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Abstract

Pulsed Field Ablation (PFA) is an emerging technology for the treatment of cardiac ar-
rhythmias, relying on irreversible electroporation to selectively destroy cardiac cells while
sparing surrounding structures. Despite its rapid clinical adoption, the mathematical mod-
eling of electroporation in cardiac tissue remains challenging due to the nonlinear interplay
between microscopic membrane processes and tissue-scale electrical conduction.

In this work, we derive a multiscale mathematical model for PFA grounded in a micro-
scopic description that explicitly accounts for intra- and extracellular media. Through a
rigorous high-order homogenization procedure, we obtain a macroscopic bidomain-type sys-
tem in which the nonlinearity involves both the electric field magnitude and the macroscopic
transmembrane potential. This feature contrasts with the classical bidomain model for elec-
trophysiology, where only the transmembrane potential appears, and reflects the different
mechanisms driving electroporation at the cell scale (transmembrane potential increase) and
at the tissue scale (electric field intensity).

We establish well-posedness and energy estimates for the microscopic problem, prove
convergence of the asymptotic expansion at arbitrary order, and provide numerical evidence
supporting the accuracy of the homogenized model. Our results offer a mathematically
justified and physically interpretable macroscopic framework for simulating PFA, paving the
way for clinically relevant computational studies.

Keywords: Nonlinear high-order homogenization, Bidomain model, Pulsed Field Ablation,
Electroporation modeling

1. Introduction

Cardiac ablation is a widespread therapy for the treatment of cardiac arrhythmias. It
consists in destroying cardiac cells in targeted areas responsible for the disruption of the
electrophysiological current pattern which drives heart contraction. A thin and flexible tube,
called catheter, is inserted inside the heart through a blood vessel. The catheter contains



a device, which depends on the technology used, that delivers energy into the region to
ablate. The most common ablation technologies are Radio-Frequency Ablation (RFA) [1]
relying on heat, cryoablation [2] relying on cold and Pulsed Field Ablation (PFA) relying on
a phenomenon called irreversible electroporation.

Recent research focuses on PFA, a promising technology that drastically reduces the risks
of damaging adjacent structures as lungs during the ablation while improving the clinical
performance [3, 4, 5, 6]. PFA consists in delivering short and intense electric pulses in the
cardiac tissue, which induces cell death through irreversible electroporation. Under the effect
of the intense electric field, pores appear on the cell membranes which become permeable
and are destroyed as a result of excessive exchanges between intra- and extracellular media.
Electroporation has been in use for oncology for approximately two decades in superficial
tumors, and for about one decade in deep-seated tumor ablations, and its use in cardiology
is now increasing [7].

Given the complexity of the electroporation phenomenon and of the cardiac tissue, mod-
eling electrical conduction at tissue scale during PFA - which is the central objective of our
work - remains a major challenge for improving both its understanding and its clinical appli-
cability. Several models have already been developed for electrically passive tissues. In most
cases, an electrostatic model is used to compute a single electric potential u which satisfies
—V - oVu = f, where electroporation is modeled through a conductivity ¢ that depends
nonlinearly on the electric field ||Vu|| [8, 9, 10]. This approach, that we call standard in the
following, is phenomenological: the nonlinearity of ¢ is not based on a detailed description
of the physics on the cell membranes.

Several variations of the standard model for electrically passive tissues have been proposed
in the literature: either with a dynamical response of the conductivity with the intensity
of the electric field [11], or, more commonly, by adding a dependence on temperature for
irreversible electroporation (see for instance Supp. Material 3 of [12] for a collection of
standard model variations). Concerning cardiac tissue specifically, some studies use directly
the standard model as for passive tissue [13, 14, 15|, while others focus on the anisotropic
property of muscle fibers [16, 17]. Another approach was proposed earlier in [18], where the
authors propose a two dimensional bidomain model - which models cardiac electrical activity
and results from the periodic homogenization of microscopic bidomain model accounting for
the ionic exchanges at cell membranes - with an electric conductivity that depends solely
on the transmembrane voltage instead of |Vu||. Simply plugging an electroporation model
into cardiac bidomain equations may not be physically justified, for at least two reasons.
First, there is a large magnitude difference between the physiological ionic currents and PFA
pulses, which should not lead to the classical bidomain equations after the homogenization
process. Secondly, in the case of two electrodes at opposite potentials of the same intensity,
the transmembrane voltage in the middle of the electrodes is zero while the electroporated
region clearly includes this point [19].

Here, we derive a physically inspired model specifically for PFA, consistent with a micro-
scopic description that explicitly includes intra- and extracellular media. While our approach
is conceptually related to the cardiac bidomain model, our microscopic problem is drastically



different in the sense that we focus on the static problem, which is tailored to capture the
effects of electroporation for typical microsecond long electroporating pulses, see for instance
[20] and references therein. It is worth noting that this change of view point requires also
different tools for the mathematical analysis of the model. Starting from this microscopic
static PFA problem, which was previously presented in [20], we rigorously carry out the non
linear homogenization process with appropriate scaling of the physical quantities involved.
Our goal is to derive a macroscopic static bidomain model for PFA that is both mathe-
matically justified and physically interpretable, and that accurately captures the effects of
electroporation.

The microscopic model from which we start is itself of great interest, as it provides a
detailed description of the physical processes at the cellular scale as shown in the literature
[21, 20, 22]. However, due to the extremely high computational cost of microscopic model -
see for instance [23] in a cardiac electrophysiology context - it is impractical for large-scale
simulations and would be completely intractable in any realistic clinical setting. Deriving a
macroscopic homogenized model is therefore essential for enabling clinically relevant numer-
ical studies.

From a mathematical standpoint, several homogenization techniques can be used to derive
a macroscopic model from a microscopic one. In the context of cardiac electrophysiology,
notable approaches include periodic unfolding methods [24], T'-convergence [25], and two-
scale convergence as introduced by Nguetseng [26] and Allaire [27] and applied in various
contexts, including cardiac models [28]. In this work, we will carry out the expansion to
high orders, since the classical zero-order limit, obtained by two-scale convergence, is not
sufficient in our setting. While such higher-order expansions have not yet been developed
for cardiac bidomain models to our knowledge, they have been studied in other contexts; see
for instance [29, 30, 31, 32, 33, 34].

Although this is not the main focus of the paper, we provide proofs of well-posedness
for all the models appearing in this paper, both at the microscopic and macroscopic scales.
These static models differ from the classical microscopic, and therefore also from macro-
scopic, models of cardiac electrophysiology, which are time-dependent. Consequently, the
existence and uniqueness proofs are also different and the numerous studies that have ad-
dressed existence and uniqueness of both cardiac micro- and macroscopic models (see for
instance [35, 36, 37, 38, 39, 40, 28, 41]) do not apply.

The paper is organized as follows. In Section 2, we introduce the model which accounts
for the cell scale, and its nondimensionalization in the context of PFA. We then provide
a mathematical analysis including the proof of well-posedness of the equations and the
derivation of energy estimates with respect to the small parameter ¢ corresponding to the
ratio between the cellular and tissue scales. Before presenting the full asymptotic analysis,
we first focus on the first two orders by using a classical two-scale convergence argument for
the limit problem. More precisely, in Section 3, we study the limit problem as € tends to zero,
and formally derive the equation satisfied by the next-order asymptotic term. Together, these
constitute the proposed tissue-scale model for PFA, which is the main result of this work
and is summarized in Section 3.4 along with an effective model for means of comparison with



the classical bidomain for electrophysiology. Our homogenized model and then its effective
version (25) differs from the bidomain model by involving both the electric field magnitude
and the macroscopic transmembrane potential in the nonlinearity, while at the microscopic
scale only the transmembrane potential matters. This shows that electroporation is driven
by transmembrane potential at the cell scale but by the electric field at the tissue scale.
We then present numerical evidence of the convergence of the cell-scale model towards this
macroscopic model, and introduce a quantity to assess electroporation at the tissue scale,
supported by numerical illustrations. Encouraged by the observed numerical convergence
rates, we provide a rigorous justification of the asymptotic expansion to any order n in
Section 4. This final step makes it possible to derive optimal error estimates and to reveal
the influence of the geometry on the higher-order terms.

2. Microscopic modeling and analysis

This section is devoted to the microscopic model considered in this work. We first in-
troduce the geometrical setup, then present the model itself and its nondimensionalization,
and finally establish existence and uniqueness results along with energy estimates.

2.1. Geometrical setup

Let d =2 or 3. Let Y = [0, 1]¢ be the unit mathematical cell with boundary Y. Consider
two subdomains Y; and Y, of Y, representing the intra- and extracellular media, such that
YUY, =Y and Y1 N Ye = (). The interface between these subdomains, corresponding to the
cardiac cell membrane, is noted I' = 9Y; N 9Y, (see Figure 1).

To represent the tissue, let Q := [I%, Ja;, b;] € R?, composed of multiple periodically
arranged cardiac cells. We assume that there exists a parameter ¢ > 0 and an index set

N, C Z% such that

Q= J Y +n).
TLENE

It is worth noting that € represents the ratio between the characteristic length scale of the
cells and that of the macroscopic tissue domain.
We then define the intra- and extracellular subdomains of €2, and their interface by

Q= e(Yi+n), Q= cYe+n), If:= {J T +n),

neNe neNe neN

so that they are unions of rescaled and translated unit-cell subdomains and interfaces. We
assume that (2 is connected, which is necessary for the Poincaré-Wirtinger inequality in
Lemma A.1 to hold, and that I'?, is infinitely smooth.



Figure 1: Example of unit cell Y (left) and macroscopic domain 2 (right)

2.2. Microscopic bidomain equations

2.2.1. Model statement
We consider the following static microscopic bidomain model in which the intra- and
extra-cellular electric potentials u{ and u satisfy

=V (07 V) = oz, in QF, (la)
~V - (05VE) = o, in QF, (1b)
oiVus - ny = oiVug - ny, on I}, (1c)
—oiVus - ny = I (uf — ul), on I';, (1d)

where of > 0 and o > 0 are the scalar conductivities of the intra- and extra-cellular media
(in Sm™!') and f¢ (in Am™3) is a source term representing the electric pulses. System (1) is
complemented with a gauge condition ng u; = 0, and with periodic boundary conditions.

Electroporation is taken into account in System (1) by choosing an appropriate current
function I:. Indeed, the pulsed electric field generates pores on the membrane surface,
which is normally a highly resistive barrier. This results in a significant increase of cell
membrane conductance and, consequently, of the transmembrane current I; . In cardiac elec-
trophysiology, this transmembrane current, which depends on time, originates mainly from
complex ionic exchanges across the cell membrane, driven by the transmembrane potential
vE, = uf — uf and gating variables, and described by physiological [42, 43] or phenomeno-
logical [44, 45] models. However, in the context of pulsed electric fields, the electroporation
current is several orders of magnitude larger than physiological ionic currents, which justifies
neglecting these [46]. In this work, we adopt the modeling approach proposed in [22, 47],
where the transmembrane current is simplified as a purely resistive flux across the mem-
brane. The membrane surface conductance is then modeled by a nonlinear function S;,
which depends on the transmembrane voltage as proposed in [20]:

It (v) == S, (v)v. (2)

At rest, the cell membranes have a high resistive effect, which is reduced by electropora-



tion. As consequence, S¢ , which is the inverse of the surface resistance, always take values
that are strictly positive, although very low when the cell is at rest. Since electroporation
is triggered by a voltage threshold VP, a typical profile for S, is a increasing sigmoid with
a transition around V. Several temporal models of electroporation at the cellular scale
exist [46, 22|, but we chose here a static model, primarily to avoid complicating the math-
ematical analysis and also because it remains the current standard in tissue modeling for
PFA.

The well-posedness of the above nonlinear problem in a single cell has been derived
previously in [20] under Assumption 2 (see below). The novelty here resides on the analysis of
the assembly of a large number of cells, what we call "microscopic model" and the convergence
towards limit homogenized problems at any order, what we call "macroscopic model".

2.2.2. Nondimensionalization

In order to highlight the relative amplitudes of the different quantities that are involved,
in the specific use of electroporation ablation on cardiac tissue, we proceed by nondimen-
sionalizing System (1). A piece of tissue considered in cardiac ablation is smaller than the
whole heart (around 10! m), typically its characteristic size is Ly = 10~?m [48]. The char-
acteristic cardiac cell size is 107* m [49], therefore the ratio between the two scales at stake is
e = 1072, An electrical pulse for PFA leads to a potential that is around Uy = 102V [48]. At
the cell level, electroporation occurs after the transmembrane potential reaches a threshold
of characteristic value Vz¥ = 1V [50]. A significant increase in membrane conductance is
then observed, with the baseline value being on the order of 1Sm™2. According to [9, 51],
the exact maximum value of this conductance has little influence on the overall dynamics.
We therefore choose to model the characteristic electroporated membrane conductance Sy
as substantially above the baseline, and set Sy = 102Sm™2. As in every cell scale electropo-
ration model, we assume that the increase of St is located around Vi*. In consequence, S€
can be rewritten in the electroporation regime as SE (AVy"), where A is a unitless variable
of order 1. The physiological value of the intra- and extra-cellular conductivities is around
Yo = 1Sm™! [49]. The injected current is of order 1 A (= 3LoUp) so the volume current
source f¢ has a characteristic value Fy = 75 A = 105 Am™>.

0
Using these normalization constants, we define the following unitless quantities

~& : 1 g ~ 1 g

uive (L_0> - FOfUIi’e ( .)’ O—i,e - ZO 0-i7e7
g <_> — iga () f <_) — if&(.)

VP So ™7 Ly Fy ’

where we assumed that the dependence relatively to € only lies implicitly in the characteristic



quantities. By substituting these quantities in System (1), we obtain

e 2Ry, e
~V-(6;V5) = EgUgf e in QF, (3a)
~ ~ L2F0 ~ N
—V(6. Vi) = =2 e in 2, 3b
(U Vue) EOUOf|QE m e ( )
5’16fo ‘N = 5’66112 * Ny, on ffn? (3C)
~ T ~E SOLO ‘/Oep & UO ~c ~g UO ~c ~c e
_Uivui Ny = 20 Uo Sm %ep (uz - ue) W(uz - ue)? on Fm7 (3d>

where the domains Qie and T, are obtained by rescaling Q. and I';, by Lo. We express the
dimension factors as powers of ¢:
LAF, SoLo Vi U 1
0=, SRl =10 =, =107 =
Y0Uo Yo U Vo 5

This leads to the following nondimensionalized system by omitting the tilde notation for
better readability and denoting I, (v) := Sy (v)v,

-V (O'IVUIE> = f’Qf’ n Qf? (4&)
—V - (0:Vug) = flas, in €2, (4b)
oiVu; - ny = o Vug - ny, on '}, (4c)
—oiVu; -ny = el <ui — ue> , on I'f, (4d)

€

which is the starting point of the homogenization process.

Remark 2.1. When performing this nondimensionalization in the cardiac electrophysiology
context and in a static framework (see [28]), the current continuity condition in the cellular
problem reads

I I 1> 15
—o;Vus - ny = elion(uf —ul), onl%,

where [i,, denotes the ionic current. The difference with electroporation lies in the depen-
dence on ¢ in the nonlinearity. This plays a crucial role and, as we will see later, leads to a
different behavior.

2.3. Analysis of the microscopic problem

2.3.1. Periodic spaces definition.
We introduce several notations for periodic spaces. Let D = Q or Y and let D be a subset
of D, typically D =€, Q. or Qif D=Qand D=Y,, Y., Y orI'ift D =Y. We denote by

1

Cx (D) = {u|p7 u € C®°(RY), u is D—periodic} :

per



and H] (D) its completion for the H*(D)-norm. We also define, for D a subset of Y,

Coo.(2 x D) = {u\gxp, u € C®(RY x RY), uis Q x Y—periodic} :

per

For E(D) being any of these spaces, we denote by

E(D) = {u c E(D), /Du - o} .

2.3.2. FExistence, uniqueness and energy estimates.

In this section, we prove the well-posedness of the microscopic system and the energy
estimates satisfied by the solution. The analysis is done under the following mathematical
assumptions.

Assumption 1 (Source term). f € C2 ().

per

Assumption 2 (nonlinearity). As in [20], we assume the following properties for Sy,. Sy, €
C>*(R) is even on R, non-decreasing on R™ and there exist SO, Sl L and M positive
constants such that

VAER, 0<S% <Su(\) <8k,
V(A 1) € R%, [Sn(A) = Sm(p)| < LN —pl,
VA ER, [IL,(N)] = |(Sw()) (V)| < M.

Remark 2.2. We can show that Assumption 2 implies that for all (), ) € R?,

(Sm(MA = Sw(u)p) (A = ) = Sp(A — ). ()

Indeed, since S, € C*(R) is non-decreasing on R* its derivative satisfies S/ (\) > 0 for
all A > 0. Moreover, as Sy, is even, S! is odd, which implies AS/ () > 0 for all A € R.
Consequently,

I'(A) = Si(A\) + XS (N) > Su(A) > S2

showing that [,(\) is strongly monotone. The conclusion then follows directly from the
mean value theorem: VA, i € R, there exists £ between A and p such that

In(A) = I(p) = L () (A — 1)
as multiplying by (A — u) yields
(S (M)A = Sm(w)p) (X = 1) = L(E) (A — p)* = Sp (A = p)?,

Theorem 2.3. Under Assumptions 1 and 2, System (4) has a unique solution (uf,u:) in



Coar(§2) X C55.(€25). Moreover, the following estimates hold for all € > 0 small enough,

||UZ||H1(Qg) <C ”f||L2(Q)
Uil g1 0e) <C 1Nl 20
||Ufn||L2(r;) <C ”f||L2(Q) ’

where C' does not depend on ¢, and vi, = ui — u; in the sense of trace operators on the
interface I,

Proof. This proof relies on Lemmas A.1 and A.2, originally established in [52] and recalled in
Appendix A for completeness. We begin the proof by establishing existence and uniqueness.
First, we show the existence of a solution to the variational formulation, then we prove its
regularity in C3g,, and finally we conclude with the proof of energy estimates.

Existence and uniqueness of the variational formulation. We first show that the following

variational formulation has a unique solution: find (uf,uf) € H..(Q5) x HL, (%) such that
for all (¢, ée) € HL(QF) x HL (),

per per

/ oV - Ve + / VL - Vbe
Qs Qs

u; — ug (6)
et () -0 = [ o+ [ fon
rs, € o Qs
Let us first prove the uniqueness. Assume that (u;,u.) and (Ui, U,) are two solutions. The
difference (v, ve) := (u; — Ui, ue — Us,) satisfies

2 2
Oi HVViHL2(Qf) + 0e HVVeHL2(Qg)

ce f G (B2) = (F2) e -0

Using Assumption 2 to bound the third term, we show that ||VV1||L2(Q§) = Vel p2(s) =
|4 — Vel p2(re y = 0. Thanks to the gauge condition, it implies that v, = 0 in Q. Therefore
0=l —ve WLQ(F%]) = [[till 2 (e ), and v = 0 in ) because it is constant.

Let us now prove the existence of the solution. Consider the following functional defined

for all (vi,ve) € H.(Q5) x HL () by

per per

1 1
F(vi,ve) = 5 /Qg o |Vvi|2 + 5/95 Oe |Vve|2

(vi—ve)(x)

+€2/ / : ]m(s)dsdx—/ fvi—/ fe.
. Jo oz 0z




The Fréchet derivative F’ of F is given by

Flonve) - (9100 = [ Ve Yo+ [ 000V,
v (o fga- [y

m

We show in the following that F is strictly convex and coercive, thus it admits a unique
critical point (see Corollary 1.4 of Chapter 3 of [53]), which is exactly the solution of the
variational formulation.

We first show that F is convex. Let (v, ve) and (wj, we) in HY (QF) x H1_(QF), we have

(F (v, ve) = F'(wi,we)) - (v, ve) — (wi, we)) =
| ooV —w)f + [ o9 —w)l’

o fy (55 (B w2

because every term is positive, thanks to Assumption 2. The strict convexity is immediate
thanks to the Gauge condition.
We then show the coercivity of F. Let (vj,v.) € H!(QF) x HL, (92) and o > 0, we get

per per

SO
2 2 m 2
(o1 1Vl gy + e 1V Zay) + 5 llos = vellZaqey

- fvi_/ er7
QF Qs
2 2
> O (lelf oy + Ivelrsony) = [, Fo = e

2 2 Q 2 o 2
>C (HUiHm(Qf) + HUe“Hl(Qg)) Y ”Ui”L?(Qf) D) ||Ue||L2(Qg)

F(vi,06) >

N | —

1 2 1 2
~ 5 1@y = 52 1 13a0g)
2 2 Q 2 Q 2
>C (HUiHHl(Qf) + HUeHHl(Qg)> - 0/5 HUiHHl(Qf) - C/E HUeHHl(Qg)
1 2 1 2
= 5 I ey = 5o 1/ N2y

First line uses Assumption 2, second line uses norm equivalence given in Lemma A.2, third
line uses Young inequality and finally fourth line uses Poincaré-Wirtinger inequality given
in Lemma A.1. By choosing « such that C'— C"§ > 0, we obtain that lim F(v;, ve) = +00
when [[vil| gz + llvell 1) = 00

Regularity. We identify {2 with a torus, so that the boundaries of €) and €2 consist solely
of the membrane interface I'; , which is assumed to be infinitely smooth.

10



First step: Prove that uf € H?*(%) and u € H*(Q5).

The quantity (uf — uZ)/e belongs to Hz (%)) so there exists v € H(Q) such that e
(uf — ug)/e. By denoting Vo its gradient in the sense of distributions and as I,, € C*(R)
(Assumption 2), we then have:

V (In(v)) = I (v)Vo.

Since I/ (v) € L*>(€)) (always by Assumption 2) and Vv € L*(Q)), we have I,,(v) € H' (%)
and therefore

el (“i - “) € HH ().
9

Since the intracellular potential u; satisfies the following problem:

=V (oiVui) = f € L*(%%),

—oiVuf -ny = el (g) € Ha(I<), (7)
we have uf € H?(QX) (by elliptic regularity, see Proposition 2.5.2.3 of [54]).
With the same reasoning, we show that uS € H?(%).
Second step: Prove that uf € H*(Q) and ug € H*(QE) for any k > 2.
We proceed by induction on k£ > 2. The two main arguments are the Sobolev embedding in
any bounded domain Q of R?, from H*(Q) into L>(Q) for s > d/2, and from H*(Q) into
We=14(Q) if s > 1 (see for instance [55], Section 5.6, and recall that we work in R%, with
d=2or 3).

More precisley, at step k, we assume uf € HF(QF) and v¢ € H*(QF). The quantity
(uf — ug)/e belongs to H*2(I'%) so there exists v € H¥(€) such that Olpe = (uf —ug)/e.
If we show that I,(v) € H*(Q¥), then el ((uf —uf)/e) € H*3(T%) and, as f € C(%)
and uf still satisfies Equation (7), we would get u{ € H*™ (), using for instance Theorem
2.5.1.1 of [54]. Following the same reasoning, we would also get uS € H*1(Qg).

To demonstrate that I,(v) € H*(¥), we show that 9°I,,(v) € L*(Q) for any multi-index
a such that |a| = k. Let a € N? and 8 € N% such that |a| =k, |3| = 2 (we denote by
and s the two non-zero components of 3) and f < «, we have

0" (In(v)) = 0*°07 (In(v)) = 0° (I,(v)0™v 0" v + I, (1)) ,

which gives, by Leibniz formula,

=¥ (O‘ 0 ) (07 (97007 w) 0° 7~ (I (v)) + 0" P00~ (I},(v))) .

v<a—B \ Y

We show that each term in the above sum belongs to L?(Qf). Let v < o — 3. We first
consider the term

0" (970 0™0) 07 (I (v) € LX),

11



We prove that it belongs to L2(Q) by showing that 0”(0%v0°w) € L*%) and
0P (I (v)) € L*®(¥). Since v € H*(Q)), Sobolev injection H*(Qf) C WHk-14(Q¥)
yields v € WFL4(QF). Hence 0710 € WF24(Q) and 0%2v € WF24(QF), and therefore
ooy € WF22(QF). Since |v| < |a — | < k — 2, it follows that 8V0P1vd™2v € L2(Q).
On the other hand, by Sobolev injection H*(Qf) C W*=2°°(Qf), we have v € W*=2>2(Qf), so
all derivatives of v of order at most k—2 are bounded. If we develop the term 9=~ (I” (v)),
only derivatives of v of order at most k — 2 appear. Since I, € C*(R), we conclude that
007 (I (v)) € L(€%).

We now turn to the second term,

90025 (I (v)).

Since v € H*(Q$) and |v + 8| < k, we have 8""Pv € L?(Q). Moreover, arguing as above
and using again that I, € C*°(R) and v € W*=2°(Q), we obtain 9*=*(I! (v)) € L=(£%).
Hence this term also belongs to L*(€2).

Therefore, 9% (I,(v)) € L?(£X) for every multi-index a with |a| = k so (I, (v)) € H*(Q),
which concludes the induction.
Third step: Prove that uf € C*°(§) and ui € C*>(€2).
Since u{ has regularity H*(Q) for all k € N (by the second step), we conclude that u{ €
C>(§X). Applying the same argument to u yields ui € C*(€2).
Energy estimates. To conclude the proof, it remains to establish the energy estimates. We
recall that vZ, = uf —ug. Setting ¢; = uf and ¢, = ug in the variational formulation (6) leads
to

2 2 U
01 V4§ |2y + e Vgl f2g0s) + € /F L (?) U

m

= (f2ud) 200y T (5 u8) 12 -

This energy identity shows that Huﬂl?{l(m) + ||u§||§{1(95) is bounded, and will thus be used
to obtain the first two energy estimates.

First by using the norm equivalence given in Lemma A.2 (see Appendix A), there exists
C >0,

2 2
05 [ ey + el ey

2 2
< C(IV2g0e + Vel 22 + 2 105152, ) -

Adding the strictly positive constants oy, 0., and S, and noting that ¢ is assumed to be

small (in particular, £ < 1), there exists a constant, still denoted by C' > 0, such that

2 2
5 [ ) + el e

2 2 2
< C <O'i ||Vuf||L2(Qf) + O ||VUZHL2(Qg) + SI?I ||U1811||L2(F1€n)) )

12



Moreover,
0 2 v; 9 ve
Sl < [ 50 (B) 6 (=2 10 (B) )
and using the energy identity, one infers

2 2
i s ey + el )

< C|(f uf) ogaey + (f ug) 2| -

Schwarz inequality implies then

2 2
6513 ey + 1€l
< C (165 11 ey + sl i) 1£ 1l 2geny) »

thus [|uf|| ;1 (oz) and [l 1 () are bounded. To conclude, the last estimate is obtained once
again using the energy identity. Exploiting the positivity of the first two terms, using once
again Schwarz inequality and the fact that [|uf{[ or) and [ucll 1 sy are bounded, one get
that there exists C' > 0 such that

Lo (5 [ 5 (%)

‘(f U )L2 Qf) + (f,u )L2 Q2)

< Cllfll 2
As S(A) > S%. VA € R, one get that there exists a constant still denoted by C' > 0 such
that vanHiQ(Fg ) < C |l fll12(q)- This concludes the proof. O

Remark 2.4. The first two estimates imply ¢ ||v§1||iz(pg) < C|fll 20 (see Lemma A.2 in
Appendix A) but we showed that, due to the structure of the equations, a stronger result
holds, namely the third estimate vanHiQ(FE ) S Ol 2

3. Tissue scale model

After reviewing the context, the new proposed model — which forms the main contribution
of this work — is introduced. It is derived from an asymptotic analysis of the microscopic
system and consists of a limit problem (order 0) and a first-order correction. We also
present numerical simulations to illustrate the behavior of the model solution. For the sake
of readability, the rigorous justification of the asymptotic derivation of the model is deferred
to the next section.
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3.1. Context and related work

Regarding the asymptotic analysis, the nonlinearity of A +— I,,(\) is the first main dif-
ficulty. Let us first consider a linear function, i.e. I,(A) = S A. Under this assumption,
the homogenization of System (4) falls into a broader class of problems where the interfacial
flux takes the form e"kv,,, with v € R and x > 0. Such a setting arises in various contexts,
including heat conduction in composite media with interfacial barriers [56], modeling of con-
tact between two elastic bodies [57], electric conduction in biological tissues [58, 59, 60], and
diffusion in fissured media [61]. A detailed discussion of the possible values of 7 can be found
in [62, 63], and further generalizations are presented in [64]. For the treatment of nonlinear
interfacial resistance, we refer to [65].

However, all these works concentrate on the limit problem - i.e., the homogenized system
obtained as € — 0 - which in our setting reads as will be shown later,

wW=ul =14 inQ, -V ((Ei + ZQ)VUO) =f, inQ, / u’ =0, (8)
Q

with periodic boundary conditions and effective tensors ¥; and > to be defined later. Sys-
tem (8) corresponds to a monodomain model, in the sense that a single macroscopic potential
u® characterizes the system at the limit. Notably, it does not retain any information about
the flux transmission across the membrane.

To obtain a more precise approximation than the one given by the limit problem, we
need to extend the asymptotic expansion to higher orders - this constitutes the second main
difficulty of our work. We follow a procedure already explored in various contexts. In [32],
the authors highlight the necessity of a second-order corrector in the homogenization of
conductive-radiative heat transfer in perforated domains, particularly when the source term
is a periodically oscillating function, in order to achieve an accurate temperature approxima-
tion. Similarly, in [34], the full two-scale expansion of the equation —V - (A (z/e) Vu®) = f
is rigorously derived in the framework of elasticity, for a fixed domain with macroscopic
periodic boundary conditions (see also [33] for the quasilinear case), leading to what is re-
ferred to as an "infinite-order" homogenized solution. More generally, these works propose
a formal expansion, whose validity is ensured by proving that the difference between the
exact solution and the expansion satisfies a well-posed PDE, which allows for quantitative
error estimates. We adopt the same approach in our work - see the discussion in the be-
ginning of Section 4. Such high-order development is also investigated in [66], where the
authors compare classical asymptotic expansions with Bloch wave expansions for periodic
homogenization, and advocate for higher-order corrections, notably suggesting that the er-
ror is better captured with a fourth-order term. In [30], the complete two-scale expansion
of a perturbed convection equation is justified using two-scale convergence techniques (see
also [29] for related results in the context of gyrokinetic approximations). In [31], effective
models for linear elastic beams are obtained by retaining asymptotic terms up to order 2.
To the best of our knowledge, the rigorous justification of a full two-scale expansion for
System (4) together with the derivation of a non-linear physical model for PFA is original
and constitutes the core contribution of the present article.

14



3.2. Limit problem

In the following, the o subscript designates either i or e, for the intra- and extracellular
quantities, respectively.

We can gain a first insight into the behaviour of the microscopic system of equations
in the asymptotic regime by studying the limit problem as ¢ — 0. Using the estimates
from Theorem 2.3, we apply in this section the theory of two-scale convergence (for an
introduction, see [27], [67]) to derive the limit problem in Theorem 3.4. This problem is
defined on the macroscopic domain €2, yet it retains information about the microscopic
structure through the solutions of the so-called cell problems introduced in the following
proposition and defined on the single cell domain (see Section 2.1).

Proposition-Definition 3.1. Let F' € C% (Y,) and G € C¢

(L) such that [y, F = [ G.
We denote by

Pu(F,G) = X,
the unique solution in C3,(Ye,) of
—Ax =F, inY,, (9a)
—Vx - -na=G, onT, (9b

It satisfies

||X||H1(Ya) <C (HF||L2(Ya) - ||G||H—%(F)> ’

Proof. The proof is classic and the compatibility condition [y, F' = [ G is used to show the
equivalence between the variational formulation and System (9). By identifying Y to a torus
and using Theorem 2.5.1.1 of [54], we conclude that x € C32.(Y,). O

per

Definition 3.2 (Cell problems). For 1 < j < d, we define

(a™), =0 ). (@), =P (0.6 ne),

= (), ()T 8= (), () b=

where ¢/ is the j-th vector of the canonical basis of R?. We also introduce the following
definitions:

01,1 _ 01,1 _ 0,0,1 __ 10,0,1 _
X; =X, =1, 6 =0, =0.

Remark 3.3. One might be surprised by the use of triple indices in the corrector variables

Xil 01 and X201 as well as by the introduction of other variables that are not directly used at
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this stage. This notation has been chosen for consistency with the general framework that
will be developed at arbitrary order (see Definition 4.7).

Proposition 3.4 (Limit problem). Under Assumptions 1 and 2, the sequence (uf,uS) of

17 e

solutions of System (4) in C2.(Q) x C2.(QF) satisfies, for all ¢ € D(;C2.(Y)),

per per » “per
timy [ i@ (2.2) = [ [ w@)ét.y)
€_>0 Ql‘f 1 ’8 Q d 1 b b
x
li e s :/ / 0 ’ )
ti [ i@ («.2) = [ [ wbi@)ote.y)
where
u =ul =u’, on Q, (10)
and u® is the unique solution in C39.(Q) of
—V - (S 4 2) Vi) = f, on Q, (11a)

0
=0, 11b
[ u (11p)
where
%= o (¥i1d+ [ V), S = o (V14 [ Vxe). (12)
Y; Ye
Remark 3.5. The tensors ¥; and ¥, can be rewritten as follows:

(Zik =01 [ (¢ +9xd) - (" + V),

i

(Sedsk = e [ (74 V) - (e + Vi),

e

or even

vk (¢ + Vd ) - i,

(Bi)j = Ui/

oY NoY;

(Xe)jk = Ue/

vy Yk (ej + ng) ‘Ne.

The first expression shows that the tensors ¥; and ¥, are symmetric, while the second shows
that if Y N JY; (resp. dY N AY,) has zero measure, then ¥; (resp. %) is null. In addition,
for all £ € R4\ {0}, we have

€ m-g=oi [ le+ Ve 20,

16



where e = ijxij. If ¢7- % - € =0, then

Vipe = =€,

and therefore

for some constant C', which is not possible if 0¥’ NdY; has a nonzero measure, because then ¢
has periodic constraints on the shared boundary. Therefore ¥; (resp. ) is positive definite
if and only if 9Y N 9Y; (resp. dY N 9Y,) has a nonzero measure. In this work, we assumed
that QS are connected, so X, is symmetric positive definite, ensuring that System (11) is
elliptic.

Proof of Proposition 3.4. We first establish the well-posedness of System (11), and then
apply classical two-scale convergence results to prove the convergence.

Existence of System (11). Thanks to the gauge condition, the regularity of f, the regularity
of ¥; and ¥, (through the regularity of x; and x.) and the periodic boundary conditions,
the well-posedness in C¢,(€2) follows directly by identifying © with a torus and using for
instance Theorem 2.5.1.1 of [54].

Convergence. This proof presents no new difficulties and is a direct application of two-scale
convergence. Using estimates of Theorem 2.3, we can apply a classical result of two-scale

convergence: there exists

ir Ye per per

(Wud) € (HY(Q) (i ,ul) € [ HL(¥)] x L? [ HL(Y.)]

such that for all ¢ € D(2C%,(Y)) and ¢ € (D(QC

) ¥per per
hold when € — 0 and up to a subsequence

/guf(x)ﬂs <:U, g) — /Q/Yiu?(x)qﬁ(;n,y), (13a)
ud(x)é(x,y), (13b)

d .
(Y))) , the following convergences

8
SRS
~

1

<
S

T

=

i

(Val(2) + V,ub(z,y)) - d(a,y). (13¢)

8

-0

/\/\/g\/—\/-\
M8 MO8 0|y 0|8
~

1
[ Vui() v | (V@) + V(o)) i) (13)
-/ ui(@ =, >% /F W) d(z, y), (13¢)
[ wiw (0.2) = [ [ @iy, (131)

m

1

Since € [ (uf(7) —ug(w)) ¢¥(x,2) = Jo Jr (v () — ud(2)) (2, y), another classical result of
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two-scale convergence (Proposition 2.5 in [67]) gives

// r))? <l1_1>r(1)6/fn(uf—u§)2.

We showed in Theorem 2.3 that [|uf — ug|| 2. ) < C, hence

To prove that (11) holds, we start from the variational formulation of System (4). We can
2
show that, for all (¢;, ¢.) € ( (Q;C2.(Y)) NC (2 x Y)) , one has

per per
/ﬂ o;Vui (z) - Ve (x7 E) dz +/ 0 VUi () - Ve (:17, g) dx

e (F258) (4 (72) - ()
= [ o (v, D)+ [ @ (7).

where Vi (7,2/e) = Vaubie (x,2/€) +e7'Vydie (z,2/e). Let us multiply Eq. (14) by € and
make it tend towards 0. The surface term satisfies

2o (M) (0 (0 0) o ()

< SpveE |luf - UZHL?(Fgﬂ i ('7 g) — e (', g)

where /2 [|¢i (-, -/€) = ¢e (-, /€) || 12r= ) 15 bounded because ¢; and ¢, are smooth enough (see

for instance Lemma 2.4 in [67]) and /€ [|uf — u| p2(r y — 0 because of the surface estimate

in Theorem 2.3. Therefore, using Eq. (13), one has at the limit, by recalling that u? = u?,

—0
L2(g,)

/Q/x ;i (Vug + Vyuil> -Vyoi + /Q /Ye Oe (Vug + Vyué) Ve = 0.

Note that v;(x,y) := Z;l Xy )6“ () and ve(x,y) := Z? L (y ) 0( ) also satisfy

/Q/Y o (Vug + Vyvi> -Vyoi + /Q /Y Oc (Vug + Vy%) Vb6 = 0.

It implies that for all (¢, ¢) € (D(2;C2(Y)) N CX(Q x Y))

per per

//cr1 (uf — vy) y¢1+// 0V, (ul —ve) - V¢ = 0. (15)

Now, we use ¢; = ¢ := ¢ € D(Q) NC2. () in (14) and make ¢ tend towards 0. Using (13),

per
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one has

// o (Vud + V) -v¢+// oc (Vul + V,ul) - Vo = |Y|/ fo.
QJY; QJY. Q
Using (15) and |Y| = 1, one finally has

0

d
L3 (o (wler+ [ vd) +oe (e + [ vid)) 5= Vo= [ 1o,
Qi Yi Ye 0w Q
which rewrites into
| E+z)vul-vo = [ fo.
Q 0
Moreover, [oul = [Yo| ™ lim._q Joz ue = 0.
Therefore, since System (11) has a unique solution u? = u° and the whole sequence
(uf, uS) converges. O

3.8. Ansatz and first order formal derivation

The leading-order (limit) problem (10)-(11) does not involve the membrane conductance
Sy, at all. This is a structural limitation of the order 0 model: the essential nonlinear
effects due to electroporation are completely absent from the limit equations. As a result,
describing the impact of Sy, - and thus of electroporation - requires analyzing higher-order
terms in the asymptotic expansion. This observation is consistent with both our numerical
findings and with the fact that ¢ = 1072 is not particularly small. In contrast, in classical
electrophysiology without PFA, ¢ is typically of the order 1073, and the order 0 model already
provides a rich and accurate description of the dynamics.

We apply the method of two-scale asymptotic expansion to formally obtain the first-
order expansion of the solution (uf,ug) of System (4). This method consists in introducing
a macroscopic variable z and a microscopic variable y = /e, thereby explicitly separating
the scales involved in the model, and in assuming the following ansatz

x > x
wi(e) = (.2) + 3 e (w.2),

3 n—1 3

x > x
ui(e) =l (0. 2) + Y et (2,2,

€ ne—1 3

where the functions y — u!"(z,y) and y — ul(x,y) are Y-periodic for all n € N. This ansatz
will be justified in Section 4.3 where we derive rigorous error estimates.

Plugging the ansatz into System (4) and identifying the powers of ¢ results in a cascade
of equations that uniquely define all u{" and u]. It involves the characterization of the
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macroscopic parts (which only depend on z), denoted by a superscript f:

1 1

) = g [uen), i) = o [ aley)

We then denote

o = M
The first terms of each ansatz, u{ and u?, are the two-scale limits of uf and uZ. We
showed in the previous section that they only depend on z and are equal to u° (as defined
in Proposition 3.4).
To handle the nonlinearity, we remark that v2 = 0 and use Taylor expansion around ev}. :
plugging the ansatz into I, gives, at first order,

£

v
L (f) = L (v}) + Oe).
This expansion of the nonlinearity will be extended and proved later in Section 4.

Let us plug the ansatz into the microscopic equations and identify terms of different
orders in €. The first system of equations of the cascade is

-V, - (Ui (Vyuil + un?)) =0, in Q x Y, (16a)
-V, - <Ue (Vyué + qug)) =0, in Q x Y5, (16b)

o (Vyuil + qu?) ‘N = O, (Vyué + Vzug) N, in Q x T, (16c¢)

—01 (Vyul + Voul) - mi =0, in Qx T, (16d)

+ 2 and y periodic conditions. (16e)

Considering z as a parameter and (y — ul(z,y),y — ul(z,y)) as the unknown, this
system has a unique solution, up to a constant which depends on x. Note, as in the proof of
Theorem 3.4, that (x; - Vu?, x. - Vu?) is a solution. Therefore, we can write

ul(z,y) = xi(y) - Vu'(2) + ui¥(z), (17a)
ul(z,y) = xe(y) - Vul(z) + ul*(x), (17b)
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where u*, ul* are periodic functions depending only on x. The next system reads

1 7 e

-V, - (ai (Vyu? + qull» =V, (ai (Vyuil + qu?)) + f, in Q x Y, (18a)
~Vy (00 (Vyu2 + Vb)) = Vo o (00 (Vyul + Voul)) + £, in Q x Y, (18b)
o; (Vyuiz + qull) ‘M = Oe (Vyug + Vmué) “ny, in O xT, (18¢)

—0i (Vyuf + Vaul ) - mi = L (vp,), in Qx T, (18)

+ z and y periodic conditions. (18e)

Again, considering z as a parameter and (y — u?(z,y),y — u2(x,y)) as the unknown,

this system has a unique solution, up to a constant which depends on z, if and only if the
following compatibility condition is satisfied, for all x € 2,

/Yi V- (oi (Vyuil + qu?)) + Y| f = /F[m(vil%
/Ye \' (ae (Vyu; + Vzug)) + Yol f = _/F‘Im(vrln)'

By using (17) and recalling that

Si= o ([41d+ [ Vi), Se= o (Vld+ [ V),
it rewrites
V- (ST + Y15 = [ Il = ) a4l - )
Vo (ZV?) ¥l £ = = [ Ea(06 = xe) - Vi 4 uf? = ul).
Summing both equations, we get back to the limit problem 11,
~V- (B4 %) V) = f, in ©, (19)
and it remains the equation satisfied by vL#,
V- (5vd) + Yl /= /Flm((xi o)V 4+ vk, i Q, (20)

which uniquely defines v1# as it will be shown later in Proposition 4.1 applied to B(x,y) =
[X] (y) - VuP(z) and F(z) =V - %;Vul(z) + |Yi| f(x). These two equations allow to entirely
define u° and vl (defined as the difference between the 2 equations of (17)) such that the
compatibility condition of System (18) is satisfied. We can then express the solutions of this
system thanks to new cell problems.

We recall that in Definition 3.2, we denote P, (F, () as the unique solution in C3¢,(Y,) of
System (9) with source terms I’ and G.
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Definition 3.6. We define for 1 < j < dand 1 <k <d,

J

(@), -7

(1072), =7 (157 (b Sutehnd )

1 1\ 1NV
/1,5m<vm)xe7 Sm<vm)xe ’

and

an 1 8)(1 .

2,0,2 e e

7 = Fe 2 — s Jne .
(Xe )j,k ( 9yk |j,c| . 9yk Xe ,k)

For consistency with the generalization at any order, we also introduce

0,1,2 0,1,2 70,12
0. , 0,

_ 0,1,2
= Xi .

= Xe

Thanks to these new correctors, we can explicitly write the solutions of System (18) up
to constants uX*(z) and u2#(z),

i (r,y) = xiy) - Vg # () + 33" (y) - V2l () + glix?’”(x, y)oli(e) (21a)
+ Ul (i (2, y) = 07 (2,)) - Vil () + u (), (21b)
g (2,9) = Xe(y) - Vug#(x) + x5 (y) - V2’ () + Uiexgv%, y)uli(z) (21c)
o () 4619, )) - Ve(x) + () (214)

Similarly as before, we can show that the next system in the cascade has solutions if and
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only if some compatibility conditions are satisfied. The first one is
— [ Vo (o1 (Vyut + Vo)) = [ V- (o (Vo2 + Vi) = 0. 22
/Yi (0( Y 1)) Y, (U ( Yy-e e)) ( )
Combining it with Eq. (21), we deduce an equation on ul* which can be rewritten using the

following lemma.

Lemma 3.7. Let x € C32.(Ya) and let 1 < j < d, we have

per

G, . |
X = Axxé—/rvx'naxi-

Yo O0Y; Ya

Proof.

/Xna,] = _/XvXa Ng = _/ VX vXa
Ya &yj

=/ Axxé—/vx-naxi-
Yo r

O
After some computation, Eq. (22) can be rewritten as:
V- (SVu) - V- (£Val?) (/ I( )
Replacing u; Lt by ul* 4+ vl we get an equation for ul#
V- (B4 %0) Vul) = V- (SV0) + V- ( JRAES [X]> i Q, (23)
r

that we complement with the gauge condition

Remark that f; := V - (Zinllﬁﬂ) + V- (Jp In(vy) [X]) € C2.() satisfies [, fi = 0, as the
divergence of periodic quantities. Therefore this system has a unique solution, as it will be
shown in the next section in Theorem 4.2.

In order to progress in the expansion, the remaining steps of the expansion proceed
similarly. The second compatibility condition defines v%# := u>* — u2!, so that u? and u?
can be expressed with new cell correctors and injected in the next compatibility condition
which defines v3f := u3ﬁ u>* and u2*, and so forth. The reasoning by induction is summed

up in Section 4, along with the rigorous justification of the full asymptotic expansion.
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3.4. Effective model

The first-order model is composed of equations (11), (20), and (23) and can be rewritten
as

w —u? =0, in Q (24a)
v ((2 Vu +3.Vu )) f, in €, (24D)
.Lﬁ Y . 'LL + U . 0_ 0
2 /F Ln(ui® —ul* + (i — Xe) - V L) =V (Vv zewe)’ in Q, (24c)
+ (Y[ = [Ye)) f

V- ((2Vu 4+ £.Vu)) = V- < [l — ut?

+ (- x) VY )

/ng = /Quéji =0, (24e)

along with periodic boundary conditions. It is interesting to derive from these first two
orders an effective model at the order 1, that can be compared for instance to the classical
bidomain model for cardiac electrophysiology [28].

Introducing the variables (Us, U¢) solution to the following problem

Us — Us¢ Ue Us
— V- (VU +5.VUE) = f+eV - (/F Im(‘Te + (6 — Xe) - v%) [x]) (25a)

Us - US U + Us : .
2 [ In(F—=5 4 (u = xe) - VR ) dy = £ (V- (BVUF = VU9 + (%] = [Yel)).
r € 2
(25b)

One can show that if the solution (UF,US) of the above system exists, then thanks to an
expansion in powers of € of the solution, tedious yet straightforward calculations show that,
at least formally, the first two orders of the expansion of (UF, US) satisfy the same problem
as (u0,u?) and (u*, ult).

This effective model is presented here for informational purposes only and is not used in
the following numerical simulations, which deal separately with the first two orders. More
precisely, the first-order model used in the subsequent numerical simulations and recom-

mended for practical computations reads as follows:

~V - (S48 V) = f, in Q, (26a)
V- (Svd) + Y f = /me<<><i —Xe) - Va4 0l), in Q, (26b)
V- (B4 5) Vult) = V- (EVel) + V- ( /F In(vl) [X]) LinQ,  (260)

/u-/ o= (26d)
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along with periodic boundary conditions. This model enables the computation of approxi-
mations of the electric field, as detailed in the next section (see Eq. (27)), as well as other
quantities of interest, as discussed in Section 3.5.3.

3.5. Numerical stimulations

Once the paper accepted, the code will be publicly available online.

3.5.1. Implementation
In this section, we detail our strategy and our choices concerning the numerical illustra-
tions.

Algorithm. Numerical simulations are performed using the FreeFem++ software [68]. The
spatial discretization and fixed-point convergence criteria have been selected finely enough
to ensure that numerical errors remain negligible and do not interfere with the observed
convergence or the validity of the results. The steps are the following:

« compute the order 1 cell correctors x, by solving the cell problems (3.2), with P? La-
grangian finite elements and a Lagrange multiplier to force the gauge condition,

« compute u° by solving the limit problem (11) with P? Lagrangian finite elements,

« compute vl? by solving the non-linear algebraic equation (20), using a fixed-point
method on each point of the mesh,

o compute ul* by solving the problem (23), using P? Lagrangian finite elements,

« compute the order 2 cell correctors x5"*, xo"?, xy"?, 05%% by solving the cell problems

given in Theorem 3.6, with P? Lagrangian finite elements and a Lagrange multiplier

to force the gauge condition.

Then, for a given ¢, the approximations of the potentials u}* (.’E, f), and the electric fields
E? (m, f) and E!¢ <x, f) are given by

uy (2,y) = (2) + eug (2,y), (27a)
El(2,y) =~ (Vu(2) + Vyug(2,9)) (27b)
E\f(z,y) == ES(x,y) — e (Vaul(z,9) + Vyul(z,y)) . (27c)

As a consequence of the problem being non-linear, the cell problems for %2 192 and
0192 cannot be computed once and for all. Indeed, their source term depends on

L (6s(0) = xelw)) - V() + 0l ()

and therefore on the macroscopic variable x. Consequently, it must be solved on each point
of the macroscopic domain. We loop over every point z; € R? of the macroscopic mesh and
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(a) Isotropic cell (b) Ellipsoid cell

Figure 2: Different types of cells Y

compute x%V2(z;,-), xL%%*(z;,-) and 05%2(z;,-). In practice, for a given €, we only store
xa (@, 2), xo™* (x5, %) and 0,%%(x;, %) and not the whole functions.

Although solving these corrector problems at each macroscopic point is computationally
demanding, it still requires a much coarser mesh than what would be needed to solve the
full multiscale problem. In practice, depending on the quantity of interest, it may not even

be necessary to compute all these correctors, which further reduces the computational cost.

Membrane conductivity. As often in electroporation modeling, either at tissue [69] or cell
scale [47], Sy, is modeled as a sigmoid function. We choose the following profile:

Sl — 80

1+ exp (—k; (&—i—l)y

oi=2, 0o=1, 8% =001, S} =05, k=5, V,, =0.1.

Sim(N) = 8% +

with the following physical parameters:

Geometry. The domain is 2 = [0, 1]?, and, as explained in Section 2.1, is the juxtaposition
of N € N square cell domains Y in each direction, meaning that ¢ takes values 1/N. We
considered two types of cells to study the effect of the cell shape on the convergence and
the solution itself, since cardiac muscle cells are very elongated. We considered isotropic
cells (Fig. 2a) and ellipses oriented towards the z-axis (Fig. 2b).

Source term. The source term f is modeled as

Flw1,32) = A (exp (—v((z1 — 05)? + (22 — 0.35)%))
+ exp (—v((z1 — 0.5)% + (12 — 0.65)))), (28)
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Figure 3: Profile of the normalized source term f/A. Contour lines are those of |f/A].

where v = 100 and A = 10, which corresponds to the amplitude of a typical electroporation
current ~ 1 A, after nondimensionalization. This source term aims to mimic the insertion
of two electrodes, the first one centered at point (0.5,0.35) and the second one at point
(0.5,0.65), see Fig. 3.

3.5.2. Convergence study

We conduct a numerical convergence study with respect to €. For a range of decreasing
values of €, we compute the non-linear microscopic problem (1) using a fixed point method
and P? Lagrangian finite elements, and compare its solutions to the homogenized approx-
imations. More precisely, we study the order 0 and order 1 approximations of (uf,uZ), v5,
and (Ef, EY) := (—Vu{,—VuZ) given by Equation (27).

Consequently, the following errors will be numerically approximated and monitored:

o @) — 0@ 20,

RN AT TS T .

. ué(x) —ul(x) — eul (x, f) L205)

e A

ey = Fil) F () == (29¢)
F |V (@) |20

al Ela ( ) L2(Qs)

v F 190 @ ey 200

ety = (w5 = uf) — el = u) (:c, %) (290)

£

(20b)

L2(Tg)

Convergence rates. Numerical convergence rates are shown in Fig. 4. The numerical values
are also given in Table B.1 in Appendix B. For each cell type, the errors defined in Eq. (29) are
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(b) Anisotropic cell (oriented towards )

Figure 4: Errors defined in Eq. (29), for the order 0 (left) and order 1 (right) homogenized models as a function
of € in a log-log scale. m is the slope of the linear regression. The values of ¢ are (1/6,1/9,1/12,1/15) for
the isotropic cell and (1/12,1/15,1/18,1/21) for the anisotropic cell. The numerical values of the errors are
also given in Table B.1 (see Appendix B).
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Figure 5: Solution of the microscopic problem with e = 1/15 and an anisotropic cell oriented towards the
z-axis. From left to right, the electric potential u® = uflos + uglg:, the amplitude of the electric field
|E°| = | Ef |1os + |Eg|1q:, the transmembrane potential vj, and the membrane conductance Sy, (v, /). All
the quantities are unitless.

Figure 6: Spatial distribution of the difference between the electric fields computed with the microscopic
model (E¢) and the homogenized models at order 0 (E°) and order 1 (E') for ¢ = 1/15 and the anisotropic
cell. This difference is used to compute the normalized errors e;’lo and eg’ll that are plotted on Fig. 4 and
given in Table B.1. Note the 6-fold difference between the errors at order 0 and order 1.
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(a) Transmembrane potential (b) Cell membrane conductance

Figure 7: Approximation of the transmembrane potential and the resulting cell membrane conductance for
e = 1/15. The difference vg, /e — v}, is used to computed the error e; ™ that is reported on Fig. 4 and in

Table B.1. All quantities are unitless. Recall that S,, ranges from S = O 01 to SL = 0.5.

computed for four different values of £, and a linear regression is performed to estimate the
convergence rate. The computational cost of these evaluations grows significantly as € goes
to smaller values, since each cell of size € must be sufficiently meshed to capture the shape of
the membrane. We chose values for € from 1/12 down to 1/21. In all cases, the mesh consists
of approximately 10° nodes, with computations taking around half an hour on 32 cores. This
highlights the advantage of a homogenized model, which reduces the need for fine meshing,
especially in 3D. As a result of using not small enough values of €, some errors are quite
large, but we can already observe that we have reached the asymptotic regime and evaluate
safely the convergence rates. The measured rates are as follows: order € for the zeroth-order
approximations of (uf,us) and (Ef, Ef), order €2 for the first-order approximation of v,
and order &2 for the first-order approximations of (uf,uZ) and (Ef, EZ). These encouraging
results suggest that theoretical convergence estimates can indeed be established. This will
be the focus of the next section.

Comparison between microscopic and homogenized models. Numerical illustrations of the
approximate quantities of interest obtained from the microscopic and homogenized mod-
els — when the anisotropic cell is aligned with the z-axis and € = 1/15 — are displayed in
Fig. 5. On Figs. 6 and 7, we show how the difference with the first orders, used to compute

the errors eg’lo , %11 and ey from Fig. 4, is distributed, for this single value of .

3.5.3. Characterization of the ablated zone
To conclude this numerical study and as a first step towards potential biological applica-
tions, we illustrate the average membrane conductance over the unit cell membrane, defined

by

effO
S = 1 / S (v, ) dy.
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Figure 8: Average membrane conductance over the unit cell membrane ranging from S% = 0.01 (no cell
membrane electroporated) to SL = 0.5 (all the cell membrane is electroporated). Recall that all quantities
are unitless. Delivered current is I = 0.5A (top), I = 1A (bottom). Three cell types are considered, displayed
below the results, representing fibers oriented towards = (left), towards y (right) and no privileged direction
(middle). Isolines are 0.1 (light pink), 0.2 (blue), 0.3 (light green).
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This quantity may serve as a preliminary marker for characterizing the effectively ablated
zone in PFA.

Remark 3.8. In standard electroporation modeling, lesions are delineated using isolines of
|Vu|. Since in those models, the tissue conductivity has a direct dependence on |[Vu°|, using
either levels of Sy, or [Vul| is equivalent. In our case, it is necessary to use S¢T0 as it also
depends on the transmembrane voltage defined on I'.

The numerical setup is qualitatively the same as before. The nonlinearity profile and
the physical parameters oj, oo, SO, Si, k and V., remain unchanged. The size of the
domain and the distance between the electrodes are inspired from [69] to be closer to a
realistic experimental setup. Instead of setting A the amplitude of the source term, we set
I the total current injected into the domain and choose A accordingly (v = 100 is set in
Eq. (28)). We compare specific isolines of S0 for different current values (I = 0.5A and
I = 1A) and for cells with varying privileged directions: aligned along the z-axis, aligned
along the y-axis, and isotropic (no privileged direction). The size of the cells was set to have
similar intra/extra volume ratios, and similar membrane length. This is why the number
of connected components, which actually represent the cells, may vary within the cellular
domain. Figure 8 presents these unit cells along with the results of the comparison.

The orientation of the fibers, as determined by the cell geometry, has a significant impact
on both the shape and the area of the ablated zone. In both anisotropic configurations, the
area of the ablated region is relatively similar, albeit for different reasons. When the cells are
aligned along the x-axis, a large portion of the cell membrane exhibits conductance values
above S°. In contrast, when the cells are aligned along the y-axis, only a small portion of
the membrane reaches that threshold, but the conductance values are significantly higher,
resulting in a similar average S¢T0. This suggests that additional quantities may need to
be considered - such as the variance of the membrane conductance across the membrane,
or the root mean square of the membrane conductance - in order to better understand and
characterize the ablation behavior.

4. Rigorous justification of the full asymptotic expansion

The goal of this section is to provide a rigorous mathematical justification of the asymp-
totic model introduced earlier. While the derivation was formal, the numerical results pre-
sented in the previous section strongly support the validity of the expansion: the observed
convergence rates align well with the expected orders in €. This motivates a detailed analysis
to establish precise error bounds and confirm that the homogenized system, together with its
higher-order corrections, accurately approximates the microscopic model in the asymptotic
limit.

We now discuss the strategy adopted in this section. In the variational formulation (14),
we formally have

St () 00 = [ ntal = )6 = 60
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Using ¢; = ¢i(z) and ¢ = ¢o(x), and making ¢ — 0 in Eq. (14), we find
V- (5Va?) ¥ = [ (= ud), in 0
r

V- (ZVal) +|Yil f = —/Ffm(u} —ub), in Q.

These equations are consistent with the limit problem (11) (already rigorously justified)
and the first correction equation (20). However, rigorously justifying the above convergence
would require proving that uf —ug = O(g) (in a suitable norm), which is stronger than what
we already have i.e. uf —uS = o(1) in H' norm. It usually requires that u{ — u! is already
defined. In fact, the process of proving these improved estimates, via the construction of u}
and u! and the study of the error, already gives the wanted result, i.e. the justification of
the first-order term in the ansatz, making it unnecessary to rely on two-scale convergence
arguments.

For these reasons, we adopt a constructive approach: we explicitly define the higher-order
correctors via the formal multi-scale expansion and then derive quantitative error estimates
to rigorously justify the asymptotic approximation. Importantly, we extend this justification
to the full asymptotic expansion at all orders, since the process of constructing correctors
and proving error bounds is analogous at each step.

We recall the ansatz

HORIHORS SEN CEIE

n=1 €

€ 0 — n, n x

ui(e) = ulla) + 3 e (2. D).
n=1

and before pursuing the formal multi-scale development initiated in Section 3.3, we give
in the following sub-section several mathematical tools that will be required. In the final
sub-section, we prove rigorous estimates at any order by studying the system satisfied by
the error.

4.1. Mathematical tools

In this subsection, we introduce two types of mathematical tools required for our asymp-
totic analysis: (1) existence and uniqueness results for PDE systems arising in the formal
derivation, and (2) the expansion of the nonlinear term.

Ezistence and uniqueness. We present existence and uniqueness results for two prototype
systems that arise in our asymptotic analysis. The first system appears in the determination
of the transmembrane voltage at order one, using the voltage at the order zero.

Proposition 4.1. Let B € C2.(2 x I') and F € C

ol oo (Q2), there exists a unique w € C2¢.(52)
such that

per

[ 1n(Bl,y) + w(@)) = F(z),
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where Iy, : A — Sm(A)X satisfies Assumption 2.

Proof. We identify 2 to a torus. Let G : (z,A) € C*(€2 x R) such that
Gz, ) = /F]m (B(z,y) + A) — F(x).

Let 2y € Q, the function A € R — G(zg, A) is in C*(R), is strictly increasing (see Assump-
tion 2 and Theorem 2.2) and tends towards +oo as A — Foo. Therefore, there exists a
unique A, denoted by w(x) such that G(z¢, \) = 0. Moreover,

G (g, w(zg)) # 0.

So, by the implicit function theorem, there exists a neighborhood U of (zq,w(xy)), a neigh-
borhood V' of xy and a function ¢ € C*(V, Q) such that for all (z,y) € Q x R,

((z,y) € U and G(z,y) =0) <= (r € V and y = ¢(x)).

Therefore, for any z € V, G(x,9(x)) = 0 and thus, by uniqueness, ¥ (z) = w(x). It is true
in the neighborhood of any point xy € €2, hence w € C*(12). O

The approximation at order n of u; includes the solution of a partial differential equa-
tion that has the same structure as the limit problem (11), as described in the following
proposition.

Proposition 4.2. Let n € N, let f,, € Cx,(Q) such that [o f, = 0. There exists a unique
u™ € C () such that

per
—V - (S 4 %) Vut) = £, Q (30a)

i = () 30b
[ uzi=o. (300)

where ¥; and X are given by (12). It satisfies

Proof. Existence and uniqueness of a solution in H*(£2), along with the continuity relatively
to the source term, are obtained by classic arguments. To get more smoothness, we identify
Q to a torus. As f, € C®(Q), we get u™* € C>*(Q), using for instance Theorem 2.5.1.1
of [54]. O

n?ﬁ
U’e

ey = C M all e -

Expansion of the non-linear term. Because v2, = 0, we expand the non-linear term around

1
EV,,,,
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Lemma-Definition 4.3. Let N € N, let vV = SV | efvk € R, the following series expan-
ston holds

I (”3N> )+ Y (10wl + B (), )+ OEY),

1<i<p—1
3 o <i<p

where

F, ((vfn)KKp_l) = 3 %(@)I&ED(U}“) ﬁo (Ugl)ki |

kst Y iki=p—1, [k|>1 i=1

Proof. It involves a sequence of computations derived from the Taylor-Lagrange expansion.
A similar case is developed in [70]. O

Remark 4.4. Note that Fy = F; = F5, = 0.

The term F, ((U§1>1<k< 1> appears in the two-scale expansion at order n. Handling it
i _n_

explicitly, as a combination of v* | adds a lot of complexity in the notations and computations
as the n-th term of the expansion, defined in Equation (38), would contain combinations of
products of derivatives of lower order terms. Instead, we treat it as a source term accounting
for the non-linear behaviour of I,,. The cumulative effect of these "source terms" F;, appears
in the expression of (uf", u) as a term (G?*, G?) (null if n < 2) that is defined by induction in

Theorem 4.5 and could be made explicit with the same reasoning developed in this section.

4.2. Development at any order

The cascade of equations writes, for n > 2,

~V, -+ (o1 (Vyul 4 Vo)) = Vo - (o3 (Vo + Vo ™)), in Q x Y, (31a)
~V, - (o0 (Vyul ™ + Voul)) = Vo - (00 (Vyull + Voul ™)), in Q x Y, (31D)
o1 (Vyul ™ + Vol ) i = oe (Vyul ™ 4 Vol ) -y, in Qx T, (31c)

—0; (Vyui"*l + qui”> cng = I (vl) (U — u) + F, in QxT, (31d)

+ x and y periodic conditions, (31le)

k

m

where, for readability, we write F}, instead of F), <(v >1<k< 1). Once again, seeing it as a
— _n_

n+1

i

system satisfied by y — u* (z,y) and y — v (x,y) for all z € Q, it has a unique solution

(up to a constant depending on x) if and only if the following compatibility conditions are
satisfied

/ Vo1 (Vyul + Vou ™) = / (I (vm) (uf = ul) + F) in Q, (32a)
Y; r
[ V.00 (Vo + Vol ™) = — /F (In(wh) (uf — ) + F,) . in Q. (32b)
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As explained before, for the sake of simplicity and readability, the non-linear term is not
handled explicitly. Instead, we prove that we can define ((G},GY)), ey as in the following
proposition.

N
Proposition-Definition 4.5. Given (v’rfl) o € C (Q Ceo(T )) , there exists for all n €

per ) Yper

N, (G, Gr) € €%, (.C2,(0)) x T (4 C5(Ye)) such that

per per per\"“ ~per

~V, - (01 (V,GiH + V,G1)) = Vo - (00 (V,GF + VoGP ) in QxY (33a)
~Vy - (00 (V,GIH + V.GE)) = Vo - (00 (V,GE + V.G in Q x Y, (33b)
01 (VyGI T + Vo GF) - = 00 (VG + VG2 -y in Qx T (33c)
—01 (VG + VL GY) -y = I, (0p) (G — GI) + F, in QU xT, (33d)
and

/Y Vo (o3 (V,60 + V.60 1)) = /F I (L) (G — G + Fy, inQ,  (34)
/n V.- (o3 (V,60 + V.61 ) (35a)
+/ (oo (V,G0 + V.62 7Y)) =0, in ©, (35b)

where GI' = G =0 forn < 2.
Remark 4.6. Let N € N, note that we only need the knowledge of (’Url;) to define

1<k<N-1

uniquely G2 for all 0 <n < N and GaN *1 up to a constant depending on .
Proof. We show by induction, for N > 2, that:

o forall 0 < n < N — 1, there exist G' € C3%, (Q,ngr( )) and G € C2,(Q;C2,(Ye))
satisfying Equations (33), (34) and (35),

~ N

per » Yper per( ’ per( )) such that le Gi =

Iy, G." = 0 and Equation (33) holds with n = N — 1 and G"*! replaced by G,
(Conceptually, GaN is the part of GY with null average over the y variable.)

The induction is initialized with G° = G} = G? = 0 because Fy = F} = F, = 0. We now
describe how to go from rank N to rank N + 1. Let

o there exist é’i e Cx (Q C (Y; )) and G’e € C= (Q;Cx

o = fI’ (/v O'I(VG + 9,6 ) = Py
—/P e D
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Conceptually, (va — G?) (xz,y) = (éiN

C5, (4T (YD) x €5, (T (Ye)) of

per per per ) Yper

— C:’CN) (z,y) + v&(z). Let (vi,v.) the solution in

¥, (01 (Vi + V.G)) = Vo - (0 (9,67 + V,.6VY) inQxY
¥y (00 (Vyve + V,G)) = Vo (00 (V,6" + V.GY ) inQxY,
01 (Voo + VG ) i = 00 (Voo + VoG ) oy in QxT

~0 (Vyvi + VG ) - = L (0l)(Gi = G +ud) + Fy in QxT,

where the variable  is seen as a parameter. Conceptually, v, = GV — x, - VG . This
system has a solution because its compatibility condition is satisfied using the definitions of

GQN and Ug . The regularity of (v;,v,) in the z-variable comes from the z-regularity of the

source terms and the use of error estimates. Let us define Go ", and thus éjv =G, + vy,

as the solution in C35 (€2) of

V(D42 VG ) =V (5 Vo) = f, in Q
where

fn = [ Vo (03 (T4 VG")) + [ Ve (o0 (Vo0 + 9.6.7)).

The existence of a solution is ensured by fy and V - (Zi Vol ) having a null average over
) as divergences of ()-periodic functions. To conclude the induction, let us define

GY =G+ G,
éaN+1 = Yo - VG_QN + V.
Computations show that indeed these quantities satisfy the rank N + 1 induction step. [

We previously defined the first and second order cell problems. In the same spirit, we
define the cell problems at order n > 3.

Definition 4.7 (Cell problems at order n). Let us denote P, (F,G) the unique solution in
Coo(Yy) of System (9) with source terms F' and G. The subscript 3 is e, resp. i, if a is i,

resp. e. Let n > 3, let p € Nand k € N. If p+ k > n, then x2*" = 0. Otherwise, for
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Ix1 1 Ix1
p,k,n _ P 9 .
(XO‘ )(ll 77777 tr) pite < aylp |Ya| Yo aylp7 X (n )p

1
+ 5p227)a <X2 - m/ X27 0) 5lp,1=lp

<|Y |/'[/ X37 I/( ) 3) +6p:0,k:n7

where
X1 = <X§ b 1)(11 ..... lp—1)’
X2 = <X§ 2k 2)(11 ..... lp—2)’
xs = (x&hnt = opte

If p+ k > n, then 028" = 0. Otherwise, for (Iy,...,1,) € [1;d]?,

00, 1 00,
— 5o P[220 , 6: (na
) pz1P ( oy, |Yal Jyva Oy, fr(n )ZP)

1
+ 0p>2Pq (92 - D/_|/ 0, 0> 01, 1=,

—7> (,Y’/I’ 10, I (v )9),

where

.....

Remark 4.8. By construction,

except for p = 0 and k = n, where

/ XOnn_

We can now define by induction the terms (ul’,ul’). At each step, the macroscopic
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quantities u* — u™* and u™ are defined such that the compatibility conditions (32) are

satisfied, then the solution of System (31) is written as a linear combination of derivatives of
the non-oscillating terms (ufg ,117 ulgﬁ) weighted by the correctors that we previously defined.
0,0

The first terms (u!,u?) and (u},u!) were defined previously, we deal with the terms n > 2

by induction in the following Proposition-Definition:

Proposition-Definition 4.9. Letn > 2. Assume that for all0 < k < n—1, uf € C2,(2xY))
and uf € C=.(Q x Y,) are defined. We proceed in four steps:

per
: k _ k : k n+1
1. With (v >0§k§n—1 = (vm)ogkgn—ﬂ we can define uniquely GY, for 0 < k < n and Gy
up to a constant, depending on x, thanks to Theorem 4.5.

2. We define vli* € C2.() such that
([ ) o = gn (30)
where
go= | VooVt = [ B [ L) (G -G
Y r r
n—1n—k
Yy / V.0, (\PErad g grreb) o / Y, 0V,
k=0 p=0 Yi Y
n—1n—k
=N [ Iwh) (R gk - pkr s — grigru)
k=0 p=0’T

It is well defined because I}, (vy,) > 0 (see Theorem 2.2) and because g, € C35.(Q), as a sum
of terms belonging to C32.()).

per

8. We then define u™* € C32.(Q) such that

e per
—V - (4 Se) Vult) = fo = ﬁ/gfn Q, (37a)

=0 37b
[ uzi=o, (370)
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where

:Vx'</[rln(vrln)(Xi— )) V™ 4V, - SV 4 S Y| f

n—1n—k+1

+3 Y /Vx Y pkn-va kﬂ+9pkn+1vpuku /Vx A eas
k=0 p=0
n—1n—=k
+ZZ/ Vo 01V (XPPVPulE 4 0 rule) + /vz oiV,G?
k=0 p=0
n—1n—k+1
+3 % / Vi 0.9, (I g grhetinat ) 1 [ 9, 0,
k=0 p=0 Ye
n—1n—k
+3Y Y / V.- 0oV, (BEabt 4 gpkrvrl) 4 /Y V, - 0.V,G".
k=0 p=0 e

It is well defined by use of Theorem 4.2, and noting that f, € C35, and [q f =0 (fn is a
periodic divergence).

4. Finally, we define

n—1n—k

=33 (M () VPl (@) + 0 () VPub A ()

k=0 p=0
+ G (w,y) + ul (x), (38)

n—1n—k
=33 (@, y) VPubH (@) + 000 (2, ) ViUl (2))
k=0 p=0

+ G™(z,y) + u(x). (39)

Remark 4.10. The definition of v"%* (36) reads
/ Vv, o (Vyu?+vmu?_1) :/(I/ (uf' —ug) + F,),
Yi r
and the definition of u™* (37) reads
Voo (Vo 4+ Vour) + [ Vo (Vi + V) =0,
[ Ve (Vi Vo) + [ Vo (T 4 V)

which are the compatibility conditions (32).
The cell correctors are defined such that the following proposition holds. We do not give

the proof which consists of heavy computations.

Proposition 4.11. For alln > 2, ul' and u?
System (31).

as defined in Definition 4.9, are solutions of

e’
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4.83. Error estimates

The formal two-scale asymptotic expansion led us towards a definition of ul', u}. Now

comes the time to rigorously prove that this definition is the right one, in the sense that it
is consistent with the ansatz. We therefore prove that the finite development S}, e*uF is
an approximation of u¢, at order "'

Note that in the previous sub-section, we approximated the gauge condition ng u; =0
by [q Jy, u¢ = 0 for all n € N. Theorem C.3, given with its proof in Appendix C confirms
that it is accurate enough, as it shows that the difference between these two terms can be
controlled by C(n, f)e" for all n € N where C(n, f) is a constant dependent only on f and

n.

Proposition 4.12 (Error estimates). Under Assumptions 1 and 2, let (u5,ug) € Cog (€%) X

C.(€x) the sequence of solutions of System (1) and let (uf,uf) defined as in Theorem 4.9.
For alln € N and € > 0 small enough, there exists C' independent of €, but depending on n,

such that the quantities

satisfy

||Zf7n||H1(Ql€) + ||Z?n||H1(Qg) S C€n,

27" — Zg’n”ﬁ(rfn) < Cems,
Proof. This proof uses Lemmas A.2 and C.3 given with their proofs in Appendix A and
Appendix C, respectively.

It relies on firstly finding the system satisfied by the errors 2{" and 25", which has the
same structure as the original system, and then deriving estimates to get a bound on the
error in some energy norms. The computation of the error system is straightforward and
relies on the fact that the correctors ui* and u are defined to satisfy the cascade of equations
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found previously. We find

~V . oVz" = - 'V, - oV, ult + "V, - oVl in QF,
-V .0, V" = —8"*1Vy . aeVyuZH +¢e"V, 0.V, in ¢,
£ £
u§ —u
—oiVzi" oy = el < : . e> —eln(vl)
n
k(71 1 k k n n+1 €
- > ¢ <Im(vm) (ui = ue) + Fk) — "o Vyu' -y, on ¢,
k=2
£ &€
u§ —u
—0.Vzi" ne = —ely < : e) + eln(vl)
£
n
k ! 1 k k n n+1 €
+> e (Im(vm) (ui — ue) + Fk) — "0 Vyul ™ - ne, on 'Y .

In order to find estimates, we multiply the volume equations by z™ and 25", integrate
over 2 and Qf and sum. We use the fact that if (z,y) — ¥(z,y) is y-periodic and smooth
enough then fo. 9(z, £)? is uniformly bounded because it converges to [q [y, ¥(x,y)*. To-
gether with the series development given in Theorem 4.3, we can show that the right hand
side is bounded by

Ce™ (15 s oy + 125" larscas)) -

Therefore, using Assumption 2, the estimate becomes

/ (% ]sz’n
o

4 [ ol VP [ Sh e P
Qs I
< Ce” <||zi€’n||H1(Qf) + HZ:’nHHl(QS)) '

Then, using the norm equivalence given in Lemma A.2 (Appendix A) on

g,n 1 en Lem 1 em
(zi o Jos 7" 72 o] Jos 7 ), we get for € small enough,

|| E,n
<

2 2
ey T 128" 1 e

n O n |Q| n ’
<C (5 (Hzf HHl(Qf) + [l2e ||H1(Qg)) + W /QE ze .

Now remark that [o. 20" = — 35 Jo: ekuk (ac 2) < Ce™! by using Lemma C.3 (Ap-

' e

pendix C), where C' depends on n. We obtain finally

127" Wi ey + 126" N g ey < C€™,

g,n gn
H’Zi Ze

|L2rs,) < O™
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To improve the last result, note that

g,n en en+l  _en+l
||zi — Ze ||L2(F;) < ‘Zi Ze ‘LQ(F%)
T T
4 g™ [l (az, —> — (x, —>
€ €/ 1lL2(rg)
n+1
< Ce"Tz,
because \/E‘ ultt (:c, 5) — ynt (a:, 2) is bounded. O
& e/llL2(rg)
Remark 4.13. We have
e,n < e,n+1’ n+1 H n+1‘ < n+1
||Zoz ||L2(Qg) —= ‘Za L2(0g) + et L2(0g) — Ce
and
1
vza,n Env un—i—l‘ < Hvza,n—i-l‘ €n+1 Hv un—i— ‘
H o HENVa ge) = N PP e iz eg)
S C€n+1.

The last inequality is useful in practice because it allows us to gain one order of convergence
without having to solve a new macroscopic problem, indeed V,u*!(z, y) does not contain the

term w1 (), it is a combination of cell problems solutions and of the previous macroscopic

quantities uf’ﬁ and u®* for k < n.
Remark 4.14 (On the regularity). We assumed that f, S, and I are infinitely smooth, so that
the expansion can be done at any order n. These assumptions on regularity can obviously
be weakened if the expansion is stopped at a fixed order ny. We would then work in Hilbert
spaces of order depending on nyg.

5. Conclusion

In this work, we have developed and rigorously justified a multiscale model for pulsed
field ablation in cardiac tissue, based on high-order two-scale asymptotic expansions. The
resulting homogenized bidomain system captures key nonlinear effects of electroporation at
the macroscopic level. An interesting feature of our model lies in the fact that the gradient of
the potential, thus the electric field plays a role in the nonlinearity. This is the main difference
with the usual bidomain model used in electrocardiology, in which the nonlinearity involves
only the transmembrane voltage. It is also important to note that the electric field magnitude
and the macroscopic transmembrane voltage appear in the nonlinearity of the macroscopic
effective model, while the nonlinearity of the microscopic model involved only the microscopic
transmembrane voltage. From the modeling viewpoint, our result clarifies and quantifies the
fact that at the cell scale, electroporation is driven by the increase of the transmembrane
voltage while at the tissue scale, the magnitude of the electric field is the key variable.
Our analysis ensures the convergence of the expansion at arbitrary order, providing a solid

43



mathematical foundation for the model. Thanks to this high-order asymptotic approach, we
now have a reliable and well-structured framework ready to be confronted with biological
data, which constitutes the natural next step in this study.
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Appendix A. Spaces that depend on e

Lemma A.1 (Usual inequalities - dependence on ). There exists a constant C' independent
of € such that for all ve € H'(QF) and v; € H' (X)), we have

1
Ve T / Ve < Cl|Vellp2qsy . (Poincaré-Wirtinger ineq.),
| e| Qe L2(Q5)
2 - 2 2 .
[vallzrs) < Ce™ vallzegs) + CellVvalliay . (Trace ineg.).
Proof. See appendices of [52]. O

Lemma A.2 (Norm equivalence). There exist ¢ > 0 and C' > 0 independent of € such that
for all (v, v.) € HY () x HY(QF),

N

2 2 2
¢ ||(U17Ue)”H1(QiE)><H1(Qg) < (vaiHL?(Qf) + ||vve||L2(Qg) +ellvi - Ue||L2(an)>
<C H(Uiave)HHl(Qf)le(Qg) :
Proof. First of all, throughout this proof, we repeatedly use the following inequality for
a,b > 0 without explicitly mentioning it: for a,b > 0, a®> + b* < (a + b)? < 2(a® + b?). The
second inequality directly comes from the triangle inequality, the definition of the norm on
H'(QF) and H'(2) and the trace theorem. The first inequality follows from Lemma C.2

in the Appendix of [52]. Specifically, the lemma states that there exists a constant C' > 0
independent of e such that Vo, € H'(Q),

H’UiHm(Qf) < C(\/EHUiHLQ(an) + 5HVU1HL2(Q§)>-
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Then applying the triangle inequality on v; = v; — v, + v, considering H'-norm for v; and
the smallness of ¢, there exists a constant still denoted by C' > 0 such that

[oill sy < C(Vellvs = vell2rey) + VEllvellaws + [[Vuill 2 @s))-

Then applying the Poincaré-Wirtinger inequality to v, on both sides of the inequality along
with the trace theorem and the smallness of £, we get that there exists a constant still
denoted by C > 0,

Wi, ve)ll i1 e T () < C(VEllvi = vellzaqrs,) + Vil zaag) + Vel L2qoz))-

This allows to conclude the proof. O

Appendix B. Numerical errors

Table B.1 summarizes the numerical values shown in Fig. 4, corresponding to e-orders 0
and 1 of the errors defined in (29).

Appendix C. Approximation of the gauge condition

In Section 4.2, the quantities u®¥ (and thus u*) can be defined up to a constant. For
St_oefu” to be a good approximation of uS, the average S7_, " Jo: uk(x,z/€) has to be
close to Jo: ug = 0, as seen in the proof of Theorem 4.12.

A classic result tells us that

ftt (22 = [ e+ 0 o

So, for an approximation at order ¢, it suffices to set

@) = [ [ wiay) =0

But for approximation at order "™, we need to develop the remainder O(e) in (C.1). This
is done in Theorem C.1. The new terms still depend on z /e, therefore, in Theorem C.2, we
recursively apply Theorem C.1 to approximate them. Finally, in Theorem C.3, we get the
final approximation result, that is, in fact

/ag e < ‘> =1, ug(@,y) + 0.

This result is a generalization of Lemma 1 in [33] and a variant of Lemma 3.1 in [32] for
higher order approximation. It is also close to the Theorem in Appendix C of [34].

Lemma C.1. Let (D, E) = (Y,Q) or (Y.,Q5). Let f : Q@ x D — R such that for all
y €D, x f(x,y) € C(Q) and for all z € Q, y — f(z,y) € L*(D) and is Y -periodic.

per
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Table B.1: Errors defined in Eq. (29), for the isotropic and anisotropic cells.

3

e,0

€2

i,0

€2

e,0

€H1

1,0

6H1

Isotropic cell
1/12
1/15
1/18
1/21

Regression slope

2.91 x 1072
1.94 x 1072
1.46 x 1072
1.17 x 1072
0.99

1.08 x 10°
7.32 x 1071
5.51 x 1071
44.1 x 1071
0.98

4.22 x 1072
2.81 x 1072
2.11 x 1072
1.69 x 1072
1.00

2.60 x 1072
1.72 x 1072
1.27 x 1072
1.02 x 1072
1.02

Anisotropic cell
1/12
1/15
1/18
1/21

3.24 x 1072
2.56 x 1072
2.15 x 1072
1.84 x 1072
1.00

4.24 x 1071
3.41 x 107!
2.85 x 107!
2.44 x 107!
0.98

4.72 x 1072
3.79 x 1072
3.15 x 1072
2.69 x 1072
1.00

1.65 x 1072
1.28 x 1072
1.04 x 1072
8.74 x 1073
1.14

Regression slope

€

U
eLIQ“

e, 1
L2

1,1

€L2

e,l

€H1

1,1

€H1

Isotropic cell
1/12
1/15
1/18
1/21
Regression slope

1.77 x 1072
9.91 x 1073
6.57 x 1073
4.72 x 1073
1.43

472 x 1073
2.15 x 1073
1.20 x 1073
7.59 x 10~*
1.99

1.25 x 107!
5.69 x 1072
3.27 x 1072
2.09 x 1072
1.94

1.15 x 1072
5.27 x 1073
2.98 x 1073
1.94 x 1073
1.94

2.79 x 1072
1.19 x 1072
6.92 x 1073
4.64 x 1073
1.95

Anisotropic cell
1/12
1/15
1/18
1/21

Regression slope

1.20 x 1072
8.63 x 107*
6.65 x 1073
5.31 x 1073
1.46

4.92 x 1073
3.14 x 1073
2.17 x 1073
1.60 x 1073
2.01

5.32 x 1072
3.41 x 1072
2.39 x 1072
1.76 x 1072
1.96

7.95x107?
5.16 x 1073
3.60 x 1073
2.66 x 1073
1.95

1.12 x 1072
7.17 x 1073
5.02 x 1073
3.50 x 1073
2.07
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For alln € N, we have

ot (2 ) = [ [+ et [0 (v ) 4 om0,

where

SNy = X [ (2= {0 (. 2)de (C.2)

jof=k &
where {y} is the fractional part of y defined component-wise by
{vhi=yi—lu), i=1,....4
with | -] the floor function, and

RYP(f) = (C.3)

= LG () Lo (vl (2)) ) e

|a|=n+1

Proof. Let ¢ >0, let m € N.. Let y € D and z € Y, the Taylor development of f(-,y) gives
for n € N,

flely+m),y) = fle(z+m),y +Z€ > ; — 2)%05 f(e(z +m),y)

k=1 |a|=k
+1
+e" >
|a|=n+1

n+1
al

(=2 [ =100 e+ 1y = 2),9).

Integrate this equation over Y and D, and by change of variable, one gets

‘Y‘/Der) (m —) /Y+m/ (,9)
+’fz:1€ z|:ico"/Y+m/ y_{ }aaaf( v)

+e”+1 n+1/y+m/ { } /(1—t)”6af(x+st(y—{g}),y)

Sum over all m € N, and the proof is over. O

The correction [o, SP(f) (x,x/¢) depends on ¢, therefore it also needs to be approximated.
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Lemma C.2. Under the same hypothesis as Theorem C.1, for alln € N, we have

/Ef(x’g) |Y|//f

RN SV CEREL AEE A0

B;)EM*)”
Bl=k
n—1
n E,Y ]
+emt ZZ > R (Sh o008y oSPof)+RIP(f)],
=0 (8;)e(N¥)
[Bl=n-1

where SP and RYY are defined in (C.2) and (C.3).

Proof. The proof is done by induction. The case n = 0 is true because

/Ef(x’z) m// (w,9) + R (F).

To go from rank n to rank n + 1, remark the induction relation (using Theorem C.1 at rank
n and n + 1)

REP() = [ 82 (0, 2) + eRAP ()

Using Theorem C.1 on 82, (f), we get

sD oD
fon |Y|/ [ 240 y) + (B (Suna(5) + B (£).
Therefore
R?’Y(Sgl/l O 082{171 OSBDJ Of)
= L ¥ Y 0. . o8Y D
B |Y|//(Sl+1°561° 08, , 085, 0 f)(x,y)

+5(R3Y(5+1 osﬁ 08y oS8P of)
+ Rl+1<851 "o 8@771 © SéDJ © f)>’

and by change of indexes, the proof is over. O

Lemma C.3. Under the same hypothesis as Theorem C.1, for allmn € N, we have

Jo (=2) =1 o o o
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where C(n, f) > 0 is a constant depending on n and f.

Proof. Starting from the result of Theorem C.2, we first show that for any g : 2 x D — R
such that for all y € D, z+— g(z,y) € C5,(2) and for all x € Q, y — g(x,y) is Y-periodic,
for any k£ > 1,

/Q/Y Sy (9)(z,y) = 0.

It suffices to perform an integration by parts relatively to the x-variable and recall that ¢
and all its derivatives are z-periodic. Finally we bound the remainder, using the fact that
for the same kind of g as before, for [ € N,

3(14+1)
d 2
RP(9)] < ——=||D sup 0g(x,y
R (9)] (l+1)!| | |(x,y)€Q><D, |a\:z+1| (z,9)]
and
ds .
[S7(9)(x,y)| < 7 ID sup 0%g(«", y/')]-
: (z',y")eQXD, |a|=l
O
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