the above scheme converges to

> Pa(a)H(Ga, Px,) <|_| Ga, Y Pa(a) )

acA acA acA

which is optimal for the partial-side-information problem
when H is additive.

III. ZERO-ERROR CHANNEL CODING PROBLEM

Recently, Wigderson and Zuiddam in [58] and Schrijver in
[59] established the equivalence between the additivity of the
zero-error channel capacity for the AND product Cy(A -) and
for the disjoint union of graphs Cy(L! ). The main difference
with the side information problem is that the channel input
distribution Px is a priori not specified in the zero-error
channel coding problem.

In order to establish the equivalence between the additivity
properties of H and Cj, we introduce the zero-error capacity
C(G, Px) of a graph G relative to a distribution Px due
to Csiszar and Korner [60]. We show the equivalence of all
additivity properties, i.e. those of [58, Theorem 4.1], of [59,
Theorem 2], and of Theorem E], provided that the source



distribution maximizes the zero-error capacity relative to a
distribution of the AND product of graphs.

A. Open Problem of Zero-Error Channel Capacity

The channel coding problem in Fig. [8]is introduced in [3]] in
the vanishing error regime, and in [5]] in the zero-error regime.
We consider a discrete memoryless channel that consists of an
input alphabet X, a finite output alphabet ) and a conditional
distribution Py |x. A (n,Cp, ¢q)-code consists of

- an encoder that selects uniformly a codeword z" from

the codebook C,, C X™, and sends it over the channel,

- adecoder ¢4 that assigns an estimate Z" to each received

sequence y".
The rate of the (n,C,,pq)-code is the average number of
messages transmitted per channel use, i.e. L ~log|Cy|, and the

probability of error is P(n (X m£ X ")

n )? n

Fig. 8. The channel coding problem.

Definition 7. The zero-error channel capacity is the maximal
rate among all coding schemes that satisfy the zero-error

property:

1
Cy = sup —log|Cy|.

(nvcnvd)d) : Pe(n) =0

In the zero-error regime, the capacity depends on the inde-
pendence number of the characteristic graph, defined below.

(29)

Definition 8 (Independent subset, independence number «).
Let G = (X,€) be a graph. A subset S C X is independent
in Gifxax’ ¢ & for all x # x’ € S. The independence number
is the maximal size of an independent set in G, and is denoted
by a(G).

The zero-error channel capacity relies on the same charac-
teristic graph, see Definition

Theorem 4 (from [5]]). Let G be the characteristic graph cor-
responding to the discrete memoryless channel (X,), Py X)-
The zero-error channel capacity satisfies
1

lim — log a(G"™).
n—oco N

Since a(G1 A G3) > a(Gy) - a(Gs) for all graphs G; and
Gy, the sequence (log a(G"")) .. is superadditive, Fekete’s
Lemma [62] pp. 103] ensures the existence of the limit in (30),
which coincides with the supremum.

Cp = Col@) = (30)

Remark 1. Note that, by convention, we define the zero-
error capacity with the logarithm. Another existing convention
(for example in [18]) for the zero-error capacity is O(G) =
lim,, 0o ¥/ @(G""), which is equivalent in the sense that
Co = log©.

We present in Sec. some examples from the literature
where Cy(G) is known, in particular when G is a perfect

graph. The Lovasz 6-function, introduced in [18]], is an upper
bound on the zero-error capacity. This function is used to show
that Cy(C5) = 3log5, which makes Cs the smallest non-
perfect graph for which Cj is known. Further observations on
the f-function are derived by Sason in [64], and new zero-
error capacity results are characterized for two subclasses of
strongly regular graphs in [26]]. The zero-error capacity of C;
is still unknown. Several existing lower bounds on Cy(C7)
were found via computer programming, in particular in [7],
[9] and [65]].

B. Problem Statement for Independent Channels

To understand why no single-letter exists for the zero-
error channel capacity, we study the case where the condi-
tional distribution of the channel decomposes into a product
R aca Pr.x,, as depicted in Fig. E} This is called the
independent channel coding problem.

Proposition 4 (from [5]). The zero-error capacity of the
independent channel @, 4 Py, |x,is given by

(A

where for all a € A, G, is the characteristic graph associated
to the conditional distribution Py, x,.

3D

In the vanishing error regime, the capacity of independent
channels is additive since

C= max I(Xl,...,X|A‘;Y'1,...,YV|A‘)
Px,,.., X| 4
= 1}313?1 Xa;Yy) ZC (32)
acA acA

Therefore, it is optimal to concatenate the optimal codebooks
designed for each channel Py, |y, .

In the zero-error regime, the capacity is super-linear as
shown by Shannon in [5, Theorem 4],

Co (G) + Co(GI) < Co(G A G/) (33)

Haemers shows in [50] that the inequality (33) is strict for
the product of the Schléfli graph S and its complementary
graph S, as stated in Theorem [5| An explicit construction of
the Schlifli graph is provided in [66, Sec. 6.1]. Haemers’s
result relies on a bound on the zero-error capacity based on
the rank of the adjacency matrix of the graph. Refinements of
this bound are developed by Bukh and Cox in [67], and by
Gao et al. in [68]].

Theorem 5 (from [56]). Let S be the Schlifli graph and S
its complementary graph, then

Co(S) + Co(g) < Co(S A g) (34)
Since the additivity does not hold in general, Wigderson and

Zuiddam in [58]] and Schrijver in [59], established a condition

under which the additivity holds for the zero-error capacity.



Theorem 6 (from [58, Theorem 4.1] and [59, Theorem 2]).
For all graphs G,G’,

Co(G) + Co(G') = Co(G NG,
> log <2CD(G> + 2C0(G'>) =Co(GUa).

(35)
(36)

The zero-error capacity of a disjoint union of graphs
Co(G U G") is the optimal coding rate when each input letter
can be selected from any of the two channels. We establish the
connection between the additivity properties of Theorem [3|and
Theorem [6] by introducing the zero-error capacity C/(G, Px)
of a graph relative to a distribution Py, defined by Csiszar
and Korner in [[60].

C. Zero-Error Capacity C(G, Px) of a Graph Relative to a
Distribution Px

Theorems [3] and [6] both establish the equivalence of additiv-
ity properties for the AND product and for the disjoint union
of graphs but they do so for different underlying quantities:
H(G, Px) and Cy(G). We study these two quantities and we
establish the equivalence between additivity properties. To do
this, we introduce the zero-error capacity C'(G, Px) of a graph
relative to a distribution Py € A(X).

Definition 9. A sequence of codes (Cy,)y is said to be typical
with respect to Py, or in short Px-typical, if

max 7o — Pxloe = 0. (37)

zneC
The zero-error channel capacity relative to the input distribu-

tion Px is the maximal rate among all Px-typical sequence
of codes that satisfy the zero-error property:

C*(PX) = sup llog‘cn‘
(n,Cp, ba) : (Cp)n Px-typical, P{™) =0 "

Csiszdr and Korner [60, equation (3.2)] derived an upper
bound on the channel capacity for arbitrarily varying channel
with maximal error probability. This expression, denoted by
C(G, Px), corresponds to the zero-error capacity relative to
a distribution.

Lemma 5 (from [60]). The zero-error capacity of the graph
G = (X, &) relative to the distribution Px is

* _ I : 1 An n
C*(Px)= C(G, Px)= lim limsup - log a(G""[7* (Px)]),
(38)

where G""[T*(Px)] is the subgraph of G™ induced by the
set of typical sequences 7" (Px) with tolerance € > 0.

The superior limit in can be replaced by a reg-
ular limit, thanks to the superadditivity of the sequence
(log a(G/\”[’];”(PX)]))neN* and Fekete’s Lemma [62 pp.
103]. In [61, Lemma 1], Marton established the relationship
between the complementary graph entropy H (G, Px) and
C(G, Px).

Theorem 7 (from [61, Lemma 1]). Given a graph G = (X, €)
and a probability distribution Px,

C(G, Px) + H(G, Px) = H(X). 39)

Equation (39) can be seen as an analog for zero-error regime
of the formula I(X;Y) + H(X|Y) = H(X).

Remark 2 (Zero-error source and channel duality at the
code-level). We interpret the formula in Theorem [7] in the
following way. The quantities n- H (G, Px) and n-C(G, Px)
represent in bits, respectively, the minimum number of colors
and the maximum size of an independent set. A color class,
i.e. the set of vertices to which the same color is assigned,
is an independent subset of vertices. In the case where all
color classes have the same size, we would need n -log a(Q)
bits to describe the source sequence within its color class.
Thus, n-C(G, Px) can be seen as the average number of bits
needed to specify the index of the source sequence in its color
class. These two quantities sum up to n - H(X), which is the
information needed to describe the source sequence with zero-
error. However, this interpretation does not allow to conclude
about the source and channel duality at the code level. In
particular it does not guarantee that all sources are covered
by a codeword, i.e. a color and an index within that color
class, which is required in the source-coding problem.

We establish below the connection between the additivity
properties of H(G, Px) and C(G, Px), where the equiva-
lences in @I) and {@3) follow from Marton’s formula in
Theorem [7} and the equivalence from Theorem [3} The
complete proof is in App.

Proposition 5. Let A be a finite set, Py a distribution with
Sull-support, and let (G, Px,)aca a family of probabilistic
graphs. The following equivalences hold:

C <|_| Ga, Z PA(CL)PXG>

acA acA
= H(Pa)+ Y Pa(a)C(Ga, Px,) (40)
acA
e H(Ll Ga, Z PA(a)PXa>
acA acA
=Y Pa(a)H(Ga, Px,) (41)
acA
— H(/\ G, ®an> =Y H(G., Px,) (42)
acA acA acA
— C (/\ Ga, ®qu> =Y C(Ga, Px,). 43)
acA acA acA

Proposition [5| is an important result, _as it enables the
passage from additivity equivalences for H (G, Px) to those
for C(G, Px), and vice versa.

D. Capacity Achieving Distributions and Equivalence of the
Additivity of Cy and H for the AND Product

The key element of this section is the set of input distri-
butions Px that achieve the zero-error capacity in the sense
that Cy(G) = C(G, Px). As in the vanishing error regime,
it is optimal to consider codebooks composed of codewords
that are typical with respect to the input distribution Px that
maximizes C(G, Px).
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Fig. 9. The independent channel coding problem: the information is transmitted via |.4]| parallel channels (Pya‘ X, )acA-

Lemma 6 (from [12, equation (11.2)]). For all graph G =
(X, €),

Co(G) = max C(G, Px). (44)
X

The proof, stated in [69, Theorem 2], follows similar
arguments to those in the proof of [[63] Lemma 3]. As a
consequence of Theorem [7] and Lemma [6] the zero-error
capacity reformulates

Co(G) = max (H(X) ~H(G, PX)>. 45)

Px
In order to show the equivalence of the additivity of Cy(G)
and of C(G, Px), we define the set of capacity-achieving
distributions.

Definition 10. Let G = (X,€) be a graph. The set of
capacity-achieving distributions of G is the subset of A(X)
defined by

P*(G) = argmax C(G, Px).
Px

(46)

Proposition 6. For all graphs G, the mapping Px +—
C(G, Px) is concave and the set of capacity-achieving distri-
butions P*(G) is convex, nonempty.

The proof of Proposition [f]is stated in App. [C] and relies on
Lemma [6] The following Theorem is essential to demonstrate
the equivalence of the additivity properties depicted in Fig.
It establishes that if a joint distribution achieves capacity, then
the product of its marginals also achieves it.

Theorem 8. If Px, . .x, € P*(Nagca Ga), then

®a€A Px, € 'P*(/\aeA G,).

The proof of Theorem [§]is stated in App. [D] and relies on
a codebook shifting argument: given a codebook composed
of codewords («%,xz%) that are typical with respect to the
joint distribution Px, x,, we construct a set of permuted
codebooks by applying a cyclic permutation only to the first
component z} of each codeword. We concatenate all the
permuted codebooks and we replicate them n times so that
the codewords length is equal to n’ = n3. Then, we remove
the codewords (q:’f/, x’gl) that are not typical with respect to
the product of marginal distributions Px ® Px:. We show that
this construction has the same rate and preserves the zero-error
property. However, it modifies the types of the codewords,
which become the product of marginals as wished.

We can now establish the equivalence between the additivity
of Cy(@) and of C(G, Px) for the AND product.

Theorem 9. Ler A be a finite set, and (Gg)aca =
(Xa, Ea)aca be a family of graphs. The following equivalence

holds:
%(AGJ
acA
<~ HPX1,~~,X\A| e p* (/\ Ga>7

acA

C (/\ Ga, PXl,...,XA|>

acA

= Z CO(Ga)

acA

47)

=) C(Ga, Px,). (48)
a€A

Furthermore, any distribution Px, . x, , € P* (/\aeA Ga)
that satisfies @) also satisfies Px, € P*(G,) for all a € A.

The proof of Theorem [9] is given in App. [F] The main
difficulty comes from the decomposition of the capacity-
achieving distributions over the AND product of graphs. On
the one hand, if Cj is additive, then the product of capacity-
achieving distributions Px, € P*(G,,) is optimal for the graph
A acA G, and thus, C is additive. On the other hand, if C is
additive for the graph A ., G, with the capacity-achieving
distribution Py, ... x . € P*( Ayeq Ga). then Cy is additive.
These are the statements of Lemma [[4] and Lemma in
App. [B

E. Additivity of the Sum of Independent Channels

The equivalences in Theorem [6] and Proposition [5] rely on
the zero-error capacity of a disjoint union of graphs. Such
graphs have an operational interpretation in terms of sum of
channels which is depicted in Fig. [I0] see also [5, pp. 13].
The codewords are intermingled, each letter in a codeword
can be selected from any of the channels (Py,|x,)ac. Since
the output alphabets of each individual channel are disjoint,
the channel output symbol uniquely identifies the channel that
is used. This allows to embed additional information with rate
H(Py).

In the vanishing error regime, the additivity of the capacity
for the sum of channels holds since

C’zlog(ZZC“),

acA

(49)

where C, = maxp,_ I(Xq4;Y,) is the capacity of the channel
Pyal X,



4 ° Channel Py, x, o

(Xa)i<n (Yo, )i<n >
Encoder Decoder —— (X, )i<n
o Channel Py‘ X 0
Fig. 10. Sum of the |.A| channels (Py, |x,)ac.4: only the channel a; € A is used at instant ¢ € {1,...,n}.

Proposition 7 (from [5])). The zero-error capacity of the sum
of channels is given by

Co <|_| Ga> : (50)

acA

In the zero-error regime, Shannon in [5, Theorem 4] shows
that

VG, G, log (2CO(G> +2CO<G'>> <Cy(GUGY).  (51)

For the sum of channels, a natural coding scheme consists
in using the optimal codebooks for each channel in a time
sharing manner, with respect to the distribution P4 that
maximizes H(Pa) + > ,c4 Pa(a)Co(Gy). In other words,
communicating over the sum channel is equivalent to sending
2 types of information: one related to identification of the
chosen channel of rate H (P4 ), and the other to the information
sent at rate Cy(G,,) over each channel a € A.

Lemma 7. The mapping Py — H(Ps) +
> aca Pa(a)Co(Ga) has a unique maximum
P* . ( QCU(Ga) > 52
A=\ 5ce . (52)
Z(I/EA 2CO(GGV ) acA

which gives

H(P3)+ Y Pi(a)Co(G,) = log (Z 200<Ga'>> . (53)
acA a’'eA

The proof of Lemma [/]is given in App. and relies on
the fact that the function (wg)eca — log (3 ,c 4 2*) is the
Legendre-Fenchel conjugate of the entropy function P4 —
H(Py), see [70, Chap. 1].

We consider the time-sharing strategy between the optimal
codebooks along with the distribution P§ € A(A) defined in
(52). If this strategy is optimal, then

Co <|_| Ga> = log (Z 20()(@0,)) , (54)

acA acA

which means that the additivity holds for the disjoint union of
graphs.

Remark 3. Note that P} € A(A) in (52) is full-support. It
can be observed that Py — H(Pa) has an infinite slope at
the frontier of A(A), consequently the maximizer of Pa
H(Pa) + > 4ca Pala)Co(Ga) is always an interior point.
In other words, the information carried by the channel index
H(Py) offsets the loss in rate, if the channels with smaller

capacities are not chosen too often. Therefore, in the sum of
channels setting, always choosing the channel with highest
capacity is suboptimal, and never choosing a channel is also
suboptimal, even if this channel has a capacity equal to 0.

Similar to Theorem[9] we establish the equivalence between
the additivity between Cy(G) and C(G, Px) for the disjoint
union of a family of graphs (G,)acA-

Theorem 10. The following equivalence holds

Co <|_| Ga> = log (Z 2CO<Ga>> (55)
acA acA
< 3Py € P* (|_| Ga>,
acA
C <|_| G, PX> = H(Pa)+ Y _ Pa(a)C(Ga, Px,),
acA acA

(56)

where for all a € A, Pa(a) = ), cr Px(z) and Px, =
Px|xex, = Px/Pa(a). Furthermore, any 3 . 1 Pa(a)Px,
that satisfies (56) also satisfies the following for all a € A:

200 (Ga)

PA(a) = 4ZG/GA 2CO(G,,,/) )

and Px, € P*(G,). (57)

The proof of Theorem is given in App. The key
ingredient is the decomposition of the capacity-achieving
distributions over the disjoint union of graphs. The first
result is Lemma cWPchP proves that the distribution given
by Pa(a) = % maximizes Py — H(Pa) +
Y wes Pa(a)Co(G,). On the one hand, if Cy is additive,
then the average distribution ) , Pa(a)Px, with Va € A,
Px, € P*(G,) is optimal for the graph | |, 4 G and thus, C
is additive. On the other hand, if C' is additive for the graph
|lpcs Ga and ) . 4 Pa(a)Px, is capacity-achieving, then
Cp is additive. These are the statements of Lemma and

Lemma [T7]in App. [G]

Remark 4. One could try an alternative route to prove Theo-
rem by successively using the equivalences in Theorem @

li.e. (58 Theorem 4.1] and [59, Theorem 2]



Theorem [9 and Proposition 5} However, this approach yields
the following statement:

Co (Uaca Ga) =108 (Xgex 27°(°)) (58)
IP4 € A(A) full-support,
— APx, ... x4 € P* (Naeca Ga), (59)

¢ (l—laEA Ga, ZaeA PA(CL)PXa)
= H(PA) + ZaGA PA(Q)C(Gth PXa)7

Nevertheless, this does not complete the proof, as we still
need to relate the sets of capacity-achieving distributions
P* (Upea Ga) required in Theorem 10 P* (Npes Ga)
appearing in (39).

Theorem [I0] together with Theorem [9] Theorem [6] and
Proposition [5] establish the equivalence of the additivity be-
tween Co(G), C(G, Px) and H(G, Px) for the AND product
A, and for the disjoint union L of a family of graphs (G )ac.a,
as depicted in Fig.

IV. MAIN EXAMPLE AND COUNTER-EXAMPLES FOR THE
ADDITIVITY OF OPTIMAL RATES

In this section, we exploit the equivalences in the additivity
properties depicted in Fig. 3] in order to provide single-letter
characterizations of H and C, for several new classes of
graphs.

A. Perfect Graphs

In this section, we show that perfect graphs allow for
additivity of H and C, with respect to both LI and A with
any underlying probability distribution. Perfect graphs are one
of the only known examples of graphs with a single-letter
formula for H and Cy. Theorem |3| allows us to provide new
single-letter characterizations for H and Cj for all products
of perfect graphs, which are not perfect in general.

Definition 11 (Graph complement, clique number w). For all
G = (X, &), the complementary graph of G is defined by G' =

(X, E°). The clique number of G is defined by w(G) = a(G),
where the independence number « is stated in Definition

Definition 12 (Perfect graph). A graph G = (X, £) is perfect
if for all subset of vertices S C X, x(G[S]) = w(G[S]). A
probabilistic graph (G, Px) is perfect if G is perfect.

A remarkable property of perfect graphs is their single-
letter characterization for zero-error source and channel coding
problems. For example, when G is a perfect graph, the optimal
rate of the side information problem H (G, Py) is equal to the
Korner graph entropy introduced in [25]], see also [21} equation
(13)] and [51}, Sec.IL.B]..

Definition 13 (Korner graph entropy Hy,). For all probabilistic
graph (G, Px), let T'(G) be the collection of independent sets
of vertices in G. The Kdorner graph entropy of (G, Px) is
defined by

min
XeEWET(G)
where the minimum is taken over all distributions Py x with
the constraint that the random vertex X belongs to the random

independent set W with probability one, i.e. X € W € I'(G)
in (60).

Theorem 11 (from [24, Corollary 12]). Let (G, Px) be a
perfect probabilistic graph, then
H(G, Px) = H.(G, Px). (61)
Similarly, a single-letter characterization exists for the zero-
error capacity of perfect graphs, as stated below. This is a
consequence of a more general result due to Shannon (see
[S, Theorem 3]) that states that a graph G whose vertex set
can be partitioned into a(G) cliques, i.e. complete induced
subgraphs, satisfies Co(G) = loga(G). A perfect graph G
satisfies this property as its complementary G is also perfect,
and satisfy x(G) = w(G) = a(G), where w(G) is the clique
number, see [14] pp. 382].

Theorem 12 (from [S, Theorem 3]). If G is a perfect graph,
then Cy(G) = log a(G).

We now provide single-letter characterizations for Cy, C,
and H that were previously unknown. These characterizations
are consequences of the additivity results of Wigderson and
Zuiddam [58]] and Schrijver [59] for Cy, and of Theorem
for H.

More precisely, we consider some perfect graphs. Their
disjoint union is perfect, as shown in Lemma [T9] and Cj is
additive since Co(G U G') = loga(G U G') = log(a(G) +
(@) = log(260(G) 4 2C0(G")) holds for all perfect graphs
G, G'. According to the additivity result of [58]] and [59],
since C is additive for the disjoint union, so does Cy for the
AND product Cy(G A G') = Co(G) + Co(G"). This leads to
the following proposition.

Proposition 8. Let G and G’ be perfect graphs, then

Co(GUG) =log (QC“(G) + QCO(G/)> =log(a(G) + (@),
(62)

Co(G A G') = Co(G) + Co(G') = log (@) + log a(G).
(63)

According to the previous proposition, Co(GAG’) can now
be computed for any pairs of perfect graphs, as it is additive.
This result was previously unknown, as the AND product of
perfect graphs is not necessarily perfect. For instance, cycle
graphs C and Cy are perfect, due to the strong perfect graph
Theorem mentioned below, but their AND product is not.
This is also due to the strong perfect graph Theorem since
it contains an odd cycle of length 7, illustrated in Fig. [T1]

Theorem 13 (Strong Perfect Graph Theorem, from [71}
Theorem 1.2]). A graph G is perfect if and only if neither
G nor G have an induced odd cycle of length at least 5.

Similarly, we show that the additivity property of H and
C holds for perfect graphs and for all underlying probability
distributions, and we provide new single-letter expression for
H and C in that case.



Fig. 11. A non-perfect AND product of perfect graphs: Cg A Cg with an
induced C'7.

Theorem 14. When (Gg, Px,)aca is a family of perfect
probabilistic graphs, we have the following single-letter char-
acterizations

H(/\ Ga,®PXa> = Zﬁ(Ga,an)

acA acA a€A
=Y Hu(Ga Px,); (64)
acA
H ( 1 pA(a)an> =Y Pa(a)H(Gq, Px,)
acA acA a€A
=Y Pa(a)Hu(Ga, Px,), (65)
acA
c (/\ Ga, ®an> =Y C(Ga, Px,)
acA acA acA
=Y (H(Xa) — He(Ga, Px.)), (66)
acA
C <|_| Ga, Z PA(a)PXQ)
acA acA
= H(Pa)+ Y Pa(a)C(Ga, Px,)
acA
= H(Pa)+ Y Pa(0)(H(Xa) = Ho(Ga, Px,)). (67)
acA

The proof of Theorem [I4]is given in App.[H} As an example,
we consider the AND product of the cycle graphs Cg and Cs.

Corollary 2. We consider the cycle graphs Cg and Cg and
we denote by Px, and Px, the probability distributions over
their vertices. We have

H(Cg A Cs, Pxy ® Px,) =H,(Cs, Px,) + H,(Cs, Px,),
(68)
C(Cs A Cs, Px, ® Px,) =H(Px,) — H.(Cs, Px,)

+ H(Px,) — H.(Cs, Px,).
(69)

We now explore the combination of a perfect graph with
a non-perfect graph. More specifically, we consider the graph
C5 UG where G is perfect, for which the additivity of H was
studied by Tuncel et al. in [57]]. The pentagon graph Cs is not
perfect, thereby making any disjoint union or AND product
involving it non-perfect. However, by using Theorem [3] we
provide a non-perfect example where the additivity property
holds, offering a single-letter characterization of H for the
class of graphs Cs A G when G is perfect.

Theorem 15 (from [57, Lemma 3]). Let s € [0,1], let
(Cs, Unif ({1, ...,5})) and (G, Px) be a perfect probabilistic
graph, we have

H(C5 UG, sUnif({1,...,5}) + (1 — s)Px)

= sH(Cs, Unif({1,...,5})) + (1 — s)H(G, Px)

= glog5 + (1 - s)Ho(G, Px).

(70)
(71)

Corollary 3. For all perfect probabilistic graph (G, Px),

= H(G, Px) + H(C5, Unif({1, ...,5}))
= H.(G, Px) + 3 log5. (72)
B. Vertex Transitive Graphs

We study the class of vertex-transitive graphs, where all the
vertices play the same “role”. For these graphs, we show that
the uniform distribution achieves the zero-error capacity.

Definition 14 (Vertex-transitive graph). An automorphism of
a graph G = (X, &) is a bijection ¢ : X — X such that for
all x,o’ € X, za’ € & if and only if Y(x)(z') € E. The
group of automorphisms of G is denoted by Aut(QG).

A graph G = (X,€&) is vertex-transitive if Aut(G) acts
transitively on its vertices, i.e. for all x,x' € X, there exists
Y € Aut(G) such that Y(z) = .

Proposition 9. If G = (X, ) is vertex-transitive, then
Unif(X) € P*(G).
The proof of Proposition [9 is given in App.

(73)

Corollary 4. Let (Gy)aeca = (Xa, Ea)aca be vertex-transitive
graphs, their product is also vertex-transitive and

Unif (H Xa> = (X) Unif(x,) € P* </\ Ga> . (74

acA acA acA

C. The Schlifli Graph

We now study the important case of the Schléfli graph S as
it offers a counterexample for the additivity of H, C' and Cj.
In [56], Haemers showed that the additivity property does not
hold for the zero-error capacity of the product of the Schléfli

graph S with its complement S,
Co(S) + Co(g) < Co(S /\g) (75)

More specifically, Haemers showed that Cp(S) = logy(3),
Co(S) < logy(7) and log,(27) < Co(S A S). In this section,



we show that a similar conclusion holds for C(G, Px) and
for H(G, Px).

According to [72, Lemma 3.7], the Schléfli graph S and its
complement S are vertex transitive, as well as their product
S A S. By Proposition El, the uniform distribution is capacity-
achieving for S, S, and S A S.

Corollary 5. We denote by Xs and Xz the sets of vertices of
the Schlifli graph S and its complement S. Then,
C(S A S, Unif(Xs) ® Unif(Xzg)) = Co(S A S). a7
In Theorem we extend PEemers’s results of [56] and
we show that the additivity of H and C' does not hold when
the distribution Py is uniform. By using ZI) in Lemma[2] we

also equalize H, and similarly Cj, for the AND product SAS
and for the disjoint union S LI S, up to a certain constant.

Theorem 16. Let s € (0,1), let S be the Schlifli graph and S
its complementary, with uniform distributions on their vertices.
Then,
C(S A 'S, Unif(Xs) @ Unif (Xg))
> C(9, Unif(Xs)) + C(S, Unif(Xg)),
C(SuS,sUnif(Xs) + (1 — s) Unif(Xyg))
> hp(s) + sC(S, Unif(Xs)) + (1 — s)C’(?7 Unif(Xg)),

(78)

(719)
H(S A S, Unif(Xs) ® Unif(Xg))
< H(S,Unif(Xs)) + H(S, Unif (Xg)), (80)
H(SUS,sUnif(Xs) + (1 — s) Unif(Xg))
< sH(S,Unif(Xs)) + (1 — s)H(S, Unif(Xs)); (81)

where hy, is the binary entropy.

We obtain from Theorem [9] and Corollary [5} equations
(79) and come from Proposition [5} and equation (81)
comes from Theorem [3]

Remark 5. In [73], Alon has built infinite families of graphs
that satisfy Co(G U G') > log(260(G) 1 2Co(G)). Similar
results as in Theorem [16] can be derived for these graphs,
by using their respective capacity-achieving distributions.

V. CONCLUSION

We have shown the equivalences of additivity properties
between Cy, C, and H for the AND product (A) and for
the disjoint union (L) of graphs, as depicted in Fig.
For zero-error problems with same characteristic graphs and
capacity-achieving distributions, we show that it is optimal to
code separately for independent channels if and only if it is
optimal to code separately for independent sources with side-
information. We also state the following open questions:

- As pointed out in Theorem [§] for all capacity-achieving
distributions of a product graph, the product of its
marginals is also capacity-achieving. Are these marginals
capacity-achieving for the respective graphs in the prod-
uct, and conversely, if we consider the product of

capacity-achieving distributions of graphs, is this distri-
bution capacity-achieving for the product of graphs? In
other words,

»(Ae)

Theorem [9 partially answer this question in the sense that
inclusion holds when the additivity holds for the AND
product.

- Theorem [9] and Theorem [I0] show that the additivity of
Cy holds if and only if the additivity of C' holds when
Px is capacity-achieving. Can we find graphs G such that
the additivity of C(G, Px) holds when Px is capacity-
achieving, but does not hold for some Px that is not
capacity-achieving? A negative answer would imply that
the additivity of Cj is equivalent to the additivity of
C(G, Px) and H(G, Px) for all Px, similarly to perfect
graphs.

- In the vanishing error regime, Wyner showed in [74}
Sec. VI.C] that a linear channel code can be used to
construct a source code with side information, where the
encoder transmits the syndrome. Similarly in Theorem
the index of a source sequence can be decomposed into a
color class and an index within the color class. Does such
a source-channel duality hold at the code level in the zero-
error regime? Can we show that the decomposition into
the color classes is optimal for both zero-error problems?

- Finally, we have seen in Corollarythat F(G NCs, Px®
PX5) is additive when G perfect. Is the non-additivity of
H tied to specific non-perfect induced subgraphs in each
graph in the product? And if so, can we find a minimal
sub-family for these graphs?

NQR) AX) = Q) P*(Ga).

acA acA

(82)

APPENDIX A
RESULTS FOR THE PROOF OF THEOREM [3]

A. Proof of Lemma 2]

We need several lemmas for this result. Lemma[8lestablishes
the distributivity of A with respect to U for probabilistic
graphs, similarly as in [75] for graphs without underlying
distribution. Lemma [9| states that H can be computed with
subgraphs induced by sets that have an asymptotic probability
one, in particular we will use it with typical sets of vertices.
Lemma [I0] gives the chromatic entropy of a disjoint union
of isomorphic probabilistic graphs. The proofs of Lemma [§]
Lemma [9] and Lemma [T0] are respectively given in App.

App. and Appendix
Lemma 8. Let A, B be finite sets, let Py € A(A) and Pp €

A(B). Foralla € Aand b € B, let (G,, Px,) and (Gy, Px,)
be probabilistic graphs. Then

<|_| Ga>/\<|_|Gb>: || GanGs (83
acA beB (a,b)e AxB

For each (a,b) € A x B and (xq,2p) € Xy X X,
the induced  probability  distribution  takes  value

PA(CL)PB(b)PXa (l‘a)PXb (.%‘b)



Lemma 9. Let a probabilistic graph (G, Px), and let
(Sn)nen+ be a sequence of sets such that for all n €
NY, S, € X" and PY"(S,) — 1 when n — oc.
Then H(G,Px) = lim,_ s %HX(GA"[SH],P)’(TL) where
P (2™) = P (a™)/PY™(S,) for all 2™ € S,, and
P, (z™) = 0 otherwise.

Definition 15 (Isomorphic probabilistic graphs). Let
(G1,Px,) and (Gs, Px,) be two probabilistic graphs with
G = (thl) and Go = (Xg,gg). We say that (GlaPXl) is
isomorphic to (Ga, Px,) (denoted by (G1, Px,) ~ (G2, Px,))
if there exists an isomorphism between them, i.e. a bijection
P Xy — Xy such that: label = -

o Forall x1,2] € Xy, 1z} € & = Y(x1)Y(2]) € &,
o For all T € Xl, PX1 (331) = PX2 (’(ﬂ(l‘l))

Lemma 10. Let B be a finite set, let Pp € A(B) and let
(Gb, Px, )veB be a family of isomorphic probabilistic graphs,
then H, (Lycss G- Syess Po(0)Pxy) = Hy(Go P, for
allb € B.

Now let us prove Lemma 2] Let P4 € A(A), and let

(G, Px) = (uae 4G Sen PA(a)PXa>, by definition we
have
F(Gv PX)
= lim. iHX((JG_L Ga) " (;PA(a)PXG)n) (84)
=dm (A Ga Y PR @ Py, ).
an€A"™ t<n ane A" t<n

(85)

where (83) is a consequence of Lemma [§]

We focus our attention on typical sequences, we denote by
T, the type of the sequence a™. Let € > 0, and for all n € N*,
we define

T (Pa) ={a" € A" | |Tun — Pallos < €},

Sne= || ]

an €T (Pa) t<n

(86)

We introduce the conditional distribution of A™ given A" €
T2 (Pa) by

_ PEM(a") e o "
Pl (a) = PPy e €T (g
0 otherwise,
and the distribution P%, induced over the subgraph
G"\"[S,, ], defined by
Pew= > Phl(a") Q) Px,,. (88)

an €T (Pa) t<n

Since for all € > 0, P;?"(Sn,s) — 1 when n — oo, we have
by Lemma [9]

(G, Px) = lim ~H, (G750, P ).

n—o00 N

(89)

Let us study the limit in (9). Let (G, )nen+ € AN be a
sequence such that a” € T*(Pa) as Tgn — Pa. Therefore,
for all a™ € T*(Pa), a € A, and n large enough, we have

|Tan (a) — Tun (a)] < 2e. (90)
We have on one hand
H, (G""[Sy.e), Pxn)
—H, (( LI A Ga)[See]-
a"eA™ t<n
> Pha(a®) ®ant> (91)
an€Tn(Pa) t<n

=H, ( |_| /\ G(/l\”Ta"(a),

an €T (Py)acA

S Pl @ P <“)) (92)

ane']'En(PA) GGA

AnTan (a)+[2ne]
Ll Aa :

a” €T (Pa) a€A

<, (

> P @Pe (“)”2"50 ©3)
a” €T (Pa) acA
:H)( ( /\ GQ“TEH (a)+[2ne] , ® P;?:Tin (a)+ [2n5]> (94)
acA acA
SHX ( /\ G{l\nTEn (a)’ ® PAS?:LTE" (a))
acA acA
o pem @) o
acA acA
<H, ( N GarTan@ () P <“>) + [2ne]|Allog | X,
acA acA
(96)

where (O1) comes from Lemma [8} (92) comes from the
definition of S, . in (86) and a rearrangement of the terms
inside the product; (93) comes from (90) and the fact that
H,(G1,Px,) < Hy(G1AG2, Px, ® Px,) for all pair of prob-
abilistic graphs (G, Px,) and (Gg,Png; follows from
Lemma , the graphs (A, c4 Ghte o+ 2"51)(1",67?(&)
are isomorphic as they do not depend on a™; (93)) follows from
the subadditivity of H,; and (96) is the upper bound on H,

given by the highest entropy of a coloring.



On the other hand, we obtain by using similar arguments

H, (G""[Syc), Pxn)

Hx( /\ G(/I\nTan(a)—LQnEJ7 ® Pg:Tan (a)[2n5j> ©7)

acA acA

ZHX( /\ GrnTen (@), ® P;(?:lﬂw(a))
acA

acA

— HX ( /\ G(/l\ [2ne] , ® P;?QL2”€J> (98)

acA acA

ZHX< N Gyt @), ®P§jTu“<“>> — |2ne] | Allog | X].

acA acA

99)

Note that (98) also comes from the subadditivity of H,, as
Hy (G2, Px,) 2 Hy(G1 A G2, Px, ® Px,) — Hy(G1, Px,)
for all (GhPXl) and (GQ,PXZ).

By combining (96) and (99) we obtain

lim 2 H (G [Sn.], Plen)—

n—o00 N

1 nTgn (a ®nTgn (a
nlggo nH (/\aeA Ga ( )7®aeA Py, ( )) ’

< 2¢| Al log | X]. (100)

As this holds for all £ > 0, combining (89) and (T00) yields
the result of (19).

Now let us prove (20). We assume that P4 is a type. Let
(@n)nen+ be a k-periodic sequence such that T, = Py, then
Tone = Ty for all n € N*, and Tz»  —  P4. We can use

. nooo L.
Lemma [2] and consider every k-th term in the limit:

F(I_laeA GG’PX>

/\knT n a) ®knT n(a)
= nlggo ka (/\aEA Ga A Qaea Px, ' )
(101)
1 AKTL, (a) POz (a) nn
= nlggo %H ((/\aeAG ' » Qaca Px ' ) )
(102)
1—- a kT i (a
— EH(/\aeA G(/I\kPA( )7®a€_A Pf?a ,lk( )) (103)
B. Proof of Lemma [§]
The probabilistic graphs in both sides of (83) have
(l—laeA ) (l_lbeB Xb) l_l(a,b)eAxB Xa X Xy (104)
as set of vertices, with underlying distribution
(ZaGA PA(a)PXa) (ZbEB PB(b)PXb)
= > (apyeaxs Pala)Ps(b)Px, Px,. (105)

Now let us show that these two graphs have the same

edges. Let (z4,75), (:c;‘,x’B) € (L]aeA 2) X (Upes %)
let a,,al, € A and by, b, € B be the unique indexes such that

(xA,JZB) S Xa* X Xp, and (56:4,56/3) S Xa/* X Xb/*.

(106)

We have:

((ﬁ_A, xB)ﬂ (x;lﬂ x%) adjacent in (I—laGA Ga) A (I—leB Gb)
(107)
> x4,2y adjacent in | |, 4 G
and 3,z adjacent in | |,c5 G (108)
<= a, =da, and T 42’y € &, and b, =V, and zgxy € &),
(109)
< (as,bs) = (al, b)) and
(za,z8), (24, 25) are adjacent in G,, A Gy, (110)
= (24, 28), (¥4, vj3) are adjacent in ||, yc axp Ga A G-
(111)

C. Proof of Lemma [9)

In order to prove Lemma [9} we need Lemma [T1] which
gives upper and lower bounds on the chromatic entropy of an
induced subgraph G[S], using the chromatic entropy of the
whole graph G and the probability Px(S). The core idea
is that if Px(S) is close to 1 and H,(G) is large, then
H,(G[S8]) is close to H,(G). The proof of Lemma|l1]is given

in App. [A-E
Lemma 11. Let a probabilistic graph (G, Px) and S C X,
then

(G, Px) — 1 (1 - Px(S)) log ]
HX(G7 PX)
Px(S)
Remark 6. H,(G[S],Px/Px(S)) can be greater than
H, (G, Px), even if G[S| has less vertices and inherits the
structure of G. This stems from the normalized distribution
Px /Px(S) on the vertices of G[S] which gives more weight

to the vertices in S. For example, consider

< H\(G[S], Px/Px(S)) < (112)

G = N5y UK,

where K, (resp. N,) is the complete (resp. empty)
graph with n vertices, ie. there is an edge (resp.
no edge) between any pair of distinct vertices, and
with S being the vertices in the connected component
K5 in G. Then H,(G,Unif({1,...,5})) = eclogh and
H, (G[S],Unif({1, ...,5})/e) = log 5.

Now let us prove Lemma 0] By Lemma [T} we have for all
n € N*:

H, (G",P})—1—(1
Sn)) <

— PY"(Sn)) log | X|
H\ (G, PR)

PRMSn)
Since PY"(S,) — 1, and H,(G"",PY) = nH(G, Px) +
o(n) when n — oo, the desired results follows immediately
by normalization and limit.

< H,(G""[8"], Py / Px( (113)

D. Proof of Lemma [I0)

Let (G, P;)i< ~ be isomorphic probabilistic graphs and G
such that G = | |, G;. Let ¢] : A1 — C be the coloring of G



with minimal entropy, and let ¢* be the coloring of G defined
by

X =C (114)

T ] o, 1(), (115)

where i, is the unique integer such that z € 4&; ., and
Vi, —1 : X, — A1 is an isomorphism between G;, and G.

In other words ¢* applies the same coloring pattern ¢} on each
connected component of G. We have

H,(G,Px) < H(c"(X )) (116)
- h(z PC*(XJ)) (117)
= (S jen Pix ) Pes ) (118)
= H(ci(X )) (119)
= H,(Gy), (120)

where h denotes the entropy of a distribution; comes
from the definition of ¢*; and (120) comes from the definition
of 7.

Now let us prove the upper bound on H, (G1). Let ¢ be a
coloring of G, and let i* = argmin; H(c(X;)) (i.e. ¢* is the
index of the connected component for which the entropy of
the coloring induced by c is minimal). We have

H(e(X)) = h( Sy Pox (Pecx,)

) (121)
J)(Pe(x;))

> ngN Pix( (122)
> > j<n Pix G)H(c(X;4)) (123)
> H,(Gi), (124)
= H,(G1, Px,), (125)

where (122) follows from the concavity of h; (123) follows
from the definition of i*; (I124) comes from the fact that ¢
induces a coloring of Gl*; (125) comes from the fact that G,

and G+ are isomorphic. Now, we can combine the bounds
(T120) and (123): for all coloring ¢ of G we have

H,(G,Px) < H(Gy, Px,) < H(c¢(X)), (126)

which yields the desired equality when taking the infimum
over c.

E. Proof of Lemma [I]]

Let ¢ : X — C and ¢ : & — C be the optimal
colorings of G and G[S], respectively. Consider the coloring
c: X - CUX of G defined by c(z) =c5ifx € S, c(z) =2
otherwise.

(Lower bound) On one hand, we have

Hy (G, Px)

< H(c(X),1xes) (127)
= H(lxes) + Px(S)H(c(X)|X € S)

+ (1= Px(S)H(c(X)|X ¢ S) (128)
<14 H(A(X)|X €8) + (1 - Px(S)log|X|  (129)

= H,(G[S], Px/Px(S)) + 1+ (1 — Px(S))log|X]|; (130)

where (I127) comes from the fact that ¢ is a coloring of G;
(128) is a decomposition using conditional entropies; (129)
comes from the construction of ¢: ¢|s = ¢%; (I30) follows
from the optimality of ¢ as a coloring of G[S].

(Upper bound) On the other hand,
H,(G[S], Px/Px(S))

<H(E(X)|X €8) (131)
= gy (1@ Ol xes)

~ (1= Px(SDH(EXIX ¢S) (32
H(e" (X)) _ Hy(G.Px)

PxE) | Px() ()

where (T31)) comes from the fact that ¢* induces a coloring
of G[S]; (132) is a decomposition using conditional entropies;
(133) results from the elimination of negative terms and the
optimality of c¢*.

F. Proof of Lemma [3]

In order to prove Lemma [3] we need Lemma [2] which can
be found in App. [A-A} and Lemma [T2] which is a general-
ization for infinite sequences of the following observation: if
Tan = Py € A, (A) satisfies Py = LP) + “=LP} with
P, € Aj(A) and P € A,,_;(A), then @" can be separated
into two subsequences a’* and a”’"~* such that 7,» = P, and
Tallnfi = PX.

Lemma 12 (Type-splitting lemma). Let (@ )nen- € AV be

a sequence such that Ten — Py € A(A) when n — oo, let

B €(0,1) and P}y, P € A(A) such that
Pa=pBP)+(1-p)Pj. (134)

Then there exists a sequence (by)nens € {0,1}Y such that

the two extracted sequences o' = (Gn)pen+, and a”’ =
bp=0
(@n)nen+, satisfy
bp=1
Tb" — (6317[3)7 (135)
n—oo
Taln — PA, Ta”" — PX (136)
n—o0o n—oo

The proof of Lemma [12]is given in App. [A-G|] Now let us
prove Lemma [3] We recall the definition of the function

n:Pa l—>H< ] Ga > PA(a)PXa) (137)

acA acA
(n Lipschitz) Let us first prove that the function 7 is
Lipschitz. For all P4, P}, € A(A) we need to bound the
quantity |n(Pa) — n(P})|; by Lemma |2 this is equivalent to

bounding
. 1 nTgn (a nTgn (a
Jim (A G @ PRI

AnTgm (a) nTym (a)
- HX (/\aGA G ®a€.A PXa ) ‘
(138)



where (Tgn, T ) — (Pa, P)) when n — oc.

Fix n € N*, we assume that the quantity inside | - | in
(138) is positive; the other case can be treated with the same
arguments by symmetry of the roles. We have

nTgn (a nTgn (a
HX(/\G‘GA G‘/l\ ( )7®a€A PXa ( )>

nTm (a nT m(a
—Hx(/\aeA Ga « QacaPx, ( )> 3
nTgn (a ”T n(a
ng</\ ea G, @ n P ())
B HX</\ p G/\nmin(Tan(G),Ta/n (a))
ac @ ’
® P}ré:nin(Tan(a)’Ta’"(a))> (140)

acA
= HX < /\aE_A Gé\n min(Tgn (a),Tern (a))

An|Tgn (a)—=Tgm (a nT n (a
Ny GanITan @=Tam(@ls @ pnTan >)
B Hx(/\ L Gmmin(Tan (@) T (@)
ac )

® P;:nin(Tan(a%Ta'" (a))) (141)
acA

An|Tgn (a)—Tgm (a
SHX</\QEAGa [Tan (@)~ Tgrm @)+

® P;LTE" (a)=Tzm (a)|+) (142)
acA
< log (m;ix |Xa|) Y aea M Tan(a) — Tam(a)|4 (143)
< nlog (max |Xa|) [T — Ton (144)

where ‘|+ = max(-, O) and ||Tan—Ta/n 1= ZaGA |T5n (a)—
Ty (a)|; (140) follows from the removal of terms in the
second product, as H,(G A G',Px ® P%) > H,(G, Px)
for all probabilistic graphs (G, Px) and (G’, P%); (141)
is an arrangement of the terms in the first product, as
min(s,t) + max(s — ¢,0) = s for all real numbers s, ;
(T42) comes from the subadditivity of H,; (I43) follows from
H,(G,, Px,) < logmax, |X,/| for all a € A; (144) results
from |T5n (a) — T (a)|4 < |Tan(a) — Tgm(a)| for all a € A.
By normalization and limit, it follows that

[n(Pa)

—n(P})] < lim log (max \Xa|) N Tan — Tam|1
n—oo a
(145)
= log (max |Xa|) N Pa—Pyll.  (146)

Hence 7 is (log max, |X,|)-Lipschitz.

(n convex) Let us now prove that 7 is convex. Let Py, P} €
A(A), and B € (0,1), we have by Lemma 2]

(8P4 + (1 - B)P})
1 "
= i L (M G @, ), 4

where Tzn — [P, + (1 — f)P4 when n — oco. By
Lemma there exists (bp)nens € {0,1}V" such that the
decomposition of (@, )nen+ into two subsequences a’' =
(@n)nent, and a” = (@y)pen+, satisfies

b =0 bn=1
Tyn = (B.1-B), (148)
Tyn — P1/47 Toim —> P//. (149)

n—oo
For all n € N*, let Z(n) = nTp (0), we have
(8P4 + (1 - B)PY) (150)

1
= lim —H

n—00 N

</\a6A G EM)T, iz(n) (@)+(—EM)T 1n-z=(n)(a)

) (151)

® Pﬂu (MT,/z(n) (@)+(n=EMNT, 1/m—zn)(

acA
= 1
lim ﬂ

n—oo N E(n)

IN

HX </\aEAG T =) (a)a

R P)E({(ln)Ta/E(n) (a)) (152)
acA
n—2(rn) 1 An=S)T yin—z(n) (2)
H G ‘
+ - n—E(n) X</\a€A a
Q P)((i—a(nnqms<n><a>> (153)
acA

= Bn(Py) + (1 = B)n(Py);

where (T31) comes from (T47); (I33) follows from the subad-

ditivity of H,; (T54) comes from (T48), (T49) and Lemma [2]
Since (154) holds for all P/, P} € A(A) and 3 € (0,1), we
have that 7 is convex.

(154)

G. Proof of Lemma|[I2]

Let (@p)nens € AN be a sequence such that Tgzn — P4 =
8Py + (1 - B)P4 when n — oo.

Consider a sequence (B,,)nen+ of independent Bernoulli
random variables such that for all n € N*,

pP,(@n)

P(B,, =0) = ~ 7 155)
( ) Pa(an) (
By the strong law of large numbers,
P(Tpnan = (8P4, (1= B)P)) = (156)

Therefore, there exists at least one realization (by,)pen+ Of
(By)nen+ such that Tyn zn converges to (8P}, (1 — B)PY).
The convergences of marginal and conditional types yield

n— 00
Tyn — PA) Torm — PX, (158)
n—00 n—00

where a’ = (@y,)pen+, and a” = (@y,),en+, are the extracted

b,=0 bn,=1
sequences.

)

b



H. Proof of Lemma
It can be easily observed that
P4 € int(A(A)), Y(Pa) = Soen Pala)y(La)
(159)

= VP4 € A(A), Y(Pa) = Yoo Pala)y(1a).  (160)

Now let us prove (I59) = (160). Let P} € int A(.A) such that
Y(P%) = pea Pila)y(1s). Let m : A(A) — R linear such
that m(P%) = vy(P%) and VP4 € A(A), m(Pa) < v(Pa).
We have

0 =7(P3) = m(P3) = Yaea Pila) (v(La) — m(La));
(161)

and therefore v(1,) = m(1,) for all a € A, as vy —m > 0
and P} (a) > 0 for all a € A. For all P4 € A(A), we have

F(Pa) = Xqea Pala)y(La)
= 2aca Pala)m(La) = m(Pa),

hence v = m and v is linear.

(162)
(163)

APPENDIX B
PROOF OF PROPOSITION[3]

In order to prove Proposition [5] we need Lemma [13] which
is a consequence of Marton’s formula in Theorem [/| applied
to a disjoint union. The proof of Lemma [I3] can be found in

App. B-A}

Lemma 13. Let Py € A(A), then

ﬁ ( |_| Ga, Z PA(a)PXa>

acA acA
+C ( | ] Ga D PA(a)PXa>
acA acA
= H(Pa)+ Y Pa(a)H(Px,). (164)
acA
Let us prove Proposition 5} We have on one hand:
H(Pa)+ Y e Pala)C(G,, Px,) (165)
== H(Pa) = 2yca Pa(a)H(Ga, Px,)
+ 2 aeaPala)H(Px,) (166)
SH(PA) -H (UaeA Ga’ ZaeA PA(G)PXQ)
+2aea Pala)H(Px,) (167)
=C (Usea Gar Xuca Pala)Px, ) ; (168)

where (T66) comes from Theorem [7} (167) follows from (T6)),
see [57, Theorem 2]; and (I68) follows from Lemma
Therefore,

c (I—laE.A Ga, ZaE.A PA(G)PXE)

= H(Pa)+ Y c 4 Pa(a)C(G,, Px,) (169)
= H (Upes Gar >ogeu Pala)Px,)
=Y uea Pa(a)H(G,, Px,). (170)
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On the other hand:

EaeA C(Gav PXa)

= = Yaea H(Ga, Px,) + H(Px,) (171)

< ~H (Auca Gor Buea Px.) + Laca H(Px,) (172)

= —H (Auea Gar Queu Px.) + H (®qea Px.) (173)

= C(Aaca Gar QueaPx.); (174)
where (T71) comes from Theorem [7} (172) follows from (T3)),

see [57, Theorem 2]; and (T74) also follows from Theorem [7}
Therefore,

EaEA C(Ga’ PXa) =C (/\aEA Ga’ ®a€A PX@)
(175)

= H (NacaGar QueaPx.) = Laea H(Ga, Px,).
(176)

A. Proof of Lemma [I3)|

The graph | |, 4 G4 has 3 . 4 Pa(a)Px, as underlying
distribution. Let A, X be two random variables such that A is
drawn with P4, and X is drawn with Px4(-|a) = Px,, so
that

Px =3 eaPala)Px,. (177)
We have
H (UaeA Ga, ZaEA PA(Q)PXG)
+ C (Upen Gas Xpen Pala)Px,) = H(X)  (178)
=H(A,X)=H(A) + H(X|A) (179)
=H(Pa) + > e4 Pala)H(Px,); (180)

where comes from Theorem [7] and (I77); and

comes from the fact that A can be written as a function of
X: by definition, the vertex set of | |, , G, is given by X' =
L wecA Xa and supp Px, C X, therefore A is the unique index
such that X € X4.

APPENDIX C
PROOF OF PROPOSITION

Let us show that for all graph G = (X, &), the function
Px — C(G, Px) is concave. Let Px, Py € A(X) and § €
[0, 1]. Let (b, )nen be a sequence of integers such that 1’7—’; =
B.

By Lemma there exists two sequences (Cp)nen and
(Cl)nen that satisfy the following:

Vn € N*, C,, C X" and C;L C X™ are independent in G

(181)
and
log |Cn| log |Cy,| ,
w T GG Px), = 2 OGPy,
(182)

max ||[Tyn — Px|loec — 0, max ||Tyn — Pxllec — 0.
xzneCy, n—oo zneCy, n—o00

(183)



Let us build a sequence of codebooks (C!),en+ adapted to
the distribution 5Py + (1 — 8)P% by using a time-sharing
between (Cp,)nen+ and (C),)nen+. For all n € N*, let

Cl = Ch x Cnbn, (184)

Foralln € N*,C! C X" is independent in G\ as a product
of independent sets.
The rate associated to C!/ is given by

n n
by, C, — b, log|C!
_ buloglCal | n—bulog[Cy| 156
n n n n
e (d P gl as
and the types of the codewords in C! satisfy
max T2 —BPx — (1 - B)Px (188)
ecy oo
by, — by,
= max max nTTInbn + n(n 5 )Tx/n(n—bn)
xznbn €C,, zln(n—bn)e(xb n n
— BPx — (1 - B)Px (139)
bn
< max ||—Tyne, — BPx
xnbn ecn n o
+ n=bn (1 B)P
ma: m(n—bp) — -
x/n(n—b,f%Ec;L n @/m{n=bn) X o
(190)
= ﬁ rlpaxc Tznbn — Px + O(l)Twnbn =+ (1 — ﬁ)
x"n eCy )
X max Tomin—bn) — P& + o(1)Tym(n—bn)
.7:/"<"*b")€C;L o
(191)
< ﬂ max Txnbn — Px H + 0(1)‘ Twnbn
znbn cC,, 50 50
1-— T rnin—vny — P4
+( B) z/n(gr—lbaf%ec% L on) X o
+ 0(1)‘ Trn(n—bn) — 0. (192)
n— o0

By Lemma limy, 00 % < C(G,BPx+(1-B)Px),
thus

BC(G, Px) + (1 -
(193)

The function Px — C(G, Px) is concave on the con-
vex compact set A(X), therefore its set of maximizers
P*(G) = argmaxp ca(x) C(G, Px) is convex. Furthermore,
by Lemma [6] the set P*(G) is nonempty and satisfies

VPx € P*(G), C(G,Px) = Co(G) (194)

APPENDIX D
PROOF OF THEOREM [§]

Let us start by showing that Theorem [§] is true when A
has two elements. Let G = (X,€), and G’ = (X', &) be
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two graphs, and let Px x/ € P*(G A G’). We will prove that
Px ® Px is also capacity-achieving by building an adequate
sequence of codebooks.

For all n € N*, let C,, C (X x X")"
independent set in (G A G')"", and

such that C,, is an

1
—log|Ch] — Co(GAG), (195)
n n— o0

max  ||Tyn zn — Px x/[lc — 0. (196)
(I1L7I/7l)ecn n—oo

The existence of such a sequence is given by Lemma [5} and
Proposition [6] Let

m . L
XX e, Z Lo - (197)
(zm,z'™)€EC,
An immediate observation is that
‘()?’)X/ n—_>>oo PX’X/ (198)

as a consequence of (196).

Let us build a sequence of codebooks with asymptotic rate
Co(G A G'), such that the type of their codewords converge
uniformly to Px ® Px:

= TP @ Pe) 0 (TLea ) 5 (199)
where
en = QY @ QY — Px @ Pl + 425 (200)

and where for all ¢t < n, the shifted codebook C,(f) is defined
by

cH =

{((xhxt-‘rla vy Ty L1, "'7xt—1)v$/n) ‘ (xnam/n) € CTL}
201)

By construction, C*; C 7'523 (Px ® Px/) thanks to (T99),
and €, — 0 thanks to (Z00) and (T98); therefore we have

n—oo
max ||T 23— Px ® PX’HOO — 0. (202)
zn EC* n—00
Furthermore, C*; is an independent set in (G A G')"™", as

it is contained in the product independent set (Ht <nC (t)> ;

note that this holds because the shifted codebook Cﬁt) is an
independent set in (G A G')™ for all ¢ < n.

log|C*
Now let us prove that % — Co(G ANG'). Let us
n—oo

draw a codeword uniformly from (Ht <n Cfp) :

e’ = (o, ..o, (203)
where for all ¢t < n, C’t”2 is a random n X n-sequence
drawn uniformly from [],_ . ¢, We want to prove that
" e T2 (Px @ Px+) with high probability.

On one hand we have to determine the average type of the
random variables (Ct" )t<n which are iid copies of e =



(CT,...,CM); where each C}' is drawn uniformly from e,
and the (C});<, are mutually independent.

1
E|T == .
|: Ctn2i| n ZE [Tct ] (204)
t<n
- *Z c(t | Y. Toran (205)
t<n (I7l,x'”)€C§Lt)
1 1
- E Z |C | Z Tﬂt(ﬂﬁ”),m’" (206)
t<n (2, I’")EC
1
- W Z Z Tat(x") z'n 207)
(zm,z'm)eCy t<n
1
= W Z Ton @ Tym (208)
(zm,@'")ECy
Q¢ Q%) (209)
where oy (z™) = (:Et,xt+1,.. LTy Ty evey Tpy1) @ COMES

from the construction of C
the following observation:

Z Tat(z"),z/" = Z Z Trs_*_,,,x’s = Z Z Trs_*_t,x’s

in (20T)); and @) comes from

t<n t<n s<n s<nt<n
(210)
= Tonfapayy = ) Ton @ Toy = Ton @ T, (211)
s<n s<n
where the index s + ¢ is taken modulo n.
On the other hand we have
C
% (212)
(<)
3 ®\"
e (PX & PX/) n (Ht<n Cp ) ’
SN (213)
(<) |
=P (0”3 e (Px ® PX/)) 214)
=P (|2 S Ty — Pr @ P ’ << 215)
P} S T - 0P 00
+ HQE?) ®QW) — Py @ Px/| < sn> (216)
—Pp (Hztgn Tepe — QY © Q) < n3/4) @17)
1- Z(w,$’)€X><X’ P(’ Ztﬁn TC;”Z (I, :E/)
QW @ QY (z,2")| > n3/4) 218)
> 1= nexxar =X [Ztgn Tepe (95,351)} (219)
>1- 2 g (220)
n—oo

where (ZT4) and (Z13) come from the construction of C™”;
comes from the construction of &,; 2I8) follows
from the union bound; 2I9) comes from Chebyshev’s in-
equality and (209); and (220) comes from the fact that
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= Ztﬁn Vv

(x, ") are iid and takes values in [0, 1].

\Y [Ztgn Tc'tn2 (z, ml)}

random variables TC"2
t

Toyp2 (x,x’)} < n, as the

Hence
®\"
_loglCre| . log ‘(Hténc”) ‘
lim m 3
n—o00 n n%oo n
log |C,,
~ im0 cia ey, (221)
n—00 n

where the second equality holds as the shifted codebooks
(C,(f))tgn all have cardinality |C,,|.

Thus, by combining (221)), Lemma 3] and Proposition [f] we
obtain

lo
Co(G A G') = lim % < O(GAG, Py ® Px/)
<Co(GA G, (222)

hence Px ® Px: € P*(GAG').
Therefore, Theorem [§]is proved when A has two elements:

PX,X’ S P*(GAG/) — Px ® Px: € P*(G/\ Gl) (223)

Now let us consider the case where A has a cardinality
greater than 2. Let Px, . x, € P*(\,c4 Ga). By consider-
ing the product graphs

/\(IEA Ga = (A1Si<i* G'L) A </\1*§’LS‘A| G»L>, (224)
for all * < |.A[, and applying (223) successively, we obtain

P, x4 € P* (Aaca Ga)

= Px, ® Px,... x4 € P" (Naecs Ga) (225)
= (Px, ® Px,) @ Px;,. x4 € P* (Ngena Ga) (226)
= ®uca Px. € P* (AucaGa) - (227)

APPENDIX E
RESULTS ON CAPACITY-ACHIEVING DISTRIBUTIONS

A. Proof of Proposition [9)

Let G be a vertex-transitive graph, and let Px € P*(G).
Let ¢ € Aut(G), we first prove that Py x) € P*(G), then
we will conclude by using the convexity of P*(G).

Let (Cp)nen+ be a sequence such that

Vn € N*, C, C X™ is an independent set in G"", (228)
max ||Tpn — Px|lc — O, (229)
zneC n—o00
1 Cn
Bl o@, py) = (@), (230)
n n—o0

The existence of such a sequence is given by Lemma [5] Note
that the last equality in (230) comes from the assumption
Px € P*(G).

Now, for all n € N* the codebook

Y(Cn) = {((z1), ., Y(2n)) | 2™ € Cr}

is also independent in G"", as 1) is a graph automorphism
and therefore preserves adjacencies. We have by construction

(231)

max

(232)
zmeP(Cp)

||Tmn — Pw(X)”oo njoo 0.



Furthermore, since 1 is a bijection we have |¢(C,,)| = |Cy,|
for all n € N*, thus

log [4(C,,)| _ log |Cy|
n n

Co(G). (233)

Hence
Pw(X) S P*(G)

Now, for all z # 2’ € X, denote by S,/ C Aut(G) the
set of automorphisms that map x’ to x; note that this set is
nonempty thanks to the vertex-transitivity of G. We have for
alz e X

(234)

AUt(G) = Ly e r Sursa-

Furthermore, for all z € X, all the sets (Sy/—z)2’— 2 have the
same cardinality: for all z’,z"” € X,

(235)

Sz”%:z: o ¢1 g 89:’%;1?7 (236)
where 11 € S,/_,,». It follows that for all z, 2’ € X,
_ [Aut(G)]
Surval = (237)
Therefore, for all x € X we have
1
_— P, * 238
(A (G| Z W(X) € P (G) (238)
YEAUL(G)
1
=\ . Px(w‘l(x))> (239)
<|Aut(G) PpeAut(G) zeX
1
= —_— |SQE/_>5C |PX (x')) (240)
(e 2
1 | Aut(G)| , )
= Px(x (241)
Qmwﬁ% X)L
= Unif(X); (242)

where (238) comes from the convexity of P*(G) given by

Proposition [6] and (234); (240) comes from (233); and (247)
comes from (237).

B. Proof of Lemma 7]

Let (wq)aca € Rl and maximize

(:Parr H(Pa)+ > Pa(a)wa.
acA

(243)

It can be easily observed that ( is strictly concave, hence the
existence and uniqueness of the maximum. We have

1
V{(Pa) = (— log P4(a) — s + wa> , (244)
acA

hence

V((Pa) L A(A)

< 3C e R, V((P4) = (C,...,C) (245)

<= 3C" € R, (—log Pa(a) + wa)aca = (C',...,C")
(246)

30 R, Py =27 (2%), 4 (247)
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The value of C’ can be deduced from the fact that P4 is
a probability distribution: 2¢° is the normalization constant
> aren 2. Hence the maximum of ¢ is given by

2Wa

Py = <w> ; (248)
Za’€A2 o acA

and we have

(P2 = X Pila (1o (225420 ) +) a9

2Wa
acA

= log <Z 2wa’> .
a'€Z

APPENDIX F
PROOF OF THEOREM

(250)

We prove Theorem [9)in two steps, which are Lemma|[I4]and
Lemma T3] The proofs are respectively given in App.[F-A]and

[E-Bl

Lemma 14.
=Y Co(Ga)

Co (/\ Ga>
ac A ac A

— V(P;;'a)aeA S H P*(Ga)7
acA

{®a€A Py, €P* (/\aeA Ga) and

(251)

C (/\aeA Ga, ®a€.A P)*(L) = ZaE.A C(Ga, P;(a)‘
(252)

Lemma 15. For all Px, . x , € P* (/\aEA Ga), the follow-
ing holds

C (/\ Ga, PXl,-.~»XA|>

= C(Ga, Px,) (253)

acA acA
— O (/\ Ga> =) Co(Ga)
acA acA

and Ya € A, Px, € P*(G,). (254)

Let us prove Theorem [9] We consider a family of distribu-
tions Py, € P*(G,) with a € A. By Lemma [14] we have

Co (Naea Ga) = Xuca Co(Ga) (255)
= Quea Pk, €P* (/\aeA Ga) and
C (/\ G @ P;(Q) =Y C(Ga,Py,)  (256)
ac A acA ac A

- ElPXl ..... X‘A‘ € P* (/\aE.A Ga)’

c (/\aeA Ga, PX1’~~~;X|A\) = ZaeA C(Ga, Px,)-
(257)

Conversely, by Lemma [I5] we have

HPXI ----- XA €eP” (/\aG.A Ga)’

c (/\aeA Ga, PX1»~~~7X\A\) = ZaGA C(GmPXa)
(258)

= G0 (Nueca Ga) = 2 uen Co(Ga). (259)



Moreover, all distribution Py, . x ,, that satisfies (258), also
satisfies Px, € P*(G,), for all a € A.

A. Proof of Lemma
For all family of graphs (G,)ac4, and family of distribu-
tions Px, € P*(G,) with a € A, we have

Co (/\aE.A Ga) = PXLH}%,XM‘ c (/\aE.A Ga, Px, ..., XM,)
(260)
> C (NieaGar RueaPx,) (261)
> > 0ea C(Ga, P%,) (262)
= aca Co(Ga); (263)

where (260) comes from Lemmal6} (262) comes from Proposi-
tion [5} and (263) follows from the hypothesis Px, € P*(Gy)
with a € A.

Now assume that Y, 4 Co(Ga) = Co (A, Ga). then
equality holds between the left-hand side of (260) and the
term in (263). Therefore, we have

CO (/\aeA Ga) =C (/\aEA Ga’ ®a€A P;(a) ’
= ®aca Pk, € P* (AucaGa)

¢ (AaEA Ga’ ®a6A P)*(a) = ZueA C(Gav P)*(a)'
(264)

B. Proof of Lemma [I3]

Let Px,,. x4 € P*(Ayea Ga)s and let Py € P*(Ga),
for all a € A. The following holds

Co (/\aeA Ga) =C (/\aeA G, PXlx“'7X\A\) (265)
> C(NeeaGar ueaPx,)  (266)
2> 0ea C(Ga, P%) (267)
2 > 0ea C(Ga, Px,), (268)

where (266) comes from the hypothesis Px, . x,, €

P*(Naca Ga); comes from Proposition [5} and (268)
comes from the hypothesis Py, € P*(G,), for all a € A.
Now assume that

C(/\QE_AGGJ PX1 ..... X|A\) :ZU.EAC(GUJ‘PXQ)‘

Then equality holds in between the right-hand side of (263)
and the term in (268). In particular, we have for all a € A

C(Ga, Px,) = C(Ga, P%.), (270)

(269)

which implies that Px, also maximizes C'(G,, ) for all a €

A:

Va € A, Px, € P*(G,). (271)
Furthermore,
CO (/\aE.A Ga) =C (/\aeA Ga’ Ple"'vX\AI) (272)
= ZaeA C(Ga, Px,) (273)
= aea Co(Ga); (274)

where (273) is a consequence of the equality in equations

(263)-(268), and (274) comes from 271).
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APPENDIX G
PROOF OF THEOREM [I(]

The techniques used in this proof are the same as in the
proof of Theorem[9] We prove Theorem[I0]in two steps, which
are Lemma [T6] and Lemma their proofs are respectively

given in App. [G-A] and [G-B|
Lemma 16. Let
2CO(GG)

P = (> ‘ 275)
Za’€A2CO(Ga,) acA

We have

Co (U Ga> = log (Z QCo(Ga)>

acA acA

=V(PX,)aca € [ P*(Ga),
a€A

> Pi(a)P%, € P* <|_| Ga> and

acA acA

c <|_| Ga, Y Pz(a)Pj(a)

acA acA

= H(P})+ Y Pi(a)C(Ga, P%,),
acA

(276)

Lemma 17. Let
QCO(GG)

Py = () .
Za/€A2CO(Ga/) acA

For all Y, 4 Pa(a)Px, € P*(U,csGa) the following
holds

277)

C <|_| Ga, ZPA(Q)PXG>

acA acA

= H(Pa)+ ) Pa(@)C(Ga, Px,)
acA

—C <|_| Ga> = log (Z 2C0<Ga>>,

acA acA

(Px,)acA € H P*(G,), and Py = P}.
acA

(278)

Now let us prove Theorem Let (P%, )aca €
[I.c4 P*(Ga), we have by Lemma

Co (Uuea Ga) =log (X ,e42701%)) (279)
— Y ea Pi(a)Px. € P* (Uyen Ga) and

C (Uaen Gas Yqen Pila)P%,)

= H(P}) + 3 ,ea Pi(a)C(Ga, P%,),  (280)

= EPX S P* (l—laEAGa)’
C (I—laE.A Ga7 ZaGA PX(G)P)*(G)
= H(PIZ) + ZaGA PX(G)C(Gm P}*(a)v

where PY = Px|xex, and Pj(a) = Px(X;) for all a € A.



Conversely, by Lemma [T7] we have

3Px € P* (Uyea Ga)- (281)
c (I—laEA Ga, ZaEA PA(Q)PXG)
= H(Pa) + > ,ca Pala)C(Ga, Px,)

= Co (Upea Ga) =10g (3,4 27°9)), (282

and any Px = ) .., Pa(a)Px, that satisfies 281 also
satisfies

(PXa)aE.A € H ,P*(G )

acA
QCO(G'J)
and PA = <W)GGA . (283)
A. Proof of Lemma [I6]
Now let us prove Lemma [I6] Let
> aea Pala)Px, € P* (L aeAG) (284)
(Px,)aca € [laea PH(Ga) (285)
. QCo(G
Py = ( TN ) (286)
€A
We have
CO (I—laEA G ) ¢ (I—laEA Ga? ZaEA PA a ) (287)
> C (Uaea Gar Xaea Pila)P%,) (288)
> H(P}) + > qea PA(a)C(Ga, PX,)
(289)
=H(P}) + > ,ca Pila)Co(Ga)  (290)
= log (3,4 2°(); (291)

where (287) and (288) come from (284) and Proposition [6;

(289) comes from Proposition [} (290) comes from (283) and
Proposition [6} and (Z91) comes from (286) and Lemma [7]

Assume that Co (| ],c 4 Ga) = log (3,c.42°0(¢)), then
equality holds in (287) to (291), therefore the following holds:

Co (Uaea Ga) =108 (Xaca

== V(P)*(Q)GGA € HaeA P*(Ga)a
> wea Pi(a)Px. € P* (U, Ga) and
c (l—laeA Gas Dea P;‘,(a)P)*(a)

2CO(Ga))

=H(P}) + > uca PA(a)C(Ga, P, ). (292)
B. Proof of Lemma [[7]
Let
> aea Pala)Px, € P* (L aeAG) (293)
(an)aeA € HaeAP (Ga) (294)
2CO(G
Py = ( 500(@ ) (295)
a e A
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We have

c (l—laEA Ga, ZaE.A PA(“)PXQ)

= Co (Uoen Ga) (296)
> log (3,4 260(C)) (297)
= H(P}) + > ea Pi(a)Co(Ga) (298)
> H(Pa)+ > 4ca Pa(a)Co(Ga) (299)
=H(Pa) + 2 qca Pala)C(Ga, PX) (300)
> H(Pa)+ > ,e4 Pa(a)C(Gq, Px,); (301)

where (296) comes from (293)) and Proposition [6} comes
from (33), see [5} Theorem 4]; (298) and (299) come from
(293) and Lemma [7, which can be found in App. [G-A} (300)

and (30T) come from (294) and Proposition [6]
Assume that C (||, 4 Ga: Yueu Pa(a)Px,) = H(Pa)+

Y wea Pa(a)C(Ga, Px,), then equality holds in (296) to

. In particular P4 = P} as a consequence of the equality
between (298) and (299); and (Px, )aca € [[,c4 P*(Ga) as
a consequence of the equality between (300) and (30T). Thus,
for all Y, 4 Pa(a)Px, € P*(J,caGa) the following
holds:

¢ (l_laeA Gas Daca PA(“)PXu)
= H(PA) + ZaeA PA(G)C(Gav PXa)

— CO (I—laeA Ga) — log (ZaeA 2C0(Ga)) R
(Px,)aca € [ P*(Ga), and Py = P;.  (302)
acA
APPENDIX H

PROOF OF THEOREM [14]

Lemma@ comes from [76, Corollary 1], and states that the
function Py +— Hy(|,cs GarYogea Pala)Px,), defined
analogously to Pa — H (|, GarYpen Pa(a)Px,), is
always linear. The proof of Lemma [I9]is given in App.

Lemma 18 (from [77, Corollary 3.4]). For all probabilistic
graphs (G, Px,)aca and Py € A(A), we have

HK< || G, ZPA(a)PXa> > Pa(a)

acA acA acA

G(L7PX )

(303)
Lemma 19. The graph | |,. 4 G is perfect if and only if G,
is perfect for all a € A.

Now let us prove Theorem [I4}

For all a € A, let (G, Px,) a probabilistic graph where
Go = (X4, &,) is a perfect graph. By Lemma Leen G
is also perfect; and we have

)

(UGa;ZPA an> (UGaaZPA

acA acA acA acA

(304)
by Theorem [T} We also have
| 6a X PA<a>an)
acA acA
= Pa(a)Hy(Ga, Px,) = Y Pa(a)H(Ga, Px,)
acA acA

(305)



by Lemma [I8] and Theorem [T1] used on the perfect graphs
(Ga)ae_A. Thus

H( |_J|4Ga7 Z PA(G)PXQ> = Zae_A PA(G)F(Gm Px,).
(3006)

By Theorem 3| it follows that H (A ¢ 4 Ga, @ 4en Px.) =
Yoaca H(Ga, Px,) = > ,ca He(Ga, Px,), where the last
equality comes from Theorem [T1]

A. Proof of Lemma [I9

(=) Let G = |],cu4Ga be a perfect graph. Let
a € Aand Sy C Xy We have x((Uyeq Ga)lSar]) =
w((Uyea Ga)lSar]) since G is perfect, and therefore
X(Go[Sa]) = w(Gar[Sw]), as (Uyea Ga)[Sar] = Gar[Sw]-
Thus all the graphs (G,).c4 are perfect.

(«<=) Conversely, assume that foralla € A, G, = (X,,&,)
is perfect. Then for all S C |_|a€ 4 X, S can be written as
|l,ca Sa where S, C &, for all a € A, and we have for all
Py e A(.A)

X ((I—laE.A Ga) [S]) =X (I_laG.A Ga [Sa])

= max x (Ga[Sal) = maxw (GalSa])

307
acA ( )

and similarly, w((|,c4Ga)[S]) =
Hence | |, 4 G, is also perfect.

maXge 4 W (Ga[Sa])'
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