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On the Conic Complementarity of Planar Contacts

Yann de Mont-Marina,∗, Louis Montauta, Jean Poncea,b, Martial Hebertc, Justin Carpentiera

Abstract— We present a unifying theoretical result that con-
nects two foundational principles in robotics: the Signorini
law for point contacts, which underpins many simulation
methods for preventing object interpenetration, and the center
of pressure (also known as the zero-moment point), a key
concept used in, for instance, optimization-based locomotion
control. Our contribution is the planar Signorini condition, a
conic complementarity formulation that models general planar
contacts between rigid bodies. We prove that this formulation
is equivalent to enforcing the punctual Signorini law across
an entire contact surface, thereby bridging the gap between
discrete and continuous contact models. A geometric inter-
pretation reveals that the framework naturally captures three
physical regimes —sticking, separating, and tilting— within a
unified complementarity structure. This leads to a principled
extension of the classical center of pressure, which we refer
to as the extended center of pressure. By establishing this
connection, our work provides a mathematically consistent
and computationally tractable foundation for handling planar
contacts, with implications for both the accurate simulation
of contact dynamics and the design of advanced control and
optimization algorithms in locomotion and manipulation.

I. INTRODUCTION

The Signorini law for punctual contact is fundamental
to contact modeling in robotics, mechanics, and computer
graphics. It formalizes rigid, frictionless, point contact as
a nonpenetration condition expressed via complementarity
between the gap and the normal contact force [1].

For a given contact point between two objects in contact,
this law states that if a force acts on the contact point,
it should be repulsive, and the contact velocity can only
separate the objects in contact; however, the two cannot
occur simultaneously. Mathematically, it reads as a conic
complementarity problem of the form:

0 ≤ ρN ⊥ νN ≥ 0, (1)

where ρN is the normal contact force between the bodies,
and νN is the normal relative velocity between the bodies.
These two quantities should be nonnegative (hence the ≥ 0),
and cannot be nonzero at the same time, encoded by the
complementary operator ⊥ that reads ρNνN = 0.

This conic complementarity formulation is crucial for
formulating contact dynamics as a conic optimization
problem. Such optimization problems can then be easily
exploited by dedicated optimization solvers, as done in
many modern simulation software packages [28], [18],
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Fig. 1. Illustration of a planar contact patch between two cubes. The
contact surface is the intersection between the two faces, and the normal
contact force distribution over this contact surface prevents the bodies from
interpenetrating.

[10]. However, a conic complementarity formulation does
not exist for a general planar contact patch composed of
many, if not an infinite, number of contact points. The
establishment of a conic formulation is the topic of this
paper.

When considering planar contact patches, a well-known
result in control theory states that, due to the normal contact
force distribution being positive, integrated over the contact
surface, the so-called center of pressure must lie on the
convex hull of the contact surface. This result has notably
been leveraged as a constraint to enforce when controlling
a bipedal robot walking on a planar surface [16]. Yet, this
result only accounts for the positive pressure field associated
with the Signorini condition, considering the presence of
multiple points on the contact surface.

In this paper, we derive a complementarity formulation of
any planar contact between rigid bodies. We notably show
that the Signorini condition applied at each point of a contact
surface patch P is equivalent to a conic complementarity
that we call the planar Signorini condition. Mathematically,
this planar Signorini condition can be written as the conic
complementarity constraint independent of the coordinate
frame:

KP ∋ [mT , fN ]⊥ [ωT ,vN ] ∈ K∗
P, (2)

where mT and fN are the moment and the resultant of
the normal contact force distribution, whereas dually ωT
and vN are the components of the twist responsible for the



normal velocity field1. KP ⊂ R3 is a cone, and K∗
P is its

dual cone. In particular, we show later in the paper that the
cone KP only depends on the shape of the planar contact
patch P. Unlike in Eq.(1), here the complementary operator
⊥ applies to vectors, meaning that for two vectors x and y
of R3, the complementarity reads ⟨x,y⟩= 0.

Overall, this paper contributes to bridging the gap between
the punctual Signorini condition, fundamental in simulation,
and the center of pressure constraint, fundamental in biped
control. We establish that the planar Signorini condition
extends the result that the center of pressure belongs to the
patch. We demonstrate that it fully encompasses the three
physical regimes of planar contact — sticking, separating,
and tilting — within a single and unique condition. We make
these three main contributions:

• We present a derivation of the conic complementarity
associated with planar contact, that we name the planar
Signorini condition.

• We prove the equivalence of the punctual Signorini
condition for every point of the contact surface and the
planar Signorini condition.

• We provide a geometric interpretation of the planar
Signorini condition, extending the classic interpretation
to the center of pressure. We propose to name this
extension the extended center of pressure.

The paper is organized as follows. Section II provides
a review of the related work. In Section III, we recall the
punctual Signorini law and define the center of pressure,
its relation to the moment of the normal contact force
distribution, and the usual result that it lies on the surface of
contact. In Section IV, we formulate this result as a conic
constraint, and we investigate the constraint on the normal
velocity field to develop the dual constraint and obtain the
conic complementarity formulation. This section focuses on
the construction, and the geometric interpretation and the
formal proof are given in the Appendix. Section V concludes
the paper and highlights some potential applications of the
planar Signorini condition for simulation and control.

II. RELATED WORK

Contact simulation. Since the 1970s, extensive research
has focused on simulating the dynamics of systems subject
to both generalized forces and contacts, with or without
friction [23], [17], [11], [20], [3], [15]. Typically, mod-
ern simulation softwares used in robotics (MuJoCo, Drake,
Bullet, PhysX, Newton, Genesis, etc.) employ a discrete
frictional contact problem, where the system has contacts at
a finite number of contact points. For each contact point, the
associated contact force adheres to the Signorini condition,
encoding that the rigid bodies cannot penetrate further, the
contact force is repulsive, and these two conditions cannot
occur simultaneously, as well as a friction model, such as

1In this paper, we use bold symbols to represent vector quantities,
meaning that x is a scalar quantity while x represents a vector.

the Coulomb model [2], [18]. Such a problem, together with
the dynamic equations, can be cast as a complementarity
problem and, in turn, as an optimization problem, allowing
the use of efficient solvers [28], [18], [10], [9] to compute the
contact forces and velocities that fulfill the contact modeling
hypothesis.

In this setup, planar contacts are modeled using a finite
number of points (typically 4) defining the boundary of
the contact surface, creating an optimization problem of
very high dimension and poor conditioning [8], which can
significantly slow down the simulation if not adequately
solved, using, for instance, proximal methods [10].

Some ad hoc algorithms [5], [32], [27] have been dedi-
cated to treating patch contact for robotic systems. Still, none
of them model the proper complementarity of planar contact,
which enables treating them as efficiently as point contact
using the well-studied optimization arsenal [7], [6], [31]. The
conic complementarity presented in this paper addresses this
fundamental gap.

The work presented in [1] remains an exception, casting
punctual contact with rolling constraints as a nonlinear
complementarity problem. However, it only partially models
patch contact, as the rolling constraint implicitly arises from
frictional constraints on a small patch of the surface. Still,
the Signorini condition is only enforced at a single point,
not over the entire patch.

Legged robot control. The constraint that the center of
pressure (CoP) must remain within the convex hull of
the contact surface has been fundamental to bipedal robot
stability analysis and control since the early development of
humanoid robots. Sardain et al. demonstrated this principle in
their anthropomorphic biped robot design, establishing that
maintaining the CoP within the support polygon is essen-
tial for static equilibrium and dynamic stability [26]. This
constraint was further validated in practical implementations
such as the BIP2000 robot, where Espiau and Sardain showed
that violating this geometric boundary leads to inevitable
tipping and loss of balance [12].

The seminal work of Kajita on the locomotion of bipedal
systems [16] extensively relies on leveraging constraints
on the zero-moment point [29], this point coinciding with
the center of pressure in static conditions. Azevedo et al.
extended this framework by incorporating CoP trajectory
planning within the support polygon as a critical component
of their gait design methodology, demonstrating how the
constraint directly influences step timing and foot placement
strategies [4].

Wieber provides a rigorous formalization of this constraint
within the context of walking system stability, proving that
the CoP-support polygon relationship serves as a necessary
condition for maintaining dynamic equilibrium during loco-
motion [30]. This geometric constraint remains a cornerstone
of modern bipedal control algorithms, with contemporary ap-
proaches building upon these foundational works to develop
more sophisticated stability criteria and control strategies.



Fig. 2. Planar contact between two bodies. The planar contact patch of
coordinate P in R2 is supported by the plane (O,ex,ey). The third axis of the
frame R is the normal of the contact. For this figure and the following ones,
we use an elliptical patch for illustration purposes. However, the results hold
for any planar contact patch, even nonconvex ones.

III. BACKGROUND

In this section, we review the foundational concepts that
underpin our formulation of planar contact: the notion of
a contact patch, the Signorini condition for point contacts,
and the center of pressure in the context of distributed
contact forces. The contact patch, representing the physical
region of interaction, serves as the bridge between discrete
and continuous models. The Signorini condition provides
a complementarity framework for modeling point contacts
between rigid bodies, forming the basis for many contact
simulation methods. The center of pressure, commonly used
in locomotion and balance control, summarizes the effect of
distributed normal forces over a contact area. Together, these
concepts provide the theoretical context for the extended
formulation developed in this work.

A. Contact patch

Consider a planar contact occurring between two bodies.
The construction is independent of the coordinate frame, but
for clarity of the presentation, we choose a frame R such that
the origin and the first two components define the contact
plane and the third component corresponds to the normal to
the contact as depicted in Fig. 2. We denote by P, a subset
of R2, the frame coordinates of a regular compact contact
patch of the contact plane.

In practice, P is determined by the contact geometry of the
two bodies. For convex rigid bodies, P is typically computed
as the intersection of the two supporting surfaces projected
onto the contact plane, and can be obtained from standard
collision detection pipelines [21]. For instance, when two
convex polytopes are in contact, P is a convex polygon
whose vertices are computed by clipping one face against
the other. More generally, P can be defined as the zero-
level set of the gap function g(x) = signed distance between
the two surfaces at x, and can be approximated numerically
from mesh representations [18]. In all cases, the patch is a
compact planar region, consistent with the assumptions of
the formulation below.

The instantaneous motion between the two rigid bodies
is given by a twist σ ∈ se(3). In practice, the relative twist

between two bodies of a poly-articulated system is given by
the forward kinematics [13]. Using the frame, we decompose
σ = [ω,v] = [ωT ,ωN ,vT ,vN ] to distinguish the tangential
component (in R2) and normal component (in R) of angular
and linear part of the twist. The twist induces a velocity
vector field on the contact plane ν : R2 → R3 such that for
x in R2 we have

ν(x) = ω× [x,0]+v

= [vT −ωNx
⊥︸ ︷︷ ︸

νT (x)

, vN + ⟨ωT ,x
⊥⟩︸ ︷︷ ︸

νN(x)

], (3)

where for x = [a,b] in R2, we denote by x⊥ = [b,−a] the
vector rotated by an angle π/2 around the contact normal.
We denote P⊥ the set of all x⊥ for x in P.

Dually, the contact force distribution
ρ(x) = [ρT (x),ρN(x)] for x in P, induces a wrench
λ = [m,f ] = [mT ,mN ,fT , fN ] defined by the sum and the
moment of the force distribution:

f =

ˆ
P
ρ(x)dSx, m=

ˆ
P
[x,0]×ρ(x)dSx, (4a)

fN =

ˆ
P

ρN(x)dSx, mT =

ˆ
P

ρN(x)x
⊥ dSx, (4b)

fT =

ˆ
P
ρT (x)dSx, mN =−

ˆ
P
⟨ρT (x),x

⊥⟩dSx. (4c)

In some degenerate cases, ρ could represent a force
distribution that has support over a sub-manifold L ⊂ P or a
discrete set of points. Such cases arise, for example, when
all the forces are concentrated on the boundary of the contact
patch (e.g., a box in contact with a plane on one of its edges).

B. Signorini for point contact

For each contact point identified by x in P, the nonpen-
etration imposes that the distance between the bodies must
be positive. Applying index reduction to such constraints as
in [1] leads to νN(x) ≥ 0. The complementarity associated
to this constraint is the so-called Signorini condition

0 ≤ ρN(x)⊥ νN(x)≥ 0. (5)

where ρN(x) is the dual variable of νN(x) and corresponds
to the normal force distribution. The condition (5) is a conic
complementarity problem with the cone K =R+ that verifies
K∗ = R+.

Physically, the Signorini condition encodes all the natu-
ral constraints. First, the two bodies cannot interpenetrate
further, so νN ≥ 0. Second, the contact force can only be
repulsive, so ρN ≥ 0. Finally, if the bodies are separating
νN > 0, no force can happen (ρN = 0), the converse gives that
if ρN > 0, then νN = 0. In other words, force and separation
cannot occur simultaneously.

C. Center of pressure

The center of pressure (CoP) is defined as the first moment
of the normal force distribution:

cp =
1´

P ρN(x)dSx

ˆ
P

ρN(x)xdSx. (6)



Fig. 3. The cone KP is the set of all homogeneous coordinates of any
point in C(P⊥). In red we illustrate the C(P⊥)×{1} in R3 in order to
visualize well the cone KP in blue. An example of [mT , fN ] ̸= 0 in KP is
depicted in orange, which allows us to identify the center of pressure (up
to a rotation) cp in yellow. 0 is also an element of KP with no associated
center of pressure.

An implication of the point Signorini condition (5) on the
whole contact patch P is that ρN(x) ≥ 0 for every x in P.
Thus, cp is a convex combination of the elements of P, and
we have that cp belongs to the convex hull of P denoted
C(P). This statement holds even when the distribution ρN is
supported on a lower-dimensional manifold L ⊂ P.

Another significant result about the center of pressure is
that it relates to the tangential moment, i.e., the moment
of the normal force distribution. We denote by mT (c) the
moment of the normal force distribution taken at a point of
coordinate c. Using the so-called Varignon formula, we have

mT (c) =mT − [c,0]× [0, fN ] =mT − fNc
⊥. (7)

The zero moment point czmp is the point where the normal
force distribution exerts no moment: mT (czmp) = 0. Using
(7) and the wrench expression (4), the zero-moment point is
well-defined when fN ̸= 0, and we have:

c⊥zmp =
1
fN

mT =
1´

P ρN(x)dSx

ˆ
P

ρN(x)x
⊥ dSx. (8)

Thus, we have that cp = czmp. This is a well-known result
that has been extensively studied in robotics [25].

IV. CONIC FORMULATION, DUALITY AND SIGNORINI
LAW ON A CONTACT PATCH

In this section, we derive the planar Signorini condition
which relates the contact wrench and the relative twist. We
demonstrate that the homogeneous coordinates of the center
of pressure arises naturally and that a simple duality exists on
the twist. We also show that the planar Signorini condition is
equivalent to the punctual Signorini condition for each point
on the contact patch. The section primarily focuses on the
mathematical construction of the planar Signorini condition
and its geometric interpretation; for completeness, a formal
proof is provided in the Appendix.

A. The CoP constraint as a conic constraint

The CoP constraint described in Section III-C states that if
fN ̸= 0, cp must lie in the convex hull of the contact patch P,
which we denote C(P). It comes from the repulsivity, which

Fig. 4. The dual K∗
P is the set of all elements with a positive dot product

with all the elements of KP. It is the set of normals of oriented planes
that leave KP on the positive side. This set is depicted in green. When
ωT ̸= 0, the plane intersects the contact plane (z = 1) in a unique line, the
zero normal velocity line (zero-line for short) Dz (up to a π/2 rotation). In
brown, we illustrate an element [ωT ,vN ] in K∗

P such that ωT ̸= 0 with the
associated zero-line. For any vN ≥ 0, [0,vN ] is also an element of K∗

P with
no associated zero-line.

is the fact that ρN(x) ≥ 0 for all x in P. Using the zero-
moment point reformulation (8), it is equivalent to 1

fN
mT

belonging to C(P⊥).
Another implication of the repulsivity is that if fN = 0, as

ρN(x)≥ 0, we necessarily have ρN(x) = 0 for almost any x,
and by integration, since x is bounded, mT = 0. Wrapping
up, the repulsivity gives the two disjoint conditions on the
contact wrench:®

1
fN
mT ∈ C(P⊥) if fN ̸= 0,

mT = 0 if fN = 0.
(9)

It follows that [mT , fN ] is the homogeneous coordinates
vector of the point c⊥p that belongs to C(P⊥) as illustrated
in Fig. 3. Thus, the two conditions (9) can actually be cast
as a single condition in homogeneous coordinates. This con-
dition is that [mT , fN ] belongs to the cone of homogeneous
coordinates of any point in C(P⊥), i.e., the convex cone of
C(P⊥)×{1}:

KP = R+

Ä
C(P⊥)×{1}

ä
. (10)

To be rigorous on the equivalence with the repulsivity, we
prove the following Lemma.

Lemma 1 (Repulsivity): The point-wise repulsivity
condition, i.e., ρN(x)≥ 0 for every x in P, implies[

mT , fN
]
∈ KP, (11)

and for every [mT , fN ] verifying (11) there exist a com-
patible normal force distribution such that ρN(x)≥ 0
for every x in P.
The proof is given in the Appendix VI-A.

B. Duality of Signorini and Twist Conic Constraint

The normal velocity field νN(x) as defined in Eq. (3) and
recalled here:

νN(x) = vN + ⟨ωT ,x
⊥⟩, (12)



Fig. 5. The three different regimes in the contact patch problem. If ωT is not zero, there is a line Dz in the plane where νN(x) = 0, and we represent
it in brown. If [mT , fN ] is not zero, the center of pressure cp is well-defined by c⊥p =mT / fN and we represent it as a black dot, together with an arrow
representing fN . We observe the three regimes of the conic complementarity of Planar Signorini, either [ωT ,vN ] is zero: the contact is sticking or sliding
depending on the friction, [mT , fN ] is zero: the contact is breaking; or the center of pressure cp must lie on the zero-line Dz, the contact is tipping or
slide-tipping depending on the friction.

is an affine function of x. Using affine geometry, the
nonpenetration constraint, i.e., νN(x) ≥ 0 for every x ∈ P,
can be rewritten in homogeneous coordinates. For any [y,α]
homogeneous coordinates of any x⊥ ∈ P⊥, we have that:

⟨[ωT ,vN ], [y,α]⟩ ≥ 0. (13)

In other words, [ωT ,vN ] must have a positive dot product
with any element of the cone of homogeneous coordinates
of P⊥. It is precisely the definition of the dual cone of the
cone generated by P⊥×{1}.

Finally, the dual cone of a set is the dual cone of its convex
hull, so we have that [ωT ,vN ] belongs to K∗

P. Formally, we
have the following Lemma:

Lemma 2 (Nonpenetration): The point-wise nonpen-
etration condition, i.e., νN(x)≥ 0 for every x in P, is
equivalent to [

ωT ,vN
]
∈ K∗

P. (14)

The proof is given in the Appendix VI-B.

The geometric interpretation of this result, depicted in
Fig. 4, highlights a geometrically important object, the zero
normal velocity line (zero-line for short) denoted by Dz and
characterized as:

Dz = {x ∈ R2,νN(x) = 0} (15a)

= {x ∈ R2,⟨x,ω⊥
T ⟩= vN} (15b)

Indeed, when [ωT ,vN ] ̸= 0, it can be seen as the normal to
an oriented plane H in R3 and the nonpenetration condition
becomes that KP must lie on the positive side of that plane
(see Fig. 4).

When we analyze this back in the contact plane
(R2 ×{1}), we can distinguish between two cases: (i) ωT =0
and the plane H does not intersect the contact plane, the
normal velocity field is the constant vN , so the nonpenetration
condition reduces to vN ≥ 0 as in the case of a single contact
point. (ii) ωT ̸=0 and the plane H intersects the contact plane
in a unique oriented line D⊥

z with normal ωT depicted in
Fig. 4. Rotating back by π/2, the nonpenetration condition

becomes that the patch P lies on the positive side of the
oriented line Dz with normal −ω⊥

T , as illustrated in Fig. 7
and defined in (15). This characterization will serve to extend
the notion of CoP.

C. Planar Signorini: a Conic Complementarity Problem

Interestingly, the repulsivity and nonpenetration con-
straints for every point are exactly conic constraints on
[mT , fN ] and [ωT ,vN ] that are dual to each other. It remains
to show that the complementarity holds. This is not obvious,
as when the punctual complementarity holds for each x in
P, i.e., νN(x) = 0 or ρN(x) = 0, we do not necessarily have
νN or ρN identically zero. In the trivial cases, we have either
[mT , fN ] = 0 or [ωT ,vN ] = 0 and the complementarity holds
immediately. Yet, using some tools from convex analysis,
we can show that in the non-trivial case, the CoP cp and
the zero-line Dz are necessarily well-defined, and we must
have cp ∈ Dz as depicted in Fig. 6. Because [mT , fN ] are the
homogeneous coordinates of the point cp and [ωT ,vN ] are
the homogeneous coordinates of the oriented line Dz, cp ∈Dz
is equivalent to:

⟨[mT , fN ], [ωT ,vN ]⟩= 0. (16)

Fig. 6. The nonzero twist and wrench case. The complementarity in
the planar Signorini condition (17) implies three regimes: (i) [ωT ,vN ] = 0
and [mT , fN ] can be any element of KP as in Fig. 3, (ii) [mT , fN ] = 0 and
[ωT ,vN ] can be any element of K∗

P as in Fig. 4, or (iii) [ωT ,vN ] ̸= 0 and
[mT , fN ] ̸= 0 as depicted in this figure. In the last case, [ωT ,vN ] (in orange)
and [mT , fN ] (in brown) lie on the boundary of their cone. We always have
fN > 0 and ωT ̸= 0, so the CoP cp (in yellow) and the zero-line Dz (in
brown) are well-defined and we have cp ∈ Dz.



Formally, we have the following proposition.

Proposition 1 (Planar Signorini Condition): The
punctual Signorini condition for every point of the
patch, i.e., 0 ≤ ρN(x) ⊥ νN(x) ≥ 0 for every x in P,
implies that

KP ∋
[
mT , fN

]
⊥
[
ωT ,vN

]
∈ K∗

P, (17)

with KP = R+

(
C(P⊥)×{1}

)
. Additionally, for every

[mT , fN ], [ωT ,vN ] verifying (17) there exists a
compatible normal force distribution ρN such that
0 ≤ ρN(x)⊥ νN(x)≥ 0 for every x in P.

The proof, provided in the Appendix VI-C, does not rely on
any particular assumption regarding the force distribution.

It is interesting to note that the cone KP generalizes the
cone R+ of the contact-point case depicted in Eq. (1). Note
also that if P = {0}, i.e. the patch only contains one point,
KP = {0} ×R+. This also means that mT is zero, and
K∗

P = R2 ×R+. In this case, ωT is not constrained, and we
recover exactly the punctual Signorini condition.

Physical interpretation. The nonpenetration, i.e., νN(x)≥ 0
for all x in P, leads to two cases. Either ωT is zero and the
normal velocity a nonnegative constant, or [ωT ,vN ] is such
that the zero-line Dz does not intersect the interior of the
contact surface and the patch P lies on the positive half
plane of Dz where νN(x) ≥ 0 as in Fig. 7. In the limit
case, the zero-line intersects only the patch boundary, which
is equivalent to [ωT ,vN ] being on the boundary ∂K∗

P (i.e.,
saturating the constraint).

On the other hand, for the contact wrench, the repulsivity,
i.e., ρN(x) ≥ 0 for all x in P leads to two cases. Either
[mT , fN ] is zero and the center of pressure is undefined, or
fN ̸= 0 and the center of pressure is defined by c⊥p = 1

fN
mT

while belonging to C(P). In the limit case, where the center
of pressure is on the boundary of the surface, [mT , fN ] is on
the boundary ∂KP.

The complementarity condition states that if the center
of pressure is defined and is in the interior of the patch P,
the normal velocity field must be uniformly zero. It is the
case where [mT , fN ] ̸= 0 and [ωT ,vN ] = 0, which physically
corresponds to a sticking or sliding scenario depending on
the tangential velocity field determined by [vT ,ωN ] (see right
part of Fig. 5). On the other hand, if the normal velocity
field is not uniformly zero and the patch P strictly belongs
to the positive half plane of Dz, the force distribution must
be uniformly zero and [mT , fN ] = 0. This is the case where
[mT , fN ] = 0 and [ωT ,vN ] ̸= 0, which physically corresponds
to a separating scenario (see left part of Fig. 5).

The limit case where [mT , fN ] and [ωT ,vN ] are both non-
zero is interesting. The complementarity condition states that
the conic constraints are saturated. The center of pressure cp
is on the boundary of the patch P, and the zero-line of the
normal velocity field intersects the boundary of the patch.
More precisely, it imposes that the center of pressure must
be in the intersection of the boundary of the patch and the

Fig. 7. Illustration of the extended center of pressure when fN = 0. The
zero-line Dz in brown has normal −ω⊥

T . The contact surface, indicated in
red, is located in the positive half-plane. Here, the contact surface is strictly
in the positive half-plane and fN = 0, so the CoP is not defined. However,
we can define the extended CoP as the closest point, i.e., the most probable
future CoP.

zero-line. Physically, it corresponds to a tipping scenario, as
shown in the middle of Fig. 5, where the object is tipping
around the zero-line Dz and the normal force distribution
degenerates to a submanifold of Dz ∩ P, the intersection
between the zero-line and the contact surface. When the
contact surface is strictly convex, as in Fig. 5, it always
degenerates to a unique point. In contrast, for a cube as in
Fig. 1, the submanifold could be part of an edge of a cube.
Applicability. The result in Proposition 1 can be applied
in many contexts such as simulation, optimal control, and
inverse dynamics. Because the Signorini condition for all
points of the patch is equivalent to a conic complementarity
constraint on KP, any solver incorporating this constraint re-
lies only on the projector PKP , without the need to explicitly
parametrize or compute the COP.

As a concrete example in simulation, denote a= [mT , fN ]
the partial wrench and b= [ωT ,vN ] the partial twist. Suppose
a linear relation b= Ga+g holds, where G is the symmetric
positive semi-definite Delassus operator [18] and g is the
free-motion velocity. Then the CCP in Proposition 1 is equiv-
alent, via the KKT conditions [7], to the convex quadratic
program:

min
a∈KP

1
2
a⊤Ga+g⊤a, (18)

which can be solved efficiently by standard cone-aware
solvers such as ADMM or Accelerated Projected Gradient
Descent, using only PKP . In optimal control or inverse
dynamics, the same conic constraint can be directly imposed
on the decision variables, again requiring only PKP .

D. Extended Center of Pressure

In the case where both [mT , fN ] and [ωT ,vN ] are nonzero,
we saw that the CoP lies on Dz∩P. Moreover, as described in
Section IV-B and illustrated in Fig. 7, Dz is an oriented line
with normal −ω⊥

T such that P is in the positive half-plane.
Using the support function i.e., the set-valued function S that
given a set A of R2 and a direction d in R2 is defined as
SA(d) = argmaxx∈A⟨x,d⟩ [7], [24], we have:

cp ∈ SC(P)

Ä
ω⊥

T

ä
, (19)



meaning that cp belongs to a subset of C(P) composed of
the points closest to the zero-line Dz. When P is strictly
convex, and ωT ̸= 0, SC(P)

(
ω⊥

T
)

is a singleton. Though,
interestingly, the condition (19) holds even when ωT = 0,
because SC(P)(0) = C(P).

The condition (19) suggests considering a set-valued ex-
tension of the center of pressure cep, which is defined as:

cep(mT , fN ,ωT ,vN) =

®¶−1
fN
m⊥

T

©
if fN ̸= 0

SC(P)
(
ω⊥

T
)

if fN = 0
(20)

Figure 7 depicts the extended center of pressure in the case
of fN = 0.

A potential application of this concept could be to track
the center of pressure immediately before and immediately
after contact, to anticipate the torque required to maintain a
stability criterion. To detect the contact surface just before
and just after the contact, it suffices to run the collision
detection routine [14], [22] with a margin.

V. CONCLUSION

In this paper, we introduced the planar Signorini condi-
tion, a formulation that generalizes the classical point-contact
Signorini condition to entire surfaces. This framework allows
direct reasoning about the wrenches and twists compatible
with a contact patch, without resorting to per-point discretiza-
tion.

The proposed condition brings two main computational
benefits over conventional point-based models: (i) it lowers
the dimensionality of the associated constraint problem,
and (ii) it enables physically sound treatment of surface
contacts even for non-polygonal geometries. Together, these
properties allow for a more accurate and efficient simulation
of frictionless surface contact.

Future work will incorporate this conic complementarity
formulation into robotics simulators to more accurately and
efficiently capture contact patches between surfaces, thereby
reducing the computational burden of simulating complex
physical interactions. Beyond simulation, the proposed conic
complementarity model may prove especially valuable for
locomotion and manipulation, where it naturally integrates
with contact-implicit inverse dynamics methods [19]. Finally,
an exciting next step is to extend the framework with a
Coulomb friction model, further broadening its applicability
to realistic robotic scenarios.
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[29] M. Vukobratović and B. Borovac, “Zero-moment point—thirty five
years of its life,” International journal of humanoid robotics, vol. 1,
no. 01, pp. 157–173, 2004.

[30] P.-B. Wieber, “On the stability of walking systems,” in Proceedings
of the International Workshop on Humanoid and Human Friendly
Robotics, Tsukuba, Japan, 2002. [Online]. Available: https://inria.hal.
science/inria-00390866

[31] S. Wright, J. Nocedal, et al., “Numerical optimization,” Springer
Science, vol. 35, no. 67-68, p. 7, 1999.

[32] J. Xie and N. Chakraborty, “Rigid body dynamic simulation with
line and surface contact,” in 2016 IEEE International Conference
on Simulation, Modeling, and Programming for Autonomous Robots
(SIMPAR), 2016, pp. 9–15.

VI. APPENDIX

A. Proof of Lemma 1

Suppose ρN(x)≥ 0 for every x in P. By integration, we
immediately have fN ≥ 0 and fN = 0 if and only if ρN(x) = 0
almost everywhere on P, which in turn implies by integration
that mT = 0. Now, suppose fN > 0, using the zero moment
point characterization of the center of pressure given in (8),
and the fact that with ρN(x)≥ 0 for every x in P the center
of pressure is a convex combination of the elements of P,
we have cp belongs to C(P)2 and in turn 1

fN
mT belongs to

C(P⊥). Thus, there exists y in C(P⊥) such that mT = fNy.
Adding the condition that fN ≥ 0 and that, when fN is

zero, mT is zero, we have the existence of α ≥ 0 such that[
mT , fN

]
= α

[
y,1

]
, (21)

which can be rewritten as [mT , fN ] ∈ R+(C(P⊥)×{1}) =
KP.

For the second statement of the Lemma:
• if fN = 0, the distribution ρN(x) = 0 is a valid distribu-

tion,
• if fN ̸= 0, consider the center of pressure cp defined

by c⊥p = 1
fN
mT . As [mT , fN ] ∈ KP, cp is in C(P⊥) and

there exists x1,x2 in P and α ∈ (0,1) such that cp =

2This holds even when the distribution ρN is supported on a lower-
dimensional manifold L ⊂ P.

αx1 +(1−α)x2. The degenerated distribution that is
supported only on {x1,x2} and verifies ρN(x1) = α ,
ρN(x2) = 1−α is a valid distribution.

■

B. Proof of Lemma 2

Using the expression of the normal velocity field νN(x),
the point-wise nonpenetration condition gives that for every
x in P:

0 ≤ νN(x) = ⟨ωT ,x
⊥⟩+ vN =

〈[
ωT ,vN

]
,
[
x⊥,1

]〉
. (22)

The condition that [ωT ,vN ] has a positive scalar for
all [x⊥,1] for all x in P is exactly the condition
[ωT ,vN ] ∈ K∗(P⊥×{1}). Finally, we have:

K∗(P⊥×{1}) = K∗
Ä
C(P⊥)×{1}

ä
= K∗

P. (23)

The converse is immediate. ■

C. Proof of Proposition 1

Suppose 0 ≤ ρN(x)⊥ νN(x)≥ 0 for every x in P, using
Lemmas 1 and 2, we have [mT , fN ] ∈ KP and [ωT ,vN ] ∈ K∗

P.
Now let us prove that ⟨[mT , fN ], [ωT ,vN ]⟩= 0 by distinguish-
ing three cases:

• If [mT , fN ] is zero, then we have ⟨[mT , fN ], [ωT ,vN ]⟩=
0 and the complementarity holds.

• If [mT , fN ] is in the interior of KP, then the center of
pressure cp, defined by c⊥p = 1

fN
mT , is in the interior C̊

of C = C(P). Thus if the force distribution degenerates
into a single point x, we have x = cp ∈ C̊ such that
ρN(x) = fN > 0, and using the punctual Signorini
condition νN(x) = 0. If the force distribution does not
degenerate into a single point, there exist two points x1
and x2 in P such that ρN(x1)> 0 and ρN(x2)> 0, with
C({x1,x2})∩C̊ ̸= /0. The punctual Signorini condition
for x1 and x2 gives that νN(x1) = νN(x2) = 0, and for
0 ≤ α ≤ 1 such that x = αx1 + (1−α)x2 ∈ C̊, with
affine interpolation we have:

νN(x) = νN(αx1 +(1−α)x2)

= ανN(x1)+(1−α)νN(x2) = 0. (24)

To summarize, if [mT , fN ] is in the interior of KP, there
always exists x in C̊ such that νN(x) = 0.
Because the normal velocity field νN : R2 →R is affine
and has value zero in a point located in the interior
of a domain where νN is nonnegative, we have that
νN is uniformly zero3. Thus we have [ωT ,vN ] = 0 and
⟨[mT , fN ], [ωT ,vN ]⟩= 0 and the complementarity holds.

• If [mT , fN ] is not zero and in the boundary of KP, then
the center of pressure cp, defined by c⊥p = 1

fN
mT , is in

∂C the boundary of C = C(P). The center of pressure is

3Take a small radius r > 0 such that B(x,r)⊂C, and take y in B(x,r).
The point of coordinate 2x−y is in B(x,r) because ∥(2x−y)−x∥= ∥x−
y∥≤ r, and we have νN(2x−y)= ⟨ωT ,(2x−y)⊥⟩+(2−1)vN = 2νN(x)−
νN(y) =−νN(y). We have νN(y)≥ 0 and νN(2x−y) =−νN(y)≥ 0, so
νN(y) = 0. Thus, νN(y) = 0 for all y in B(x,r), and for any u in B(0,r),
0 = νN(x+u)−νN(x) = ⟨ωT ,u

⊥⟩, so ωT = 0 and finally taking u= 0,
we have 0 = νN(0) = vN .

https://github.com/humanoid-path-planner/hpp-fcl
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http://dx.doi.org/10.1007/BF00534623
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a convex combination of elements of P, so the nonzero
domain of the force distribution ρN(x) is included in the
boundary ∂P and is also included in the largest convex
set A such that cp ∈ A ⊂ ∂C otherwise, the convex com-
bination would be in the interior C̊. If A is a singleton,
A= {cp}, then the normal force distribution degenerates
at one point, and we have ρN(cp) = fN > 0, so using
the Signorini condition on cp, we have νN(cp) = 0. If
A = C({x1,x2}) is a segment, we have x1 and x2 in P
and the problem reduces to a 1-dimensional study over
A. If cp is on the boundary ∂A= {x1,x2} of A, then the
force distribution degenerates into one point, cp is that
point, and we have ρN(cp) = fN > 0. Finally, if cp is in
the interior Å, either the force distribution degenerates
to cp and we have ρN(cp) = fN > 0, or there exist y1,y2
in A∩∂P such that ρN(y1)> 0, ρN(y2)> 0 and cp is in
C(y1,y2). The Signorini condition for y1 and y2 gives
that νN(y1) = νN(y2) = 0 and using Eq. (24), we have
νN(cp) = 0.

To summarize, if [mT , fN ] is not zero and in the boundary
of KP, we always have νN(cp) = 0. Using the expression for
c⊥p in (8) and the expression νN in (12), we have

νN(cp) = ⟨ωT ,c
⊥
p ⟩+ vN =

1
fN

⟨ωT ,mT ⟩+ vN (25)

Thus multiplying the previous equation by fN , νN(cp) = 0
gives

0 = ⟨ωT ,mT ⟩+ fNvN =
〈[
mT , fN

]
,
[
ωT ,vN

]〉
. (26)

Summing up the three cases, if 0 ≤ ρN(x)⊥ νN(x)≥ 0 for
every x in P, we have [mT , fN ] ∈ KP and [ωT ,vN ] ∈ K∗

P and
always ⟨[mT , fN ], [ωT ,vN ]⟩ = 0. Using the usual notations
for CCP, we have:

KP ∋
[
mT , fN

]
⊥
[
ωT ,vN

]
∈ K∗

P. (27)

For the second statement of the Proposition, consider
[mT , fN ] and [ωT ,vN ] verifying (27), we have the following
cases:

• if fN = 0, the distribution ρN(x) = 0 is valid,
• if fN ̸= 0 and [ωT ,vN ] = 0, any distribution valid for the

KP constraint works as νN(x) = 0 for any x in P.
• if fN ̸= 0 and [ωT ,vN ] ̸= 0, consider the center of

pressure cp defined by c⊥p = 1
fN
mT . Due to the com-

plementarity, we have cp in ∂C(P). If cp is in P, the
degenerate distribution in cp is compatible as using this
distribution, ρN(x) = 0 for every x ̸= cp in P, and
⟨[mT , fN ], [ωT ,vN ]⟩= 0 implies νN(cp) = 0. If cp is not
in P, then there exists x1,x2 in ∂P and α ∈ (0,1) such
that cp = αx1 +(1−α)x2. The line passing through
x1 and x2 is the unique line containing cp and not
intersecting the interior of C(P), so it is necessarily Dz,
and νN(x1) = νN(x2) = 0. The degenerated distribution
that is supported only on {x1,x2} and verifies ρN(x1)=
α , ρN(x2) = 1−α is a valid distribution.

■
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