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In recent years, various frameworks have been proposed for the study of quantum
processes with indefinite causal order. In particular, quantum circuits with quantum
control of causal order (QC-QCs) form a broad class of physical supermaps obtained
from a bottom-up construction and are believed to represent all quantum processes
physically realisable in a fixed spacetime. Complementarily, the formalism of routed
quantum circuits introduces quantum operations constrained by “routes” to represent
processes in terms of a more fine-grained routed circuit decomposition. This decom-
position, formalised using a so-called routed graph, represents the information flow
within the respective process. However, the existence of routed circuit decompositions
has only been established for a small set of processes so far, including both certain
specific QC-QCs and more exotic processes as examples.

In this work, we remedy this fact by connecting these two frameworks. We prove that
for any given N, one can use a single routed graph to systematically obtain a routed
circuit decomposition for any QC-QC with N parties. We detail this construction
explicitly and contrast it with other routed circuit decompositions of QC-QCs, which
we obtain from alternative routed graphs. We conclude by pointing out how this
connection can be useful to tackle various open problems in the field of indefinite causal
order, particularly establishing circuit representations of subclasses of QC-QCs.



https://orcid.org/0000-0002-1561-9709
https://orcid.org/0000-0002-2759-633X
https://orcid.org/0000-0001-9022-8655
https://orcid.org/0000-0001-9460-825X
https://arxiv.org/abs/2507.08781v1

Contents

1

2

2= O aQ W »

Introduction

Consistent Routed Quantum Circuits

2.1 Preliminaries: relations. . . . . . . . .. . oo Lo
2.2 Routed graph . . . . . . .. ..
23 Branchgraph . . . . . ...
2.4 Routed linear maps . . . . . . . .. ... L
2.5 Skeletal supermap and fleshing out for a routed graph . . . . .. ... ..
2.6 Main theorem of Vanrietvelde et al. [39] . . . .. .. ... ... .. ...
Quantum Circuits with Quantum Control of Causal Order

3.1 Choi picture and the link product . . . . . . .. ... ... oL
3.2 Formal construction of QC-QCs . . . . . . . . ... oL

QC-QCs as Routed Quantum Circuits

4.1 Generic routed graph for QC-QCs . . . . . . ... . oL
4.2  Generic branch graph for QC-QCs . . . . . . . . ... ... ... ... ..
4.3 Obtaining any QC-QC: Fleshing out the skeletal supermap for Goc.qc ()

Alternative Routed Quantum Circuit Descriptions

5.1 An alternative treatment of the QC-QC ancillary systems . . . ... ...
5.2 Splitting the internal nodes according to their branch structure . . . . . .
5.3 Merging nodes in the routed graph . . . . . ... ... ...
5.4 Removing arrows in the routed graph . . . . . . .. ... ...

Discussion

6.1 Contrasting routed circuit decompositions . . . . . .. ... ... ... ..
6.2 Characterising classes of processes . . . . . . . .. ... .. ...
6.3 Consequences for the routed quantum circuit framework . . . . . . .. ..

Acknowledgements

Derivation of the choice function for Goc_qc(n)

Obtaining a QC-QC by fleshing out a skeletal supermap

Proofs for Section 5

Reconstruction of the routed circuit decomposition of the Grenoble process in |

Restricting to agent-localised processing

I

10
13
14
17

19
20
20

21
22
27
30

36
37
38
42
46

47
47
48
49

49

53

54

56

60




1 Introduction

Over the course of the last fifteen years, there has been an explosion of interest in studying the
quantum world through the eye of causality. While we are used to making sense of our everyday
experiences in terms of cause and effect — a perspective which has been well-formalised in the

field of classical statistics [1—3], certain quantum phenomena defy any attempt to be explained in
terms of classical causation [1]. However, it recently has been realised that the notion of causality
can be adapted into the quantum realm, shifting from classical random variables to quantum
systems as causal relata [5, (]. This has led to the increasing adoption of causal perspectives and

techniques in the fields of quantum foundations and quantum information theory. In the wake of
this movement, a particularly interesting field of research that has emerged is that of indefinite
causal order (ICO) in quantum processes, suggesting the necessity of cyclic quantum causal models
for their description [7-13].

The top-down approach of gquantum supermaps [14] (also known as higher-order maps and
often formalised in the process matriz framework [15]) has been extensively used to model ICO
phenomena. In this framework, one considers a fixed number of agents who, as parties in a
fixed process, each execute a freely chosen quantum operation precisely once. The only condition
imposed on the process is that any probabilities observed by these agents are logically consistent,
but no global causal structure is assumed — as such a structure might no longer be in place, e.g., in
a theory of quantum gravity. Such processes can, equivalently, be understood as the most general
“higher-order” transformations that transform the parties’ local operations into a valid quantum
operation between a common global past and a global future. Quantum supermaps are therefore
of interest both from an informational perspective and as an extension of quantum theory into
general relativistic regimes [7, 11, 13, 15-20].

Over the course of the study of ICO, several particularly interesting processes have been studied
in detail, such as the quantum switch [21], in which the two possible orders of two operations are
placed in a quantum superposition with the aid of a quantum control system, as well as more exotic
processes such as the Oreshkov-Costa-Brukner (OCB) process [15], for which no clear physical
interpretation has been suggested so far (and which has in fact been argued to be non-physical,
on the basis that it is not “purifibable” [22]), and the so-called Lugano (or “AF/BW?”) process [23,

|, which features ICO on classical systems. These examples and their respective properties
have been the subject of intense study, and for the quantum switch [21, 25-27] and its natural
generalisation to more operations [28-31], as well as for the Lugano process [32], computational
and communication advantages beyond standard causally ordered quantum information processing
have been identified. However, the top-down perspective of the process matrix framework does
not provide any straightforward way to systematically establish further processes with interesting
properties, or easily assess their physical implementability. Accordingly, working towards a better
understanding of the internal structure and physical realisability of such processes is one of the
major challenges of the field.

With this goal in mind, various constructive frameworks have been proposed [33-10]. Refs. [34,

| in particular establish formal connections with quantum supermaps, providing an avenue to
categorise processes into structurally different classes. However, research into the relation and
connections between these approaches and their synergies has been rather limited so far, with a
notable exception being Refs. [11, 42] which relate the causal box framework [33] to the generalised
circuit framework of [34] in an effort to gauge the physical realisability of processes within a fixed
spacetime.

This work contributes to closing this gap by connecting the framework of quantum circuits
with quantum control of causal order (QC-QCs) [34] — physically realisable processes which fea-
ture coherent control of the order of operations, and whose properties as process matrices have
been well-characterised — with routed quantum circuits [39, 43], which provide a decomposition of
ICO processes into more fine-grained “routed” circuits, with precise and intuitive diagrammatic
representations in which the process validity can be checked from the circuit structure, despite the
presence of feedback loops. While for some notable examples of causally indefinite QC-QCs, such
as the quantum switch and the so-called Grenoble process [34], explicit constructions as routed
quantum circuits have been formulated [39], no systematic procedure has so far been established.
Indeed, it has thus far remained unknown whether routed quantum circuits can represent all QC-




QCs, even though they can also represent some more exotic purifiable processes, such as the Lugano
process [39].

Here we establish a generic procedure for obtaining a routed quantum circuit representation of
any QC-QC. Specifically, for any given number of parties, we specify a single routed graph which
will allow one to obtain any QC-QC with that number of parties, by using an appropriate “fleshing
out”. In Section 2, we provide a detailed review of the framework of routed quantum circuits and
how it allows for consistent decompositions of ICO processes, which we will require to demonstrate
the general validity of our construction. We then briefly review the QC-QC framework in Section 3,
before presenting our main results in Section 4, representing any QC-QC as a routed circuit: in
Section 4.1, we propose the backbone of this representation in terms of a routed graph; after
confirming the validity of this routed graph in Section 4.2, we detail the “fleshing out” of a skeletal
supermap associated with this routed graph to any desired QC-QC in Section 4.3, and prove the
equivalence of the resulting routed supermap to the original QC-QC construction. We then discuss
some possible alternative routed circuit decompositions for QC-QCs in Section 5, before concluding
in Section 6.

2 Consistent Routed Quantum Circuits

In this section we review the routed quantum circuit framework for ICO processes of Ref. [39),
making a significant effort to propose a simplified yet formal presentation of the framework that
slightly deviates from that of Ref. [39] without affecting the main results.

The broader goal of routed quantum circuits [39, 13] is to generalise quantum circuits so as to
represent not only the tensor product structure of the Hilbert spaces involved in a circuit, but also
their potential direct sum structure. For instance, considering two Hilbert spaces HA = 7—[64 o HP
and HE = 7—[53 @ HP, that each decomposes into the direct sum of two sectors "H?, "HZB7 it may be
relevant (and sufficient) to only refer to the composite sectorised space

HAP = N} o HP © H o HE, (2.1)

rather than to the full space HA@HE D HAB . Sectorised spaces like this are of pivotal importance
in quantum optics for instance, to describe the transmission of a photon in a superposition of two
trajectories A and B [44]. In the framework, this is modelled by the introduction of routes, relations
between the sectors specifying which sectors of H4 ® H? may be mapped to each other through
a given routed channel, and possibly rendering certain sectors inaccessible, as in Eq. (2.1) above.

To affirm the validity of a routed quantum circuit, it is sufficient to study its route structure,
which can be specified by an underlying routed graph, which may generally be cyclic. Accordingly,
we will initially focus on establishing the route structure in isolation, before turning to the circuits
themselves.

After presenting some preliminaries on relations in Section 2.1, we will formally introduce the
routed graph in Section 2.2, followed by the more fine-grained branch graph it implies in Section 2.3.
These directed graphs need to satisfy certain properties to ensure that one can build consistent
routed quantum circuits on top of them: the routed graph needs to satisfy the condition of bi-
univocality which, informally, ensures each operation is performed precisely once, while the branch
graph is only allowed to contain so-called weak loops, ensuring that these do not introduce any
paradoxical feedback mechanism. In Section 2.4, we then introduce formally the notion of routed
linear maps, before connecting it with the routed graph structure to obtain a skeletal (routed)
supermap in Section 2.5, by associating each arrow in the routed graph to a respective Hilbert
space. This skeletal supermap will then be fleshed out to a routed or unrouted supermap by
composition with compatible routed channels or superchannels at each node. We conclude this
section by recalling the main result of [39] in Section 2.6.

2.1 Preliminaries: relations

The framework heavily relies on binary relations, also called routes. Let us start by introducing
these.
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Figure 2.1: Two relations A : K — L1 X Ly and p : L2 X Ly — M can be composed through Ls, resulting
in a relation Ay : K x Lz — Ly x M that can be written as A% g = Trz, (A ® p), as in Eq. (2.4).

A (binary) relation A over some sets K and L will be denoted A : K — L. It can be represented

as a Boolean matrix (A%)ZGELK, where the lower and upper indices represent the inputs and outputs

of the relation, respectively, and with )\ﬁf = 1if k and [ are related through A (which we write k 2 1),
and A\, = 0 otherwise. Throughout, we will freely identify a relation with its Boolean matrix. A
relation can also be defined by some constraint(s) on its inputs and outputs; e.g., the constraint
“k = I” would define the relation with matrix elements A, = 6, (where d is the Kronecker delta).
Note also that the converse relation is represented by the transpose matrix A'.

A relation A : K — L can formally be seen as a function K — P(L), where P(L) denotes the
power set of L. We will thus use the notation A(k) to denote the set of all [ € L that are related to
k through A. To characterise the subsets of K and L which are actually related by A, we introduce
the notion of a practical (co)domain.

Definition 2.1 (Practical (co)domain). The practical domain of a relation A : K — L is defined
as the subset Kiy()prac = {k € K | A(k) # 0}. Similarly, the practical codomain of X is defined

as Lout()\),prac = {l €L ‘ AT(I) 7é ®}

2.1.1 Composing relations

To build up a routed graph we will need to compose relations with one another. Given two
relations’ A\ : K — L; x Ly and p : Ly x Ly — M, as illustrated in Fig. 2.1, we can define their
composition through Lo as the new relation A * pu: K x Lg — L; x M that satisfies

(k‘, lg) )\fiﬂ (ll,m) if and only if 312 S L2 such that & ’é/ (ll, lg) and (lz,lg) fli m. (2.2)

Representing the relations A and p as Boolean matrices (Ail’lz)k7l17lz and (U7} 1. )1s,15,m. it is easy
to verify? that \ * u is represented by the Boolean matrix with elements

(et = N (28)

l2,l37
l2

where  denotes the Boolean sum, i.e. which evaluates to 1 if at least one of the summands is 1
(equivalent to the logical or). The composed relation can thus be written as a (Boolean) partial
trace:*

Axp=Trr,(A® p). (2.4)

IThe definition of composition that we present of course also applies when Li, Lo and/or L3 are trivial.

2k =1 = 3, AP, =1 =

lile, m  _
k,l 5 A B, = 1

l

3This is somewhat similar to the “link product” [45, 46] (in its “pure version” [34]) used to compose quantum
maps in their Choi representation.




Remark that composing two relations A and p in this manner may then generally result in a further
restricted practical domain or co-domain in comparison to the individual relations. Specifically,
in the case for instance where L; and L3 are trivial, Ki,() « u),prac may be strictly contained in
Kin(2),prac if A(E) does not relate to any Iy € Ly within the practical domain of y, and analogously
for the practical co-domain Moy¢(x « p),prac-

This way of composing relations can be generalised to more relations, connected through more
common sets of values (i.e., more linking arrows in a graphical representations as in Fig. 2.1; see,
e.g., Fig. 2.4 below). For the resulting relation to hold between a pair of its input and output
values, it is required that there exists a value in each of the common sets, such that all individual
relations hold. The resulting relation is still obtained by tensoring all relations and partially tracing
out over all common sets of indices, thus defining a (commutative and associative) multi-term “link
product”. We will in particular use this in defining the notion of a choice relation (Definition 2.7)
in Section 2.2.2.

2.1.2 Branched relations

In the framework of routed circuits [39] we focus on a specific type of relations, the so-called
branched relations.

Definition 2.2 (Branched relation). A relation A\ : K — L is said to be branched if for any
k. k' € K, A(k) and \(k") are either the same, or disjoint.

Note that a relation X is branched if and only if its converse relation AT is branched. Branched
relations define partitions of their (practical) domain and codomain that are related through so-
called branches.

Definition 2.3 (Branch). A branch 8 = (K” — L) of a branched relation A : K — L is a pair
of nonempty sets K” C K and L? C L such that for any k € K” (k) = L and for any | € L?,
M) = KP.

We denote by Bran(A) the set of branches S of A. Note that the corresponding partitions
of K and L need not be complete, in the sense that UﬁeBran()\) K# might not be equal to K and

|_|5€Bran(>\) LP might not be equal to L; see Fig. 2.2. Rather, |_|5€Bran(>\) KP is precisely the practical
domain of A, while | | GeBran(\) LA is its practical co-domain, as introduced in Definition 2.1 above.

Note that generally, if the partitions {L” | 8 € Bran(\)} and {L” | v € Bran(u)} differ, the
sequential composition of two branched relations A : K — L and p : L — M will no longer be a
branched relation.*

2.1.3 Augmenting relations

From a branched relation, we define its augmented version, which will be an important technical
tool in determining if the composition of some relations can describe a valid circuit structure.

Definition 2.4 (Augmented relation®). Given a branched relation A\ : K — L, its augmented

version is the partial function — written as a branched relation — A" : K X (X BeBran()) LB> —

4However, this is not an if and only if condition, e.g., A *  is still branched if the partition of the domain of y is
a fine-graining of the partition of the co-domain of A or vice versa.

5Note that we depart slightly here from the definition given in [39], which (equivalently) wrote the output of

the partial function as (lé, (85 3)pepran(n)) € L X (X Happensg | (with each Happensg = {0,1}). Since

BEBran(X)
looking at all 34 5’s, for all 8 € Bran()) individually, will not be relevant right away when we first use augmented
relations (when constructing the “choice relation”, see Section 2.2.2), but will only be relevant later on when we
need to clarify causal influences between branches (when constructing the “branch graph”, see Section 2.3), we will
keep that alternative description of 3 for later and use the simpler expression of the augmented relations’ outputs
described here.
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Figure 2.2: Example of a branched relation A : K — L, with its domain and codomain partitioned into
branches (reproducing the example of Fig. 12 in [39]). If X is not total or not surjective, then some values
of K or L are outside of the practical domain or codomain of A, and are in no branches.
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Figure 2.3: Augmenting the branched relation A of Fig. 2.2. The augmented relation identifies in which
branch 8 the input k is, and outputs the choice of output [° — the “bifurcation choice” — within that branch
provided among the auxiliary inputs, together with the name 3 of the branch that thus “happens”. If the
input k is in no branch, the relation has no output.

L x Bran(\) given by
(1P,B) ifkeK?

) . (2.5)
0 if k ¢ Kin()\),prac

)\aug(k7 (ZB)BEBran(/\)> = {

That is, the augmented relation takes as input, in addition to the original input k € K of the
initial branched relation, the choice of one output value [” — that we call a “bifurcation choice” —
for each branch £ of the relation. It identifies whether the input k belongs to the input set K# of
some branch 3. If it does, it then outputs the corresponding bifurcation choice for that branch,
together with the name of that branch; we then say that this branch “happens”. If it does not, the
partial function is undefined — or, equivalently, the input is related to the empty set. See Fig. 2.3
for an illustration.

Note that some auxiliary inputs and/or outputs may be trivial, i.e. they may take only one
possible value. In such a case, one may remove them from the definition of the augmented relation.’

2.2 Routed graph
2.2.1 Indexed and (branched) routed graphs

The route structure of a routed circuit will be obtained by composing (branched) relations together
to obtain a so-called routed graph.

SFor instance the branches 82 and 4 in Fig. 2.2 each have a single output value, so that the inputs 182 and 1P+
of the augmented relation can only take that single value. The auxiliary output on the other hand may be trivial
if the relation has only one branch. One may choose, as e.g. in Fig. 13 of [39], not to represent these trivial inputs
and outputs explicitly.




Definition 2.5 (Indexed graph”). An indezed graph T is a directed graph in which each arrow A
is associated with a non-empty set of index values Ind 4.

The arrows in the graph can either connect two nodes (or possibly a node to itself) or be “open-
ended” — i.e., an arrow that either points to a node but “comes from nowhere” (from no other
node), or an arrow that leaves from a node but “goes nowhere” (to no other node).

We denote by Nodesr the set of nodes of the graph I', and by Arrr its set of arrows. For each
node N € Nodesr, we denote by in(N) C Arrp the subset of arrows that point to N, and by
out(IN) C Arrr the subset of arrows that leave from N. We then define Indy = Indy

t .
and Indy{" = XAEout(N) Indy.

><AEin(N)

Definition 2.6 ((Branched) Routed graph®). A routed graph G = (T, (AN)Nenodesy.) consists of an
indexed graph I' and, for every node N, a relation A\n : Ind — IndQ®® called the route for node
N.

A routed graph G = (T, (AN)Nenogesy ) is said to be branched if all relations An;, for all N € Nodesr,

are branched.

We will often, for brevity, just write a (branched) routed graph as G or (I', (An)n). Graphically
we write an index k4 (with the understanding that k4 € Ind4) next to each arrow A — although
we may drop it when Ind, is just a singleton, or simply to lighten the graphical representation —
and we write the route AN next to each node N; see Fig. 2.4a.

In the context of a branched routed graph (T',(An)n), the branches of a relation A\n will
generically be denoted N (rather than just 3 as in the general preliminary section on relations); the
corresponding sets of input and output values will be denoted Indilfm C Indi% and Ind%‘} C IndQ"
(instead of K# C K and L? C L), respectively, so that N = (Indli, — Ind3f). By abuse
of language, the inputs, outputs and branches of the relations AN will also be referred to as the
inputs, outputs and branches of the node N directly.

Let us also mention the possibility to use global index constraints as a short-hand to specify
the routes (An)n for a routed graph, which we will extensively use throughout this work. Indeed,
just as the relation at a node can conveniently by specified by some constraint(s) on its inputs and
outputs, the global routes (i.e., the multi-node relation XNewo desr An) can be specified indirectly
by giving some constraints relating all the indices appearing in the routed graph. Thereby, they
specify the globally consistent assignments of index values across the graph.

2.2.2  Choice relation and (bi-)univocality

Instead of attaching the original relations An to each node of the branched routed graph (I, (An)N),
one may “plug in” their augmented versions, representing the auxiliary inputs and outputs intro-
duced in the augmenting procedure as additional open-ended arrows (similarly to Fig. 2.3), with
for each node N the input sets IndQt (for all N”) and the output set Bran(An) attached to them.
By composing the augmented relations through the arrows of the graph (see Section 2.1.1), this
allows us to define a relation between all auxiliary inputs — together with the indices attached

7Again we slightly depart here from the definition given in [39], by not including the “dimension” of each index
value in the definition of an indexed graph. We will only need to specify later on, when constructing the branch
graph, which index values are considered to be “one-dimensional”; see Definition 2.11.
Furthermore, contrary to [39] we do not require a priori that for an open-ended arrow A, Ind4 must necessarily be
a singleton; we will only impose this when this becomes necessary, namely when testing the property of “(bi-)uni-
vocality”, see Definition 2.8.
Also, for simplicity we define an indexed graph as a graph rather than a multigraph, which, as noted in [39], does
not make any difference in the framework presented here. In fact, having several arrows from a node N to a node M,
each with a set of index values Indy,, is equivalent to having a single arrow with the cartesian product Xj Indy;

attached to it. Indeed, we allow index values to be of any type, including lists of values (or sets, as we will use in
our construction for QC-QCs in Section 4).

80nce again we slightly depart and take a more general definition than that in [39], which required routed graphs
to only involve branched relations. Here we will specify and talk about a “branched routed graph” when this is the
case.




kaka
Hk;kll Augmenting
EE—

(a) A routed graph (b) The associated augmented routed graph

Figure 2.4: (a) Example of a routed graph (reproducing that of Fig. 11(b) in [39]). The arrows not
bearing indices have a single index value attached to them (i.e. the corresponding Ind,4 is a singleton).
(b) Augmenting all of its relations (as in Fig. 2.3, with, for each node N the set K being Indly =
)(Aein(N) Ind4 and the set L being Ind{"* = XAEout(N) Inda) and composing the relations through the
arrows of the graph (as explained in Section 2.1.1) yields the choice relation — a relation between (the

index values attached to) all arrows with open-ended tails and all arrows with open-ended heads.

to arrows that “come from nowhere” in the original indexed graph — and all auxiliary outputs —
together with the indices attached to arrows that “go nowhere”; see Fig. 2.4b.

Formally, denoting by Arri®® the set of all “internal” arrows of I' (which connect two nodes in
the graph), by Arri® and Arr{"® the sets of all (original) arrows of I' that “come from nowhere” and
that “go nowhere”, respectively (so that Arrp = Arr* UArr{® UArr""), we introduce the following
definition.

Definition 2.7 (Choice relation). Given a branched routed graph G = (T, (AN)N), its choice rela-

tion is the relation A(F,(AN)N) : (XAEAHF, IndA> X (X IZIENOCIGSF, Indlo\}lg — (XAEAH%M IndA> X
N” eBran(An)

(XNGNodeSF Bran()‘N)) defined as

A(F,(AN)N) = Tr(IndA)AEArriF"t [®N€Nodesr X'li\}lg] = K NeNodesr )‘;}]g (2'6)

(where k denotes the multi-term “link product” that allows one to compose relations, generalising
Eq. (2.4)).

Thus, together with some input in XAEArr“‘ Ind4 and some output in ><A€Arrout Ind 4, the
r r

choice relation relates some choice of output values (ZNB)N7N5 € XN7N5 IndQy — some “bifurcation
choice” — for each of all branches of all routes in the graph, to the specific branches, for all nodes,

that do “happen” for those bifurcation choices.

With all this in place, we are now ready to define the property of “(bi-)univocality” that we will
require the branched routed graph to satisfy. This presupposes that the indexed graph has trivial

input and output values attached to its open-ended arrows (i.e., that for all A € Arri®UArr"®, Indy




is a singleton),” and formalises the requirement that for each possible combination of bifurcation
choices, one and only one branch should happen at each node (and similarly in the adjoint graph'").

Definition 2.8 ((Bi-)Univocality). A branched routed graph G = (I, (An)n) with trivial Indg
for all open-ended arrows A is said to be univocal if its choice relation A (xy)y) 18 @ function —
which is then accordingly called the choice function.

Such a G = (T, (A\N)n) is said to be bi-univocal if both it and its adjoint G" = (T'T, (A\;)n) are
univocal.

Given that the definition of (bi-)univocality requires a priori that the routed graph is branched
and that Ind, is trivial for each open-ended arrow A, we will no longer explicitly specify these
properties when referring to a (bi-)univocal routed graph. Furthermore, since X Acarpin Inda and

r

X Acapront Indy are taken to be trivial, we will make them implicit in the definition of the choice

function, which will then be seen as a function

Arowny t X Indgs — X Bran(An). (2.7)
Ne&ENodesr, NeENodesr
N?€Bran(An)

Remark 2.9. If A(p )y 18 not surjective, the choice function acts as a global constraint restrict-
ing which combination of branches in Xy yoaes. Bran(AN) may jointly happen. If, further, the
projection of the choice function onto an individual node M, i.e. XNENodeSF NP cBran(An) Ind§‘§ —

Bran(Anm) is not surjective, some branches M?” will never happen and may be disregarded en-

tirely.!! This can be seen as a restriction of the practical input and output sets. In practice, we

will restrict the combinations of incoming and outgoing indices Indicl/ " considered for each node

M a priori, so as not to be left with unnecessary irrelevant branches M?.

2.3 Branch graph

Once we have checked that the routed graph under consideration is bi-univocal, we can build
its branch graph, on which we will check some condition (the “only weak loops” property) on the
potential loops it may contain. The branch graph connects the branches of the different nodes of the
original routed graph, providing a more fine-grained picture of their connectivity, and differentiates
between so-called strong and weak parents.'?

2.3.1 One-dimensional values and strong parents

Roughly speaking, the notion of strong parent indicates whether there can be some direct transmis-
sion of information (in a way that will be specified later) from one branch at one node to another
branch at some other node in the graph. For this, one first needs to characterise how — through
which index values — the two branches under consideration are linked:

Definition 2.10 (Branch-linking values). Let G = (T, (AN)n) be a branched routed graph, and
let N” € Bran(An), MY € Bran(A\y) be two branches of two nodes N, M € Nodesr. If there is an

9 In [39], this assumption is introduced to simplify the statement of bi-univocality, but the possibility of a direct
generalisation is claimed by the authors.

10The adjoint of a routed graph is simply obtained by reversing all its arrows and taking the converse of all its
T . : : ‘s T
routes. Beware that A(FT,(A;)N) #* A(F,(AN)N)' the choice relation of the adjoint graph G' does not even act on
the same spaces as the adjoint of the choice relation on G.

11 For the following section, one can easily deduce that any such branch will not partake in any strong or weak
parent relation.

12For clarity: these are two independent notions. A branch may be a strong parent but not a weak parent of
another branch, or vice versa.
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arrow A from N to M in the graph I', we define the set of values linking N® to M” as

LinkVal(N” M)

= {kA € Indy

A
3(kar) arenrrr\{ay such that VN’ € Nodesr, (kar)arcin(n) ~ (kA/)A’eout(N’)}.
and (kA’)A’Gout(N) € Indf\}%, (kA’)A’Gin(M) S Indil\r}”
(2.8)

That is, LinkVal(N#, M?) is the set of index values that can be attributed to the arrow (if any)
from N to M, in order to satisfy the global index constraints, and belong to the branches N M7
of the nodes N, M. By definition, these global index constraints are satisfied if there exists a
consistent assignment of all other values on all other arrows of the graph, whose appropriate
combinations (corresponding to the arrows that point to, or leave from a given node) satisfy all
the relations specified at all nodes in the graph. In this case, these index combinations are related
by the global routes.

In fact not all index values that thus link two branches will be useful to transmit information.
Indeed we shall specify and single out certain index values that will play a specific role, in not
being able to transmit information by themselves.

Definition 2.11 (One-dimensional index values). Certain index values are singled out and said
to be “one-dimensional”.*?

Given an arrow A of an indexed graph I', we denote by 1Dimy C Ind, the set of one-dimensional
index values attached to it; (1Dim4)Aaearre (which we shall abbreviate as (1Dimg)4) thus denotes
the set of all one-dimensional index values of I'.

Once the set of one-dimensional index values is specified, the strong parents are then charac-
terised as follows:

Definition 2.12 (Strong parent). Given a branched routed graph G = (I', (AN)n), its set of
one-dimensional index values (1Dimg)4, and two nodes N, M € Nodesr as well as two branches
N” € Bran(\n), M” € Bran(\m), we say that N? is a strong parent of M with respect to
(T, (AN)N, (1Dimy) 4) if there is an arrow A from N to M in the graph I', and LinkVal(N? M?)
contains

o (at least) one element that is not one-dimensional — i.e., not in 1Dimgu;

e or strictly more than one element.

2.3.2 Weak parents

Recall that, according to Definition 2.4, the augmented version of a relation outputs the branch £
(if any) that the input k belongs to — the branch that “happens” when the input is k. One may
then focus on a given branch 3 of the relation, and ask specifically if that branch happens or not
—i.e., ask for the Boolean value of d5 5 (see Footnote 5).
NE

univocal routed graph, one may focus on a given branch M? € Bran(Ap) of a given node M, and
ask specifically if that branch happens for some given inputs in XN,NB IndQys. To formalise this,
we introduce the following:

Similarly, considering now the choice function A, (ay)n) @ X ne IDAJE — Xy Bran(An) of a

Definition 2.13 (M”-Happens function). Given a univocal routed graph G = (T, (AN)N) and a
specific node M € Nodesr with a specific branch M"Y € Bran(An), the MY -Happens function is

3With the original definitions of [39], all index values are attributed a non-zero natural number called its “di-
mension”. For now we actually only need to identify those whose dimension is 1.
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the Boolean function'*

. t
HappM'Y : XNGNodeSF,NﬁeBran(AN)Ind(lj\}lﬁ — {07 1}7
NA
(l )NENodesF,NﬁeBran()\N) = 5M’Y7W7 (29)

where M7 € Bran(An) is the output of the choice function A (x)n) : XN,NB IndQyy — X Bran(An)
of the graph corresponding to the node M, for the same input (ZNﬁ)N7Nﬁ.
The notion of a weak parent then characterises whether a bifurcation choice made within a

given branch influences whether another branch happens or not.

Definition 2.14 (Weak parent). Given a univocal routed graph G = (T', (An)n) and two nodes
N, M € Nodesr with two branches N? € Bran(\n), M” € Bran(A\y), we say that N? is a weak
parent of M7 with respect to (T, (An)n) if the Boolean output value of the MY-Happens function

Happp-, as defined in Eq. (2.9), depends on the input value of N7 i.e., the bifurcation choice —
attached to the branch N¥.

Note that if N? has a single output value (i.e. there is no bifurcation choice to be made within
that branch: |Ind‘1’\}1[§’ = 1), then it cannot be the weak parent of any other branch. On the other
hand, if the node M has a single possible branch M7, i.e. Bran(An) = {M?}, then MY happens
for sure (Happy,- returns the constant output 1, independently of any input values at any node of
the routed graph), so that M” has no weak parent.

2.3.3 Branch graph and weak loops

Definition 2.15 (Branch graph). Given a bi-univocal routed graph G = (I',(An)n) and the
specification of its set of one-dimensional index values (1Dima)a, the branch graph G®*® is the
directed (multi)graph in which

« the nodes are the branches of (T, (AN)N);

« there is a solid arrow from a branch N” to a branch M7 if N” is a strong parent of M with
respect to (T, (An)N, (1Dima) 4);

« there is a green dashed arrow from N? to M7 if N? is a weak parent of M" with respect to
(T, (An)N);

o there is a red dashed arrow from N? to M7 if M7 is a weak parent of N? with respect to
the adjoint graph (T'T, (AL)N)-

Considering all types of arrows, a branch graph may contain cycles, consisting of arrows of
potentially different colours. The framework distinguishes a certain type of loops, namely:

Definition 2.16 (Weak loop). A loop in a branch graph G is said to be weak if it only contains
green dashed arrows, or if it only contains red dashed arrows.

As we will see below, such loops are not “harmful”: routed graphs that only contain weak loops
can be used to build valid quantum processes. This motivates the following:

Definition 2.17 (Valid graph). We take a routed graph G = (T, (An)N) with one-dimensional
index values given by (1Dim4)4 to be wvalid if it satisfies the principle of bi-univocality (cf. Defini-
tion 2.8) and every loop in its associated branch graph is weak (cf. Definition 2.16).

In particular, a bi-univocal routed graph will be valid if its associated branch graph features no
loops at all.

4Happy~ here is not to be confused with the notation Happensg from [39], which was denoting the Boolean
output set, Happensg = {0, 1} (see Footnote 5).
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2.4 Routed linear maps

With the routed graph, we have established a graph-theoretic structure to encode — potentially
cyclic, yet consistent — connectivity between nodes. To bridge the gap to quantum processes, we
now shift our attention to routed linear maps, which we will use to describe quantum operations
to associate with these nodes. Introduced in [13], routed linear maps also use relations to restrict
linear maps as well as the Hilbert spaces they act upon, splitting them into multiple independent
sectors. In this work, we will only consider Hilbert spaces H of finite dimension dim(#), and
refrain from mentioning this fact explicitly going forward.

Consider two Hilbert spaces H¥ and H’, which are sectorised into orthogonal subspaces H¥ =
Drck HE and HE = Dicr, HFE, with K and L denoting finite index sets. Then, for linear maps
A HE — HE (which we will also write as A € L(HE, HL)), we may introduce sectorial constraints
restricting the form of A. More precisely, we specify a route A\, given as a relation A : K — L
(identified with a Boolean matrix ()\ﬁc)ffej}() We then say that A follows the route X if it satisfies

~(kA1) = TFAIE =0,  orequivalently, A= A -IFATL, (2.10)

k.l

where II¥ is the projector from HX to HE and IIF is the projector from H% to H}. We will then

write A : 5 25 HL and denote the tuple (\, A) a routed (linear) map. The condition above
captures the idea that the image of a state in Hf has support only on those sectors HlL such that
A . L
k~1 e on @y My
These routed maps can be composed analogously to the linear maps themselves: their com-
position will follow the composition of the respective routes. Consider A\ : K — L; X Lo,
p i Ly x Ly — M (as in Section 2.1.1), and A : HE 2, HIk2 B HLels By gy M with
HIlz = HIr @ HE2 and HE2Ls .= HI2 @ HL® being (naturally) sectorised according to Ly x Lo
and Lo x Lg, respectively. These then compose as

(M A) % (u, B) = (A, BA) € (K x Ly — Ly x M) x L(HE @ HEs #HE @ HM) . (2.11)

Here, we employ the composition of relations as considered in Section 2.1.1, and for matrix mul-
tiplication, assume that the involved matrices are extended with identities on the respectively
missing spaces. In the same way that the composition of unitary quantum transformations can be
represented using circuit diagrams [47], Theorem 1 of [43] then proves that entire routed circuits
may be constructed using elementary routed maps as building blocks.

One important consequence of this construction is that A may restrict the practical input and
output spaces of A in contrast to its formal input and output spaces HX and HZ. This reflects
the notion of practical (co-)domain for the relation A, as introduced in Definition 2.1: HE is in
the practical input space of (A, A) if and only if k¥ € Kj,(x),prac; and analogously for the practical
output space. We then define the practical in- and output spaces for A as

K — K _ l K K
Hin(z\),prae T @ ch - @ ( )‘k> Hk CH
l

k€ Kin(x),prac keK
L . L __ l L L
Hout()\),prac - @ Hl - @ ( )‘k) Hl C H". (212)
leLout(A),prac leL k

This captures the idea that A must annihilate sectors "Hf outside of its practical input space (with
l/\ﬁc = 0): the route A does not relate these sectors to anything. Similarly, unrelated sectors

151f A and B follow the routes A and p, resp., then /\;1,12 = 0 implies (Hil ®HZL22)A Hf = 0and p? 13 =0 implies

MM B(I2 @ I22) = 0. Then using Eq. (2.3), Ax p)l " =0 <= | NP2um =0 <= Vig, 1" =0 or

w2, = 0, from which it follows that (I @ TI}) (171 ® B)(A @ 103)(IF @ I3) = | (I @ I} B)(1M1 ©
L L: L L L L .
2 @1k Anf ol ?) = | (1M oI BI2 @ I?) ) ( (I @1 2) AL} @1%) = 0, meaning that
N—— N———

< or —
0 0

(151 ® B)(A ® 113) follows the route X * .
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HFE at the output must be outside the image of A (as , A, = 0). Note that under sequential
composition of routed maps, the practical input and output spaces may be further reduced to
smaller subspaces of the respective spaces of the individual routed maps. This is analogous to the
behaviour of the practical input and output sets of relations under composition, as outlined in
Section 2.1.1.

For a branched relation X in particular, we specify branch spaces ’Hille and H(ﬁi for a given
branch 8 = (K? — L?) € Bran(\). We define
H{gﬁ = @ Hi and ’Hfjt = @ Hi (2.13)

keEK?A IeLB

Any routed map M : HE 2 HE will then (uniquely) decompose into a set of routed maps
M = @ geppanny M7, with M - HE® — HLL for each branch 3.

We will consider a routed map a routed unitary or isometry if it acts as a unitary or isometry,
respectively, when restricted to its practical input and output space. (Due to Eq. (2.10), they will

be 0 outside these spaces.'%)

2.5 Skeletal supermap and fleshing out for a routed graph

Having introduced routed linear maps, we now shift our attention to higher-order (linear) op-
erations, which are commonly called supermaps [14]. These (routed) supermaps take a tuple of
(routed) linear maps as an argument and yield another (routed) linear map. Accordingly, in circuit
diagrams, they are usually depicted as boxes with “slots”, allowing one to “plug in” some linear
operations inside. Anticipating our intention to associate these slots with a node in a graph later
in this section, for a given slot associated with a node N, we will generally denote its input and
output space as H"®™) and Hout ™) respectively, rather than the potentially more familiar syntax
HAY used e.g. in [34]. For the unrouted case, supermaps are then defined as follows.

Definition 2.18 (Supermap). A supermap of the type

>< (Hm(N) N HOUt(N)) N (HP — HF)’ (214)
N

is a linear map @p L(HPM) HOwMNY oy £(HP HI)1T

For a given slot in the supermap, associated with a node N, we then say it is of type H ™) —
#eut(N) - Generally, the linear operations we compose with the supermap may feature additional
input and output systems, which will denote as H;Z(CN ) and HSEE(N). In circuit diagrams, these
systems will be “sticking out” as “dangling wires”, after an operation extended in this manner has
been plugged into a slot.

Being interested in quantum theory, supermaps which preserve unitarity and isometricity are
of particular interest.

Definition 2.19 (Superunitary, superisometry). A superunitary of the type

X (Hin(N) - Hout(N)) — (HP = HP) (2.15)
N

16For a routed unitary U : HX 2, HL this implies that dim(’HK’)‘ ) = dim(’HL’A ), while for a routed

prac,in prac,out

isometry V' on the same spaces, dim(?{g’;;m) < dim(HII;r‘;‘C’Om) is sufficient. If the relation is branched, then

additionally for a given branch g = (K# — L#P), dim(’HiIflﬁ) = dim(HLﬁ) holds for unitaries and dim('HiIgﬁ) <

out
dim(’chj‘i) for isometries.
17In the literature, supermaps are usually expressed as higher-order operations of the type ><N (E(’Hin(N>) —
E(HDut(N))) — (E(HP) — E(’HF)), mapping channels to channels at the level of the “mixed” description of
quantum states and operations. As in this work we focus on the actions of supermaps onto “pure” operations, we
use the simpler pure representations instead — as was also considered in [39].
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is a supermap of the same type, such that for any choice of ancillary input and output spaces
;?,((}\I) and HQEZ(N) and any choice of unitary maps Un : H"N) @ H;?S\I) — HoutN) & HSEE(N)

for every N, the linear map

M: HP® (®H;‘;<CN>) s HP e (@%gggm) (2.16)

N N

resulting from plugging the Uy into the slots of the supermap is unitary.'® Analogously, if for
any such choice of ancillary spaces and any corresponding choice of isometries Vi for every N, the
resulting linear map M is an isometry, the supermap is a superisometry.'’

Clearly, if we plug other superunitaries rather than unitaries into a superunitary, the resulting
supermap will again be a superunitary, with an analogous statement holding for superisometries.

We continue by formally generalising the notions of supermaps, superunitaries and superisome-
tries to their respective routed analogues.

Definition 2.20 (Routed supermap). Let AN and p be relations with An : Indl} — Ind{, and
all Hilbert spaces H be sectorised accordingly. Then, a routed supermap of type

X (Hin(N) ﬁ‘gHout(N)> — (HP L oy, (2.17)
N

is a supermap on the respective spaces, which is restricted to input maps in Q £(7—li“(N)7 Hwt(N))7
where each tensor factor follows the associated route An, and whose output map follows the route

w. To denote the practical input and output spaces for a node N, we write HE;Q(SM(N), while for

individual branches N# (if applicable), we write ’H,m/ out(N),

We call a routed supermap a routed superumtary / superisometry whenever it acts as a su-
perunitary / superisometry when restricted to any routed unitaries (Un, An) / routed isometries
(VN, An) following the route An for each node N, potentially involving unsectorised ancillary

systems HIEN and HouEM) 20

For a given slot in the routed supermap, associated with a node N, we then say it is of type
24in(N) ANy F{out(N)

We continue by associating the routed graph we have constructed in Section 2.2 with a particular
routed supermap, which we will call the skeletal supermap. Here, the arrows will be translated
into wires in a circuit diagram as shown in Fig. 2.5, representing sectorised Hilbert spaces, while
the nodes will be understood as slots for operations following their associated routes.?! Thereby,

181n order to be able to plug in unitaries Un at each node N, the dimensions of input and output systems need to
match: dim(H*MN)). dim(?—[;r;(cl\])) = dim(HOowt(MN)) . dim(Hgﬁz(N)) In order for the resulting map to be a unitary,
one further needs to have dim(H”) - HN dim( ;‘;(CN)) = dim(HF) - HN dim ’HZEE(N)). Altogether, this requires

dim(HT) 'HN dim(HOWMN)) = dim(HF) - HN dim(H2(MN),

19Here, the ancillary systems need to be chosen such that dim(HP™)) . dim(HE™Y) < dim(Hent @) .
dim(HgEZ(N)) and dim(HF) - H dim( ;’;(CN)) < dim(HF) - HN dim(HSEE(N)).

20While for unrouted superunitaries, we can adjust the dimensions of H;r;(CN) and Hg‘;g(N) for the input and output

dimension of each unitary Un to match whenever dim(#H?) - HN dim(HO“t(N)) = dim(HF) - HN dim(?—li“(N)) (see
Footnote 18), this is generally not the case for a routed superunitary. Considering for instance a branched node N

with sectorised practical input/output spaces Hg}é@ut(N @Nﬁ Bran(An) ’Hm/out(N) to which one attaches (un-
sectorised) ancillary systems, the extended input/output spaces are ’Hg;{;zut(N) ®'Hm/out(N> @ (Hm/OUt(N)

H;r;/cout(N)). In order to be able to plug in unitaries that follow the branched relations, one then needs

dim(Hi;;EjN) ®H1§,CN)) =di (’H;l;(N) ®'HZEE<N>) for each N, which requires the ratio dim(H 1n<N>)/ dim(H ;lg(N))

to be the same for all NA. Any routed supermap which does not satisfy this condition for all N will therefore triv-
ially be a routed superunitary, as it is unable to act on routed unitaries at all (not even using ancillas). For routed
superisometries, no similar challenges arise.

21'While supermaps are often conveniently described in the Choi picture (cf. Section 3.1) we will refrain from doing
so for the skeletal supermap, as this would require introducing two copies of each Hilbert space, attached to each
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Figure 2.5: Depiction of the skeletal supermap (cf. Definition 2.21) associated to the routed graph shown
in Fig. 2.4a. Each wire linking nodes N to M, corresponding to an arrow A from N — M in the routed
graph, is associated with a sectorised Hilbert space H* = @kAEIndA ’HfA. The dimension of these sectors
is specified via a dimension assignment dimr. Due to correlations between the indices mediated through
the index constraints, the physically relevant input/output space of each node is only given by a practical
subspace (cf. Section 2.4) of the tensor product of the incoming/outgoing wires. E.g., for the node B, we
have Hiho (B ¢ gyin/out(®)

To reduce clutter, we do not make explicit Hilbert spaces with a trivial sectorisation on the wires in the
figure, e.g. HBC, and omit an explicit representation of the routes in this figure.

a single routed graph can lead to a whole class of processes by specifying different (dimensional)
Hilbert spaces and choosing different routed maps or supermaps for the fleshing out, which we will
formally introduce in Definition 2.22 below.

Definition 2.21 (Skeletal supermap associated to a routed graph). Given a routed graph G =
(I'; (An)n) and a dimension assignment dimr : | |,c,.,, Inda — N*, their associated skeletal
supermap is the routed supermap obtained by interpreting

o each arrow A as a sectorised Hilbert space HA = @Im ’H;:‘A, whose sectors are labelled

by the different index values k4 € Inda attached to this arrow and satisfy dim(Hj,) =
dimp(ka) Vka € Inda; and

e each node N as an open slot for a routed linear map M, going from the tensor product
of the Hilbert spaces associated to its incoming arrows in the set in(IN), to that of the
Hilbert spaces associated to its outgoing arrows in the set out(IN), and following the route
AN : Indll} — IndQY® associated to that node

MR P oHL R P HL. (2.18)

A€in(N) ka€Indy A€out(N) ka€Inda

The skeletal supermap acts on the respective routed linear maps M as a routed supermap, com-
posing them as specified by the routed graph I', interpreting the arrows as identity channels. The

end of their supporting arrows (so as to describe the identity channels by the Choi vectors of the form |l>>XX/). We
will use the Choi picture later on, when explicitly “fleshing out” the skeletal supermap of our generic routed graph
for QC-QCs in Section 4.3.

16



open-ended arrows that “come from nowhere” and that “go nowhere” will (altogether) be identi-
fied with the “global past” and “global future” spaces H* and H' that appear the definition of a
routed supermap, respectively: i.e., HY = ®A€Arrirn HA and HF = ®A€Arr?,t HA.

Furthermore, when specifying the set of one-dimensional index values (1Dimg)4 of the routed
graph, one imposes that any Hilbert space sector associated to an index value in (1Dimg)4 must be
1-dimensional - i.e. VA,Vka € 1Dimy, dim(Hj,) = dimp(ka) = 1.%% If (1Dima)4 is not specified
explicitly, then (1Dim4) 4 is implictly taken to contain precisely the indices k for which dimp (k) = 1.

If a skeletal supermap is associated with a bi-univocal routed graph (Definition 2.8), the open
arrows A of the routed graph must be trivially indexed. Nonetheless, we may also consider a
generalised notion of bi-univocality (see Footnote 9), which does feature such indices, and corre-
spondingly, yields a non-trivially routed map HE £ HF.

Note that when stating the practical input and output space HL%?;““N) for each node N, we
can exclude index combinations which will never be realised due to global constraints, as outlined
in Remark 2.9. With respect to the associated global route, these are not part of the practical
input and output spaces of the skeletal supermap slots. Therefore, some tuples ki, /out € Indii}/ out
are not practically realised due to (AN)n restricting index combinations, and we can effectively
omit the respective spaces.

With this in place, we can specify compatible routed linear (super)maps M to fill the respective

slots of the skeletal supermap, thereby fleshing out the skeletal supermap.

Definition 2.22 (Fleshing out). Given a skeletal supermap associated with a routed graph, its
fleshing out is specified by a collection of routed maps or supermaps (with any number of slots)

{ M} Nevodesy., matching the type H™MN) ANy g0ut(N) for each N, while allowing for ancillary
systems.??

If a slot is fleshed out with a routed supermap, it may feature an arbitrary number of (sectorised
or unsectorised) slots.

2.6 Main theorem of Vanrietvelde et al. [39]

To conclude this review of routed quantum circuits, we state the main theorems of Ref. [39], which
certify that when the underlying routed graph is valid (according to Definition 2.17), then the
construction outlined above actually yields valid quantum processes.

Theorem 2.23 (Main theorem of [39]). Let (T, (AN)n~) be a valid routed graph, with a dimension
assignment dimp. Then their associated skeletal supermap is a routed superunitary.

Corollary 2.24. Let (T, (AN)~) be a valid routed graph with a dimension assignment dimr. Then,
any supermap built from their associated skeletal supermap by fleshing it out with routed unitaries
at some of its nodes and routed superunitaries®! at the other nodes is a routed superunitary. In
particular, if the routed superunitaries used in the fleshing out only have unsectorised slots, then
the resulting supermap is a conventional (non-routed) superunitary.

Actually, this corollary can be extended to routed isometries and superisometries, even if these
were not explicitly studied in [43]. Note, however, that we restrict ourselves to fleshing out with
monopartite superisometries for this statement.

Corollary 2.25. Let (T',(AN)n) be a valid routed graph with a dimension assignment dimp.
Then, any supermap built from their associated skeletal supermap by fleshing it out with routed

22While we will usually not consider this case, further sectors could, in general, be of dimension 1 as well.

. ) i A
23That is, the routed maps are of type HinMN) & H:;,(CI\U N, gq0ut(N) g H‘;Ei(N) for each N, while the routed

supermaps have this type for their resulting output map, but may have (any number of) arbitrarily typed slots.

24The restriction to monopartite superunitaries made in [39] is clearly not necessary for the corollary to hold.
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isometries at some of its nodes and monopartite routed superisometries at other nodes is a routed
superisometry. In particular, if the routed superisometries used in the fleshing out only have
unsectorised slots, then the resulting supermap is a conventional (non-routed) superisometry.

Proof. Any isometry V : H4 — HPB can be extended to a unitary by introducing additional ancil-
lary input and output systems H and HS, such that dim(H2.) = dim(H?) and dim(HL) =
dim(H4). We obtain a unitary U : HA @ HIn, — HP @ H, from which we can recover
V in two steps. By plugging in a suitable ancillary input state into Hi ., we obtain a map
V' HA — HP @ HOM that recovers the action of the isometry onto HE. As this restricts the
image of V', when projected on HSUL | to be one-dimensional, we then recover V from V' by simply
tracing out HUL.

Analogously, we can extend any monopartite superisometry, which may map unitaries to isome-
tries, to a superunitary, by decomposing it into isometries first.?® In a routed graph, these ancillary
input / output systems correspond to additional unindexed open arrows (i.e. wires “coming from
nowhere”) going into / coming out of the individual nodes N corresponding to the skeletal su-
permap slots fleshed out by the respective maps Un. As introducing these arrows impacts neither
the presence of loops nor the index assignments, the (valid) routed graph still gives rise to a
superunitary.

We may then again compose the additional input wires with suitable input states, while tracing
out the additional output wires, to obtain a routed superisometry (via the action of the respective

isometries and monopartite superisometries). O]

Inspired by this corollary, we specify when we consider a routed quantum circuit to be a
satisfactory representation of the connectivity of a supermap.

Definition 2.26 (Routed circuit decomposition). A routed circuit decomposition of a routed su-
perisometry is given by a routed graph G = (I', (AN)n), a dimension assignment dimp — which,
together, define a skeletal supermap — and a fleshing out, given by a collection of routed isometries
for some nodes V and monopartite routed superisometries for the remaining nodes A, that do not
feature any ancillary systems H;?l/cout(A) and Hf;;/cout(v), respectively.

Two routed circuit decompositions are considered equivalent if they give rise to the same routed
superisometry.

If none of the remaining slots after the fleshing out features non-trivial routes, we simply call

the decomposition a routed circuit decomposition of a superisometry.

By disallowing the use of ancillary systems within a routed circuit decomposition, we ensure
that indeed all relevant (routed) information processing relevant to the process is encoded into the
skeletal supermap. As an alternative, additional unindexed arrows may be added to some nodes in
the routed graph in their stead, recovering the auxiliary systems from these arrows in a modified
skeletal supermap.

Routed circuit decompositions have been given for several supermaps, including causally indef-
inite ones [39, 48]. Indeed, thus far all the examples of purifiable supermaps [22]| that have been
explicitly studied have been able to be given such decompositions, but it remains an open question
whether this is possible for all such supermaps. Note further that in a routed circuit decomposition
of a supermap, only some of the slots in the skeletal supermap will be associated with slots in the
decomposed supermap, while others will be fleshed out with “internal” operations with no open
slots. That is, the routed graph used in a routed circuit decomposition may, in general, have more
nodes than there are slots in the resulting supermap.

Regarding the following section, Corollary 2.25 allows for an independent proof for the validity
of QC-QCs based on the routed quantum circuit framework. However, this will not be our main
point of attention in this work. Rather, we will demonstrate a systematic construction that makes

25FEach monopartite superisometry is a (monopartite) quantum comb [45], which can be decomposed into two
isometries V7 and Va2, with a memory system « and an open slot in-between. Extending both isometries to unitaries,
we obtain a superunitary with two additional input and output wires ’Hllnégst and Hl;é:clt, respectively. While this
reasoning generalises to quantum combs and QC-QCs with more parties, it may not be applicable to general

superisometries, for which no decomposition into isometries is established.
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AV ES 4, A |

Quantum control of causal order

Figure 3.1: Generic depiction of a QC-QC. Figure reproduced from Ref. [34].

QC-QCs fit into the framework of [39] in terms of a suitable routed circuit decomposition, which
will then allow us to see how their properties translate into diagrammatic features.

3  Quantum Circuits with Quantum Control of Causal Order

Quantum circuits with quantum control of causal order (QC-QCs) [34] are a class of supermaps
with concrete physical descriptions that includes many relevant causally indefinite processes. In
an N-slot QC-QC, as illustrated in Fig. 3.1, the action of N agents Ay, happening precisely once,
alternate with “internal” transformations V,,, which control which agent Aj acts at which time
t1,...,tn, dependent both on the agents who have acted before and on the operations they have
performed. Reflecting this, in the remainder of this work, k (and £) will consistently be used to
index (time-delocalised) agents or their operations, while n indexes will refer to well-defined time
slots. Various results indicate that under certain conditions, the class of QC-QCs is precisely the
set of processes realisable within a fixed spacetime [11, 13, 41, 42]. It is worth noting also that
QC-QCs do not allow for violations of causal inequalities [34].

For the formal description of QC-QCs, we write N' = {1,..., N}, consistently take k,¢ €
N,K, C N and implicitly take KC,, such that |[K,| = n, with 0 < n < N. Furthermore, we
identify a singleton {k} with its unique element, and write for instance K, \k rather than IC,\{k}
or IC,,—1 Uk rather than K,,—; U {k}.

The QC-QC pattern is then realised using a quantum control system C,, with Hilbert space
HC" | spanned by states of the form |KC,, \ k, k)c". This system coherently controls, for each time
slot t,,, which agent Ay’s operation is applied, as well as the “internal operations” VK_: e\k’k applied
in-between two agent’s operations. Here, each internal V,C_:f\k’k sends its input from agent Ay
with k& € KC,, to agent A, with £ ¢ KCp,, for a given set of prior agents {A;};cx, \x Jointly, they
constitute an isometry Vn+17 specifying both the transfer £ — ¢ between the agents and potential
further transformations applied in-between. In addition to the input/output systems Aé/ O, which
are passed to the respective agents Ay to act upon, the isometries may also act on an ancillary
system «,,, which allows one to pass arbitrary information between the internal isometries without
making it available to the agents.

The control system C,, serves to keep track of the set of operations /C,, (including k, for Ay, being
applied at time t,,) already used, ensuring that each operation is used exactly once. Altogether,
the QC-QC construction yields a superisometry, which is why we will call the resulting circuits
“pure” QC-QCs. These have an open past P and an open future F' system. However, by setting
the dimension of P to 1%°, we may also close the past. Similarly, by partially tracing out the future
F', we may obtain mixed supermaps with partially or fully closed future, which are no longer
superisometries, but still purifiable superchannels.

26This can be done by absorbing incoming quantum states into the isometry Vj.
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3.1 Choi picture and the link product

We continue by introducing the (pure) Choi picture for linear maps [19] (on finite-dimensional
spaces), which we will rely on heavily to lay out the formal QC-QC construction. It allows one to
conveniently express linear maps in the form of vectors. To do so, for a given Hilbert space H¥X,
we fix an orthonormal basis {|Z>X}l as the computational basis, and for any isomorphic space HX
X

take its computational basis states |¢ to be in 1-to-1 correspondence. Then, we define

=S¥ e enXonX. (3.1)

Going forward, as a general rule, we will denote a [1)) € H¥X as |¢>X, using just the label X to
denote explicitly the state space. We may omit this label if it is obvious from context. With this,
we may represent a (routed) linear map A : HX — HE by its Choi vector,

|A) == (15X @ A) [1)* Z\ ® Al)K e HKL, (3.2)

Notice that by definition of the Choi vector, A = |A)) "% (where T¥ denotes the partial transpose
on the space H¥).

Given two Choi vectors V1)) € HXY and |Va)) € HYZ, we may introduce their (pure) link
product, denoted by #*, by using the partial trace over their shared systems {Y }:

Vi) #[Val) = Ty [Vi) T @ [Vah] € H¥2. (3.3)

This is analogous to the composition of relations as introduced in Section 2.1.1, and provides the
Choi vector for the composition of the two linear maps Vi, Vo [34, 45, 40].

3.2  Formal construction of QC-QCs

We continue by outlining the formal construction of the notion outlined in the beginning of the
section. For more specific details we direct the reader to Ref. [34].

Without loss of generality, we assume that for all agents Ay, their associated Hilbert spaces HAL
and HAY are isomorphic to one another. Therefore, they are taken to be of the same dimension
dar and d40.2” If not given by default, this can be achieved by extending the dimensions of all
operations appropriately.?

To translate from the spaces of the individual agent operations to the space of all operations

. . . . §1/0 . . .
applied for a given time slot t,,, we introduce a further set of spaces H4»' | which are isomorphic
to HAQ/O. Going forward, we will generally use a ~ to indicate that an operation is expressed with
respect to HAY? rather than ”HAi/O. The internal isometries V' then act upon these spaces, as well
as ancillary spaces H“", passing information amongst themselves rather than making it accessible
to the agents. Accordingly, for each internal control operator V,C \kk L HAY an — YALann applied
between two agents Aj, and A, in n'" and (n + 1)* positions (with k € K,,, ¢ ¢ K,,), we obtain its
tilded description V_’\k k- HATan — HALan as follows:

O (@] Al I
V/C Nk k = = 1404 V)Cn\k g 1474, (3.4)

where 1X7Y is to be understood as the identity from a space H¥ to an isomorphic space HY .
Similarly, we may use these spaces to describe the joint input and output spaces of the superposed
. Al AQ . . th o . .
operations Ay : H* — H* being in n'" position respectively. Using the control system, we
~ e AO 1
define a a joint operation A, : HALCn _y HATCL

27These do not necessarily have to be equal.

28Gpecifically, the respective operations can be extended by adding identities as tensor factors whose additional
inputs and outputs are then traced out in the process.
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This gives the following formal description of the operations in the tilded spaces in terms of
Choi vectors:

A = 3 (LAY @ [1AAT)) « [A) A © 1K, \ B k)T [, \ k) € HARCRATCL

Kn, ke,
(3.5)
~ - "Ia ~
Vi) = S [Tt N 10,00 e gPAiac
LeN
~ A OtnAi 10 4 1 « «
Varah = S0 Wl ™ @ K \ B ) @ [, 0 € HATORCu A O,
Kn, k€K, £LEK,
~ anF / i ’
Prvan) = 30 AL 5 @ N\l B e uiRencar, (3.6)
keN

We then compose all of these operations to a circuit |Vp_ g)) which decomposes into the (pure)
QC-QC |wqc.qc) and the N agent operations |Ay)). We compose these operations as follows,
relabelling 1C;,—1 — {k1,...,kn_1},k — kn, € — k,41 to be able to combine the respective sums:

Veop) = (Vi) [AL) * [Va) 5 -5 [V ) + [AN)) * [Vivir)

= > Vad D LAk ) # [Vt s VY e D 1A ) VR e )
(k1,--kN)

= > (JA) @ @AN)) * [ Wiy o)

(k1. kn)

= (A1) ®--- @ |AN) ) * lwqoqe) € 1P, (3.7)

where

00kr o)) = Ve D VB DV b 5 IV e D IVEE i) (38)

.....

and obtaining

lwqe-qc) = Z (Wky,... kn F)) (3.9)
(k1yeoskon)

as the process vector description for a pure QC-QC. Here, the sums are over all permutations
(k1,...,kn) of {1,..., N} (and, more generally, when we write (k1,...,k,) throughout the paper
we implicitly assume that all k;’s are distinct).

Finally, let us mention the generalisation from pure to mixed QC-QCs. In the QC-QC frame-
work, mixed processes are captured by tracing out a final ancillary system ap, which, in the de-
scription above, would be a subsystem of F'. Therefore, only this single modification is required to
obtain general QC-QCs from the pure case, leaving the construction of the process vector |wqc.qc)
unchanged otherwise. We obtain the process matrix representation of mixed circuits directly by
splitting HF = HF @ Hor:

Wac-qe = Tra, [wqe-qeXwae-qel - (3.10)

4 QC-QCs as Routed Quantum Circuits

In this section, we will present our main result. For each number of agents N, we will provide a
single “generic” routed graph, whose associated skeletal supermap can be fleshed out to obtain any
N-slot QC-QC, detailing their construction explicitly and proving the equivalence to the original
QC-QC construction. All in all, this will amount to proving the following theorem:

Theorem 4.1. Any N-slot quantum circuit with quantum control of causal order can be imple-
mented by fleshing out a skeletal supermap obtained from the generic routed graph Ggc.qc(v)
introduced in Definition 4.2.
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In this construction, many structural features of QC-QCs will be recovered: both the internal
isometries V,, 1 and the agent operations Ay will be featured as nodes V,,,1 and Ay in the routed

graph, and the control system C’g) will emanate both the indices X* featured in the routed graph
and the branch structure these indices induce. To make these correspondences as clear as possible,
we choose our notation accordingly.

4.1 Generic routed graph for QC-QCs

We begin by describing in detail how the “generic routed graph” for a QC-QC will be defined.
To ease understanding of the construction, we will provide an intuitive interpretations of various
elements in italic sentences.

4.1.1 Definition of the routed graph

Definition 4.2 (Goc.qo(v)). The generic routed graph Goco-qe(ny for an N-slot QC-QC is defined
as follows:

e There are 2 types of nodes: “A-nodes” Ag, for £k = 1,..., N, and “V-nodes” V,,41, for
n=20,...,N.

(As we will see, the external operations Ag, on which a QC-QC acts, will be plugged into the
A -nodes, while the internal operations V,, 41 of a QC-QC will be plugged into the V-nodes.)

e The indexed graph involves the following indexed arrows:

— An open-ended arrow LN V; that “comes from nowhere” and points to Vi, with the
single index value () attached to it (which we will henceforth drop).

~Vn=1,...,N,Vk=1,...,N,

k k/

V, s Ay and Ay s Vo (4.1)

The indices X* “) take values among the n-element subsets of N that contain k, or
the “null value” Q: either X* - KC,, for some K,, 3 k (still with the convention that
KCn] = 1), or ¥ = .

— An open-ended arrow V1 NL> that leaves from V41 and “goes nowhere”, with

the single index value N'U F attached to it (which we will henceforth drop).

Thus, each node Ag has N incoming arrows from the N nodes Vi to Vy, and N outgoing
arrows to the N nodes V2 to Vy1; its input and output index values are of the form
(XM, € Ind}} and (XN € Ind}", resp. Each node V,, ;1 on the other hand has N
incoming and N outgomg arrows, from and to the N nodes A to Ap; its input and output
index values are of the forms (Xk) | € Ind¥ ey and ( XE N, € IndOut |, respectively.
The neighbourhood of each type of node is represented in Figs. 4.1 and 4. 2

(The intuitive interpretation for the values of the indices /'\f,’f(/) is that X* 0 K, indicates
that operation Ay is applied in n'* position, with all other operations in K,\k being applied

before; while X* ") — & indicates that Ay, does not come in n*" position.)
o The routes are specified as follows (and as also stated on Fig. 4.1):

— For each node Ay, the lists of all input and output index values (X*)N_, € Ind} . and

(Xff JENS Ind}" must be equal — from now on we will then simply drop the prlmes -

and must further satisfy

In, XF +£ 9. (4.2)
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Jk: Xk #£w (foralln=1,...,N —1)

VN+1
/// ,\\\ ..
n+1/ \l

" XXy
A Ap e Ag oo Ap N(k0): XL, = X,’;uf
Xl’;\ xf while all other X* ( ) =8

Xy v, xN
In: XF£w9 3 X #S T

Figure 4.1: Neighbourhood of each type of node in the generic routed graph Gqc.qcv) of a QC-QC:
Ak, Vl, Vn+1 (fOI‘ n = 1, ‘e .,N — 1), and VN+1.

Hence, the practical input and output sets of each node Ay consist of (the same) lists
of index values (Q,...,8,K,,Q,...,8), for some set K, > k at the n'! position,’
attached to the arrow coming from node V,, and to the arrow going to node V, ;1.
(The fact that in each admissible combination of input and output index values to the
A -nodes there must be one and only one non-null-value index translates the fact that
each operation Ay must be applied once and only once, at a single position n.)

— For each node V11, the lists of all input and output index values (Xff)évzl € Indi{}wrl

and (X!, )N, € Ind?!, | must satisfy
forn=0 and n=N: 3L X #9 and Ik, XL # 9, resp. (4.3)
for I1<n<N-—1: kA £, WX, #9; and X, =X Ul (4.4)

Hence, the practical input sets of each node V, 11, for 0 < n < N, consist of lists of

index values of the form (Q,...,9,K,,Q,...,®), for some set K, at the k" position,
such that k € K,,. Similarly, the practical output sets of each node V41, for0 <n < N,
consist of lists of index values of the form (Q,..., 9, K,11,9,...,9), for some set K11

at the ¢'1 position, such that £ € KC,, 1. Such input and output index values are related
(for 1 <m < N —1)if and only if K, 11 = K, UL.

(These constraints translate the fact that along each route, between any two operations
V,, and Vn+1, one and only one operation Ay, is applied.)

Combining the different constraints at the different nodes, we get the global index constraint
(as expressed for the cases N = 2,3 on Fig. 4.2) that*’
A (kr, ko, ... kN),
P =k}, &2 = (k1 ko), o, XEY = {k1, kg, ..., kn} =N, and all other X* =w.
(4.5)

(Here the understanding is that along each global path, all operations are applied, in a given
order.)

29Elements in the lists (Xk)n 1 €In dm/Out are ordered from n =1 to n = N. Further below, elements in the

lists (XF)N_| € Indm i and (XnJrl) 1 € IndOut i will be ordered from k =1 to k = N.

30Tt can indeed be seen that Eqs. (4.3) and (4.4) for all n imply Eq. (4.5); and vice versa, that Eq. (4.5) implies
Eqs. (4.2) to (4.4).

23



X5 V3 X X
A xF B
AT SV 2B .
x4 xEB A
k j X
r— Vi ap
1 5
X
E“ (k‘l, kg) . \/1
Xt ={k}, X3% ={k1,k2} (= {4,B}), 1

. k _
while all other X)) = 3 (v, Ko, Kg) - Xl’“ ~ X2k2 ~ (b kol

XF2 = {ky, ko, k3} (= {4, B,C}), while all other X* = ©

(a) for N =2 (b) for N =3

Figure 4.2: The generic routed graph Goc.qc(n) for N = 2 (left) and N = 3 (right). Here, A1, Az, A3
are denoted as A, B, C.

4.1.2 Identifying the branches

A-nodes. The lists of index values (8,...,9,K,,Q,...,9) in the practical input and output
sets of each node Ay are in one-to-one relation. The relation Aa, is therefore (rather trivially)
branched; to help relate its branches to the QC-QC construction later on, we label them by IC,, \ k
rather than by K, directly, i.e. we denote the branches as

AR\ = ({(@,...,&,Kn,®,...,®)} — {(&,...,&,/cn,@,...,m}). (4.6)

Each node A, has 2V~ such branches, one for each subset K,, C N that includes k.
(Each branch A’,f"\k relates to the set of parties ICp, \ k that came before Ay.)

V-nodes. According to the previous description, the route of each node V,,; (for1 <n < N—1)
relates index values of the form (Q,...,9,K,,9,...,9) in the practical input set to index values
of the form (,...,9,K,4+1,%,...,Q) in the practical output set, with K,,41 = K,, U £ for some
£ ¢ K,,. One can verify that Ay, is also branched, with one branch corresponding to each subset
K., namely:3!

n+1

foh ::({(&, IR T G O U ) | KC,, at the k* position, V& € ICn}

S {(8,..., 8, K, ULS,...,8) | K, UL at the (" position, V¢ € N\ICn}). (4.7)

31To see that Av,., Is branched, recall that its practical input set consists of lists of the form
(..., ,Kn,8,...,8), for some set K, at some position k € K, (as we denote by 1k below it). From Eq. (4.4)
Tk

it can then be seen that Ay, ((@,...,&,IC”,Q, .. .,&)) = {(@,...,&,IC” uee,.. .,&)’Z € N\Kn}, from which
Tk 12
one can see that Ay, ((&, RPN ST S © RS &)) and Av, ((@, FUR T G S TR &)) are either equal if K, = K/,
1k Tk’
(while k, k" € ICSL/) may differ), or disjoint if K, # KJ,. Similarly, we find )\\T,n+1 ((@, R Q,K?ZU 0,9, .., &)) =
{(&7 R T G S TN &)}k € ICn}. From this one can indeed identify the branches of Vf};l as in Eq. (4.7).
Tk
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N \ / \
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[ G ______.
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Av,’s branch AV, s branch

‘ (S,..., 8, £ ,9,...,9) ‘
in ¢ pos., £ € N

L e e o« e NUF —%e '\
~oe /// 0 /\/. . . o
..., N,8,..9)
V(D . pth ~ V?\f/’ 1
1 ink'™ pos., k e N +
Figure 4.3: Branches of the V-nodes. For eachnode V41, forn =0,...,N, Av,, : Indi{}nﬂ — Ind?}l:fJrl

features (17\[ ) branches, as well as values outside its practical input and output sets (not shown). Each branch

Vfﬁ is associated with n input values (for n > 1), each taking the form (X¥)¥_,, where the position k
of the single non-null index value indicates the agent Aj last visited. Analogously, it is associated with
N — n output values of the same form (for n < N — 1), with the position £ of the single non-null index
value indicating the agent A, to be visited next.

For the nodes V; and V1, we find that these each have a single branch

V! ::({(b} S{(8,...,8,6,8,...,9) | £ at the position,VéGN})
and Vf\vf_H ::({(&,...,&,N,&,...,&) ’N at the k' position, V & eEN} — {NUF}), (4.8)

respectively.

The branches of the V-nodes are illustrated on Fig. 4.3. Each node V,,;1 has (]Z ) branches
Vf_"H, one for each n-element subset K, C N.
(Each branch Vﬁil relates to the set of parties KC,, that came before Vi1 1.)

4.1.3 Augmented relations
Now that we have identified the branches of the relations Aa, and Ay, . ,, we continue by specifying

their augmented versions Ai(® and A\y'® according to Definition 2.4.

A-nodes. There are no bifurcation choices to be made, hence no need to introduce auxiliary
inputs (as these would anyway be trivial). The auxiliary output of some node Ay just corresponds
to the label of the branch that the input belongs to, namely &, \ k as in Eq. (4.6). The augmented
relation \'®, as illustrated on Fig. 4.4, is then defined as the (partial) function

A (8,0, 8,K,,9,...,8) = ((@,...,@,Kn,®,...,®), ICn\k>. (4.9)
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(®,...,8,Kn,9,...,8)

\V s

aug
Ay Aay

TS

(®7"'7®=’C7’L7®7"'=®)

in £(O)th Losition in £(Kn)th position

aug aug aug
Vl )\Vl V'n+1 )\Vn+1 VNJFl )\VN+1

I a PALN D PO

(-8, Kn, S, ., ) (8., N, .., 8)

Figure 4.4: Augmented relations for the A- and V-nodes of the routed graph Goc.qc(vy. We do not show
any auxiliary input for the nodes Ay and V41, as there are no bifurcation choices to be made. Notice
also that the auxiliary output of Vi, as well as both outputs of V41, are constant and could therefore
be ignored.

V-nodes. For each branch Vfﬁl of each node V11, for n =1,..., N — 1, there is a bifurcation
choice to be made, corresponding to the choice of the value £ € N \ K, in the output set of
that branch (cf. Eq. (4.7)).>> Hence to define the augmented relation, we add some auxiliary
inputs (g()C;)) K, € Xy, N\ K, that specify these bifurcation choices, for all possible branches.

Upon receiving an input (to the original relation Ay, ) of the form (§,...,8,K,,Q,...,Q), the
augmented relation )\E\L,“:Lg+1 returns the element (Q,..., 9, K, U (Kn) )., Q) of the output set

that is determined by the value £(*») in the list of auxiliary inputs, together with the value of K,
indicating the branch that happens.
The augmented relation, as illustrated on Fig. 4.4, can thus be written as the (partial) function

n+1

PRI ((&,...,@,ICn,&...,@),(f(’%))m) — ((&,...,@,IcnUK(K"),Q,...,Q),ICR)
with /C,, U£%) at the e position. (4.10)

The situation is similar for Vi, whose augmented relation can be written as
Ve ((Z),E(@)) = (.., SIAC SIS S 0) with 0©) at the (O™ position. (4.11)

For V1 on the other hand, no bifurcation choice remains to be made, and the output of the
(augmented) relation is constant:

AP (8, L, NS, L, 8) = (NUFN) (4.12)

ViN+1

(see again Fig. 4.4).

4.1.4 The choice function and bi-univocality

By Definition 2.7, the choice relation of Goc.qc(v) is obtained by composing all augmented relations
according to the routed graph, and is thus given, as in Eq. (2.6), by

= ANpB ek A AT E s A (4.13)

AgQC—QC(N) Vnir®

K
32For n = N — 1, the bifurcation choice within each branch VNN*1 is trivial, as there remains only one ¢ €
N\ Kn—1. In that case we may ignore the auxiliary inputs of the augmented relation.
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The detailed calculations, starting from this expression, are presented in Appendix A. Let us
describe here the result on a more intuitive level.

The choice relation Ag. (v, bakes as inputs all the various bifurcation choices for all possible
branches Vf_ﬁl of all V-nodes (recalling that the A-nodes have no bifurcation choices), and outputs
the possible branches that may happen at each of the A- and V-nodes. For convenience let us denote

by £, = (E(’C:»));ql the bifurcation choices for the different branches at the node V,,41 (i.e. the
N-1

n—o the collection of all these bifurcation choices, at

auxiliary inputs of A\y® ), and by 0= (L)
all V-nodes. Let us then recursively define

KE= 0@, kL = KEUIRD forn=1,... N -2

and for each k € NV, let ng be the (single) value of n such that oKT) — (4.14)

Starting from the first V-node Vj, its bifurcation choice (%) determines the output value

(Q,...,0,M ... 9) = (8,...,9,Kf,9,...,9) of the augmented relation Av.® — which co-

‘ z
incides with the input of node V5,?3 and which also determines the branch V;Cl that happens at
that node. The corresponding component 0K of the bifurcation choice 571 at that second V-node
V; then determines the output value (¥®,...,9, K¢ U Z(’Cli), 8,...,9) = (8,...,8,K5,9,...,9)
of the augmented relation A\y® — which coincides with the input of node V3, and which also
7 a
determines the branch V3’C2 that happens at that node. Continuing accordingly up to K%, the
bifurcation choices in £ thus determine the sequence (K£, K%, ..., K% _,K%) of (the labels of) all
branches that successively happen at the V-nodes.

Note, furthermore, that each K% = K¢ | U ¢K%-1) in the output values (§,...,9,K¢ | U
E(’Cﬁfl), Q,...,8) in the procedure above appears at a “new” position k = ¢(K%-1) in the tuple of
index values, “unvisited” before. For each k there is therefore (as required) a single value of n such
that X¥ # ©, for which X* = K¢ — that value being n%, as introduced above. This determines the

branch that happens at the node Ay to be the one labelled by ICf:{\k: = ’Cg‘,{—l'

All in all, one thus finds that the collection of all bifurcation choices £ determines in a unique
manner all the branches that happen at all nodes. The choice relation Ag,_qc ) therefore defines
a proper function, which can be written as

A 0 (K2) £ AR
: = n — ; 4.1
acacon * (£= P Dury ) o | (KE), o (KE) (4.15)
auxiliary inputs . s
) auxiliary outputs  auxiliary outputs
of the V-nodes of the A-nodes of the V-nodes

(see also Eq. (A.10) in Appendix A). This means that the routed graph Ggc.qc(ny is univocal.

Conceptually, each of the inputs of the choice function says ‘if the set of operations up to n was
KC,., then here is which operation should be the (n + 1)*"", which provides an algorithm to fully
determine the global order.)

Furthermore, since Gqc.qc(n) is self-adjoint — in the sense that reversing the arrows and the
routes gives the same routed graph, up to some relabelling [V,11 ¢ Vn_ni1, XF < XJIS,_HH
(taking values & < ®, £, <—>(N \ICn) U k)] — it readily follows that ggC_QC( wy is also univocal,
and therefore that Goc.qc(ny is bi-univocal.

4.2  Generic branch graph for QC-QCs

Having constructed a bi-univocal routed graph for QC-QCs, we will now derive its branch graph.
To do so, we need to study the information flow between the branches by determining all strong
and weak parent relations.

33Recalling that the input and output index values of the A-nodes are the same (when these are in the practical
input/output sets), the routes at the A-nodes that come between V, and V, 41 are “transparent” for the index
values of the V-nodes.
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4.2.1 Strong parents

To define strong parents we first need to specify the 1-dimensional values in the routed graph. We
take these to be the index values ® (on all arrows where these may appear), while all other index
values of the form /C,, are considered (a priori) to be higher-dimensional. Hence, for all internal
arrows A € Arri™, we take 1Dimy = {Q}.

Recalling Deﬁnition 2.12, given that each arrow has at most one possible 1-dimensional index
value, then one can see that in order for some branch V’C”‘1 to be a strong parent of some branch
A’,f’""l (with ICp,—1, this requires that ICp,\k = K,,—1 (and hence m = n). Similarly, for some

iy, this requires that K, = K, (hence
Ka\k s Kn\k Kok . .
m = n). In both cases, LinkVal(V;, """, A" ") and LinkVal(A,. " Vn+1) contain C,, — which

is not taken a priori to be 1—d1men810nal We thus find that each VA" EALE strong parent of each

A’;"\k (for all IC,,, k € KCy)), and each A} Kok s a strong parent of Vfﬁl, and that these are the
only “strong parent” relationships between branches.

branch A, Kk 6 be a strong parent of some branch vim

4.2.2 Weak parents

Recall from Section 2.3.2 that in order to determine whether a branch N# is a weak parent of
another branch M7, we need to analyse how the bifurcation choices for N” influence whether M7
happens or not. To do so, we consider the “M7-Happens functions” (cf. Definition 2.13) derived
from the choice function of Eq. (4.15).
For the branches Allf”’l (with /C,,_1 of the form K, \k) of the A-nodes, by considering the k!
element in the first tuple of outputs of the choice function, we obtain
HappAlkcn,1 b= dr (4.16)

7 a1’
—1
’Ilk

where ICfn and ng are defined in Eq. (4.14), as a function of the input (the whole collection of

bifurcation choices at the V-nodes) £ = (K(K;L))n’;gn. It can be seen that ICZZ , and therefore the
"k

Boolean output value of Happ, i, 1, depends non-trivially only on* (£(Fm- 1))m§n,Km71g]Cn71’m<N
k

— i.e., on the bifurcation choices made within the branches Vﬁ’"’l, for all m < min(n, N — 1) and
all subsets IC,,,_1 C K,,_1, so that these branches are precisely the weak parents of Alkc’”‘1

For the branches Vf_”;l of the V-nodes, by considering now the n'® element (forn =1,..., N—1)
in the second tuple of outputs of the choice function, we obtain

n

Happvﬁl: L — (5,@:,,C . (4.17)

Here it can be seen that K¢ (again deﬁned as in Eq. (4.14)) depends non-trivially only on
(Km0, KmCKk, The weak parents of Vn ", are thus the branches VE= for all m < n and
Km € K.

As for the branches V¥ and V4, 41, since these are the only branches of their respective nodes
V; and V41, they do not have any weak parents.

(One may notice, for completeness, that since no bifurcation choices are made at the A-nodes,
their branches are not weak parents of any branch of any other node.)

m+1

To construct the branch graph below, we also need to characterise the weak parent relations
in the adjoint graph. Here again, we use the fact that the graph Goc.qc(n) is self-adjoint, as
already mentioned to justify its bi-univocality (end of Section 4.1.4). By symmetry (through
Alkc"\k AN\’C Vn+1 + VJ]\V/\’TCLH) we readily find that in the adjoint graph ggC_QC(N), the weak
parents of the branches Ak”\ are the branches an’il, for all m > max(n,2) and all K, 2 K,

and that the weak parents of the branches ijh are the branches V< T, for all m > n and all

Km 2 K, (and forn = 1,...,N — 1; V? and V%_H also do not have any weak parents in the
adjoint graph).

34Notice that the £°N—1)’s are excluded here, because these are trivial bifurcation choices (with only one possible
values, £CN-1) = M\Kn_1).
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ce__.vb oL~

Figure 4.5: Generic branch graphs for Goc.qo(vy with N = 2 (left) and with N = 3 (right). For
simplicity of notation, {A, B} and similar in the superscripts are written as AB. In the graph on the right,
the unconnected green dashed arrows leaving from V? are understood as being connected to all other
nodes, except for V4B similarly the unconnected red dashed arrows pointing to V4£¢ are understood
as being connected to all other nodes, except for V?. As discussed in Section 5.3, these branch graphs are
closely related to Figures 9 and 24 in [39], and may be obtained by identifying P with V? and F' with

V4B / V5C merging all nodes V2’Cl with their unique parent and all nodes V3’C2 with their unique child.

4.2.3 Constructing the branch graph and verifying the absence of loops

The nodes of the branch graph are the various branches Af"\k and Vf_’;l. According to Def-
inition 2.15 and to our identification of the strong and weak parent relations above, these are
connected by the following arrows:
e solid arrows Vf”'\k — Af"\k and AIkC"\k — Vfﬁh forall n,k=1,...,N and all KC,, > k;
e green dashed arrows Vﬁm’l — Alkc"\k forl<m<n<N,m<Nandall C,_1, k & K1,
ICn 2 ICm—l U k;

e red dashed arrows A],f”\k — Vﬁ’il forl<n<m<N,m>1landallk, K, >k, K,, D K,;
e green dashed arrows Vﬁj{l — foh for 0 <m <n <N and all K,,, € Kp;

e red dashed arrows V,’f_’;l — Vﬁ’_’;l for0 <n<m< N and all K, € K,y

Fig. 4.5 shows the generic branch graphs for Goc.qo(vy with N = 2 and N = 3. One can clearly
see the symmetry of the graph, due to the above-mentioned self-adjointness of Goc.qc(vy: flipping

the branch graph upside-down, relabelling Alkc"\k > AQ[\K" and ijl > Vé\v[chzllv flipping the

orientation of the arrows and swapping the green and red colours gives the same branch graph.
Notice that along each (solid or dashed) arrow described above, either the size of the branch
indicator C,,(\k) strictly increases, or it stays the same and the arrow goes from from a V-node to
a A-node. This implies that there cannot be any loop in the graph: indeed, since the cardinality
of the branch indicators cannot decrease, a loop would also require at least one arrow between
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two nodes of the same type, or from an A-node to a V-node, with the same branch indicator
cardinality.

It then follows that the routed graph Gqc.qco(ny, with its 1-dimensional index values taken to
be Q, is valid (according to Definition 2.17). According to Theorem 2.23, its skeletal supermap is
therefore a routed superunitary. We will now show how to flesh it out and obtain any QC-QC.

4.3 Obtaining any QC-QC: Fleshing out the skeletal supermap for Goc.qc(v)

Having demonstrated the validity of the routed graph that we defined in Section 4.1, we now finally
demonstrate that and how we can use it to represent QC-QCs. We begin by obtaining a skeletal
supermap for the routed graph Goc.qc(v), associating each arrow with a Hilbert space of suitable
dimension.

Then, we provide a fleshing out of both the V- and the A-nodes. The general technique we will

use for this purpose is to specify general isomorphisms Jy; n/out 4nd N m/ " which will be wrapped

around all transformations performed in the slots of the skeletal supermap. They will serve to
translate between spaces and representations natural to routed quantum circuits, e.g. H/©ut(Vn+1)
or H/out(Ax) “and the spaces known and used in the QC-QC framework, e.g. ’HAIIe/O, HAQ/O, Hn
or HE.

This will enable the use of the original QC-QC construction in the slots of the skeletal supermap,
and leave us with a fleshing out for the V-nodes by plugging in the (routed) isometries V,, 1 for
the “internal” nodes, dependent on the particular QC-QC, as well as with a fleshing out for the
A-nodes, with monopartite superunitaries independent of the particular QC-QC, maintaining an
unsectorised slot for each agent operation Ay.

We conclude this section by demonstrating that the fleshing out of the skeletal supermap indeed
yields the same supermap as the QC-QC construction stated in Section 3, and straightforwardly
generalise to mixed QC-QCs.

4.3.1 The skeletal supermap

As a first step to obtain a supermap associated with the generic routed graph stated in Defini-
tion 4.2, we use Definition 2.21 to obtain a skeletal supermap. Here, each arrow A connecting two
nodes M — N is associated with a sectorised Hilbert space HM=N = D, H=N,

As established in Section 4.1, for each internal (i.e. not open-ended) arrow, its index X* takes
values among the n-element subsets K,, of A/ that contain k, or the null value ®. As stated in
Section 4.2, we take 1Dimy/—, v = {Q}, implying the associated sector to be one-dimensional and be
denoted as HNI7N =2 C. While for the higher-dimensional sectors, our generic notation for an index
X,’f =K, € Indp_~ would be ’H%ITL_’N, we will deviate from this notation going forward, writing

HMN - Thereby, we reintroduce and single out k (which disappears When writing X* = KC,,) and

K \k k"
relate more directly to the notations of the control state |KC,, \ k, k;) " for QC-QCs. Altogether,
we endow the arrows with a sectorised Hilbert space as follows for n,k =1,...,N:

Xk
n . V,—Ap . V,—Ak V,—Ar
V, "5 Ay H b= P He A e MY TR,

Kn3k
xk A=V, Ar—V,
A o Vg WAV = B M O @ HG T (4.18)
Kn3k

Specifically, we choose these spaces (and thereby, spe(nfy a dimension assignment) such that
Hxn\jﬁf > YA QU 2 HAL QI H?kccv"“ ~ YAV @Hon = HAY @O where the respective
sectors each are a copy of their respective isomorphic space introduced in Section 3.2.

To the two open-ended arrows we attach non-sectorised spaces:

Dvs HP, Vo M5 yF, (4.19)
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Thereby, we obtain the following “formal” input/output spaces, as introduced in Section 2.4, for
each node (for n,k =1,...,N):

N N
Hin(Vn+1) — ®HAIC~>VTL+1 — ® ( @ HQ:YLV]:*J ® HAkHVn.Fl), Hin(Vl) — HP,

k=1 K.3k

N N

2out(Vn) — ®HVn—>Ak - ® ( @ HXZ\?% @ Hg,ﬁAk)v Hout (V) — 4 F
k=1 k=1 K,>3k
N N

in(Ax) — ®an—>Ak — ® ( @ H‘Ié;z\jcﬁck @ Hg"ﬁAk),

n=1 n=1 K,k
N N

) = @AV = @) (@ M o HA ). (120)
n=1 n=1 K,k

These spaces are restricted by index constraints on the routed graph, which imply sectorial corre-
lations between the incoming/outgoing spaces at each slot of the skeletal supermap. Specifically,
for each valid index value assignment, the parties Ak act in a certain order. For each space

Ap—V
HY Ak (or HARVnt1) s h1gher—d1men510nal sector”® @y X\IA,C’“ (or Dic,sx Hichvir )
n b n n y

is associated with to a party A being in n'" position. For each n’ # n, we then find a sectorial

V., —A
correlation between HV» A% and H V= 74k selecting the respective 1-dimensional sector Hg"' "

(or ”HAk_N Y for HVw AR (or HAR?Varsr), For each k' # k and HV»7Aw (or HAW 7 Vnt1)
we find analogous results. In a slight abuse of notation, we will drop these 1-dimensional tensor
factors when denoting the practical subspaces.?® Therefore, the practical input/output subspaces
for each node are given by:

N
in(Vip1) _ Ap—=Vii in(Vy P
Hpr(ac + ) - @ @ H}(jn\hk I %prac ) H 9

k=1K,>k
N
out(V,) __ V,—Ag out(Vy _ F
How V) = (D D Hi v ns HouU (V) = 94
k=1K, 3k
N
in(Ag) _ V,—A
Himae® = D D HEWN
n=1K,3k
N
out(Ay) __ Ap—Vii1
Hont™ =D D Helu (4.22)
n=1K, >k

Remark 4.3. The QC-QC control systems C,, can be seen as providing an isomorphic embedding

of H{Z;‘;E"”) into a joint space, as Hn = @i\;l Dr,, 5k span{ [K, \ &, k)" }. Similarly, the control

V'Vl
systems C, correspond to Hg;gc ),

With these, we have introduced (and simplified) the Hilbert spaces needed to construct the
skeletal supermap, as explained in Section 2.5, with the nodes replaced by empty slots connected
by identities following the respective routes. In order to obtain the desired QC-QC, we will then
flesh out the slots for both the V- and A-nodes, as specified in the following subsections.

35Composed of multiple subsectors, for each set of “previous parties” KCp, \ k.

3638pecifically, we will identify a Hilbert space H with its tensor product with 1-dimensional Hilbert spaces. For
instance, we more explicitly have

N
s 5 ) - | @ Wl s @ e =@ @ Wit -t

n=1 -K,3k n'#n n=1K,3k
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4.3.2 Fleshing out for the V-nodes

Having constructed the skeletal supermap associated with the generic routed graph, we first proceed
by fleshing out the V-nodes with routed isometries. In order to obtain the desired QC-QC, the
idea of this fleshing out is to use precisely the internal isometries Vn+1 of the QC-QC in question,
acting on appropriate subspaces of the Hilbert spaces associated with the V-nodes. To this end, we
first introduce two isomorphisms J{?‘Hl and Jy; 0“ , for each node V,,11. They identify explicitly

the subspaces of the practical spaces onto Wthh the internal isometries Vn+1 can be applied —
recalling that each 7—[2’“@‘;"“ ~ HAT @ Hon and each®” H ”?_)A’“ o~ YA g P ont

N
(forn=1,....N) Ji& o HoV) = @@ Her et - HA @ Ho @ WO,

nt1 prac
k=1K,3k

A n ~Oozn 4
) € He e ™ = [ @ K\ b, k)

(forn=0,...,N—1) J{);::il»l - HA S ® Hont+1 @ HOm1 Hg\;;gvn+1) @ @ r}_l’C:-f-1—>Ae7
=1 K, #¢

Y @ [, (O o ) € TR (4:23)

These isomorphisms are represented on Fig. 4.6. As Choi vectors, they can be written as

B EBGBIl et AT g 1\, k)G

k=1K,>k
N
Jout _ 1 A£+1an+1,7'l‘,én+;ﬂAe o0 Chi1 4.94
Vo)) = P 1 e ® |Kn, €) . (4.24)
=1 K, 3¢

Here, we have kept the whole sectorised Hilbert spaces explicit in the superscripts of |1)) to be
clear with regard to the upper and lower indices. Using Eq. (3.6) for |V,,11)), the Choi vector of
the overall operation that fleshes out the slot for V,,;1 (where we abuse slightly the notation by
also calling this operation V1), obtained by composing the above two isomorphisms with Vn+1
(forn=1,...,N —1), is then given by (cf. Fig. 4.6)

Vi) = [ 0 # [V )) + 1)

AQanAl L an ! .
= |7, ) * Vi) T @ 1 \ K k) @ K, ) ) TG )
+ Kn\ +
Kn, k€K,
1EK,
= @ MR Aty Ay A e T
Kn,k€Kn, 7
LK,

,HAk—>Vn+1 'HV"+1 —Ay

= @ Vi \kk>> el e ) (4.25)

Ko k€K,
02K,

,HAk an_*_l 'HVn+1 —Ay

Kn\k,k 2 70Kn L is formally the same as |V,?<kk
n k)

>>AS°‘7LA{L+1O%+1 (OI‘ as

where [V \k o)

A anA Qp -V, Vyi1—Ap .
|V,Cn\k L)) just written in the (isomorphic) spaces ’H,Ck\k W Hi T instead of

HAY nn HAns10n41 (or of HAY An ’HAW"“)7 as introduced in Section 3.2. For the nodes V; and

37 As we consider here the node V11, then rather than considering HE?;((:V") as in Eq. (4.22), we will consider

H;ﬁ;gV"Jrl) — hence the change in the notations: n — n + 1, (Kp\k, k) = (Kn, £).
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Figure 4.6: Fleshing out for the V-nodes (with a channel). For each slot V41, isomorphisms J{;‘/ out

translate between the~skeletal supermap and its associated spaces in the neighbourhood of the slot, and
the QC-QC systems Af/ O, Qn4+1 and C’S}rl within the slot. In-between these isomorphisms, the QC-QC

isometries V, 41 control whose agent A, acts next dependent on the previous agents.
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Figure 4.7: Fleshing out for the A-nodes (with a 1-slot comb). After the fleshing out, an empty (un-
sectorised) slot Al — AQ remains, associated with the free operation of an agent Ay, while in parallel,
system C'®) maintains the control system of the QC-QC. Two isomorphisms J in/out ¢ anslate between the
skeletal supermap and its associated spaces in the neighbourhood of the slot and the QC-QC systems
Ai/o, an and C) within the slot. Altogether, the fleshing out of Ay is independent of the QC-QC under

consideration.

V41, the fleshing-out operations are

[/ out —{ PHVI%A?
Vi) = [VA) = [J52) = €D Vi) ; (4.26)
LeN
~ ,HAk"‘VN+1’F
V) =R ) * Vi) = @D Vi o) e : (4.27)
keN

PHVIHAZ HAk‘}vN+1 F
respectively. Analogously, |Vf®e>> TR and |V A WA, k)> NM\kk 7 are formally the same as

N il - 100, o o

V)" and [VRE )™ (or as [V oA g | VAl D), respectively.

Note that these operations are indeed routed isometrles on the (practical) spaces: they explicitly
follow the routes at each node, and they are isometries due to the fact that the V,4; of QC-QCs
are isometries (on the “practical” spaces of the QC-QC). In fact, every fleshing out for the V-nodes
specifies a QC-QC, given that the decomposition in Eq. (3.6) precisely ensures that each V,, follows
the relevant routes.

4.3.3 Fleshing out for the A-nodes

As the next step, as illustrated in Fig. 4.7, we flesh out the slots for the A-nodes using 1-slot
superunitaries of the type

(M = HA) (R = HpM), (4.28)

which will take the routed slot of type 7—[3};‘:'“) — Hglrl;gA") to a non-routed slot of type HAL — HAY .

For this purpose, we need to consider the subspace associated with the specific agent node
A, rather than the tilded spaces ’HAI/O, which are employed in Eq. (3.5) to obtain a QC-QC
implementation. To do so, we introduce a Hilbert space HO™ , serving as the control space for the
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causal order, reorganised to be grouped by the “current” agent Ay:

N
1O = @D H with HO = D) span{|Kn \ k,K)"} (4.29)
n=1 Kn3k

Due to the tensor product with the ancillary space, this decomposition by k carries over to the
ancillary system «,,, which takes different values for n dependent on the system 07(11@) we consider.
Accordingly, we introduce HY = @27:1 H. Following the treatment of indexed wires in the

skeletal supermap picture, we differentiate between the formal tensor product of HE™ and HE
and their more restricted practical space

N
(HO @ HE" )prac 2 P H @ HO (4.30)
n=1

With this in place, we introduce two isomorphisms JK‘k and JK‘;: for each node Ay, transforming the

incoming and outgoing spaces H},‘}E;ék) and Hg‘:;éA’“) to the spaces used by the QC-QC formalism,

as introduced in Section 3:

N
TR My = D @ TN - e (0 T o,

n=1K, >k

I oom (k)
) € HnUhe = [9) O @ [, \ K R)

N
U HA @ (H* @ H Jorae — HIA) = D) @D
n=1K,3k
AQay, ctk A=V,
() @ [ \ k) ) € High ot (4.31)

As Choi vectors, these isomorphisms can be represented as:

_ N Vi Ap a1 (®)
172 = @D @D 11y temes A @ |1, \ B, k)

n=1K,3k
out\\ __ o Afc)oznfl—tAk_’V"'*'1 o)
) =D D 11 vk @ (K, \ B R (4.32)
n=1K,>k

using the same notational conventions as in the previous section. So the Choi vector of the overall
1-slot superunitary that fleshes out the slot for Ay (where again, we abuse slightly the notation by
also calling this operation Ay), as pictured in Fig. 4.7, is directly given as

. N Vnp—A I o Ak—»Vn+1
A = TR * I3 = @D @D () emss Ak AR e Hcei (4.33)
n=1K,3k
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4.3.4 Composing the process vector and obtaining any QC-QC

Altogether, fleshing out the slots for all V-nodes and all A-nodes, with isometries and 1-slot
superunitaries respectively, for the supermap we obtain the Choi vector

(@) - (® 1a0)

keN

P,’Hvl ,H k‘"vn+1 'H n+1"Al/ Ak_’VN+1 F
(@™o @(@ e T o (@ it )

LeN keN
kelcn,

2K, N . )
' <® (69 @ |1>>HK:\k’k’ ke ‘1>>A a"’Htck \k, 1:+1 >>

keN n=1K,3k

k PA [e5] k A 0(1, a2 k AO QQ,AI a3
=X e ey R e e, et
(k1,k2,....kN) o 1 o
k Ap._an-1,4 an F Ay an,F
V™ nad k) N N VR e ) VYT = lwqeqa)
(4.34)

composing Eqs. (4.25) to (4.27) and (4.33) so that we indeed recover the process vector of the
QC-QC under consideration, as given in Eq. (3.7). For the detailed calculation, see Appendix B.

Having successfully reconstructed the process vector |wqc.qc) representing a pure QC-QC, we
still need to generalise to the mixed case to capture generic QC-QCs. As discussed in Section 3.2,
we obtain the generalisation to mixed circuits directly by splitting H¥ = HF " ® MO

W = Tr,,. [w)w]| . (4.35)

As in the respective skeletal supermap, the output space of V1 is not sectorised, discarding ap
does not require any special care in comparison to conventional quantum circuits.
We have thus proven our main result, which we recall here:

Theorem 4.1. Any N-slot quantum circuit with quantum control of causal order can be imple-
mented by fleshing out a skeletal supermap obtained from the generic routed graph Gqc.qc(v)
introduced in Definition 4.2.

5 Alternative Routed Quantum Circuit Descriptions

The construction of Section 4 provides a systematic approach to obtaining any N-slot QC-QC
by fleshing out the skeletal supermap associated with the generic routed graph Gqc.qo(v)- It
is important to note, however, that this construction does not provide a unique way to obtain
any given QC-QC as a routed quantum circuit. Not only can any given QC-QC supermap have
different decompositions into internal operations V}c ke ke but the same routed supermap can also
be obtained by fleshing out skeletal supermaps associated with different routed graphs. Indeed, as
a case in point, Ref. [39] gave a routed circuit decomposition of the quantum switch different from
what one would obtain using our construction from the graph Gqc.qc(2) (compare Fig. 6 from
Ref. [39] to Fig. 4.2a here), and similarly for what the authors of [39] called the “Grenoble process”
(introduced in [34]) in contrast to Goc.qc(s) (compare Fig. 21 from Ref. [39] to Fig. 4.2b here).

In this section, we introduce some alternative routed quantum circuit decompositions for QC-
QCs, demonstrating that they indeed yield the same sets of processes. First, we provide an
alternative treatment of the QC-QC ancillary systems «,, in Section 5.1. In Section 5.2, we split
apart the V-nodes according to their branch structure, before rewriting them as pre- and post-
processings for individual agents in Section 5.3. In certain cases, this allows for a less verbose
representation that focuses on the connectivity between the individual agents. We then apply
these alternatives to reconstruct previous routed quantum circuit decompositions for both the
quantum switch and the Grenoble process. Finally, in Section 5.4, we sketch how certain restrictions
regarding the index values practically attained allow one, for certain QC-QCs, to omit arrows from
the routed graph.
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5.1 An alternative treatment of the QC-QC ancillary systems

The first such variation concerns a more distinctive treatment of the ancillary systems, which is
perhaps closer to how they are treated in the QC-QC framework. Recall that in that framework,
an ancillary memory system o, is passed between the internal isometries V;, and V,,41, to which
the agents’ operations Ay do not have access, see Fig. 3.1. However, for the skeletal supermap
associated with the routed graph Goc.qc(v), in Section 4.3.1 we attach Hilbert spaces to the wires
such that the ancillary system o, is passed to the agent nodes Aj from each node V,. The
requirement that the agents’ operations A; cannot act on these ancillary degrees of freedom was
instead enforced by the choice of fleshing out for the A-nodes (see Fig. 4.7).

A natural, alternative definition of the routed graph is also possible, in which the separation
of these ancillary systems from the agents’ nodes is reflected in the structure of the graph and
enforced by the skeletal supermap. Matching more closely the original formulation of QC-QCs,
one could add further direct arrows V,, — V,, ;1 (for 1 <n < N) to the routed graph Goc.qc(n)s
each associated with a single index value.?® Going forward, we will drop these indices, just as for
the open unindexed arrows in the routed graph, and denote the resulting (valid) routed graph as
ch QC(N): The additional arrows can then be associated directly with the Hilbert spaces H~
in the skeletal supermap. For the N = 2 and N = 3 cases, whose routed graphs are shown
explicitly for our initial construction in Fig. 4.2, this would correspond simply to adding the direct
arrows Vi — V5, Vo — V3 and (for N = 3) V3 — V. The associated branch graph is then
similarly augmented with additional solid arrows, connecting compatible branches of V,, and V,, ;1
directly.?”

With this alternative treatment of the ancillary systems, the & wire is removed from the fleshing
out for the nodes Ay, given in Eq. (4.31) and illustrated in Fig. 4.7. The fleshing out is thereby

reduced to withholding the routing information encoded in Cfl/) from the operations Ay, while still
producing an unsectorised slot. Considering this, we note that one could also refrain from fleshing
out the A-node slots entirely, as the agent’s access to the control system C*) is restricted due
to sectorial constraints. Specifically, we would obtain a generalisation of any QC-QC as a routed
supermap — with its agents Aj, performing routed operations dependent on the state of C'*), which
may not be modified (by e.g. a measurement in a basis incompatible with the sectorisation).*’

Ultimately, both representations are valid and allow one to construct any QC-QC via appro-
priate fleshing outs.*’ However, as is generally the case, certain representations may be more
natural depending on the physical situation, e.g. the specific implementation being considered.
For example, in a quantum optics experiment where ancillary information is stored in a photonic
degree of freedom (presumed to be) inaccessible to the agent (even though it passes through their
labs), the first construction might seem more appropriate. By contrast, the second picture would
more closely reflect a setup where the respective degree of freedom is stored elsewhere and never
physically coincident with the agent, for instance in a physical system directly transferred between
the internal isometries V,.*> A similar distinction is also discussed in [51], where the authors
argue for the importance of accounting for all physical transformations in principle possible that
an agent might perform when characterising the causal structure of an experiment, rather than
imposing artificial restrictions on their operations. Nonetheless, as our generic routed graph is not
intended to represent any particular physical realisation of the indefinite causal order in a QC-QC,
and as we do not analyse any specific causal structure here, these distinctions are of no immediate
importance to this work.

38For instance, Indv, v, ,; = {an}, the choice of value bearing no further relevance — it just in general should
not be one-dimensional (so as to allow for non-trivial ancillary systems).

39This follows as we obtain additional strong parent relations via the branch-linking values

LinkVal(V not ij;l) = {an} if Kno1 & Ky, with LinkVal(V not ijl) = 0 otherwise, with the ar-

row V, N V41 being of non-trivial dimension. The weak parent relations remain unchanged.

40We may then consider ®n [Vn+1)) as the Choi representation of this routed supermap (cf. Definition 2.20)
generalisation of QC-QCs, while addltlonally bearing in mind the routes for the open slots associated with Aj.

41Furthermore, both routed graphs generate the same set of routed supermaps, obtained from fleshing out a
skeletal supermap associated with the respective routed graph.

42 A similar idea to physically prevent agents from accessing the control qubit is proposed in [50].
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5.2 Splitting the internal nodes according to their branch structure

We continue by introducing an alternative representation to the generic routed graph Goc.qc(n)
of Definition 4.2, which splits apart the internal nodes V11 according to their respective branch
structure. Intuitively, the idea is to split each node V,; into one individual node per branch
Vn 1. Thus, the connectivity of the agents via the internal nodes becomes more apparent in the
routed graph picture than for the original generic routed graph Goc.qc (), at the cost of increasing
the number of internal nodes exponentially.

Definition 5.1 (ggthC N)) The split-node generic routed graph QQC Qo for an N-slot QC-QC

is defined as follows:

e There are 2 types of nodes: “A-nodes” Ay, for Kk =1,...,N, and “V-nodes” VE»
n=0,...,N, with K, C N and |[K,| = n. (In total, there are N + 2V nodes.)

iy, for
e The indexed graph involves the following indexed arrows:
— open-ended arrows 2, V? and \Aff\v[ 11 NOF, (whose indices which we will usually
drop in practice),
-Vn=1,...,N,Vk=1,...,N, VK, 2k,

Xk Xk ’
Lot Kn\Ek Kn\k
Vil ZEn A and Ay s (5.1)

with a given index X)c (\L taking either X;c (\)k IC,, as its value, or XK (& =Q.
e The routes are specified such that

— For each node Ay, the lists of all input and output index values (X,’én\ WK,k € Indy

and ( K, \k)’C 5k € In
the primes — and must further satisfy In, AL, X K \k # Q. Hence, the practical

d"* must be equal — from now on we will then simply drop

input and output sets of each node Aj consist of (the same) lists of index values
(8y..., 9, K, Q,...,9), for some n and some set IC,, 5 k at the position corresponding

n\

to the arrow coming from node Vi, and to the arrow going to node Vfﬁ;l

— For each node V%» s the lists of all input and output index values (X,’én\k)ke;gn €

Indm,cn and (X¢ )gr, € Ind‘{}l,én must satisfy
nt1

forn=0andn=N: 3J Xé # 8 and 3!k, X/’\“/\k # Q, respectively. (5.2)

either VEk, X,’é \k:® VY, X,é =0

or kXL \,# S, NEXE #8 (53)

for 0 C K, CN: {

Hence, the practical input sets of each node Vn 1y, for 0 < n < N and 0 C K, C
N, consist either of lists of all-® index values, or of lists of index values of the form
(8,...,8,K,,Q,...,9), with the set K,, attached to the arrow coming from some node
Ay, Wlth ke ,. Slmllarly, the practical output sets of each node Vn T, for0<n< N
and ) C K, C N, consist either of lists of all-® index values, or of lists of index
values of the form (,...,9,K, U{,Q,...,Q), with the set K,, U ¢ attached to the
arrow going to some node Ay, such that ¢ ¢ K,. Lists of all-Q index values at the
input are related to lists of all-8 index values at the output; lists of index values the
form (Q,...,9,K,,9,...,%) at the input are related to lists of index values the form
(8y...,, K, Ul Q,...,Q) at the output.

Both conditions are analogous to the non-split case (Definition 4.2), when replacing the sub-
scripts n of the index labels with some IC,, \ k and adapting the constraints in an appropriate
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manner. They can be condensed into the global index constraint
3 (ks Koy hon), Xyt = (R}, X2y = (ks ko), o XA = (ki ka, oo k) =
and all other X,Cn\k =uq. (5.4)

Just like Eq. (4.5), this again captures the understanding that, along each global path, all
operations A are applied once and only once, in a given order.

Contrasting this with the definition of the generic routed graph Gqoc.qc(nv) in Section 4.1.1,
we see that splitting the V-nodes forces the index labels to carry additional information to ensure
their uniqueness across the graph. By contrast, we see that the index values remain virtually
unchanged, such that the value IC,, does not encode any additional information other than being
non-Q. With the values being binary, we could alternatively pick X,’én € {0,1}, and write the
global index constraints as follows:

3 (ky ko, k) s XY = ngl} = fﬂm =1, (5.5)

while all other X,’én = 0. This would reproduce index values closer to the presentation of [39)].
However, to keep representations as close to Section 4.1.1 as possible, we will stick to the more
redundant convention in this work.

The routed graphs ggngC(N) for N =2 and N = 3 are shown in Figs. 5.1a and 5.1b.

The branches AIkC“\k of the A-nodes maintain the form given in Eq. (4.6), albeit with a larger
number of indices (stemming from the larger number of V- nodes) taking © as value. For the
V-nodes, we obtain a branch structure Bran()\vﬁ.l) = {VKn T ff;l}, encoding precisely whether

a given branch Vf_ﬁl happens or not, with Vf_’;l of the same form as in Eqs. (4.7) and (4.8) and
with Vf_’;l = ({(s,...,8)} = {(s,...,8)}) Considering the index values & to be 1-dimensional,

we may then construct the branch graph for QapCth( Ny It is closely related to the branch graph

for G, with the addition of the branches Vf}h being subject of no strong parent/child relations as
well as the same weak parent/child relations as Vf}h. For the instance of N = 2, the respective
branch graph is shown in Fig. 5.2. (A general comment on how node splitting affects the branch
graph is presented in Fig. 5.3b.)

Lemma 5.2. Considering the index values ® to be 1-dimensional, the split-node generic routed

graph g?gpéthc ny is a valid routed graph.

The proof of this statement is given in Appendix C.

The larger number of nodes leads to an associated skeletal supermap of a different type, featuring
a larger number of slots. As however all slots for V-nodes are fleshed out by routed isometries
rather than routed supermaps, this need not impact the type of the supermap we ultimately obtain.

We continue by showing that indeed, both routed graphs generate the same class of processes
by means of routed circuit decompositions. For each decomposition for Goc.qc(n), we can specify

a closely related equivalent decomposition for gapg_tQC( N):

Lemma 5.3. Consider the two routed graphs Gqc.qc(nv) and gQthC(N Restricting to the case

in which all V,, and Vn 7, are fleshed out by routed isometries, there is a canonical mapping
between equivalent routed circuit decompositions (as defined in Definition 2.26) for the two routed
graphs.

The proof of this statement is given in Appendix C, using an approach that readily generalises
to a variety of routed graphs and nodes. .
For the skeletal supermap associated with ggpé‘_tQC( N) the Hilbert spaces associated with the

arrows going in/out of these branch nodes then factorise as

Hpo ) = @”HA’“_N"“ Vi) (5.6)
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A B
x4 xp
g v, X7
3! (k‘l, k‘g) :
k k
XQ)I - {kl}’ Xklz = {kla kQ} (: {AaB})a
. k o :
while all other X¢ ,; =® 3kt koo ka) < X = (i}, X2 = {ka, ko),
K03y, = {k1, ks, ks} (= {4, B,C}), while all other Xf |, =&
(a) Split-node generic routed graph Qapéi_th(z). (b) Split-node generic routed graph gapéich(g).
xg V3~ xk
T xp T
A’ B’
—
X, 2 X
3! (kl, ]CQ) .
k k
Xyt =1{k1}, X2 ={ki, k2} (={A, B}),
: k — 3 .
while all other X,Cn\k = 3 (kv ko g X = (ke ), X?lfl} = {k1, ka1,
X/]\C/?\kg = {k1, k2, k3} (= {4, B,C}), while all other X)]én\k =8
(c) gap(ljifQCB) after merging V;‘/B — AVB. (d) ggpéi_th(3) after merging V4 < A <> VB etc.

Figure 5.1: (a,b) The split-node generic routed graph gg’c“ch(N) (for N = 2,3) according to Defini-

tion 5.1, splitting the isometries V1 featured in the generic routed graph Gqc.qc(ny shown in Fig. 4.2
into one node Vfﬁl for each branch ijﬁl (c,d) The routed graphs obtained by merging internal isome-
tries in ggpéich( ~) into agent nodes, denoted by <, following the procedure established in Section 5.3.
We obtain a reduced number of internal nodes, each of which is associated with applying not only their
respective agent operations Ay, but also additional non-trivial “internal” pre- and post-processing encoding
the action of the supermap. We thereby essentially recover the routed graphs shown in Figs. 6 and 21

of [39].
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I\Z‘m

Figure 5.2: The branch graph for the split-node generic routed graph ggpngc(z) according to Defini-

tion 5.1, featuring additional branches \_’fjr’l in addition to those present in the branch graph of Gqoc.qc(2)
shown in Fig. 4.5.

where HkAk_)V Hléf\jc,vkn+1 nd Hm(vwl) ®k 1 gkﬁv , and similarly for ’Hgfxﬁv"“)
To obtain a given QC-QC from this alternative routed graph instead of QQC Qc(n), we split the
fleshing out for the V-nodes along the same lines, obtaining | {‘/‘,C DAL HEY 3‘}5 )), where for
n+1
n=1,...,N:
T G (V57 (V57
in — in in
e Hplen ) P e 5w g H e WO o Hg Y,
n+1 k1
ALy ACar o
) € 1y, " s ) @ K \k k) (5.7)
in(Vhe)
Q) € Hg =), (5.8)
. . . . . in(Vf_ﬁl) t
where |Q) is the single state in the 1-dimensional sector Hg , and similarly define | JE N,
n+1
while
9 o A CanAl , ay, 1n(V” )—>out(Vn )
| 'n,+1>> | 'n,+l>> @ Vo) = Z Ve, \k i) HET 15k, A M (5.9)

kEK 0 £EK m

While in principle, we could apply an analogous technique for the routed graph ggc Qo(N)» We

Would obtain a large number of arrows in the resulting graph in this case, connecting V]C “\E and
Vn 1 respectively.

Moreover, an analogous rewriting could be performed for the agent nodes Ay, obtaining nodes
A',f" for each K, € N\ k. However, fleshing out the resulting slots for A’kC with monopartite
supermaps (in the sense of a routed circuit decomposition according to Definition 2.26) would
produce a supermap of a different type (than for Goc.qco(n)), increasing the number of slots within
the routed supermap from N to 2V. Furthermore, the resulting slot spaces are in direct sum form,
including 1-dimensional Hilbert spaces H'™/ Out(Agn), preventing us from obtaining a unsectorised
slot of non-trivial dimension by factorising. Therefore, no fleshing out for such A-nodes could
recover a meaningful unrouted supermap.
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(a) Before splitting (b) After splitting (c) Composite picture of the branch graphs

Figure 5.3: A general example for a node-splitting procedure, obtaining the routed graph shown in (b)
from the routed graph shown in (a). While for the latter, we have Bran(An) = {N*=!, N7=! N*=1}  each
of these branches is represented by an individual node N? with Bran(Aggs) = {N? N”} for the former.
While in this example, N has only a single parent / child, this is not generally required this to be the case.

In (c), a composite representation of the branch graph of both circuits are shown: They are identical,
except that after the node splitting we obtain an additional branch N* complementing each original branch
N?. It has the same weak parents as N?, and hence, features the same green (and, analogously, red) arrows.
Accordingly, this branch does not add any non-trivial information to the branch graph and does not affect
the presence of weak loops. Note that when considering the associated supermap, whether we flesh out
N or the nodes N with monopartite supermaps amounts to different supermaps: For (b), we obtain a
single agent performing a (potentially routed) operation, while for (a) we obtain three agents performing
a (potentially routed) operation, dependent on the specific fleshing out. By contrast, if we flesh out these
nodes with isometries (i.e. with no slots), the resulting maps are identical.

Furthermore, one may wonder whether the idea of splitting a node according to its branch
structure can be generalised to arbitrary routed graphs. Indeed, this seems possible in many
cases, first replacing a given node N with a copy N? for each of its branches N? , endowed with
a copy of the respective arrows, and then adjusting their indices such that for each N7 , we have
Axs = Ane @ 1ggs. Here, the identity acts on a 1-dimensional subspace corresponding to the case
that N” does not happen. A simple example for this is illustrated in Fig. 5.3. However, in cases
where the branch structure is dictated by correlating multiple incoming indices®® (and similarly
for outgoing indices), there seems to be no straightforward way to adjust the index structure
accordingly, as this hinders an association of individual arrow index values to a given branch. The
precise conditions under which the index structure can be adjusted like this and a generic procedure
to do so remain important open questions, especially for characterising a minimal set of routed
circuit decompositions to obtain all (routed) processes obtainable from routed quantum circuits.

5.3 Merging nodes in the routed graph

If we compare our construction of Goc.qo(n) (as well as ggC_QC(N) and ggpéifQC(N)) with the routed

graphs described in [39] for the examples of the quantum switch (shown there in Fig. 6) and the
Grenoble process (in Fig. 16), one immediately notices that the latter have fewer nodes than those
that we provide for the same scenarios. Indeed, while we can identify our nodes V; and V1
with their nodes P and F, respectively, the other nodes in the routed graphs of [39] correspond
more naturally to the agent nodes Ay, and there is no clear equivalent for the remaining “internal”
V-nodes of our representation.

In this section, we will demonstrate that starting from the split-node generic routed graph

gapéifQC( Ny We indeed recover their routed graphs and routed circuit decompositions as alternative

43Consider e.g. a routed subgraph A i) X <i B with 4,5 € {1,2} and no 1-dimensional index values, where
Bran(Ax) = {X7,X°}, Indi, = {(1,1);(2,2)} and Indl2, = {(1,2); (2, 1)}.
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(a) Routed graph G with A as (b) Schematic excerpt of a branch (c) Routed graph gmereeT after
sole child of V (cf. Lemma 5.4). graph conforming with Lemma 5.4. merging V into A.
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SN
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(d) Routed graph G with
A as sole parent of V (e) Schematic excerpt of a branch (f) Routed graph Gmereet after merg-
(cf. Lemma 5.5). graph conforming with Lemma 5.5. ing V into A.

Figure 5.4: Routed and branch graph architectures which allow for node merging according to Proposi-
tion 5.6. For the branch graph excerpts, we only show the most relevant arrows for merging, which will no
longer be featured in the branch graph obtained afterwards. In the associated branch graph, we observe
that each branch of V is associated with exactly one branch of A. For details regarding the derivation of
the branch graph, see the proof of Lemma 5.4 in Appendix C.

representations — albeit at the cost of more complex fleshing outs for the remaining nodes. Indeed,
by merging internal nodes into agent nodes, one can effectively recast the isometries as pre- and
post-processing for the respective nodes. However, we will find that a decomposition with no
internal nodes other than P and F' is generally not possible for generic QC-QCs when N > 3.

In order to recover the routed circuits of [39] from our approach, we will first introduce a
slightly more general procedure, demonstrating that the idea of node merging is applicable to a
wider variety of routed graphs, before applying it to the generic routed graph which forms the
focus of our study.

Lemma 5.4. Let G = (T, (AN)Nenodesr) be a valid routed graph without any weak loops, and
A 'V € Nodesr such that A is the sole child of V (cf. Fig. 5.4a), and the associated branch
structure is such that

VAP cBran(A\s) 3I'V? €Bran(\y): LinkVal(V7Y AP)#0 (5.10)
Consider another routed graph G™e'¢¢? obtained by merging V into A, as follows:

« the two nodes being replaced by a single node A’; with incoming arrows in(A’) = in(V) U
(in(A) \ out(V)) and outgoing arrows out(A’) = out(A), as shown in Fig. 5.4c,

« the resulting node A’ being endowed with the route Aar = Aa * Av.

Then G™e&T is a valid routed graph.
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The statement of this and the following lemma, as well as schematic excerpts of the associated
branch graphs, are illustrated in Fig. 5.4.

Lemma 5.5. Let G = (I', (AN)Nenodes) be a valid routed graph without any weak loops, and
A,V € Nodesr such that A is the sole parent of V (cf. Fig. 5.4d) and the associated branch
structure is such that

VA? € Bran(\a) 3'V? €Bran(\v): LinkVal(A® V?)#0 (5.11)

Consider another routed graph G™Me'8¢ obtained by merging V into A, similarly to Lemma 5.4.
Then G™e™8% is a valid routed graph.

The proofs of these lemmas are given in Appendix C. While the naming of the nodes A and
V are highly suggestive with regard to the generic routed graphs and its alternative versions, they
are not intended as restrictions with regard to the scope of these two lemmas.

Note that the merged routed graphs G™e&t and G™e'8T are essentially created by merging
the branches A” and V7. In the branch graph, the respective branches are merged along their
respective strong parent relations. The branches of the merged node feature a subset of the union of
the weak parent/child relations of the original nodes, with weak parent relations “within” merged
branches vanishing. Additionally, due to the potentially reduced number of branches and the
coarse-graining of the image of the choice function, generally some green arrows to V, A as well as
some red arrows from these nodes may vanish from the routed graph under this coarse-graining.**

The resulting routed graphs are not only valid, but indeed generate, in a precise sense, the same
class of processes by means of routed circuit representations.

Proposition 5.6. Any process with a routed circuit decomposition (as defined in Definition 2.26)
according to the routed graph G, where V is fleshed out with a routed isometry (an “internal”
node), can also be expressed with a routed circuit decomposition according to Gmerse / gmerged
related to G via Lemma 5.4 / Lemma 5.5, and vice versa.

The proof of this lemma is given in Appendix C. Essentially, the merge composes the channels
and supermaps fleshing out the skeletal supermap associated with G using the link product.

For g™eged  we would like to point out that the dimension of HAV could generally restrict
the information flow from H™®) to HO(V)  Therefore, the equivalence of both representations
does not necessarily hold on the level of the individual skeletal supermaps associated with G and
Ggmereed respectively. However, as the same restriction may alternatively be introduced on the level
of the fleshing out, this fact does not impair the fact that both routed graphs indeed generate the
same set of routed circuit decompositions.

In practice, when merging an internal node V into an agent node A, we will denote this as
V < A, merging the internal node “into” the agent node, which will then be denoted as A’.

We now continue by applying these results to our generic routed graph Goc.qc(n). For N =2
and N = 3, we see that a rewriting in this fashion allows to get rid of all internal nodes in
Gqc-qo(n), except for Vi and Vi,

Considering gg’é{tQC@) as an example, we observe that both V;ﬁ and VSKQ have agent nodes as

unique parent /child nodes. Therefore, we may absorb \712“ — Ay, and VSKQ — Ak, The result-
ing routed graph is illustrated in Fig. 5.1d (denoting again the agents (A1, A, A3) as (A, B, C)).*°
For N = 2, analogous arguments apply.

Indeed, this allows us to ultimately recover the routed graph examples from [39].45

44However, for the generic routed graph as our main case of interest, this will not be the case.
45To see explicitly how the composition of branches plays out, consider the case of \75 — B in detail. Here,
Bran(Ags) = {VP,VP} and Bran(Ag) = {BX» | K, ¢ N\ B}. Then, V¥ and B? are composed, while the
2
1-dimensional branch is trivially composed with all other branches of B. This leaves their respective operations

unchanged, as the operation for \_723, specified by Eq. (5.8), acts identically (and on one-dimensional tensor factors,
cf. Eq. (4.21)).

46By contrast, introducing additional arrows to represent ancillary systems, as described in Section 5.1, introduces
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Figure 5.5: The branch structure for B’ in Fig. 5.1b, given by Ag/ = )\vgxc * \g * )\\723 with a fine-

graining into the branches of the original routed graph being shown in Fig. 4.5. The branch structures for
A’ and C’ are given analogously by permutation. Due to the node merging, non-trivial index relations
and bifurcation choices are carried over to the agent node B’, reproducing the branch structure given for
the nodes of the Grenoble process in Fig. 23 of [39].

Example 5.7 (Quantum switch). To represent the quantum switch without any internal node to
represent V5 explicitly, we take Fig. 5.1a as a starting point. Due to the simplicity of the routed
graph, we have some freedom for the rewrite: Both for \75‘ and VQB , we may choose to absorb
them either into A or B, i.e., both Lemma 5.4 and Lemma 5.5 could be applied we to recover the
quantum switch as presented in Fig. 6 of [39]. For Fig. 5.1c and this example, we choose V4 «— A
and V§ — B.Y7

Regarding the fleshing out, we consider the resulting node B’ as an example. Here, we take the
composition of the fleshing outs [BY) and |[V5)) from gapngc( wy (according to the link product)
along the node merging as the new fleshing out:

B') = B) * [VZ)
= |JB) * [JR) * | Iy ) # [V57) + | I35 - (5.12)

and similarly for |A)). This reconstructs the routed graph of Fig. 6 of [39] when relabelling their
indices accordingly.*®

Example 5.8 (Grenoble process). The Grenoble process is a tripartite process with dynamical
causal order, and was originally introduced in [34]. We use the transformation techniques intro-
duced in this section to reconstruct the routed quantum circuit of the Grenoble process given
in [39]. To reconstruct their routed graph, we take Fig. 5.1b as as a starting point. We merge
\A/'f — A \7330, \75 — B <+ \A/?C, \72'3 — C ¢+ V?B, obtaining Fig. 5.1d. In this graph, the
arrows connecting the agents feature multiple indices, as several node mergings induce an arrow
between those.

Renaming Vi to P and V4 to F, we obtain the same skeletal supermap as in [39] (up to a
renaming of the index values and Hilbert spaces). For example, for the merged node B’ we obtain
the branch structure shown in Fig. 5.5, reflecting Fig. 23 of [39].

Regarding the fleshing out, we again consider the node B’ as an example. We take the com-
position of the fleshing outs [B)), |[VZ)) and [V4€)) along the node merging as the new fleshing

additional parents for the V-nodes, which prevents us from applying the same technique for simplification: each

node Vfil features additional parents Vf"\k.

xB x2
47This results in A’ —4» B/, with the alternative resulting in A’ —2» B/, and equally when exchanging A / B.
48Gpecifically, one translates their index values as follows:
W=1-X"={4} jk=1-xP={B} m=1-X={A,B} n=1-xF={AB}. (513)

For all of their indices, if they take the value 0, we set the associated index Xff = Q.
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out:

BY) = [V4<)  [B) [V)
= |30 * [VA0) % 1T * T8  LIG) * | T35 ) * VP = LI - (5.14)

How this fleshing out relates to the fleshing out specified in Fig. 25 of [39] is described in detail in
Appendix D.

For larger IV, the possibility of merging nodes into agent nodes in Goc_qc(n) applies analogously

for the internal nodes V2’C ! and V’]f,N ~'. For the remaining internal nodes, however, the technique

is no longer applicable, as the remaining V-nodes in ggpéich( N) will feature multiple parents

and children respectively. However, a specific fleshing out of this routed graph (according to a
specific QC-QC implementation) may potentially be compatible with a more fine-grained branch
structure. Imposing such a branch structure can effectively restrict the set of processes supported
by the corresponding routed graph. In Appendix E, we investigate this fact in more detail and
reproduce an example of a 4-partite process [41, 52] which cannot be entirely fine-grained in such
a fashion.

Note that we do not reconstruct here the representation of the quantum 3-switch given in
Section 4.1 of [39]. Doing so would require further adjustments to the index constraints on the
routed graph, restricting the set of supported processes even further. We leave this for future work.

5.4 Removing arrows in the routed graph

In addition to considering alternatives to the generic routed graph Goc.qc(n) to obtain arbitrary
QC-QCs, we may consider ways to simplify the routed graph when the QC-QC has additional
structure yielding simplified connectivity.

Consider a given fleshing out of a skeletal supermap for the generic routed graph Gqc.qo(w)-
If for a given arrow M — N, the only sector that can be populated (i.e. whose index value can be
selected) is HM=N (cf. Section 4.3.1), we may remove the respective arrow from the routed graph
— if for the adjoint of the graph, the respective space is also never populated. This follows as in
this case, the respective 1-dimensional tensor factor in the formal spaces HO"™) and H*(N) may
be omitted (up to an isomorphism), with the index associated to the arrow being constantly & for
all remaining bifurcation choices l (see Section 4.1.4) — both for the original and the adjoint graph.
The branch graph and the skeletal supermap simplify accordingly: in comparison to the original
branch graph, the strong parent relations associated with the respective arrows (i.e., branches M7
and N?) disappear, as they require an arrow from M — N in the first place. Furthermore, due to
the bifurcation choice for the branch happening being removed, it never happens®” and all green
arrows may be removed as well. To finally remove the respective red arrows as well, the same
argument is applied to the adjoint graph. We can then remove all branches no longer associated
with any arrows.

For the remaining weak arrows in the graph, one needs to check whether the corresponding
functional dependence in the choice function remains. For any routed graphs (even beyond the
generic routed graph), each node will no longer have weak parents if only a single branch of it
remains, or if in the resulting graph a given branch M"” is a weak parent of just one branch of
a given node N: a non-trivial choice always requires multiple possibilities (for the branch which
happens).

Specifically for a given implementation of a QC-QC (and therewith, a choice of {V,a<k7k}
yielding the respective process according to Eq. (3.7)), arrows may be removed in particular if for
some £, n, the condition VK_:L Z\k’ x = 0 is satisfied for all KC,;, k. Then in the image of the isometry
nt1—Ay

will be populated, and X’ 411 = Q for any choice of

. AV .
. By extension, the sector Hg' ' "*? is fixed as well. Hence,

given by |V,41)), only the sector ’H\&/
operations Ay and past state |¢>P

X@ Xl’,
both the arrows V, 41 ity Ay and A, V42 may be omitted from the routed graph, and

49 And therefore, all potential further bifurcation choices made within this branch never matter.
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we may modify Vn+2 such that for all m ¢ K, UZ and all K,, Z £, Vi’ "} = 0 holds — which then
ensures the analogous property for the adjoint of the graph. For the associated branch graph,
incoming green dashed arrows will generally always vanish if the respective branch is now certain
either to happen or not to happen, and analogously for the red dashed arrows. In such a QC-QC,
there is always an implementation in which A, never acts in the (n + 1)th position, which allows
to remove the corresponding arrows.

Example 5.9. Consider a bipartite process compatible with a fixed order A < B. Then clearly,
there exist implementations of this process where Vﬁ)B = V@?BA = 0. Hence, for any choice of

agent operations, Xf = X5 = Q, and there exists an implementation in which V]?,f =0 as well.
Accordingly, we may remove the arrows

xB xB A A
Vi LB BESV,, Vo SEL A and A 2B v, (5.15)

from the graph in Fig. 4.2a, leaving us with the acyclic routed graph

XA XA B B
v, Ay, Mg My, (5.16)

Here, the indices always take the values X{* = {A}, Xf = {A, B}, and could be omitted from the
graph. The resulting branch graph is then almost identical to the routed graph, as for each node,
there is only a single branch, which always happens.

XA XA B B
V0 10, A0 0, ya 2a, ga T yas, (5.17)

6 Discussion

In providing a representation of arbitrary QC-QCs in terms of routed quantum circuits, we have
established an application of the latter framework well beyond the particular examples previously
considered, extending it to a wide class of processes. Our construction notably provides a more
fine-grained picture of the logical structure of QC-QCs, with the control of the causal order being
represented by indices X* in the routed graph.

The fact that we achieved this by specifying just a single template for the routed graph and
a generic fleshing out is testament to the ability of the framework to condense entire classes of
processes in terms of their underlying information-processing structure, which is concisely encap-
sulated in the routed graph. In addition, the more fine-grained branch graph it brings forth may be
closely related to the underlying causal structure of the respective process, as has been tentatively
demonstrated in [51].

6.1 Contrasting routed circuit decompositions

In Section 4 of [39], explicit constructions were given for two instances of QC-QCs: the quantum
switch [21] and the Grenoble process [34]. These constructions differ from our generic routed graph
Gqc—qc(v), with fewer nodes: internal nodes corresponding to the agents Ay, as well as nodes
for the past and future P and F', which play roles analogous to our internal nodes Vi and V1.
By featuring additional internal nodes V,,, our construction appears to yield a significantly more
verbose routed graph representation. In Section 5.3, we discussed how one can, under certain
conditions, nonetheless recover the structure of their routed graph from ours by merging nodes.
However, for N > 3, a representation without further internal (i.e., non-agent) nodes can no longer
generally be found, as we exemplify in Appendix E. The generalisation of the routed graphs given
in [39], without additional internal nodes, is thus unable to capture the full expressivity of QC-QCs.

Even in the N = 2 and N = 3 cases, the more compact routed graph representation of [39]
comes at the cost of a more complex fleshing out for the agent nodes Ay, which must not only act
as an adapter for allowing the local operations of the agents to be plugged in, but also includes
the, in general non-trivial, (internal) routing of the process.

However, with our generic routed graph (modified to represent the ancillary systems explicitly
in QSC_QC(N)), we can mostly forgo the necessity of a fleshing out to describe the class of QC-QCs.
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Indeed, for the V-nodes the routes actually restrict the associated slots precisely to valid QC-QC
isometries, and any routed isometries following the routes constitutes a valid fleshing out. For
the A-nodes, as observed in Section 5.1, allowing the agents to perform any routed operation®’
following the routes essentially gives them just the power to perform routed operations dependent
on the causal order — which in fact mirrors many physical implementations suggested so far more
closely, while still conveying a form of ICO [51, 53]. One can moreover show that each such routed
process may still be simulated as a conventional (non-routed) QC-QC, potentially decreasing the
relevance of this distinction.

Indeed, consider a process where a coherent copy of the control system C'*) is passed to each
agent Ay. Then, they may perform their operation controlled on the set of agents K,, \ k who acted
previously, as in a routed process, or perform a measurement on the causal order, destroying the
coherence of the quantum control in the QC-QC. Any N-slot QC-QC process may be amended

to pass a copy of the control to the agents in such a fashion, increasing the dimensions of HAi/O
accordingly. After their operation, the coherent copy may then be undone — presuming, the agents
did not modify the copy — and be traced out without harming the coherence of the control. If the
agents modify their copy of the control however, they are transcending the set of operations which
would be allowed in a routed switch, and may collapse the action of the process to a QC-CC (with
classical control of causal order).

Finally, we briefly comment on the index structure we utilised. While in [39], all indices used
in practice only take values {0, 1}, we use the index value to encode subsets K,, C N (or Q) — with
the notable exception of Eq. (5.5). Thereby, we demonstrate how a more complex set of possible
index values may be helpful to obtain an adequate routed graph.

6.2 Characterising classes of processes

Several previous works have proposed subclasses of QC-QCs with specific properties of interest.
These include a restriction to classical control (QC-CC) [34], to superpositions of fixed orders
(Sup [54, 55], or the more general QC-supFO class [56]), and to non-influenceable causal orders
(QC-NIQQC), capturing a weak kind of dynamicality of causal order [56].

Typically, the restrictions on these subclasses can be characterised as restrictions on the internal
operations of a QC-QC. Our routed quantum circuit construction provides a new perspective from
which to study these classes, as these restrictions may correspond to additional constraints on the
routed graph. For instance, modifying the index structure to capture the full order (k1,...,kn)
from V; all the way to V x4 should yield a superposition of fixed orders. Generally, constraining
the routed graph will involve introducing additional structure into the indices, effectively fine-
graining the sectorisation of the systems to store additional information on the causal order, and
imposing restrictions on the branch structure of the internal nodes V,;1. The resulting graphs
can then potentially be simplified following techniques analogous to those presented in Section 5.

Conversely, imposing constraints directly on the routed graph may be an interesting avenue to
study new types of QC-QCs, a potential example being the subclass of processes which can be
represented without involving internal transformations beyond local pre- and post-processing in-
between the agents (cf. Appendix E). When assuming the operations associated with each branch
of the respective nodes to be localised in spacetime, this property in particular affects the embed-
dability of the associated circuit into spacetime [11, 57].

In addition to capturing these classes in terms of routed quantum circuits, the properties of
these representations may also serve as starting points to generalise the concepts they capture to
non-QC-QC processes. For instance, in the language of routed quantum circuits, green dashed
arrows in the branch graph may indicate whether a node has an influence on the order of later
nodes: beyond QC-QCs, this has been showcased for both the Lugano process [39], and more
recently, for a process with “unilateral determination of causal order” [48]. Studying this relation
in detail would potentially allow the notion of dynamicality, which has so far been formalised for
QC-QCs only [50], to be studied in processes beyond QC-QCs.

50With the skeletal supermap associated with the routed graph from Section 5.1, that is, to prevent the agents
from accessing the ancillary systems au,.
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6.3 Consequences for the routed quantum circuit framework

Last but not least, we consider the impact of our results on the general status of the routed
quantum circuit framework. By extending the number of processes with an established routed
quantum circuit decomposition from a small handful to the entire class of QC-QCs, we confirm the
applicability of the framework to a wide class of physically implementable processes. Moreover,
recent results connecting QC-QCs with the causal box framework [33, 41, 58] indicate that QC-
QCs appear to be the most general class of processes compatible (and implementable) within a
fixed (acyclic) spacetime. Combined with our results, this would imply that skeletal supermaps
associated with routed graphs (without weak loops) — or even the subset of routed graphs from our
construction — are capable of expressing any quantum process implementable in a fixed spacetime.”’
This would provide some additional support the first main conjecture of [39], concerning the
hypothesis that any unitary process may be obtained from fleshing out some skeletal supermap
associated with a routed graph. The results of [52] further indicate that these statements may
also be generalisable from fixed acyclic spacetimes to any settings where all agents (independently)
record a monotonically increasing time, e.g. capturing gravitational quantum switch scenarios.
Further progress in this direction, extending the result beyond processes implementable within a
fixed spacetime, would most likely require significant progress in the study of causal decompositions

of unitary channels [59, 60].
Considering the fact that QC-QCs do not violate causal inequalities [34], our results are in
agreement with the second major conjecture of [39] — that a skeletal supermap violates causal

inequalities if and only if its branch graph features weak loops. However, as our procedure only
yields a small subset of valid routed graphs without weak loops, we are unable to provide any
stronger statement in that regard.

The joint perspective obtained by studying QC-QCs and routed quantum circuits may also
be valuable to provide further insight on the composability of processes. Indeed, although the
validity conditions for routed graphs provide a condition to affirm the validity of compositions, a
systematic study of the resulting family of routed graphs has been lacking so far. Restricting to
compositions of routed graphs which represent faithful reconstructions of QC-QCs may help both
to render the scope of this study more manageable and to restrict oneself to physically admissable
implementations [10, 61-64]. Conversely, the clear graphical representation of connectivity may also
allow one to restrict the class of processes attainable by composing a restricted set of “elementary”
processes.
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Appendix

A Derivation of the choice function for Goc_qc(v)

Here we will evaluate explicitly the choice relation Ag . oy, iven by Eq. (4.13):

= N AR \DE e NI (A1)

AgGqoe.qem Vnir

For this, let us start by explicitly writing the Boolean matrix elements of the different augmented
relations in the graph:

e For \}"®, according to Eqs. (4.2) and (4.9), one can write (using the label ICLA’“_]l rather than

K \k for the branch that happens at node Ay, to distinguish it further below from the labels
at the other nodes):

angy (BON= K
(/\Akg)(xg)gzl P =0, KAR] U ( H dxr s ) (A.2)

ng.
k n#EN

e For A\y®  (n=1,...,N—1), according to Egs. (4.4) and (4.10), one can write (here for ease
of notations we keep the label IC,, for the branch that happens at node V,,;1, rather than

introducing ICQ/"“] ):

(Aaug )(XTZH»I)?LUK:
Vet ) e =)

k=1’
_ ( > o, (11 5,{5,7&)}) (6)(@(;3"),,%%%) (I der s )) . (A3)
ke, K EN\k mt ¢ EN LR
while for Ay )® and Ay, according to Eqs. (4.3), (4.11) and (4.12), one can write (ignoring

the trivial inputs and outputs, see Fig. 4.4):

(Aaug)(fg))z 1 _5.)([(@) 2(0) ( H 6X12,,®) (A.4)
PEN\L®

and (Ai‘,“j+l)(xk v = o (TT dawa)] (A.5)
k=1 keN k'eN\k

Recalling from Section 2.1.1 how the “link product” x in Eq. (A.1) evaluates, we can write the
Boolean matrix elements of the choice relation as

A (’an 1)k€N7(K71)7]:]:_11
( gQC—QC(N))g (=), o s

etk

XN
- (mesne)

keN
aug X1)p 1 aug n+1)£ 15 aug
(AV1 ¢(0) (H ( "+1) )k 1’ TL:(E(’C’/VL>))C/ ) (AVN+1)(X}3)]CN=1 . (AG)

To evaluate this expression, using Eqs. (A.2) to (A.5) above, one may start by noticing that for
m=1,...,N,

<6X,5f’cml),icmlué(’<m1> ( H Oxt! & ))( Z [5)(;3,&,,1 ( H 5&;%/7&)})

ZleN\[(’Cm—l) ke, k/GN\k

K:m7K:m71Ug(iC1n—1) 5)(,@,L(K""1),Kmflue(’<m—l> ( H 5X,’,:, ) (A?)
2reN\£Fm-1)

=4
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From this one easily obtains, recursively, that

m 0 N
aug (X1)5, aug (K1) e=1.Kn
(AV1 )g(m AVn+1 kYN (<)
n=1 (XS L =(Fn i,

m

= 0, 0@ Oy sy ek - O e ) H (6X£(f1”),)cnue<’cn) ( H 5%‘;;17&))7 -

n=0 L' eN\LKR)

and that the third line in Eq. (A.6) takes the same form as above (for m = N —1), so that (recalling
also Eq. (A.2))

A (Kt ren ()N
( Gqc- QC(N>)g (/(’C Dm0, N— LK,

= (S]Ché(w) 5IC2JC1UZ<’C1) 5KZN—1,’CN72U€(,CN*2)
N—-1
H 5X5k”c[n?—]1u’f ( H 5&'5’&) H 6Xﬁi'i">,l<:nutz<m> ( H Ot ®> :
(X )nin LEEN n#EN n=0 0 eN\LKn)

(A.9)

Recalling the recursive definition of K¢ := ¢ ICnJr1 =Kt U K% we introduced in Eq. (4.14),
one can see that the above expression can only be nonzero if the IC,,’s satisfy the same recursive
constraints, i.e. if K,, = K% for all n = 1,..., N — 1. The last product term in square brackets
above then restricts the Boolean sum to only index values X* such that, for any n = 1,..., N,
Xk Koy UeEn-1) = IC‘Z if k= ¢Kn-1) = €(IC'L 1) and Xk Q otherw1se For the first product
term in square bracket to be nonzero, one then needs these to satisfy &,/ # ®: this requires

that for each k € N, ny be such that k = E(K"kfl), i.e., np must be equal to nk as we defined

in Eq. (4.14). In that case X%, = IC;, and the first Kronecker delta in the last line of Eq. (A.9)
Ty Lo

requires IC[ = IC[A"']1 U k — or equivalently, ICL‘Z’“]I ICz L to be nonzero. Reciprocally,
k:

satisfying these various conditions indeed gives an overall value of 1 for the expression in Eq. (A.9)
above.
All in all, we find that we can write

(’C[ 1)k N (KR
(AQQC-ch))e (é(zc' ))i ( H 5 LK ) ( H 5,Cm,cg> (A.10)

sen N=1LK EEN ,I —1

’

As one sees, for any fixed input value £ = (K(Kn))nzow_, N-1;k;, of the choice relation, there exists

a unique output value ((IC,[i - 1EeEN (ICn),]y:_f) for which all Kronecker deltas above give the value

1, so that the Boolean matrix element is 1. The choice relation thus defines a proper function, as
described in Eq. (4.15) of the main text.

B Obtaining a QC-QC by fleshing out a skeletal supermap

We provide here the detailed calculations that allowed us to obtain

(@) (@ 1a0))

k PAL oy k A9 a1, AL ap ko AQ g, Al ag
= 2 IV T IV T TR e VR )R
(k11k27“'7kN) kn AO Othl,A anN S F AO an,F
|V{zl, kN*Z},kN—l» e o * “/{kl,u.,kN—l}akN» N = |wQC-QC>7
(B.1)

as in Eq. (4.34).
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To prove this, we first show recursively that, for any m =0,..., N —1

(@) + (@ 44))

keN

7

AL

I
1 Oé-m,—hAkmOém

k P,AI aq k AQal,AI [o 3 Ko
= D Ve TV TR VR )

V42

o I ) A
@ |Vakm+1 . >>Akmam’Akm+1o""“ « |1>>Akm+1°‘m+1’H{k1 ..... NS W
7n 1 m

{k1,.
(0 ®  1a) B2

KEN\{k1,....km1}

m+1

Indeed, starting from m = 0, one has (changing the dummy index ¢ in Eq. (4.26) to k1)

— AL

P’H !
Vi (@ 1a0) = B W) (1A e @ 1a)
keN kieN keN\k1
Vi—Ay N Vi —A Ap, =V,
=@ (@ @ e e ) (@ 1a0)
n=1K, 3k kEN\k1
‘>k71 P’Aklal Ag Otl,HAkl —V2
=@ v syt s (@) Ak ), (B.3)
k1 keN\k1

as in Eq. (B.2) — with the understanding that for m = 0, only the direct sum over k; was left, and
PAL oy
that the link product of all [V ))’s reduced to just |V®76k1>> a1

Supposing that Eq. (B.2) holds for some value m = 0,..., N — 2, one can then write (similarly
changing the dummy index ¢ in Eq. (4.25) to kp2)

(%5 Var) )+ (@ 180)) = (@ Vo)) #[Varr) + (R 1))
n=0 keN n=0 keN

AL

I
am—1,4
m—1

o, &m

k P,AI, aq k A9 al,AI. Qs .
_ Z |V03 1>> k1 | @7612» kq L |V{;}17 K2}k 1>>
(k1,k2,.. km)

Ap —V
A9 Al km41 m+2

e

7n 1

{k1,
Vad+ (0 Q1A

keN\{k1,....,km+1}

o T o Akppy1 7 Vmt2
_ *}k‘m+1 Akm,am’Akm,+1am+l Ak +1a"”+17H{k ook bk,
— E -~ @ \% R ) 5 [1))Fm Toeokm bk 1

{k1,...
(k1,k2,eeskm) km+1

7n+1

Ap—Vigo o Vm+278%,, 1o

km H m s )H m Rm
N @ VIC_:,LHJ\rIzc,k» S e S (|Akm+2>>® ® |Ak>>)

’Cm+1;kelcm+la kGN\{kl,...
km42EKm+1 okmy2}

A%
AO AI 77L+14) m+2
_ 2 : @ |V—>km+1 >> fon @mo A, 4y Omtl " |1>>Akm+1am+1 H{kl _____ K bt
{kh Tn 1} k
(k1,k2,.. . km) K1
Akm+1 —Vim42 Vm+2_’Akm+2

@ |‘/{ka+2 " >>H{k1 ----- km},km+1’H{kl ----- k41t kmi2
1reeskm i kmy1

m+2

Vin—Ag av,&l

Ak
* (@ @ 1)) )Cn\km:;+l€2n7+2’Akm+2 " | 1Y) m+2an,7'l;c7:<5::i+2,km+z> * ( ® |Ak>>)
n=1K,dkm42 keN\{k1,...
okmt2}
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_ § : § : | —>7€m+1 >>Agmo¢m,A£m+lozm+1
- {klv 7n71};kﬁm

(k1,k2,. k) Km41

o I o Akt Vm+3
@ | —>km+2 >>Akm+1am+1’Akm+2am+2 % |1>>Akm+20‘m+217"{k1 _____ Emt1bokma2
ko

{Ek1seskm b kmy
(0 ®  1a0), B

keN\{k1,....km42}

so that we obtain the same form as Eq. (B.2), for the value of m + 1 instead of m — which indeed
proves recursively that Eq. (B.2) holds for all m =0,..., N — 1. For m = N — 1 more specifically,
we obtain:

(7225 Vasr) )+ (D 144))

keN
k PA %} k AQ Otl,AI [ Sk Ag B O‘N—27Ai _an-1
= Z | vV 1>> Ry (0:12» k1 k292 |V{k1,N klN e 2>> N2 N-1
(1) o I Ak VNt
@l {ZlkN A kN71>>AkN,101N—17AkNC¥N N ‘1>>AkONaN’H{kf-u,kN,l},kN . (B.5)

With this in place, we can then write

(é Viia) ) # (® A ) = ( ® Vair) )+ (& 1AR) ) * Vavan)

keN
_ Z | %kl»PAklO‘l | sz»Aglal’AigO‘Z | —>kN 1 >>A(73N720‘N*2’A£N71O‘N’1
- 0,k {k1,....kn_3},kn—2
(k1,....kn—1) Aky VNI
DIV b kN,1>>AgN*‘N‘“AiN“N i o Pk
k
) @D VAL )
keN
k PA aq k AC al,AI o k Ag B aN,27A£ L aN-—1
= Z | v 1>> kq | @*]212» k1 ko e |V{:1,N klN R 2>> N-2 N-1
(kl,...,kN 1) o) o
k A an-1,A Apcan,F
Z' Vit Sk o) FIVE ) (B6)

which gives precisely Eq. (4.34).

C Proofs for Section 5

Lemma 5.2. Considering the index values ® to be 1-dimensional, the split-node generic routed

graph ggpé“Qc ny 18 a valid routed graph.

Proof. The split-node generic routed graph is a modified version of the generic routed graph,
featuring multiple nodes Vfﬁh in place of a single original node V,, 11, being endowed with a
subset of its arrows. However, all existing branches are preserved under this change.

The modification preserves the property of univocality: For the additional branches \_/'fj_l with
their singleton input/output index sets, no non-trivial bifurcation choice Ind2%¢ is made. There-

Kn
n+1

fore, the choice function for Goc. QC( ~) (cf. Eq. (2.7)) remains practically unchanged: Whenever

Ar,(\n)n) €valuates to branch Vn+1 for node V41, the new choice relatlon A, (M)N) will eval-
uate to branch Vf_’;l for node Vf_’;l, and to branch Vn 1, for any node Vn 1y with K, # K. An

analogous argument applies for the adjoint for the graph, confirming bi-univocality of the resulting
graph.
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For the branch graph, the existing nodes Vfil and the arrows connected therewith remain
unchanged, while we receive new arrows \_/'fjgl endowed with the same incoming green arrows and
outgoing red arrows as V< 1. By contrast, the Ve +, do not participate in any strong parent /child
relationship, as they feature only a single, one-dimensional index value. Hence, the partial order
of arrows, independent of colour, in the branch graph is preserved from the generic routed graph,
and the rewriting does not introduce any loops into the new branch graph. O

Lemma 5.3. Consider the two routed graphs Gqoc.qc(n) and ggpngC( ny- Restricting to the case

in which all V,, and V:fil are fleshed out by routed isometries, there is a canonical mapping
between equivalent routed circuit decompositions (as defined in Definition 2.26) for the two routed
graphs.

Proof. Any routed isometry V fleshing out the slot for a node V11 needs to follow the branched
route Ay, ., and therefore be of the form V = @, V& with VA 'Hm(v"“) — Hom Vit

Therefore, we can take these V% 1nd1v1dually to flesh out the slots assomated with the branch

v v
nodes VXu | with VE» == VE» 1$;(<n7+1)ﬁout( win) , following the respective routes. Therefore,
n+1
any routed circuit decomposition based on G can equivalently be obtained using GP!i*, provided
that the slot for V,,;; is fleshed out with a routed isometry rather than an routed superisometry.
Conversely, consider arbitrary routed circuit compositions for G*!i*. While the most general

fleshing out for the slot associated with V§11 would be

n+1’

m(Vﬂ ™ )%out(Vfil )

VICn — V’Cn D ei<P)Cn . 1V’Cn ,

(C.1)

we can restrict to ¢x, = 0, as a given phase i, could always be absorbed into the remaining VK,
Therefore, any routed circuit decomposition based on gggfm( ) can equivalently be obtained using
9qc-qc(n) as well (again, given that the slot for V,, 11 is fleshed out with a routed isometry rather

than an routed superisometry). O

Lemma 5.4. Let G = (T, (AN)NeNodesr) be a valid routed graph without any weak loops, and
A 'V € Nodesr such that A is the sole child of V (cf. Fig. 5.4a), and the associated branch
structure is such that

VAP € Bran(\a) 3'V7? €Bran(\v): LinkVal(V7,AP)#0 (5.10)
Consider another routed graph G™e'8¢" obtained by merging V into A, as follows:

o the two nodes being replaced by a single node A’, with incoming arrows in(A’) = in(V) U
(in(A) \ out(V)) and outgoing arrows out(A’) = out(A), as shown in Fig. 5.4c,
« the resulting node A’ being endowed with the route Aa = Aa * Av.
Then Gg™erget ig a valid routed graph.
Proof. By construction, every k € Indy S, = ||y Ind3 can be associated with a branch V7.
Equation (5.10) additionally ensures that each k is associated with exactly one branch A” and
Llae. ‘LinkVal(V7,AR)£D IndAﬁ = Ind{y.

Concatenating the branches A? and V7 (or rather, their respective part of the relation) to a
single branch A’Y within a joint node A’ yields a “completely connected” (sub-)relation Indy;, —
Llas Ind}%, which may correspond to a branch (if the entire relation turns out to be branched).
Concatenating all branches in this fashion, altogether we indeed confirm the resulting relation
AA’ = Av * AA to be branched.

We now consider how this changes the choice function Ag: For the arguments, the bifurcation
choices IndQ% and IndQ’ are affected, while in its image, multiple branches of AP may be coarse-
grained to a single value of the choice function. However, due to the structure of the graph,
any choice made at V7 is completely washed out at A? anyway, keeping the arguments of the
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choice function practically unchanged for determining the remaining indices. Therefore, the choice
function remains a function, and the graph is univocal.

As the scenario is inherently asymmetric, we also consider univocality for the adjoint graph G T
explicitly. In this graph, we have | | AP LinkVal(AB,V7)£0 Ind%} = Indl},, and a branched route )\;';/.
However, the arguments of the choice function change in a different manner, with any bifurcation
choice made within the branch V7 being preserved through A?, and therefore leaving the choice
function practically invariant once more.

Finally, if the original graph did not feature any loops (which means that the branch graph is
acyclic even ignoring any colours), contracting across an arrow can only introduce loops into the
graph if another directed path exists between the respective nodes in the branch graph. As A is
the sole child of V, this can not be the case here. Therefore, the routed graph is valid. O

Lemma 5.5. Let G = (T, (AN)Nenodesr) be a valid routed graph without any weak loops, and
A,V € Nodesr such that A is the sole parent of V (cf. Fig. 5.4d) and the associated branch
structure is such that

VA® € Bran(A\a) 3!'V? € Bran(\y): LinkVal(A” V7)#£( (5.11)

Consider another routed graph G™¢'8¢ obtained by merging V into A, similarly to Lemma 5.4.
Then G™erged ig a valid routed graph.

Proof. This is the adjoint scenario for Lemma 5.4, so the proof follows by analogy. O

Proposition 5.6. Any process with a routed circuit decomposition (as defined in Definition 2.26)
according to the routed graph G, where V is fleshed out with a routed isometry (an “internal”
node), can also be expressed with a routed circuit decomposition according to gmereeT / gmersel
related to G via Lemma 5.4 / Lemma 5.5, and vice versa.

Proof. The backward direction of the proof is obvious: For any fleshing out of a mergeable node
pair A,V in G, we obtain an associated fleshing out for G™¢°*/+ by fleshing out the resulting
node with |A)) * |V)), composing the repesctive routed (super)maps along the composition of the
respective routes.

For the forward direction, it remains to show that splitting the merged node into two, “undoing”
the merge, does not restrict the set of possible operations due to a insufficient dimension for (some)
sectors of HV~A / HAV which could lead to a more restricted set of processes. To do so, we

remind of the fact that the practical (and therefore operationally relevant) Hilbert space ’HE}QQM(N)

of a node V is given by the direct sum of all individual branch spaces ’Hi\%out(N).
I. Proof for G™'#T: For any fleshing out of V (with a routed isometry), we have YV7 €
Bran(\v) : dim(’H?}ﬁt(V)) > dim(?—[$gv)). Therefore, no valid dimension assignment for V=74

(with dim(Hyy (V)) = dim (@kemdo“ﬁt HY ™)) can restrict the set of possible operations of form
\'%

Hin(V) Aaxv Hout(A).

II. Proof for gmersel,

First, consider the case where the skeletal supermap specifies that V must be fleshed out
by a routed unitary, which entails that the dimension assignment for the skeletal supermap is
such that VV7 € Bran(\v) : dim(?—lg}f(v)) = dim(?—lggv)). In this case, the dimension for

dim(Hip'™V)) = dim (@kandivnv ’HX_’A) is clearly sufficient to not restrict the set of possible op-

erations HIMA) AA1V giout(V) However, for the routed circuit decomposition as a whole, the
restriction to a routed unitary is actually without loss of generality: Specifying a monopartite
routed superisometry to flesh out A, we may choose it so that it prepares some independent state
and sends it to V, allowing to recover any (routed) isometry by composition of this state with the
(routed) unitary. The specifics of this argument are analogous to the proof of Corollary 2.25. [0
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D Reconstruction of the routed circuit decomposition of the Grenoble
process in [39]

In Figure 25 of [39], a routed quantum circuit decomposition of the Grenoble process is displayed.
While we outlined the general procedure to obtain this representation from the Gqc.qo(n) in
Example 5.8, we did not specify a detailed mapping between the two representations.

Here, we provide the detailed translations required to relate both representations. For the index
values, we have:

I=1-X'={4}, m=1-X={B}, n=1-X={C},
h=1-X8={A B}, mi=1—-&5={B,C}, nmi=1-X4={C A},
lo=1—=X{={A,C}, ma=1—XF={AB}, ny=1—-xE={B,C},

f=1—=Xpjo={A,B,C}, g=1—- x5 ={AB,C}, h=1—CS3={A,B,C}.
(D.1)

For all of their indices, if they take the value 0, we set the associated index X,én =Q.
Slightly modifying the circuit by routing E9 trivially through Wp, for the Hilbert spaces we
have:

HPeoHT  ~  HE, (D.2)
HIT o~ U, (D.3)
HE @ HFe  ~  HOor, (D.4)
HE @ H™ ™~ W HO", (D.5)
HE @ HY  ~ HE?Va, (D.6)
HE T @ HST o~ M o HO (D.7)
HX" ~ HBoC (D.8)
HY o yBoA (D.9)

etc. Similarly, we identify
Up ~ Vi), Er ~ |Va), (D.10)
Ve~ |Jgac) * V5O = |Jgie)) [ JB) (D.11)
Wi~ [JR5) * [y )+ [V57) + [JgE) (D.12)

etc. Indeed we see that system EY being withheld from the agent B ensures that its output
dimension does not change, even though 2 = dim(#*2) > dim(#H*2) = 1, while the agent’s system
dimensions are constant. While our notations may differ significantly, we reproduce essentially the
same representation for the process.
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xy X7 xy xP
C D C’ D’
xP/x8 Xy xf
% % xpxp g / xpxp
V3 V3
% xp ) x&p
Xt xg Xt/ xy
A/ B/ A/ /
T x — sy
XY \'2] xp xf \'2] xP
3 (K, ke, ks, k) = X = {k1}, 3 (ky, ko, ks, k) © XFY = {k1},
XZkz :{klak2} (: {AaB})a XB{fS :{Avak3}’ ‘)(')2]€2 :{khk?} (: {A’B})’ XifS :{A7B7k3}7
XF = {A, B, ks, k4} (= {A, B,C, D}), X = {A, B, ks, ks} (= {A,B,C,D}),
while all other X* = © while all other X* =
(a) Gqc-qc(a), restricted to AB < CD (b) Restricting to V3 =V g ® Vg a

Figure E.1: Two routed graphs for 4-partite processes with AB < C'D. While (a) can represent any
QC-QC with this order, representation (b) is only applicable if V3 admits a more fine-grained branch
structure into two branches V4 p and Vp 4. Example E.1 can not be represented with the latter graph.

E Restricting to agent-localised processing

In Section 5.3, we have demonstrated how to obtain an alternative routed circuit decomposition
with fewer internal nodes by modifying our generic routed graph Goc.qc(n), eliminating Vy and
V. Based on this, we consider an example which demonstrates how a removal of further internal
nodes (between Vo and V) generally fails, and under which conditions we may recover the
possibility to get rid of further internal nodes.

Example E.1 (Zurich process [11, 52]). The Zurich process, introduced in [41] as double quantum
switch (and later independently proposed in Appendix B of [52]), is given as follows:

Vai = 5 ey th (E.1)

Vi =144 (E.2)

voks {\}ﬁlA%H%g? ks = B and k3 = C (E£3)
e P :

Vs g = 17k (E.4)

‘/1(?1}»?’@2%3},164 = 1AS4AF ® |k4 mod 2>aF (E5)

where it is assumed that k1, ko € {A, B} and k3, k4 € {C, D}, while all other internal operations are
assumed to vanish. Hence, it can be represented using the routed graph depicted in Fig. E.1a. Intu-
itively, we can see the process as two subsequent quantum switches, with the operation performed
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3 (k1 ka, ks, ka) = X = {k1},
Xy* = {k1, ka} (= {A,B}), X3 ={A B, ks},
Xf* ={A, B, ks,ks} (= {A,B,C,D}),
while all other X¥, X33 =

Figure E.2: A routed graph which may represent all 4-partite processes which feature order AB < CD
and support only agent-localised transformations. Any process supported by this routed graph can be
understood as a wiring of independent pre- and post-processing (with memory) localised to the individual
agents. This representation is obtained starting from Fig. E.1b, by additional assuming a more fine-grained
branch structure imposing V53 = Va4 g @ Vi, 4 for the internal node V3. We split the respective node into
two nodes VB,A and VA,B according to Section 5.2, and merge the resulting nodes into their respective
parents A’ and B’ afterwards to obtain A” and B”. One would obtain the same final result for the routed
graph by assuming a branch structure imposing Vs = V¢ @ V=P instead, albeit with C and D featuring
the ' instead.
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at V3 acting as a basis change of the control system from the computational basis to {|+),|—)}.7?

Havmg only a single branch, Vg, does not admit a direct sum decomposition V3 Va,p @ VB,a
or V3 = V¢ @ VP into independent isometries. Indeed, the respective maps V,:j,zz do not
constitute isometries on the respective subspaces when considered in isolation.

This raises the question whether we can capture relevant subclasses of processes, allowing for
such a decomposition, by adjusting the index constraints to produce a more fine-granular branch
structure. For instance, the structure V4 p ® Vi 4 suggests that at the third agent C' or D, the
second agent is encoded in H™(C/P)53  This is not the case for the Zurich process, but would allow
for many simpler 4-partite processes, including a concatenation of two quantum switches controlled
by the same basis or by two separate, uncorrelated qubits.

Encoding this branch structure using additional index values and constraints upon them, we
obtain Fig. E.1b from Fig. E.la. The changed branch structure then allows to perform further
node splitting (according to Lemma 5.3) and node merging (according to Proposition 5.6), getting
rid of V3 in the routed graph similarly as for V,. Remarkably, we would have received the same
end result for the routed graph if we had chosen a branch structure imposing V¢ @ VP instead,
ultimately performing a merge of V¢ « C’ and VP < D’. This reflects the fact that after
merging, the routed graph recovers the symmetry of the original routed graph Fig. E.la under
flipping all arrows.

This suggests a more general class of processes with an arbitrary number of agents, which can
be represented without any need of internal nodes other than V; and V ;1. The action of the
internal isometries is then restricted to local pre- and post-processing® at the respective agents:
At each node, the next agent is independently chosen, without interference from any other agents.
Altogether, this amounts of a process which decomposes into a set of quantum 1-combs (and
two routed isometries) wired together in a routed circuit. We specify the generic routed graph

gggibc (N) capturing implementations of this form as follows:

D.eﬁnit.io.n E..2 (Qg&agc N)).. The routed graph gggfgcm), representing agent-localised processes
with minimal internal nodes is defined as follows:

e There are 2 types of nodes: “A-nodes” Ay, for k=1,..., N, and “V-nodes” V; and V1.
e The indexed graph involves the following indexed arrows:
— open-ended arrows — Vi and V41 —
- Vk=1,...,N,
xF Xk
V1 —1> Ak and Ak —N) VN+1, (EG)

with the indices X* taking one of two values each: either Xf =k or X¥ = N\ k as its
value, or X¥ = ©. The latter value will later be considered 1-dimensional.

~VYn=2..,N—-1, VYk=1,...,N, ¥Yé=1,...,N,

7

X,
Ak T’—k> Ag s (E?)

with a given index X k taking either X'’ =Ky with k, € € K, as its value, or X kb —
The latter value will later be c0n51dered 1-dimensional.

o The routes are specified such that

52In particular, this implies that even dependent on isometries A, B,C, D chosen by the agents, no POVM
M(A,B,C,D) on HF @ HYF can return the entire causal order in the process, while this is possible for the
quantum switch or the Grenoble process.

53In absence of an ancillary system as, it will be encoded in HCI/DI. If the respective information is passed
through an ancillary, it will be passed further along through the process instead.

54with a side-channel &
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— for each node Ay, the lists of all input and output index values (Xff j)mj € IndiAnk and
(Xf’k)mg € Ind‘j;“kt must satisfy that there is exactly one 1 < n < N — 1 such that

NG Fe, WX, #S and Xy, =Xr UL (E.8)

For all other values of n, all indices Xj; ; and Xﬁ’ . are Q.
— for Vi, Xj € Ind" must satisfy 3¢, X # Q.
— for Vi, X € Indyp, | must satisfy 3k, Xj\“/\k £ Q.

They condense to the global index constraints that 3 (k1 ks, ... kn) :
X = (), AP = (kke), o, AR = ke k) Ay = N

while all other Xf; r = Q. This captures the understanding that, along each global path, all
operations Ay are applied once and only once, in a given order.

For N = 4, this graph is shown in Fig. E.2.

Actually, one may simplify ggg?}gc( N) by removing the label n for each index Xé &> s generally
¢
‘Xn,k
expected, we C(?nﬁrm that up to rela.bell.ing7 ggg%c(z) and g}gg%c(?,) reproduce the generic routed

graphs we received after node merging in Section 5.3.
We conjecture that there is an implementation-agnostic SDP characterisation of the subclass
of QC-QCs which may be implemented in this fashion, and leave proving this conjecture for future

work.

= n, further estranging Q&C}%C( N) from the original generic routed graph Gqgc.qo(v)- As
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