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Abstract: In this report, the generalization error of federated learning (FL) systems is
characterized through a novel statistical framework. Central to this framework is the concept of a
meta-federated learning algorithm, defined as a probability measure over a client’s local models
conditioned on the datasets of all participating clients. By means of this abstraction, several
fundamental properties of FL systems are stated and closed-form expressions for the generalization
error are derived. More specifically, the method of gaps, originally introduced for non-federated
settings, is extended to FL, and closed-form expressions for the generalization error are obtained in
terms of classical information measures, including relative entropy, mutual information, and lautum
information. A central role in these new expressions is played by some specific Gibbs probability
measures (Gibbs algorithms). More importantly, it is revealed that the challenge of evaluating the
generalization error in FL is reduced to two distinct tasks: (𝑎) measuring the dependence of client
model choices on the datasets of all clients; and (𝑏) distinguishing the meta-federated learning
algorithm from a Gibbs algorithm trained solely on local data. These findings establish new links
between generalization in FL, mismatched hypothesis testing, Shannon’s information measures, and
Pythagorean identities for the generalization error.
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Apprentissage Fédéré et Généralisation
Résumé : Dans ce rapport, l’erreur de généralisation des systèmes
d’apprentissage fédéré (FL) est caractérisée au moyen d’un nouveau cadre sta-
tistique. Au cœur de ce cadre se trouve la notion d’algorithme d’apprentissage
méta-fédéré, défini comme une mesure de probabilité sur les modèles locaux
d’un client, conditionnée par les ensembles de données de l’ensemble des clients
participants. Grâce à cette abstraction, plusieurs propriétés fondamentales des
systèmes de FL sont énoncées et des expressions explicites (en forme fermée) de
l’erreur de généralisation sont dérivées. Plus précisément, la méthode des écarts
(« method of gaps »), initialement introduite pour des contextes non fédérés,
est étendue au FL, et des expressions en forme fermée de l’erreur de généralisa-
tion sont obtenues en termes de mesures d’information classiques, notamment
l’entropie relative (divergence de Kullback-Leibler), l’information mutuelle et
l’« information de lautum ». Un rôle central dans ces nouvelles expressions est
joué par certaines mesures de probabilité de Gibbs (algorithmes de Gibbs). Plus
important encore, il apparaît que la difficulté d’évaluer l’erreur de généralisation
en FL se ramène à deux tâches distinctes : (𝑎) mesurer la dépendance des choix
de modèles des clients à l’égard des ensembles de données de tous les clients;
et (𝑏) distinguer l’algorithme d’apprentissage méta-fédéré d’un algorithme de
Gibbs entraîné uniquement sur des données locales. Ces résultats établissent de
nouveaux liens entre la généralisation en FL, les tests d’hypothèses « mismat-
ched » (non adaptés), les mesures d’information de Shannon et des identités
pythagoriciennes pour l’erreur de généralisation.

Mots-clés : Apprentissage Fédéré, Généralisation, Mesures de Gibbs et
Méthode des Ecarts
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1 Introduction

F ederated learning (FL), first introduced in [1], harnesses training across
a population of clients by repeatedly exchanging information with a coor-

dinating server [2, 3]. This setting departs from classical centralized learning
in two crucial ways: (𝑖) data are statistically heterogeneous across clients [4–7]
and often severely unbalanced in terms of integrity and dataset sizes [1, 2]; and
(𝑖𝑖) the set of participating clients varies over time due to system constraints,
communication costs, and availability [8–10].

From this perspective, the analysis of generalization capabilities of FL has
been out of the reach of classical methods based on VC-dimension or Rademacher
complexity [11–15], despite important contributions, such as [4, 16, 17]. This
contrasts with non-federated learning for which a rich variety of bounds [18–
27] and exact expressions are known for broad classes of statistical learning
algorithms. Most of the existing exact expressions for the generalization error
were separately introduced by different authors using specific methods of proofs
for particular learning algorithms [26,28, 29]. Interestingly, the method of gaps,
introduced in [30], establishes a unified framework from which all existing exact
expressions can be obtained. More importantly, such a method establishes strong
connections among generalization and several areas in statistics, e.g., mismatched
hypothesis testing [31], classical information measures [32–34], Pythagorean
identities of variations of expectations [35], and I-projections [36].

1.1 Related Work

Optimization and statistical methods have led to insightful lower and upper
bounds on the generalization error of FL systems [9, 17, 37–50]. Some contri-
butions focus on a participation (client-sampling) generalization gap, i.e., the
discrepancy between the generalization performance obtained when training
involves a random subset of clients and the performance exclusively involving
local training datasets. Along the participation generalization gap, also an
out-of-sample generalization gap has been studied in [51,52], where out-of-sample
generalization must be understood in the sense of [53]. The interest in these
gaps lies in the fact that their sum equals the generalization error of the FL
system under study. These gaps are typically studied via optimization-centric
convergence analyses for specific algorithms, including FedAvg [1], FedProx [5],
SCAFFOLD [6], FedOpt [54], among others, under heterogeneous data and
partial participation [55,56]. Despite the numerous lower and upper bounds on
the generalization error of federated learning algorithms, exact expressions are
uncharted territory.

1.2 Contributions

This report develops a statistical model that explicitly characterizes, in statistical
terms, each of the components of an FL system. For a fixed set of participating
clients, this model reproduces as special cases, most standard FL scenarios,

RR n° 9599



6 Yaiza Bermudez, Samir M. Perlaza, Iñaki Esnaola and H. Vincent Poor

e.g., FedAvg [1], FedProx [5], among others. Central to this formulation is a
new notion, referred to as meta-federated learning algorithm, which consists of
a probability measure over each client’s local models conditioned on the joint
training datasets of all clients. This conditional probability measure arises
naturally from the client-server communication process and serves as a stand-
alone mathematical abstraction of such a client within the federation. Each client
selects its models by sampling such a probability measure. Leveraging this flexible
and general abstraction, important conclusions are drawn for all FL systems.
First, it is shown that, the meta-federated learning algorithm of each client is a
convex combination of all instances of the local algorithm, which is represented
by a probability measure on the models conditioned on the local training dataset
and all messages exchanged with the server. Hence, the set of all meta-federated
learning algorithms in FL is a strict subset of all probability measures that can
be defined over the set of models. Second, it is shown that relevant performance
metrics for a given client, such as the expected test empirical risk, the expected
training empirical risk, and the expected generalization error, can be expressed in
terms of the corresponding meta-federated learning algorithm. This observation
enables an extension of the method of gaps, introduced in [30] for the case
of non-federated systems, to the federated setting. As a result, closed-form
expressions for the generalization error of FL systems are obtained in terms of
classical information measures (relative entropy, mutual information [32,33], and
lautum information [34]). In such expressions, a Gibbs probability measure on
the models, which represents a Gibbs algorithm [57], plays a central role. In
particular, the difficulty of computing a client’s generalization error in an FL
system is shown to be decomposed into two separated challenges: (i) quantifying
the dependence of the client’s model selection on the training datasets of all
participating clients via the mutual and lautum information induced by the
meta-federated learning algorithm; and (ii) reliably distinguishing the meta-
federated learning algorithm from a Gibbs algorithm exclusively trained on the
individual training dataset. These challenges unveil exciting connections among
generalization in FL, mismatched hypothesis testing, Shannon’s information
measures and Pythagorean identities for the generalization error.

2 System Model

Consider a federated learning system in which 𝐾 clients collaboratively tune
their local learning algorithms by communicating with a common server. For
all 𝑘 ∈ {1, 2, . . . , 𝐾}, let M𝑘 , X𝑘 and Y𝑘 , with M𝑘 ⊆ R𝑑𝑘 and 𝑑𝑘 ∈ N, be sets of
models, patterns, and labels, respectively, at client 𝑘. The training data available
for client 𝑘 consists of 𝑛𝑘 data points (𝑥𝑘,1, 𝑦𝑘,1), (𝑥𝑘,2, 𝑦𝑘,2), . . ., (𝑥𝑘,𝑛𝑘 , 𝑦𝑘,𝑛𝑘 ),
which are elements of the set Z𝑘 ≜ X𝑘 × Y𝑘 . Such data points form the local
training dataset, denoted by 𝒛𝑘 ∈ Z𝑛𝑘

𝑘 , which can be explicitly written as

𝒛𝑘 ≜
((𝑥𝑘,1, 𝑦𝑘,1), (𝑥𝑘,2, 𝑦𝑘,2), . . . , (𝑥𝑘,𝑛𝑘 , 𝑦𝑘,𝑛𝑘 )) . (1)

Inria



Statistical Federated Learning and Generalization 7

The dataset obtained by the aggregation of all local datasets, denoted by 𝒛0,
satisfies

𝒛0 ≜ (𝒛1, 𝒛2, . . . , 𝒛𝐾 ) ∈ Z𝑛1
1 ×Z𝑛2

2 × . . . ×Z𝑛𝐾
𝑘 (2)

=
((𝑥0,1, 𝑦0,1), (𝑥0,2, 𝑦0,2), . . . , (𝑥0,𝑛0 , 𝑦0,𝑛0 )) . (3)

Hence, the total number of data points, denoted by 𝑛0 ∈ N, satisfies

𝑛0 ≜
𝐾∑︁
𝑘=1

𝑛𝑘 . (4)

Given a model 𝜽 ∈ M𝑘 for client 𝑘, the loss induced by such a model with respect
to a data point (𝑥, 𝑦) ∈ Z𝑘 is ℓ𝑘 (𝑥, 𝑦, 𝜽), where the function

ℓ𝑘 : Z𝑘 ×M𝑘 → [0,+∞), (5)

is referred to as the loss function of client 𝑘. Such a loss function is measurable
with respect to the measurable spaces (Z𝑘 ×M𝑘 ,ℱ𝑘) and ( [0,+∞),ℬ ( [0,+∞))),
where ℱ𝑘 is a given 𝜎-field on Z𝑘 ×M𝑘 and ℬ ( [0,+∞)) is the Borel 𝜎-field on
[0,+∞).

The empirical risk induced by such a model 𝜽 ∈ M𝑘 , with respect to the
dataset 𝒛𝑘 in (1), is determined by the function

L𝑘 :

{
Z𝑛𝑘
𝑘 ×M𝑘 −→ [0,+∞)
(𝒛𝑘 , 𝜽) ↦−→ 1

𝑛𝑘

∑𝑛𝑘
𝑖=1 ℓ𝑘

(
𝑥𝑘,𝑖 , 𝑦𝑘,𝑖 , 𝜽

)
,

(6)

where the function ℓ𝑘 is defined in (5).
The underlying assumption of federated learning is that each client sends to

and receives messages from a server. Such messages, which circulate through
a communication network, help clients to cooperatively search for models. A
typical formulation of a federated learning system consists in distributively
solving the following optimization problem via messages exchanges between the
server and the clients,

min
𝜽∈M

𝐾∑︁
𝑘=1

𝑛𝑘
𝑛0

L𝑘 (𝒛𝑘 , 𝜽) , (7)

where M ≜
𝐾⋂
𝑖=1

M𝑘 is the set of common models. The motivation of clients for

adopting models that are solutions to the problem in (7) becomes evident in the
case in which all agents use the same loss function, i.e., ℓ1 = ℓ2 = . . . = ℓ𝐾 = ℓ.
In such a case, the problem in (7) becomes

min
𝜽∈M

1

𝑛0

𝑛0∑︁
𝑡=1

ℓ
(
𝜽, 𝑥0,𝑡 , 𝑦0,𝑡

)
, (8)
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where the pair
(
𝑥0,𝑡 , 𝑦0,𝑡

)
is a data point in the dataset 𝒛0 in (3). Note such a

dataset 𝒛0 aggregates all local datasets and thus, the solution to (8) can be seen
as a model that minimizes the empirical risk with respect to the aggregation of
all local datasets.

In the following, the communication network is described. Using such a
network, the stochastic description of the federated learning system under study
is presented. Finally, the mathematical formulation of the problem studied in
this work is thoroughly described.

2.1 Communication System
Server and clients engage on a synchronous communication over bidirectional,
noiseless channels with information transmission rate limitations. This commu-
nication consists of 𝑚 communication rounds. In each round, all clients send
a message to the server, which subsequently sends a message to each client.
At the end of these 𝑚 communication rounds, all clients locally choose their
corresponding models. Previous to this communication, a preamble is conducted
to configure both local and global parameters for the clients and the server.

2.1.1 Preamble

The preamble precedes the federated learning process and serves to initialize
the system. During this period, clients acquire reference probability measures,
typically in the form of priors, over the set of models and/or the set of datasets.
Such reference measures may be transmitted by the server or derived locally by
each client using available data, e.g., training datasets.

2.1.2 Communication Protocol

During communication round 𝑡, with 𝑡 ∈ {1, 2, . . . , 𝑚} and 𝑘 ∈ {1, 2, . . . , 𝐾}, the
message received by client 𝑘 from the server and the message sent by client 𝑘 to
the server are denoted by

𝑢𝑘,𝑡 ∈ U𝑘 , and (9)
𝑣𝑘,𝑡 ∈ V𝑘 , (10)

respectively, with U𝑘 and V𝑘 some given finite sets. Communication round 𝑡
starts with all clients sending their corresponding messages 𝑣1,𝑡 , 𝑣2,𝑡 , . . ., 𝑣𝐾,𝑡
to the server. Once all messages have been received by the server, it sends the
messages 𝑢1,𝑡 , 𝑢2,𝑡 , . . ., 𝑢𝐾,𝑡 to the corresponding clients. Using this notation,
Figure 1 depicts the exchange of messages during two communication rounds,
namely 𝑡 − 1 and 𝑡, in the case in which 𝐾 = 2 and 𝑡 > 1.

For all 𝑡 ∈ {1, 2, . . . , 𝑚}, messages 𝑣1,𝑡 , 𝑣2,𝑡 , . . ., 𝑣𝐾,𝑡 and 𝑢1,𝑡 , 𝑢2,𝑡 , . . ., 𝑢𝐾,𝑡
are subject to information transmission rate constraints. More specifically, at
each communication round, at most 𝑅𝑘 ∈ (0,+∞) bits are sent by client 𝑘 to the
server; and at most 𝑅𝑘 ∈ (0,+∞) bits are received by client 𝑘 from the server.
Hence, 𝑅𝑘 and 𝑅𝑘 are the maximum information transmission rates in bits per

Inria
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Client 1 Server Client 2
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n

R
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d
𝑡

𝑣1,𝑡−1
𝑣2,𝑡−1

𝑢1,𝑡−1 𝑢2,𝑡−1

𝑣1,𝑡

𝑣2,𝑡

𝑢1,𝑡 𝑢2,𝑡

Figure 1: Two consecutive communication rounds, namely 𝑡 − 1 and 𝑡, with
𝑡 ∈ {2, 3, . . . , 𝑚}, in the case in which 𝐾 = 2.

communication-round duration. These constraints translate into the following
inequalities, for all 𝑘 ∈ {1, 2, . . . , 𝐾},

|U𝑘 | ⩽ 2𝑅𝑘 and (11)

|V𝑘 | ⩽ 2𝑅𝑘 . (12)

This is due to the fact that for establishing a one-to-one relation between the
elements of the set U𝑘 (respectively V𝑘) and some binary sequences, it requires
having |U𝑘 | (respectively |V𝑘 |) sequences of at least log2 ( |U𝑘 |) bits (respectively
log2 ( |V𝑘 |) bits). This implies that the rate 𝑅𝑘 (respectively 𝑅𝑘) shall be at
least log2 ( |U𝑘 |) (respectively log2 ( |V𝑘 |)) bits per communication round from
the server to client 𝑘 (respectively from client 𝑘 to the server). This justifies the
inequalities (11) and (12). In the following, the uplink and downlink data rates,
𝑅𝑘 and 𝑅𝑘 respectively, are fixed parameters in this analysis.

2.2 Stochastic Modelling

For the ease of notation, all messages sent to the server by the clients during
round 𝑡 are denoted by

𝒗 (𝑡 ) =
(
𝑣1,𝑡 , 𝑣2,𝑡 , . . . , 𝑣𝐾,𝑡

)⊤ ∈ V1 ×V2 × . . . ×V𝐾 ; (13)

RR n° 9599



10 Yaiza Bermudez, Samir M. Perlaza, Iñaki Esnaola and H. Vincent Poor

and all messages sent by client 𝑘 during all previous rounds, including round 𝑡,
are denoted by

𝒗 (𝑡 )𝑘 =
(
𝑣𝑘,1, 𝑣𝑘,2, . . . , 𝑣𝑘,𝑡

)⊤ ∈ V 𝑡
𝑘 . (14)

The messages sent by the server to the clients, during such a communication
round 𝑡, are denoted by

𝒖 (𝑡 ) =
(
𝑢1,𝑡 , 𝑢2,𝑡 , . . . , 𝑢𝐾,𝑡

)⊤ ∈ U1 ×U2 × . . . ×U𝐾 ; (15)

and all the messages sent by the server to client 𝑘 during all previous rounds,
including round 𝑡, are denoted by

𝒖 (𝑡 )
𝑘 =

(
𝑢𝑘,1, 𝑢𝑘,2, . . . , 𝑢𝑘,𝑡

)⊤ ∈ U𝑡
𝑘 . (16)

Note that the tuples in (13) and (14) share the following structure,

(
𝒗 (𝑡 )1 𝒗 (𝑡 )2 · · · 𝒗 (𝑡 )𝐾

)⊤
=



𝑣1,1 𝑣1,2 · · · 𝑣1,𝑡

𝑣2,1 𝑣2,2 · · · 𝑣2,𝑡
...

...
. . .

...

𝑣𝐾,1 𝑣𝐾,2 · · · 𝑣𝐾,𝑡

︸                            ︷︷                            ︸
≜𝒗 (𝑡 ) ∈ (V1×V2×...×V𝐾 ) 𝑡

=
(
𝒗 (1) 𝒗 (2) · · · 𝒗 (𝑡 )

)
. (17)

Similarly, the tuples in (15) and (16) share the following structure,

(
𝒖 (𝑡 )
1 𝒖 (𝑡 )

2 · · · 𝒖 (𝑡 )
𝐾

)⊤
=



𝑢1,1 𝑢1,2 · · · 𝑢1,𝑡

𝑢2,1 𝑢2,2 · · · 𝑢2,𝑡
...

...
. . .

...

𝑢𝐾,1 𝑢𝐾,2 · · · 𝑢𝐾,𝑡

︸                            ︷︷                            ︸
≜𝒖 (𝑡 ) ∈ (U1×U2×...×U𝐾 ) 𝑡

=
(
𝒖 (1) 𝒖 (2) · · · 𝒖 (𝑡 )

)
. (18)

For the ease of notation, let the sets M0, U0, V0, and Z0 be respectively defined
as follows:

M0 ≜ M1 ×M2 × . . . ×M𝐾 ⊂ R𝑑×𝐾 ; (19)
U0 ≜ U1 ×U2 × . . . ×U𝐾 ; (20)
V0 ≜ V1 ×V2 × . . . ×V𝐾 ; (21)
Z0 ≜ Z𝑛1

1 ×Z𝑛2
2 × . . . ×Z𝑛𝐾

𝐾 . (22)

After 𝑚 communication rounds, the model chosen by client 𝑘 is denoted by
𝜽𝑘 ∈ M𝑘 . The tuple containing the models chosen by all clients is denoted by

𝜽 = (𝜽1, 𝜽2, . . . , 𝜽𝐾 ) ∈ M0. (23)

In this analysis, at the end of 𝑚 communication rounds, the dataset, 𝒛0 in (2);
the messages sent and received throughout the communication process, 𝒗 (𝑚)

Inria



Statistical Federated Learning and Generalization 11

in (17) and 𝒖 (𝑚) and (18); and the models chosen by all clients, 𝜽 in (23), are
obtained by sampling the joint probability measure

𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) , 𝒁0
∈ △ (M0 ×U𝑚

0 ×V𝑚
0 ×Z0

)
, (24)

where the sets M0, U0, V0, and Z0 are defined in (19), (20), (21), and (22),
respectively. The joint probability measure in (24) can be factorized as

𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) , 𝒁0
= 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

𝑃𝒁0 , (25)

with,

𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
∈ △ (M0 ×U𝑚

0 ×V𝑚
0 | Z0

)
; and (26)

𝑃𝒁0 ∈ △ (Z0) . (27)

The conditional probability measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
in (26) is a statistical

description of the federated learning system. Alternatively, the probability
measure 𝑃𝒁0 in (27) is a statistical description of the data source.

The analysis continues by highlighting some of the constraints derived from
the federated learning system implementation.

Assumption 1. The model chosen by client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}, is obtained
by sampling a probability measure exclusively conditioned on

• The dataset 𝒛𝑘 in (1);

• The 𝑚 messages sent to the server, 𝒗 (𝑚)
𝑘 in (14); and

• The 𝑚 messages received from the server, 𝒖 (𝑚)
𝑘 in (16).

The conditional probability measure described in Assumption 1 is denoted
by

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

∈ △
(
M𝑘 |U𝑚

𝑘 ×V𝑚
𝑘 ×Z𝑛𝑘

𝑘

)
, (28)

and can be interpreted as the machine learning algorithm used by client 𝑘, whose
inputs are the dataset 𝒛𝑘 in (1); the 𝑚 messages sent to the server, 𝒗 (𝑚)

𝑘 in (14);
and the 𝑚 messages received from the server, 𝒖 (𝑚)

𝑘 in (16).

Assumption 2. The message sent by client 𝑘 to the server at communication
round 𝑡, with 𝑘 ∈ {1, 2, . . . , 𝐾} and 𝑡 ∈ {1, 2, . . . , 𝑚}, is obtained by sampling a
probability measure exclusively conditioned on

• The dataset 𝒛𝑘 in (1);

• The 𝑡 − 1 messages previously sent to the server, 𝒗 (𝑡−1)𝑘 in (14); and

• The 𝑡 − 1 messages previously received from the server, 𝒖 (𝑡−1)
𝑘 in (16).
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12 Yaiza Bermudez, Samir M. Perlaza, Iñaki Esnaola and H. Vincent Poor

The conditional probability measure described in Assumption 2, at commu-
nication round 𝑡, with 𝑡 ∈ {1, 2, . . . , 𝑚}, is denoted by

𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
∈ △

(
V𝑘 |U𝑡−1

𝑘 ×V 𝑡−1
𝑘 ×Z𝑛𝑘

𝑘

)
, (29)

and can be interpreted as a mathematical abstraction of the part of client 𝑘 that
determines the message to be sent to the server during communication round 𝑡.

Assumption 3. The messages sent by the server at communication round 𝑡
to all clients, 𝒖 (𝑡 ) in (15), with 𝑡 ∈ {1, 2, . . . , 𝑚}, are obtained by sampling a
probability measure exclusively conditioned on

• The 𝑡 messages received from each client, 𝒗 (𝑡 ) in (17); and

• The 𝑡 − 1 messages previously sent to the clients, 𝒖 (𝑡−1) in (18).

The conditional probability measure described in Assumption 3, at commu-
nication round 𝑡, with 𝑡 ∈ {1, 2, . . . , 𝑚}, is denoted by

𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 ) ∈ △
(
U0 |U𝑡−1

0 ×V 𝑡
0

)
, (30)

and can be seen as a mathematical abstraction of the server during communication
round 𝑡. This follows by observing that the messages sent to the clients during
communication round 𝑡, 𝒖 (𝑡 ) in (15), are chosen exclusively based on all messages
previously sent to the clients 𝒖 (𝑡−1) ; and on all messages previously received from
the clients, including those of the current communication round, 𝒗 (𝑡 ) in (13),
which is all the data available at the server.

The following lemma puts the above assumptions at play to factorize the
conditional probability measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26).

Lemma 1. Under Assumptions 1, 2, and 3, the joint probability measure
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26) satisfies,

𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
=

(
𝐾∏
𝑘=1

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

)

𝑚∏
𝑡=1

(
𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 )

𝐾∏
𝑘=1

𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘

)
, (31)

where the conditional probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

is defined in (28); the
conditional probability measure 𝑃

𝑉𝑘,𝑡 |𝑼 (𝑡−1)
𝑘

,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
is defined in (29); and the

conditional probability measure 𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 ) is defined in (30).

Proof: The proof is presented in Appendix A.
Essentially, given the 𝑚 exchanged messages, 𝒗 (𝑚) and 𝒖 (𝑚) in (13) and (15);

and the local training dataset 𝒛𝑘 , client 𝑘 chooses its models by sampling the
probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
=𝒖 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘

=𝒗 (𝑚)
𝑘
,𝒁𝑘=𝒛𝑘

∈ △ (M𝑘). The message sent by
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client 𝑘 to the server at communication round 𝑡, 𝑣𝑘,𝑡 in (10), is obtained by sam-
pling the probability measure 𝑃

𝑉𝑘,𝑡 |𝑼 (𝑡−1)
𝑘

=𝒖 (𝑡−1)
𝑘

,𝑽 (𝑡−1)
𝑘

=𝒗 (𝑡−1)
𝑘

,𝒁𝑘=𝒛𝑘
∈ △ (V𝑘). Alter-

natively, the messages sent by the server at communication round 𝑡 to the clients
can be obtained by sampling the probability measure 𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1)=𝒖 (𝑡−1) ,𝑽 (𝑡 )=𝒗 (𝑡 ) ∈
△ (U0). Using these measures, it is possible to establish mathematical repre-
sentations for all objects intervening in the learning process, namely, the data
source, the server, and the clients. See for instance, Figure 2, which describes a
one-shot federated learning, as is often referred to the case in which 𝑚 = 1.
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𝑃𝑉1,1 |𝒁1
𝑃𝚯1 |𝑈1,1 , 𝑉1,1 , 𝒁1

𝒛1
𝑣1,1

𝜽1

𝒗 (1) 𝑃𝑼 (1) |𝑽 (1) 𝒖 (1)

𝑃𝑉2,1 |𝒁2
𝑃𝚯2 |𝑈2,1 , 𝑉2,1 , 𝒁2

𝒛2
𝑣2,1

𝜽2

𝑢1,1

𝑢2,1

Figure 2: System model with 𝐾 = 2 and 𝑚 = 1 (one-shot federated learning).

2.2.1 Model of the Data Source

The data source is modeled by the probability measure 𝑃𝒁0 in (27). That is, the
datasets 𝒛0 = (𝒛1, 𝒛2, . . . , 𝒛𝐾 ) in (2) are obtained by sampling such a measure 𝑃𝒁0 .
The marginal probability measures of 𝑃𝒁0 in △

(
Z𝑛𝑘
𝑘

)
, with 𝑘 ∈ {1, 2, . . . , 𝐾},

are denoted by 𝑃𝒁𝑘 and are defined as follows. For all 𝑘 ∈ {1, 2, . . . , 𝐾} and for
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14 Yaiza Bermudez, Samir M. Perlaza, Iñaki Esnaola and H. Vincent Poor

all measurable sets A ⊂ Z𝑛𝑘
𝑘 ,

𝑃𝒁𝑘 (A) = 𝑃𝒁0

(
𝑘−1∏
𝑖=1

Z𝑛𝑖
𝑖 × A ×

𝐾∏
𝑖=𝑘+1

Z𝑛𝑖
𝑖

)
. (32)

A common assumption on data sources is that they generate independent and
identically distributed datasets. The following definition formalizes these as-
sumptions.

Definition 1 (Independent and Identically Distributed Data Sets). A data
source represented by the probability measure 𝑃𝒁0 in (27) is said to generate
independent datasets if for all measurable sets A = A1 × A2 × . . . × A𝐾 , with
A𝑘 ⊂ Z𝑛𝑘

𝑘 ,

𝑃𝒁0 (A) =
𝐾∏
𝑘=1

𝑃𝒁𝑘 (A𝑘), (33)

where the probability measures 𝑃𝒁1 , . . . , 𝑃𝒁𝐾 are defined in (32). Moreover, such
datasets are said to be identically distributed if

𝑃𝒁1 = 𝑃𝒁2 = . . . = 𝑃𝒁𝐾 . (34)

Another common assumption consists in considering that datasets are formed
by independent datapoints. The following definition formalizes such an assump-
tion.

Definition 2 (Independent and Identically Distributed Data Points). A data
source represented by the probability measure 𝑃𝒁0 in (27) is said to generate
datasets formed by independent and identically distributed data points, if for
all 𝑘 ∈ {1, 2, . . . , 𝐾}, the marginal measure 𝑃𝒁𝑘 in (32) is a product measure
formed by a probability measure 𝑃𝑍𝑘 ∈ △ (Z𝑘). That is, for all measurable sets
A = A1 × . . . × A𝑛𝑘 , with A 𝑗 ⊂ Z𝑘, and 𝑗 ∈ {1, 2, . . . , 𝑛𝑘}, it holds that

𝑃𝒁𝑘 (A) =
𝑛𝑘∏
𝑗=1

𝑃𝑍𝑘 (A 𝑗 ). (35)

2.2.2 Model of the Server

At each communication round, the server is modeled by a conditional probability
measure, from which the messages sent to the clients are sampled. During
communication round 𝑡, with 𝑡 ∈ {1, 2, . . . , 𝑚}, the server is modeled by the
conditional probability measure 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) ,𝑼 (𝑡−1) in (30). The following definitions
introduce the most common assumptions on the server.

Definition 3 (Deterministic servers). A server is said to be deterministic if
there exists a family of functions

𝑔𝑡 :V 𝑡
0 ×U𝑡−1

0 → U0, with 𝑡 ∈ {1, 2, . . . , 𝑚}, (36)

Inria



Statistical Federated Learning and Generalization 15

such that for all 𝒖 (𝑡−1) ∈ U𝑡−1
0 , for all 𝒗 (𝑡 ) ∈ V 𝑡

0 , and for all measurable sets
A ⊆ U0, the conditional probability measure 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) ,𝑼 (𝑡−1) in (30) satisfies

𝑃𝑼 (𝑡 ) |𝑽 (𝑡 )=𝒗 (𝑡 ) ,𝑼 (𝑡−1)=𝒖 (𝑡−1) (A) =
{
1 if 𝑔𝑡 (𝒗 (𝑡 ) , 𝒖 (𝑡−1) ) ∈ A,
0 otherwise.

(37)

Essentially, the messages sent to the clients by a deterministic server are
functions of all messages previously received from the clients, including those
received during the current communication round, as well as, of all messages
previously sent to the clients. That is, the following holds with probability one
(w.r.t. 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 )=𝒗 (𝑡 ) ,𝑼 (𝑡−1)=𝒖 (𝑡−1) in (37), with (𝒗 (𝑡 ) , 𝒖 (𝑡−1) ) ∈ V 𝑡

0 ×U𝑡−1
0 ):

𝒖 (1) = 𝑔1
(
𝒗 (1)

)
and (38)

𝒖 (𝑡 ) = 𝑔𝑡
(
𝒗 (𝑡 ) , 𝒖 (𝑡−1)

)
,with 𝑡 ∈ {2, 3, . . . , 𝑚}. (39)

Definition 4 (Memoryless server). A server is said to be memoryless if for
all 𝑡 ∈ {2, 3, . . . , 𝑚}, the conditional probability measure 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) ,𝑼 (𝑡−1) in (30)
satisfies

𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) ,𝑼 (𝑡−1) = 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) , (40)

for some given conditional probability measures
𝑃𝑼 (1) |𝑽 (1) , 𝑃𝑼 (2) |𝑽 (2) , . . . , 𝑃𝑼 (𝑚) |𝑽 (𝑚) in △ (U0 |V0).
At each communication round 𝑡, with 𝑡 ∈ {1, 2, 3, . . . , 𝑚}, the messages sent

by a memoryless server depend exclusively on the messages received by the
server at the beginning of the current communication round. Servers that are
not memoryless, are said to be servers with memory.

Definition 5 (Time-Invariant server). A server is said to be time-invariant if for
all 𝑡 ∈ {2, 3, . . . , 𝑚}, the conditional probability measure 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) ,𝑼 (𝑡−1) in (30)
satisfies

𝑃𝑼 (1) |𝑽 (1) = 𝑃𝑼 (𝑡 ) |𝑽 (𝑡 ) ,𝑼 (𝑡−1) = 𝑃𝑼 |𝑽 , (41)

for some fixed conditional probability measure 𝑃𝑼 |𝑽 ∈ △ (U0 |V0).
Servers that are time-invariant are also memoryless. Servers that are not

time-invariant are referred to as time-varying servers.

Definition 6 (Uniform server). A server is said to be uniform if, at each
communication round, it sends identical messages to all clients. That is, for all
𝑡 ∈ {1, 2, . . . , 𝑚},

𝑢1,𝑡 = 𝑢2,𝑡 = . . . = 𝑢𝐾,𝑡 , (42)

where 𝑢1,𝑡 , 𝑢2,𝑡 , . . . , 𝑢𝐾,𝑡 are the individual messages sent to the clients during
round 𝑡, as defined in (9).

Uniform servers are also referred to as homogeneous, broadcast, or global
servers. Servers that are not uniform are often called heterogeneous or
personalized servers.
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2.2.3 Model of the Clients

A client is modeled by two objects, namely the machine learning algorithm
and the message generator or messenger. At Client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾},
the former is modeled by the conditional probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (28). The latter is modeled by the measures 𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
in (29), with

𝑡 ∈ {1, 2, . . . , 𝑚}. The following definitions describe the main assumptions on
a client expressed in terms of such a client’s machine learning algorithm and
messenger.

Definition 7 (Deterministic Client). Client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}, is said to
be deterministic if there exists a family of functions

𝑔𝑘,𝑡 : U𝑡−1
𝑘 ×V 𝑡−1

𝑘 ×Z𝑛𝑘
𝑘 → V𝑘 , with 𝑡 ∈ {1, 2, . . . , 𝑚}, (43)

such that for all 𝒖 (𝑡−1)
𝑘 ∈ 𝑼 (𝑡−1)

𝑘 , for all 𝒗 (𝑡−1)𝑘 ∈ 𝑽 (𝑡−1)
𝑘 , for all 𝒛𝑘 ∈

𝒁𝑘, and for all measurable sets B ∈ V𝑘, the conditional probability measure
𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
in (29) satisfies

𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
=𝒖 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

=𝒗 (𝑡−1)
𝑘

,𝒁𝑘=𝒛𝑘
(B) =

{
1 if 𝑔𝑘,𝑡 (𝒖 (𝑡−1)

𝑘 ,𝑽 (𝑡−1)
𝑘 , 𝒛𝑘) ∈ B,

0 otherwise.
(44)

Equation (44) implies, that the messenger is deterministic, i.e. operates
without randomness in the generation of the transmitted messages. A client is
therefore deterministic when its messenger is deterministic.

Definition 8 (Conforming Client). Client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}, is said to
be conforming if

1. the conditional probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (28) satisfies

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

= 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝒁𝑘
, (45)

for some conditional probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝒁𝑘

∈ △
(
M𝑘 |U𝑚

𝑘 ×Z𝑛𝑘
𝑘

)
;

and

2. for all 𝑡 ∈ {1, 2, . . . , 𝑚}, the conditional probability measure 𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
in (29) satisfies

𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
= 𝑃

𝑉𝑘,𝑡 |𝑼 (𝑡−1)
𝑘

,𝒁𝑘
, (46)

for some conditional probability measure 𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝒁𝑘

∈ △
(
V𝑘 |U𝑡−1

𝑘 ×Z𝑛𝑘
𝑘

)
.

Equations (45) and (46) imply, respectively, that the machine-learning algo-
rithm and the messenger are both conforming.
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Conforming algorithms are represented by probability measures conditioned
on the 𝑚 messages received from the server and on the local training dataset.
There is no conditioning on the 𝑚 messages sent to the server. The algorithms are
therefore driven by the server’s guidance. The same principle holds for conforming
messengers. A conforming messenger is represented during communication round
𝑡 by a probability measure that is conditioned on the (𝑡 − 1) messages received
from server and the local dataset. There is no dependence on the (𝑡 − 1)
messages transmitted. By contrast, non-conforming algorithms and messengers
are represented by probability measures conditioned not only on the messages
received and the local training data but also on some of messages they sent to
the server. Hence, model selection reflects both the server’s instructions and
their own prior transmissions.

A special case of conforming clients is referred to as myopic clients.

Definition 9 (Myopic Client). Client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}, is said to be
myopic if it satisfies that

1. the conditional probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (28) satisfies

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

= 𝑃𝚯𝑘 |𝑈𝑘,𝑚 ,𝒁𝑘 , (47)

for some conditional probability measure 𝑃𝚯𝑘 |𝑈𝑘,𝑚 ,𝒁𝑘 ∈ △
(
M𝑘 |U𝑘 ×Z𝑛𝑘

𝑘

)
;

and

2. the conditional probability measure 𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
in (29) satisfies, for

all 𝑡 ∈ {1, 2, . . . , 𝑚},
𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
= 𝑃𝑉𝑘,𝑡 |𝑈𝑘,𝑡 ,𝒁𝑘 , (48)

for some conditional probability measure 𝑃𝑉𝑘,𝑡 |𝑈𝑘,𝑡 ,𝒁𝑘 ∈ △
(
V𝑘 |U𝑘 ×Z𝑛𝑘

𝑘

)
.

Equations (47) and (48) imply, respectively, that the machine-learning al-
gorithm and the messenger are myopic. A myopic client is, by construction,
conforming, whereas the converse does not hold in general. Myopic servers
choose both the messages to be transmitted to the server and the models by
sampling probability measures that are conditioned solely on the last message
received from the server and the local training dataset.

The following definitions describe the main assumptions on the machine
learning algorithm. The most basic classification of algorithms is between
federated algorithms and non-federated algorithms.

Definition 10 (Non-federated Algorithms). The machine learning algorithm
of client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}, is said to be nonfederated if the conditional
probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (28) satisfies

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

= 𝑃𝚯𝑘 |𝒁𝑘 , (49)

for some conditional probability measure 𝑃𝚯𝑘 |𝒁𝑘 ∈ △
(
M𝑘 |Z𝑛𝑘

𝑘

)
.
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Non-federated learning algorithms are represented by probability measures
exclusively conditioned on the local training datasets. That is, regardless of the
messages sent to or received from the server. Alternatively, federated algorithms
choose models by sampling a probability measure that is conditioned on the
local training dataset and some (or all) messages sent to and received from the
server.

A special case of non-federated algorithm is often referred to as Gibbs
algorithms and play a central role in this work. Section 4 thoroughly describes
such algorithms and their fundamental properties.

3 Generalization Error

The key feature of federated learning is that the local model chosen by client
𝑘, 𝜽𝑘 ∈ M𝑘 with 𝑘 ∈ {1, 2, . . . , 𝐾}, is not determined solely by the client’s own
training dataset 𝒛𝑘 ∈ Z𝑛𝑘

𝑘 . Instead, due to the server-mediated communication, it
is fundamentally influenced by the collection of all training datasets 𝒛1, 𝒛2, . . . , 𝒛𝐾
across all clients in the federation. See the factorization in (31). A statistical
description of how clients choose their models depending on the training datasets
of all clients is referred to as the meta-federated learning algorithm (or meta-
algorithm) of client 𝑘.

3.1 Meta-Federated Learning Algorithm

The meta-federated learning algorithm of client 𝑘 consists of the marginal
(conditional) probability measure in △ (M𝑘 | Z0) derived from the (conditional)
probability measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26), which describes the whole federated
learning system. In the following, such a conditional probability measure is
denoted by 𝑃 (𝑚)

𝚯𝑘 |𝒁0
∈ △ (M𝑘 | Z0). The superindex (𝑚) is for highlighting the

number of communication rounds. The following lemma provides an explicit
expression of this conditional probability measure.

Lemma 2. The marginal probability measure in △ (M𝑘 | Z0) of the probability
measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26), denoted 𝑃 (𝑚)
𝚯𝑘 |𝒁0

∈ △ (M𝑘 | Z0), is such that for
all measurable sets A ⊆ M𝑘 and for all 𝒛0 = (𝒛1, 𝒛2, . . . , 𝒛𝐾 ) ∈ Z0,

𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(A) =
∑︁

(𝒖 (𝑚) ,𝒗 (𝑚))∈U𝑚
0 ×V𝑚

0

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘

=𝒖 (𝑚)
𝑘
,𝑽 (𝑚)

𝑘
=𝒗 (𝑚)
𝑘
, 𝒁𝑘=𝒛𝑘

(A), (50)

where the conditional probability measure 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

is in (31). Moreover,

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0 ⩾ 0 and
∑︁

(𝒖 (𝑚) ,𝒗 (𝑚) )∈U𝑚
0 ×V𝑚

0

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0 = 1.

Proof: The proof is presented in Appendix B.
The main observation of Lemma 2 is that the meta-algorithm of client 𝑘,

𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

in (50), is a convex combination of all possible instances of client 𝑘’s
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algorithm 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (31). More specifically, given the local training
dataset 𝒛𝑘 in (1); and the sequence of messages 𝒗 (𝑚) and 𝒖 (𝑚) in (13) and
(15), respectively; an instance of client 𝑘’s algorithm is the probability measure
𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
=𝒖 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘

=𝒗 (𝑚)
𝑘
,𝒁𝑘=𝒛𝑘

∈ △ (M𝑘). Given the aggregated training dataset 𝒛0

in (2), there are at most 2𝑚
∑𝐾
𝑘=1 𝑅𝑘+𝑅𝑘 possible instances, where 𝑅𝑘 and 𝑅𝑘 are

the uplink and downlink information transmission rates of client 𝑘 described
in (11) and (12).The key observation here is that the meta-federated learning
algorithm of client 𝑘 depends on the training datasets of all clients via the weights
𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0 with which the different instances of the algorithm 𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

are combined. Interestingly, such weights are determined by the client’s messenger
and the server. This is clearer from (31) and the following expression

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0≜
𝑚∏
𝑡=1

𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1)=𝒖 (𝑡−1) ,𝑽 (𝑡 )=𝒗 (𝑡 )

(
{𝒖 (𝑡 ) }

)
𝐾∏
𝑗=1

𝑃
𝑉𝑗,𝑡 |𝑼 (𝑡−1)

𝑗 =𝒖 (𝑡−1)
𝑗 ,𝑽 (𝑡−1)

𝑗 =𝒗 (𝑡−1)𝑗 ,𝒁 𝑗=𝒛 𝑗

({𝑣 𝑗 ,𝑡 }) , (51)

which appears also in the proof Lemma 2, in Appendix B, Equation (123).
An additional observation from Lemma 2 is that the probability measure

from which client 𝑘 draws its models, i.e., its meta-algorithm 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

, is
not arbitrary in △ (M𝑘). In fact, the only probability distributions (meta-
algorithms) achievable by client 𝑘 are mixtures of the instances of its algorithm
𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (50). Consequently, the realizable set of meta-algorithms
is a subset of △ (M𝑘). In particular, while a meta-algorithm, induced by the
aggregated training dataset, must lie in this subset, an algorithm trained using
the aggregated dataset may, in principle, range over the entire set △ (M𝑘). More
importantly, if the individual target learning algorithm is not a mixture of
the instances of the local learning algorithm 𝑃𝚯𝑘 |𝑼 (𝑚)

𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

in (50), then it
is not a meta-algorithm and thus not achievable by client 𝑘. This highlights
an important weakness of federated learning that often goes uncommented in
existing literature.

Interestingly, the definition of generalization error in federated learning can
be expressed in terms of such a statistical description, as shown in the remaining
of this section.

3.2 Expected Empirical Risks

In a practical federated setting, the generalization capability of a client-side
learning algorithm is evaluated via testing datasets, which differ from the training
dataset [57]. To formally define the expectation of both local testing and local
training empirical risks, consider the following functionals, for some fixed dataset
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𝒛𝑘 ∈ Z𝑛𝑘
𝑘 and some fixed model 𝜽𝑘 ∈ M𝑘 ,

R𝑘,𝒛𝑘 :

{
△ (M𝑘) −→ [0,+∞)

𝑃 ↦−→
∫
L𝑘 (𝒛𝑘 , 𝜽) d𝑃 (𝜽) (52)

and

R𝑘,𝜽𝑘 :

{
△

(
Z𝑛𝑘
𝑘

)
−→ [0,+∞)

𝑃 ↦−→
∫
L𝑘 (𝒛, 𝜽𝑘) d𝑃 (𝒛) ,

(53)

where the function L𝑘 is defined in (6).
Using this notation, the expected testing and training empirical risks are

defined hereunder.

Definition 11 (Expected Testing and Training Empirical Risks). Consider
the aggregated training datasets 𝒛0 = (𝒛1, 𝒛2, . . . , 𝒛𝐾 ) ∈ Z0 and a testing dataset
𝒛̂𝑘 ∈ Z𝑛𝑘

𝑘 , with 𝑘 ∈ {1, 2, . . . , 𝐾}. In the federated learning system described
by the measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26), the expected training empirical risk at

client 𝑘 is R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
, where the probability measure 𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
is defined

in (50) and the functional R𝑘,𝒛𝑘 is defined in (52). Alternatively, the expected
testing empirical risk at client 𝑘 is R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
.

Consider the conditional probability measure 𝑃 (𝑚)
𝒁0 |𝚯𝑘 ∈ △ (Z0 |M𝑘) to be such

that for all (𝜽𝑘 , 𝒛0) ∈ M𝑘 ×Z0,

d𝑃 (𝑚)
𝒁0 |𝚯𝑘=𝜽𝑘
d𝑃𝒁0

(𝒛0) =
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) , (54)

where the conditional probability measure 𝑃 (𝑚)
𝚯𝑘 |𝒁0

is defined in (50) and the
probability measure 𝑃 (𝑚)

𝚯𝑘
is such that for all measurable sets A ⊆ M𝑘

𝑃 (𝑚)
𝚯𝑘

(A) =
∫

𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(A) d𝑃𝒁0 (𝒛0) . (55)

The existence of the conditional probability measure 𝑃 (𝑚)
𝒁0 |𝚯𝑘 in (54) is guaranteed

by [58, Theorem 11]. Moreover, consider the conditional probability measure

𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ∈ △

(
Z𝑛𝑘
𝑘 |M𝑘

)
, (56)

which is the marginal in △
(
Z𝑛𝑘
𝑘 |M𝑘

)
of the conditional probability measure

𝑃 (𝑚)
𝒁0 |𝚯𝑘 in (54).

The following lemmas, establish a connection between the functionals R𝑘,𝒛𝑘
in (52) and R𝑘,𝜽𝑘 in (53).

Inria



Statistical Federated Learning and Generalization 21

Lemma 3. Assume that for all (𝒛0, 𝜽𝑘) ∈ (Z0 ×M𝑘), the measures 𝑃𝒁0 in (27);
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

in (50); 𝑃 (𝑚)
𝒁0 |𝚯𝑘=𝜽𝑘 in (54); and 𝑃 (𝑚)

𝚯𝑘
in (55), satisfy 𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
≪ 𝑃 (𝑚)

𝚯𝑘

and 𝑃 (𝑚)
𝒁0 |𝚯𝑘=𝜽𝑘 ≪ 𝑃𝒁0 . Then, it follows that
∫

R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) =

∫
R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (57)

where the functionals R𝑘,𝒛𝑘 and R𝑘,𝜽𝑘 are defined in (52) and (53), respectively;
and the conditional probability measure 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘 is defined in (56).

Proof: The proof is presented in Appendix C

Lemma 4. Assume that for all (𝒛0, 𝜽𝑘) ∈ (Z0 ×M𝑘), the measures 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

in
(50); 𝑃 (𝑚)

𝚯𝑘
in (55); 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 in (56); and 𝑃𝒁𝑘 in (32), satisfy 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

≪ 𝑃 (𝑚)
𝚯𝑘

and 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 ≪ 𝑃𝒁𝑘 . Then, it follows that

∬
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘)

=
∫

R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁𝑘 (𝒛𝑘) (58)

=
∫

R𝑘,𝜽𝑘
(
𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (59)

=
∬

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
, (60)

where the functionals R𝑘,𝒛𝑘 and R𝑘,𝜽𝑘 are defined in (52) and (53), respectively;
and the probability measure 𝑃𝒁0 is defined in (27).

Proof: The proof is presented in Appendix D

3.3 Definition of Generalization Error
The generalization error of client 𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}, is the expectation with
respect to the joint probability measure of local models and all clients’ training
datasets of the difference between the local testing and local training empirical
risks. In particular, for client 𝑘, let the meta-algorithm be 𝑃 (𝑚)

𝚯𝑘 |𝒁0
∈ △ (M𝑘 | Z0),

let 𝒛̂𝑘 ∈ (X × Y)𝑛𝑘 be a testing dataset, and 𝒛𝑘 ∈ (X × Y)𝑛𝑘 a training dataset,
where 𝒛𝑘 and 𝒛̂𝑘 are components of 𝒛0 and 𝒛̂0 as in (2). A typical evaluation of
the generalization capability of the instance 𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
consists in the difference

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
− R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
, (61)

where the functionals R𝑘,̂𝒛𝑘 and R𝑘,𝒛𝑘 are defined in (52). In a nutshell, the
evaluation measures the variation of the expected empirical risk induced by
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

when the dataset changes from 𝒛𝑘 (training) to 𝒛̂𝑘 (testing). A small
variation indicates good generalization for client 𝑘. While a small value of (61)
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on specific testing datasets does not guarantee generalization to all datasets, this
is a widely used practical criterion.

The analysis can be deepened under additional assumptions. A common one
and the one adopted here to define the generalization error is that, for each
client 𝑘, training and testing datasets are independently drawn from the same
probability measure. In our federated setting, models are produced conditionally
on the joint dataset 𝒛0 ∼ 𝑃𝒁0 , while the client-𝑘 testing dataset 𝒛̂𝑘 is drawn
independently from the marginal 𝑃𝒁𝑘 .

Definition 12 (Generalization Error). In the federated learning system described
by the measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26), under the assumption that datasets
𝒛0 = (𝒛1, 𝒛2, . . . , 𝒛𝐾 ) ∈ Z0 are obtained by sampling a probability measure 𝑃𝒁0 ∈
△ (Z0), the generalization error at client 𝑘 is

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
≜

∬ (
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)

−R𝑘,𝒛𝑘
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

) )
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) , (62)

where the functionals R𝑘,𝒛𝑘 and R𝑘,̂𝒛𝑘 are defined in (52); the probability measure
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

is defined in (50); and the measure 𝑃𝒁𝑘 is defined in (32).

From Definition 12, it follows that the generalization error is the expectation
of the difference between the expected testing empirical error R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
and the expected training empirical error R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
induced by the meta-

algorithm 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

of client 𝑘 under the assumption that the training dataset
𝒛0 = (𝒛1, 𝒛2, . . . , 𝒛𝐾 ) and the testing dataset 𝒛̂𝑘 are independently sampled from
the measures 𝑃𝒁0 and 𝑃𝒁𝑘 , respectively. Note that this assumption concerns
only the training and testing datasets; it does not require clients’ datasets to be
independent or identically distributed. This definition, while written explicitly
using the meta-algorithm, is identical to the one typically used in federated
learning literature, cf. [37], [44], and [45].

The generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) can also be ex-

pressed in terms of the functional R𝑘,𝜽𝑘 in (53), using Lemma 3 and Lemma 4.

Lemma 5. The generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) satisfies

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∬ (
R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

−R𝑘,𝜽𝑘
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

) )
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (63)
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where the functionals R𝑘,𝜽̂𝑘 and R𝑘,𝜽𝑘 are defined in (53); the probability mea-

sure 𝑃 (𝑚)
𝚯𝑘

∈ △ (M𝑘) is defined in (55); and the conditional probability measure

𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ∈ △

(
Z𝑛𝑘
𝑘 | M𝑘

)
is defined in (56).

Proof: The proof is presented in Appendix E
The expression of the generalization error in (63) is, from a system-

implementation perspective, less intuitive than the form in (62). Nevertheless,
it is pivotal for the conclusions drawn in the following sections. A statistical
intuition for (63) can be obtained as follows. Given the meta algorithm 𝑃 (𝑚)

𝚯𝑘 |𝒁0

in (50); the probability measure 𝑃𝒁0 in (27); and a model 𝜽𝑘 sampled from
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

for some aggregated training dataset 𝒛0, the probability measure

𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 can be interpreted as the posterior of 𝑃𝒁𝑘 ∈ △

(
Z𝑛𝑘
𝑘

)
after the

observation of the model 𝜽𝑘 .

4 Gibbs Measures

4.1 Data-Dependent Gibbs Measures
The Gibbs conditional probability measure used in this work is parametrized
by the empirical risk function L𝑘 ; a 𝜎-finite measure 𝑄𝚯𝑘 ∈ △ (M𝑘); and a
dataset 𝒛𝑘 ∈ Z𝑛𝑘

𝑘 , with 𝑘 ∈ {1, 2, . . . , 𝐾}. In order to define such Gibbs measure
consider the following function:

K𝑘,𝑄𝚯𝑘,𝒛𝑘
:

{
R −→ R

𝑡 ↦−→ log
(∫

exp (𝑡 L𝑘 (𝒛𝑘 , 𝜽𝑘)) d𝑄𝚯𝑘 (𝜽𝑘)
)
.

(64)

Under the assumption that the reference measure 𝑄𝚯𝑘 is a probability measure,
the function K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

in (64) is the cumulant generating function of the random
variable L𝑘 (𝒛𝑘 , 𝜽𝑘), for some fixed dataset 𝒛𝑘 ∈ Z𝑛𝑘

𝑘 , when the model 𝜽𝑘 is
sampled from 𝑄𝚯𝑘 . Using this notation, the definition of Gibbs conditional
probability measures on the models is presented hereunder.

Definition 13. Given the function L𝑘 in (6), with 𝑘 ∈ {1, 2, . . . , 𝐾}; a 𝜎-finite
measure 𝑄𝚯𝑘 ∈ △ (M𝑘); and a 𝜆𝑘 ∈ R \ {0}, the probability measure 𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 ∈

△
(
M𝑘 |Z𝑛𝑘

𝑘

)
is said to be an (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs conditional probability measure

if

∀𝒛𝑘 ∈ S𝑘, K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

)
< +∞; (65)

for some set S𝑘 ⊆ Z𝑛𝑘
𝑘 ; and for all (𝒛𝑘 , 𝜽𝑘) ∈ S𝑘 × supp𝑄𝚯𝑘 ,

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘
d𝑄𝚯𝑘

(𝜽𝑘)=exp
(
− 1

𝜆𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) − K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

))
, (66)

where the function K𝑘,𝑄𝚯𝑘 ,𝒛𝑘
is defined in (64).
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Note that, while 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 in (66) is referred to as a Gibbs conditional

probability measure, the measure 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 , obtained by conditioning upon a

given dataset 𝒛𝑘 ∈ Z𝑛𝑘
𝑘 , is referred to as a Gibbs probability measure.

On another note, the Gibbs probability measure 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 in (66) can be

related to the following optimization problem, under the assumption that 𝜆𝑘 > 0:

min
𝑃∈△𝑄𝚯𝑘

(M𝑘 )
R𝑘,𝒛𝑘 (𝑃) + 𝜆𝑘𝐷

(
𝑃



 𝑄𝚯𝑘

)
, (67)

where the functional R𝑘,𝒛𝑘 is defined in (52). Alternatively, when 𝜆𝑘 < 0, such a
Gibbs probability measure can be related to the following optimization problem:

max
𝑃∈△𝑄𝚯𝑘

(M𝑘 )
R𝑘,𝒛𝑘 (𝑃) + 𝜆𝑘𝐷

(
𝑃



 𝑄𝚯𝑘

)
. (68)

The following lemma shows the connections between the Gibbs probability
measure 𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 in (66) and the optimization problems mentioned above.

Lemma 6. Assume that the optimization problem in (67) (respectively, in (68))
admits a solution. Then, if 𝜆𝑘 > 0 (respectively, if 𝜆𝑘 < 0) the probability measure
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 in (66) is the unique solution.

Proof: The proof is immediate from [35, Lemma 1].
This result has also been reported in a more general context in [59,60]. In

particular, when 𝜆𝑘 > 0, the conditional probability measure 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 in (66)

represents the long-run distribution of a stochastic gradient descent algorithm [61]
that aims to minimize the expected empirical risk. In statistical learning, such a
distribution is often referred to as the Gibbs algorithm [57]. Alternatively, when
𝜆𝑘 < 0, such a conditional measure represents an adversarial algorithm that aims
to maximize the expected empirical risk.

The following lemma introduces a connection between the function K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

in (64) and the optimization problems mentioned above.

Lemma 7. Given an (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs probability measure, denoted by
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 , with 𝒛𝑘 ∈ △

(
Z𝑛𝑘
𝑘

)
, the following holds,

−𝜆𝑘K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

)
= R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝜆𝑘𝐷

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
(69)

= R𝑘,𝒛𝑘
(
𝑄𝚯𝑘

) − 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
, (70)

where the function K𝑘,𝑄𝚯𝑘 ,𝒛𝑘
is defined in (64); and the functional R𝑘,𝒛𝑘 is defined

in (52). Moreover, if 𝜆𝑘 > 0,

−𝜆𝑘K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

)
= min
𝑃∈△𝑄𝚯𝑘

(M𝑘 )
R𝑘,𝒛𝑘 (𝑃) + 𝜆𝑘𝐷

(
𝑃



 𝑄𝚯𝑘

)
. (71)
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Alternatively, if 𝜆𝑘 < 0,

−𝜆𝑘K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

)
= max
𝑃∈△𝑄𝚯𝑘

(M𝑘 )
R𝑘,𝒛𝑘 (𝑃) + 𝜆𝑘𝐷

(
𝑃



 𝑄𝚯𝑘

)
. (72)

Proof: The proof follows immediately from [35, Lemma 2].

4.2 Model-Dependent Gibbs Measures

In this section the conditional Gibbs measure is in △
(
Z𝑛𝑘
𝑘 |M𝑘

)
and is

parametrized by the empirical risk function L𝑘 ; a 𝜎-finite measure 𝑄𝒁𝑘 ∈ △
(
Z𝑛𝑘
𝑘

)
;

and a model 𝜽𝑘 ∈ M𝑘 . Using this notation, consider the following function:

K𝑘,𝑄𝒁𝑘
,𝜽𝑘 :

{
R −→ R

𝑡 ↦−→ log
(∫

exp (𝑡 L𝑘 (𝒛𝑘 , 𝜽𝑘)) d𝑄𝒁𝑘 (𝒛𝑘)
)
.

(73)

Under the assumption that the reference measure𝑄𝒁𝑘 is a probability measure,
the function K𝑘,𝑄𝒁𝑘

,𝜽𝑘 in (73) is the cumulant generating function of the random
variable L𝑘 (𝒛𝑘 , 𝜽𝑘), for some fixed model 𝜽𝑘 ∈ M𝑘 when the dataset 𝒛𝑘 is sampled
from 𝑄𝒁𝑘 . Using this notation, the definition of the Gibbs conditional probability
measures on the datasets is presented hereunder.

Definition 14. Given the empirical risk function L𝑘 in (6) of client 𝑘, with
𝑘 ∈ {1, 2, . . . , 𝐾}; a 𝜎-finite measure 𝑄𝒁𝑘 on △

(
Z𝑛𝑘
𝑘

)
; and a 𝛼𝑘 ∈ R \ {0}, the

probability measure 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 |M𝑘

)
is said to be an (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs

conditional probability measure if

∀𝜽𝑘 ∈ B𝑘, K𝑘,𝑄𝒁𝑘
,𝜽𝑘

(
− 1

𝛼𝑘

)
< +∞; (74)

for some set B𝑘 ⊆ M𝑘; and for all (𝒛𝑘 , 𝜽𝑘) ∈ supp𝑄𝒁𝑘 × B𝑘,

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘) = exp

(
− 1

𝛼𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) − K𝑘,𝑄𝒁𝑘

,𝜽𝑘

(
− 1

𝛼𝑘

))
, (75)

where the function K𝑘,𝑄𝒁𝑘
,𝜽𝑘 is defined in (73).

Note that, while 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

in (75) is referred to as Gibbs conditional proba-

bility measure, the measure 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

, obtained by conditioning upon a given
model 𝜽𝑘 ∈ M𝑘 , is referred to as Gibbs probability measure.

Using this notation, the Gibbs probability measures 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

in (75) can
be related to the following optimization problems, under the assumption that
𝛼𝑘 > 0:
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min
𝑃∈△𝑄𝒁𝑘

(Z𝑛𝑘
𝑘 )

R𝑘,𝜽𝑘 (𝑃) + 𝛼𝑘𝐷
(
𝑃



 𝑄𝒁𝑘

)
, (76)

where the functional R𝑘,𝜽𝑘 is defined in (53). Alternatively, when 𝛼𝑘 < 0, such a
Gibbs probablity measure can be related to the following optimization problem:

max
𝑃∈△𝑄𝒁𝑘

(Z𝑛𝑘
𝑘 )

R𝑘,𝜽𝑘 (𝑃) + 𝛼𝑘𝐷
(
𝑃



 𝑄𝒁𝑘

)
. (77)

The following lemma shows the connections between the Gibbs probability
measure 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘
in (75) and the optimization problems mentioned above.

Lemma 8. Assume that the optimization problem in (76) (respectively, in (77))
admits a solution. Then, if 𝛼𝑘 > 0 (respectively, 𝛼𝑘 < 0), the probability measure
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

in (75) is the unique solution.

Proof: The proof is immediate from [35, Lemma 1].
In particular, when 𝛼𝑘 > 0 and 𝑄𝒁𝑘 is a probability measure, the objective

functional in (76) is the sum of two positive functionals, namely the functional
R𝑘,𝜽𝑘 and a relative entropy. While the former is linear, the latter is strictly
convex. Hence, the objective functional is strictly convex and thus, such an
optimization problem admits a unique minimizer. Alternatively, when 𝛼𝑘 < 0
and 𝑄𝒁𝑘 is a probability measure, the objective functional in (77) is strictly
concave. Thus, this justifies the existence of a unique maximizer.

The following lemma introduces a connection between the function K𝑘,𝑄𝒁𝑘
,𝜽𝑘

in (73) and the optimization problems mentioned above.

Lemma 9. Given an (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs probability measure, denoted by
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

with 𝜽𝑘 ∈ △ (M𝑘), the following holds,

−𝛼𝑘K𝑘,𝑄𝒁𝑘
,𝜽𝑘

(
− 1

𝛼𝑘

)
= R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+𝛼𝑘𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
(78)

= R𝑘,𝜽𝑘
(
𝑄𝒁𝑘

) − 𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
, (79)

where the function K𝑘,𝑄𝒁𝑘
,𝜽𝑘 is defined in (73); and the functional R𝑘,𝜽𝑘 is defined

in (53). Moreover, if 𝛼𝑘 > 0,

−𝛼𝑘K𝑘,𝑄𝒁𝑘
,𝜽𝑘

(
− 1

𝛼𝑘

)
= min
𝑃∈△𝑄𝒁𝑘

(Z𝑛𝑘
𝑘 )

R𝑘,𝜽𝑘 (𝑃) + 𝛼𝑘𝐷
(
𝑃



 𝑄𝒁𝑘

)
. (80)

Alternatively, if 𝛼𝑘 < 0,

−𝛼𝑘K𝑘,𝑄𝒁𝑘
,𝜽𝑘

(
− 1

𝛼𝑘

)
= max
𝑃∈△𝑄𝒁𝑘

(Z𝑛𝑘
𝑘 )

R𝑘,𝜽𝑘 (𝑃) + 𝛼𝑘𝐷
(
𝑃



 𝑄𝒁𝑘

)
. (81)

Proof: The proof follows immediately from [35, Lemma 2].
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5 Method of Gaps

The method of gaps was introduced in [30] to obtain exact expressions for
the generalization error of non-federated machine learning algorithms. The
method consists in two steps, such steps are retained in our analysis for clarity
of presentation. Interestingly, as shown hereunder, the same method applies
to federated learning systems by leveraging the notion of meta-federated learn-
ing introduced above. The key observation is that the generalization error
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) can also be expressed in terms of gaps [30, Sec-

tion IV-A].

5.1 Expected Empirical Risk Gaps

For all 𝑘 ∈ {1, 2, . . . , 𝐾}, the functional R𝑘,𝒛𝑘 in (52), for some fixed dataset 𝒛𝑘 ∈
Z𝑛𝑘
𝑘 ; and those of the variations of the functional R𝑘,𝜽𝑘 in (53), for some fixed

model 𝜽𝑘 ∈ M𝑘 , due to changes in their arguments, are referred to as gaps.
These gaps are studied via the following functionals:

G𝑘 :

{
Z𝑛𝑘
𝑘 × △ (M𝑘) × △ (M𝑘) −→ R

(𝒛𝑘 , 𝑃1, 𝑃2) ↦−→ R𝑘,𝒛𝑘 (𝑃1) − R𝑘,𝒛𝑘 (𝑃2)
, (82)

and

G𝑘 :

{
M𝑘 × △

(
Z𝑛𝑘
𝑘

)
× △

(
Z𝑛𝑘
𝑘

)
−→ R

(𝜽𝑘 , 𝑃1, 𝑃2) ↦−→ R𝑘,𝜽𝑘 (𝑃1) − R𝑘,𝜽𝑘 (𝑃2)
, (83)

where the functionals R𝑘,𝒛𝑘 and R𝑘,𝜽𝑘 are defined in (52) and (53), respectively.
Although both functionals in (82) and (83) are denoted by G𝑘 , there is no
ambiguity as they can be distinguished from their arguments.

The value G𝑘 (𝒛𝑘 , 𝑃1, 𝑃2), with G𝑘 in (82), represents the variation of the
functional R𝑘,𝒛𝑘 in (52), when its argument changes from 𝑃2 to 𝑃1. Such a
value is often referred to as a data-dependent gap as the functional G𝑘 in (82) is
parametrized on a fixed dataset 𝒛𝑘 ∈ Z𝑛𝑘

𝑘 . Conversely, the value G𝑘 (𝜽𝑘 , 𝑃1, 𝑃2),
with G𝑘 in (83), represents the variation of the functional R𝑘,𝜽𝑘 in (53), when
its argument changes from 𝑃2 to 𝑃1. Such a value is often referred to as a
model-dependent gap as the functional G𝑘 in (83) is parametrized on a fixed
model 𝜽𝑘 ∈ M𝑘 . This viewpoint aligns with the perspective of variations of an
expectation due to changes in the probability measure presented in [35].

The following lemmas introduce a closed-form expression for the gap
G𝑘

(
𝒛𝑘 , 𝑃

(𝑚)
𝚯𝑘

, 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
in (88) and the gap G𝑘

(
𝜽𝑘 , 𝑃𝒁𝑘 , 𝑃

(𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
in (89).

Lemma 10. Given an (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs probability measure, denoted by
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 ∈ △ (M𝑘), with 𝒛𝑘 ∈ △

(
Z𝑛𝑘
𝑘

)
. For all 𝑃 ∈ △𝑄𝚯𝑘

(M𝑘),

G𝑘
(
𝒛𝑘 , 𝑃, 𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
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= 𝜆𝑘
(
𝐷

(
𝑃




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝐷

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
−𝐷 (

𝑃


 𝑄𝚯𝑘

) )
. (84)

Proof: The proof follows immediately from [35, Lemma 3]

Lemma 11. Given an (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs probability measure, denoted by
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

∈ △
(
Z𝑛𝑘
𝑘

)
, with 𝜽𝑘 ∈ △ (M𝑘). For all 𝑃 ∈ △𝑄𝒁𝑘

(
Z𝑛𝑘
𝑘

)
,

G𝑘
(
𝜽𝑘 , 𝑃, 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
= 𝛼𝑘

(
𝐷

(
𝑃




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
−𝐷 (

𝑃


 𝑄𝒁𝑘

) )
. (85)

Proof: The proof follows immediately from [35, Lemma 3]
An important observation is that a gap G𝑘 (𝒛𝑘 , 𝑃1, 𝑃2) (or G𝑘 (𝜽𝑘 , 𝑃1, 𝑃2))

is a variation of the expectation of the functions L𝑘 (𝒛𝑘 , ·) : M𝑘 → [0,+∞) (or
L𝑘 (·, 𝜽𝑘) : Z𝑛𝑘

𝑘 → [0,+∞)), with L𝑘 in (6) for some fixed 𝒛𝑘 ∈ Z𝑛𝑘
𝑘 (or 𝜽𝑘 ∈ M𝑘)

due to a change of the probability measure from 𝑃2 to 𝑃1, both in △ (M𝑘)
(or both in △

(
Z𝑛𝑘
𝑘

)
). From this perspective, the following lemmas introduce a

closed-form expression for the gap G𝑘
(
𝒛𝑘 , 𝑃

(𝑚)
𝚯𝑘

, 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
in (88) and the gap

G𝑘
(
𝜽𝑘 , 𝑃𝒁𝑘 , 𝑃

(𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
in (89).

Lemma 12. Consider the probability measures 𝑃1 and 𝑃2 both in △𝑄𝚯𝑘
(M𝑘)

and a dataset 𝒛𝑘 ∈ Z𝑛𝑘
𝑘 , with 𝑘 ∈ {1, 2, . . . , 𝐾}. Then,

G𝑘 (𝒛𝑘 , 𝑃1, 𝑃2) = 𝜆𝑘
(
𝐷

(
𝑃1




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
− 𝐷

(
𝑃2




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)

+𝐷 (
𝑃2



 𝑄𝚯𝑘

)−𝐷 (
𝑃1



 𝑄𝚯𝑘

) )
, (86)

where 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 ∈ △

(
M𝑘 |Z𝑛𝑘

𝑘

)
is the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs conditional probability

measure defined in (66); and the functional G𝑘 is defined in (82).

Proof: The proof is presented in Appendix F.

Lemma 13. Consider the probability measures 𝑃1 and 𝑃2 both in △𝑄𝒁𝑘

(
Z𝑛𝑘
𝑘

)
and a model 𝜽𝑘 ∈ M𝑘, with 𝑘 ∈ {1, 2, . . . , 𝐾}. Then,

G𝑘 (𝜽𝑘 , 𝑃1, 𝑃2) = 𝛼𝑘
(
𝐷

(
𝑃1




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
− 𝐷

(
𝑃2




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

+𝐷 (
𝑃2



 𝑄𝒁𝑘

)−𝐷 (
𝑃1



 𝑄𝒁𝑘

) )
, (87)

where 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 |M𝑘

)
is the (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs conditional probability

measure defined in (75); and the functional G𝑘 is defined in (83).

Proof: The proof is presented in Appendix G.
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5.2 Step One

The step one of the method of gaps consists in writing the generalization error
as the expectation of a gap. The following lemmas can be assimilated to such a
step.

Lemma 14. The generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) satisfies

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
G𝑘

(
𝒛𝑘,𝑃

(𝑚)
𝚯𝑘
,𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0(𝒛0) , (88)

where the probability measure 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

is defined in (50); the probability measure

𝑃 (𝑚)
𝚯𝑘

∈ △ (M𝑘) is defined in (55); and the functional G𝑘 is defined in (82).

Proof: The proof is presented in Appendix H

Lemma 15. The generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) satisfies

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
G𝑘

(
𝜽𝑘,𝑃𝒁𝑘,𝑃

(𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (89)

where the probability measure 𝑃𝒁𝑘 ∈ △
(
Z𝑛𝑘
𝑘

)
is defined in (27); the probability

measure 𝑃 (𝑚)
𝚯𝑘

∈ △ (M𝑘) is defined in (55); the conditional probability measure

𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ∈ △

(
Z𝑛𝑘
𝑘 | M𝑘

)
is defined in (56); and the functional G𝑘 is defined

in (83).

Proof: The proof is presented in Appendix I
Observe that Lemma 14 and Lemma 15 express the generalization error

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) as the expectation of a data-dependent gap

and a model-dependent gap, respectively. The significance of this observation is
that these gaps admit closed-form expressions in terms of information measures
namely, relative entropy.

5.3 Step Two

The step two of the method of gaps consists in leveraging the properties of such
gaps for expressing the expectations mentioned above in terms of information
measures. Using Lemma 12 and Lemma 14 leads to the following expression
for the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62), which can be

assimilated to the step two of the data-dependent method of gaps.

Lemma 16. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62)

and assume that, for all 𝒛0 ∈ Z0, the probability measures 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

in (50)
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and 𝑃 (𝑚)
𝚯𝑘

in (55) are both absolutely continuous with respect to the 𝜎-finite
measure 𝑄𝚯𝑘 in (66). Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
𝜆𝑘

(
𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)

−𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

)
−𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑄𝚯𝑘

) )
d𝑃𝒁0(𝒛0) ,(90)

where 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 ∈ △

(
M𝑘 |Z𝑛𝑘

𝑘

)
is the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs conditional probability

measure defined in (66).

Proof: The proof follows directly from Lemma 12 and Lemma 14.
Similarly, using Lemma 13 and Lemma 15 leads to the following expression

for the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62), which can be

assimilated to the step two of the model-dependent method of gaps.

Lemma 17. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62)

and assume that, for all 𝜽𝑘 ∈ M𝑘, the probability measures 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 in (56)

and 𝑃𝒁𝑘 in (32), are both absolutely continuous with respect to the 𝜎-finite
measure 𝑄𝒁𝑘 in (75). Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
𝛼𝑘

(
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

−𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
−𝐷 (

𝑃𝒁𝑘



 𝑄𝒁𝑘

) )
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) ,(91)

where the probability measure 𝑃 (𝑚)
𝚯𝑘

is defined in (55); and 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 |M𝑘

)
is the (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs conditional probability measure defined in (75).

Proof: The proof follows directly from Lemma 13 and Lemma 15.
Lemma 16 and Lemma 17 are the fundamental results from which data-

dependent and model-dependent expressions are obtained for the generalization
error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62).

The following sections introduce closed-form expressions for the general-
ization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) using the method of gaps. The

expressions for the generalization error derived from (62) are referred to as
data-dependent expressions. Those derived from (63) are referred to as model-
dependent expressions.
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6 Data-dependent Closed-Form Expressions

The exact expressions for the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) presented in this work involve an (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs conditional proba-
bility measure defined in (66).

6.1 The First Closed-Form Expression

The first closed-form expression of G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) involves

a mutual information, a lautum information and a new information measure
parametrized by the same parameters of the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs probability
measure 𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 in (66). Such a new information measure is denoted by

𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘
and satisfies

𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
=
∫

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

−
∫

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0 (𝜽𝑘 , 𝒛0) , (92)

where 𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0 ∈ △ (M𝑘 ×Z0) is a product measure formed by 𝑃𝒁0 in (27)

and 𝑃 (𝑚)
𝚯𝑘

in (55); 𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0 ∈ △ (M𝑘 ×Z0) is the joint probability measure

induced by the conditional measure 𝑃 (𝑚)
𝚯𝑘 |𝒁0

in (50) and 𝑃𝒁0 ; and 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 is

the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs probability measure in (66).
The following theorem consolidates the hypothesis testing nature of the new

information measure introduced in (92).

Theorem 18. Consider a free parameter 𝛾 > 0; the following constants

𝛾 ≜ min
(𝜽𝑘 ,𝒛0 ) ∈M𝑘×Z0

log
©­
«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
and (93)

𝛾 ≜ max
(𝜽𝑘 ,𝒛0 ) ∈M𝑘×Z0

log
©­
«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
; (94)

and the set A𝛾 =



(𝜽𝑘 , 𝒛0) ∈ M𝑘 ×Z0 : log

©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
⩾ 𝛾



, where

the probability measures 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

is defined in (50) and 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 is

the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs conditional probability measure defined in (66).
Then, the value 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
in (92), satisfies

(𝛾 − 𝛾) 𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
) + (

𝛾 − 𝛾
)
𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(
Ac
𝛾

)
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⩾ 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
⩾(

𝛾 − 𝛾
)
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)
+ (𝛾 − 𝛾) 𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0

(A𝛾
)
, (95)

where 𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0 ∈ △ (M𝑘 ×Z0) is a product measure formed by 𝑃𝒁0 in (27) and

𝑃 (𝑚)
𝚯𝑘

in (55); and 𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0 ∈ △ (M𝑘 ×Z0) is the joint probability measure

induced by the conditional measure 𝑃 (𝑚)
𝚯𝑘 |𝒁0

in (50) and 𝑃𝒁0 .

Proof: The proof is presented in Appendix J.
Using mutual information, lautum information and this new information

measure, the first data-dependent closed-form expression of the generalization
error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) is introduced hereunder.

Theorem 19. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) and assume that for all 𝒛0 ∈ Z0, the measures 𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
in (50); 𝑃 (𝑚)

𝚯𝑘

in (55); and 𝑄𝚯𝑘 in (66), satisfy that 𝑃 (𝑚)
𝚯𝑘

≪ 𝑄𝚯𝑘 ≪ 𝑃 (𝑚)
𝚯𝑘

≪ 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

≪ 𝑄𝚯𝑘 .
Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
= 𝜆𝑘

(
𝐼
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
+ 𝐿

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
+ 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

) )
, (96)

where 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
is defined in (92).

Proof: The proof is presented in Appendix K.
In most practical settings, the absolute-continuity assumptions in Theorem 19

are satisfied; exceptions typically arise only in specialized academic construc-
tions [62]. Together, Theorem 18 and Theorem 19 lead to a new bound on the
generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62), which beyond its tight-

ness, reveals the entanglement between the analysis of the generalization error
and the study of mismatched hypothesis tests.

6.2 The Second Closed-Form Expression

The second data-dependent exact expression for the generalization error
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) involves exclusively relative entropies.

Theorem 20. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) and assume that for all 𝒛0 ∈ Z0, 𝑃

(𝑚)
𝚯𝑘 |𝒁0=𝒛0

≪ 𝑄𝚯𝑘 , with 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

in (50) and 𝑄𝚯𝑘 in (66). Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
= 𝜆𝑘

∬ (
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
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−𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

) )
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) , (97)

where 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 ∈ △

(
M𝑘 |Z𝑛𝑘

𝑘

)
is the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs conditional probability

measure defined in (66).

Proof: The proof is presented in Appendix L.

6.3 A Pythagorean Identity of Generalization Error
The following theorem, together with the converse of the Pythagorean the-
orem [63, Book I, Proposition 48] leads to a Pythagorean identity, shown in
Figure 3, which is reminiscent of the information projections studied in [35,64,65].

Theorem 21. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62). Assume that the conditional measure 𝑃 (𝑚)

𝚯𝑘 |𝒁0
in (50); the measure

𝑃 (𝑚)
𝚯𝑘

in (55); and 𝜎-finite measure 𝑄𝚯𝑘 in (66), satisfy for all 𝒛0 ∈ Z0,
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

≪ 𝑃 (𝑚)
𝚯𝑘

≪ 𝑄𝚯𝑘 . Then,

1

𝜆𝑘
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
+

∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁0 (𝒛0)

=
∫

𝐷
(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
d𝑃𝒁𝑘 (̂𝒛𝑘) +

∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁0 (𝒛0) , (98)

where the measure 𝑃𝒁𝑘 is defined in (32) and 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘 is the (L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘)-Gibbs

probability measure in (66).

Proof: The proof is presented in Appendix M.
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√︄∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁0

(𝒛0)

√︄ ∫
𝐷

( 𝑃
(𝑚

)
𝚯
𝑘


 
 
𝑃
(𝑄

𝚯
𝑘
,𝜆
𝑘
)

𝚯
𝑘
|𝒁
𝑘
=
𝒛̂
𝑘

) d
𝑃
𝒁
𝑘
(̂ 𝒛
𝑘
)

√︄
1

𝜆
𝑘 G

𝑘
(
𝑃
𝚯,𝑼 (𝑚)

,𝑽 (𝑚)|𝒁
0 ; 𝑃

𝒁
0

)
+ ∫

𝐷 (
𝑃 (𝑚)𝚯
𝑘 |𝒁

0=𝒛
0




 𝑃 (𝑄
𝚯
𝑘 ,𝜆

𝑘 )𝚯
𝑘 |𝒁

𝑘 =𝒛
𝑘

)
d𝑃

𝒁
0 (𝒛0 )

Figure 3: Geometric interpretation of Theorem 21

7 Model-dependent Closed-Form Expressions

7.1 The First Closed-Form Expression

The first closed-form expression of G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) involves

a mutual information, a lautum information and a new information measure
parametrized by the same parameters of the (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs probability
measure 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘
in (75). Such a new information measure is denoted by

𝐽L𝑘 ,𝑄𝒁𝑘
,𝛼𝑘 and satisfies

𝐽L𝑘 ,𝑄𝒁𝑘
,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
=
∫

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

(𝒛𝑘,𝜽𝑘)

−
∫

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®
¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(𝒛𝑘 , 𝜽𝑘) , (99)
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where 𝑃𝒁𝑘 is the marginal probability measure in △
(
Z𝑛𝑘
𝑘

)
of 𝑃𝒁0 in (27), which

satisfies

𝑃𝒁0 (A) =
∫

𝑃 (𝑚)
𝒁0 |𝚯𝑘=𝜽𝑘 (A) d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (100)

with 𝑃 (𝑚)
𝒁0 |𝚯𝑘=𝜽𝑘 defined in (54); 𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 ×M𝑘

)
is a product measure

formed by 𝑃𝒁𝑘 and 𝑃 (𝑚)
𝚯𝑘

in (55); and 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 ×M𝑘

)
is the joint

probability measure induced by the conditional measure 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 in (56) and 𝑃 (𝑚)

𝚯𝑘
;

and 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

is the (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs probability measure in (75). Note that
the equality in (100) is a consequence of the equality in (54).

Using this notation the following Theorem is introduced and follows along
the same lines as Theorem (18).

Theorem 22. Consider a free parameter 𝛾 > 0; the following constants

𝛾 ≜ min
(𝒛𝑘 ,𝜽𝑘 ) ∈Z𝑛𝑘

𝑘
×M𝑘

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬

and (101)

𝛾 ≜ max
(𝒛𝑘 ,𝜽𝑘 ) ∈Z𝑛𝑘

𝑘
×M𝑘

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
; (102)

and the set A𝛾 =



(𝒛𝑘 , 𝜽𝑘) ∈ Z𝑛𝑘

𝑘 ×M𝑘 : log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
⩾ 𝛾



, where the

probability measure 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 defined in (56) and 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘
is the (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-

Gibbs conditional probability measure defined in (75). Then, the value
𝐽L𝑘 ,𝑄𝒁𝑘

,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
in (99), satisfies

(𝛾 − 𝛾) 𝑃𝒁𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
) + (

𝛾 − 𝛾
)
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

(
Ac
𝛾

)
⩾ 𝐽L𝑘 ,𝑄𝒁𝑘

,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
⩾(

𝛾 − 𝛾
)
𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

(
Ac
𝛾

)
+ (𝛾 − 𝛾) 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
)
, (103)

where 𝑃𝒁𝑘𝑃
(𝑚)
𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 ×M𝑘

)
is a product measure formed by 𝑃𝒁𝑘 in (32) and

𝑃 (𝑚)
𝚯𝑘

in (55); and 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 ×M𝑘

)
is the joint probability measure

induced by the conditional measure 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 in (56) and 𝑃 (𝑚)

𝚯𝑘
.

Proof: The proof is presented in Appendix N.
Using mutual information, lautum information and this new information

measure, the first model-dependent closed-form expression of the generalization
error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) is introduced below.
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Theorem 23. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) and assume that for all 𝜽𝑘 ∈ M𝑘, the measures 𝑃𝒁𝑘 in (32); 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
in (56); and 𝑄𝒁𝑘 in (75); satisfy that 𝑃𝒁𝑘 ≪ 𝑄𝒁𝑘 ≪ 𝑃𝒁𝑘 ≪ 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 ≪ 𝑄𝒁𝑘 .
Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
= 𝛼𝑘

(
𝐼
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘;𝑃

(𝑚)
𝚯𝑘

)
+𝐿

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘;𝑃

(𝑚)
𝚯𝑘

)
+𝐽L𝑘,𝑄𝒁𝑘

,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘;𝑃

(𝑚)
𝚯𝑘

) )
, (104)

where 𝐽L𝑘 ,𝑄𝒁𝑘
,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
is defined in (99).

Proof: The proof is presented in Appendix O.
Together, Theorem 22 and Theorem 23 lead to a new bound on the general-

ization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62).

7.2 The Second Closed-Form Expression

The second model-dependent exact expression for the generalization error
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) involves exclusively relative entropies.

Theorem 24. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) and assume that, for all 𝜽𝑘 ∈ M𝑘, the measures 𝑃𝒁𝑘 in (32); 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
in (56); and 𝑄𝒁𝑘 in (75); satisfy that 𝑃𝒁𝑘 ≪ 𝑄𝒁𝑘 and 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 ≪ 𝑄𝒁𝑘 . Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
= 𝛼𝑘

∬
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
−𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (105)

where the probability measures 𝑃 (𝑚)
𝚯𝑘

is defined in (55) and 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

∈
△

(
Z𝑛𝑘
𝑘 |M𝑘

)
is an (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs conditional probability measure defined in

(75).

Proof: The proof is presented in Appendix P.

7.3 A Pythagorean Identity of Generalization Error

The following theorem, together with the converse of the Pythagorean theo-
rem [63, Book I, Proposition 48] leads to a Pythagorean identity, shown in
Figure 4.
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Theorem 25. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62) and assume that, for all 𝜽𝑘 ∈ M𝑘, the measures 𝑃𝒁𝑘 in (32) ; 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
in (56); and 𝑄𝒁𝑘 in (75); satisfy that 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 ≪ 𝑃𝒁𝑘 ≪ 𝑄𝒁𝑘 . Then,

1

𝛼𝑘
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
+

∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

=
∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)+

∫
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
, (106)

where the measure 𝑃 (𝑚)
𝚯𝑘

is defined in (55) and 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

is the (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-
Gibbs probability measure in (75).

Proof: The proof is presented in Appendix Q

√︄∫
𝐷
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𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

√︄ ∫
𝐷

( 𝑃
𝒁
𝑘
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𝑘
,𝛼
𝑘
)

𝒁
𝑘
|𝚯
𝑘
=
𝜽̂
𝑘

) d
𝑃
(𝑚

)
𝚯
𝑘

( 𝜽̂
𝑘

)

√︄
1

𝛼
𝑘
G
𝑘

(
𝑃
𝚯,𝑼 (𝑚)

,𝑽 (𝑚)|𝒁
0 ; 𝑃

𝒁
0

)
+ ∫

𝐷 (
𝑃 (𝑚)𝒁
𝑘 |𝚯

𝑘 =𝜽
𝑘




 𝑃 (𝑄
𝒁
𝑘 ,𝛼

𝑘 )𝒁
𝑘 |𝚯

𝑘 =𝜽
𝑘

)
d𝑃 (𝑚)𝚯

𝑘 (𝜽
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Figure 4: Geometric interpretation of Theorem 25
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A Proof of Lemma 1

From Bayes’ theorem [66], the joint probability measure 𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) ,𝒁0
in (24)

can be factorized as,

𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
= 𝑃𝚯 |𝑼 (𝑚) ,𝑽 (𝑚) ,𝒁0

𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
(107a)

with,

𝑃𝚯 |𝑼 (𝑚) ,𝑽 (𝑚) ,𝒁0
∈ △ (M0 |U𝑚

0 ×V𝑚
0 ×Z0

)
, and (107b)

𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
∈ △ (U𝑚

0 ×V𝑚
0 | Z0

)
. (107c)

Furthermore, under Assumption 1, the conditional probability measure
𝑃𝚯 |𝑼 (𝑚) ,𝑽 (𝑚) ,𝒁0

in (107b) can be factorized as

𝑃𝚯 |𝑼 (𝑚) ,𝑽 (𝑚) ,𝒁0
=

𝐾∏
𝑘=1

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

(108a)

with, 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘
,𝒁𝑘

defined in (28).
Furthermore, from Bayes’ theorem [66], the joint probability measure

𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
in (107c) can be rewritten as,

𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0
=

𝑚∏
𝑡=1

𝑃𝑼 (𝑡 ) ,𝑽 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡−1) ,𝒁0
(109)

=
𝑚∏
𝑡=1

𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 ) ,𝒁0
𝑃𝑽 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡−1) ,𝒁0

(110)

=
𝑚∏
𝑡=1

(
𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 )

𝐾∏
𝑘=1

𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘

)
. (111)

In the case in which 𝑡 = 1, the notations 𝑃𝑼 (1) ,𝑽 (1) |𝑼 (0) ,𝑽 (0) ,𝒁0
, 𝑃𝑼 (1) |𝑼 (0) ,𝑽 (1) ,𝒁0

,
𝑃𝑽 (1) |𝑼 (0) ,𝑽 (0) ,𝒁0

, 𝑃𝑼 (1) |𝑼 (0) ,𝑽 (1) , and 𝑃
𝑉𝑘,1 |𝑼 (0)

𝑘
,𝑽 (0)
𝑘
,𝒁𝑘

are longhands for the mea-
sures

𝑃𝑼 (1) ,𝑽 (1) |𝒁0
∈ △ (U0 ×V0 |Z0) (112a)

𝑃𝑼 (1) |𝑽 (1) ,𝒁0
∈ △ (U0 |V0 ×Z0) , (112b)

𝑃𝑽 (1) |𝒁0
∈ △ (V0 |Z0) , (112c)

𝑃𝑼 (1) |𝑽 (1) ∈ △ (U0 |V0) and (112d)

𝑃𝑉𝑘,1 |𝒁𝑘 ∈ △
(
V𝑘 |Z𝑛𝑘

𝑘

)
, (112e)

respectively, and for all 𝑡 ∈ {2, 3, . . . , 𝑚},

𝑃𝑼 (𝑡 ) ,𝑽 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡−1) ,𝒁0
∈ △

(
U0 ×V0 |U𝑡−1

0 ×V 𝑡−1
0 ×Z0

)
, (112f)
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𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 ) ,𝒁0
∈ △

(
U0 |U𝑡−1

0 ×V 𝑡
0 ×Z0

)
, (112g)

𝑃𝑽 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡−1) ,𝒁0
∈ △

(
V0 |U𝑡−1

0 ×V 𝑡−1
0 ×Z0

)
. (112h)

The conditional probability measure 𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 ) ,𝒁0
in (110) simplifies to

𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡 ) in (30) under Assumption 3. This is because the server does not
have access to the training datasets 𝒛0 in (2). Similarly, under Assumption 2,
the joint conditional probability 𝑃𝑽 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡−1) ,𝒁0

in (112h) satisfies

𝑃𝑽 (𝑡 ) |𝑼 (𝑡−1) ,𝑽 (𝑡−1) ,𝒁0
=

𝐾∏
𝑘=1

𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
, (113)

with the conditional probability measure 𝑃
𝑉𝑘,𝑡 |𝑼 (𝑡−1)

𝑘
,𝑽 (𝑡−1)
𝑘

,𝒁𝑘
defined in (29). This

completes the proof.

B Proof of Lemma 2

Consider the measurable set A ⊆ M𝑘 , for some 𝑘 ∈ {1, 2, . . . , 𝐾}, and define the
set A ×M−𝑘 ⊆ M0 as follows:

A ×M−𝑘 ≜ M1 × · · · ×M𝑘−1 × A ×M𝑘+1 × · · · ×M𝐾 . (114)

Then, for all 𝒖 (𝑚) ∈ U𝑚
0 , for all 𝒗 (𝑚) ∈ V𝑚

0 and for all 𝒛0 ∈ Z0

𝑃𝚯 |𝑼 (𝑚)=𝒖 (𝑚) ,𝑽 (𝑚)=𝒗 (𝑚) ,𝒁0=𝒛0
(A×M−𝑘)=

𝑘−1∏
𝑡=1

(
𝑃𝚯𝑡 |𝑼 (𝑚)

𝑡 =𝒖 (𝑚)
𝑡 ,𝑽 (𝑚)

𝑡 =𝒗 (𝑚)
𝑡 ,𝒁 𝑡=𝒛𝑡

(M𝑡)
)

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘

=𝒖 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘

=𝒗 (𝑚)
𝑘
,𝒁𝑘=𝒛𝑘

(A)
𝐾∏

𝑡=𝑘+1

(
𝑃𝚯𝑡 |𝑼 (𝑚)

𝑡 =𝒖 (𝑚)
𝑡 ,𝑽 (𝑚)

𝑡 =𝒗 (𝑚)
𝑡 ,𝒁 𝑡=𝒛𝑡

(M𝑡)
)

(115)

= 𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘

=𝒖 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘

=𝒗 (𝑚)
𝑘
,𝒁𝑘=𝒛𝑘

(A) , (116)

where the equality in (115) follows from Assumption 1. Moreover, for all
𝑖 ∈ {1, . . . , 𝐾}, the conditional measure 𝑃𝚯𝑖 |𝑼 (𝑚)

𝑖 ,𝑽 (𝑚)
𝑖 ,𝒁 𝑖

in (31) satisfies, for all

𝒖 (𝑚)
𝑖 ∈ U𝑚

𝑖 , for all 𝒗 (𝑚)
𝑖 ∈ V𝑚

𝑖 and for all 𝒛𝑖 ∈ Z𝑛𝑖
𝑖 ,

𝑃𝚯𝑖 |𝑼 (𝑚)
𝑖 =𝒖 (𝑚)

𝑖 ,𝑽 (𝑚)
𝑖 =𝒗 (𝑚)

𝑖 ,𝒁 𝑖=𝒛𝑖
(M𝑖) = 1, (117)

which justifies (116).
On the other hand, for all 𝒛0 ∈ Z0, it follows that∫

𝑃𝚯 |𝑼 (𝑚)=𝒖 (𝑚) ,𝑽 (𝑚)=𝒗 (𝑚) ,𝒁0=𝒛0
(A×M−𝑘)d𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0=𝒛0

(
𝒖 (𝑚),𝒗 (𝑚)

)

=
∫

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘

=𝒖 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘

=𝒗 (𝑚)
𝑘
,𝒁𝑘=𝒛𝑘

(A) d𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0=𝒛0

(
𝒖 (𝑚) , 𝒗 (𝑚)

)
(118)
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= 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(A) , (119)

where the equality in (118) follows from (116); and the equality in (119) represents
the marginal probability measure in △ (M𝑘 | Z0) of the probability measure
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

in (26).
Finally, given that the sets U0 and V0 are finite, the integral in (118) reduces

to a finite sum,

𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(A)

=
∫

𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘

=𝒖 (𝑚)
𝑘
,𝑽 (𝑚)
𝑘

=𝒗 (𝑚)
𝑘
,𝒁𝑘=𝒛𝑘

(A) d𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0=𝒛0

(
𝒖 (𝑚) , 𝒗 (𝑚)

)
(120)

=
∑︁

(𝒖 (𝑚) ,𝒗 (𝑚))∈U𝑚
0 ×V𝑚

0

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0𝑃𝚯𝑘 |𝑼 (𝑚)
𝑘

=𝒖 (𝑚)
𝑘
,𝑽 (𝑚)

𝑘
=𝒗 (𝑚)
𝑘
, 𝒁𝑘=𝒛𝑘

(A) , (121)

where the coefficients 𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0 satisfy

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0 ≜ 𝑃𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0=𝒛0

({(
𝒖 (𝑚) , 𝒗 (𝑚)

)})
(122)

=
𝑚∏
𝑡=1

𝑃𝑼 (𝑡 ) |𝑼 (𝑡−1)=𝒖 (𝑡−1) ,𝑽 (𝑡 )=𝒗 (𝑡 )

(
{𝒖 (𝑡 ) }

)
𝐾∏
𝑗=1

𝑃
𝑉𝑗,𝑡 |𝑼 (𝑡−1)

𝑗 =𝒖 (𝑡−1)
𝑗 ,𝑽 (𝑡−1)

𝑗 =𝒗 (𝑡−1)𝑗 ,𝒁 𝑗=𝒛 𝑗

({𝑣 𝑗 ,𝑡}) , (123)

where (123) follows from (111). Note that from (122), it follows that
𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0 ⩾ 0; and

∑︁
(𝒖 (𝑚) ,𝒗 (𝑚) )∈U𝑚

0 ×V𝑚
0

𝑎𝒖 (𝑚) ,𝒗 (𝑚) ,𝒛0=1, (124)

which completes the proof.

C Proof of Lemma 3

The proof of (57) is primarily algebraic and starts as follows∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0)

=
∬

L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘) d𝑃𝒁0 (𝒛0) (125)

=
∬

L𝑘 (𝒛𝑘 , 𝜽𝑘)
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0) (126)

=
∬

L𝑘 (𝒛𝑘 , 𝜽𝑘)
d𝑃 (𝑚)

𝒁0 |𝚯𝑘=𝜽𝑘
d𝑃𝒁0

(𝒛0) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0) (127)
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=
∬

L𝑘 (𝒛𝑘 , 𝜽𝑘)
d𝑃 (𝑚)

𝒁0 |𝚯𝑘=𝜽𝑘
d𝑃𝒁0

(𝒛0) d𝑃𝒁0 (𝒛0) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) (128)

=
∬

L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑚)
𝒁0 |𝚯𝑘=𝜽𝑘 (𝒛0) d𝑃

(𝑚)
𝚯𝑘

(𝜽𝑘) (129)

=
∬

L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃

(𝑚)
𝚯𝑘

(𝜽𝑘) (130)

=
∫

R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (131)

where (126) follows from [58, Theorem 2]; (127) follows from [58, Theorem 11];
(128) follows from follows from [67, Theorem 2.6.6]; (129) follows from [58,
Theorem 2]; (130) from the fact that the functional L𝑘 depends exclusively on
𝒛𝑘 (instead of 𝒛0); and (131) follows from the definition of the functional R𝑘,𝜽𝑘
in (53). This completes the proof.

D Proof of Lemma 4

The proof of Lemma 4 is primarily algebraic and proceeds as follows∬
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘)

=
∭

L𝑘 (̂𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘) d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘) (132)

=
∭

L𝑘 (̂𝒛𝑘 , 𝜽𝑘)
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘) (133)

=
∬

L𝑘 (̂𝒛𝑘 , 𝜽𝑘)
∫ d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁𝑘 (̂𝒛𝑘) (134)

=
∬

L𝑘 (̂𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁𝑘 (̂𝒛𝑘) (135)

=
∫

R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁𝑘 (𝒛𝑘) (136)

=
∫

R𝑘,𝜽𝑘
(
𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (137)

where (133) follows from a change of measure [58, Theorem 2]; (134) follows
from [67, Theorem 2.6.6]; (135) follows from [58, Theorem 10]; and (136) follows
from the definition of the functional R𝑘,𝒛𝑘 in (52) and concludes the proof of (58).
The equality in (137) follows from [67, Theorem 2.6.6] and the definition of the
functional R𝑘,𝜽𝑘 in (53). This concludes the proof of (59). The proof continues
from (136) as follows∫

R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁𝑘 (𝒛𝑘)
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=
∬

L𝑘 (̂𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁𝑘 (̂𝒛𝑘) (138)

=
∬

L𝑘
(
𝒛𝑘 , 𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

) ∫ d𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁𝑘 (𝒛𝑘) (139)

=
∭

L𝑘
(
𝒛𝑘 , 𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

) d𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘) d𝑃𝒁𝑘 (𝒛𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) (140)

=
∭

L𝑘
(
𝒛𝑘 , 𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘) (141)

=
∬

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
, (142)

where (139) follows from [58, Theorem 10]; (140) from [67, Theorem 2.6.6]; and
(141) from [58, Theorem 2]. The equality in (142) concludes the proof of (60).

E Proof of Lemma 5
The proof follows from Definition 12, from which it holds that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)

=
∬ (

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
−R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

) )
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) (143)

=
∬

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0)−

∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0(𝒛0) . (144)

The proof focuses on the term
∬

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘) d𝑃𝒁0 (𝒛0) in (144).

From Lemma 4, it follows that∬
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘) d𝑃𝒁0 (𝒛0)

=
∬

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
. (145)

Consider now the term
∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) in (144). From

Lemma 3, it follows that∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) =

∫
R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) . (146)

The proof is completed by using (145) and (146) in (144).

F Proof of Lemma 12
The proof of (86) is primarily algebraic and proceeds by analyzing the KL
divergence 𝐷

(
𝑃1




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
. More precisely,

𝐷
(
𝑃1




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
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=
∫

log
©­«

d𝑃1

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽)ª®¬
d𝑃1 (𝜽) (147)

=
∫

log
©­«

d𝑄𝚯𝑘

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘) d𝑃1
d𝑄𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃1 (𝜽𝑘) (148)

=
∫

log
©­­«
©­«
d𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘
d𝑄𝚯𝑘

(𝜽𝑘)ª®¬
−1

d𝑃1
d𝑄𝚯𝑘

(𝜽𝑘)
ª®®¬
d𝑃1 (𝜽𝑘) (149)

=
∫

− log
©­«
d𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘
d𝑄𝚯𝑘

(𝜽𝑘)ª®¬
+ log

(
d𝑃1
d𝑄𝚯𝑘

(𝜽𝑘)
)
d𝑃1 (𝜽𝑘) (150)

= −
∫

log
©­«
d𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘
d𝑄𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃1 (𝜽𝑘) + 𝐷

(
𝑃1



 𝑄𝚯𝑘

)
(151)

= −
∫ (

− 1

𝜆𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) − K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

))
d𝑃1 (𝜽𝑘) + 𝐷

(
𝑃1



 𝑄𝚯𝑘

)
(152)

=
∫

1

𝜆𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃1 (𝜽𝑘) + K𝑘,𝑄𝚯𝑘 ,𝒛𝑘

(
− 1

𝜆𝑘

)
+ 𝐷 (

𝑃1


 𝑄𝚯𝑘

)
(153)

=
∫

1

𝜆𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃1 (𝜽𝑘) − 1

𝜆𝑘

∫
L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )

𝚯𝑘 |𝒁𝑘=𝒛𝑘 (𝜽𝑘)

−𝐷
(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
+ 𝐷 (

𝑃1


 𝑄𝚯𝑘

)
(154)

=
1

𝜆𝑘

(
R𝑘,𝒛𝑘 (𝑃1)−R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

))
−𝐷

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
+𝐷 (

𝑃1


 𝑄𝚯𝑘

)
(155)

=
1

𝜆𝑘
G𝑘

(
𝒛𝑘 , 𝑃1, 𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
− 𝐷

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
+ 𝐷 (

𝑃1


 𝑄𝚯𝑘

)
, (156)

where equality (148) follows from [58, Theorem 4]; (149) from [58, Theorem 5];
(152) from (66); (154) from Lemma 7; and (156) from (82).

Hence, from the equality in (156), it follows that

G𝑘
(
𝒛𝑘 , 𝑃1, 𝑃

(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
= 𝜆𝑘

(
𝐷

(
𝑃1




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝐷

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
−𝐷 (

𝑃1


 𝑄𝚯𝑘

) )
. (157)

The proof proceeds from the definition of the functional G𝑘 in (82), from which
it holds that

G𝑘 (𝒛𝑘 , 𝑃1, 𝑃2)
= R𝑘,𝒛𝑘 (𝑃1) − R𝑘,𝒛𝑘 (𝑃2) + R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
− R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
(158)

= G𝑘
(
𝒛𝑘,𝑃1,𝑃

(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
−G𝑘

(
𝒛𝑘,𝑃2,𝑃

(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
(159)

= 𝜆𝑘
(
𝐷

(
𝑃1




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+ 𝐷

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
− 𝐷 (

𝑃1


 𝑄𝚯𝑘

) )
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−𝜆𝑘
(
𝐷

(
𝑃2




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+ 𝐷

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
− 𝐷 (

𝑃2


 𝑄𝚯𝑘

) )
(160)

= 𝜆𝑘
(
𝐷

(
𝑃1




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
−𝐷

(
𝑃2




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝐷 (

𝑃2


 𝑄𝚯𝑘

)−𝐷 (
𝑃1



 𝑄𝚯𝑘

) )
,(161)

where the equality in (159) follows from the definition of the functional G𝑘 in
(82); and the equality in (160) follows from (157). This completes the proof.

G Proof of Lemma 13
The proof follows along the same lines as the proof of Lemma 12. It is included
entirely hereunder for the sake of completeness.

The proof of (87) is primarily algebraic and proceeds by analyzing the KL
divergence 𝐷

(
𝑃1




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
. More precisely,

𝐷
(
𝑃1




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

=
∫

log
©­­«

d𝑃1

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃1 (𝒛𝑘) (162)

=
∫

log
©­­«

d𝑄𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘) d𝑃1
d𝑄𝒁𝑘

(𝒛𝑘)
ª®®¬
d𝑃1 (𝒛𝑘) (163)

=
∫

log
©­­«
©­­«
d𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)
ª®®¬

−1
d𝑃1
d𝑄𝒁𝑘

(𝒛𝑘)
ª®®¬
d𝑃1 (𝒛𝑘) (164)

=
∫

− log
©­­«
d𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)
ª®®¬
+ log

(
d𝑃1
d𝑄𝒁𝑘

(𝒛𝑘)
)
d𝑃1 (𝒛𝑘) (165)

= −
∫

log
©­­«
d𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)
ª®®¬
d𝑃1 (𝒛𝑘) + 𝐷

(
𝑃1



 𝑄𝒁𝑘

)
(166)

= −
∫ (

− 1

𝛼𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) − K𝑘,𝑄𝒁𝑘

,𝜽𝑘

(
− 1

𝛼𝑘

))
d𝑃1 (𝒛𝑘) + 𝐷

(
𝑃1



 𝑄𝒁𝑘

)
(167)

= K𝑘,𝑄𝒁𝑘
,𝜽𝑘

(
− 1

𝛼𝑘

)
+

∫
1

𝛼𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃1 (𝒛𝑘) + 𝐷

(
𝑃1



 𝑄𝒁𝑘

)
(168)

= − 1

𝛼𝑘

∫
L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃 (𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘) − 𝐷
(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)

+
∫

1

𝛼𝑘
L𝑘 (𝒛𝑘 , 𝜽𝑘) d𝑃1 (𝒛𝑘) + 𝐷

(
𝑃1



 𝑄𝒁𝑘

)
(169)

=
1

𝛼𝑘

(
R𝑘,𝜽𝑘 (𝑃1)−R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
−𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
+𝐷 (

𝑃1


 𝑄𝒁𝑘

)
(170)
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=
1

𝛼𝑘
G𝑘

(
𝜽𝑘 , 𝑃1, 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
− 𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
+ 𝐷 (

𝑃1


 𝑄𝒁𝑘

)
, (171)

where equality (163) follows from [58, Theorem 4]; (164) from [58, Theorem 5];
(167) from (66); (169) from Lemma 9; and (171) from (82).

Hence, from the equality in (171) it follows that

G𝑘
(
𝜽𝑘 , 𝑃1, 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
= 𝛼𝑘

(
𝐷

(
𝑃1




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
−𝐷 (

𝑃1


 𝑄𝒁𝑘

) )
. (172)

The proof proceeds from the definition of the functional G𝑘 in (83), from which
it holds that

G𝑘 (𝜽𝑘 , 𝑃1, 𝑃2)
= R𝑘,𝜽𝑘 (𝑃1) − R𝑘,𝜽𝑘 (𝑃2) + R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
− R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
(173)

= G𝑘
(
𝜽𝑘 , 𝑃1, 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
− G𝑘

(
𝜽𝑘 , 𝑃2, 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
(174)

= 𝛼𝑘
(
𝐷

(
𝑃1




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+ 𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
− 𝐷 (

𝑃1


 𝑄𝒁𝑘

) )
−𝛼𝑘

(
𝐷

(
𝑃2




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+ 𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
− 𝐷 (

𝑃2


 𝑄𝒁𝑘

) )
(175)

= 𝛼𝑘
(
𝐷

(
𝑃1




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
−𝐷 (

𝑃1


 𝑄𝒁𝑘

)−𝐷 (
𝑃2




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+𝐷 (

𝑃2


 𝑄𝒁𝑘

) )
,(176)

where the equality in (174) follows from the definition of the functional G𝑘 in
(83); and the equality in (175) follows from (172). This completes the proof.

H Proof of Lemma 14
The proof follows from Definition 12, which yields

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∬ (
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
−R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

))
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) (177)

=
∬

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0)−

∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0(𝒛0) . (178)

The proof focuses on the term
∬

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘) d𝑃𝒁0 (𝒛0) in (144).

From Lemma 4, it follows that∬
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘) d𝑃𝒁0 (𝒛0) =

∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁𝑘 (𝒛𝑘) . (179)

Using (179) in (178) yields

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
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=
∫

R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁𝑘 (𝒛𝑘) −

∫
R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) (180)

=
∫

R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘

)
− R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) (181)

=
∫

G𝑘
(
𝒛𝑘 ; 𝑃

(𝑚)
𝚯𝑘

; 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0) , (182)

which completes the proof of (88).

I Proof of Lemma 15

The proof follows along the same lines as the proof of Lemma 14. It is included
entirely hereunder for the sake of completeness.

The proof follows from Lemma 5, which yields

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)

=
∬ (

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
−R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

) )
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (183)

=
∬

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)−

∫
R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) .(184)

The proof focuses on the term
∬

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) in (144).

From Lemma 4, it follows that

∬
R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) =

∫
R𝑘,𝜽𝑘

(
𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) . (185)

Using (185) in (184) yields

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
R𝑘,𝜽𝑘

(
𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) −

∫
R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (186)

=
∫

R𝑘,𝜽𝑘
(
𝑃𝒁𝑘

) − R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (187)

=
∫

G𝑘
(
𝜽𝑘 , 𝑃𝒁𝑘 , 𝑃

(𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (188)

which completes the proof of (89).
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J Proof of Theorem 18

The proof starts by considering the information measure 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
in (92), from which it follows that

𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
=

∫
A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

+
∫
Ac
𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0(𝜽𝑘,𝒛0)

−
∫
A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

−
∫
Ac
𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0(𝜽𝑘,𝒛0) (189)

⩽𝛾𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)
− 𝛾𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0

(A𝛾
)

+ max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
)

− min
(𝜽𝑘,𝒛0) ∈Ac

𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(
Ac
𝛾

)
(190)

=−𝛾𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
) + 𝛾𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0

(
Ac
𝛾

)

+ max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
)

− min
(𝜽𝑘,𝒛0) ∈Ac

𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(
Ac
𝛾

)
(191)

=𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
) ©­«

max
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
− 𝛾ª®¬

+𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(
Ac
𝛾

)©­«
𝛾− min

(𝜽𝑘,𝒛0) ∈A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
ª®¬
, (192)

where the inequality in (190) follows from the definition of the set A𝛾 and the
extrema of the log-likelihood ratio.
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A lower bounds on the information measure 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
in (92)

can also be obtained as follows,

𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
=

∫
A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

+
∫
Ac
𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

−
∫
A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

−
∫
Ac
𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0 (𝜽𝑘 , 𝒛0) (193)

⩾𝛾𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
) − 𝛾𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0

(
Ac
𝛾

)

+ min
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)

− max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(A𝛾
)

(194)

=−𝛾𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)
+ 𝛾𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0

(A𝛾
)

+ min
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)

− max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(A𝛾
)

(195)

=𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

) ©­«
min

(𝜽𝑘 ,𝒛0 ) ∈Ac
𝛾

log
©­
«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
− 𝛾ª®¬

+𝑃 (𝑚)
𝚯𝑘 |𝒁0

𝑃𝒁0

(A𝛾
)©­«
𝛾− max

(𝜽𝑘,𝒛0) ∈A𝛾

log
©­
«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
ª®¬
, (196)

where the equality in (194) follows from the definition of the set A𝛾 and the
extrema of the log-likelihood ratio.

K Proof of Theorem 19
The following lemma is introduced as part of this proof.
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Lemma 26. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62)

and assume that for all 𝒛0 ∈ Z0, the probability measures 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

in (50);
𝑃 (𝑚)
𝚯𝑘

in (55); and the 𝜎-finite measure 𝑄𝚯𝑘 in (66) satisfy 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

≪ 𝑄𝚯𝑘 ≪
𝑃 (𝑚)
𝚯𝑘

≪ 𝑄𝚯𝑘 . Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
= 𝜆𝑘 𝐼

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)

+𝜆𝑘
∫ (

𝐷
(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
−𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

) )
d𝑃𝒁0(𝒛0) , (197)

where the conditional probability measure 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘 ∈ △

(
M𝑘 |Z𝑛𝑘

𝑘

)
is an(

L𝑘 , 𝑄𝚯𝑘 , 𝜆𝑘
)
-Gibbs conditional probability measure.

Proof:
From lemma 16, it follows that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
𝜆𝑘

(
𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)

−𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

)
−𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑄𝚯𝑘

) )
d𝑃𝒁0(𝒛0) .(198)

The proof proceeds by focusing on the expression
∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

)
−

𝐷
(
𝑃 (𝑚)
𝚯𝑘




 𝑄𝚯𝑘

)
d𝑃𝒁0 (𝒛0), from which it holds that

∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

)
− 𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑄𝚯𝑘

)
d𝑃𝒁0 (𝒛0)

=
∫

𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

)
d𝑃𝒁0 (𝒛0) − 𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑄𝚯𝑘

)
(199)

=
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘) d𝑃𝒁0 (𝒛0)

−
∫

log
©­«
d𝑃 (𝑚)

𝚯𝑘

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) (200)

=
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘) d𝑃𝒁0 (𝒛0)

−
∫

log
©­
«
d𝑃 (𝑚)

𝚯𝑘

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

©­«
∫ d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (201)

=
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘) d𝑃𝒁0 (𝒛0)
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−
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0) (202)

=
∬ ©­«

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

−log©­«
d𝑃 (𝑚)

𝚯𝑘

d𝑄𝚯𝑘
(𝜽𝑘)ª®¬

ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘)d𝑃𝒁0(𝒛0) (203)

=
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑄𝚯𝑘
(𝜽𝑘)

d𝑄𝚯𝑘

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘) d𝑃𝒁0 (𝒛0) (204)

=
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘) d𝑃𝒁0 (𝒛0) (205)

= 𝐼
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

; 𝑃𝒁0

)
, (206)

where the equality in (201) follows from [58, Theorem 10]; (202) follows from [67,
Theorem 2.6.6]; (203) follows from a change of measure [58, Theorem 2]; (204)
follows from [58, Theorem 5]; and (205) follows from [58, Theorem 4]. This
completes the proof.

The proof proceeds by focusing on the term
∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁0 (𝒛0)

in (197), from which it follows that

∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁0 (𝒛0)

=
∬

log
©­«

d𝑃 (𝑚)
𝚯𝑘

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)d𝑃𝒁0(𝒛0) (207)

=
∬

log
©­«

d𝑃 (𝑚)
𝚯𝑘

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) d𝑃𝒁0 (𝒛0) (208)

=
∬

log
©­«

d𝑃 (𝑚)
𝚯𝑘

d𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) d𝑃𝒁0 (𝒛0)

+
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) d𝑃𝒁0 (𝒛0) (209)

=
∫

𝐷
(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁0 (𝒛0)

+
∬

log
©­
«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)d𝑃𝒁0(𝒛0) (210)

= 𝐿
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

;𝑃𝒁0

)
+
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)d𝑃𝒁0(𝒛0) , (211)
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where the equality in (209) follows from [58, Theorem 8].
From Lemma 26, by using (211) in (197), it holds that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)

= 𝜆𝑘 𝐼
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
+ 𝜆𝑘

(
𝐿

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

; 𝑃𝒁0

)

+
∬

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) d𝑃𝒁0 (𝒛0)

−
∫

𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁0 (𝒛0)

)
(212)

= 𝜆𝑘
(
𝐼
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
+ 𝐿

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
+ 𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

) )
, (213)

where (213) follows from the definition of the information measure
𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)
in (92). This completes the proof.

L Proof of Theorem 20
From the definition of the generalization error in (62), it follows that,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∬
R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
−R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) . (214)

The proof proceeds by focusing on R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
− R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
, from

which it follows that

R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
− R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
= G𝑘

(̂
𝒛𝑘 , 𝑃

(𝑚)
𝚯𝑘 |𝒁0=𝒛0

, 𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
+ R𝑘,̂𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
−G𝑘

(
𝒛𝑘,𝑃

(𝑚)
𝚯𝑘 |𝒁0=𝒛0

,𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
−R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
(215)

= R𝑘,̂𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
− R𝑘,̂𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
+ R𝑘,̂𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
−R𝑘,𝒛𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0

)
+R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
−R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
(216)

= R𝑘,̂𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
− R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)

+𝜆𝑘
(
𝐷

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘




 𝑄𝚯𝑘

)
+𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
−𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

) )

−𝜆𝑘
(
𝐷

(
𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
+𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
−𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑄𝚯𝑘

) )
(217)

RR n° 9599



58 Yaiza Bermudez, Samir M. Perlaza, Iñaki Esnaola and H. Vincent Poor

= R𝑘,̂𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
+ 𝜆𝑘𝐷

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘




 𝑄𝚯𝑘

)
−R𝑘,𝒛𝑘

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
− 𝜆𝑘𝐷

(
𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘




 𝑄𝚯𝑘

)
+𝜆𝑘

(
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
− 𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

))
(218)

= R𝑘,̂𝒛𝑘
(
𝑄𝚯𝑘

) + 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
− R𝑘,𝒛𝑘

(
𝑄𝚯𝑘

) + 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
+𝜆𝑘

(
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
− 𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

))
, (219)

where the equality in (217) follows from Lemma 12; and the equality in (219)
follows from Lemma 7. By plugging (219) into (214) it follows that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∬
R𝑘,̂𝒛𝑘

(
𝑄𝚯𝑘

) + 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
−R𝑘,𝒛𝑘

(
𝑄𝚯𝑘

) + 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)

+𝜆𝑘
(
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)

−𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

) )
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) (220)

=
∬

R𝑘,̂𝒛𝑘
(
𝑄𝚯𝑘

) + 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
d𝑃𝒁𝑘 (̂𝒛𝑘) d𝑃𝒁0 (𝒛0)

−
∬

R𝑘,𝒛𝑘
(
𝑄𝚯𝑘

) + 𝜆𝑘𝐷 (
𝑄𝚯𝑘




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁𝑘 (̂𝒛𝑘) d𝑃𝒁0 (𝒛0)

+
∬

𝜆𝑘

(
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)

−𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

) )
d𝑃𝒁𝑘 (̂𝒛𝑘)d𝑃𝒁0(𝒛0) (221)

= 𝜆𝑘

∬ (
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)

−𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

) )
d𝑃𝒁𝑘 (𝒛𝑘)d𝑃𝒁0(𝒛0) . (222)

This completes the proof.

M Proof of Theorem 21

From Theorem 20, it holds that

∬
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
d𝑃𝒁𝑘 (𝒛𝑘) d𝑃𝒁0 (𝒛0)

Inria



Statistical Federated Learning and Generalization 59

=
1

𝜆𝑘
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

;𝑃𝒁0

)
+
∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁0(𝒛0) . (223)

Moreover, the term on the left side of the equality in (223) can be expressed
as follows

∬
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘)

=
∭

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘)d𝑃𝒁0(𝒛0)d𝑃𝒁𝑘 (̂𝒛𝑘) (224)

=
∭

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘𝑘

(𝜽𝑘)
d𝑃 (𝑚)

𝚯𝑘

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘)d𝑃𝒁0(𝒛0)d𝑃𝒁𝑘 (̂𝒛𝑘) (225)

=
∭

log
©­«

d𝑃 (𝑚)
𝚯𝑘

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘) d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘)

+
∭

log
©­«
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0
(𝜽𝑘) d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘) (226)

=
∭

log
©­«

d𝑃 (𝑚)
𝚯𝑘

d𝑃
(𝑄𝚯𝑘 ,𝜆𝑘 )
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

(𝜽𝑘)ª®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) d𝑃𝒁0 (𝒛0) d𝑃𝒁𝑘 (̂𝒛𝑘)

+
∫

𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁0 (𝒛0) (227)

=
∬

log
©­«

d𝑃 (𝑚)
𝚯𝑘

d𝑃
(𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

(𝜽𝑘)ª®¬
©­
«
∫ d𝑃 (𝑚)

𝚯𝑘 |𝒁0=𝒛0

d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)d𝑃𝒁0(𝒛0)ª®¬
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)d𝑃𝒁𝑘 (̂𝒛𝑘)

+
∫

𝐷
(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁0 (𝒛0) (228)

=
∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
d𝑃𝒁𝑘 (̂𝒛𝑘)+

∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁0(𝒛0) , (229)

where (225) follows from [58, Theorem 3]; (226) follows from [58, Theorem 4];
(227) follows from [58, Theorem 2]; and (228) follows from [67, Theorem 2.6.6]
and [58, Theorem 10].

Using (229) in (223) yields∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛̂𝑘

)
d𝑃𝒁𝑘 (̂𝒛𝑘)+

∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑚)
𝚯𝑘

)
d𝑃𝒁0(𝒛0)

=
1

𝜆𝑘
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

;𝑃𝒁0

)
+
∫
𝐷

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0=𝒛0




 𝑃 (𝑄𝚯𝑘,𝜆𝑘)
𝚯𝑘 |𝒁𝑘=𝒛𝑘

)
d𝑃𝒁0(𝒛0) , (230)

which completes the proof.
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N Proof of Theorem 22

The proof follows along the same lines as the proof of Theorem 18. It is included
entirely hereunder for the sake of completeness.

The proof starts by considering 𝐽L𝑘 ,𝑄𝒁𝑘
,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
in (99), from which

it follows that

𝐽L𝑘 ,𝑄𝒁𝑘
,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)

=
∫
A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

(𝒛𝑘 , 𝜽𝑘)

+
∫
Ac
𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

(𝒛𝑘 , 𝜽𝑘)

−
∫
A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(𝒛𝑘 , 𝜽𝑘)

−
∫
Ac
𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(𝒛𝑘 , 𝜽𝑘) (231)

⩽𝛾𝑃𝒁𝑘𝑃
(𝑚)
𝚯𝑘

(
Ac
𝛾

)
− 𝛾𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
)

+ max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­­
«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®
¬
𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

(A𝛾
)

− min
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®
¬
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

(
Ac
𝛾

)
(232)

=−𝛾𝑃𝒁𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
) + 𝛾𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(
Ac
𝛾

)

+ max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
𝑃𝒁𝑘𝑃

(𝑚)
𝚯𝑘

(A𝛾
)

− min
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­­
«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

(
Ac
𝛾

)
(233)

=𝑃𝒁𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
) ©­­
«

max
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­­
«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
− 𝛾

ª®®¬
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+𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

(
Ac
𝛾

) ©­­«
𝛾 − min

(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
ª®®¬
, (234)

where the inequality in (232) follows from the definition of the set A𝛾 and the
extrema of the log-likelihood ratio.

A lower bounds on the information measure 𝐽L𝑘 ,𝑄𝒁𝑘
,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
in (99)

can also be obtained as follows,

𝐽L𝑘 ,𝑄𝚯𝑘 ,𝜆𝑘

(
𝑃 (𝑚)
𝚯𝑘 |𝒁0

; 𝑃𝒁0

)

=
∫
A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

+
∫
Ac
𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝚯𝑘
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

−
∫
A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0 (𝜽𝑘 , 𝒛0)

−
∫
Ac
𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝚯𝑘 |𝒁0
𝑃𝒁0 (𝜽𝑘 , 𝒛0) (235)

⩾𝛾𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(A𝛾
) − 𝛾𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(
Ac
𝛾

)

+ min
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®
¬
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)

− max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

(A𝛾
)

(236)

=−𝛾𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)
+ 𝛾𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
)

+ min
(𝜽𝑘 ,𝒛0 ) ∈Ac

𝛾

log
©­­
«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

)

− max
(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘𝑃

(𝑚)
𝚯𝑘

(A𝛾
)

(237)
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=𝑃 (𝑚)
𝚯𝑘

𝑃𝒁0

(
Ac
𝛾

) ©­­«
min

(𝜽𝑘 ,𝒛0 ) ∈Ac
𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
− 𝛾

ª®®¬
+𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘𝑃
(𝑚)
𝚯𝑘

(A𝛾
) ©­­«
𝛾 − max

(𝜽𝑘 ,𝒛0 ) ∈A𝛾

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
ª®®¬
, (238)

where the equality in (236) follows from the definition of the set A𝛾 and the
extrema of the log-likelihood ratio.

O Proof of Theorem 23

The proof follows along the same lines as the proof of Theorem 19. It is included
entirely hereunder for the sake of completeness.

The following lemma is introduced as part of this proof.

Lemma 27. Consider the generalization error G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
in (62)

and assume that for all 𝜽𝑘 ∈ M𝑘, the probability measures 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 in (56);

𝑃𝒁𝑘 in (32); and the 𝜎-finite measure 𝑄𝒁𝑘 in (75) satisfy 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 ≪ 𝑄𝒁𝑘 ≪

𝑃𝒁𝑘 ≪ 𝑄𝒁𝑘 . Then,

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
= 𝛼𝑘 𝐼

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
+𝛼𝑘

∫ (
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
−𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (239)

where the conditional probability measure 𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘

∈ △
(
Z𝑛𝑘
𝑘 |M𝑘

)
is

an (L𝑘 , 𝑄𝒁𝑘 , 𝛼𝑘)-Gibbs conditional probability measure; and the probability
measures 𝑃 (𝑚)

𝚯𝑘
is defined in (55).

Proof: From lemma 17 it follows that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∫
𝛼𝑘

(
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

−𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
−𝐷 (

𝑃𝒁𝑘



 𝑄𝒁𝑘

) )
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) .(240)

The proof proceeds by focusing on the expression
∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
−

𝐷
(
𝑃𝒁𝑘



 𝑄𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘), from which it holds that

∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
− 𝐷 (

𝑃𝒁𝑘



 𝑄𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)
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=
∫

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) − 𝐷

(
𝑃𝒁𝑘



 𝑄𝒁𝑘

)
(241)

=
∬

log
©­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘) (242)

−
∫

log

(
d𝑃𝒁𝑘

d𝑄𝒁𝑘

(𝒛𝑘)
)
d𝑃𝒁𝑘 (𝒛𝑘)

=
∬

log
©­
«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘)

−
∫

log

(
d𝑃𝒁𝑘

d𝑄𝒁𝑘

(𝒛𝑘)
) ©­«

∫ d𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃𝒁𝑘 (𝒛𝑘) (243)

=
∬

log
©­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘)

−
∬

log

(
d𝑃𝒁𝑘

d𝑄𝒁𝑘

(𝒛𝑘)
) d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘) d𝑃𝒁𝑘 (𝒛𝑘) d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘) (244)

=
∬ ©­«

log
©­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)ª®¬
−log

(
d𝑃𝒁𝑘

d𝑄𝒁𝑘

(𝒛𝑘)
)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘)d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘) (245)

=
∬

log
©­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑄𝒁𝑘

(𝒛𝑘)
d𝑄𝒁𝑘

d𝑃𝒁𝑘

(𝒛𝑘)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘) (246)

=
∬

log
©­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘) (247)

= 𝐼
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
, (248)

where the equality (243) follows from [58, Theorem 10]; (244) follows from [67,
Theorem 2.6.6]; (245) follows from a change of measure [58, Theorem 2]; (246)
follows from [58, Theorem 5]; and (247) follows from [58, Theorem 4]. This
completes the proof.

The proof proceeds by focusing on
∫
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) in (239),

from which it follows that,

∫
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

=
∬

log
©­­
«

d𝑃𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃𝒁𝑘 (𝒛𝑘)d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (249)
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=
∬

log
©­­«

d𝑃𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
(𝒛𝑘)

ª®®¬
d𝑃𝒁𝑘 (𝒛𝑘) d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (250)

=
∬

log
©­«

d𝑃𝒁𝑘

d𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)ª®¬
(𝒛𝑘) d𝑃𝒁𝑘 (𝒛𝑘) d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

+
∬

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃𝒁𝑘 (𝒛𝑘)d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (251)

=
∫

𝐷
(
𝑃𝒁𝑘




 𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (252)

+
∬

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®
¬
d𝑃𝒁𝑘 (𝒛𝑘) d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

= 𝐿
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘;𝑃

(𝑚)
𝚯𝑘

)
+
∬

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®¬
d𝑃𝒁𝑘 (𝒛𝑘)d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (253)

where the equality in (251) follows from [58, Theorem 8].
From Lemma 27, by using (253) in (239), it holds that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)

= 𝛼𝑘 𝐼
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
+ 𝛼𝑘

(
𝐿

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)

+
∬

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

(𝒛𝑘)
ª®®
¬
d𝑃𝒁𝑘 (𝒛𝑘) d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (254)

−
∫

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

)
(255)

= 𝛼𝑘
(
𝐼
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘;𝑃

(𝑚)
𝚯𝑘

)
+𝐿

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘;𝑃

(𝑚)
𝚯𝑘

)
+𝐽L𝑘,𝑄𝒁𝑘

,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘;𝑃

(𝑚)
𝚯𝑘

) )
, (256)

where (256) follows from the definition of the information measure
𝐽L𝑘 ,𝑄𝒁𝑘

,𝛼𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘 ; 𝑃

(𝑚)
𝚯𝑘

)
in (99). This completes the proof.

P Proof of Theorem 24
The proof follows along the same lines as the proof of Theorem 20. It is included
entirely hereunder for the sake of completeness.

From lemma 5, it holds that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
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=
∬ (

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
−R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

) )
d𝑃𝚯𝑘

(
𝜽̂𝑘

)
d𝑃𝚯𝑘 (𝜽𝑘) . (257)

The proof proceeds by focusing on R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
−R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
, from

which it follows that

R𝑘,𝜽̂𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
− R𝑘,𝜽𝑘

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
= R𝑘,𝜽̂𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
− G𝑘

(
𝜽̂𝑘 , 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘
, 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+G𝑘

(
𝜽𝑘 , 𝑃

(𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘
, 𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
− R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
(258)

= R𝑘,𝜽̂𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
− R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

−𝛼𝑘
(
− 𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
+ 𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)

−𝐷
(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘




 𝑄𝒁𝑘

) )
+ 𝛼𝑘

(
− 𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)

+𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

)
−𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

) )
(259)

= R𝑘,𝜽̂𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
+ 𝛼𝑘𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘




 𝑄𝒁𝑘

)
−

(
R𝑘,𝜽𝑘

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
+ 𝛼𝑘𝐷

(
𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑄𝒁𝑘

))
+𝛼𝑘

(
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
− 𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
(260)

= R𝑘,𝜽̂𝑘
(
𝑄𝒁𝑘

)−𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
−

(
R𝑘,𝜽𝑘

(
𝑄𝒁𝑘

)−𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
+𝛼𝑘

(
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
− 𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
, (261)

where the equality in (259) follows from Lemma 13; and the equality in (261)
follows from Lemma 9. By plugging (261) into (257), it follows that

G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

; 𝑃𝒁0

)
=

∬
R𝑘,𝜽̂𝑘

(
𝑄𝒁𝑘

) − 𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)

−
(
R𝑘,𝜽𝑘

(
𝑄𝒁𝑘

)−𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
+𝛼𝑘

(
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)

−𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

) )
d𝑃𝚯𝑘

(
𝜽̂𝑘

)
d𝑃𝚯𝑘 (𝜽𝑘) (262)

=
∬

R𝑘,𝜽̂𝑘
(
𝑄𝒁𝑘

) − 𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
d𝑃𝚯𝑘

(
𝜽̂𝑘

)
d𝑃𝚯𝑘 (𝜽𝑘)
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−
∬ (

R𝑘,𝜽𝑘
(
𝑄𝒁𝑘

) − 𝛼𝑘𝐷 (
𝑄𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

))
d𝑃𝚯𝑘

(
𝜽̂𝑘

)
d𝑃𝚯𝑘 (𝜽𝑘)

+
∬

𝛼𝑘

(
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)

−𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

) )
d𝑃𝚯𝑘

(
𝜽̂𝑘

)
d𝑃𝚯𝑘 (𝜽𝑘) (263)

=
∬

𝛼𝑘

(
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)

−𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽𝑘

) )
d𝑃𝚯𝑘

(
𝜽̂𝑘

)
d𝑃𝚯𝑘 (𝜽𝑘) . (264)

This completes the proof.

Q Proof of Theorem 25

The proof follows along the same lines as the proof of Theorem 21. It is included
entirely hereunder for the sake of completeness.

From Theorem 24, it holds that
∬

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

=
1

𝛼𝑘
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

;𝑃𝒁0

)
+
∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) . (265)

Moreover, the term on the left of the equality in (265) can be expressed as
follows∬

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

=
∭

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

(𝒛𝑘)
ª®®
¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘)d𝑃
(𝑚)
𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (266)

=
∭

log
©­­
«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

(𝒛𝑘)
d𝑃𝒁𝑘

d𝑃𝒁𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘)d𝑃
(𝑚)
𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (267)

=
∭

log
©­­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘)
d𝑃𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘)d𝑃
(𝑚)
𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)(268)

=
∬

log
©­«
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘)ª®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(𝜽𝑘)
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+
∭

log
©­­«

d𝑃𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘 )
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘 (𝒛𝑘) d𝑃
(𝑚)
𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (269)

=
∫

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

+
∭

log
©­­«

d𝑃𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

(𝒛𝑘)
ª®®¬
d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘)d𝑃𝒁𝑘 (𝒛𝑘)d𝑃 (𝑚)
𝚯𝑘

(
𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) (270)

=
∫

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)

+
∬

log
©­­«

d𝑃𝒁𝑘

d𝑃
(𝑄𝒁𝑘

,𝛼𝑘)
𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

(𝒛𝑘)
ª®®¬
©­«
∫ d𝑃 (𝑚)

𝒁𝑘 |𝚯𝑘=𝜽𝑘
d𝑃𝒁𝑘

(𝒛𝑘)d𝑃 (𝑚)
𝚯𝑘

(𝜽𝑘)ª®¬
d𝑃𝒁𝑘 (𝒛𝑘)d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
(271)

=
∫

𝐷
(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) +

∫
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘 )

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)
, (272)

where (267) follows from [58, Theorem 3]; in (268) follows from [58, Theorem 4];
(270) follows from [58, Theorem 2]; and (272) follows from [67, Theorem 2.6.6]
and [58, Theorem 10].

Using (272) in (265) yields∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃𝒁𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘)+

∫
𝐷

(
𝑃𝒁𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽̂𝑘

)
d𝑃 (𝑚)

𝚯𝑘

(
𝜽̂𝑘

)

=
1

𝛼𝑘
G𝑘

(
𝑃𝚯,𝑼 (𝑚) ,𝑽 (𝑚) |𝒁0

;𝑃𝒁0

)
+
∫
𝐷

(
𝑃 (𝑚)
𝒁𝑘 |𝚯𝑘=𝜽𝑘




 𝑃 (𝑄𝒁𝑘
,𝛼𝑘)

𝒁𝑘 |𝚯𝑘=𝜽𝑘

)
d𝑃 (𝑚)

𝚯𝑘
(𝜽𝑘) , (273)

which completes the proof.
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