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Abstract

This paper continues the development of the input-to-state stability (ISS)- control Leonov function (CLeF)
approach. The definitions of practical ISS- and integral ISS-CLeFs are refined, and the proposed methodol-
ogy for control synthesis is improved to simplify the final control law. Then, it is shown that the existence of
practical ISS- and integral ISS-CLeFs is a sufficient condition to guarantee the existence of a controller that
endows multistable state periodic systems with the ISS and integral ISS properties, respectively. Further-
more, a methodology for the design of such a controller is provided via the well-known Sontag’s universal
formula. Besides, an extension of the main result is presented to connect the ISS-CLeF approach with the
standard Leonov function method, such that the maximal invariant set of the closed-loop system is com-
pact on a manifold. Finally, the proposed approach is applied to the design of an excitation controller for a
synchronous generator, which guarantees global ISS properties for the closed-loop system, unlike the usual
local results reported in the literature. The obtained control is also independent of the load angle. The effec-
tiveness of the designed controller is demonstrated in simulations.
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1 | INTRODUCTION

The concept of input-to-state stability (ISS) and its extensions form a useful framework for the analysis of stability and robust-
ness of nonlinear systems affected by external inputs, e.g., exogenous disturbances or measurement noises. - Particularly, ISS
properties refer to the robustness of dynamical systems against bounded inputs. In contrast, the so-called integral ISS (iISS)
property! is suitable for investigating robustness against disturbances with bounded energy. Hierarchically, ISS is a stronger
property than iISS, and in fact, the former implies the latter. Despite that, the results of Angeli et al.? show that iISS is a more
natural property of well-behaved systems and is, therefore, of interest for research.

Many engineering applications involve systems with multiple invariant solutions, such as power dynamics, biological systems,
or chemical processes. The analysis of the stability and robustness of this kind of systems requires significant modifications
and relaxations of the employed approaches; see, for example.®2 Accordingly, Angeli and Efimov,” and Forni and Angeli?
extend the concepts of ISS and iISS to the multistable case, respectively. Furthermore, they introduce the concepts of ISS- and
iISS-Lyapunov functions for multistable systems as characterizations of the corresponding property.

A particular class of multistable systems is formed by those with periodic dynamics with respect to a part of the state, called, in
short, state periodic systems. Some examples of this class of systems are the forced nonlinear pendulum®, power dynamics, %!
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2 | Mendoza-Avila et al.

microgrids,!? and phase-locked loop (PLL) systems. '3 Unfortunately, the aforementioned Lyapunov-based approaches cannot
be straightforwardly applied to the study of stability and robustness of state periodic systems due to their infinite number of
invariant solutions. For instance, the utilization of the results of Angeli and Efimov/ or Forni and Angelif imply the construction
of periodic ISS- or iISS-Lyapunov functions. This fact represents a strong limitation, and in most cases, the construction of
such periodic functions is a challenging task in applications. As a consequence, just local stability results are usually achieved;
see, for example the references. 1244 Therefore, a more advanced solution is required.

Recently, in the works of Efimov et al.!3 and Mendoza-Avila et al.!!" the concepts of ISS- and iISS-Leonov functions are
introduced, respectively, as fitting characterizations of the ISS and iISS properties for state periodic systems. Typically, these
functions are sign-indefinite, and their derivatives are required to be non-positive only in the region of the state space where the
respective function is non-negative. Hence, they significantly relax the conditions for the study of the ISS and iISS properties
in the considered class of systems, in contrast to the results mentioned above based on ISS- and iISS Lyapunov functions for
multistable systems.

These works!31%!7 are based on the so-called cell structure approach!® which provides an appropriate tool to establish
global boundedness of solutions for unperturbed multistable systems, whose dynamics are periodic with respect to a scalar
state variable (see also!%92%2!). An extension of the cell structure approach for multistable systems, whose dynamics are peri-
odic with respect to multiple state variables, was presented by Efimov and Schiffer.?? This extension is based on the concept
of Leonov functions, which are sign-indefinite functions with respect to the periodic states, radially unbounded with respect to
the non-periodic ones, and whose derivatives are sign-definite with respect to their zero level. This approach has been success-
fully applied to establish almost global stability properties of power systems and microgrids,?*#4 and to ensure almost global
synchronization of networks of heterogeneous Kuramoto oscillators. 232

Naturally, systems with control inputs can be endowed with the ISS and iISS properties by means of the design of feedback
control laws. This task has been mainly addressed through the approach of ISS- and iISS-control Lyapunov functions. 2%
Especially, Librezon et al.?” proposes a unified framework for ISS and iISS stabilization of nonlinear perturbed systems, where
the construction of continuous feedback control laws is based on the original idea of Artstein?’, further formalized by Sontag®
with the introduction of the so-called control universal formula. Recently, Barroso et al.?!#2 have extended the concepts of
ISS- and iISS-control Lyapunov functions to the case of multistable affine nonlinear systems and proposed the construction of
continuous feedback controllers by using the control universal formula.

In this paper, ISS- and iISS-stabilization of state periodic systems is addressed. As mentioned above, the application of
Lyapunov function-based methods entails several complications, and the Leonov function theory arises as an appropriate al-
ternative. Therefore, we retake the ISS-control Leonov function (ISS-CLeF) approach, originally introduced in our conference
paper.?3 This method proposes control synthesis for state periodic systems in terms of practical ISS- or iISS-CLeFs, such that
the system under study is rendered with the ISS or iISS property, in the multistable sense, by means of a continuous and state
periodic controller, which is constructed by using a mild adaptation of the control universal formula,?’ and a kind of small
control property (SCP).

In this manuscript and in comparison to?3, we refine the definitions of practical ISS- and iISS-CLeFs to clarify important
aspects in the construction of these functions. Furthermore, we improve the methodology for control design and propose a
new formula for the final control law, such that the process of design is significantly simplified. Moreover, an extension of
the main results is introduced to connect the ISS-CLeF approach with the standard Leonov function method, such that the
maximal invariant set of the closed-loop system is compact. Also, we provide complete proofs of all results, as well as extensive
discussions and illustrative examples of the critical points of our methodology. Finally, we present an application of the proposed
approach for the design of an excitation controller for a synchronous generator, ensuring the ISS property for the closed-loop
system. Remarkably, the new controller is independent of the load angle (the main difference with respect to the solution given
in?3) and guarantees global ISS properties for the closed-loop system, unlike most results that can be found in the literature.

The outline of the paper is as follows. Section @ presents definitions of ISS- and iISS-related notions for multistable systems,
introduces the considered class of state periodic systems, and provides preliminary results about ISS- and iISS-Leonov functions.
Section H contains our main results: definitions of practical ISS- and iISS-CLeFs, together with the methodology for control
synthesis, and also provides several illustrative examples. In Section E], our novel result to ensure compactness of the maximal
invariant set of the closed-loop system is developed. Section H presents the design of an excitation controller for a synchronous
generator based on the proposed approach. Conclusions are given in Section H Finally, some examples illustrating particular
features of the control design based on practical ISS- and iISS-CLeFs are provided in Appendix @
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2 | PRELIMINARIES
21 | Notation

The sets of natural, integer and real numbers are represented by N, Z and R, respectively. Moreover, R stand for the set of
non-negative real numbers, i.e., Ry = {x € R:x > 0}.

A function o : Ry — R, belongs to the class K if it is continuous, strictly increasing and «(0) = 0. The function
a : Ry — R, belongs to the class K if € K and it is unbounded. A continuous function 8 : Ry x R; — R belongs to
the class KL if, for each fixed r € Ry, 5(-, 1) € Ko and, for each fixed s € R, 5(s, ) is non-increasing and it tends to zero
for t — oo.

For a vector x € R”, |x| represents the usual Euclidean norm. Also, we introduce the vector norm |¥|o, = maxi<;<u|%|,
such that |¥|oo < |X| < /n|X|o. Besides, for a locally essentially bounded and measurable signal d : R — R™ the essential
supremum norm is defined as ||d|| = ess sup,~|d(?)|, and the set of such signals with a finite norm is denoted by L. .

2.2 | Multistable systems

Letamapf: M xR™ — T,.M be continuously differentiable with respect to its arguments, where M is an n—dimensional smooth
connected orientable Riemannian manifold without boundary and 7, M is its tangent space. Then, consider the system

X = flx.d), ey

where x € M is the state and d € L7 is an input signal. Moreover, for any xo € M and d € L7, we denote by X(z, xo; d) the
uniquely defined solution of (EI) at time 7 fulfilling X(0, xo; d) = xo. Together with (), consider its unperturbed version

&= flx,0). @

Hence, a set S C M is invariant for the unperturbed system (E) if X(t,x0;0) € S forallt € R and for all x, € S. For
Xo € M, the point y € M belongs to the w-limit (a-limit) set of (E) if there is a sequence #;, lim;_, ;o #; = 400, such that
lim; 00 X(#,%0; 0) = ¥ (lim;—, 4 oo X(~t;,x0; 0) = y). For any xo € M, the a— and w-limit sets of the unperturbed system ()
are invariant.? Furthermore, the distance from a point x € M to the set S C M is defined as |x|s = inf,es @(x, a), where the
symbol w(x;,x2) denotes the Riemannian distance between x; and x in M, |x| = |x|o for x € M (0 is a point selected on M).

23 | Decomposable sets

Let A C M be a compact invariant set for the system (E).

Definition 1. 3 A decomposition of A is a finite and disjoint family of compact invariant sets A1, . . ., Ay such that A = UX_| A;.
Each A; will be called an atom of the decomposition. A

For an invariant set A, its attracting and repulsing subsets are defined as follows:
A(A) = {x e M : |X(t,x;0)|]a — Oast — +o0}, and R(A) = {xeM:|X(t,x;0)|py — O0ast — —oc0}.

Define a relation on B C M and D C M by B < D if A(B) N R(D) # (.

Definition 2. 33 Let A, ..., Ax be a decomposition of A, then

1. An r-cycle (r > 2) is an ordered r-tuple of distinct indices i1, ...,i, such that A;, < ... < A; < Ay
2. A 1-cycle is an index i such that 2(A;) N R(A;) \A; # 0.
3. Afiltration ordering is a numbering of the A; sothat A; < A; — i <j. A

Then, we have that the existence of an r-cycle with r > 2 is equivalent to the existence of a heteroclinic orbit for the system
(E). Moreover, the existence of a 1-cycle implies the existence of a homoclinic orbit for the system (Q). ia
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Definition 3. 7 The set A is called decomposable if it admits a finite decomposition without cycles, A = U%_; A;, for some
non-empty disjoint compact sets A;, which form a filtration ordering of A. A

Then, we establish the following assumption for an invariant set YW C M of the system ().

Assumption 1. Let a set YW C M contain all a— and w-limit sets of (H), and be compact and decomposable. A

2.4 | ISS andiISS properties of multistable systems

The following notions of robustness for multistable systems modeled by (), with W as in Assumption , have been introduced
by Angeli and Efimov/ and Forni and Angelif (see for a survey on the conventional ISS and iISS frameworks).

Definition 4. ! The system (m) has the practical asymptotic gain (pAG) property if there exist v € K, and ¢; > 0, such that
for all xo € M and all d € L7 the solutions are defined for all # > 0 and

lim sup|X(z, x0; d) |w < v(||d||oo) + €1.

—0o0

If ¢c; = 0, then we say that the asymptotic gain (AG) property holds. Moreover, for d = 0, the AG property implies the so-called
zero-global attraction (0-GATT) property for the unperturbed system (Q) to the set W. A

Definition 5. /| The system () has the /imit property (LIM) with respect to W if there exists ;1 € K, such that for all xo € M
and all 4 € L7 the solutions are defined for all 1 > 0 and the following holds:

inf|X(#, xo0; d)lw < p(|ld]|oo)-
>0

A

Definition 6. ! The system (EI) has the practical global stability (pGS) property with respect to W if there exist p € Ko, and
¢g > 0, such that for all xo € M and all d € L7 the following holds for all # > 0:

1X(2,.x0; d)|w < p(max x|, [|d]|oc) + co-
AN
Definition 7. | The system () is said to have the uniform bounded-energy bounded-state (UBEBS) property if, for some class

K functions x, ¢ and 7, and a positive constant cs, the following estimate holds for all # > 0, allxo € M and alld € L7 :

x (1X(2, x0;d) lw) §§(|X|W)+/0 n (|d(s)]) ds + c3.

A

Definition 8. / The system (E]) is called ISS in the multistable sense with respect to the set W if it satisfies Assumption [l| and
possesses the pAG, or the pGS and the LIM properties.

Definition 9. F The system () is said to be iISS in the multistable sense with respect to the set W if it satisfies Assumption
and possesses the UBEBS and 0-GATT properties. A

Certainly, the aforementioned properties have been characterized in terms of extensions of the concepts of practical ISS- and
iISS-Lyapunov functions for multistable systems. /5

2.5 | Practical ISS- and iISS-Leonov functions

In this subsection, we start by assuming that f : R* x R™ — R" in (E) and (Q), and we will denote its argument by x € R”.
Moreover, consider k,q € N, such that n = k + ¢. Then, let z € R* and § € RY be two subsets of the state vector x, i.e.,
X =(z,0) € R™.
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Assumption 2. The vector field f: R” x R” — R" in (Q) is 2—periodic with respect to 0,i.e., forall ¥ = (z, 5) e R”

f%0) = fix + &, 0),
where & = [0, 27j 7] € R, with O, being a zero vector of dimension k and j € Z9. A

Accordingly, systems that satisfy Assumption @ are called state periodic systems. Under this assumption, we can define a
manifold M = RF x SY, where S is the unit sphere, and a coordinate projection P : R” — M, that is just a modulus of the 6
coordinates over 27. So, for any ¥ € R" we have P(x) = x, where x = (z,60) € M, with z € RF and # € S?. Hence, the system
(Q) can be embedded in M, i.e., its solutions 5((t, X0;0) € R", with %o € R”, can be projected to the trajectories X(z,x0;0) € M,
with xo € M, by applying X(z, x0; 0) = P(X(z,%0; 0)), such that both solutions are defined on the same time interval. Similarly,
the set W C R”, containing all a— and w-limit sets of the system @), can be projected to YW C M by using the periodicity
of the last ¢ variables. Hence, W can be compact in M but the set V¥ becomes unbounded in R” due to the periodicity of (E).
Besides, [X|,;, = inf, 3 |¥ — y| represents a distance from a point ¥ € R" to the set W, where |%| = |%|(0} is the usual Euclidean

norm for a vector ¥ € R". Due to the periodicity of (E), we have [x|yy = |%],3,.

Example 1. The following systems are periodic with respect to the state variable x; € R, and have been extensively studied in
the literature:

e Forced nonlinear pendulum:
X1 = Xz,

Xo = —bysin(xy) —7Txo + c1 +u +d, )

where x = [xl,xg]T € R? is the state, by, T > 0 are parameters, c; € R is a constant bias force, d € L, is a perturbation,
and u € L, is a control input.
e PLL system:
.561 = —kl sin(xl) —+ X9 + dl, (4)
).62 = _k2 sin(xl) +c+u-+ d2,

where x = [xl,xQ]T € R? is the state, k1, ky > 0 are parameters, ¢ € R is a constant bias force, di,ds € Lo, are

perturbations, and u € L is a control input. A

Note that Assumption Q represents a strong restriction for the global analysis of ISS properties of multistable systems via
Lyapunov function-based approaches: since the set W is unbounded, Lyapunov functions must be periodic in the variables 0,
and the analyses on the manifold M cannot be straightforwardly extended to R”. The complexity of analyzing state periodic
systems with Lyapunov function-based approaches can be observed in the works. 2174

Alternatively, Efimov et al.'3 and Mendoza-Avila et al.!9 have recently introduced the concepts of practical ISS- and iISS-
Leonov functions, respectively, as fitted characterizations of the corresponding properties for state periodic systems. Let us
introduce a set YW C W (then W)’ and W are their projections in R”, respectively).

Definition 10. 7 A C! function V : R” — R is said to be a practical ISS-Leonov function for the system (E|) if there exist

functions ¥1, 92, 01,7, A € Koo, and scalars g1, 1,7 > 0, such that for all X = (z,60) € R™
01 (|713) - 1(18]) = g1 < V(E) < D27y + 1), ®)
and the following dissipation inequality
oV(x)
Ox

holds forall X € {x € R" : V(X) > 0} and all d € R™. If the latter inequality holds for r = 0, then V is said to be an ISS-Leonov
function. Moreover, if inequality (H) holds with r = 0 and A : R — R, being a non-negative function, then V is said to be an
iISS-Leonov function. A

f%,d) <-A(V(X)) +(ld]) +r, ©)

The concept of practical ISS-Leonov functions was originally introduced by Efimov et al.,!3 with g; = 0, W = W, and the
dissipation inequality (H) holding for all x € R", with A € K, only for nonnegative arguments. So, Definition [1(J enlarges the
family of practical ISS-Leonov functions. On the other hand, the concept of iISS-Leonov functions appears for the first time in
Mendoza-Avila et al. 18, with W = W.
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Noticeably, ISS- and iISS-Lyapunov functions satisfy Definition [I( (for o4(-) = 0 and g; = 0). Hence, constructing ISS-
and iISS-Leonov functions would be at most as difficult as constructing ISS- and iISS-Lyapunov functions. In addition, ISS-
and iISS-Leonov functions are sign-indefinite, and their derivatives are required to be non-positive only in the region of the
state space where the respective function is non-negative. For these reasons, we say that ISS and iISS-Leonov functions provide
relaxed characterizations of the ISS and iISS properties for systems with state periodic dynamics.

The following results establish a relationship between practical ISS- or iISS-Leonov functions described in Definition @ and
the corresponding ISS-related notions for state periodic systems.

Lemma 1. >4 Let Assumptions |l and E be satisfied. Then, the existence of a practical ISS-Leonov function as in Definition
@ for the system (E]) implies the pGS and pAG properties with respect to V. A

Lemma 2. 617 Let Assumptions || and B be satisfied. Then, the existence of an ilSS-Leonov function as in Definition @ for
the system () implies 0-GATT and UBEBS properties with respect to WW. A

Thus, by Lemma [l| and Definition E, we can say that the existence of a practical ISS-Leonov function is a sufficient condition
to guarantee the ISS property for the system (). Whereas, by Lemma E and Definition H we can say that the existence of an
iISS-Leonov function is a sufficient condition to guarantee the iISS property for the system ().

Remark 1. From Proposition 523 and Assumption E|, we can say that the set V is the maximal invariant set for the system () in
M (i.e., it is invariant and contains all other invariant sets of (E)). In general, it is impossible to determine all invariant solutions
of a nonlinear system. Therefore, the set ¥V may be partially unknown during design or analysis. For this reason, Definition
@ considers only a set W C W simplifying the study of ISS properties in the system (). Practical ISS- and iISS-Leonov
functions described in Definition |[I( merely allow us to conclude the pAG or UBEBS properties for () with respect to W'.
To validate the equivalence of these properties with the ISS and iISS definitions in the multistable sense, we have to show the
0-GATT property for the system () with respect to W. In References, 3! these proofs are developed by leveraging that pAG
or UBEBS with respect to Y/’ imply that the trajectories of the unperturbed system (E) are bounded in M, then by invariance
arguments (see Lemma 4.159) the 0-GATT property is ensured for the system (E) with respect to its maximal invariant set WV,
for which Assumption E] is straightforwardly satisfied due to Proposition 5.53 A

For ISS-Lyapunov functions in the multistable sense, different ways to deal with Assumption m are discussed in Section IV
through examples.

3 | MAIN RESULTS

Consider a system of the form

‘.9; :fl()?,d), (7
z

where X € R" is the state vector, ¥ = (Z, é) € R" withz € RFand € RY (thusn = k+ g with k,q € N), u € LI_ is an
admissible control input, and d € L7 is a vector of disturbance signals (perturbation, measurement noise, etc.). Furthermore,
the maps f; : R" x R" — RY, f; : R" x R" — R¥ and g : R" — R¥*? are supposed to be continuously differentiable with
respect to their arguments.

Assumption 3. For d = 0, the vector fields f1, f> and g in (ﬁ) are 2m—periodic with respect to 6. A

Naturally, the systems presented in Example E| belong to the family of systems described by (ﬁ) with Assumption H

Now, the problem is to determine conditions ensuring that the system (H) is ISS or iISS stabilizable with respect to a set
W C M (a set that contains all a— and w—limit sets of the controlled unperturbed system (ﬁ) in M, with d = 0 and some control
law). Namely, the system (ﬁ) is said to be ISS or iISS stabilizable with respect to a set W, if there exists a suitable continuous
controller # : R" — RP”, periodic in 0, that endows it with the respective property. To verify this kind of stabilizability for (ﬁ),
we present the concepts of practical ISS- and iISS-control Leonov functions (practical ISS- or iISS-CLeFs, respectively).
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3.1 | Practical ISS- and iISS-control Leonov functions

Recall the vector & = [0/ 2mjT]T € R", with Oy being a zero vector of dimension k and j € Z7. Moreover, let W be the
maximal invariant set for the system (ﬁ) in M, with d = 0 and u = 0. Then, consider W’ C W as a set of known elements of
the a— and w-limit sets of (ﬁ) in M, which will be preserved by design for the controlled system, and assume that the origin
[0,:'— 0;]'—]—r € W' Contrarily to Mendoza-Avila et al.,?3 we omit the assumption of decomposability (in the sense of Definition
H) of the set W, which is compact by construction but no necessarily decomposable (except if W = W). Similarly as it was
defined before, the sets W and W, in R”, include all atoms obtained by periodicity.

Definition 11. A C' function V : R” — R is said to be a practical ISS-CLeF for the system (H) if there exist functions

9,9,0,7,w,v € Ko and scalars 8.8, > 0, such that for all X = (z,0) € R™
I(|xyi) —a(10]) — g < V(E) < I(x]y5 + 8) —F(|6)), ®)
and for all x € R"\2; and all d € R™:

inf {a(%,d) + b(R)u} < ~w@(V(X)) + v(ld]) + 1, ©)

where a(%, d) = 2050, (x, d) + 202 f5 (%, d), b(¥) = L4 g(&%) being 27-periodic in 6, and W' € {W; C W : Win(UQy) #
(0}, where

O ={xeR":V(x) <0} and Oy = {x e R": 1b(X)l = 0}. (10)
If the inequality (H) holds for ¢ = 0, then V is said to be an ISS-CLeF. Moreover, if the inequality (H) holds for © = 0 and a
non-negative function @ : R — R, then Vis said to be an iISS-CLeF. A

Note that the function a(X, d) will usually be non-periodic. This property is inherited from the partial derivatives of V with
respect to 6 since practical ISS- and iISS-CLeFs use to be non-periodic. Likewise, the function b(X) is 27-periodic in 6 by
construction. Note also that the inequality (H) is equivalent to the condition

b(x) =0 = a(x,d) <-w(V(x))+v(d]) +¢, (11)

for all x € R"\ 2y and all d € R™.

The proper definition of W' should be W' - Wcz nw. However, Wcz is unknown until the design of the control law u.
One solution to guarantee the property Wa N W # () is to make the controller zero at some known atoms Wi of the set W,
ie., [|u(X)]o = 0 forall X € W, with some i € {1,2,...}. Certainly, the main purpose of the control law u is to ensure that
inequality (H) is satisfied for all x € R"\ (27 U Q3) (in Q5 inequality (H) is independent of u). Hence, the controller u can
be nullified at any point of €; and 5. Thus, we can form W’ by taking those atoms W; of the decomposition of VW whose
projection on R” intersects with the set £2; U {25, as introduced in Definition . In this way, the constraint ||u(X)|| = 0 for all
% € W can be established by design, and the condition W CWanW # () is guaranteed.

Remark 2. The definition of the set YW’ given in Definition [l I suggests that we only need to know one atom W, C M (e.g., an
equilibrium point), such that W; C (27 U §25), to construct the set W' = {W;}. A

Noticeably, ISS- and iISS-control Lyapunov functions 228 satisfy Definition . This fact together with the relaxed properties
of being sign-indefinite and requiring the dissipation inequality () to only hold in the region of the state space where the
respective function is non-negative makes ISS- and iISS-CLeFs a highly appealing solution for control synthesis of state periodic
systems like (ﬁ). The next examples illustrate the construction of practical ISS-CLeFs.

Example 2. Consider the system (), with 7 = 0. For |c¢1| < b1 and d = u = 0, the system (H) has equilibria at the points
[xf +2jm,0] " and [(1+2j)7—x},0] " forallj € Z, where sin(x}) = c1b7'. Moreover, define the coordinates ¢ = [(1, (2] T € R?
as (1 = x; —x} and (o = xo. Then, the set W = {[2jm, 0] " U[(1+ 2j)m—2x},0]" : j € Z} contains all equilibria of the system
(H) in coordinates (, and it is assumed to be decomposable in the sense of Definition H Now, consider the ISS-CLeF candidate

V(C) = $¢5 - $ACT + by(cos(x}) —cos(C1 + 7)) —c1a, (12)

where A > 0 is a constant parameter to be determined.
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Define the function o((;) = by (cos(x}) - cos(¢1 + x})) — c1(1 — kb1(}. By analyzing its derivatives of first and second
order, we can conclude that it has a global maximum at ; = 0 if k > 1, which implies that o(¢;) < 0 for all (; € R\ {0} and
0(0) = 0. Consequently, we obtain by (cos(x}) — cos(¢1 + x7)) —c1(1 < 1kb1(} with a s > 1. Similarly, we can deduce that
by(cos(x}) —cos((1 + 7)) — 161 > —5kb1(F if K > 1 as well. Therefore, we have

13- LA+ kb)) < V() < 3G - 3(A-kby)(,

for all ¢ € R2. Thus, the function (|12)) satisfies the condition (E) if A > kb;. In addition, under the change of coordinates
x +—> (, the derivative of the function (|l 2) along the solutions of the system (H) is given by

V(C) = -AGCa + Cod + Cou,

and we can define a((,d) = —A(1(s + (od and b(¢) = (5. Note that the restriction (@) is straightforwardly satisfied with . = 0
and any functions w, v € K, since b(¢) = 0 implies either a(¢,d) = 0 and V(¢) < 0. Therefore, we can say that () is an
ISS-CLeF for the system (H). Besides, we can easily see that W C {¢ € R? : b(¢) = 0}. Consequently, we have W' = W for
this case. Of course, W' = {[2jm,0]T :jeZ} C W is also a suitable alternative. A

The term “practical” in Definition H allows us to consider the existence of invariant solutions of the system (ﬁ) belonging
to the region with positive values of ISS-CLeFs, i.e., the case {x € R" : V(%) > 0} N W # (.

Example 3. Consider a function V(¢) = V(¢) + A;, where V() is given in (@), and A; is a positive constant satisfying
A1 > |V([r —2x%,0])]|. Note that the equilibrium points [+ — 2x%,0] T lie in the region where V() > 0. Clearly, V(¢) = V(¢)
along the trajectories of (H). However, in this case, the condition 5(¢) = 0 implies a((,d) = 0 and V(¢) < A;. Therefore, for
any functions w, v € Ko, a constant ¢ > w(A) is needed to fulfill the restriction (@). Thus, V(C ) is a practical ISS-CLeF for
the system (E). Once again, we can establish W = W because W C {¢ € R? : b(¢) = 0}. Of course, this illustration seems
to be artificial for the system (H), but practical ISS-CLeF may be more natural for complex systems. A

3.2 | Controller design

Now, we aim to show that practical ISS- and i[SS-CLeFs in Definition [l 1| provide sufficient information to design a continuous
and 27-periodic in 6 control law u that renders the system (ﬁ) ISS or iISS, respectively.

First, we have to deal with the non-periodicity of the function a(%, d) and its dependence on the perturbation term d. To this
end, consider an appropriate K .-function ©(s) > v(s) for all s > 0, and a constant > +, with v(s) and ¢ given in Definition
, such that the expression a(, d) — ©(|d|) — 7 is negative for sufficiently large values of |d|. Hence, we construct the function

w(x) = sup {a(x,d) - o(|d]) -1}, (13)
dern
which is well-defined, i.e., at any point X such a supremum exists, and independent of the perturbation signals d. Hence, the
function () allows to deal with the unknown signal d by canceling its effects in the function a(x, d). This strategy was intro-
duced by Liberzon et al.?’ for control design based on ISS- and iISS- control Lyapunov functions. Next, by adding the term
—0(|d|) - T on both sides of the inequality (E), it can be rewritten as
inﬂg {w(X) + b(X)u} < - (V()), (14)
ueRpP
forallx € R"\ (.
Clearly, the function w(%) is expected to be non-periodic with respect to  since the function a(%, d) has usually the same
property. From inequality (E), we can see that 7(||) < J(|x|,;, + g), wherever V(¥) > 0. Hence, we define the function

d(|%]y3:,2) = sup{w(¥) + 3w (V(X))}, (15)
0cO

where © = {6 € R : 5(|0]) < ( |X|,3 +&) }. Note that the function ¢(|%|3,,, 2) is 27-periodic with respect to 0 by construction
since [X] )5, = IX —&jl}3,,, and this term dominates the non-periodic expressions of # in w(X) and V(X) for all € ©. Moreover,
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by adding the term £cw(V/(X)) on both sides of the inequality(), we can rewrite it as
inf (0(1Fhg.2) + b} < b= (VD). 16)

forallx € R"\ ;.
Let us introduce a variant of the small control property (SCP) in the framework of Leonov functions (SCP-LeF).

Definition 12. We say that a practical ISS- or iISS-CLeF V(%) satisfies the SCP-LeF if for some & > 0 there is a § > 0, such that

P(|x[y3-2)
sup Ao (17)
o<flr<s  1D(X)[?

where I' = {¥ € R" : V(¥) = 0; |b(¥)| = 0.

Note that for all || < 4, there exists some ¢’ such that £|b(%)| < €’. So, taking u = —eb! (X), the condition () can be
understood as the existence of a § > 0 for any ¢’ > 0, such that ¢(|X|,3,,,2) + b(X)u < 0, for lul < &"and all Xl < §. Therefore,
we can say that the presented SCP-LeF is equivalent to the conventional formulation of a SCP property. 213¢23

Finally, we have that the function ¢(|x|3,,2) is 27-periodic in 6 and independent of the perturbation terms. Thus, we are able
to proceed with the design of a controller for ISS- or iISS- stabilization of the system (ﬁ). To this end, let us recall the control
universal formula?! given by

O(|x]y5r2)+/ 92 (X150 .2) +[b(X) 4 ~
- - - — f b(x 0,
({55 2), b)) = CSik it b # (18)
1 it |b®)| = 0.

We need to verify two main properties of the function K in (): 2m-periodicity with respect to 0, and continuity forall ¥ € R"™\Q;.
We can easily see that the first one is guaranteed by construction, since b(¥) and ¢(|%|,;,,Z) have this property. Besides, the
function (@) is continuous wherever |b(X)| # 0, because the functions ¢(||,;,Z) and b(X) are continuous everywhere. So, we
only have to check the continuity of () when |b(X)| approaches zero. Then, recall the property v/a + b < \/a + /b for any
a,b > 0. Accordingly, we have

¢(*yir-2) + 10(1xhi- 2|
[b(x)[2

K(o(|x[13052), [b(F)]) < +1. (19)

Note that for b(X) = 0 inequality (l@) becomes
o(Ix]y3,2) < —5@(V(X)), (20)

for all x € R"\ ;. Therefore, we have that b(x) = 0 implies ¢(|X|,3,.Z) < 0, wherever V(x) > 0. Thus, the first term in
the right-hand side of () vanishes as |b(X)| approaches zero in all points of the set {x € R" : V(x) > 0}, i.e., the function
() continuously approaches one. Finally, it remains to check the continuity of the function () at the points where V(X) = 0,
specifically for X € T'. Note that around the points in T, i.e., for any |¥|r < §, with § > 0, the inequality () becomes

max {0, 2¢(|X|,;.2)}

e

K(o(|x]50-2)s [b(X)]) <
Hence, we use the SCP-LeF () to conclude that
K(¢(Ix]y3.2). [b(X)]) < 22 + 1.

for all |X|r < 0. If such a § > 0 exists for any £ > 0 arbitrarily small, then we conclude the continuity of () at all points of T
Thus, the function K in () is continuous in the set R”\ €2, provided that the SCP-LeF in Definition |12 is satisfied. Moreover,
we can claim that there exists a function K (%), continuous for all ¥ € R” and 27-periodic in 6, such that

K((Ixhy-2). [b(¥)]) < K(%) @D
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for all x € R"\ 4. Since we aim to have a feedback control law continuous in R”, the function K in () is not suitable for its
construction. Therefore, we shall consider the function K.

Remark 3. If the inequality ¢(|X|,5,,Zz) < O is satisfied, wherever b(x) = 0 for all x € R"\T', and the SCP-LeF (@) is satisfied
for all x € T', then the function (|l §) is continuous in R”. In this case, the control universal formula (@) can be directly applied
like in the control Lyapunov function framework. A

The last step in the design of our controller consists of ensuring the property WanW # (). For this purpose, we introduce
the following function

1 it WnNQy #0,

- ; 2
min {1, 52} ir Wne, =0, @

() =

with 0 < e < €*, where €* > 0 is the distance between the sets {¥ € R" : V(%) = 0}, and W ie. e = MiNe (rerr:v(x) =0} Xy -
Note that we have W C W N Qa if WN Qs £ B, ot W CWNQ if WNQy =0
Finally, we propose a feedback controller given by
u(%) = —p(OK®D" (%), (23)
which is continuous everywhere and 27-periodic in 6. In addition, b(X) = 0 for all X € W' if W N Qg # 0, or ¢ (%) = 0 for all
xeW it WnN Qs = 0. Consequently, u(x) = 0 for all x € W, ensuring that W C W, N W # (.

Theorem 1. Let the system (ﬁ) satisfy Assumption a, and the set W, be decomposable in the sense of Definition E If there
exists a practical ISS-CLeF;, or an iISS-CLeF, for the system (ﬁ) satisfying the SCP-LeF (), then the feedback control law (@)
is continuous on R" and endows the system (ﬂ) with the ISS or iISS property with respect to WW,,, respectively. A

Proof. Continuity of the control law (@) is ensured by construction, under the fulfillment of the SCP-LeF (). Therefore, we
only have to focus on showing that the closed-loop system (ﬁ),(@) given by

0 = f1(x.d), z=f(Ed) -p@)KE)gE)b (), (24)

has the ISS or iISS property with respect to W,;. To this end, consider a practical ISS-CLeF V of the system (H) as a practical
ISS-Leonov function candidate for the system (@). The derivative of V along the trajectories of (@) is given by

V() = a(x,d) - p(®)K(X)b(FE)b " (%),

with a(X,d) and b(X) as in Definition IE Note that K(x) and (%) in () and (@), respectively, are scalar functions. Now, by
subtracting a K-function &(|d|) and a constant z > 0 in both sides of the latter expression, we obtain

V(@) - 0(ld]) - 7 < w(X) - »(E)K&)|6(),
where w(X) is defined in (). Similarly, adding the term 3 (V(%)) to both sides of the above inequality, we obtain
V(E) + 3w (V(3) - 0(|d]) =7 < ¢(1x]y3,2) - (R) K@) b(F) [, (25)
for all ¥ € R"\ Qy, where ¢(|X|,3,,2) is introduced in (@). Now, consider the case b(X) # 0. Hence, we have from () that
?(1x13-2) < K(¢(X]13-2), [b(X)])|b(X)]?. Then, inequality (@) becomes
bE))bE)|* - p(X)K(F)|b(%)]*.

Note that ¢)(X) = 1 for all x € R"\ {2, since the case WNQ, = 0 implies W C €y, and x|, > e forall x € R"\ ;. This
fact together with inequality () imply that the right-hand side of the latter expression is non-positive for all x € R”\2;. Thus,
we can conclude that

V() + 5w (V(¥) ~0(ld]) ~ & < K(¢(I]3,.2).

V(x) < —sw(V(®) +o(|d]) + 7, (26)

for all X € R"\ (€21 U Qs). On the other hand, for the case b(x) = 0, we have from (@) that ¢(|%[,5,,2) < 0forallx € R"\Q;.
Hence, (@) is straightforwardly derived from (@). Therefore, we can say that (@) holds for all x € R”\ 2, and all d € R™.
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Accordingly, if V is a practical ISS-CLeF for (ﬁ) then w is a K -function, and we can say that V is a practical ISS-Leonov
function for the closed-loop system (@). Consequently, by Lemma , we deduce that it has the ISS property with respect to W,,.
Finally, if V is an iISS-CLeF, then w will be a non-negative function and ¢ = 0. Hence, V becomes an iISS-Leonov function
for the closed-loop system (@). Consequently, by Lemma E, we conclude that it has the iISS property with respect to W,,. O

From inequality (@), we can see that the parameters 0(+) € Ko, and ¢ > 0 quantify the robustness of the closed-loop system
(@), then their tuning adjusts the degree of disturbance compensation for the closed-loop system (@). Basically, small values
of these parameters make stronger the controller’s gain K(-), which increases the robustness for the closed-loop system (@).

Remark 4. Usually state feedback controllers have to deal with noisy state measurements X,, = X + d,,, where d,, € L
represents a perturbation signal. Since the controller (@) is well-defined for any point x € R”, its properties of continuity and
2m-periodicity in 0 are preserved also for the translated coordinates X,, € R”. Then, the closed-loop system (@) may be able to
tolerate a sufficiently small and bounded measurement noise.

The implementation of the controller (@) requires the online solution of the supremum functions (B) and (), which
could demand an additional amount of computational resources. For some particular cases, it is possible to obtain an analytical
solution for these functions. Another alternative approach is to find 27-periodic in 6 functions @(x) and ¢(|%|yx,, %), such that,
(%) > |w(®)] and |@(|%]y5,,2)| > [¢(|X]15,2)| for all ¥ € R\ €. Of course, the continuity of the formula ([18) together with
the fulfillment of the SCP-LeF must be verified considering these functions. To illustrate the latter, let us continue developing
the examples given in the first part of this section.

Example 4. Let us recall the forced nonlinear pendulum system (H) and the ISS-CLeF () obtained in Example g First, we
construct a function w(() as in (). For this, consider a function ©(|d|) = 0.5d2, a constant z = 0 and the function a((, d) from
Example Q, such that

a(¢,d) - v(|d|) = A1l + (od - 0.5d* = A1 (e + 0.5¢5 —0.5(¢ —d).

Then, we obtain
w(¢) = leug{a(g, d)-o(|d|)} = -A G + 0.5¢3.
c

Now, similarly to (), we define

o€l C2) = sup {w(C) +0.5AV(¢)}

¢1€0

< sup {0.5(1 + 0.50)¢3 — A1 Ca — 0.25M(A — kby ) CF )
¢1€0

= sup 05(1+05>\)C2+A72C2— A (5 + 0.5/ ANA-rbp)C i
(1€0 ' ' 2 /\(A—Hbl) 2 VA(A-kb1) 2 ' ok

= 0.5(1+ 050G + 52556 = o<l &),

where © = {(; € R: (A-£b1)¢} < (3}. Then, by substituting b(¢2) = (2 and ¢(|¢|,5,, () in the formula () we obtain

K(¢(IChy G2), +1=K.

b(G)) <

A2+ A)(A = kby) + 4A2 A2+ N (A = kby) + 442\ 2
AN(A - kby) * ( ANA - kby) )

In this case, the resulting function X is constant. Therefore, its continuity is immediately verified. Moreover, as established in
Example Q, we have the case W' N Q5 # 0 and consequently 1(¢) = 1. Hence, the controller (@) takes the form

u(¢) = -K¢a. 27

We can say that the controller (@) adds damping to the system (H), increasing its robustness. Formally, we can see that the
system (H),(@) satisfies Assumption H, and the set W, = Wis decomposable in the sense of Definition H Thus, by Theorem m,
we can conclude that the closed-loop system (H),(@) has the ISS property with respect to the set W,,,.

Note that considering the practical ISS-CLeF V(¢) = V(¢) + A; (as in Example E), only demands to make the constant
r = A1, and the rest of the procedure for the design of the controller (@) remains unchanged. A
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e(z1) ,

T

FIGURE 1 Plotof the function ¢(x1) = —x? + |x1[(1 - cos(x1)) for -7 < x1 < 7.

Further examples illustrating particular aspect of the proposed methodology for control design, like the usefulness of the
function 1 in (@) and the SCP-LeF in Definition , are provided in Appendix H

4 | FURTHER ANALYSIS ON THE SET W,

As mentioned in Remark , the existence of practical ISS- and iISS-Leonov functions for the closed-loop system (),(@) only
ensures that it possesses the pAG or UBEBS properties with respect to W,;, but the 0-GATT property relies on Assumption .
Therefore, we can say that the controller (@) is able to keep a desired behavior of the system (EI) with respect to perturbations,
but it cannot prescribe the set W,,. Indeed, W, can be partially unknown, and we can only ensure that it is the maximal invariant
set of the closed-loop system (m),(@). Let us illustrate this discussion through the following example.

Example 5. Consider the system
X1 =1-cos(x1) +x2 +d, X9 = —cx9 +u+d, (28)

where [x1,x2] T € R? is the vector state, ¢ > 0 is a constant parameter, d € L, is a perturbation, and u € L, is a control input.
Note that the system (@), with u = d = 0, has an equilibrium point at the origin x = [0, 0] in the manifold M = S x R, where
S is the unit sphere. However, as mentioned in Section IV.C,/ the set {[0,0]} does not admit a decomposition without cycles.
Indeed, it is shown in Section IV.C/ that the finest choice of a decomposable invariant set for the system (@) is Wy—o = Sx {0}.
Moreover, V(x1,x2) = x3 is an ISS-Lyapunov function for the system (@), with u = 0, therefore it has the ISS property with
respect to the set W,—¢. Note that the function V(x1,x2) = x% —x% can be used as an ISS-CLeF for the systems (@) (to check the
condition () use Figure ), and this will lead us to the trivial conclusion that the system (@) is ISS stabilizable with respect
to W,—o with some controller like u = Kxo; K > 0.

Besides, by setting u = —c, we can see that the system (@) has two equilibrium points at W,— . = {[5.-1],[-5.-1]} in
the manifold M. The ISS-Lyapunov function V(x1,x2) = (x2 + 1)? allows us to show that the system (@), with u = —c, has
the ISS property with respect to the set W,—_., which is decomposable in the sense of Definition H since the point [-7, 1]
attracts almost all trajectories of the system (@) in M, with d = 0 and u = —c (this can be confirmed by applying the Lyapunov
function Vo(X;) = 1 + sin(k; — 5) to the unperturbed zero dynamics %= —cos(¥; — §), where X1 = x; + 7). Note that
the function V(x1,x2) = (x2 + 1)? does not qualify as an ISS-CLeF for the system (@) since it was selected on the basis that
u = —c and the set W,—_. is known. In contrast, practical ISS- and iISS-CLeFs should be constructed solely with information
of the uncontrolled system. A

From the previous example, we can see that the selection of a practical ISS- or iISS-CLeF for the system (ﬁ) determines the
resultant controller (@), and consequently, the set W, C M. Therefore, one could wonder if it is possible to impose certain
characteristics to the set YV, from the selection of practical ISS- and iISS-CLeFs for the system (H). In general, we cannot specify
the whole set W, but only ensure that W' C W,,. Therefore, the set W, cannot be forced to be decomposable in the sense
of Definition H by design. However, it is possible to make the resultant set YW,; compact by design. Note that in the system ()
we are considering M as a manifold without boundary. Hence, compactness is not an inherent property of the set V.. Actually,
the set W,—o = S x {0} in Example H is not compact (it is not closed because M = S x R is a manifold without boundary).
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To address this issue, first, let us recall the concept of Leonov functions introduced by Efimov and Schiffer?%£7 to analyze
boundedness of solutions in R” of state periodic systems. For the system (Q) satisfying Assumption E, we define the sets:
U = Uz, Uy, where U, = {X = (2,0) € R" : |0|« = 2rm, f(x,0) = 0}, and V C R”, such that for some ¢ € (0,27) and
¢ € (m,2m), withe < ¢, wehave {x € R" : ¢ < |§|Oo <c}Cv.

Definition 13. ?7 A C' function U : R" — R is a strong Leonov function for the system (E) if there exist a constant g > 0,
functions a € Ko, 0 € K and a continuous function A : R — R satisfying A(0) = 0, and A(s)s > 0 for all s # 0, such that

al|z))-o(lf))-g < UR) vi=(z6) eR",

inf U(x) >0, supU(X) <0,
xey b=

and the dissipation inequality
oU(x) .
(956 f(x7 0) S _)\(U(‘x))9

holds for all X € {x € R" : V(x) > 0}. A

Theorem 2. %7 [f for the system (E) under Assumption E there exists a strong Leonov function as in Definition B then for all
Xo € R", the corresponding trajectories X(t,Xo; 0) are bounded for all t > 0. A

By exploiting the periodicity of the system (E), the proof of Theorem E” consists of two steps: first, it is shown that the sets

Q= {x € R": Uj(x) <0}, where j € Z7 and U;(x) = U(x - ¢;), are globally attractive and forward invariant for (Q). Then, it
is proven that the intersection of the sets €; is composed of compact and isolated “cells”. Thus, for any Xy € R", the solution
X(t,%0;0) asymptotically enters and remains in these cells for all times. Note that i C Njezs$2;. Therefore, if there exists a
Leonov function for the unperturbed closed-loop system (@), we can conclude that all elements of the set W, are inside of
these cells. Consequently, its projection W,; C M is a compact set.

Since we have established that the origin x = 0 is an equilibrium point of the system (ﬂ), with u = 0 and d = 0, then we can
define i = {[0,,2mjT]" : j € Z9} for this case. Furthermore, without loss of generality, we can make W' = U in Definition

@. Then, by combining Definitions [l 1| and E, and considering Theorem E we can establish the following result.

Corollary 1. Let the system (ﬁ) satisfy Assumptions E, and the set W, be decomposable in the sense of Definition E If there
exists a practical ISS-CLeF (or an iISS-CLeF) satisfying the SCP-LeF (Iﬁ), and additionally

inf V() > 0, sup V(x) <0, (29)
ey FEW!
then the feedback control law (@) is continuous on R" and endows the system (H) with the ISS (iISS, respectively) property with
respect to W, Moreover, the set W, is compact. A

Note that the conditions in (@) do not imply any change in the proof of Theorem [l| and the construction of the controller (@).
Therefore, the first part of the conclusion of Corollary [l| is directly derived from Theorem E| On the other hand, the conditions
in (@) imply that the corresponding practical ISS- or iISS-CLeF is a Leonov function for the closed-loop system (@) with
d = 0. Therefore, roughly speaking, we can say that the closed-loop system (@) has the 0-GATT property with respect to the
cells, which are compact and isolated. Thus, we can conclude that the set W, is compact.

Example 6. Let us revisit Example H Consider the system (@) and the origin x = [0, 0] as its unique known equilibrium point
inM =S x R. Thus, W = {[27],0] : j € Z} C R?. Consider also the function

V(x1,x2) = %x3 —azxo — 2x} —aq cos(xy), (30)

where ay, as, as, ay > 0 are constant parameters. By using Young’s inequality, we obtain 2|asxs| < x% + a%. Then, we have

%(al —1)x2 - %"x? - %ag —ag < V(xi,x3) < %(m +1)x2 - %x? + %a% + ay.

Therefore, we can say that the function (E) satisfies inequality (E) if a; > 1. On the other hand, its derivative along the solutions
of (@) can be written in the form V(xl,xg) = a(xy,x2,d) + b(x2)u, with b(x2) = aixe —as, and

a(xy,xg,d) =— alcxg + (asc + ayg sin(xq))xe — (agx; —ag sin(x1)) (1 —cos(x1)) — asx1x2 + (a1x2 —as —asxy + aq sin(xy))d.



14 | Mendoza-Avila et al.

By adding cV(x1,x2) in both sides of the latter equation, we obtain

a(x1,x9,d) + cV(x1,x3) =— %alcxg + ay sin(x1)xe — (agxy —aq sin(xq)) (1 —cos(x1))

— doX1X9 — %%xf —agccos(xy) + (ajxs —as —asxy + ay sin(xy))d.
Let us impose the restriction a1 > as. The condition b(x2) = 0 implies xo = Z—i’ and consequently

2
(a(x1,x2,d) + cV(x1,x2))[, _as =— ;“7?1» + ag sin(x1)(§> + 1 - cos(x1)) —agx1 (1 —cos(x1))
ay

(
—as Z—‘fxl - %cxf —ayccos(xy) + (aq sin(xy) —asxy)d

2
(,‘03

<— 5+ (34 ¢)as — Gexi + ald| + 3az|x| + azlx[|d|
2
< -5+ (3+c)as+ 2 _ 9 (c-2)x] + agld| + 2d°,

where Young’s inequality was applied in the last step to split the last two terms of the second step. Thus, if a; > a3 >
“L(2(3 + c)as + 9az) and ¢ > 2, the function (@) satisfies inequality (). So, we can say that it is a practical ISS-CLeF for
(

).
Now, consider in () that 7 = 0, and ©(|d|) = (a1 + az)d? + (a3 + a4)|d|, such that we obtain

w(ri,x2) = sup (ax,x2,d) — O(1d])}
deRm

= sup {—alcxg + (asc + ayq sin(xq))xg — (agx; —aq sin(x1)) (1 —cos(x1)) — asx1x2
deRm

+(aix2 —az — asxy + agsin(x1))d — (a1 + az)d” - (as + as)|d|}

< sup {—alcxg + (asc + ag sin(x1))x2 — (azx1 —aq sin(xy)) (1 —cos(x1)) — azxyx2

deRnl
2 2
Hd-an (bre-d) + e (3 )7}
=~ (a1c - %) x5 + (asc + ag sin(x1) )x2 — (a2x1 — ag sin(x1)) (1 - cos(x1)) — azx1x2 + 2x7.

From Figure E|, we can see that x7 > |x1|(1 —cos(x1)) for all x; € R. Then, similarly to () we define

¢ (|[x1.x2] |- X2) = sup {w(xr,x2) + $cV(x1,x2)}
X1 €O
= sup {-% (3c—1)x3 + (Lasc + aysin(x;)) xo - 2asccos(xy)
X1 €O

+ay sin(xy)(1 - cos(x1)) —agxixs — % (¢ — 1) x} —azx1 (1 - cos(x1)) }

< sup {-% (3c-1)x3 + ($asc + agsin(x1)) x2 — Sasc cos(xy)
X1 €O

+aysin(x;)(1 - cos(xy)) —agx1xs — % (c-5)x7 }

< sup {~ (2 (3c-1) - ) x3 + (3asc + assin(x1)) x2 — Lasccos(x;)

2
+ay sin(x;) (1 —cos(x1)) —az (\/%XQ + \/375)61) }
< - (%(3c -1)- c%) x% + (%agc +ay sin(xl)) Xg — %a4c cos(x1) + aq sin(xy ) (1 —cos(x1))
= (Zg (H—xls-xQ“W/a-xQ) ’

where © = {x; € R : asx? < (a1 + 1)x3 + a3 + 2a4}.
Then, by substituting b(x2) and ¢ (|[x1, x2] |,i»X2) in the formula () we obtain

B (11, %o llyix2) + /8 ([ x2l g 32) + (@132 — a3)

(arxs —asz)? = K(x1,x2). 31)

K(& (|1, x2] [y x2) - [b(x2)]) <
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To verify the continuity of the function (), note that the restriction b(xs) = a1x2 —ag = 0 implies
- 2 )
& (e x2]lypr x2) <= (F(e=1) = £5) 3 + aa + §as + 2as,

such that ¢ (|lx1,x2] 15 x2) < 0ifay > az > a; %, az < 4 (c-1)(c-5), and ¢ > 5. Hence, the function ()
is continuous everywhere. In this case, the SCP-LeF () is straightforwardly satisfied.
Moreover, we have W’ N Qy = () for all as > 0 (with 5 as in (@)). Consequently, the function (@) becomes t([x1,x2]) =

min {1, W} , where |[x1,%2]|,;, = /(1 —cos(x1))2 + x2, and 0 < € < ¢* is a constant, with

€= min X1, %2 |5y
[xl,XQ]E[[xl,xz]GRZ:V([xl,XQ])ZO}|[ Jhw

Accordingly, the controller (@) takes the form

x1,%2][v5 | =
u(xy,x2) :—min{l,M/\)}K(.XLXQ)(Cll.XQ—Clg). (32)
€
Finally, note that V(x;,x3) = —a4 < 0 for all [x;,xs] € U = W'. Besides, consider the function V(£m,x3) = aAxd -
2
asxz — $azm? + ay, which has a minimum at x, = 9. Hence, we have V(+, 92) = —2”731 — 2aom? + ay > 0 provided that

2a4 > asm? + % Then, by continuity of (@) there exist some constants ¢; and cs, satisfying 0 < ¢; < m < ¢ < 27, such
that V(x1,x2) > 0 for all [x,x2] € V = {[x1,x2] € R? : ¢; < x; < ¢2}. Thus, the function (B() satisfies the conditions (@)
of Corollary E|, and we can say that it is a Leonov function for the closed-loop system (@),( ), with d = 0, which ensures
that its invariant solutions are inside of a structure formed by compact and isolated cells. Consequently, we can say that the set
W C M is compact. Additionally, W,; D W’ is the maximal invariant set for the closed-loop system (@),(@), and therefore,
it is decomposable in the sense of Definition E Since the hypotheses of Corollary [lf are satisfied, we can conclude that the
closed-loop system (@),(@) has the ISS property with respect to W,,. A

The extension of the Leonov function approach to systems with controls was presented by Mendoza-Avila et al.?¥ with the
concept of control Leonov functions (CLeFs). The objective of the CLeF approach is the design of controllers for unperturbed
state periodic systems that ensure boundedness of their trajectories in R” for all time ¢+ > 0. However, this property is less
relevant in the presence of perturbations since they can drive the trajectories of state periodic systems to infinity. Therefore,
Corollary [l| considers functions that represent the intersection between the families of practical ISS-CleFs (iISS-CLeFs) and
CLeFs, such that the properties of practical ISS-CLeFs (iISS-CLeFs) permit to deal with perturbations, and the properties of
CLeFs guarantee the compactness of the set WW,,. Since the set W,; is generally unknown, the advantage of its compactness
lies in the fact that it could be identified, for instance, using the LaSalle’s invariance principle,?d which also implies that the
decomposability property, in the sense of Definition H, can be proven for it.

5 | CASE STUDY: EXCITATION CONTROL DESIGN FOR A SINGLE-MACHINE INFI-
NITE BUS POWER SYSTEM

Clearly, the examples developed in the previous sections and in Appendix @ consider simple cases of state periodic systems, or
they are merely academic. In the present section, we aim to show the practical usefulness of the proposed approach for robust
control of a single-machine infinite bus (SMIB) power system.

Consider the following mathematical model describing the behavior of a single synchronous generator connected to an infinite
bus through a transmission line (under standard assumptions, including that the mechanical input power is constant)'%:

X1 = X2,
jCQ = —b1X3 sin(xl) - b2)€2 + P+ dl, (33)
X3 = bzcos(x1) —bgxs + E+ u+ds,

where x = [x1, X2, xg]T € R3 is the state vector, with x; as the load angle, x» as the shaft speed deviation from the synchronous
speed, and x3 as the quadrature axis internal voltage. Furthermore, P, E € R are constants related to the mechanical power
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and the bias field voltage, respectively, b; > 0,i = 1,...,4, are parameters, d = [dy,d>] € 530 represents perturbations, and
u € L is the control input.
For E > b7'byP — b3, the unperturbed open-loop system (@) has equilibrium points at x* = [x},0,x3]", and x**
[x1*,0,x5*] T, where the pairs (x},x3) and (x}*,x3*) are solutions of the equations
bl.Xg sin(xl) = P, E = b4)€3 — bg COS()Cl),

in the manifold {x € R? : —r < x; < 7). More details about the properties of the system (@), commonly known as the
third-order flux-decay model of a synchronous generator, can be found in. 2%

Now, consider the coordinates ¢ = [(1, (2, (3] € R3, where ¢; = x; —x} and (o = xo, and (3 = x3 —x3. Then, the system
(@) can be rewritten in the coordinates ( as

{1 = G
Go = ~biGsin(Gr +x7) —bixjiea(Cr) —baGa + da, (34)
(3 = b3p1(C1) —baC3 + u+do,

where ¢1(C1) = cos(¢1 + x7) — cos(x]) and <p2 (¢1) = sin((1 + x7) — sin(x]). Hence, all equilibria of the system (@) are
contained in the set W = {[2j7,0,0] T } U {[x}* —x} + 2jm,0,x%* —x35] " }, for any j € Z.

51 | Control design with ISS-CLeFs
An ISS-CLeF candidate for the system (@) is given by

V() = 3G + 3G - LAG - bix5e1 (1) - P, (35)

where A > 0 is a constant parameter to be determined.
Let us define o((1) = —b1x501(C1) — P¢r — $kb1x5¢2, with a constant £ > 1. Accordingly,

g' (¢1) = bixisin(Gy + x7) — P — kb1x5(q, and Q” (C1) = bixi cos(Cr + x7) — kbyxy.

Hence, for any x > 1 the equation 0 (¢1) = 0 has a unique solution at (; = 0, and the inequality o’ (0) < 0 holds. Moreover,
the equation ¢ (¢;) = 0 has no solution for > 1, and therefore ¢ (¢;) is strictly decreasing. Thus, we have that o((;) is
negative definite, which implies that by x5¢1 (¢1) —P(1 < %/@blxg (2, provided that x > 1. By using similar arguments, we can
deduce that —b1x501(¢1) — P¢ > —%mblxgg“l? for k > 1 as well. Consequently, we have

G+ 3G -3(A+rbix3)E S V() < 3G+ 43 - (A —kbix})(E. (36)

for all ¢ € R3. Thus, if A > kb;x}, we have that the function (@) satisfies the condition (E), with W' = {[2jm,0,0]T :j € Z}.
Now, the derivative of (@) along the trajectories of (@) can be written as V() = a(,d) + b(C3)u with b(¢3) = (3 and

a((,d) = —ba(3 —ba(3 — b1Galssin(Cr + x7) = ACiGe + b33p1(C1) + Cady + (3da.

Next, consider a constant A > 0 and inequality (@), such that

a(C.d) + AV(C) < =3(A—kb1x3)(T — (ba = 5)(5 — (ba — 3)(3 — AG1Co — b1l sin(Cy + x7) + b3C31(Cr) + Codi + (3da.

Note that the restriction b((3) = 0 implies (3 = 0, and consequently
(a(¢.d) + AV(Q))lca=0 < — 5 (A= kb1x5)(F — (b2 — 5)C5 — Al G + Cody < 32D + v]d]?, (37

where ® = [(1, (2,dq] T, and

MA-kb1x5) A 0
A by — A —1
0 -1 2v
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By applying the Schur complement, we can check that the matrix = is positive semi-definite if and only if

A(2by — A — 22) (A = kbyx5) — A% > 0. (38)

2v

This inequality has real solutions with respect to A > kb, x5 for any v > 0 and some by, A > 0 satisfying
A% = (2by — 5-)A + 4kbyxj < 0. (39)

At the same time, this inequality has real solutions with respect to A > 0 provided that by > 2/kb1 x5 + E'

Therefore, from (@) we have that if by > 2,/kb1x3 + 3 1 for any v > 0, then there exist A > xkb1x3 and A > 0 such that the
function (@) satisfies the COHdlthIl (l) with . = 0, and consequently it is an ISS-CLeF for the system (@)

Now, let us continue with the construction of a controller u € L., continuous in R? and 27-periodic in (; that ensures the
ISS property for the system (@). To this end, consider a function ¥(|d|) = v(d3 + d3), such that

a(¢.d) - v(|d]) = =baC3 — bal3 — b1CaCssin((y + x7) = A1 G + b3C31(C1) + Cody + C3da —vds —vd)
=—(ba—15)G — (ba— 15) G5 —b1(aC3sin(Cy +x7) — A
2 2
+ b3(301(C1) - (ﬁ@ - \/17611) - (ﬁ@ - ﬁdz) .

Accordingly, from (E), with £ = 0, we obtain

w(¢) = sup {a(¢,d) - o(|d])} = ~(ba — )63 = (ba— £5) G5 —b1GaCasin(Cr + x7) = A G + bsGapr (G1)-

deRm

Next, we define 01 (¢1) = —Cl +0.5¢%(¢1), whose derivatives of first and second order are given by o} (1) = —2(; —sin((; +
x7)(cos(¢r + x7) —cos(xt)),

01 (G1) = =2+ cos(x}) cos(C1 +x7) = cos(2(¢ +x7)) <1 + cos(x})].

Clearly, 0} (¢1) < 0 for all ¢; € R. Hence, ¢/ ((y) is strictly decreasing and the equation ¢/ (¢;) = 0 has a unique solution at
¢1 = 0. Thus, the function g ((;) is negative definite, which implies that 0.5%(¢1) < ¢? forall (; € R.
Then, similarly to (1), we define © = {¢; € R+ (A~ rbyx3)(? < ¢3+ (2} and

O(IChyr» €20 C3) = <Slé%{w(o +0.5AV(()}
< sup {~(ba-3A-E) G- (ba—3A-2£) G -b1GGssin(C +x7)

(€O
~AC1Ge — ENA - kb1x5)(F + bsCap1(C1) }
< CSU% {~=(b2— 1A= 2£) G = (ba—3b3— 1= — IN) (5 — b1(aCssin(Cr + )
1€
—A<1<2 TOMA - kbyxs) - 4bs)CT }

A? 2 2
: csi% {_ (b2 T A(A—nblxg)—4b3> G (ba=3bs— 35 -3 G
1

2
b1 CaCa sin(Cy +x7) - ( VAA — wbyg) — b3ty + m@) }
—(b2_i)‘_ﬁ (A= mblxg 4b3)<2 ( %bfﬁ_ﬁ_i )<3+b1|<2||<3‘_ 9(C2:Ga).

where the properties 2b3(3¢1(¢1) < b3(3 + b33 (1), and 0.5b3p%(¢1) < b3(} have been used in the third step to split the
last term of the second step.
Hence, by substituting b((3) and ¢ (2, ¢3) in the formula (@), we obtain

B(C2, CG3) + VD2 (Co. G3) + [B(G)[*
|b(C3)]2

K((C2.¢3)). [b(¢3)]) < = K(C2.¢3).
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Note that the restriction b((3) = 0 implies

A 2
3G Go) = = (b2~ 1A~ 25 - s ) G <0,

for all ¢ € R3. Thus, if
2
by = max {2/kbixs + . 1A+ & + s | (40)

then we can say that the function K((z, (3) is continuous for all ¢ € R®\{¢ € R3 : (, = 0, {3 = 0}. Next, we use the SCP-LeF
(IE) to analyze the behavior of K((s, (3) at the set {¢ € R3 : ( = 0, (3 = 0}. Observe that

(G2, C3)

lim = s
a0 PG
for any (2 € R\ {0}, provided that inequality (@) is satisfied, and

$(C2.¢s)

lim —=—=
421210 b2 (Cg)

for all 5 € R. In consequence, there exist a constant £ > 0, such that for any § > 0 we have

1 1 1
= 51)3 + a0 + Z)‘_b4’

?(C2, C3)

sup 220 <
Gacsll<s B2(G3)

Since the constant § > 0 can be chosen arbitrarily small, we can conclude that the function K((», (3) is continuous for all ¢ € R3.
Moreover, recall that we have defined W’ = {[2j, 0, O]—r : j € Z} for this case. Clearly, b({3) = 0 for all { € W'. Therefore,
from (@) we obtain ¢(¢) = 1. Finally, under the parametric conditions established above, the controller (E) takes the form

u(¢) = —K(C2, €3G (41)

or equivalently

G (x2, X3 —x5) + /% (x2, x5 — x5) + |xs —x5[4
|xs —x3/?

where ¢(xq,x3 —x5) = — (ﬁ— A - m) x3— (ba— 3b3— £ — 1N (x3 —x3)% + bafxa||xs —x3].

Notably, the controller () adds damping to the system (@), which enhances its robustness. In addition, note that u(¢) = 0
for all ¢ € W, therefore we can ensure that W' C W,,;, where W,, is a set that contains all a- and w-limit sets of the closed-loop
system (E\I),(@). Assuming that the set W, is decomposable in the sense of Definition E, we can conclude from Theorem EI
that the closed-loop system (Ell),(@) has the ISS property with respect to the set W,.

Let us highlight two interesting features of the proposed controller (@):

u(x) = (3 —x3), (42)

e The controller (@) is independent of the load angle x1, which is an attractive property since this variable is often unavailable
in practice; see the discussions in the conclusions of references. 14 Usually, synchronous generators are equipped with
tachometers and multimeters that make available information of the states xo and x3. However, the measurement of the
load angle x; usually requires the usage of complex electronics instruments, like phasor measurement units (PMUs), and
sophisticated observation algorithms.

o The value of the damping constant b, is sometimes assumed to be zero in the design of excitation controllers for the
third-order model of synchronous generators.@@@ However, this assumption is possible only by restricting the system’s
operation to the region where 0 < x; < 0.57. For the system (@), the state variable x5 acts as a control input for the
subsystem [xy,x2]. Then, the sine function of x; becomes a sign indefinite control coefficient, which implies that global
stability cannot be achieved if bo = (. Therefore, the design of the controller () imposes a lower bound for b, rendering
the controller hard to apply in a practical setting.

Remark 5. The main features of the proposed controller () are that it globally ensures the ISS property for the closed-loop
system (Ell),(@) with respect to the set WV, it is independent of the load angle x;, and it is continuous at every point of the
state space. As far as we know, there is no approach in the literature that achieves similar properties. For instance, Gao et al.
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present an optimal control law for global robust stabilization of a lossy n-machine power system. However, this method is based
on two assumptions that can be validated only in a neighborhood of the equilibrium point of interest (these assumptions are
needed to guarantee continuity of the proposed controller at every point of the state space). Kanchanaharuthai et al. M introduce
a backstepping controller for ISS stabilization of a SMIB power system. However, this controller has a singularity in a subset
of the state space. Cabrera-Vizquez et al.®J provide a sliding mode controller for robust stabilization of a SMIB power system.
In addition to the switched nature of sliding mode controllers, the proposed sliding surface is singular for certain values of the
phase angle, therefore, it has a local nature. Moreover, these controllers depends on the phase angle as a direct feedback variable.

52 | Numerical example

Finally, we provide a numerical example to illustrate the effectiveness of the proposed controller. Fix the parameters of the
system (@) as by = 34.29, by = 15, b3 = 0.149, by = 0.3341, P = 28.22, and E = 0.2405, which are given in per unit and are
taken from !’ (except that b, = 0 is considered in this reference). Hence, the unperturbed open-loop system (@) has equilibrium
points at x* = [1.1246,0,0.9123] T, and x** = [1.1708,0,0.8935] T, in the manifold {x € R? : -7 < x; < 7}. Considering
the change of coordinates x — (, we translate the equilibrium point x* to the origin, and we define the set W = {[2jm, 0, 0]T I
with j € Z. Moreover, the parameters of design are chosen as kK = 1.1, A = 70, A = 18 and v = 0.125, such that the conditions
(@), (@) and (@) are satisfied. Simulations are carried out by using Matlab Simulink, with the solver Runge-Kutta and a
sampling step of 1 [ms]. Figure E shows the simulation results of the system (@), with ¢y = [7,1,0]", d; = —2cos(4f) and
dy = 65in(10¢), in closed-loop with the controller (), considering either noise-free and noisy scenarios. For the noise-free
case: comparing Figures Q.l and E.Z, we can observe that the controller () increases the robustness of the system (@), such
that, its trajectories remain in a closer vicinity of the set W,,. The perturbation signals d = [d;,d>] " are shown in Figure 9.3.
The supplied control signal is presented in Figure Q.4, where we can confirm that it is continuous. For the noisy case, a signal
of white Gaussian noise, given in Figure E.7 and whose peak amplitude represents approximately the 5% of the peak-to-peak
amplitude of the state signals in steady state, is used to simulate additive measurement noise corrupting the state signals in the
control loop. In Figure E.S we can see that the proposed controller is able to attenuate the action of the perturbations affecting
in the system (@), despite the presence of measurement noise. Figure E.6 shows that the control signal keeps continuity under
the influence of measurement noise. Finally, Figure E.S depicts solutions of the unperturbed closed-loop system (@), (@) for
different initial conditions. We can see that these trajectories converge to equilibrium points in W’ (red points in the plot).
Hence, we can infer that the set W, is decomposable in the sense of Definition H Thus, we can say that the simulation results
support the conclusion that the closed-loop system (@), (@) has the ISS property with respect to W,.

6 | CONCLUSIONS

In this paper, the ISS-CLeF approach is further developed. The definitions of practical ISS-, ISS- and iISS-CLeFs are refined,
and the main aspects for the construction of these functions are extensively discussed and illustrated in academic examples.
Also, the proposed methodology for control synthesis of state periodic systems is improved to simplify the final control law, and
its main features are highlighted in the provided academic examples. Based on Sontag’s universal formula, this methodology
yields a continuous and state periodic controller, which endows the closed-loop system with the ISS or iISS property in the
multistable sense. In summary, the main result of this paper shows that the existence of a practical ISS-, ISS- or iISS-CLeF is
a sufficient condition to ensure that the system under study is ISS or iISS stabilizable with respect to the set W,;. Moreover,
an extension of the main results to ensure compactness of the set W,; is presented, which imposes extra restrictions for the
construction of practical ISS- and iISS-CLeFs, and connects practical ISS- and iISS-CLeFs with the standard Leonov function
approach. The proposed methodology is applied to the design of an excitation controller for a SMIB power system, ensuring
ISS property for the closed-loop system. The practical interest of the developed controller lies in the facts that it does not
require measurements of the load angle and guarantees the ISS property globally, which are rarely achieved by other approaches
reported in the literature. Simulation results supporting the effectiveness of the designed controller are provided.

The future work can be continued in three directions: developing a methodology for ISS-CLeF construction with relaxed as-
sumptions, exploring other formulas for control synthesis based on ISS-CLeFs, which can incorporate optimization methods for
improving performance and practical constraints like saturation in the control input, and implementing the ISS-CLeF approach
for large-scale power systems, together with their experimental validation.
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APPENDIX

A

COMPLEMENTARY EXAMPLES

The following example illustrates the construction of iISS-CLeFs. Moreover, we will check the usefulness of the SCP-LeF ()
to guarantee the continuity of the designed controller.
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Example 7. Consider the following system:

. . . X .
X1 = Xo, Xo = —b1x3 s1n(x1) —TXo +cC1 + )fj—ldl’ X3 = —box3 +co +u+ do, (A1)
1

where x = [x1,x2,x3]" € R is the state, by, by, 7 > 0 are parameters, c1,c2 € R are constants, d = [dy,ds] € L2 are
perturbation signals, and u € L is the control input. Note that this system satisfies Assumption H for d = 0. Moreover, for
bi|ca| > bs|ci| and u = dy = dy = 0, the unperturbed system has two equilibrium points in the manifold {x € R3 : -1 <
x1 < whatx* = [x1,0,x3]7 and x** = [x*,0,x35] T, where sin(x}) = c1ba(coby)t, xi* = m —x} and x§ = cob3'. Now,
consider the change of coordinates x — ¢ = [(1, 2, Cg}T € R3, where ¢(; = x; —x7, 2 = xg and (3 = x3 —x5. Then, the
set W = {[2jm,0,0]" U[(1 + 2j)m—2x},0,0]" :j € Z} contains all equilibria of the system () in coordinates ¢, and it is
assumed to be decomposable in the sense of Definition H Now, consider the function

V(Q) = 3G + 565 = 3AG + brxg (cos(x7) — cos(Cr +x7)) - 1y, (A2)
where A > 0. Recalling the function ¢({;) introduced in Example g, we can easily check that the function (@) satisfies
363 + 363 — 3 (A + rb1x3)CF < V() < 563 + 565 - 3(A - rb1x3)(CE, (A3)

for all ¢ € R? and x > 1. Moreover, the derivative of the function (@) along the trajectories of the system () (in coordinates
¢ is given by V(¢) = a(¢,d) + b(¢)u, where b(¢) = (3 and

2
a(¢,d) = -AG1Ga = b1(alasin(Cr +x7) =75 — baC3 + (Qéﬁdl + (3da. (A4)

Then, the restriction 5(¢) = 0 implies

T
Gl [MA-kbixy) A G 2 %
€2:| |: A (27’—)\):| |:(:2:| (Cl +x>'1‘)2 +1 1 S (Cl +XT)2 + 1d1, (AS)

for some A\ > 0 sufficiently small, and any 7 > 0 sufficiently large. To deal with the quadratic term multiplying the perturbation
d1, we introduce the function

a(C.d) + AV(C) < -1 [

W(e) = { l‘r/l(l + V(€)) for ¢ € R3\ Qy,

©) for ¢ € Qq,
with Q; as in (). Note that the function W(¢) is continuous everywhere since W(¢) = In(1 + V({)) = V(¢) = 0 for all
¢ € 99y, where 0 denotes the boundary of 2, and the term In(1+ V(()) is well-defined for all ¢ € R3\(2;. Additionally, by
properties of the natural logarithm, we have 0 < In(1+|s|) < |s|. Besides, since In(1+|s|) is a Ko -function, we can deduce the
inequality In(1+|s1|+ |s2|) < In(1+2|s1]) +1n(1 4 2|s2|). Thus, using these properties, we obtain from inequalities (@) that

(A6)

In(1+ 3¢+ 1¢3) - LA + kbix3)(Z < W(C) < 363 + L¢3 - 3(A—rbix3)

for all ¢ € R3. Consequently, the function (@) satisfies the inequalities (E) of Definition [L ]| if A > kb1x5. Moreover, we have

W(¢) = 1_‘;:(‘/4()0 for all ¢ € R3\ ;. For b(¢) = 0, we obtain from (@)

: 1 ¢
W(¢) < TV(C) (‘AV(O + (Cl—i-x’{)2+1dl> .

2
Clearly, W(¢) = In(1 + V(¢)) > 0 for all ¢ € R3\ ;. Additionally, the quotient ) (fj_( &7y 18 bounded for all

¢ € R3\Qy, too. Hence, there exists a constant v > 0, such that the restriction b(¢) = 0 implies

W) <-A1-e"D)+vd

’

for all ¢ € R3\Q;. Note that W C {¢ € R? : b(¢) = 0}, hence we can select W = W, or simply W’ = {[2j=,0,0]" :j € Z}.
Therefore, we can say that (@) satisfies all condition of Definition @, and it is an iISS-CLeF for the system (@).
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Next, we proceed to the control design. To construct a function w(¢) as in (), we select ¥(|d|) = 01ld;] + ©2d3, with
01,02 > 0, and a constant ¢ = 0. Then, considering the function a((, d) in (@), we have

2
a(¢.d) - o(ld]) =1 (—AC1C2 —b1GaGssin(Gr +x7) = 7C5 = baGE + 7(<1+§§)2+1d1 + C3d2> —yldy| - Tad3.

2

Now, by using Young’s inequality we obtain 2|(3da| < ©U5'(3 + U2d3, and note that we can define ¥; > (1+V(C))(1€‘2|‘(C1+X*)2)’
1
wherever V({) > 0. Therefore,

w(¢) = sup {a(C.d) - 0(d)} < vy (-AGC =~ biCaGasin(Gy +37) =G - (b2 = 931)G3) -
c 2

for all ¢ € R3\ Q. Now, defining © = {¢; € R: (A -rb1x5)(} < (3 + (3} we have from () and for all ¢ € R3\Q (e,
wherever V({) > 0) that

O([¢lyprs C2.G3) = sup {w(¢) + 0.5A(1—e ()}

¢1€0
= sp {w(€) + 0.5 iy )
1€
< swp { ey (FAGG -GG sin(G+ 1) - (7= 50 G- (b2 - & - 1A) G- A - b)) }
(1€O

. * 2
- o (s (s )~ (s ) - (- 14)

¢1€0
2
- (1/)\(AA;{[71X§)<2 + ;\/m<1) ) }
= (E((|C|V~V’7 627 C3))

In this case, it is not possible to obtain an analytical solution for the supremum function. Therefore, we proceed with the control
design with this function ¢ (|4, (2. (3). By substituting 5(¢3) and ¢(|¢|y3,, (2, () in the formula () we obtain

B((Clypr G0 G3)) + /2 ((IC i Cor G3)) + G
3

Let us verify the continuity of the function (@). Note that, in the surface b(¢) = (3 = 0, we have ¢(|¢ |lyirs G2, C3) < 0, wherever
2
(2 # 0, provided that 7 > %/\ + m. Hence, the function (@) is continuous for all ¢ € {¢ € R3 : {5 # 0}. Indeed,
3 —
we can see that the origin is the unique point where the function K(¢) could be discontinuous. Next, we use the SCP-LeF ()

to analyze the behavior of K(¢) at this point. Observe that the fraction (Y é;’@’@) goes to minus infinity as (3 goes to zero,

B((ClyprCaiCa)”
a3

= K(¢). (A7)

K((IClyiprs €2 G3), [b(G3)]) <

for any (3 € R\ {0}. On the other hand, if (3 goes to zero , then goes to — (by — £ — 2 X) . Thus, we can take any

6 > 0 such that w < gforall |¢| < § and some £ > 0. Consequently, the function (@) is continuous for all ¢ € R3.
3

Moreover, remember that we have shown that VW' N s # () (with Q5 as in ()) and consequently we obtain ¢)(¢) = 1 from
(@). Therefore, the controller (@) takes the form

u(¢) = -K(¢)Cs. (A8)

Finally, we can see that the closed-loop system (@),(@) satisfies Assumption E and we establish above that the set W,; = W
is decomposable in the sense of Definition H Thus, by Theorem m, we can conclude that the closed-loop system (@),(@) has
the iISS property with respect to the set W,;. A

Example 8. Let us revisit Example ﬁ Note that we have not imposed any restriction over the parameter b, to conclude that
the function (@) is an iISS-CLeF for the system (). Indeed, we can infer that for a sufficiently large value of by > 0, the
function (@) is an iISS-Leonov function for the uncontrolled system (Ell), such that it has the iISS property with respect to
W, (given in Example ﬂ), even for u = 0. Therefore, the cases when the parameter by > 0 is relatively small or even by < 0 are
of more interest because the controller (@) (whose design is independent of the value of b5) becomes completely responsible
for rendering the system () iISS with respect to W,.
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Another interesting case is when by = ¢ = 0. Observe that this condition implies that the system () has a continuous set
of equilibria, namely all solutions of the equation b1x3 sin(x;) = c¢;. Clearly, the set WV is not decomposable in this case. Despite
of this issue, the equilibrium point x*, given in Example ﬂ, is in this continuous set of equilibria. Hence, we can still apply the
change of coordinates x — ( (as in Example []) to translate x* to the origin, and define W = {[2jm,0, 0]T : j € Z}. Since either
the conditions to ensure that the function (A6) is an iISS-CLeF for () and the design of the controller (A§) are independent
of the set W and the value of parameters b, and c2, the controller () is still able to render the system (A1), with by = ¢ = 0,

iISS with respect to the set WW,;, which is the same as in Example , and thus, decomposable in the sense of Definition H A

In the previous examples, we have met the case WNQ, # () and the corresponding selection of the set W'. This case may
be the most common one in the utilization of practical ISS- and iISS-CLeF. However, the case W N Q5 = () is also possible.
For this reason, we have considered the option W C W N € in Definition . Let us illustrate the latter case in the following

example. Additionally, we use this example to illustrate the usefulness of the function (%) in (@).

Example9. Consider the system (H). For |c| < kz andu = dy = do = 0, the system (H) has equilibria at the points [x} +2jm, x3] T
and [(142j)m—x},x3] T forallj € Z, where sin(x}) = ck3' and x3 = ky sin(x}). Then, define the coordinates ¢ = [(1, (2] € R?
as (1 = x;—x§ and (o = x3—x5. Accordingly, the set W = {[2jr,0] " U[(1+2j)7—2x%,0] T : j € Z} contains all equilibria of the
system (H) in the coordinates (, and it is assumed to be decomposable in the sense of Definition H Now, consider the function

V(Q) = 3G - 5k T + ki sin(x])Ga - gha. (A9)
By using Young’s inequality, we obtain 2|k sin(x})Ca| < 1¢3 + 243 sin?(x}). Therefore, we have
3G = 3kl = 2K sin () - Tk S V(Q) < 55 - ghac + 2k7 sin® (a]) - ki,

for all ¢ € R2. Thus, the function (AY) satisfies the condition (E) of Definition [l If. Furthermore, the derivative of the function V
along the trajectories of the system (H)), under the change of coordinates x — C, is given by V(¢) = a((, dy, ds) + b(¢)u, where
b(¢) = (o + ky sin(x7) and

a(C,di,dz) = (k{¢1 —ka(Ca + ki sin(x}))) (sin(C1 + x7) —sin(x})) = k1G1.C2 —kiGady + (Co + ka sin(x}))da. (A10)
Note that the restriction 5(¢) = 0 implies a((, dy,da) = k3¢; sin(¢y + x}) —k1(1dy, hence

(a(¢ iy do) + 4k V(Q)) lp=0 = kG sin(Cr + 1) — ki Cudy — 2k (T — 247 sin® (x]) — &7
<- %k%g“f - %kf(Z —sin ((1 +x7)) - 2k3 sinz(x’{) +2d%
- LG - 20Kk + 247,
where in the second step Young’s inequality was used to separate the first and second terms in the right-hand side of the preceding
equation, and we recall that sin(x}) = ck;' in the third step. Therefore, we can say that (@) is a practical ISS-CLeF for the
system (H) Moreover, the intersection between the sets ) and € is empty in this case. However, there exists an intersection
between the sets W and ©; since V(¢) < 0 for all ¢ € W\ {[0,0]} (with Q; and Q as in ()) Despite the origin ¢ = [0, 0]
is not in {21, by the periodicity of the system (H) with respect to (; the pomts [2jm, 0] for all j € Z are projected to the unique

point [0,0] € M. Accordingly, we can establish W' = {[2jm,0]" :j € Z} C W.
Let us continue with the controller design. Consider the functions ¥(|d|) = 2d? + 2d3 and a((,d;,d>) given in (). Then,

a(C.drds) - 0(ld)) =K1 ~ka(Ca + ku sin(x;))) (sin(Cy +x7) = sin(x})) ~k1C1Go
—kiCidy 4 (Co + Ky sin(x}))dy — 2d3 — 2d3
=(k7¢1 —ka(C2 + ky sin(x}))) (sin(C1 + x7) —sin(x})) — k1 (1o + $A5CF + 3 (Co + Ky sin(x}))?
— (21%/(1@ + \/§d1) - (ﬁ(@b + ky sin(x7)) + \/§d2>2
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Hence, substituting the latter equation and a constant z = 0 in (), we obtain

w(¢) = sup {a((,d1,d2) - v(d])}
deR?

=(k{C1 —ka(Co + ky sin(x7))) (sin(¢y + x7) = sin(x})) —k1G1Ga + k¢ + §(Ga + kusin(x7)).
Now, similarly to (), we define
?([Clyirs C2) = sup {w(C) + 2k V(C)}
€0

= sup {kiG3 + §(Co + ki sin(x}))? = ki (G + ka sin(x})) — TG + k3G sin(Gy + 47)
1€0

—243 + 243 sin(x})Co — k2 (G2 + ku sin(x})) (sin(¢y + xf) —sin(x})) }
1

< sup {kiG3 + §(Go + kasin(x}))? = k1 Gi (Co + ka sin(x})) - EK5¢T + k7 sin® (1 + x7)
(1€0

—243 + 243 sin(x})Co — k2 (Co + ku sin(x})) (sin(¢y + xf) —sin(x})) }

= sup {ki¢3 + 33(Co + ki sin(x}))® = 3((Go + ku sin(x))) + $k1¢1)? + 547 sin®(C1 +x7)
¢1€0

LR + 282 sin(})Ca —ka(Ga + K sin(a))(sin(Cy + ) —sin(})) )
< k@3 + 37 (Co + kusin(x)))? = $kT(1—sin®(C1 + 7)) + 24 sin(x})Ce
—ko(Ca + ky sin(x})) (sin(¢y + x7) —sin(x}))
= o((IChyprs G2))s

where © = {(1 € R: ki (F < 3¢2 + 443 sin? (x%) — 1ky}. Then, by substituting b(¢) = (2 + ki sin(x}) and ¢(|¢|,5,/, (2) in the
formula () we obtain

BClyis ) + /92(IClyps ) + (G + ko sin(x))*

K((I¢lys C2)s 1B(Q)]) < CETETCE = K(0). (Al1)

Note that the restriction b(¢) = (o + kq sin(x}) = 0 implies ¢(|C|,5r, (o) < —2k3(1—sin® (¢ +x7)) —&F sin(x}) < 0 for all
¢ € R2. Hence, the function ( is continuous everywhere. In this case, the SCP-LeF (Iﬁ) is straightforwardly satisfied.

Moreover, we established that W = {[2jm,0]" :j € Z}, and clearly, the function b(¢) does not vanish at any element of this
set. Therefore, we have W' N Qs = 0 (with Q5 as in (@)). Consequently the function (@) becomes ¥ (¢) = min {1, %ﬂ} s
where (|5, = /(sin(¢q +xf) —sin(x]))2 + (3, and 0 < € < ¢* is a constant. We can deduce that the origin ¢ = [0,0] is
the closest element of W’ to the line V(¢) = 0, besides the smallest distance between the origin and the line V(¢) = 0 is

on the plane ¢; = 0, therefore €* is given by a solution of the equation V(¢) = £(3 + ky sin(x}){2 — +k1 = 0, such that

¢ = —ky sin(x) + 4/ 4kZ sin® (x7) + 2K1.
Finally, the controller (23) takes the form

u(¢) :—min{l,CLW'}K(CQ + ki sin(x7)). (A12)

Hence, we can say that the closed-loop system (H),() satisfies Assumption H, and the set W, is assumed to be decom-
posable in the sense of Definition E, and contains the set W' since the function ¢ (¢) makes u(¢) = 0 for all { € W'. Thus, by
Theorem [l| we can conclude that the closed-loop system (H),() has the ISS property with respect to the set WW,;. A
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