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Abstract—In Approximate Computing (AxC), design explo-
ration methods have been introduced to automatically identify
approximation targets at the gate level. However, only some of
them are applicable at Register Transfer Level (RTL); further-
more, the benefits of combining information from assertions and
fault analysis have not been fully explored. This paper proposes
a novel methodology for guiding AxC design exploration at RTL
considering two approximation techniques: bit-width reduction
and statement reduction. Then, it employs fault injection to mimic
the approximation effect on the design under approximation. To
guide the designer while assessing the approximation choices,
assertions, which formally capture the behaviors implemented in
the design, are dynamically generated from the RTL simulation
traces. Then, the impact of fault injections on the truth values of
the assertions is employed as a proxy for measuring the functional
accuracy of the corresponding approximations. Based on this
evaluation, a genetic algorithm is finally used to rank and cluster
the approximation targets, thus providing the designer with an
efficient and effective way to automatically analyze AxC variants
in terms of the trade-off between accuracy and performance. The
experiments carried out on state-of-the-art benchmarks show that
the proposed approach represents a promising solution for the
automation of AxC design exploration at RTL.

Index Terms—Approximate computing, Fault analysis,
Assertion-based verification, Assertion mining, nsga2, Design
exploration, Testing, Simulation

I. INTRODUCTION

AxC aims to achieve higher performances in terms of
timing, power consumption, and design area with respect to the
“classical” computing paradigm, at the cost of a degraded, but
still acceptable, output accuracy [1], especially in application
fields that have an inherent resiliency to errors, like, for exam-
ple, audio/video digital signal processing, data analytics, ma-
chine learning, web search and wireless communications [2]–
[6].

AxC can be applied at several abstraction levels of a given
computing system: from circuit to algorithm [1], leading to
a broad design exploration space that quickly became the
bottleneck of the entire process. Indeed, the literature pro-
poses many works to automatically trade-off between output
accuracy and performance [7]. However, most of them cannot

accurately identify resilient elements (e.g., HW components,
HDL statements, etc.) of the design to be approximated.
Consequently, exploring the design to look for approximation
candidates may become a long and tedious procedure. In
fact, existing approaches usually generate several approximate
variants of the Design Under Exploration (DUE). Then, every
variant is executed/simulated in order to determine the accu-
racy degradation [8], measured by employing specific metrics
(e.g., similarity index, hamming distance, etc.) that depend on
the target application.

Recently, the authors of [9] have presented a method to
automatically identify parts of the DUE as approximation
candidates that do not significantly compromise the design
correctness. Then, they use assertions to evaluate the effect
of approximations, i.e., logic formulas that capture the func-
tional behaviors implemented in the design [10]. In this way,
there is no need to employ a particular functional metric.
In [11], assertions are evaluated on the approximated design
for measuring how much the approximation alters the design
functionality. However, in these papers, assertions themselves
are not exploited to identify the statements of the DUE more
suited for the approximation; thus, the AxC design exploration
remains a long and challenging task. A first attempt to consider
assertions for guiding the approximation is proposed in [12],
where a metric is defined by analyzing the syntax tree of the
assertions and the variable dependency graph of the DUE;
however, this analysis does not consider the semantics of the
assertions.

Conversely, in this paper, we semantically exploit assertions,
together with fault injection and genetic algorithms, to guide
the designer towards the identification of the DUE approxima-
tion variants that better fit the target accuracy. In particular, we
consider two main approximation techniques, i.e., bit-width
reduction and statement reduction; furthermore, we employ
fault injection to mimic the effect of such approximations
on the DUE. To guide the designer during the evaluation
of the different approximation choices, a set of assertions,
which formally capture the behaviors actually implemented in
the DUE, is dynamically generated from the RTL simulation
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traces by using an assertion miner. The assertions are then
re-evaluated on the faulty (approximated) designs to analyze
the variations of their truth values with respect to the original
RTL implementation. Finally, these variations are exploited
by a two-objective optimization procedure, which adopts a
genetic algorithm to rank and cluster the approximation el-
ements with respect to their impact on the functional behavior
of the DUE. In this way, the effect of fault injections on
the mined assertions is used as a proxy for estimating the
functional accuracy of the corresponding approximations. This
provides the designer with an efficient and effective way to
automatically analyze AxC variants as a trade-off between
accuracy and performance. Overall, the experimental analysis
we conducted on four different benchmarks shows that the
proposed methodology achieves the following main results.

• By analyzing the impact of fault injections on the asser-
tions, the optimization procedure fastly ranks and clusters
the elements (i.e., bits and statements) to be approximated
together for any kind of design without requiring the
use of a specific approximation metric, which generally
depends on the target application.

• From this first result, the optimization procedure can fur-
ther search for better approximation solutions by consid-
ering a user-defined specific error metric. This additional
exploration is orders of magnitude faster than directly
applying the optimization procedure with the specific
error metrics without first analyzing the effect of faults
on assertions.

• In terms of functional accuracy, each approximation clus-
ter represents a non-dominated solution by considering
the trade-off between cluster size and accuracy error. In
addition, these clusters provide good results in terms of
power/area/timing reduction.

The rest of the paper is organized as follows. Section II
summarises the related work; Section III provides preliminary
definitions necessary to understand the technical parts of the
paper; Section IV reports our methodology; Sections V and
VI detail the experimental results; finally, in Section VII we
draw our conclusions.

II. RELATED WORK

As stated before, one of the most challenging problems
in AxC is selecting the “portion” of the application to be
approximated. The portion depends on the abstraction level: it
can be an instruction of the source code or a statement in HDL
mode. Existing methodologies allow the designer to explicitly
select which lines or code blocks to approximate and how.
For example, a programmer can annotate through pragmas
that a given loop has to be approximated by applying the loop
perforation technique [13]. Without annotations, each code line
has to be considered as a potential approximation target, thus
leading to virtually infinite possibilities of approximations.

At the hardware level, the ABACUS approach [14] works
directly with RTL implementations (i.e., HDL code). It relies
on a greedy algorithm to find a trade-off between accuracy
and power consumption. Other approaches manually identify
approximable sub-parts of circuits, mainly focusing on arith-
metic components [15]–[17]. Furthermore, another class of

promising approaches is the design of approximate systems
through Evolutionary Algorithms (EAs) [18]. EAs are well-
suited for approximate computing due to their proficiency in
stochastic multi-objective optimization, in addition to their
ability to manage various constraints. That is true because
the problem of approximation can be framed as a multi-
objective optimization problem, with accuracy, performance,
and resource usage being conflicting design objectives. The
outcome of the evolutionary process is a collection of solutions
that demonstrate beneficial trade-offs among the main ob-
served objectives. Various studies using EAs for approximation
have been carried out, relying on different types of EAs,
working at different abstraction levels (e.g., gate, RTL, SW),
using different error calculation methods (e.g., simulation,
statistical methods, BDD analysis, SAT solving, combinatorial
analysis), and targeting different hardware platforms (e.g.,
processors, microcontrollers, FPGA, and ASIC) [8], [19]–
[29]. Nevertheless, to the best of our knowledge, none of
these takes advantage of assertions and fault injection to
guide the designer through the AxC exploration. On the other
hand, even if they aim at different goals, other approaches
have been proposed for applying verification techniques to
approximate computing. In [30], the authors present an AxC-
based approach to achieve a fast and accurate enough repeated
execution for security verification. In [31], the authors propose
a dynamic verification methodology to assess the quality
of the approximated circuit by exploiting mutations of test
patterns and coverage information. However, none of the
previous verification-oriented methodologies uses assertions to
guide the design exploration. In [9], the authors introduce a
verification-guided method to automatically identify program
blocks suited for approximation while avoiding significant
compromises on program correctness. The method identifies
regions of code that are less influential for the computation
of the program outputs and, therefore, more approximable.
In particular, they generate a statement ranking based on
whether an instruction affects a particular primary output of
the designs. Assertions are then used to evaluate the impact
of the approximation on the functional behavior of the final
design. It is important to note that assertions are not directly
used for statement identification (i.e., identify which portion
of the code has to be approximated) as we do in this paper.

III. PRELIMINARY DEFINITIONS

We report hereafter the definitions of concepts used in the
rest of the paper.

Definition 1: Given a finite sequence of time units
⟨t1, ..., tn⟩ and a set of variables {v1, ..., vm}, a trace is a
sequence of tuples (ti, v

1
i , ..., v

m
i ) such that vji is the value

assumed by variable vj at time ti.
Definition 2: An assertion is a Linear Temporal

Logic (LTL) formula of the form always(antecedent →
consequent).
We kindly refer the reader to [32] for a complete description
of LTL operators and semantics according to the Property
Specification Language (PSL).

Definition 3: Given a trace tr of length n and an assertion
as, an evaluation of as with respect to tr is the sequence of
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evaluation units ⟨e1, ..., en⟩, where ei is the truth value of the
assertion at instant ti.

Definition 4: An assertion holds in a trace if and only if its
evaluation does not contain any evaluation unit whose value
is false.

Definition 5: Given a trace tr, and an assertion as, a
contingency table is a 3 × 3 matrix displaying the frequency
distribution of true, false and unknown evaluation units of
the antecedent with respect to the consequent of as in tr. A
graphical representation of a contingency table is reported in
Fig. 1, where ATCT corresponds, for example, to the number
of instants in a trace where both the antecedent and the
consequent evaluate to true.

Cons. Cons. Cons.
true false unknown

Ant. true ATCT ATCF ATCU
Ant. false AFCT AFCF AFCU
Ant. unknown AUCT AUCF AUCU

Figure 1: Contingency table.

Definition 6: An Augmented Contingency Table (ACT)
enriches each element of the contingency table with the set
of time units T = {t1, t2, tk} in which the corresponding
evaluations for antecedent and consequent occur in the trace.
For example, the field ATCF is extended with the list of
time units where the antecedent evaluates to true and the
consequent to false. In the rest of the paper, we will refer
to the enriched fields of an ACT by adding the aug subscript
(e.g., ATCFaug).

IV. METHODOLOGY

Figure 2: Overview of the methodology.

Our methodology is intended to provide the designer with
an automatic way to explore AxC alternatives on RTL descrip-
tions. Two approximation strategies have been considered:

• Bit-width reduction: fixing to a constant value one or
more bits on a subset of design signals/registers;

• Statement reduction: removing one or more statements.
The methodology consists of the four sequential steps

shown in Fig. 2. The input is the RTL description of the
DUE together with a suitable test bench. Additionally, the
user can provide (not mandatorily) an error metric (i.e., the
Approximation metric). The output is a list of clusters of
approximable DUE elements of increasing size; each cluster is
a non-dominated solution representing a trade-off between the
approximation error and the number of approximable elements
in the cluster. In the rest of the paper, we refer to such elements
with the term Approximation Tokens (ATs). In particular,
according to the addressed AxC strategies, we consider the
following kinds of ATs:

• Statement token: an instruction appearing in the RTL
description of the DUE;

• Bit token: a bit of a signal/register occurrence appearing
in a statement token.

Hereafter, we provide an overview of the four main steps
of the methodology; a more detailed description is reported in
the following sections.

1) Trace generation: in the first step of the methodology,
we dynamically simulate the DUE and its approximations
to generate a set of execution traces. First, we generate the
golden trace by simulating the original implementation
of the DUE. Then, for each AT, we generate a trace
that reflects the effect of activating the corresponding
approximation (i.e., bit-width reduction for bit tokens and
statement reduction for statement tokens). These traces
are obtained by simulating a faulty version of the DUE. In
particular, stuck-at faults are injected in specific elements
of the original implementation to exactly mimic the effect
of approximating each AT.

2) Assertion mining: in the second step of the methodology,
we employ an assertion miner to generate assertions
holding on the golden trace. The assertions predicate on
the inputs and outputs of the DUE and capture its golden
behavior.

3) Assertion evaluation: In the third step of the method-
ology, we re-evaluate the assertions mined in step 2 on
the faulty traces obtained in step 1. By comparing the
variations on the ACT (def. 6) of each assertion evaluated
on the golden and faulty traces, we automatically estimate
the approximability of each AT in terms of how it affects
the functionality of the original design. In this way, we
provide the user with an assertion-based metric that we
call “damage”.

4) Clustering: As approximating only a single AT cannot
provide significant benefits, in the last step, we provide a
mechanism to cluster a set of ATs and estimate the effect
of their simultaneous approximation. This is achieved by
employing the Non-dominated Sorting Genetic Algorithm
Non-dominated Sorting Genetic Algorithm II (NSGA2)
to find non-dominated solutions that provide the best
trade-off between the size of the clusters and the effect
on the assertions of simultaneously approximating all the
tokens in the cluster. At this point, while NSGA2 initially
exploits our assertion-based metrics, if the user provides
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an error metric as input, the search for non-dominated
solutions is further improved by considering such a spe-
cific metric. Finally, the designer can choose the largest
approximation cluster that better fits the tolerable error.

To simplify the detailed description of each step, in the
following sections, we refer to the running example reported
in Algorithm 1 containing the RTL implementation of an 8-bit
adder. It takes as input two 8-bit unsigned integers (signals a
and b) and returns their sum as output (out port).

Algorithm 1 Running example

1: module adder(a, b, clk, out)
2: input [7:0] a, b
3: input clk
4: output [8:0] out
5: reg [8:0] sum
6: always @(posedge clk)
7: begin
8: sum = a+ b
9: end

10: endmodule

A. Trace generation

In the first step of the methodology, we simulate the DUE
to generate a set of execution traces. We assume that the test
bench thoroughly stimulates the design, purposely covering all
its functional behaviors. This is a desirable condition for any
dynamic verification approach.

First, we generate the golden trace by simulating the original
implementation. Then, for each target AT, we generate a trace
reflecting the effect of its approximation according to either
the bit-width reduction or the statement reduction strategy.

For each class of AT, we identify a fault model to mimic
the effect of its approximation in the functional behavior of
the DUE as follows:

• A bit token is approximated by injecting a stuck-at 0/1
on the target bit. Stuck-at X (i.e., unknown logic value) is
not considered as the propagation of X values along the
execution traces would prevent the evaluation of mined
assertions in step 3.

• A statement token is approximated differently depending
on the type of statement as follows:

– assignment: the statement is removed; in case its left-
hand side remains undefined, its value is assigned to
0 for bit-vectors and numeric types, stuck at 0/1 for
a single bit/Boolean;

– module instantiation: the statement is removed; in
case the signals connected to the outputs of the
module remain undefined, they are treated as in the
case of assignments;

– conditional statement: either the true or the false
block is removed; in case any signal/register remains
not assigned, it is treated as in the case of assign-
ments.

In the running example, the statement sum = a + b
at line 8 is a statement token, while the third bit of signal a
(i.e., a[2]) is considered a bit token. To inject a fault for the
first bit token of signal a, a stuck-at 0 fault is inserted on the

first bit of the signal (ex. a & 11111110). In this example, the
only fault injected to approximate the only available statement
token would consist of removing the instruction at line 8.

B. Assertion mining

In the second step of the methodology, we automatically
mine assertions holding on the golden trace of the original
DUE implementation. To extract them, we exploit the state-
of-the-art and open-source assertion miner HARM [33], [34].
The miner is configured to automatically generate assertions
on primary inputs and outputs of the DUE in the form
always(antecedent → next[N ](consequent)), where N is
the design depth, that is, the maximum number of clock
cycles necessary to propagate the effects of primary inputs
toward primary outputs. This is done to ensure that the mined
assertions represent meaningful I/O relations. Of course, the
mined assertions depend on the quality of the testbench; if
the testbench exercises all the DUE behaviors, the mined
assertions will formally capture them. Both the antecedent and
the consequent of each assertion are instantiated by HARM
following the form prop1 && prop2 && ... && propk. Each
proposition propi is in the form cl <= varj <= cr, or
varj == c, or varj <= c, or varj >= c, where varj is
an input or an output of the DUE if located, respectively, in the
antecedent or the consequent, while cl, cr and c are numeric
constants. The propositions are automatically generated by the
tool; therefore, the user only has to provide the inputs and
outputs of the DUE. Propositions instantiating the antecedent
(consequent) are generated from the input (output) signals of
the DUE.

Finally, we rank the assertion set according to a score S,
which is obtained for each assertion a by combining the
following metrics:

• m1: Support(a) = ATCT/traceLength;
• m2: Causality(a) = 1−AFCT/traceLength;

where, ATCT and AFCT are derived from the contingency
table of a (see Def. 5).

The overall score S is, then, calculated for each assertion a,
through the formula

∏2
i=1 calibrate(smi(a)/smi(amax i)),

where smi(a) is the score of a by using the metric mi, amax i

is the assertion that yields the maximum score by using metric
mi, and calibrate is a procedure that “calibrates” the input
score by using the function R(x) = 1/(1 + e(3.3−10.62x))2.
This function is a modified version of the Richards’ curve that
ranges from 0 to 1.

The intuition behind this ranking formula is that we want
to allow the simultaneous employment of two metrics in
a single ranking procedure. Furthermore, we want to give
more importance to assertions presenting a higher score for
both sorting metrics while penalizing assertions that score well
only in one or none of them. After the ranking procedure
is completed, we keep only the assertions whose score S is
greater than 0.

Figure 3 shows some of the assertions mined for the
running example and the corresponding values for Support,
Causality and S.
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C. Assertion evaluation

In the third step of the methodology, the generated assertions
are re-evaluated on the faulty traces obtained by perturbing
the original RTL description of the DUE while adopting the
bit-width and the statement reduction strategies, as reported
in Section IV-A. In particular, for each AT, the corresponding
fault is injected, and the assertions are re-evaluated, generating
a new ACT. It is worth noting that the set of time units in
element ATCFaug is empty in the ACT of any assertion
evaluated on the original implementation (as all assertions
hold on the golden trace), while it is likely not empty for
assertions affected by the presence of a fault. Consequently,
we can observe variations in the composition of ATCTaug

as well. The purpose of this procedure is then to analyze the
effect of different approximation alternatives (represented by
ATs) on the functional behaviors (captured by the assertions)
of the design.

The procedure is implemented in the evaluate function
reported in Algorithm 2, whose behavior is detailed hereafter.

Algorithm 2
1: function EVALUATE(A, gt, FT )
2: GACT ← ∅
3: diff ← ∅
4: for all a ∈ A do
5: GACT [a] ← genAugContingency(gt, a)
6: for all ft ∈ FT do
7: for all a ∈ A do
8: fct ← genAugContingency(ft, a)
9: diffan ← annotate(a,GACT [a]− fct)

10: diff [ft] = diff [ft] ∪ (diffan)
11: return diff

The function takes as inputs A, gt and FT , where A is the
set of assertions mined in the previous step, gt is the golden
trace, and FT is the set of all faulty traces generated in the
first step of the methodology. Note that for each ft ∈ FT ,
there exists a corresponding unique approximation token at
and a unique fault f . The function returns a dictionary diff ,
which stores, for each ft, a matrix of sets, where each set
contains the differences between the ACT achieved on ft and
gt for all assertions belonging to A.

First, we initialize variables GACT and diff (lines 2-3),
where GACT is intended to store the augmented contingency
tables of the golden trace. Then, we iterate over the assertions
in A such that the function genAugContingency(gt, a) evalu-
ates the assertion a on the trace gt to retrieve the corresponding
ACT (line 5).

Figure 3: Assertions mined for the running example.

After that, for each couple ⟨ft, a⟩ ∈ FT×A, a “faulty” ACT
is generated and stored in fct (line 8). ftc is then compared
with the golden contingency table GACT [a]; this is done by
returning the set difference between the augmented fields in
the matrices (line 9). After that, each field in the matrix of
differences is annotated using function annotate (line 9). The
annotate function takes as input an ACT and an assertion a,
for each field of the ACT of the form {t1, t2, ...tk} it annotates
each evaluation instant with the corresponding assertion a,
returning a set of the form {⟨a, t1⟩, ⟨a, t2⟩, ..., ⟨a, tk⟩}. The
annotation procedure is necessary to keep track of the varia-
tions occurring for different assertions but at the same instant
of the trace. The result of this operation is stored in diff [ft]
(line 10), which contains the impact of fault f for all the
considered assertions. Finally, the differences stored in diff
are returned (line 11).

Since each matrix belonging to diff contains 9 fields (3x3
matrix), there are several ways to estimate the impact of a fault
f on the functional behavior of the design. In this work, we
decided to rank each approximation token at by using the in-
stances in which the corresponding fault f made the assertions
in A fail. That is, each at is ranked by using the ATCFaug

field (first row, second column) of the corresponding matrix
diff [ft]. This choice is plausible because the higher the
increment in the size of ATCFaug , the worse the impact on
the functional behavior, and as a consequence, the lower the
approximability of the corresponding approximation token. In
this context, we introduce the concept of damage caused by an
AT, and more generally by a set of ATs, approximated on the
DUE, as follows. The output of this step of the methodology
is the damage caused by each single AT.

Definition 7: Given a set of k approximation tokens ATS =
{at1, at2, ..., atk} corresponding to a set of faulty traces
FT = {ft1, ft2, ..., ftk}, the approximation damage of ATS
is the number of unique couples ⟨a, t⟩ in the set DIFF =
k⋃

j=1

diff [ftj ].ATCFaug where diff [ftj ].ATCFaug is the

set of time instants of trace ftj where the assertions fail
(antecedent true implies consequent false).

To better understand the concept of damage, consider the
example in Fig 4. The damage for the approximation tokens
at0 and at1 is 3 and 2 as there are, respectively, 3 and 2
unique failing instances ⟨a, t⟩ in DIFF . However, the joint
damage for the set containing both the ATs is 4, as they share
the failing instance ⟨23, 893⟩.

AT DIFF Damage
at0 <23,893><103,776><65, 399> 3
at1 <23,893><1,6> 2
{at0, at1} <23,893><103,776><65, 399><1,6> 4

Figure 4: Example of damage.

D. Clustering

The output of the previous step provides an initial as-
sessment of the approximability of the design for each AT.
However, any meaningful approximation would require ap-
proximating multiple ATs at the same time. Therefore, in the
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last step of the methodology, we apply a clustering algorithm
to group ATs exposing a similar approximability to help
the designer in the process of simultaneously approximating
multiple ATs.

We employ NSGA2 to cluster the ATs. NSGA2 is a popular
multi-objective optimization algorithm that uses genetic oper-
ators such as crossover and mutation to evolve a population
of candidate solutions. We specialized NSGA2 to retrieve the
non-dominated set of solutions containing the best trade-offs
between the size and the damage of the cluster.

In this work, we postulate that the damage caused by
approximating a cluster of ATs is a good estimator of the
approximation effect on the functional accuracy of the DUE.
Intuitively, ATs damaging the design in the same way (i.e.,
making the same assertions fail on the same instants of the
trace) can be approximated together to produce a lower overall
effect on the design functionality. As a consequence, the best
clusters are those that contain many ATs with overlapping
failing instances ⟨a, t⟩ in DIFF , as this reduces their damage.

Our clustering approach is divided into two main phases.

• Phase I: First, we run NSGA2 to quickly find an initial
set of solutions that maximize the size of the clusters
while minimizing the damage.

• Phase II: After that, if the user provided an error metric,
we continue the NSGA2 search with the population so
far returned, but with a new optimization objective, i.e.,
minimizing the user-defined error metrics while maxi-
mizing the size of the clusters. The second phase is
slower and more computationally expensive than the first,
as the error of the cluster is retrieved by re-simulating
the design while simultaneously injecting all the faults
corresponding to the ATs in the cluster.

Thus, the purpose of Phase I is to quickly identify a non-
dominated solution front by adopting an assertion-based met-
ric, i.e., the damage, that does not require expensive re-
simulations of the DUE. As shown in the experimental anal-
ysis, this generally achieves excellent results. Phase II aims
to provide the user with the possibility of improving the
initial solution by exploiting their preferred metrics. While
this second search is slower than the first, its execution time
is anyway orders of magnitude lower than running NSGA2
to minimize the user-define metric from the very beginning
without starting from the population returned with the initial
damage-based search.

We report below how we implemented each operator of the
NSGA2 algorithm.

1) Initialisation: the algorithm starts by initialising a popula-
tion of candidate solutions randomly. Our algorithm starts
with a population of random clusters of size 1 because
we want to gradually build bigger clusters by merging the
best ones. The dimension of the population heavily affects
the computational speed of the algorithm. We start with a
population size equal to the total number of tokens, which
is considered a good compromise between the dimensions
of the search space and the computational load.

2) Evaluation: each solution in the population is evaluated
and assigned to a fitness value based on how well it

satisfies the objectives. In the first phase, our fitness
value is the couple ⟨size, damage⟩ corresponding to the
objectives we are trying to optimize; in the second phase,
the fitness value is the couple ⟨size, user metrics⟩.

3) Non-dominated sorting: the solutions in the population
are sorted into different non-dominated fronts. A solution
is said to dominate another solution if it is better than the
other solution in at least one objective and not worse in
any other objective. The first front consists of solutions
that are not dominated by any other solution; the second
front consists of solutions that are not dominated by any
solution in the first front, and so on.

4) Tournament selection: the next generation population is
selected by combining the solutions from the different
fronts based on their non-dominated rank and crowding
distance. Solutions with a higher rank and a larger crowd-
ing distance are preferred. The crowding distance of each
solution in a front is calculated based on its proximity to
other solutions in the front. Solutions that are closer to
others have a smaller crowding distance.

5) Crossover: the selected solutions are then subjected to
crossover to create new offspring solutions. Each off-
spring is the cluster of tokens obtained by merging the
tokens of the two parent clusters.

6) Mutation: in our implementation of NSGA2, we mutate
the entire population instead of the single individual. In
particular, for each individual Ind of the population, there
are two options with 50% probability each:

• We generate a new individual by adding a random
token to Ind; this helps in recovering tokens that
become extinct in previous iterations but that can be
useful in the current population.

• We generate a new random individual of the same
size as Ind; this helps in eliminating individuals
that perform worse than random choices, as they
will most likely be discarded by the selection of the
following iterations in favor of the random ones.

7) Termination: the algorithm terminates when a stopping
criterion is met. State-of-the-art halting criteria include
maximum time reached and convergence. Our algorithm
halts when the last iteration improves the dominance
of the last front for less than a user-defined percentage
value. In this context, the dominance of the front is the
percentage of the dominated surface with respect to the
total search space. This calculation is possible because
the boundaries of the search space can be inferred by
using:

• the empty cluster that does not produce any error;
• the cluster containing all ATs, thus producing the

maximum error.
For the second phase, the user can also specify a maxi-
mum execution time.

Fig 5 reports the result of the above procedure with the
running example. Fig 5 (1) shows the non-dominated solution
front generated at the end of Phase I with the damage-
based metrics, while Fig 5 (2) shows the front after Phase
II, where the user-defined metrics was adopted. It is easily



7

D
am

ag
e

0.00

0.20

0.40

0.60

0.80

1.00

Number of Tokens
0 2 4 6 8 10 12 14 16

(1)

Er
ro

r

0

0.2

0.4

0.6

0.8

1

Number of tokens
0 2 4 6 8 10 12 14 16

(2)

Figure 5: Non-dominated solution fronts by using the damage-
based metrics (1) and the user-defined metrics (2) for the
running example showed in Algorithm 1.

noticeable that the front in Fig 5 (1) is a good estimator
of the front obtained with the user-defined metric in Fig 5
(2). In this running example, Phase II could not improve the
solution front further. The achieved front correctly classifies
the approximation tokens: as expected, all the clusters with a
low error contain ATs affecting the least-significant bits of the
signals in the statement at line 8 of Algorithm 1.

E. Scalability

In this section, we comment on the scalability of our ap-
proach. The complexity of the evaluation phase (Section IV-C)
depends on the length traceLength of the trace, the number
|A| of mined assertions, and the number |AT | of approxima-
tion tokens. Formally, the temporal complexity of this proce-
dure is then O(|A| × |AT | × |traceLength|). The complexity
of the clustering procedure (Section IV-D) depends on the
number |DIFF | of couples ⟨a, t⟩ in DIFF , the size |P | of
the population, and the number NI of iterations of NSGA2.
Formally, the temporal complexity of this procedure is then
O(|NI| × |P | × |DIFF |), where the higher the value of
|AT |, the higher the number of required iterations to achieve
a satisfying result.

V. EXPERIMENTS USING BIT-WIDTH AND STATEMENT
REDUCTION

In this section, we focus on the evaluation of our method-
ology for the techniques of bit-width and statement reduction.
The experiments have been carried out on a 3.5 GHz AMD
Ryzen 3950x processor equipped with 32 GB of RAM (3600
MHz) and running Ubuntu 22.04 LTS. The tool and the
benchmarks are freely available at [35].

We evaluated the proposed approach on the following RTL
Verilog designs [36], [37]:

• BrentKung32b: 32 bit integer adder;
• InverseKin: inverse kinematics for a 2-joint arm;
• Sobel: edge detection filter for 1024x1024 pictures.
• ffnn: feed-forward neural network

With regard to the error metrics, we adopted the Structural
Similarity (SSIM) index [38] for the Sobel filter and the
classical Average Relative Error (ARE) for the other three
designs.

The characteristics of the four designs are reported in
Table I in terms of Area, Power, and Timing of the original
precise (i.e., non-approximate) designs, the number of lines
of code (Lines), the number of inputs/output (I/O), and the

Design Precise (i.e. non-approximate) Lines I/O Num
of ATs

AxC
techniqueArea (µm2) Power (mW) Timing (ns)

BrentKung32b 813.77 0.3263 1.15 735 4 656 BR
564 SR

InverseKin 143001.81 30.59 2.44 226 6 773 BR
65 SR

Sobel 1972.94 1.29 1.20 203 11 256 BR
38 SR

ffnn 50491.99 27.49 0.10 430 7 2460 BR
219 SR

Table I: Characteristics of the benchmarks.

number of considered ATs (number of ATs) with respect to
the adopted AxC technique, i.e., Bit-width Reduction (BR) or
Statement Reduction (SR). For each benchmark, we consid-
ered a testbench generating a golden trace 1000 clock-cycle
long. Furthermore, we used the top 1000 assertions generated
by the HARM assertion miner. For the clustering procedure,
phase 1, with the damage-based metrics, halted when the
dominance increment was lower than 0.1%; for Phase II, with
the user-defined metrics, we set a time limit of 10 minutes in
addition to the previous condition.

We applied both the bit-width and the statement reduction
approximation strategies on a set of ATs (i.e., bit tokens
and statement tokens) by injecting faults as reported in
Section IV-A. We then evaluated and clustered the ATs, as
detailed in Sections IV-C and IV-D, by exploiting a set of
assertions mined as described in Section IV-B. In this way,
we obtained the non-dominated solution fronts for both the
damage-based metrics and the user-based metrics. We finally
evaluated the approximation effect of the cluster belonging
to the non-dominated fronts in terms of functional accuracy
and power/area/timing reduction. The goal is to show the
effectiveness and efficiency of our approach in prompting the
designer to simultaneously approximate a cluster of ATs that
has a low impact on functional accuracy while guaranteeing a
significant saving in terms of area and power.

A. Functional accuracy

In this section, we evaluate the effectiveness of the proposed
approach from the point of view of the functional accuracy
of the approximated designs. For each design and for each
considered approximation technique, we report 2 charts in
Figures 6, 7, 8 and 9 related to the analysis of the functional
accuracy. The other 3 charts in the same figures are referred
to the savings in terms of area/power/timing.

Charts (1) and (6) report the non-dominated solution fronts
obtained by applying our methodology with the damage-based
metrics (Phase I of Section IV-D) for the bit-width reduction
and the statement reduction, respectively. Each point in these
charts is a cluster, i.e., a set of ATs presenting the best trade-
off between size and damage. In particular, on the x-axis, we
report the number of tokens contained in each cluster C of
the front. On the y-axis, we report the value of the damage
obtained by simultaneously approximating all ATs included
in C; the damage is normalized between 0 and 1 to improve
readability.

Charts (2) and (7) refer instead to the functional accuracy
of the approximated designs for bit-width reduction and state-
ment reduction measured with the user-defined metrics. They
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show three kinds of information:
• Violet points (Before push) refer to the values of the

user-define metrics calculated for each cluster belonging
to the non-dominated solution returned by Phase I of
Section IV-D.

• Blue points (After push) refer to the values of the user-
defined metrics calculated by further pushing the NSGA2
as described in Phase II of Section IV-D starting from the
population corresponding to the non-dominated solution
front returned by Phase I (i.e., from the violet points).

• Red points (Random) refer to the values of the user-
defined metrics calculated on a set of clusters composed
of randomly selected ATs, whose sizes exactly equal
those of clusters corresponding to the blue points. The
error plotted for each random cluster is generated by
averaging the error of 100 random clusters for each size.

Overall, we can make three main observations, which are
valid for all considered benchmarks and for both bit-width and
statement reduction approximation techniques:

1) The trend of the violet points in Charts (2) and (7) is
“similar”1 to that showed in Charts (1) and (6), thus
confirming that the non-dominated solutions generated by
using the damage-based metrics are a good estimation of
the non-dominated solutions obtainable by adopting the
user-define metrics, i.e., the damage-based metrics is a
very good proxy for the user-defined metrics.

2) Phase II of the clustering process barely improves the
fronts provided by Phase I, showing the goodness of
the initial estimation at the end of Phase I. This is, in
particular, highlighted in Table II, where the dominance
of Phase I and Phase II are compared.

3) The non-dominated solutions returned by our approach
definitely perform better than the random selection, as
the random case always produces a higher error for the
same cluster dimension.

Design Technique Dominance
after Phase I

Dominance
after Phase II Increment

BrentKung32b BR 80% 84% 4%
SR 74% 77% 3%

InverseKin BR 82% 86% 4%
SR 74% 76% 2%

Sobel BR 39% 48% 9%
SR 37% 40% 3%

ffnn BR 65% 66% 1%
SR 49% 49% 0%

Table II: Dominance achieved before and after pushing the
front with Phase II of the clustering procedure.

B. Area, power consumption, and timing

We measured the effects on hardware attributes of applying
the clusters of ATs obtained with the proposed approach. We
synthesized the approximate designs and estimated relative
area, power and timing compared to the original (Precise)
design, as 1 − Precise − clusteri

Precise (the Original design has
value 1). We targeted the FreePDK45 [39] 45-nm standard cell
technology library and resorted to the synthesis tool reports to

1Please note that for the Sobel benchmark, the higher the SSIM, the lower
the error. Thus, we expect the trend of SSIM w.r.t. the damage to be specular.

extract area, power, and timing estimations. Charts (3)-(5) and
(8)-(10) of Figures 6, 7 and 8 report the results, in terms of the
trade-off between Error and relative area, power consumption,
and timing. Note that, for the Sobel benchmark (Figure 8),
on the y-axis, we show the SSIM to be consistent with other
results. The blue points in the charts report the trade-offs for
the non-dominated solutions obtained at the end of Phase II of
the Clustering procedure; the red points represent the results
for randomly chosen solutions. The dimension of the points
follows the number of ATs in the corresponding cluster, as
reported in the Figure legend. The precise version always has
Relative Area/Power/Timing equal to 1 and Error equal to 0
(SSIM equal to 1, for Sobel), and it is represented as a green
star.

First of all, we notice that the solutions achieved through
the proposed approach (blue points) generally achieve better
trade-offs for the three attributes compared to a random
choice. Indeed, for the same error/SSIM (y-axis), blue points
show generally reduced area/power/timing (x-axis) and, for the
same area/power/timing (x-axis), blue points show generally
reduced error/higher SSIM (y-axis). Moreover, we observe
that an increasing cluster dimension (the number of tokens)
corresponds to a reduced area/power/timing.

Overall, the results confirm that our approach generally
provides a reliable guide to finding good trade-offs in terms
of functional accuracy and area/power/timing savings.

C. Execution time

In this section, we analyze the execution time of our
approach. Columns in Table III report, for each benchmark
(Design) and each approximation technique (Tech), the time
required to fault simulate the DUE and generating the corre-
sponding faulty traces per each fault mimicking each target
AT (Time to simulate), the time to automatically generate the
assertions (Time to mine), the time to evaluate the assertions
on the faulty traces (Time to evaluate), the time to cluster
the ATs with Phase I and Phase II of Section IV-D (Time to
cluster Phase I/II), and the total time (Tot). Fault simulation
is the most expensive step, as it depends on the number
of considered faults (i.e., the number of ATs), while the
clustering procedure by adopting the damage-based metrics
(i.e., Phase I) is very fast. It is worth noting that Phase II
is significantly slower than Phase I. Thus, given the limited
improvement that Phase II guarantees w.r.t. Phase I, as shown
by Table II, it is not strictly necessary to perform Phase II with
the user-defined metrics. In addition, we want to emphasize
that running NSGA2 would be orders of magnitude slower
if it was asked to minimize the user-define metric without
starting from the population returned by Phase I. In fact,
reaching the front, represented by blue points in the charts,
without applying Phase I required more than 8 hours for all
benchmarks. This definitely highlights the efficiency of our
damage-based approach.

D. Correlation between damage and the real metric

In this section, we show the correlation and confidence
between our “damage” metric and the real metric used to
assess the error.
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Figure 6: Results for the BrentKung32b design. Charts 1-2 and 6-7 show the best trade-off clusters in terms of damage and
error. Charts 3-5 and 8-10 show the best trade-off clusters in terms of area, power and timing.
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Figure 7: Results for the Inverse Kinematic design. Charts 1-2 and 6-7 show the best trade-off clusters in terms of damage
and error. Charts 3-5 and 8-10 show the best trade-off clusters in terms of area, power and timing.
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Figure 8: Results for the Sobel design. Charts 1-2 and 6-7 show the best trade-off clusters in terms of damage and error. Charts
3-5 and 8-10 show the best trade-off clusters in terms of area, power and timing.
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Figure 9: Results for the ffnn design. Charts 1-2 and 6-7 show the best trade-off clusters in terms of damage and error. Charts
3-5 and 8-10 show the best trade-off clusters in terms of area, power and timing.



13

Design Technique Time
to simulate

Time
to mine

Time
to evaluate

Time to
cluster Phase I

Time to
cluster Phase II Tot

BrentKung32b BR 12m 48s 1m 55s 2m 28s 0m 15s 6m 11s 23m 37s
SR 11m 12s 2m 10s 0m 22s 6m 3s 19m 47s

InverseKin BR 9m 36s 2m 31s 8m 58s 0m 15s 10m 0s 31m 20s
SR 7m 28s 0m 39s 0m 12s 1m 46s 10m 5s

Sobel BR 10m 8s 3m 2s 0m 22s 0m 5s 7m 51s 21m 28s
SR 2m 8s 2m 20s 0m 7s 10m 0s 14m 35s

ffnn BR 14m 57s 41s 18s 60s 9m 41s 26m 36s
SR 1m 21s 2s 30s 43s 3m 16s

Table III: Execution time of the proposed methodology.
Benchmark -
Technique

Pearson
Corr. P-value Spear.

Corr. P-value R
squared

Sobel BR 0.87 < 0.001 0.96 < 0.001 0.76
Sobel SR 0.78 < 0.001 0.87 < 0.001 0.61
Invk2j BR 0.81 < 0.001 0.84 < 0.001 0.66
Invk2j SR 0.65 < 0.001 0.47 < 0.001 0.42
BKung32b BR 0.52 < 0.001 0.83 < 0.001 0.48
BKung32b SR 0.69 < 0.001 0.73 < 0.001 0.58
ffnn BR 0.93 < 0.001 0.99 < 0.001 0.87
ffnn SR 0.99 < 0.001 0.99 < 0.001 0.99

Table IV: Correlation coefficients for the reported benchmarks
and techniques.

Table IV provides various correlation coefficients and their
associated p-values for different approximation techniques and
designs.

• Pearson Correlation Coefficient (Pearson Corr.) mea-
sures the linear relationship between two variables. Val-
ues closer to +1 or -1 indicate a stronger linear rela-
tionship. Significant values (p-value < 0.05) across all
techniques suggest reliable linear relationships.

• Spearman Correlation Coefficient (Spearman Corr.)
measures the rank-order relationship between two vari-
ables. All techniques show significant Spearman correla-
tions, suggesting strong rank-based associations.

• P-value indicates the probability of obtaining a correla-
tion coefficient at least as extreme as the one observed
under the assumption that there’s no correlation. A p-
value < 0.05 is typically considered statistically signifi-
cant. The table shows significant results for all Pearson
and Spearman correlations.

• R-squared represents the proportion of the variance
in the dependent variable that is predictable from the
independent variable(s). Higher values indicate a better
fit of the model to the data. The R-squared values
vary, suggesting different strengths of model fits across
techniques and benchmarks.

We derive the following additional observations.
• Inversek2j BR has notably high correlations across Pear-

son and Spearman, along with the highest R-squared
value, indicating a very strong and reliable relationship
in this section.

• Techniques like Sobel SR and BrentKung32b SR show
moderate Pearson correlations but high Spearman corre-
lations, indicating that while the relationship may not be
linear, a strong monotonic relationship exists.

• For the ffnn techniques: both ffnn BR and ffnn SR stand
out with exceptionally high correlation values and R-
squared scores, especially ffnn SR, which achieves near-

perfect correlations (Pearson, Spearman and R-squared
of 0.99). This indicates that the ffnn techniques perform
exceptionally well in terms of both linear and rank-based
associations. The near-perfect R-squared values imply
that these techniques capture almost all the variance in
the data, making them highly reliable for predictive tasks.

• Comparison between SR and BR variants: across tech-
niques, SR and BR variants show varying levels of
performance. For instance, Sobel SR and Inversek2j SR
have lower Pearson and R-squared values compared to
their BR counterparts, indicating that while SR versions
may capture rank-order relationships (high Spearman
correlations), they might not explain as much of the
variance as BR versions in a linear sense.

• Moderate performing techniques: techniques such as So-
bel SR and BrentKung32b SR exhibit lower Pearson
correlations yet retain significant Spearman correlations,
indicating a strong monotonic relationship but a weaker
linear association. These results suggest that for these
techniques, the relationship between variables may not be
strictly linear, possibly due to non-linear transformations
inherent in the methods or data interactions.

It is important to note that the metrics reported in table IV are
calculated using the entire population (which always contains
at least 100 samples/individuals) of the NSGA2 and not just
the Pareto front; this ensures statistical relevance even when
the number of points on the front is low.

The table indicates statistically significant relationships be-
tween the variables measured across different techniques, with
varying degrees of linear and rank-order relationships. R-
squared values suggest that some models fit the data better
than others, which might reflect the nature of the data or the
suitability of the linear model to capture the relationships in
certain techniques.

VI. COMPARISON WITH OTHER METHODS

We compared our methodology (i.e., DEA) with four other
approaches from the state of the art. Those approaches are
named the Monte Carlo Tree Search (MTCS), Learning-based
fast Design space exploration framework for Approximate
circuit synthesis (LDAX) [40], Static Checkpoint (SC), and
Dynamic Checkpoint (DC) [37] for which the source codes
are available at [41]. For the comparison, we modified the
DEA approach to handle the approximation technique called
“component substitution”, which is the only one used by the
approaches mentioned above. This technique aims to replace
a given component with an approximate version of it. In
this context, an AT consists of replacing an exact component
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with an approximate one. Table V reports the results from
the comparison. We used four benchmarks available at [37].
Each benchmark is implemented as a data flow composed of a
network of components (i.e., multipliers and adders) described
in HDL at the gate level. The complexity of the benchmark
is determined by the number of replaceable components as
described below:

• ffnn : feed-forward neural network (i.e., the same used in
Section V), 197 components;

• imsharp: Image sharpening, 49 components;
• gauss blur: Gaussian blur, 17 components;
• fft: fast Fourier transform filter, 120 components.
The technical experimental setup for DEA is the same as in

Section V. For the other approaches, we used their source
code [37] to run the experiments. For all approaches, we
used the same Error metric and threshold as defined in [37]
(reported at the bottom of table V). We used the same set of
approximate components as [37], which are part of Evoap-
proxlib [42]. The obtained approximate benchmark has been
synthesized by using FreePDK45 [39] 45-nm standard cell
technology library and resorted to the synthesis tool reports
to extract are and power consumption as reported in the table.
Columns 3 to 7 display the absolute error (which is always
equal or better than the threshold) from the methodology
applied, the percentage of component reduction, the reduction
in area and power, and the time taken to execute the entire
process, respectively.

From the table, it can be noticed that the DEA methodology
always provided the highest percentage of component reduc-
tion (column 4), as well as the lowest absolute error (column
3) w.r.t. the other methods. This is because the DEA approach
aims to maximize the number of replaced components and
minimize the induced error.

On the other hand, there is no direct relation between the
percentage of component reduction and area and power. The
reason is that not all the available approximate components
(i.e., multipliers and adders) have the same “size”. For exam-
ple, in the case of the gauss blur, the DC, MCTS and DEA
give 100% of component reduction. However, they do not
provide the same set of approximate components, thus leading
to differences in the obtained area and power overhead. It can
be noticed that this variance impacts all the methodologies.

Finally, we can see that the DEA method provides the best
area and power reduction (while inducing the lowest error)
for the two complex benchmarks (ffnn and fft), requiring the
lowest computational time to provide a solution.

VII. CONCLUSIONS

In this paper, we presented a novel solution leveraging
assertion mining, fault injection and genetic algorithms to
identify the elements (signal/register bits or statements) to be
approximated into RTL descriptions through the bit-width and
the statement reduction strategies. Approximation alternatives
are implemented by fault injection. Their impact on the
functional accuracy of the DUE is then estimated accordingly
to a damage-based metric that evaluates the effect of the
approximation on a set of assertions automatically mined from
the original DUE implementation to capture its functionality. A

Design Method Error
Abs.

Comp.
Red.

Area
Red.

Power
Red.

Exec.
Time

ffnn∗

LDAX 4% 10% 2% 8% 36m
SC 6% 35% 21% 36% 20m
DC 4% 10% 4% 11% 21m
MCTS 6% 28% 16% 25% 74m
DEA 2% 65% 44% 70% 5m

imsharp†

LDAX 33db 18% 8% 8% 17m
SC 30db 14% 9% 19% 41m
DC 100db 4% 2% 1% 18m
MCTS 31db 45% 23% 20% 123m
DEA 100db 45% 14% 44% 15m

gauss blur‡

LDAX 0db 0% 0% 0% 17m
SC 30db 18% 15% 21% 12m
DC 30db 100% 25% 36% 21m
MCTS 32db 100% 19% 28% 28m
DEA 100db 100% 0% 0% 9m

fft§

LDAX 3.57% 5% 0% 0% 17m
SC 3.56% 49% 14% 0% 36m
DC 2.16% 7% 3% 0% 15m
MCTS 2.66% 35% 12% 0% 90m
DEA 0.58% 99% 44% 8% 10m

Used metrics (threshold) [37]: ∗PE (10%), †‡PSNR (30db), §MREP (5%)

Table V: State-of-the-art comparison

genetic algorithm-based clustering procedure is then proposed
to guide the designer in the identification of the best clusters
of elements to be approximated. Experimental results show
that our methodology, for bit-with reduction and statement
reduction, and compared to other state-of-the-art approaches,
is able to provide the best trade-offs between the size of the
approximation cluster and functional accuracy, guaranteeing
significant savings in terms of area/power/timing.
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