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This paper study the transmission coefficient of a multilayer system consisting of two porous plates of fixed
thicknesses separated by a fluid layer, and more particularly the influence of the distance between the plates
on the behavior of acoustic waves. The formula for calculating the transmission coefficient of a single plate is
obtained by relying on Biot’s theory for porous media, which takes into account the interaction between the elastic
matrix and the fluid flow inside the pores. To model the transmission coefficient of the multilayer system by
keeping the formula found for the coefficient of a single plate, the Fabry-Perot method is applied. It exploits the
phenomena of multiple reflection taking place in the fluid layer, and allows to control simply the variations of
spacing between plates. Experimental measurements of the reflection coefficients are made for several layers of
the fluid layer (0 mm, 2 mm and 4 mm). Changes in transmission behaviour are well observed when the frequency
varies (from 0.1 to 1.0 MHz). Experimental results are compared with theoretical models to assess the accuracy
and predictive capacity of simulations. Although the experimental coefficients of reflection are generally in line
with theoretical models, there is some divergence, probably due to the complexity of the material on the one hand
and the multilayer system on the other. This work offers valuable insights on the behaviour of acoustic waves
in defected porous materials. It shows how variations in the spacing between media initially in contact can be
detected, for example, changes in the size of a crack due to erosion under the influence of water flows in a soil.

27-30 avril 2025, Paris

These results will provide the basis for non-destructive methods for erosion detection in porous media.

1 Introduction

Poroelastic materials, such as rocks and soils, are
susceptible to fractures and cracks that can extend deep
into the material, compromising its structural integrity.
When these defects are filled with liquids, the mechanical
properties of the material deteriorate. Detection of these
defects and monitoring their expansion due to material
deterioration requires a non-destructive and cost-effective
method

To study erosion phenomena, a novel modeling approach
is proposed, consisting of two poroelastic plates in contact.
As these plates slowly separate, the controlled separation
simulates the progressive formation of defects caused by
erosion. This process conceptually replicate the transition
from full contact with no erosion to gaps of varying sizes.
The setup models a defect within an isotropic poroelastic
medium, simplified by assuming it separates two plates
with thicknesses of 24® and 2A®, both significantly thicker
than the defect itself, which has a thickness e. The primary
objective of the study is to explore how acoustic waves can
be used to detect the development of such defects.

Both the plates and the defect are considered infinite
in the x-y plane but finite along the z-axis, as illustrated
in Figure 1. The system is immersed in a fluid-filled
environment, and we adopt Biot’s theory of fluid-saturated
poroelastic media, accounting for deformations in the
skeleton of the material and the interaction between the
skeletal structure and the saturating fluid.

Biot’s theory [1] predicts three types of wave modes in a
porous medium: two longitudinal waves (fast compressional
wave and slow compressional wave - indexed as 1 and 2,
respectively) and a transverse shear wave (denoted as t). The
fast compressional wave involves the motion of the solid and
fluid in phase, similar to a classical elastic wave, while the
slow compressional wave is dominated by relative motion
between the solid and the pore fluid, leading to significant
attenuation. The shear wave propagates through the solid
matrix and is largely unaffected by the pore fluid.

The propagation speeds of these waves are influenced by
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factors such as porosity, permeability, and the bulk moduli
of the constituents. The fluid phase modifies the wave
attenuation and dispersion characteristics due to viscoelastic
and inertial coupling effects. Experimental observations
by Plona [2] have shown the slow wave in porous plates,
especially at interfaces where the fluid can move freely
through open pores. When a plane wave is incident in
oblique angle, all three types of wave are generated through
mode conversion. However, at normal incidence, only the
fast and slow waves can propagate. Studies by Rasolofosaon
[3] suggest that the slow wave does not transmit when the
plate faces have closed pores, regardless of the incidence
angle.

In this work, we focus specifically on plates with open
pores, using QF20 material from Filtros® Ferro Corporation
for the experimental setup due to its well-documented
mechanical and acoustic properties, as noted in Johnson’s
work [4].

2 Theoretical basis

A poroelastic medium consists of two connected phases:
a solid skeleton and a fluid that saturates the pore space.
The solid phase has a mass density p; and bulk modulus
K, while the fluid phase has a mass density py and sound
velocity cg. The porosity 8 represents the fraction of the total
volume occupied by the fluid. The effective mass density of
the medium is p = (1 — B)p; + Bpo. The displacement fields
of the system are defined as u for the solid matrix and U
for the pore fluid. The relative displacement of the fluid with
respect to the solid is w = S(U—u). The local increase in fluid
content, representing the volumetric flow of the pore fluid, is
{ = =V . w. For a homogeneous and isotropic poroelastic
medium, the strain tensor is defined as: € = %(Vu +Vu’) and
the volumetric strain of the solid skeleton is € = tr(€) = V-u.
The constitutive relations for the stress tensor 7 and the pore
fluid pressure P are given by:

= 2uE + [(H - 2u)e - C21I, (1)
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where V is the gradient operator, I the unit tensor and { =
—V.w is the increment of fluid content. The constant, u is the
shear modulus, and H, M, and C are poroelastic moduli that
characterize the mechanical behavior of the medium. Further
details can be found in Appendix A and in Refs. [5, 6, 7].

Biot [6] derived wave equations for longitudinal and
transverse waves in poroelastic media from the constitutive
relations, fluid flow equations, and equations of motion.
Assuming harmonic wave propagation (e/*~“?) along the
horizontal z-axis, where w is the angular frequency, ¢ is
time, and ¢ = ¢, + i{; is the complex wave number, where
(., 1) € R?, the dispersion relations are given by:

P; = M{ - Ce.

HE - pw? Cl? — pow?
2 P 2 2| =0, 3)
Ct* — pow= M~ — a(po/B)w
for longitudinal waves, and
2_ 2 2
po pon e =, @
Pow a(po/B)w
for transverse waves[9].
In these equations, & = a + i B_F , where @ is the

. . . Wkpo .
dynamic tortuosity. The Biot complex correction factor

F = F(y), where y = a,,(a)po/n)l/2 (ap, being the pore size
parameter), accounts for deviations from Poiseuille-type
flow at higher frequencies. At low frequencies, F(y) = 1
and a, disappear, simplifying the equations. Equation
(3) has two roots: ¢; corresponds to the fast wave with
moderate attenuation, while ¢, represents the slow wave
with strong attenuation. Equation (4) has a unique root ¢,
which correspond to transverse wave.

3 Transmission coefficient

The reflection and transmission of waves at boundaries
between different media depend on the impedance
differences. In a poroelastic medium, the acoustic impedance
is a function of the wave modes involved. The interaction
of waves at an interface leads to the generation of reflected
and transmitted waves, whose amplitudes are governed
by boundary conditions enforcing stress and displacement
continuity. Biot’s theory provides a fundamental description
of wave propagation in porous media, allowing the derivation
of transmission coefficients by solving the wave equations
with the imposed interface conditions.

3.1 One plate

In order to investigate the elongated defect model more
deeply within the context of a two-plate system, we begin
by considering a single poroelastic plate, denoted by p,
with a thickness 24", placed in a fluid medium. This fluid
is the same fluid that saturates the pores of the plate. The
boundary conditions on the plate’s faces adhere to open-pore
conditions, which allow unrestricted flow of the saturating
fluid, thereby enabling energy exchange between the plate
and the surrounding fluid.
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Let us consider a harmonic plane wave with the general
form e/k+¥+koi=wh - The plane wave is incident on the plate
at the face located at z = —h'”, at an angle 6 relative
to the normal direction to the plate’s surface. In this
setup, the wave vectors are related by k, = kpsiné and

ko, = kocos = [kZ — k3, where ko = £ is the wave number
in the surrounding fluid.

When the incident wave strikes the plate, it generates
multiple wave components. Specifically, the incident wave
splits into a reflected wave on the same side of the plate
and a transmitted wave that propagates into the plate.
Upon entering the poroelastic material, the incident wave
is transformed into three distinct dispersive and attenuated
waves: fast, slow, and shear waves. These waves then
propagate through the plate and emerge on the opposite
side as a longitudinal wave, similar to the incident wave
but attenuated and potentially changed in its phase and
amplitude.

The reflection R® and transmission 77 coefficients
for such a system have been extensively studied and can
be found in Refs. [8]. The expressions are provided in the
Appendix (see Eq. (A.1)).

3.2 System of two poroelastic plates

Now, moving to a more complex system consisting of two
poroelastic plates, (a) and (b), each with thicknesses 24® and
2h®, respectively. These plates are separated by a fluid layer
of thickness e, as depicted in Figure 1.

When a harmonic plane wave from the external fluid,
located in the region z < 0, meets the plate (a) at an angle
6, it generates a reflected wave in the same region z < 0.
The reflection coefficient for this wave is denoted ). In
addition to the reflected wave, part of the incident energy
passes through plate (a), enters the fluid layer, and then
traverses plate (b). The transmitted wave, emerging on
the opposite side of plate (b) (in the region z > 0), has a
transmission coefficient #(“?),

To determine the reflection and transmission coefficients
for this system of two plates, we apply the well-established
Fabry-Pérot method from optics [10], which takes advantage
of the fact that in any finite layer, incoming waves undergo
multiple reflections and transmissions as they travel through.
This method assumes that the plates are coupled via multiple
interactions within the fluid layer. By treating the system as
a series of partial reflections and transmissions, the overall
reflection and transmission coefficients for the system can be
computed using the geometric series expansion.

After performing the necessary series transformations,
the final reflection and transmission coefficients for the
two-plate system are found to be:

T (@2R(b) -2

@b _ F@q(b) p~igp
1 = RORD) -2i¢’

T = R@RD)p-2ip’

4)
where ¢ = {yecosd represents the phase difference
accumulated due to the wave traveling through the fluid
layer of thickness e.

Hab) _ @@
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In the special case where plates a and b are identical as
in the case of this study, such that R®@ = R® and 7@ =
7 ®, we obtain the following simplified expressions for the
reflection and transmission coeflicients:

T(a)ZR(a)e—Zi(/)
1 — R@2p-2i¢ ’

.
@ T

(aa) _ q(a) [ —
rév = RY + = " Rar 2

(6)

Given that the fast, slow and shear waves propagating
through the poroelastic medium experience significant
attenuation due to the viscosity of the saturating fluid, the
energy conservation law is not satisfied. This results in the
following conditions for energy balance:

IRIP +17VP <1 for j=a,b, (7)
and for the system of two plates:
KPP+ PP <1 or [FPOP+ PP <1 ()
Table 1: QF-20® and saturating fluid (water) parameters
[12].
Parameter Value
Solid bulk modulus K; (Pa) 3.66 x 101
Saturating fluid bulk modulus K, (Pa) | 2.22 X 10°
Dried frame bulk modulus K}, (Pa) 9.47 x 10°
Dried frame shear modulus u (Pa) 7.63 x 10°
Saturating fluid viscosity 77 (Pa s) 1.14 x 103
Solid density py (kg/m3) 2760
Saturating fluid density po (kg/m>) 1000
Porosity 8 0.402
Permeability k (m?) 1 x 1071
Pore radius a,, (m) 3.26 x 107
Tortuosity a 1.89

4 Methodology

4.1 Experimental setup

The experimental setup aims to capture the acoustic
signals of a porous QF20®plate (measuring 300 mm x
200 mm x 5.18 mm) submerged vertically in water. Two
non-focused Panametrics® transducers, each with a central
frequency of 0.5 MHz and an active diameter of 1.5 inch,
are employed for the measurements. Positioned 15 cm apart,
these transducers operate under the assumption of negligible
diffraction and utilize a plane wave model.

The experimental setup is shown in Figure 2 and the
procedure begins with calibrating the transducers. Initially,
they are aligned face-to-face without the plate present.
Once calibrated, the plates are introduced, and adjustments
ensure the plates sit perpendicular to the transducers (normal
incidence). Subsequently, fine-tuning of the transducers in
order to maximize the peak value of the transmitted signal.
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Figure 1: Reflection and transmission of waves by a system
of two porous plates saturated with fluid and immersed in
an infinite fluid. Waves passing through the first poroelastic
layer (a) penetrate the defect. They then undergo an infinite
number of reflections and partial transmissions between the
opposite faces of layers (a) and (b). These partial waves
contribute to the overall reflection on the face of layer (a)
and to the overall transmission on the face of layer (b)

Pomlls medlum :
plates

|
|
|
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1
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Figure 2: Experimental setup.

After the first measurement, where the two plates are in
contact with a 0 mm distance, subsequent tests are conducted
by gradually increasing the distance between the plates to 2
mm and finally 4 mm. Each test is followed by calibration
to ensure optimal alignment and signal accuracy for each
separation.

The experimental transmission coefficient is then
computed by applying a Fast Fourier Transform to the
received transmitted signal. This transmitted signal data
is analyzed and compared to theoretical model that is
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Figure 3: Transmission coefficient of an acoustic wave
with a water layer thickness of 0 mm, theoretically and
experimentally.
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1.0 - —- Experimental

Normalized Amplitude

o /

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
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Figure 4: Transmission coefficient of an acoustic wave
with a water layer thickness of 2 mm, theoretically and
experimentally.

—— Theoretical 4.00 mm
1.0 —- Experimental

Normalized Amplitude

0.2 « . .
! K

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
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Figure 5: Transmission coefficient of an acoustic wave
with a water layer thickness of 4 mm, theoretically and
experimentally

developed in section 2, allowing for the extraction of
relevant material properties of the plate. Following
signal processing, a manual adjustment is implemented

357

to minimize the discrepancy between experimental and
theoretical transmission coefficients. Biot parameters such
as permeability and tortuosity are manually fine-tuned
to achieve the best alignment between theoretical model
and experimental data. The exact value of QF20 used for
theoretical modelling is listed in Table 1, which is based on
previous studies conducted on the same material. [8][12].

4.2 Signal treatment

To compare the theoretical results with the experimental
data, adjustments are made to account for the frequency
response characteristics of the transducer used in the
measurements.  The first step involves modifying the
theoretical transmission coefficient by multiplying it with a
Gaussian function [11]. This adjustment effectively adopt
the the coefficient to match the finite bandwidth of the
transducer, ensuring a good comparison between theory and
experiment that considers the limitations of the experimental
setup.

The Gaussian function models the transducer’s behavior
by adjusting the central frequency and variance, allowing
the theoretical transmission coefficient to more accurately
reflect the transducer’s performance. For the experimental
data, the Fast Fourier Transform (FFT) is applied to
convert the time-domain signal into the frequency domain.
After normalizing both signals, the adjusted theoretical
transmission coefficients are compared with the experimental
results as shown in Figures 3, 4 and 5.

5 Discussion

Figures 3 to 5 compare the experimental and theoretical
transmission spectra for two porous plates separated by
water layers of thicknesses Omm (in contact), 2mm and
4mm. The experimental data (dashed curves) exhibit distinct
resonance peaks around 0.3 MHz and 0.50 MHz, broadly
matching the predictions of the Biot-based theoretical model
(solid curves). This general correspondence confirms that
Biot’s theory can capture the principal wave modes—both
in terms of resonance frequency and qualitative amplitude
behavior—when dealing with porous plates immersed in
water.

Despite this good overall agreement, some notable
discrepancies are evident. First, the main resonance peak
at approximately 0.3MHz is sharper and slightly higher
in amplitude in the experimental data than in the model.
Increasing the plate thickness by 5-10% in the simulation
yields a closer match, highlighting the strong sensitivity of
resonance to small changes in thickness. Given the porous
and rough surfaces of the plates, it is reasonable that the
“effective” acoustic thickness is larger than the mechanically
measured 5.18mm

A second factor is the presence of thin fluid layer.
Even at “Omm” separation, rough surfaces and imperfect
contact almost certainly admit a very thin layer of water
between the plates. This changes the boundary conditions
in ways not fully captured by a simple model of perfect
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contact. For the remaining tests, introducing a water gap
modifies the interference pattern, resulting in shifts of some
secondary peaks, while the primary resonance remains
largely unaffected. These changes are broadly mirrored in
the theoretical curves

Material-property uncertainties can also affect the
amplitude in the model. In Biot theory, parameters such
as porosity, tortuosity, frame modulus, and frequency-
dependent attenuation all influence wave propagation in
porous media. If any of these values differ from nominal
or are not measured with sufficient precision, discrepancies
may appear in both peaks and minima location. In particular,
frequency-dependent attenuation mechanisms in porous
media can cause broader or shallower peaks than predicted
by simplified damping models.

In summary, the measured and modeled data show
qualitatively close resonance structures for all water layer
thicknesses configurations, supporting the validity of a
Biot-based approach. However, small deviations in effective
plate thickness, unmodeled thin water layer at the interfaces,
and uncertainties in material parameters likely contribute to
the observed quantitative differences.

—— Experimental Omm
1.0 Experimental 2mm
—— Experimental 4mm

o o
o 0

Normalized Amplitude
o
=

0.2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Frequency (MHz)

Figure 6: Superimposed experimental results.

The experimental results presented in Figure 6 reveal a
notable trend: as the thickness of the water layer increases,
there is a clear increment in the signal amplitude at
approximately 0.5 MHz. This frequency aligns with the
transducer’s center frequency, which may contribute to the
enhanced accuracy and clarity of the measurements at this
point. At 0.5 MHz, the amplitude is highest for the 4 mm
thickness and lowest for the 0 mm thickness, suggesting that
thicker water layers enhance the signal amplitude.

However, at the lower frequency of around 0.25 MHz,
the pattern is less clear. While the 4 mm thickness shows a
relatively high amplitude, the differences among the various
thicknesses are not as pronounced or consistent. This lack
of clarity might be due to the transducer’s reduced sensitivity
away from its center frequency.

The third peak, around 0.7 MHz, is less prominent
compared to the first two peaks, and the differences in
amplitudes among the setups are small. Nevertheless, the
general trend of increasing amplitude with thickness is still
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observable.

This observation is important as it suggests that water
thickness can be estimated from the frequency response of
the system, particularly at the transducer’s center frequency
of approximately 0.5 MHz.

6 Conclusion

This paper studies the transmission of acoustic wave
of a multilayer system consisting of two poroelastic plates
separated by a fluid layer. The objective of the study was to
observe the influence of the variation of the distance between
the plates on the acoustic wave signals. Theoretical model
have been developed in order to calculate the transmission
coefficient of the two plates. Experimental measurements
of the transmission coefficients are conducted for several
thicknesses of the fluid layer (0 mm, 2 mm, and 4 mm).
Changes in transmission behavior are well observed as the
frequency varies from 0.1 to 1.0 MHz. Notably, the results
show a clear increment in signal amplitude at approximately
0.5 MHz with increasing fluid layer thickness. However,
the pattern at lower frequencies is less clear. Experimental
results are compared with theoretical models to assess
the accuracy and predictive capacity of the simulations.
Although the experimental coefficients of reflection are
generally in line with theoretical models, some divergence
is observed, likely due to the complexity of the material and
the multilayer system.

Future work should focus on improving the method
for assessing erosion detection. Rather than increasing the
distance between the plates, it may be more representative to
decrease the thickness of the plate or the material to simulate
the eroded part.
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Appendix A : Reflection and transmission coefficients
The reflection and transmission coefficients of a fluid-
saturated porous plate with open pore conditions at the

boundaries are given by [8]
6(j) 5(1’)
( S _ A (A

() ()
Rm:l[£+ﬁ) g0 = 1% _
<(j) <) |’ () (/)
205 & 208 &

50 = G- G - ina(Cy =€) i (Ca =€)
5 = Cip i~ Cipcl i (€4~ ) i (€1~ ).
69 = Clpiclh - el ins (- ) -im (. - ).
50 = €\l el = ins [, — €0) +in (s~ ).
(A2)
In Egs. (A.2),
) _ j
C?{p = P, tan (kpzhifj),
rs .
CSFP =P, cot(k,,zhAJ ), A
= M, tan(k; n"" )+ N,tan(Kk,.n"’ ), .
C) = M, tan (k:h'P) + N, tan (kp:h A3
Cy) = M, cot (ki:h) + N, cot (ky:h?)
kYZ
T, = ’;—;’ffﬁ (1 +y)(% = 2k2) + 2k3(1 + y,)] ,
where o )
P, = #{’, & -2k,
M, = 4Kk2 kK., (A4)
N, = (2202 - 2K2) (€2 - 2k2)
It is recalled that above the indices p = 1 and p = 2
refer to the fast and slow waves, respectively. Note that

kp: = (2 = k2 and k;, = (€2 — k)%, where £, and ¢, define
the wavenumbers relative to longitudinal and shear waves in
the porous medium. The subscripts A (for antisymmetric)
and S (for symmetric) refer to the two possible vibration
modes of a free plate. The quantities p,, py, and p; have the
dimensions of a mass density. The coefficients y, and y, are
dimensionless. They are given by [8] :

HC, — pe” 1,2 A5
Yp—m (p=12), (A.S)
ul; — pw?
Y = 1—2 (A6)
prw
2
pp=(H+7C)—=2 (p=12) (A7)
p p wz 4 ’
52
prp=(C+y,M)=2 (p=12) (A.8)
)4 )4 wz ) )
A
pr=H (A9)
w

Above, and in section 2 the constants H, M, C introduced
depend on several parameters of the porous medium, cf. [5],

[7]:

(K, — Kp)? 4 K
H=—+Ky,+-u, M=—"—. A.10
D-K, bT3H -k, M0
K (K, — K K,
c=KBE=K) h_kliaep(Ea) @
D - K, Ky
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