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Fixed-Work vs. Fixed-Time
Checkpointing on Large-Scale
Failure-Prone Platforms

Quentin Barbut', Lucas Perotin?, Anne Benoit'#, Thomas Herault?, Yves Robert' and
Frédéric Vivien'

Abstract

Consider a High-Performance Computing (HPC) application executing on a large-scale failure-prone platform. The
Fixed-Work Checkpointing (FWC) problem consists in minimizing the expected time to execute a fixed amount of
work (namely a fraction or the totality of the application). Strategies for the FWC problem have received considerable
attention and are well-understood. On the contrary, the dual problem, namely the Fixed-Time Checkpointing (FTC)
problem, has been considered only very recently. The FTC problem consists in maximizing the expected work achieved
during a fixed amount of time (namely the duration of a reservation granted to the application). This work provides a
comparative overview of both problems. First we review existing strategies for the FWC problem and extend them
to stochastic checkpoints, i.e., when the checkpoint is no longer a deterministic constant but obeys some probability
distribution law instead. Then we provide a comprehensive study of the FTC problem. The problem turns out to be
surprisingly difficult, even when restricting to taking one or two checkpoints. We provide a threshold-based heuristic
to solve the general instance of the problem with an arbitrary number of checkpoints, and we have to resort to time

discretization to provide an optimal strategy. We further extend this latter strategy to stochastic checkpoints.
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1 Introduction

Checkpoint/restart is the standard technique to protect ap-
plications running on High Performance Computing (HPC)
platforms. Such platforms experience several failures® per
day 7101315717 " After each failure, the application executing
on the faulty processor (and likely on many other processors
for a large parallel application) is interrupted and must be
restarted. Without checkpointing, all the work executed for
the application is lost. With checkpointing, the execution can
resume from the last checkpoint, recovering its state from the
last checkpoint file.

There are two very natural settings to study checkpointing
strategies for HPC applications. In the first setting, there
is a global amount of work Wy,; to execute, namely the
total load of the application. We partition W;,; into several
chunks, each followed by a checkpoint. The objective is
to minimize the expected time to execute all these chunks
(i.e., the whole application). How many chunks, and of
which size, should be taken? With same-size checkpoints,
this is equivalent to asking how many checkpoints should
be taken. There is a well-known trade-off: taking too many
checkpoints leads to a high overhead, especially when there
are few failures, while taking too few checkpoints leads to
a large re-execution time after each failure. The Fixed-Work
Checkpointing (FWC) problem consists in minimizing the
expected time to execute the fixed work W;,,. The FWC
problem has received considerable attention in the recent
years. We review previous work for the FWC problem in
Section 2.1

In the second setting, the application executes for a fixed
time 7', namely the length of the reservation that it has been
granted. Indeed, scheduling an application onto a computing
platform typically involves making a series of reservations
of the required resources. Long running applications, or
applications whose total run-time are hard to predict, usually
split their reservation in multiple smaller reservations and
use checkpoint-restart'>!8 to save intermediate steps of
computation. There are multiple advantages to this approach,
but the main one is that it lowers the wait-time of the
application, as the job scheduler can easily place a smaller
reservation. On some platforms, a maximum reservation time
is imposed on applications, forcing applications that run
longer than this maximum time to split their reservation
and rely on a form of checkpoint-restart. For each actual
reservation, the job needs to be checkpointed before the
reservation time has elapsed, otherwise the progress of the
execution during the reservation will be lost. The problem
with a fixed-length reservation 7' is then to maximize the
expected work that can be achieved during that reservation,
given that (i) failures may strike during the execution, and
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(ii) a final checkpoint must be taken at the end, or close to
the end, of the reservation. This problem, which we call the
Fixed-Time Checkpointing (FTC) problem, can be seen as
the dual of the FWC problem: instead of minimizing the
expected time to execute a fixed amount of work, we aim
at maximizing the expected work achieved during a fixed
amount of time.

The FTC problem has received little attention, despite its
practical significance: reservations are omnipresent in HPC,
and are at the heart of batch schedulers. Building upon our
previous work?, we show that FTC turns out to be much
more difficult than FWC, which is kind of unexpected, and
we explain why. We then propose several heuristic strategies
to solve the FTC problem.

We also introduce a new dimension in both the FWC
and FTC problems, namely that of a varying checkpoint
duration. Assuming a perfect knowledge of the total
work Wi, for FWC is quite reasonable (you know your
application). Similarly, assuming a perfect knowledge of the
reservation duration 7' for FWC is quite reasonable (you
know what you paid for). On the contrary, assuming a perfect
knowledge of the value of the checkpoint time C' is more
questionable. In particular, if the actual duration of the last
checkpoint C' exceeds the one planned, that checkpoint may
well not complete before the end of the reservation, and all
the work executed since the previous checkpoint (if any)
will be lost. In fact, it is very likely that the value of C
would vary from one execution to another; the range of
variation of the possible values of C' would typically depend
upon the application. What is the best strategy then? A
natural approach is to assume that C' takes values within a
finite range [Cin, Cinax], Obeying a probability distribution
law De. We show how to accommodate such stochastic
checkpoint values for both the the FWC and FTC problems.

Altogether, the major contributions of this work are the
following:

* We review existing strategies for the FWC problem
and extend them to stochastic checkpoints.

* We provide a comprehensive study of the FTC
problem. Due to its difficulty, we have to resort to
time discretization to provide an optimal strategy.
We further extend this latter strategy to stochastic
checkpoints.

The rest of the paper is organized as follows. We
survey related work in Section 2. We detail the framework
in Section 3. The next four sections provide checkpoint
strategies for the following four problems: (i) FWC
and constant checkpoints in Section 4.1; (ii) FWC and
stochastic checkpoints in Section 4.2; (iii) FTC and constant
checkpoints in Section 5; and (iv) FTC and stochastic
checkpoints in Section 6. Section 6 also discusses a simpler
problem, that of a fixed-length reservation and stochastic
checkpoints, in a failure-free environment. This simpler
problem is of interest beyond HPC applications and relevant
to a wider class of applications, even shorter and sequential
ones. Finally, Section 7 provides concluding remarks and
directions for future work.

2 Related work

We survey related work in this section, first discussing
checkpoint-restart techniques, then discussing fixed-length
reservations.

2.1 Checkpoint-restart

Checkpoint-restart is one of the most widely used strategies
to deal with failures. Several variants of this policy have
been studied; see!? for an overview. The literature focused
on fixed-work checkpointing, for which a natural strategy
is to checkpoint periodically; one must decide how often
to checkpoint, i.e., derive the optimal checkpointing period.
An optimal strategy is defined as a strategy that minimizes
the expectation of the execution time of the application.
For a preemptible application, where checkpointing can
occur at any time, the classical formula due to Young?’
and Daly® states that the optimal checkpointing period is
Wyp = v/2uC, where i is the application MTBF and C the
checkpoint cost. This formula is a first-order approximation.
For memoryless failures, Daly provides a second-order,
more accurate, approximation in®, while our previous work®
provides the optimal value; both® and® use the Lambert
function, whose Taylor expansion is key to assess the
accuracy of the Young/Daly formula. The derivation in®
is based on Equation (8) (see Section 5.1.1), a formula
rediscovered ten years later, with a quite different proof
based on a Markov model, in'®. Finally, we point out that
non-memoryless failures are more difficult to deal with for
parallel applications, and we refer to the recent paper* for
more details.

We stress that this work is agnostic of the checkpoint
protocol in use. For instance, rather than coordinated
checkpointing on stable storage, which is the choice by
default, one could use in-memory checkpointing>'*?!, also
known as buddy checkpointing, which reduces checkpoint
time at the price of increased memory requirements
(several checkpoint copies must be stored in the memory
of each processor). Note that this approach requires
surviving processes to continue execution after a failure,
necessitating the use of a fault-tolerant version of the
MPI library implementing the User-Level Failure Mitigation
(ULFM) extension to the MPI Standard®. Such a diskless
checkpointing capability has been implemented over ULFM,
for example in the Fault-Tolerant Programming Framework
Fenix ', Altogether, using in-memory checkpointing only
changes the value of C' in our study.

2.2 Fixed-length reservations

Long-running HPC applications usually make a series of
reservations of the required resources: the execution is split
into multiple smaller reservations, and checkpoint-restart
is used to save intermediate steps of computation at the
end of each reservation. There are multiple advantages
to this approach, but the main one is that it lowers the
wait time of the application, as the job scheduler can
easily place a smaller reservation. On some platforms,
a maximum reservation time is imposed on applications,
forcing applications that run longer than this maximum
time to split their reservation and rely on a form of
checkpoint-restart. These scenarios occur in large scale
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High Performance Computing (HPC) platforms as well
as on the Cloud. For each actual reservation, the job
needs to be checkpointed before the reservation time has
elapsed; otherwise the progress of the execution during the
reservation will be lost. On failure-free platforms, there is a
single checkpoint close to the end of the reservation, in order
to save and store output data. On failure-free platforms, more
checkpoints may be taken throughout the reservation to save
intermediate results, and the last checkpoint is still there to
save final results.

To the best of our knowledge, the FTC problem, namely,
dealing with the impact of failures within a fixed-length
reservation, has never been addressed in the literature. This
is somewhat surprising, because it is a very natural problem
that must be addressed for any large-scale HPC application
that is granted one or several reservations by the batch
scheduler. The closest related work is our paper!, where
we consider a failure-free scenario: an application executes
for a fixed-length reservation and checkpoints at the end.
The checkpoint duration is a stochastic random variable that
obeys some well-known probability distribution law, and
the question is to decide when to checkpoint so that the
expected work is maximized. Adding failures to the picture
was suggested by an anonymous reviewer of !

3 Framework

This section details the framework used throughout the
paper. We enforce standard assumptions from the literature,
which we detail below.

We target a parallel application executing on a large-
scale HPC platform. Failures may strike the application
during execution. Failure inter-arrival times’ (IATs) obey
Independent and Identically Distributed probability laws,
namely an Exponential distribution Ezp()\;y) of parame-
ter \;,g on each processor. The Mean-Time Between Failures
(MTBF) on a processor is thus fi,y = ﬁ If the parallel
application enrolls p processors, then the platform MTBF
ispu= % The superposition of p exponential distributions
of parameter \;,; is an exponential distribution of parameter
A = pAiug- Given an execution of duration X, Pyy..(X) =
e ¥ is the probability of success of that execution, and
Praa(X) =1 —Poyee(X) =1— e~ X is the probability of
(at least) one failure during that execution.

After a failure, the application must roll-back to the last
checkpoint. In order to restart its execution, the application
enters a recovery phase, during which it reads the checkpoint
file from stable storage. Failures can strike during checkpoint
and recovery, but not during downtime (otherwise we would
include it in the recovery). The checkpoint cost is C,
the recovery cost R, and the downtime D. The durations
of C' and R are either assumed to be fixed constants,
or they can take stochastic values drawn from some
probability distributions D¢ and Dp. In the latter case, these
distributions D¢ and Dg are assumed to be independent of
the failure inter-arrival times with IID distribution Ezp(\).
However, D¢ and Dpg are not assumed to be independent in
general. In fact, the size of the checkpoint file depends upon
the application data, but it remains the same when writing
to or reading from stable storage, so it is natural to have R

proportional to C, the proportion factor being the ratio of
reading from over writing to stable storage: R = 8C.

The execution of the application is partitioned into chunks,
and each chunk ends with a checkpoint. In particular, the
last chunk always end with a checkpoint. For the FTC
problem, any time that remains after the last checkpoint
is lost. Symmetrically, if a failure strikes the first chunk,
an initial recovery R is paid for. Finally, the application is
preemptible, meaning that a checkpoint can be taken at any
instant.

Without loss of generality, we assume that one unit of
work lasts one second, so that we can speak of work or
time indifferently. For the FWC problem, we target a parallel
application with W, units of work, or seconds. For the FTC
problem, we have a reservation of fixed-length 7" seconds.
The values of C, R and D are also expressed in seconds.

4 Fixed-Work Checkpointing

This section provides background on the FWC problem, first
with a constant checkpoint time in Section 4.1, and then with
a stochastic checkpoint time in Section 4.2.

4.1 Fixed-Work Checkpointing, Constant

Checkpoint Time

This section deals with the FWC problem, with a constant
checkpoint time. We recall the following result:

Lemma 1. The expected time BE(W) to execute a segment
of W seconds of work followed by a checkpoint of C seconds
is

E(W) = (i + D) AR (eMW*C) - 1) S

Lemma 1 comes from® Theorem 1. The slowdown
function is defined as f(W) = %. We also have the
following properties:

Lemma 2. The slowdown function W — f(W) has a
unique minimum W,, that does not depend on R, is
decreasing in the interval [0, W, and is increasing in the
interval [Wp;, 00).

Proof. Again, see® Theorem 1. The exact value of Wops 18
obtained using the Lambert W function, but a first-order

approximation is the Young/Daly formula®20: Wy, = /%€,

Lemma 2 shows that infinite applications should be
partitioned into segments of size W,, followed by a
checkpoint. What about finite applications? Back to our
application of duration W,,;, we partition it into N segments
of length W;, 1 <4 < N, each followed by a checkpoint C.
By linearity of the expectation, the expected time to execute
the whole application is

<1+D> e)\Ri (e/\(WH-C)_l)
5 ;

N
E(Wiot) = Y E(W;) =
i=1 1=1

TIATs are the times elapsed between two consecutive failure events (or until
the first failure at the start of the application).



where Zi\il W; = Wy, By convexity of the Exponential
function, or by using Lagrange multipliers, we see that
E(Wiot) is minimized when the W;’s take a constant value,
i.e., all segments have same length. Thus, we obtain W; =
% for all 7, and we aim at finding N that minimizes

E(W) = NE (Vf,t) _y (”;;ﬁ « Wity ()

where f is the slowdown function. We let N, = VmV;“f,
opt

where W,,; achieves the minimum of the slowdown function.
Nop: would be the optimal number of segments if we could
have a non-integer number of segments. Lemma 2 shows that
the optimal value Ny of N is either Ny = max(1, | Nop])
or Nyg = [N,y |, whichever leads to the smallest value
of E(Wyot). In the literature, one usually uses the simplified

Wf ot
Wrp

be inaccurate for short values of Wy,;.

Young/Daly expression Nyg = { W, which however can

4.2 Fixed-Work Checkpointing, Stochastic
Checkpoint Time

This section extends known results for the FWC problem
when checkpoints and recoveries are no longer constant but
instead obey some probability distributions Do and Dp.
Let fc(c) and Fgo(c) denote the probability density
function and probability distribution function for C,
with compact support [Ciin, Ciax]; similarly, let fr(r)
and Fg(r) denote the probability density function and
probability distribution function for R, with compact support
[Rmin, Rmax). Consider some fixed work W to be executed
in this framework. Conditioning the expectation E(W) in
Equation (1) to the values of C' and R, we derive that

E(W) = [ [gm>B(W|C = ¢, R = r)dcdr

— fccz:i" gr::"fc(c)fza(r)(%—i-D)e*R (eMW+C)—1) dedr.

(3)

This formula is quite general and applies to arbitrary
distributions D¢ and Dg. We detail the computation for an
important scenario where D¢ is Uniform in [Cryin, Cinax)
(hence Fo(c) = % for ¢ € [Ciin, Cmax)) and R is

Crmax—Cmin

proportional to C, namely R = SC'. We derive that

E(W) = ( it fgm) x

JER (¢ — Cpm)e (A4 1) de.

“4)

We know that (integrating by parts for the second equation):

fccg e AMdt = e A — gmAe2
! —Acy 7e—>\02 (5)

fccf Me Mdt = cie 1 — cge A2 4 £ S

This enables us to compute a (somewhat messy) formula for
E(W) in Equation (4). In fact, we do not need the detailed
formula to proceed. Owing to Equation 5, we can write

E(W) = A1eM + Ay, (6)

where A; and A, are some (complicated) constants, with
Ay > 0. This is all we need to solve the FWC problem with
stochastic checkpoints:

* For infinite jobs, we minimize the slowdown function
fw) = % just as with constant checkpoints,
and the minimum W, is still obtained using the
Lambert W function.

e For a finite job of duration Wy,;, Equation (6) shows
that E(W) is convex. Hence, we should divide W,
into chunks of same length, and the optimal number
of chunks is obtained very similarly to the case with
constant checkpoints.

Interestingly, the approach to compute E(W) extends to
the case where W itself takes stochastic values. Assume
that W obeys some probability distribution law Dy, whose
support is, say, [0,00[. Let fw(w) and Fy (w) denote
the probability density function and probability distribution
function of Dyy. We then extend Equation (3) into

E(W) = [5m [ame [ fo(e) fr(r) fw (w)x

min

(1 + D) e (XS — 1) dedrdw. (7)

As a simple illustration, take C = R = D =0 and Dy =
Ezp(v). This means that we compute the expected time to
execute a stochastic amount of work W whose values are
drawn from the distribution Exp(7), in presence of failures
whose inter-arrival times are drawn from the distribution
Ezp(\). There is no checkpoint nor recovery nor downtime,
meaning that after each failure, we resume from scratch
immediately. Equation (7) simplifies into

EW) = %fooo ywe 1w (e>‘w — 1) dw.

Integrating by parts, we obtain that

1

Ew)={ 7= 1fA<7,
00 otherwise.

Without failures, the expected value of E(W) would be %
With failures of rate )\, the value of E(TV) increases, and gets
infinite whenever A is no longer smaller than . This little
example shows the expressiveness of Equation (7), which

can be easily instantiated for various distributions D¢, Dgr
and Dy .

5 Fixed-Time Checkpointing, Constant
Checkpoint Time

This section focuses on the FTC problem. We consider
a parallel application executing for a fixed-time 7" on a
parallel platform. The application experiences failures which
follow an Exponential probability distribution Ezp()\). The
objective is to maximize the expected work E(T") achieved
during T seconds. In this section, we assume that the
checkpoint time is a constant C, and we deal with a
stochastic checkpoint time in Section 6.

A checkpointing strategy for the FTC problem is
recursively defined as follows:

* Initially, the time left is ¢;,; = 7. The strategy decides
how many checkpoints will be taken, and at which
instants, if there is no failure during the whole
execution. With k checkpoints taken, let t,,(i) < T
be the completion time of checkpoint number 7, with
1<i<k.

* If there is no failure up to time ¢.,4(k) (when the last
checkpoint completes), then the work achieved by the
strategy will be equal to W = t,,4(k) — kC.
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* On the contrary, if a (first) failure strikes attime ¢t < T,
let ¢ < k be the number of the last checkpoint that
completed before the failure. The work done after time
tena(¢) and up to time ¢ is lost, and the work achieved
by the strategy up to the failure will be equal to W =
tena(l) — LC.

e Now after the failure at time ¢, there is a downtime
and a recovery; hence, the time left is ¢ = (T' — t) —
D — R. If t;p > C, we call recursively the strategy
and will add the work done then to .

In other words, for any value t,; < T, a checkpointing
strategy must decide how many checkpoints will be taken,
and at which instants, if no failure strikes during the
execution of length ¢;,5. We point out that the strategy will
not be the same for different values of ¢, the distances
between consecutive checkpoints are recomputed after each
failure: this is what renders the problem so difficult.

5.1 Difficulty of the Problem

This section provides several examples and case-studies that
demonstrate the difficulty of the problem.

5.1.1 With a Single Checkpoint at the End of the
Reservation. The first example deals with a simple
checkpointing strategy: given any value of time left g,
the strategy is to always work up to the end and take
a unique checkpoint at the end, starting at time ¢, — C.
We let E““(T,1) denote the expected amount of work
achieved with this strategy. We cannot provide a closed-
form expression for E"¢(T, 1), but we provide a recursive
formula. To do so, we need an auxiliary quantity E(T', 1),
where the only difference with E“(T', 1) is that we start the
execution with a recovery.
To compute E%?(T, 1), we distinguish two cases:

» Either there is no failure, which happens with
probability Pg,..(T), and we work for T — R — C
seconds, accounting for the initial recovery and the
final checkpoint;

e Or there is a failure before time 1, and we have a
recursion depending upon the time ¢ at which the first
failure strikes.

Overall, E¥(T, 1) can then be expressed as:

E2(T,1) = e (T — R - O)

+ [P NS B (T — ¢ — D, 1) dt.

In the integral, we use the conditional density probability
)\t% that the first failure strikes at time ¢, given that
we know that a failure will strike before time 7. We cap
the range of ¢ down to T'— D — R — C because no more
work can be executed if there remains less than D + R 4 C'
seconds after the failure. Now, the formula for E"¢(T', 1) is

quite similar:

E(T 1) = e (T - C)

+ [P\ S BT — ¢ — D, 1)dt,

and simply accounts for the absence of the recovery at the
beginning of the execution.

Unfortunately, the formulae for E*"/(T', 1) and E¥(T, 1)
do not lead to a closed-form expression. This is in

sharp contrast with the corresponding instance of the dual
fixed-work problem, i.e., the computation of the expected
time E(TV) to execute a given amount of work W followed
by a checkpoint C'. Indeed, the recursive formula for E(W)
writes:

E(W) = e W+ (W + C)

) w0 ®)
+(1—e NE(Tiost (W +C)HE(Tree) +E(W)),
where E(T},(W + C)) is the expected time lost before
the first failure. Similarly, E(7y.) is the expected time
for the recovery (recall that failures may strike during
recovery). Skipping details (see®), we obtain Equation (1)
(see Lemma 1). The key to solving Equation (8) is that
the term E(1/) is on both sides of the recursive equation:
after a failure, we resume in the same state, i.e., with the
same amount W of work to execute. On the contrary, when
computing E(T', 1), we are left with fewer time left after
a failure at time ¢ and call recursively for E¢(T —t — R).
This is the key why computing E(T, 1) (or E*(T, 1)) is
extremely difficult.

5.1.2 With a Single Checkpoint in a Short Reservation.
The second example shows that the final checkpoint should
not always be taken at the very end of the reservation. We
consider a short reservation 7', say 1" = 6, with D = 0 and
C = R = 4: there is time for only one (final) checkpoint,
because 2C' > T'. Also, no extra work can be achieved after
a failure, whenever it strikes, because R + C > T.

We compare the strategy STRAT; where we checkpoint
at the end, from ¢t = 2 to ¢ = 6, with the strategy STRAT»
where we checkpoint earlier, from ¢ =1 to ¢t = 5. The
expected gain GAIN of STRAT; over STRAT: can be either
nonnegative or nonpositive, and depends upon whether a
failure strikes and when; each case is weighted by its
probability to occur:

o If there is no failure, the gain is Pgy..(6) x 1: two
seconds of work have been saved for STRAT;, only
one second for STRAT;

o If the first failure strikes after ¢ =5, the gain is
Pouce(5)Praa(1) x (—1): it is negative since no work
is saved for STRAT, versus one second of work saved
for STRAT,;

* If the first failure strikes before ¢t = 5, the gain is 0: no
work has been saved for either strategy, and there is no
time left after downtime and recovery after the failure
to take a checkpoint.

Altogether, the gain is:

GAIN =e 8 —e 1 —e ) =e P (2e7* — 1)

_ 675)\(61n(2)7)\ _ 1)7

which is negative when A > In(2). Hence, if A is large
enough, it is better to checkpoint before the end of the
reservation!

This example is quite simple, because no extra work can
be achieved after a failure, so there is no recursive call,
regardless of the checkpoint strategy. We deal with a more
complicated example below.

5.1.3 With Two Checkpoints. This third example, and the
heuristic approach described in Section 5.2, both involve
checkpoint strategies with recursive calls after each failure,



as long as there remains sufficient time left. To compare the
performance of two different checkpoint strategies STRAT;
and STRATs for a reservation of size 7', we compare the
expected work that they achieve until the first failure, or until
the end of the reservation if there is no failure. In other words,
we compare the expected work until the first recursive call.
This is because we can always assume that both strategies
will proceed identically after the recursive call, i.e., for
shorter reservations of size t,s < T'. Indeed, assume (by
contradiction) that STRAT; achieves more expected work
than STRAT, until the first failure, but globally achieves less
expected work than STRAT, until the end of the reservation.
Then, we could use STRAT; to improve STRAT; as follows:
consider strategy STRAT3, a modified version of STRATs,
which starts the execution using the very same checkpoints
as STRATq, and is identical to STRAT, after the first failure
(if any); then STRAT3 has better total performance than the
initial STRATs, hence, than STRAT; by assumption. This
explains why we can always assume that both strategies will
proceed identically after the first recursive call, and why
our comparison metric is the gain achieved by one strategy
compared to the other until the first failure, if any.

Now, we move to the example and show that we should
not always use same-size segments when provisioning
two checkpoints. Consider the following problem: given
a reservation 7" > 2C, we provision two checkpoints, the
first scheduled to end at time «(7')T, and the second one
scheduled to end at time 7. Here, «(7T) is a scalar that
depends on 7', and we ask whether it is optimal to have
ao(T) = %, i.e., two segments of same size. We have two
bounds, a lower bound C' < «(T)T (so that the first segment
is long enough to take a checkpoint) and an upper bound
o(T)T < T — C (so that the second segment is long enough
to take a checkpoint). Let STRAT(«(T")) be the strategy
with two checkpoints, the first ending at time «(7")7’, and the
second ending at time 7". We aim at computing the best value
of «(T). As stated above, we compare the gain (positive or
negative) GAIN(«(T)) of STRAT2(«(T')) over STRAT, the
strategy where we execute only a single checkpoint at the
end of the reservation. Recall that the gain GAIN(«(T)) is
the difference of the expected work achieved until the first
failure, if any.

The gain GAIN(a(T")) of STRAT2(«(T")) over STRAT] is

* Poyec(T) x (—=C) if there is no failure, because there
is one more checkpoint in STRATz2 (a(T));

* 0if the first failure strikes before time o(7")T": no work
saved for either strategy;

* Pouee (@(T)T)Ptait (1 — a(T))T) x (a(T)T — C) if
the first failure strikes after time «(7")T: no work
saved for STRAT; versus a(T)T — C seconds of work
for STRATy(a(T)).

Altogether, the gain is

GAIN(a(T)) = e (=0)
e M (] _ o= AU=a(M)TY(o(TYT — ()
= e DT ((T)T — C) — e M o(T)T.

Given T, we consider the function f(a) = e T (aT —
C) — e~ *'aT and differentiate:

fl(@) =-ATe T (aT — C)+ e 2TT — e T
=Te 2T (1 - XaT —C) — e 2-)T)

Letting g(a) = 1 — A(aT — C) — e~ (=T and differen-
tiating again:

g (@) = =AT(1 + e =Ty <,

Hence, g is decreasing, and f” is decreasing too (product of
two decreasing functions). We have

f0)=TA\C+1—-e ) >0 and

()= -ATe (T -C) <0

Hence, f’ has a unique zero o,y (1), which is the unique
solution of the equation

1= MaT —C) 4 e M=), 9)

We see that v, (T) is not equal to 3 in general, so that
having two same-size segments is not optimal. The only case
it is optimal is when T and A satisfy to 1 =X(% — C) +
e~*%. This is in sharp contrast with the dual fixed-work
checkpointing problem, where having same-size segments is
always optimal 2. But we point out that when A\ — 0 and
with 7= ©(\~2), then the first order expansion of op(T)
does give c,p(T) — %, which is comforting.

5.2 Threshold-Based Heuristic

We introduce a dynamic heuristic that relies upon thresholds.
This heuristic always uses same-size segments, each
finishing with a checkpoint, and the last checkpoint is
scheduled to complete exactly at the end of the reservation
(or what remains of it). The major difficulty is to decide
how many checkpoints to provision in case of a failure-
free execution. The key of the heuristic is to provide a
sequence of thresholds (7},),>1 so that we provision exactly
n checkpoints when the time left (initially the full length 7'
of the reservation) satisfies

Tn S tleft S Tn+1- (]0)

Intuitively, introducing such thresholds makes sense: the
longer the reservation, the more checkpoints one should
provision. Also, we could expect that the longer the
reservation, the more work achieved by the heuristic in
expectation. Unfortunately, this is not true: revisiting the
example of Section 5.1.2, the heuristic achieves more
expected work when 7' =5 than when T'= 6 whenever
A > In(2). And the example of Section 5.1.3 shows that
relying on same-length segments is seldom optimal. Still,
the heuristic is very natural, and we explain below how to
determine the threshold sequence (1},)n>1.

We construct the sequence inductively and start with
T, = 0: for short reservations, we always need a checkpoint
at the end. Now, given the value of the first n thresholds T3,
for 1 < 4 < n, consider a reservation of length

T > max (T, (n+1)C). (11)

We determine at which length T}, it does become better
to use n+ 1 checkpoints instead of n. To do so, we
compare the gain (either positive, zero or negative) when
using (n + 1) checkpoints (strategy STRAT,, ;1) instead of
using n checkpoints (strategy STRAT,,). Recall that the gain
compares the expected work until the first failure. Hence,
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Chunk numbers from 1 to n(n + 1) = 20
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Figure 1. Comparing strategies with n and n + 1 checkpoints for n = 4.

for a reservation 7' obeying Equation (11), we want to
compare E(T,n + 1), the expected work with STRAT,, 1,
with E(T,n), the expected work with STRAT,, until the
first failure. We compute the difference GAIN(T,n + 1) =
E(T,n+ 1) — E(T,n) via a case analysis, depending upon
when the first failure (if any) strikes in the execution.

In Figure 1, we give an example for a reservation of
length 7', using either n = 4 or n + 1 = 5 checkpoints. In
the general case, because n and n + 1 are relatively prime,
there are n(n + 1) chunks where the first failure may strike.
For the example, there are 20 chunks. Altogether, there are
several cases to analyze, depending upon which chunk is
struck by the first failure, plus the last case without any
failure. This last case is the easiest to analyze: with one
more checkpoint for STRAT,,;; than for STRAT,,, the gain
is negative, and its expected value is Py (7)) x (—C).

Now, we discuss the gain for the case when the first
failure strikes chunk number s, for 1 < s < n(n+1). Let
U= ﬁ be the length of a chunk. We start with a lemma:

Lemma 3. The probability that the first failure strikes
chunk number s > 2 is Pgyec((s — 1)U) X Ppoi(U). The
probability that the first failure strikes a slice of t consecutive
chunks composed of chunks number sto s +t — 1withs > 1
andt > 2is Pyyec((s — 1)U) X Ppo (tU).

Proof. This is a well-known result, due to the memoryless
property of the Exponential probability distribution. It is
based upon the fact that the probability that the first failure
strikes a slice of k consecutive chunks is the sum of the
probabilities that the first failure strikes any of these chunks.

Chunks can be partitioned into 2n slices A,, and B,, for
0<m<n-—1:
* Slices appear in the order
A07 BO7 Alv Bla AR A’nfla B'nfl'

* Slice A,, is composed of chunks number s with
m(n+1) < s < (m+ 1)n: chunks after checkpoint
number m (or the beginning of the execution if
m = 0) of strategy STRAT,,, and up to checkpoint
number m + 1 of strategy STRAT,,1 (see Figure 1).
In the figure, slice Ay includes the first n = 4 chunks,
and slice A; includes n — 1 chunks after the first
checkpoint in strategy STRAT,, 41, i.e., chunks 6 to 8.
Slice A,,, is composed of n — m chunks.

* Slice By, is composed of chunks number s with (m +
1)n < s < (m+1)(n+1): chunks after checkpoint
number m + 1 of strategy STRAT,;; and up to
checkpoint number m + 1 of strategy STRAT,,. In
Figure 1, slice By includes chunk 5, and slice B;
includes chunks 9 and 10. Slice B,, is composed of
m + 1 chunks.

If the first failure strikes within slice Ay, both strategies
lose everything and there is no difference. If the first failure
strikes within slice A,,, for m > 1, then strategy STRAT,, has
saved more chunks than strategy STRAT,,+1, namely all the
chunks of slice B,,_;. Hence, the gain is negative, and its
expected value is

—Psuce(m(n + 1)U)Pri((n — m)U) x (mU).

The probability is computed using the fact that slice A4,,
starts at chunk m(n + 1) 4+ 1, and has length n — m chunks.
The extra number of chunks for STRAT,, is given by the
number m of chunks of slice B,,_i. Indeed, since both
strategies made the same number of checkpoints before
the failure, the gain is exactly the difference between the
completion time of the last checkpoint for both strategies,
which corresponds to the number of chunks of slice B, 1.
If the first failure strikes within slice B,,, then strategy
STRAT,, has saved fewer chunks than strategy STRAT,, 4,
namely all the chunks of slice A,,, but had to do one
less checkpoint. Hence, the expected value of the gain
is Poycec((m + 1)nU)Proa((m + 1)U) x ((n —m)U — C).
The probability is computed using the fact that slice B,,
starts at chunk (m + 1)n + 1, and has length m + 1 chunks.
The extra number of chunks for STRAT,,; is given by the
number n — m of chunks of slice A,,, but this time we need
to deduce the additional checkpoint taken by STRAT,, ;1 at

the end of A4,,.
Altogether, we have derived that

GAIN(T,n+ 1) =E(T,n+1) — E(T,n)
= —Psuce (T) x C
(loss if no failure)
= Powce(m(n + DU)Pra((n — m)U) x (mU)
(gain if first failure strikes slice A,)
+ 307 Paee (m + Dnl)Bpaa((m + D)U) x ((n — m)U—C)

(loss if first failure strikes slice B,,).

We are unable to prove that there exists a single solution
Tht1 > (n+ 1)C to the equation GAIN(T}, 41, + 1) =0,
but we conjecture that this is always the case (as one can
intuitively expect, there is no reason to use more checkpoints
in a shorter reservation than in a longer one). In the
experiments reported in Section 5.4, we have solved the
equation numerically and we constructed a unique sequence
of thresholds (77, )5 >1.

We proceed to a first-order approximation of 7}, ; when
A — 0. As for the Young/Daly approximation ', the failure-
free overhead and the failure-induced overhead must be
of the same order of magnitude for this approximation.
The failure-free overhead is the relative cost of checkpoints
@(%) The failure-induced overhead is the re-execution
cost and is of the order ©®(AT): indeed, we re-execute
a fraction of the reservation every time a failure occurs,
which happens a fraction % (the MTBF) of the time. This



gives that T = @(%) hence, T'— oo when A — 0, but

also \T' = @(ﬁ) — 0 when A\ — 0, and we can safely use
the first order approximation Py, ..(T) = e A =1 — \T +
o()- We rewrite the gain GAIN(T, n + 1) as

GAIN(T n+1)=-C(1 —n(n+ 1)A\U)
— Zm 1( —m(n+ 1)AU)(n — m)AUmU
+ 30 (L= (m A+ 1)nAU) (m + DAU ((n—m)U —C) +O0(N)

We have \2U? = O(\) while \2U = O(v/\) because T
(and U) are @(%) Keeping only first-order terms, we
derive that

GAIN(T,n+1) =-C+" "+1)>\U2 + O(\f)

which leads to the first-order approximation

2n(n +1)C

3 12)

T71,+1 ~
It is interesting to compare it with the Young/Daly formula:

* When n = 1; introducing the MTBF p = %, we have
T ~ /4C'u while the optimal Young/Daly period is
Wyp = +/2C: in limited time, better keep a unique
checkpoint up to 7T,, whose value is /2 larger
than Wyp.

* More generally, the length of n Young/Daly segments
is f(n) =n+2uC; hence, a first approximation
for T, 41, the threshold limit between n or n + 1
segments, is the geometric mean of f(n) and f(n +
1), which gives

VIm) fin+1) = /n(n+ 1)2uC = Ty

5.3 Discretization With Time Quanta

In this section, we show that time discretization enables us
to derive the optimal solution, without any restriction on the
solution: we can indeed have segments with different lengths
and we can checkpoint a few moments before the end of the
reservation if it is better (in expectation) than working up to
the very last moment. The main idea is to discretize time into
small quanta, and to use dynamic programming to compute
the best checkpointing strategy. Obviously, the smaller the
quanta, the more accurate the results, but the more costly the
dynamic programming algorithm.

Technically, we introduce a time quantum wu, and we
discretize time into quanta. This means that all quantities
(reservation length, segment sizes, checkpoint and recovery
times, downtime) are integer multiples of u, and that failures
strike at the end of a quantum. More precisely, if a variable
y is defined in work units, y* = y/u is the corresponding
number of quanta, which we always suppose integer. The
reservation length becomes the total number of quanta 7 =
T /u, the checkpoint time is C* = C'/u quanta, the recovery
time is R* = R/u quanta and the downtime D* = D/u
quanta. The probability that a failure happens during (at the
end of) quantum i, 1 < i < T*,is pf = f(l;il)u e M dy =

e Mi—Du _ o=Mu_ We denote the probability that a failure
happens during the next j quanta of execution as mel( ) =

1 — e M We define P*,,..(j) = e~ " similarly. And we

retrieve that the probability that the first failure strikes during
quantum i is P, . (¢ — 1)P7,;,(1) = p;. This discretization
restricts the search for an optimal execution to a finite set of
possible executions. The trade-off is that a smaller value of u
leads to a more accurate solution, but also to a higher number
of states in the algorithm, hence, to a higher computing time.

To express the dynamic programming algorithm, we need
to distinguish whether the current segment starts with a
recovery or not. Let E(n,k,d) be the optimal work that
can be achieved (in expectation) during n quanta and when
taking exactly k& checkpoints initially, with é = 0 if there is
no initial recovery, and § = 1 otherwise. Let K0y = Lg—j
be the maximum number of checkpoints that can be taken
within T* quanta, i.e., if we checkpoint all the time. The
objective is to use a dynamic programming algorithm to
determine

Eop(T*) = max E(T*,k,0).

1
1<k<kmax (13)

In Equation (13), we have k > 1 because we need at least
one checkpoint. We start with £ = 1, i.e., having exactly
one checkpoint. We derive the recursion formula, where ¢
is the index of the quantum when the (unique) checkpoint
completes:

E(n,1,0) = Puce (1) (i = C* — 0R")

max
SR*+C*+1<i<n

i—D*—R*—C*

DY

f=1

The formula reads as follows: we look for every quantum ¢
where to complete the checkpoint, meaning that if no failure
strikes, the actual execution would have last i — C* quanta,
minus again R* quanta if there was an initial recovery; this
gives the lower bound for i, because we aim at doing at least
one quantum of work. Now, if the execution does succeed,
which happens with probability P*,..(i), the remaining
quanta will be lost, since we cannot take a second checkpoint
by hypothesis. However, if the first failure strikes during
quantum f (which happens with probability p}), we have to
restart from scratch. There will remain n — f — D* quanta
for execution, starting with a recovery, and still aiming at
taking one checkpoint. The upper bound for f comes from
the fact that we will need a downtime, a recovery and a
checkpoint before saving any work.

To understand how the algorithm is initialized, we point
out that we have

E(n,1,0) =

C*-ir-riagggn ]Psucc( )(Z -C )

for n <14+ C*+ D* + R*. Indeed, without an initial
recovery, we try all possible quanta ¢ where to end
the checkpoint. If there is a failure, we will need a
downtime, a recovery and a checkpoint before saving
any more work; in the best case the failure strikes
during the first quantum, hence, the upper bound for n.
The case with an initial recovery is similar, we have
E(n,1,1) = maxp«yort1<i<n Piyec (i) (1 — C* — R*) for
n<14+C*+4+ D"+ R".

In fact, we can use the simpler initialization

E(n,1,0) = 0
E(n,1,1) =0

for n < C* (where possibly n < 0)
for n < R* + C* (where possibly n < 0)
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Algorithm 1: Dynamic programming algorithm
1 for k = 1 to kyy do

2 forn=11T*do

3 Compute E(n, k,0) and E(n, k, 1)
4

5

using Equation (14) if &k = 1,
and Equation (15) if £ > 2

and recursively compute the values E(n, 1,0) and E(n, 1,1)
for larger values of n using Equation (14).

We now detail the recursion for arbitrary values of the
number k£ > 2 of checkpoints:

E(n,k,0) = E(n,k,6,7) (15)

max
SR*4+C*+1<i<n—(k—1)C*

where

E(n,k,6,i) = Pl (i) (i—C*—0R* + E(n—i,k—1,0))
+ 251 P} 1g12§kE(n — f—D* m,1).

The main differences with the case k = 1 are the following:
* After completing a checkpoint at quantum ¢, if no
failure has struck by then, there remains the possibility
to save more work, because we are still planning for
k — 1 more checkpoints, hence, the recursive call to
E(n—1,k—1,0).
* On the contrary, if a failure has struck at quantum
f, there is no reason to continue with %k checkpoints,
we can try using fewer checkpoints instead, hence
the recursive call to the maximum value E(n — f —
D*,;m,1) achieved with m checkpoints, where 1 <
m < k.
The initialization now writes exactly as for k£ = 1:

E(n,k,0) =0 forn < kC* (where possibly n < 0)
E(n,k,1) =0 forn < R*+kC* (where possibly n < 0)

Algorithm 1 informally presents the dynamic program-
ming algorithm. Its complexity is O((T*)?(kpa)?) because
there are k.1 iterations, each calling up to k., 7" already
computed values.

5.4 Experiments

In this section, we assess through simulations the
performance of four checkpointing strategies:

* DYNAMICPROGRAMMING is the quantum-based dy-
namic programming algorithm (Algorithm 1).

* FIRSTORDER uses the first-order approximation of the
thresholds 7, defined by Equation (12).

* NUMERICALOPTIMUM uses a numerical approxima-
tion of the thresholds 7, with a numerical search for
the zero of GAIN(T, n).

* YOUNGDALY is the baseline reference, which takes
checkpoints periodically following the Young/Daly
formula Wyp. If the remaining reservation length after
the last checkpoint or last recovery after a failure is
shorter than Wyp, then a checkpoint is taken right at
the end of the reservation.

5.4.1 Simulation Framework. To assess the performance
of the different checkpointing policies, we considered the
following set of parameters:

« C € {10,20,40,80,160}, and R = C;
« De{0,5};

« A €{0.01,0.001,0.0001};

« T € [C,2000].

All these values are expressed in an arbitrary time-unit
(seconds, minutes or hours), thereby allowing for variation
in the granularity of the scenarios.

For each combination of parameter values, we randomly
generate 1000 failure traces. On any given instance, the work
achieved by any heuristic is upper bounded by 7" — C. In
every figure, we report the proportion of work achieved by
each heuristic, i.e., the amount of work achieved by this
heuristic divided by the T'— C' upper bound. Hence, the
proportion of work takes values between 0 and 1, and the
higher the better.

5.4.2 Simulation Results. We only present here a subset
of the results. Complete results can be found in the
research report®. We initially report performance for
DYNAMICPROGRAMMING when the quantum is set at 1 (see
below for the influence of the quantum value).

In Figure 2, we compare the performance of the different
strategies when A = 0.001. In Figure 3, we illustrate an
extreme case where C' € {80,160} and A = 0.0001. For
both figures, we use D = 0, since the value of D has no
significant impact on the performance of all strategies (see?
for details).

Below is a summary of the main observations from these
figures, which hold true for the entire simulation campaign
(see?):

* NUMERICALOPTIMUM delivers better, or equivalent,
performance than FIRSTORDER. This is natural be-
cause NUMERICALOPTIMUM uses a finer approxima-
tion for the thresholds 7;,. In most cases, the difference
is negligible. It can nevertheless be easily spotted on
Figure 3 when C = 160.

* DYNAMICPROGRAMMING delivers better, or equiva-
lent, performance than NUMERICALOPTIMUM. If we
temporarily forget about the issue of the quantum
size (which will be discussed later), DYNAMICPRO-
GRAMMING is supposed to achieve better results than
NUMERICALOPTIMUM because it searches for the
best solution in a larger set of potential solutions.
Indeed, DYNAMICPROGRAMMING is not mandated to
complete its last checkpoint exactly at the end of the
reservation. Once again, in most cases, the difference
of performance with NUMERICALOPTIMUM is negli-
gible. It can nevertheless be seen on Figure 3 when
C = 160. Note that, even on this figure, when C' = 80
and when C' = 160, there are reservation lengths for
which NUMERICALOPTIMUM achieves a better per-
formance than DYNAMICPROGRAMMING. This can
be explained by the limitation of the quantization
and/or by the variability of random instances.
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YOUNGDALY — FIRSTORDER —— NUMERICALOPTIMUM DYNAMICPROGRAMMING
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Figure 2. Proportion of work completed by the four checkpointing strategies when A = 0.001 and D = 0.

YOUNGDALY —— FIRSTORDER — NUMERICALOPTIMUM DYNAMICPROGRAMMING
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Figure 3. Proportion of work completed by the four checkpointing strategies when A = 0.01, D = 0, and C € {80, 160}.

e The higher the failure rate and the shorter the * YOUNGDALY achieves significantly lower perfor-

reservation, the more significant the differences
between the strategies. On the contrary, when the
reservation length grows towards infinity or when
the failure rate is small, then the problem more
closely resembles that with an infinite reservation,
and the approximations made by YOUNGDALY and
FIRSTORDER are fully justified. When the length of
the reservation grows, the performance of all strategies
converge toward the asymptotic performance of
YOUNGDALY.

mance when only a handful of checkpoints are re-
quired. The most significant loss of performance hap-
pens when the reservation length becomes slightly
larger than Wyp: then YOUNGDALY uses a second
checkpoint, while the other strategies still use a single
checkpoint. The second most significant loss of per-
formance happens when YOUNGDALY starts perform-
ing a second checkpoint, e.g., when 1.2Wyp < T <
1.6Wyp. Its first checkpoint completes at time Wyp
and the second one at the end of the reservation length,
so they are not equally spaced. In such circumstances,
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the three other strategies achieve significantly better
performance by using two segments of equal size.

Figure 4 presents the impact of the choice of the
quantum size on DYNAMICPROGRAMMING when C' = 20.
The choice of the quantum size only has a significant impact
on the performance of DYNAMICPROGRAMMING when the
reservation length is quite small, being of the order of a
handful of quanta. This can be seen on Figure 5, which
presents a subset of the data of Figure 4 corresponding
to 7' < 100. When the quantum does not exceed 2, the
differences become quickly negligible. We do not observe
any difference when the quantum is equal to 1, and
choosing a smaller quantum (say, 0.5) does not lead to
better performance. This justifies our choice of quantum for
Figures 2 and 3.

Overall, when the reservation length is of the order of
a few Young/Daly periods (say, less than half a dozen
such periods), using the Young/Daly period can lead to
significant loss of performance. One should rather use
evenly distributed checkpoints whose number is derived
using a numerical approximation of the thresholds 7), (the
NUMERICALOPTIMUM policy).

The DYNAMICPROGRAMMING policy is more general
and more expensive to run but does not lead to significantly
better performance. However, it fully validates using the
NUMERICALOPTIMUM policy as a lightweight and efficient
checkpointing strategy.

6 Fixed-Time Checkpointing, Stochastic
Checkpoint Time

This section extends the previous approach for the FTC
problem to the case where the checkpoint time obeys some
probability distribution. We start in Section 6.1 with the
simple case without failures, which is worth investigating on
its own: given a fixed-sized reservation, when should we take
a single stochastic checkpoint at the end of the reservation?
We proceed to the general case with failures in Section 6.2.

6.1 Without Failures

This section deals with a simple but interesting problem:
an application executes for a fixed duration 7" and takes
a checkpoint at the end. Here, we target a failure-free
platform, so that the size of the application (sequential or
parallel) is irrelevant; what matters is the volume of the
data that needs to be saved before the end of the execution,
or equivalently, the time needed to checkpoint that data.
The (very natural) objective is to squeeze the most out
of the reservation by executing as much work as possible
before checkpointing. Obviously, in a perfect world, with a
reservation of duration 7" and a checkpoint of duration C,
one should checkpoint exactly C' seconds before the end of
the reservation, i.e., at time 7" — C' if the execution started at
time 0.

While assuming a perfect knowledge of the value of T is
quite reasonable (you know what you paid for), assuming a
perfect knowledge of the value of C' is more questionable.
If the actual value of C exceeds the one planned by, say, a
few seconds, all the work executed during the reservation
will be lost. In fact, it is very likely that the value of C

would vary from one execution to another; the range of
variation of the possible values of C' would typically depend
upon the application. What is the best strategy then? If we
know a worst-case value C,,, for C, should we always
use it and checkpoint at time 1" — C,,,,? Using C,,,, means
taking no risk at all, but this pessimistic approach leads to
wasting execution time whenever the actual value of C' is
significantly smaller than C,,,.

A natural approach is to assume that a probability
distribution law D¢ for the values of C' is known (instead of
just an upper bound). The question becomes to determine the
instant to checkpoint that maximizes the expected amount of
work that will be saved before the end of the reservation.
The probability distribution can be learned from traces of
previous checkpoints. In this section, we show how to
solve this problem for an arbitrary distribution D¢, and
we determine the solution for a variety of widely-used
distributions whose support lies in an interval [a, b], where
a = Cyip and b = C,,, represent the extreme values that
C' can take. Such distributions include Uniform(]a, b]), the
uniform law in the interval [a, b], and Exponential or Normal
laws truncated to [a, b].

6.1.1 General Approach. Starting the execution at time 0,
we take a checkpoint at time 7" — X, where 0 < X <T.
The time to checkpoint C' is a random variable that obeys
a probability distribution law D¢ with support [a, b], where
0 < a < b < T.In particular, we always have a < C < b.In
fact, the lower bound a of C' leads to refine the range of X as
a < X <T:if X < a, there is simply not enough time left
to checkpoint! We use this range a < X < T below. How
to choose X to maximize the expectation E(TW (X)) of the
amount of work W (X) that is saved when checkpointing at
time 7' — X ? The work saved by a checkpoint at time 7" — X
is

(T = X)L, x1(C)
T-X

if X <b

W(X):{ X >0

Here, 1, x](C) is the indicator function whose value is 1
is C € [a, X] and 0 otherwise. Indeed, we save T' — X if
C < X and nothing otherwise. This confirms that choosing
X > b will never be optimal, but it may well be the case that
the optimal is reached for X < b.

Let Z be a random variable with cumulative distribution
function (CDF) F' and probability density function (PDF) f
with possibly an infinite support. The law D¢ of C'is defined
as the law of Z truncated within [a, b]. Then we have:

P(C<z)=P(Z<zla<Z<D)
_P(Z<z)N(a<Z <))

Pla < Z <))
0 ifx<a
= q Jmin=b fhdt F(a)—F(a) .
TPt = FO)—F(a) otherwise
This gives the CDF F of C. Rewriting it as
 f(t)dt @ t
Fo(X)=P(C<zx)= fab& :/ #dt,
fa f)de a fa flu)du
we obtain that the PDF fo of C'ist — %.
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Figure 4. Impact of quantum size on the performance of DYNAMICPROGRAMMING when A = 0.001, D = 0, and C' = 20.
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Figure 5. Impact of quantum size on the performance of DYNAMICPROGRAMMING when A = 0.001, D = 0, and C = 20: detalil

from Figure 4.

‘We can now derive the expectation of the work saved when
checkpointing at time X:

_ (b fe)
E(W(X f W(X) O (a) dc
T-X c
_ f(_F(X)) Fa()F(b) e ifX <b (16)
= = LT - X)
T-X otherwise

We use Equation (16) to find the optimal value of X
for a uniform probability distribution in Section 6.1.2, for
a (truncated) Exponential, distribution in Section 6.1.3, and
for a (truncated) Normal distribution in Section 6.1.4, see'
for LogNormal distribution laws.

6.1.2 Uniform Probability Distribution. For a uniform law
in [a, b], there is no need for truncating, and we directly have

the PDF and CDF as
X
— [ st -

The expectation of the work saved when checkpointing at
time X is:

fe(t) =

and Fo(X

b—a

X—a :

T-X fX<b
s (X)X =D )
otherwise

The trinomial z — (x — a)(T — z) is maximum for x =
%. This is the optimal value X,, of X if % < b,
otherwise the maximum is obtained for some x larger than
b, and then b is optimal in the interval [a, b]. Altogether,

Tta §fT <2b— T
Xopt: 2 ! . a:mm< +a,b>~
b otherwise 2

Figure 6 provides an example of each case (optimal
reached before b or at b). Recall that the range of X is [a, T].
When there remains X = a seconds before the end of the
reservation, the checkpoint will fail almost surely, and the
expectation of the work saved is E(W (a)) = 0. Similarly,
if we checkpoint at the very beginning of the reservation,
ie., X =T, no work is executed and E(W(T)) =0. In
between, the expectation E(W (X)) of the work done obeys
Equation (17). In particular, it decreases linearly from X =
b to X =T. In Figure 6(a), the maximum of E(WW (X))
is reached for X, = T2 = 5.5, with E(W (X)) = 3.1;
the pessimistic approach would use X = (., = b and get
E(W (b)) = 2.5, reaching only 80% of the optimal work
amount in average. On the contrary, in Figure 6(b), the
pessimistic approach is optimal since X,, = b. The main
take-away is that deciding to checkpoint with X = b, hence
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preparing for the worst-case of checkpoint duration, is not
always a good strategy.

E(W(X))
=8 P

/2
FL N
/: - ¥

0 | 5 | 110

(a) Graph of E(W(X)). The maximum is
Xopt = 5.5witha =1,b=7.5,T = 10.
B(W(X))

N

X

0 5 1|0

(b) Graph of E(W(X)). The maximum is
Xopt = bwitha =1,b=15,T = 10.

Figure 6. Both cases for Xy with a Uniform law.

6.1.3 Exponential Probability Distribution. Let F' and f
be the CDF and PDF of an Exponential distribution law
of parameter A = - with y € [a, b]. We have f(t) = Ae™
and F(z) =1— e ?%. The distribution law of C is this
Exponential law truncated to [a, b]. From Section 6.1.1, we

have
E(W (X)) = {M(R—X) if X <b

R—-—X otherwise

Differentiating for X < b, we obtain

dE(W (X))

—e M L AR+ 1)e X — A Xe M
dX o ’

e—Xa _ oAb

Using Wolfram Alpha'?, this derivative has a unique zero for

_W(e—ka+/\R+1> +LAR+1

A Y
where W is the main branch of Lambert’s ¥V function
(defined as W(z) = & < ze” = z). Differentiating again,
we get

X =

PE(W(X))  —A2+AR—AX)e X
dX2 - P VY :

Since X < R+ %, we have 2 + AR — AX > 0. Moreover,
e —e A > (0 (since t— e M is decreasing) and

—Xe X < 0. Therefore, the second derivative is strictly
negative on [a, b]. The expectation E(W (X)) of the work
saved when checkpointing at time X is a concave function
on [a, b]. The zero of the first derivative is thus a maximum.
Altogether, the optimal value X, is given by

_W(e—)\a-i-kR-l-l)_i_)\R_’_ 1 b)
A )

Xopr = min (

Figure 7 provides an example of each case (optimal reached
before b or at b). Again, the main take-away is that preparing
for the worst-case of checkpoint duration and choosing X =
b is not always a good strategy. Contrarily to the Uniform
law, the Exponential law requires to compute a complicated
value for X, but this can be done easily with available tools
like °.

E(W(X))

X

0 10

5
[
). The maximum is

,b=5R=10,A=1.

(a) Graph of E(W (X
Xopt = 3.9 witha =
E(W(X))

)
1

X

0 E‘x 1|0

(b) Graph of E(W (X)). The maximum is
Xopt=bwitha=1,b=3 R=10,A= 1.

Figure 7. Both cases for X, with an Exponential law.

6.1.4 Normal Probability Distribution. Let ® and ¢ the
b2

I
CDF and PDF of the standard Normal law: ¢(t) = ¢ \/%

and ®(z) = [*__ o(t)dt. The Normal law with mean 1 and
standard deviation o has CDF &(*—#). We assume that C'
obeys the Normal law with mean yu € [a,b] and standard
deviation o > 0 truncated to [a, b]. From Section 6.1.1, we
have

L) —0(22E)
2 —a(m) (1= X)

R-X

E(W (X)) = s
otherwise
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S S
B(2E) — (2

by letting g(X) = KE(W(X)). Differentiating for X < b,
we get
dE(W (X -
J(X) = (d)g ) %w (XUH
o (X5) e ()
We have ¢'(a) = Lp(“=£)(R — a) > 0 since a < R. We
also have ¢'(R) = —[@(%) — ®(*=E)]. We see that
¢'(R) <0 since ® is an increasing function and a < R.
Since ¢’ is continuous, the intermediate value theorem
shows that there exists ¢ € [a, R] such that ¢'(c) =0.
Differentiating again:

We get rid of the positive constant K =

(R—X)

g'(X) = TEED
= -2 a4 (X2 (R- X)),

and ¢” has two zeros:

R+p— \/(R+p)2+802 —4uRo
X] = 2 )

- R+p‘+\/(3+y)2+80274;¢R0
X, = ) .

We see that X7 < p < R < Xs. Furthermore, we have

g"(X) > 0if X < Xj or X > Xo,
J'(X)<0if X; < X < X,.

Hence, g is a concave function on [X;, X5], and a convex
function elsewhere. There are two possible cases:

1. Either a > X, and then g is concave on [a, R]; hence
the zero ¢ of ¢’ is a maximum of g.

2. Or X; > a, and then ¢’ is increasing [a, X1]; since
g'(a) > 0, ¢’ is positive on [a, X1]. Hence ¢ €] X1, R|
and g is concave in a neighborhood of ¢, and c is again
a maximum of g.

Altogether, we have shown the existence of a maximum
¢ €la, R] for the expectation E(W (X)), namely X,, =
min(c, b). We do not have an explicit formula for X,
but we can evaluate it numerically. Figure 8 provides an
example of each case (optimal reached before b or at b). The
main take-away for the Normal law is the same as for the
Exponential law.

6.2 With Failures

This section deals with the most difficult problem, namely
FTC with a stochastic checkpoint time. Given the difficulty
of the problem with a constant checkpoint time (see
Section 5), we have to resort to time discretization and, once
again, to a dynamic programming approach.

We re-use all the notations with discrete time quanta from
Section 5.3. In addition, the cost of a checkpoint C* can take
any value v (in quanta) in the interval [C; ., Ck . ], with
probability p,. Here, C*, and C} . are the minimum and
maximum possible number of quanta for the checkpoint, and
Zf;’g‘* - py, = 1. We assume that a recovery is proportional
to the pr;gvious checkpoint: after a checkpoint of duration C*,
arecovery takes a time R* = 5C*.

E(W(X))
X
0 5 1‘0
(a) Graph of E(W(X)). The maximum is
Xopt = 4.2witha =1,b= 5.5, R = 10,
p=230=1
E(W(X))
X
0 5‘3 1‘0

(b) Graph of E(W (X)). The maximum is
Xopt =bwitha =1,b=4.7, R = 10,
pn=350=1

Figure 8. Both cases for Xy with a Normal law.

Adapting the notations of Section 5.3, let E(n,k, R*)
be the optimal work that can be achieved (in expectation)
during n quanta, when taking exactly k checkpoints initially,
and when we must start by making a recovery of duration
R (if there is no recovery to be paid, then R = 0). We
introduce an auxiliary function &(n,k, R*,i,C*), which
is the optimal work that can be achieved (in expectation)
during n quanta, when taking exactly k checkpoints initially,
when the first checkpoint lasts a duration C* and starts
right after quantum ¢, and when we must start by making
a recovery of duration R*. When k = 1, the expression for
£ is easily derived from Equation (14) written for the case
with constant time checkpoints: the only difference is the
meaning of variable 7, which is no longer the quantum at
which the checkpoint completes, but the quantum after which
the checkpoint starts (since we no longer know in advance
how long a checkpoint will last):

E(n,1,R*,i,C*) =P*,_(i+C*)(i — R*)
i+C*
+ Y piE(n— f - D*,1,R").
=1

To derive the expression for E(n, 1, R*) we only need to scan
all the possible start times for the checkpoint and consider,
with their probabilities, all potential checkpoint durations.
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Hence:

min{Cg i}

2.

C*_C*

min

E(n,1,R") =

max
i>1+ R~

The sum is truncated at n — ¢ because if C* > n — 1, there is
not enough time to complete the checkpoint and, therefore,
no work is saved.

The derivation for the general case (k > 1) is then
straightforward:

E(n,k, R*,i,C*) =

P+ C)i—R*+E(n—i—C* k—1,5C"))
i+C*
E _ D* / £
+ 2 7 s Bl = f = DT,
and

min{Cy,,,,n—i}

E(n,k, R") = max > pe-E(n,k, B,i,C7).
- CCOr=C*.

min

The initialization is similar to what we had previously:
E(n,k,R*)=0 and &(n,k,R*,i,C*)=0

for n < R*+kC*, where possibly n <0. The
complexity of this dynamic programming algorithm is
O((T*)? (kmar)*(Crax — Conin + 1)?).

max

7 Conclusion

This work has focused on the FTC problem, where the
objective is to maximize the expected work achieved during a
fixed-length reservation. The FTC problem is the dual of the
classical FWC problem, where the objective is to minimize
the expected time to execute a fixed amount of work. To
the best of our knowledge, the fixed-time checkpointing
problem has only been studied in our previous work , despite
its importance for scientific applications that execute on
large-scale, hence, failure-prone platforms; typically, these
applications split their execution into a series of fixed-length
reservations, a policy that is safer and more friendly to
the batch scheduler than using a single (necessarily over-
provisioned) reservation.

Our first contribution is to show that the fixed-time
checkpointing problem is much more difficult than the
classical and well-studied dual problem. The optimal
solution seems out of reach, and we have provided several
examples to explain why. Our second contribution is to
provide two variants of a dynamic threshold-based strategy
that outperform the standard Young/Daly approach for
short-size or medium-size reservations, as demonstrated by
a comprehensive simulation campaign. Finally, our third
contribution is to use time discretization, and to design a
dynamic programming algorithm that computes the optimal
solution, without any restriction on the checkpointing
strategy. The dynamic programming algorithm is optimal for
small quanta, and achieves only slightly better performance
than the dynamic threshold strategy, which assesses the
quality of the latter strategy. Finally, we have extended the

pC*g(na laR*7i) O*)

dynamic programming algorithm to deal with stochastic
checkpoint values for the FTC problem.

Altogether, we can conclude with two good news. The first
one is that the Young/Daly approach performs well for long
reservations lasting at least, say, a dozen Young/Daly periods
Wyp = +/2uC'. The second one is that the dynamic threshold
strategy is very easy to use and performs remarkably well for
shorter reservations, as demonstrated by its performance on
par with the optimal (discrete) solution.

For future work, it would be interesting to correlate all
these results to real numbers and real error rates, maybe with
a case study of a particular cluster. For the discretization,
an experimental assessment of the value to choose for the
quanta would be compelling, since it would reveal the best
trade-off between accuracy of the result and speed of the
approach. Also, a limitation of this work is to assume
full knowledge of the platform MTBF, while one could
envision dynamic scenarios where we adapt the heuristics to
the on-the-fly discovery of the frequency at which failures
are striking. In addition, it would be compelling to extend
the study of FTC to a stochastic framework, where both
checkpoint durations and application progress rate (think of
iterations in sparse linear algebra problems) are no longer
fully deterministic.
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