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Abstract

We devise and analyze a novel H (curl)-reconstruction operator for piecewise poly-
nomial fields on shape-regular simplicial meshes. The (non-polynomial) reconstruction
is devised over the mesh vertex patches using the partition of unity induced by hat ba-
sis functions in combination with local Helmholtz decompositions. Our main focus is on
homogeneous tangential boundary conditions. We prove that the difference between the
reconstructed H(curl)-field and the original, piecewise polynomial field, measured in the
broken curl norm and in the L?-norm, can be bounded in terms of suitable jump norms of
the original field. The bounds are always h-optimal, and p-suboptimal by %—order for the
broken curl norm and by %—order for the L?-norm. An auxiliary result of independent in-
terest is a novel broken-curl, divergence-preserving Poincaré inequality on vertex patches.
Moreover, the L?-norm estimate can be improved to %-order suboptimality under a (rea-
sonable) assumption on the uniform elliptic regularity pickup for a Poisson problem with
Neumann conditions over the vertex patches. We also discuss extensions of the Ho(curl)-
reconstruction operator to the prescription of mixed boundary conditions, to agglomerated
polytopal meshes, and to convex domains. Finally, we showcase an important application
of the H (curl)-reconstruction operator to the hp-a posteriori nonconforming error anal-
ysis of Maxwell’s equations. We focus on the (symmetric) interior penalty discontinuous
Galerkin (dG) approximation of some simplified forms of Maxwell’s equations.

Keywords. H (curl)-reconstruction, hp-analysis, broken Poincaré inequality, a posteriori
error analysis, nonconforming approximation, discontinuous Galerkin, Maxwell’s equations
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1 Introduction

Given a piecewise polynomial field on a shape-regular simplicial mesh covering exactly a Lips-
chitz polyhedral domain, we show in the paper the existence of a (non-polynomial) H (curl)-
conforming field whose distance to the original field in the broken curl norm and in the L*-
norm is bounded in terms of suitable jumps (and boundary values) of the original piecewise
polynomial field, namely its tangential jumps (and boundary values) and the normal jumps
(and boundary values) of its curl. All the estimates are local and h-optimal, and they are
p-suboptimal by only %—order in the broken curl norm and by %—order in the L%-norm. Here, h
denotes the mesh size and p the polynomial degree. We emphasize that, as an auxiliary result to
establish the L?-norm estimate, we derive a novel broken-curl, divergence-preserving Poincaré
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inequality on the mesh vertex patches that is of independent interest. We also observe that
the L%-estimate can be improved to %—order p-suboptimality under a (reasonable) assumption
on the uniform elliptic regularity pickup for a Poisson problem with Neumann conditions over
the mesh vertex patches.

We present an explicit construction of the (non-polynomial) H (curl)-conforming field over
the mesh vertex patches using the partition of unity induced by hat basis functions in combi-
nation with local Helmholtz decompositions. The crucial advantage of resorting to a local con-
struction over the mesh vertex patches is that the associated subdomains have a trivial topology,
thereby circumventing any dependence of the estimates on the topology of the original domain.
For simplicity, we devise the construction so that the (non-polynomial) H (curl)-conforming
field satisfies homogeneous tangential boundary conditions, i.e., sits in Hy(curl; D), but we
also discuss the extension to more general mixed boundary conditions. Another relevant exten-
sion is the case of agglomerated polytopal meshes, where the same hp-estimates as on simplicial
meshes can be established by considering the underlying simplicial submesh under the assump-
tion that this latter mesh has locally the same size as the original polytopal mesh. Finally,
we also discuss a variant where the H (curl)-conforming field is defined globally without con-
sidering the mesh vertex patches. On convex domains, this leads to a p-optimal L*-estimate
without any further assumption, but the estimate is only global and the constant depends on
the topology of the global domain.

Reconstructing H (curl)-conforming fields from piecewise polynomial fields on a shape-
regular simplicial mesh has already been quite explored in the literature. A first possibility is
to devise a polynomial H (curl)-reconstruction using Nédélec (edge) finite elements defined by
prescribing the degrees of freedom as the averages of those of the original, piecewise polynomial
field. Such averaging operators have been considered in [8], and a systematic analysis can be
found in [22] with and without boundary prescription, leading to (local) h-optimal estimates
in the broken curl and L*morms (see also [6, 38| for the seminal work in the H'-context).
However, defining a reconstruction by prescription of degrees of freedom can hardly lead to p-
optimal estimates because of the repeated use of discrete trace (and inverse) inequalities needed
in the analysis (see [7] for further insight in the H!-context). A second possibility is to solve
local, discrete minimization problems using again Nédélec and Raviart—Thomas finite elements.
Following the seminal work in [5, 26, 27| in the H*/H (div)-context, recent advances leading, in
particular, to full p-optimality in the H (curl)-context were accomplished in [13, 15]. [13] poses
local problems on edge patches, but does not achieve H (curl)-conformity. Instead, [15] poses
local problems on vertex patches and achieves H (curl)-conformity. However, in both works,
the original piecewise polynomial field must satisfy a certain orthogonality property, typically
associated with Galerkin’s orthogonality when solving a curl-curl problem. We also refer the
reader to [11] for a simplified construction of [15], and to [16] for the use of the technique from
[15] to devise a stable, local, commuting operator in H (curl) with hp-optimal approximation
properties. The above discussion shows that a gap remains in the literature when it comes to
devising an H (curl)-conforming reconstruction from an arbitrary piecewise polynomial field
and ensuring hp-approximation properties.

The main application we have in mind for the present H (curl)-reconstruction operator is
the hp-a posteriori nonconforming error analysis of some simplified forms of Maxwell’s equations
involving the curl-curl operator and a zero-order term. In the case of elliptic problems, the
idea of invoking an H'-reconstruction operator based on a global Helmholtz decomposition
to estimate the so-called nonconforming approximation error can be traced back to [18] in
2D and to [10] in 3D with Dirichlet boundary conditions (see also [4, 1] where the Helmholtz
decomposition is also invoked). A further advance has been accomplished recently in [21] in
the context of a discretization by the hybrid high-order (HHO) method introduced in [20] for
elliptic problems including mixed Dirichlet—Neumann boundary conditions. Specifically, the
H'-reconstruction operator considered in [21] is devised locally on mesh vertex patches which
all have a simple topology.

We consider the (symmetric) interior penalty discontinuous Galerkin (dG) method for space



discretization. This approximation technique is classical for elliptic problems (see, e.g., [3, 19]
and the references therein) and has been developed and analyzed in the context of Maxwell’s
equations in [39, 31]. Here, we perform the hp-a posteriori error analysis hinging on the
present H (curl)-reconstruction operator, focusing on homogeneous Dirichlet boundary condi-
tions. This analysis offers, to our knowledge, two ground-breaking features: it is the first time
that a full hp-analysis is achieved, and it is the first time that the analysis hinges on local (ver-
tex patch) Helmholtz decompositions to estimate the nonconforming error. We emphasize that,
while the theoretical derivation of the error estimate relies on the H(curl)-reconstruction op-
erator, this reconstruction does not need to be computed in practice. Previous a posteriori
error estimates bounded the nonconforming error using an averaging operator, as in [32, 33, 12],
and were therefore only h-optimal. We notice, in passing, that [12] derived an hp-a posteriori
bound on the conforming error, and addressed the frequency-dependence of the a posteriori
estimates in the indefinite regime by using a dualtiy argument a la Schatz (see [40]).

The paper is organized as follows. In Section 2, we briefly present the continuous and
discrete settings. In Section 3, we state our main results on the H(curl)-reconstruction
operator and comment on various possible extensions. The main result of this section is
Theorem 3.7. In Section 4, we establish some preparatory results. In particular, we highlight
the local broken-curl, divergence-preserving Poincaré inequality from Lemma 4.3. In Section 5,
we prove our main result. Finally, in Section 6, we consider the approximation of Maxwell’s
equations by the (symmetric) interior penalty dG method and develop an hp-version a posteriori
error analysis based on the H(curl)-reconstruction operator devised in Section 3. The main
result of this section is Theorem 6.8.

2 Setting

In this section, we briefly describe the continuous and discrete settings.

2.1 Continuous setting

Let D be an open, bounded, connected, Lipschitz set (domain) in R? with boundary dD and
outward unit normal np. We assume that D is a polyhedron so that it can be covered exactly
by a simplicial mesh. To fix the ideas, we assume that d = 3, but all what follows readily
extends to d = 2. We do not make any simplifying assumption on the topology of D, i.e., D
may be multiply connected and its boundary be composed of several connected components.

We use boldface font for vectors, vector fields, and functional spaces composed of such fields.
We use standard notation for Lebesgue and Sobolev spaces, and fractional-order Sobolev spaces
are equipped with the standard Sobolev—Slobodeckii seminorm based on the double integral
(see, e.g., [23, Def. 2.14]). To alleviate the notation, the inner product and associated norm
in the spaces L?(D) and L?*(D) are denoted by (-,-) and ||-||, respectively, whereas we add a
subscript w when we consider the Lebesgue spaces over a subdomain w C D. We consider the
Hilbert Sobolev spaces

H(curl;w) := {v € L*(w) | Vxv € L*(w)}, (2.1a)
H(curl;w) := {v € H(curl;w) | v5,(v) = 0}, (2.1b)
H(div;w) := {v € L*(w) | Vv € L*(w)}, (2.1¢)
H(div;w) := {v € H(div;w) | ¥4, (v) = 0}, (2.1d)

where ~§, : H(curl;w) — H™* (Ow) (resp., 74, : H(div;w) — H~3(dw)) is the extension by
density of the tangential (resp., normal) trace operator such that v§ (v) = v|swXmn,, (resp.,
’ygw('u) = v|g,-n,,) for smooth fields. The subscript g is used for the nabla operator to indicate
that the operator acts on functions or fields respecting suitable homogeneous Dirichlet condi-
tions. Thus, (V,—Vy), (Vx,Vyx) and (V-, —V)) are pairs of adjoint operators; for instance,
(Voxv,w) = (v, Vxw) for all (v,w) € Hy(curl; D) x H(curl; D).



2.2 Mesh and polynomial spaces

Let 7h be an affine simplicial mesh covering D exactly. A generic mesh cell is denoted by K,
its diameter by hyx and its outward unit normal by nyx. We write F}, for the set of mesh faces,
Fint for the subset of mesh interfaces (shared by two distinct mesh cells, K;, K,.), and Fp4
for the subset of mesh boundary faces (shared by one mesh cell, K, and the boundary, D).
Every mesh interface F' € .7-'}:“ is oriented by the unit normal, ng, pointing from K; to K,
(the orientation is arbitrary, but fixed). Every boundary face F' € f,'ﬁb’d is oriented by the unit
normal ng := np|r. The diameter of a generic face F' € Fy, is denoted by hp.

The set of mesh vertices is denoted by V;, and is decomposed into the subset of interior
vertices, Vi"*| and the subset of boundary vertices, VP9, For all a € V,, Ta denotes the collection
of the mesh cells which share a and D, the corresponding open subdomain (often called vertex
patch). The set of mesh faces belonging to D,, say Fq, is partitioned as Fo = Fa UF\q, Where
Fa is the collection of the mesh faces which share a and F\, the collection of all the mesh faces
lying on 9D, and not containing a. We notice that the two sets F, and F\, are disjoint and
that the set F, contains mesh boundary faces if a lies on the boundary. Furthermore, for all
a € Vy,, we set h, := diam(D,), and let 1, be the hat basis function equal to 1 at a and having
support in D,. Recall that the hat basis functions satisfy the following partition-of-unity
property:

> ga=1 (2.2)
acVy

For all K € Tp, Fk (resp. V) is the collection of the mesh faces composing 0K (resp., mesh
vertices in 0K). For all F' € Fi and every piecewise smooth field v on 7, we define the local
trace operators such that 7% .(v)(z) := v|k(z), V% p(v)(z) := v|x(T)xNP, 7}1(7F(v)(:c) =
vp|k(z) - mp, for a.e. x € F. Then, for all F € Fi"* and x € {g,c,d}, we define the jump and
average operators such that

[T} = ko (0) 7, e (0), E0FE = 5 (koo (0) + 7, (0). (23)

We also set [v]} := v} := v, p(v) for all F € Fpd. For all K € Ty, we define the jump
across the boundary of K as [e]5x|r := Ltk r[e]} for all F' € Fg, with 1k p := ng-np = £1.

Let p > 1 be the polynomial degree (see Remark 3.8 below for the case p = 0). Let P, 4 be
the space composed of d-variate polynomials of total degree at most p and set P, 4 := [Ppyd]d.
We consider the following broken polynomial space:

P)(Th) = {v, € L*(D) | vp|x € Ppa, VK € Tn}, (2.4)
and we denote the L2-orthogonal projection onto Pg(’ﬁL) as
0, : L*(D) — P)(Th). (2.5)

We use the notation P;?(E) for the broken polynomial space based on the local mesh 7, for a
mesh vertex a € Vj,.

2.3 hp-approximation tools

Let k7, denote the shape-regularity parameter of the mesh 75, and C(k7;,) a generic constant
solely depending on k7, (but independent of the mesh size and the polynomial degree), and
whose value can change at each occurrence. Sometimes, we also abbreviate as A < B the
inequality A < C(k7;,)B for positive numbers A and B.

Lemma 2.1 (Discrete trace inequality). There exists C(k;,) so that, for all v € Py, q(K), all
KeTy, and allp > 1,

21
lolloxe < O (57 "Il (2.6)



Proof. A proof can be found in [43] (with explicit constant in terms of d). O

Lemma 2.2 (Local L2-orthogonal projection). Let 6 € (0,%]. There exists C(kT,) so that,

2
for allve H2(K), all K € T, and all p > 1,
hg\9
o = e (@)lore < Clsm) () Tolygos e (27)
where 115, denotes the L2-orthogonal projection onto P, 4.

Proof. A proof can be found in [37, Corollary 1.2.]. O

Lemma 2.3 (Local modified hp-Karkulik-Melenk operator). There exists C(kT,) such that,
for all a € Vy, there is a local interpolation operator I§ : H'(Dg) — PY(Ta) N H*(Da) such
that, for allv € H*(D,), all K € Ta, and all p > 1,

1

p P \2
G2 =ZE@lx + (55) o = T lo + IVIE@) i < Clrn)l[Vollp,. (28)
Proof. See [36, 34] (see also |21, Corollary 2.5] for using the H!-seminorm on the right-hand
side). O

2.4 Jump lifting operator

For every field v, € Pg +1(Th), Vixwy denotes the broken curl of v, (evaluated cellwise).
The reason we consider the space PE +1(7n) is that, in what follows, we shall consider the
product of a hat basis function times a field in Pg(Th). We define the jump lifting operator
LY : P) . (Th) = Pp(Ts) such that

(Lh(vn), ¢n) = Y ([oale fdn 52y, Yoou € Pp(Th). (2.9)

FeFy

Lemma 2.4 (Bound on lifting operator). There exists C(k7,) so that, for all v, € PEH(E),
all K €Ty, and all p > 1,

Iz onl < Cter){ 3 (,i)nnvh]]%n%}é. (210)

FeFk

Proof. Apply the Cauchy—Schwarz inequality and the discrete trace inequality (2.6). O

3 Main results on H(curl)-reconstruction

This section presents, and comments on extensions of, our main result on H(curl)-reconstruction.
Specifically, we construct an operator

R°: P)(T,) — Ho(curl; D), (3.1)

such that, for all E, € Pg(’ﬁl), the error Ej, — R°(E},) is bounded in the broken curl norm
and in the L?-norm by suitable jumps of Ej, and V), x E}, across the mesh interfaces and by
suitable traces on the mesh boundary faces.

The devising of R°(E},) combines local (non-polynomial) constructions on the vertex patches
associated with each mesh vertex a € V. For all a € V},, we define the following functional
spaces:

X§(Da) := Hy(curl; D) N H(div = 0; D,), (3.2a)
X(D,) := H(curl; D) N Hy(div = 0; Dy), (3.2b)



where H (div = 0; Dy) (resp., Ho(div = 0; Dy)) is the subspace of H (div; D,) (resp., Ho(div; Dy))
composed of divergence-free fields. We also set

X&(Da) := H}(Da), (3.3a)
X8&(D,) := H'(D,)/R. (3.3b)

Definition 3.1 (Patchwise and global H(curl)-reconstruction). Let Ej; € PS('E). For all
a €W, let Uy € X(Da) solve the following well-posed problem:

(VoxUa, VoxWa)p, = (Vi x(VaEp) + L2 (baEy), VoxWa)p, YWa € X5(Da), (3.4)

a

and let 04 € X§(Da) solve the following well-posed problem:
(V@a, VUa)Da ES (1/JaEh, Vva)Da Vva S Xg(Da). (3.5)

Set
En:=Upg+ Vb,, (3.6)

and extending E, by zero to D, set

RY(Ep) = Y Ea. (3.7)

acVy,

Remark 3.2 (Local problems). As the vertex patch Dy is a simply connected Lipschitz domain
with connected boundary, the local problems (3.4) and (3.5) are well-posed. Moreover, an
equivalent definition is
Ua:=arg  min_[[Voxp, — {Vax(aBr) + Ly (YaEn)}p.,
PanB(Da)

0, :=arg min ||v€a - waEhHDa'
fang(Da)

A simple but crucial observation is that E, € Hy(curl; D,) so that
R°(E}) € Hy(curl; D). (3.8)

We now set
5a =F, — ’l/)aEh Va € Vh, (3.9)

and estimate &, in the broken curl norm and in the L?-norm.

Lemma 3.3 (Local bound in broken curl norm). There exists C(kT,) so that, for all E), €
P)(T;) and all a € Vy,

1

hr P’ c 2
1958l < Com){ 3 (SENIOxBAEE + (L) IBRIE) . G20
Fera P F
Proof. The proof can be found in Section 5.1. O

Lemma 3.4 (Local L*-bound using broken-curl, divergence-preserving Poincaré inequality).
There exists C(kT,) so that, for all E), € P;’('ﬁl) and all a € Vy,

1
2

hp\3
Joalo. < Clomp{ 5 (A2) IVnx Bl + ellBT5 I} ()
FeFa
Proof. The proof can be found in Section 5.2. O



The L*-estimate from Lemma 3.4 can be improved by invoking the elliptic regularity pickup
of the Poisson problem with homogeneous Neumann boundary conditions on the vertex patches.
The improvement consists in removing the broken curl contribution from (3.11) and also the
global scaling factor p in front of the opening brace. We need, however, a uniform estimate
of the underlying constants over all the vertex patches in the mesh. It is natural to expect
that these constants can be bounded in terms of the mesh shape-regularity. As we did not
find a precise result in the literature supporting this claim, we formulate it as an assumption.
We hope that this will stimulate further research in this direction to prove (or disprove) the
assumption.

Assumption 3.5 (Elliptic regularity pickup for Neumann problem). There exist C(kT,) and
§:=d(k7;,) > 0 so that, for alla € V}, and all g € X8(Dy) = [X8(Da)]?, the unique solution
(g € X&(Da) of the Neumann problem (V(g,Vp)p, = (9, Vp)p, for all p € X8(Dy) (i.e.,
Ay =V-g in Dy and np,-V{g =mnp,-g on 0D,) satisfies the estimate

346
1¢gllpa + ha T 1VE,] < C(k7;,)h2[ Vgl .- (3.12)

1
H2VY(D,) —

Lemma 3.6 (Local L*-bound using Sobolev embedding on vertex patches). Under Assump-
tion 3.5, there exists C(kT,) so that, for all Ej, € P;(’Th) and all a € Vy,

18allo, < cmn){ 5 hFunEhﬂ%n%F. (3.13)

FeFa

Proof. The proof can be found in Section 5.3. O

We are now ready to state global estimates on R°(E}) — Ep,.
Theorem 3.7 (Bound on R°(E}) — Ey). There exists C(k7;,) so that, for all Ep, € P?(Th),

1

5 (N Bl + (B i

|vhx<RC<Eh>—Eh>||<0<m>{ !
KeTn

(3.14a)

N

C h 3 C
| R () — En| < cum)p{ > () IVax Bl 3s+ hKn[[EhﬂaKn%K} . (3.14)
KeTn

Moreover, under Assumption 3.5, we have

|RE(Ey) — By < C(fm){ 3 hKn[[EhﬂgKn%KF. (3.14¢)
KeTy

Proof. The bounds (3.14) readily follow from the local estimates established in Lemmas 3.3,
3.4, and 3.6 once we observe that, for all K' € Ty, (R°(Ey) — Ep)|x = > ¢y, dalx owing
to the partition-of-unity property (2.2). Invoking the triangle inequality and the mesh shape-
regularity concludes the proof. O

Remark 3.8 (p = 0). The operator R can also be employed on PY(Ty) C PY(Ty).

Remark 3.9 (p-suboptimality). The 1-order suboptimality in (3.10) stems from the bound (2.10)
on the jump lifting operator (which, itself, follows from the discrete trace inequality (2.6)). The
%-order suboptimality in (3.11) inherits the %-order suboptimality from (3.10) to which a one-
order suboptimality originating from the broken-curl, divergence-preserving Poincaré inequality
is added. As this latter inequality does mot involve discrete functions, no gain in the polyno-
mial degree can be achieved. Finally, the %—order suboptimality in (3.13) stems from a Sobolev
embedding invoked in a duality argument, which circumuvents the need to invoke the broken curl
estimate (3.10).
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Figure 1: Triangular mesh 7j, consisting of 2048 elements (left); agglomerated polygonal mesh
T consisting of 514 elements (right).

Remark 3.10 (Agglomerated polytopal meshes). Let Ty, be a simplicial background mesh
covering D exactly and let Ty be an agglomerated polytopal mesh built from Ty, in such a way
that every K € Ty is the union of a uniformly bounded number of simplicial cells K € Tz C Ths
see Figure 1 for an illustration. The above assumption on the mesh implies that there exists a
constant Cg, > 1 such that

hig < hf( < Ceqhg VK € Tf( (3.15)

Since PE(’fH) C Pg(ﬁ), an Hy(curl)-reconstruction of any field Ej, € Pg('f‘H) can be devised
by considering the Ho(curl)-reconstruction operator defined on P?('ﬁl). Since Ey, € P';(7~'H)

and its broken curl only jump across the interfaces on Ty, that are subsets of interfaces of Tu,
the error R°(E}) — E}, can still be bounded as in (3.14), both in the broken curl norm and in
the L?-norm, where the summations on the right-hand side run over the mesh cells in Tu and
the local mesh size h can be used owing to (3.15). Notice that the condition (3.15) does not
accommodate polytopal meshes with tiny faces. This case is left to future work. (We mention
[9] which derives a posteriori estimates for elliptic problems on polytopal meshes with tiny faces,
but this work assumes that the domain is simply connected and does not rely on a partition of
unity based on a simplicial background mesh.)

Remark 3.11 (Mixed boundary conditions). The H(curl)-reconstruction from Definition 3.1
can be adapted with minor modifications to handle mized boundary conditions. Let I'p C 0D
and I'n := OD\I'p, with |I'x| # 0, be Lipschitz subsets with connected interior that can be
covered exactly by mesh faces. Let Hr,(curl; D) be the subspace of H(curl; D) prescrib-
ing a homogeneous Dirichlet boundary condition only on T'n. To devise a global Hr, (curl)-
reconstruction, the local problems (3.4) and (3.5) defined on each vertex patch are now posed on
the function spaces X1 (Da) := Hyp,\ry(curl; Do) N Hyp,ary (div = 0; Da) (where the sub-
scripts indicate where the tangential and normal boundary condition is prescribed, respectively)
and XﬁD (Da) = HéDa\FN(Da), for all a € Vy,. Then one sets again E, := Uz + V0,, and
extending Ea by zero to D, one sets R°(Ep) := ).y, Ea, so that R°(Ey) € Hr(curl; D).
The local broken curl estimate now relies on the local Helmholtz decomposition with mixed
boundary conditions discussed in Remark 4.2 below. The estimate reads as follows:

hrp d 2 P? c |2 :
IVnx8allp, < Clem)y Y. (S ) IVaxEllF + (5= ) 1B |
FeFa\FY p F

where }"}:I denotes the subset of mesh boundary faces lying on T'y. The local L*-error estimate
relies on the broken Poincaré with mized boundary conditions discussed in Remark 4.5 below



(which requires one more conjecture, unless pure Neumann conditions are enforced). The
estimate reads as follows:

[N

loallo, < Crdf 3 (PE)UVixBIHE + el LB

FeF\F}

Finally, an extension of the bound from Lemma 3.6 to mixed boundary conditions is not expected
to hold because the elliptic reqularity pickup stated in Assumption 3.5 is not expected to hold.

Remark 3.12 (Globally defined H(curl)-reconstruction and convex domains). One can also
consider a globally defined H(curl)-reconstruction operator, say R° : PB(E) — Hy(curl; D),
without posing auziliary problems on verter patches exploiting the partition of unity. As-
sume first that D has trivial topology. Then, one considers Up € X§(D) := Hy(curl; D) N
H (div = 0; D) solving the following well-posed problem:

(VoxUp,VoxWp) = (VixEy, + L} (Ep), VoxWp) YW p € Xg(D),
and 0p € HE (D) solving the following well-posed problem:
(VOp,Vup) = (En,Vup) Yup € HY(D),

and one sets RC(Eh) :=Up + VOp. The error RC(Eh) — E}, can again be bounded by the
right-hand sides in (3.14), both in the broken curl norm and in the L?-norm. The proofs,
which follow similar arguments to those presented in Section 5 are omitted for brevity. One
advantage of the globally defined H y(curl)-reconstruction operator is achieved when the domain
D is convex. Indeed, in this case, full elliptic reqularity pickup can be invoked when deriving
the L*-error bound, leading to the hp-optimal estimate

IR - Ball < Clor){ 3 (25) ||[[Eh113K||%K}é.

KeTy,

However, the broken curl norm bound cannot be improved and remains p-suboptimal by %—O'rder.
Finally, the above global construction can also be deployed if the domain D has a more general
topology upon posing the problem defining Up in Hg(curl; D) N Hy(curl = O;D)J', where
H(curl = 0; D) is the subspace of H(curl; D) composed of curl-free fields and orthogonalities
are meant in L?. However, the constants in the bounds on R°(Ey) — Ej, now depend on the
topology of D.

4 Preparatory results

In this section, we collect three preparatory results. The first result is a (classical) local
Helmholtz decomposition to be invoked in the proof of Lemma 3.3. The second one is a local
broken-curl, divergence-preserving Poincaré inequality to be invoked in the proof of Lemma 3.4.
Finally, the third one is a local Sobolev embedding to be invoked in the proof of Lemma 3.6.

Lemma 4.1 (Local Helmholtz decomposition). For all a € V), and all v € L*(D,), there exist
P € X((Da) (see (3.2a)) and & € X8(D,) (see (3.3)), so that

v=Vox¢+VE in Dy, (4.1a)

[ollB, = Vox3llD, + IVEID, - (4.1b)

Proof. For completeness, we sketch a short proof. We solve the Neumann problem (V¢, Vw)p, =
(v, Vw)p, in X%(D,), and observe that V&€ — v € Hy(div = 0; D,). Using [30, Theorem 3],
we infer that there exists ¢ € Hy(curl; D,) such that Vox¢ = v — V&. Then, we solve the

Dirichlet problem (Vv, Vw)p, = (¢, Vw)p, in X§(D,) and set ¢ = ¢ — V~. The pair (¢, £)
satisfies all the required properties. O



Remark 4.2 (Mixed boundary conditions). For mized boundary conditions, Lemma 4.1 is
adapted as follows: For all a € Vy and all v € L*(Da), there ezist ¥ € Xi_(Da) and
£ € Hp r.(Da), so that (4.1) still holds true. To prove this result, one solves Poisson
problems with mized boundary conditions.

Lemma 4.3 (Local broken-curl, divergence-preserving Poincaré inequality). There exists a
constant C(rT,) so that, for alla € Vy, all v € H'(T,) := {w € L*(D,) | Viw € L*(D,)},
and all v € Ho(curl; Dy) with v —v € H(div = 0; Dy), the following holds:

|va —vllp. < C(Hmha{llth(v; —v)[p, + D hFlll[[v}]%II%} : (4.2)
FeF,

recalling that the jump operator at F denotes the actual trace whenever F € Fpd.

Proof. Let a € Vj,, let v € H*(T,), and let vS € Hy(curl; Dy) be such that v& — v €
H(div = 0; D,). Recall that X&(D,) := H'(Da,)/R.

(1) Since D, is a simply connected, Lipschitz domain, we infer from [2, Lemma 3.5] that
there exists ¢ € X8(Da) := [X8(Da)]? such that Vx¢ = vS —v in D, (notice that V-¢p = 0 in
D, as well, but this additional property is not needed here). However, the stability constant on
IVé| b, is not known explicitly in terms of the geometry of D,. For interior vertices, the vertex
patch is a star-shaped domain with respect to a ball whose radius is comparable to the size of
the patch, with constant depending only on the mesh regularity. This result is established in
[14, Proposition 8.2] in any dimension d > 2 by reduction to the case d = 2 where the result is
known from [35]. Invoking [29, Corollary 28| then gives ¢ € X®(D,) such that Vx¢ = v —v
in D, and a stability constant C(k7;,) only depending on the mesh shape-regularity so that
the following bound holds:

IVl p. < Cle7,) VXD, = Clh7,)|[va = vl D.- (4.3)

For boundary vertices, the star-shapedness of the patch can be affected by the domain boundary
so that the radius of the ball can deteriorate, e.g., near re-entrant corners. The way forward
is to view each boundary vertex patch as a chain of star-shaped domains, and invoke |29,
Theorem 35] to obtain again the bound (4.3). Following [28, Appendix B|, we use the notion of
shellability and enumerate the simplices in the patch as {K;}1_; so that two successive simplices
in the enumeration share a face, say F; = 0K; N 0K;41. We then define the subdomains
Di = K; UK, for all i € {1:n—1}. As a consequence of mesh shape-regularity, each D is
star-shaped with respect to a d-dimensional ball centered at the barycenter of the face F;, with
radius comparable to hx,. Moreover, we have the overlap relation K, 1 = Di N DTt All the
conditions stated at the beginning of [29, Section 5] are thus fulfilled to consider the boundary
vertex patch as a chain of star-shaped domains.
(2) Integrating by parts the curl operator in each cell K € T,, we infer that

v — vl|h, = (vy — v, Vx@)p,
= (Ug,vx¢)Da - (U7VX¢)Da

= —(Vix(vg = v),®)p, — Y_ (v,nk X §)ox = T1 + T,
KeTa

and it remains to bound 77 and T5.

(2a) Bound on Tj. Using the Cauchy—Schwarz inequality, recalling that ¢ has zero mean-
value over D,, and invoking the Poincaré inequality on the vertex patch (see [42, Theorem 3.2]
and also [22, Lem. 5.7]), we infer that

T1| S hallVax(vg =)D, [V@llD. < hallVax(vg = v)llp.llva = vlp.;

where the second bound follows from (4.3).
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_ (2b) Bound on T,. Re-organizing the summation over the mesh faces in Fo as those in
FaNF;™ where ¢ has continuous trace and those in FqNF, }L’d where the jump operator denotes
the actual trace, we obtain

15 = Z ([v]lF:nr x @) p.
FeFa
Invoking the same arguments as above together with the mesh shape-regularity and a multi-
plicative trace inequality (see, e.g., [23, Lem. 12.15]), we infer that

EEDY h;lnuvn%n%}%{ 5 helol

FeF, FEF,

1
2

1

< ha{ 3 h;ln[[v]];n%} o ]l

FEFa
Putting the bounds on 7} and T together proves (4.2). O

Remark 4.4 (Extension). A simple inspection of the proof shows that Lemma 4.8 holds true
for any v € L*(Dy) with Vi, xv € L*(Dy) and (ng x v|x)|p € L*(F) for all K € T, and all
F e Fg.

Remark 4.5 (Mixed boundary conditions). For mized boundary conditions, the statement of
Lemma 4.3 is adapted as follows: There exists a constant C(kT,) so that, for all a € Vy, all
v € HY(T.), and all v¢ € Hyp,\ry(curl; Da) with vg —v € Hap,ry(div = 0; Da), the
following holds:

1

3

IIUZ—'UIIDaSC(Fm)ha{IIWX(vé—'v)IIQDa+ > hElll[[v}]%II%} :
FEFN\FY

The proof of this inequality is, however, not straightforward. First, [2, Lemma 3.5] can be
replaced by [30, Theorem 3] on regular decompositions with mized boundary conditions, but the
stability constant is not given explicitly in terms of the geometry of Da. To have a stability
constant only depending on the mesh shape-reqularity, one needs to conjecture that the result
of [29] can be extended to mized boundary conditions. We notice that the extension holds for
pure Neumann conditions [29, Theorem 32].

Remark 4.6 (Local broken-divergence, curl-preserving Poincaré inequality). One can adapt the
proof of Lemma 4.3 to establish the following local broken-divergence, curl-preserving Poincaré
inequality: There exists a constant C(kT,) so that, for all a € Vy,, all v € H'(T,), and all
vS € Ho(div; D,) with v& — v € H(curl = 0; D,), the following holds:

1
3
[va —vllp, < C(Hﬁ)ha{vh'(vi —o)llh, + Y hEIH[[U]]%%} :
Fe?a
Lemma 4.7 (Local Sobolev embedding). Under Assumption 3.5 with § := §(k7;) € (0, 3],

there exists a constant C(k7;,) (depending on 0) such that, for alla € V}, and all v € X°(Day)
(see (3.2b)),

Bl = Crr )hE |V xo|p, VK € Ta. (4.4)

HI (K

Proof. (1) Let a € V), and v € X°(D,). Invoking the same arguments as in Step (1) of the
proof of Lemma 4.3, we infer that there exists ¢ € X&(D,) such that Vx¢ = Vxwv in D,, and

IVélp. < Clr7,)[VXlD, = Cla7,) Vx| D, (4.5)

11



Since Vx (v — ¢) = 0, there exists a function p € X8(D,) such that Vp = ¢ — v. Altogether,
this leads to the regular decomposition

v=-Vp+¢, pecX&D,), ¢ecX&D,).

(2) Since v € Hy(div = 0; D) by assumption, we infer that (Vp,Vp)p, = (¢,Vp)p, for all
p € X&(D,). Therefore, we can apply Assumption 3.5 to g := ¢, and observing that (g = p,
we infer that

ha VD s,y S BRIV SlID, S B3IV x0]
a pH§+5(Da) ~ '‘a Dy S b Dgq>
where the second bound follows from (4.5). Since ‘VP‘H%“(K) < |Vp|H%+5(DB) for all K € T,
we infer that e
VPl pos g0y S 14 N9l (1.6

(3) For all K € T,, invoking the geometric mapping to the reference simplex K and the
embedding |¢‘H%+5(f() < OV, we infer that
< p3d 15 <o

Dl 3oy S hic IVl <h VOl S hd [[Vxvlp,,

where the last bound follows again from (4.5) and hx < hs. Combining this bound with (4.6)
and invoking the triangle inequality concludes the proof. O

5 Proof of the main results from Section 3

This section contains the proofs of Lemmas 3.3, 3.4, and 3.6.

5.1 Proof of Lemma 3.3

Let a € V. Our goal is bound the error 8, := E, — ¥, E}, defined in (3.9) in the broken curl
norm. Specifically, our goal is to prove that

h 2 %
V5% 8allp, < c{ > (SNV<BdEE+ 3 (IZ)IIHE;L]]%II%} .
FeFa

FeFa
To this purpose, we apply the Helmholtz decomposition (4.1a) to v := V;,Xd, in the vertex
patch D,. This gives ¢ € X((Da) and € € X&(Djy) such that Vi, xd0a = Voxtp + V€ in D,.
Taking the L?(D,)-inner product with Vj xd,, we infer that

IVax8allD, = (Vix8a, Voxup)p, + (Vi x6a, VE)p, = T+1I, (5.1)

and it remains to bound I and II.
(1) Bound on I. Since Vi x8a = VoXEa — Vi xX(VaEp) = VoxU, — Vi x (Y2 E},) owing to
the definition (3.6) of E,, we have

I=(VMoxUa = Vix(¢aFEn), Voxv)p,.
Recalling the definition (3.4) of U, and since 1 € X((Da), this gives
I= (L, (YaEn), Vox¥)p,-

Invoking the Cauchy—Schwarz inequality and the fact that 1, is continuous and bounded by
one, we infer that

2 3
1< LGB o 9ox o, £ { 3 (L) IaBali 3} [Noxln,
Fer. T 5.2)
p? : °
{2 (L)l | 190xalo.

FEFa
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where we used the stability bound (4.1b) in the last estimate.
(2) Bound on II. Since (Vox Ea, VE)p, = 0, we have

I =—(Vix(aEhr), VE)p,.

Let Z¢ be the modified hp-Karkulik-Melenk interpolation operator on the vertex patch D,
from Lemma 2.3. We have

T = —=(Vax(YaBn), V(§ = I3(€)))a = (Vax (YaEn), VIZ(E)) D, = 11 + 11y,

and we bound the two terms on the right-hand side.
(2a) Bound on II;. We integrate by parts the gradient operator in all the cells composing
Ta. This gives

M =— > (£—TE(&),nx-(Vax(YaBn)))ox-

KeTa

All the mesh faces in KxeT, JK are either in F, or in F\4. In the first case, we observe

that & — Z8(€) is single-valued across every interface F' € Fn N Fi"* and that we have set

conventionally [e]% := e|p-mp on every boundary face F € Fo N FPL. In the second case

where F' € F\q, we have np-Vyx(VaEp) = np-(YaVixEp) + Ep-(npxVi,) = 0 since
Ya =0and (npxVi,)r =0 on F. Altogether, this gives

M= — Y (6= TZ8), [Vax(YaBn)]E) r-
FeFa

We have Vi X (VaEp) = 0aVip X Ep + (Viha) X Ep, so that
[VixaEnlt = ¢alVaxEnlg + Vi [Enl%,

since 1, is continuous and (npxVipa)r is single-valued across every interface F' € F, N Fint,
This gives
I = = Y (€~ TE(€). valVax Eulf)r = Y (€~ TE(), Veu [Enli)r.

FeFa FeFa

Let II;; and IT;5 denote the two summations on the right-hand side. Using the Cauchy—Schwarz
inequality and [[1)a[ o (F) = 1, we infer that

< { ¥ (}j)||[[vthhn%n%};{ S () le-ze@n )

FeFa FeFa
We now invoke the approximation result (2.8) on Zg. For every F € F,, we can pick a mesh

cell K € T, of which F is a face and obtain

Py}
() e = Z2@)lr £ IVEllxc < V€N, < [Vix8allo,.

where we used (4.1b) in the last bound. This gives
hr d |2 :
Ml S8 (B2 IVaxEJ$E | 1V3x8allp.
FeFa p

Moreover, using the Cauchy-Schwarz inequality and || Vibal| g (r) S h}l gives

ol < { 3 (}j)hﬁnwhﬂ%}é{ > (&)l -}

FeFa FeFa
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Invoking the same arguments as above to bound the factor involving £, we obtain

2 3
_ P c
el < { 3 07 () IEBAl 13 | 193¢l

FeFa

Putting everything together, we conclude that

1

hp d |2 -3 » 2 |?
< = o c
| S {F%f: (5 IV wx BaZbE + 07 (G )BT | 193¢0,

(2b) Bound on II,. This time we integrate by parts the curl operator in all the cells
composing 7T,. Using similar arguments as above, we obtain

o= Y (WaBnnx x VIZE))ox = Y (ValEnlf, VIE()r

KeTa FeFa

Invoking the Cauchy-Schwarz inequality, the discrete trace inequality (2.6), and |[va ||~ r) =
1, we infer that

< { 3 (ffz)n[[Ehﬂ%n%}é{ > (SE)ivzen}

Fer, K FEFa
AT e} { S ivmon )
Fera K KeTa
2 3
{ S (LB} 19l
FeFa

where the last bound follows from the H!-stability of Z8 (see (2.8)). Proceeding as above to
bound ||V¢||p,, we conclude that

L] < 7 EL]S 3 : Vi, x6
AR I NERF 7 ¢ IVaxdallD,-

FeFa

(3) Putting the bounds on II; and IIy together and since p > 1, we conclude the proof. (Notice
that we just drop the factor p=3 in the bound on II;.)

5.2 Proof of Lemma 3.4

We want to prove that

loalo. £2{ 3 (°5)

=

3
||uvthhﬂ%||%+hF|[[Ehﬂm} .

FecFa
We apply the local broken-curl, divergence-preserving Poincaré inequality to v := Y, E} €
PE+1(7;) C H'(73) and select v¢ := E,, which indeed satisfies v$ € Hy(curl; D,) and

Ve —v=Ua+VOs—aE, € H(div=0; D,) since U, € H(div = 0; D,) by construction and
V0. — YaEy € H(div = 0; D,) by definition of 8,. Observing that d, = E, — V. E), = v — v,
we infer that

[19allp. < ha{IVhMaIDa + hplll[hbaEh]]%llfw}

FeF,

< ha{whxéama Py h;lH[[M%H%} ,

FeFa
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where we used that 1, is a continuous function over D,, vanishing on 0D, and bounded by
one. Invoking (3.10) to bound the first term on the right-hand side involving the broken curl
and using the mesh shape-regularity gives

h3 c
S (“E) IV Bt + el BT I3
FeFa

16alp, < {

Factoring out p? completes the proof.

Remark 5.1 (Definition of 6,). The above proof highlights the relevance of the local prob-
lem (3.5) defining the curl-free part of Ea,, i.e., V0,.

5.3 Proof of Lemma 3.6
We want to prove that, provided Assumption 3.5 holds true,

1

18allo, < { > th[[Eh]WF} .

FeFa

We use the Aubin-Nitsche duality argument to bound 8, in the L?*-norm on the vertex patch
D,. Specifically, we consider the following dual problem: Find Z, € X{(Da) such that

VXx(VoxZa) =8a in Dy, (5.3a)

Zaxnp, =0 on 0D,. (5.3b)

This problem is well-posed since D, has trivial topology and d, is divergence-free. Indeed,

Vba = V(Ea — (VaEr)) = V-Ua + V-(Vba — ¥aE}) = 0 since U, is divergence-free by

construction and the definition (3.5) of 6, implies that V0, — ¥, E}, is divergence-free as well.
Recalling the regularity pickup from [17, Section 5.2], and [24, Lemma 44.2], we infer that there

is 6, € (0, 1] (here, &, can depend on a € V},) so that VoxZ, € H%""S;(Da). This implies in
particular that Vox Z, has meaningful (tangential) traces in L*(9K) for all K € T,. Taking
the L? (Da)-inner product with d, = U, 4+ V0, — o E}, in (5.3a), we obtain

18allD, = (VX (VoxZa), da)p,
= (VX(VQXZa),Ua)DB + (VX(VoXZa),VHa)DB — (VX(V()XZa),’l/)aE}L)Da.
Integrating by parts the curl operator, we infer that
18all5, =(Vox Za, VoxUa)p, = (Vox Za, Vix (¥aEr))p,

- Z (VoxXZa, (YaEn) XK )oK -
KeTa

Re-arranging the last term on the right-hand side leads to

18allB, = (VoxZa, Vax(Ua = (YaBr))pa = D (VoxZa, valEn])r-
FeFa
Next, invoking the relation (3.4) with W, := Z, € X{(Da) and the definition (2.9) of the
lifting operator, we infer that

18allD, = (VoxZa, L} ($aEn)) o — Y (VoxZa, ¢alEnl5)r

FeFa
= (I3(Yox Za), L (VaBn)) Dy = 3 (Yox Za, Val Bul)r (5.4)
FeFa
== > ({YoxZa — I (Vox Za) }5, bal En]§) F,

FeFa
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where Hg denotes the L*-orthogonal projection onto P;(T(,). Using the Cauchy—Schwarz
inequality, ||¢allz(r) = 1, bounding the mean-values by the traces in the (one or) two cell(s)
sharing F' € F,, and invoking the mesh shape-regularity, we infer that

Iaul <{ 3 () w02 - HE(VOXZa)}}%H%};{ 5 (’j)”nwhﬂ;Hgf

FeFa FeFa
P20 3 B 26 3
X (L) woxza - o zai ) { X (48) il |

KeTa FeFa

where § € (0, 3] is given by Assumption 3.5. Using the approximation result (2.7) on the
L?-projection followed by Lemma 4.7 (notice that indeed Vox Z, € X°(D,)), we infer that,

for all K € Ty,

ER)
Shi |6allp.-

P o
(7) Vo x Za = T3 (Vox Za)llox S [Vox Zal gy s o) S

hi
Combining the above two bounds and since hy < hp for all F' € F, and p > 1, we infer that
the assertion holds true. (Notice that we just dropped the factor p~2? scaling the tangential
jumps of E}, since § can be arbitrarily small.)

6 Application to hp-a posteriori error analysis

In this section, we show how the H(curl)-reconstruction operator constructed above can
be used in residual-based hp-a posteriori error analysis. We focus on the symmetric interior
penalty dG approximation of some simplified forms of Maxwell’s equations involving the curl-
curl operator and a zero-order term. Other nonconforming approximation methods can be
considered as well. For simplicity, we assume that Assumption 3.5 holds true.

6.1 Model problem
The model problem consists in finding F € H(curl; D) such that

W?eE +Vx(WVyxE)=J in D, (6.1)

where J € H(div; D) is the source term. Both material properties € and v can vary in
D and are assumed to take positive-definite, symmetric, piecewise constant matrix values
with eigenvalues uniformly bounded from above and below away from zero. Notice that, for
simplicity, we are enforcing homogeneous Dirichlet boundary conditions (also called perfect
electric conductor boundary conditions). The parameter w scales as a frequency (reciprocal
of a time scale) and can be either a real number (leading to the so-called definite Maxwell
problem) or a pure imaginary number (leading to the so-called indefinite problem). Whenever
w = 0, the additional property V-J = 0 is prescribed. For the time being, we assume that w
is a nonzero real number and refer the reader to Remarks 6.2 and 6.10 for further insight into
the other cases.

For a material property a € {e,v}, we introduce the inner product and associated norm
weighted by a, leading to the notation (-,-)q and ||-||o. The weak formulation of (6.1) classi-
cally amounts to finding E € Hy(curl; D) such that

b(E,w)=(J,w) Vw e Hy(curl; D), (6.2)
with the bilinear form defined on H(curl; D) x Hy(curl; D) such that

b(v,w) := w?(v,w)e + (Voxv, Voxw),. (6.3)
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6.2 Symmetric interior penalty dG discretization

We employ the symmetric interior penalty dG method to discretize the weak formulation (6.2)
(see [39, 31]). We assume that the mesh T is compatible with the domain partition on which
€ and v are piecewise constant. For a € {e, v}, we set ag := a|k for all K € Tj, and denote
by a'}( and aﬁK the smallest and largest eigenvalue of ak, respectively. It is convenient to set

aﬁF = max(auKl,anKr) VF := 0K, N 0K, € Fi™, a% = oz%{l VF := 0K, NnoYe Fpd. (6.4)

For all K € T, we also define agK so that a%K\F = aiﬂ for all F' € Fg. To avoid distract-
ing technicalities, we assume that the material properties are only mildly heterogeneous and
anisotropic. Thus, we hide anisotropy ratios such as aﬁK / o@( in the generic constants used in
the error analysis. We do the same for contrast factors such as aﬁK / ai(,, where K’ lies in some
neighborhood of K. We refer the reader to Remarks 6.1 and 6.4 for some further insight.
The discrete problem reads as follows: Find Ej, € P};(E) (recall that p > 1) such that

bh(Eh,wh) = (J,wh) Ywy, € P;(’Th), (6.5)
with the discrete bilinear form such that, for all v, wy € PE(?}L),

bh(’Uh,’wh) = w2(vh, wh)e =+ (Vh XVp, thwh),, =+ n*sh(vh, wh)
+ ) {{rVaxvn s [wals) e + ([oal§, {vVaxwn }5)r}- (6.6)

FeF,
The stabilization bilinear form s;, is defined as
2
su(onwn) = Y Vi (1= ) (onli ol (6.7)
F
FeFy

and the user-dependent parameter 7, > 0 is taken large enough (see below). Using the defini-
tion (2.9) of the lifting operator L}, we infer that

b (vn, wp) = w? (Vh, wh)e + (Vi x0n, Vi XWh)y + x5k (Vh, wh)

+ (L} (wp), Vi xvp)y + (L8 (vp), Vi xwp)p. (6.8)
We equip the discrete space PE('E) with the norm
lonllic := @?lvnllZ + IVaxvnl} + sn(vn,vn) Yo € PR(Th). (6.9)
Recalling (2.10), we infer that
1L} (vn)ll; < C(s7)sn(vn,vn) You € Pp(Th), (6.10)

whence we infer, provided we take . > 242C(k7,) with C(k7;,) from (6.10), that the following
coercivity property holds:

1
bn(vn, vn) = §|||’vh|||3c; Vo, € P (Th). (6.11)

Remark 6.1 (Weighted averages). Whenever the jumps of v across the mesh interfaces are
large, one can consider weighted (v-dependent) averages to evaluate the last two terms on the
right-hand side of (6.6). In the case of strong anisotropy, the weights depend on the normal-
normal component of v on both sides of the interface. We refer the reader, e.g., to [25] for an
example in the context of a scalar diffusion problems. Accordingly, the definition (2.9) of the
lifting operator LY can be modified by using a weighted average on the right-hand side.

Remark 6.2 (Indefinite case). In the indefinite case, the coercivity property (6.11) is replaced
by a Garding inequality. Assuming that w is not a resonant frequency and invoking a duality
argument a la Schatz then leads to a discrete inf-sup condition if the mesh size is small enough.
We refer the reader to [12, Sec. 5.4] for more details.
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6.3 Estimator and error measure

The a posteriori error estimator is written as the sum over the mesh cells of local error indicators
nk for all K € T;,. The local error indicator consists of three pieces. The first two respectively
measure the residuals of the divergence constraint and of Maxwell’s equations:

1 1 hK 2 hK
M aie = N{2 (ZE) V(T = wPeBn) e +w? (=) ||[[eEh113K||%K\aQ}, (6.12a)
€ (W p p

and

1 hi\ 2
Mot = <5 {(K) |J —wPeEy, — Vx (v < Ep)[&
Vi p

) , (6.12b)
K c p c
+ (M) I BulscBcnon + v () MBSl -

The last part of the estimator is related to the nonconformity of the discrete field E};, and reads

hK p2
M e = ng(?) IV % En]delx + {w%gKhK + ugK(H) B k|2 (6.12¢)

Notice that this latter estimator is suitable under Assumption 3.5. It is convenient to introduce
the following shorthand notation:

77%( = n%(,div + n%(,curl + n%(,ncv 773 = Z n%,K7 772 = Z T)%(v (613)
KeT KeTh

with e € {div, curl, nc}.
The approximation error is defined as

e:=E - Ej, € Vy:= Ho(curl; D) + P)(Ty). (6.14)

Although the sum defining V4 is not direct, any field v, € Ho(curl; D) N PE(E) satisfies
[vn]$ = 0 for all FF € Fj,. It is therefore legitimate to extend the jump operator to V' by
setting [v]% = [vs]% for all v = © + v, € Vy. Similarly, the lifting operator L} can be
extended to V' by setting L} (v) := L} (vp,). The discrete bilinear form by, is then extended to
V' x Vi by using the expression (6.8), i.e., we set, for all v,w € V7,

by (v, w) := W (v, W)e + (Vi xv, Vi xw), + n.5u (v, w)

6.15
+ (LF (w), Vi xv)y, + (L} (v), Vi xw),, (6.15)
keeping in mind that Vj;, xv := Vyxv whenever v € Hy(curl; D).
For any subset 7 C T, we define the error measure
2
p

lellz 7 == > qw’llellZx + 1Vxel? x + v (7= ) I lelox 3k (6.16)

hk

KeT

and omit the subscript 7 whenever 7 = 7;,. When restricted to P; (Tn), || ® |4 is equivalent to
the discrete dG norm || @ ||ac defined in (6.9) up to a rewriting of the jump contribution as a
sum over the mesh cell boundaries rather than over the mesh faces.

Remark 6.3 (Stabilization weight). We observe that the error measure defined in (6.16) is
independent of the stabilization parameter n. introduced in the dG scheme.

Remark 6.4 (Heterogeneous materials). Whenever one wishes to account for the heterogeneity
of the material properties, some weights in the error indicators need to be adapted. For the error
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indicators defined in (6.12), one needs to consider a contrast factor involving three layers of
vertex-based neighbors around K, as detailed in [12]. For the nonconformity indicator defined
in (6.12¢), one layer of neighbors is sufficient. We also notice that it is possible to modify
Definition 3.1 so as to reconstruct on each vertex patch an Hy(curl)-conforming field by using
weighted L?-inner products. However, the estimates satisfied by this modified reconstruction in
the broken curl and L*-norms will depend anyway on the contrast factors associated with the
underlying weights.

6.4 hp-a posteriori error analysis

We decompose the approximation error into two components as follows:
e=(E—E.)+(E.— Ep) =:e.+ ey, E.:= R°(E;) € Hy(curl; D). (6.17)

We call e, the conforming error and e,. the nonconforming error. Notice that we use the
H y(curl)-reconstruction operator from Section 3 to define the two error components. Actually,
the precise definition of E. is irrelevant for bounding e, (we only use that e, € Hy(curl; D)),
and is only relevant for bounding e,..

Lemma 6.5 (Residual). Let nﬁc = 77<211v + nfurl. The following holds:
[bs(e, ec)| < C(7, )aclleclls- (6.18)

Proof. The proof essentially follows the arguments from the proof of [12, Lem. 6.2], up to minor
adaptations (the proof therein tracks the dependency of the constants on the heterogeneity of
the material properties, and deals with the indefinite Maxwell problem). O

Lemma 6.6 (Bound on e.). The following holds:
lecll; < C(r7.) (Mac + llenclly)- (6.19)
Proof. Since e. € Hy(curl; D), we have sp,(ec, e.) =0 and L} (e;) = 0, so that

lecllf = wllecll? + [ Voxecll}

=by(ec,ec) = by(e,e.) — by(enc, ec) =: Ty + Th.
Applying the bound (6.18) from Lemma 6.5, we get
IT1] < naclleclls-
Moreover, we observe that
Ty = by(enc, ec) = W (ene,€c)e + (Vi xene, Voxees), — (LY (ER), Voxee)y.

Invoking the Cauchy—Schwarz inequality and the bound (2.10) on the discrete lifting operator,
we infer that

1
2
o] < 2{w2llenclli +Vaxencll, + HLi(Eh)Ili} leclls < llencllzlleclls-

Combining the above bounds completes the proof. O

Lemma 6.7 (Bound on e,.). Under Assumption 3.5, the following holds:

|||encu|ti < CO(K75, ) Mne- (6.20)
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Proof. Recall that, for all K € Ty, ene|x = ZaEVK Oali with 8, := E, — Yo E), (see (3.9)).
Reasoning as in the proof of Theorem 3.7, this gives

[Vxencly e < vic Y 1IVax8allh,

aceVk

Invoking the bound on ||V}, Xda| p, from Lemma 3.3, and hiding the contrast factor on v in
the generic constants, we infer that

p2
IOxenltn s 3 5 (v (CE)IVaxBI I + v (2B}
acVi FEFa F

Reasoning similarly to bound (J.)2||em||€ x, but this time invoking the bound from Lemma 3.6,

we infer that
WllenclZix S Y. Y wrehhp|[[El% I3
acVyk FEFa

Combining the above two bounds together, re-arranging the summations over the mesh cells,
invoking again the mild heterogeneity of the material properties, and observing that [e,.]§; =
—[ER]§, for all K € T, leads to the expected bound on |lenc|s-

Theorem 6.8 (Global upper bound (reliability)). Under Assumption 3.5, the following holds:
lell; < C(s7,)n. (6.21)

Proof. Invoke the triangle inequality together with Lemmas 6.6 and 6.7, and recall the defini-
tion of n from (6.13). O

Finally, we derive local efficiency estimates.

Proposition 6.9 (Local lower bound (local efficiency)). For all K € Ty, we have

3 ’ h
o < Clor 2{<1+<w eK> ( K))HE Eh|||qu—|—osch}, (6.22)
VK p

with the data oscillation term

: 1 (hgo2 1 rhgo\?
Osciei= Y min {u( K) ||J—Jh||%(,+7(TK> ||V.(J—Jh)§{,}, (6.23)

K,erJhePE(T;L) A 4 W2€pe,

and Kt is the collection of the mesh cells sharing a face with K.

Proof. Local bounds on all terms composing the error estimator nx can be found in [12,
Theorem 6.5] except for the term involving [V, x E;]%. Invoking the H!- to L?-norm inverse
inequality from [41, Theorem 4.76], we infer that

hk P’
Vire (S IV Buldiclne < vixe (- ) NIEL5c B S PUE — Bl

This completes the proof. O

Remark 6.10 (Indefinite case). Whenever w = 0, the above hp-a posteriori error analysis
can be applied with the additional simplification of discarding the L?-norm estimate, so that
Assumption 3.5 is no longer relevant. (Notice also that the last term on the right-hand side
of (6.23) is no longer relevant since J is divergence-free). In the time-harmonic regime with a
nonzero, pure imaginary w, the techniques in [12] can be combined with the present H(curl)-
conforming reconstruction.
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