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Numerical-Optimal-Control-Compliant Muscle
Model for Electrically Evoked Contractions

Tiago Coelho-Magalhães, Christine Azevedo-Coste and François Bailly

Abstract—In this paper, an existing physiological muscle model
that predicts muscular force in response to electrical stimulation
is adapted to be compatible with gradient-based optimization, in
particular with numerical optimal control/estimation problems.
The objective is to integrate biomechanical models with those
that correlate muscle force generation with electrical pulses from
a physiological perspective, with the aim of achieving optimal
stimulation patterns in activities assisted by functional electrical
stimulation. To this end, the activation dynamics of the original
model, initially constrained to a stimulation train of predefined
and constant length, is reformulated to account for stimulation
sequences that dynamically change over time. This is typically
necessary to simulate complex motions, which would otherwise
be impossible to achieve with the earliest formulation. To identify
the model parameters, experimental torque data of 3 participants
with spinal cord injury performing electrically evoked isometric
quadriceps contractions at different knee angles are used. We
then employ an optimal control framework to demonstrate
the model’s ability to predict knee torques and the possibility
of achieving optimized stimulation patterns in simulation for
controlling muscle force and knee extension. Our results reveal
that the identified model allows accurate prediction of knee
torque and optimization of stimulation patterns while satisfying
the system’s dynamics at the skeletal and physiological muscle
levels. This proof of concept is a first step towards physiological
muscle model-based control of functional electrical stimulation to
achieve movements that best exploit an individual’s physiological
and biomechanical characteristics.

Index Terms—Biomechanics, musculoskeletal model, func-
tional electrical stimulation, numerical optimal control, simula-
tion.

I. INTRODUCTION

PEOPLE affected by spinal cord injury (SCI) or other
neurological conditions that induce limb paralysis may

benefit from the use of functional electrical stimulation (FES)
to assist them in achieving various functional activities such as
grasping, walking, cycling, standing and transfers [1]. How-
ever, prolonged application of FES is often limited due to the
low selectivity of surface electrical stimulation and the rapid
onset of muscle fatigue caused by the non-physiological nature
of electrically evoked contractions [2]. Furthermore, inefficient
stimulation patterns (i.e., stimulation intervals, pulse duration,
amplitude and frequency) result in non optimal recruitment of
muscle groups, leading to a lack of synergistic and antagonistic
joint control that aggravates the problem of muscle redundancy
when reproducing complex movements [3].
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To overcome these limitations, some studies have combined
FES-stimulated muscle dynamics and biomechanical models
with optimal control methods to predict the causal relationship
between electrical stimulation of muscles and joint motion
[4]. This integration employs diverse optimization criteria, in
which a user-defined cost function is minimized to compute
control signals over a finite time horizon using numerical
techniques. It can include the total number of muscles stim-
ulated and the corresponding activation levels necessary to
achieve a desired trajectory, whose solution can potentially
mitigate the adverse effects of muscle fatigue. In [5] and in [6],
musculoskeletal models and dynamic optimization were em-
ployed to determine the muscle activation sequence needed to
reproduce in simulation the human walking based on reference
trajectories obtained from the gait of able-bodied subjects. The
optimal control solution was determined by minimizing the
tracking error of joint angles and the simultaneous activation of
agonist and antagonist muscles. Real experiments were further
explored in [7], where the muscle activation patterns obtained
were used as a basis for real-time stimulation control during
FES-assisted walking of subjects with SCI, allowing superior
performance compared to manual or open-loop approaches in
terms of energy cost and walking speed. A similar approach
was investigated in [8], where, in addition to the lower
extremity joints trajectories, objectives aimed to minimize
the high upper body effort required during walker-assisted
standing and walking. Hybrid FES-exoskeleton systems have
also demonstrated the potential to assist SCI people while
completing tasks that require highly coordinated movements
based on model predictive control [9]–[11].

Although the above studies revealed an effective combina-
tion between optimal control and FES-assisted activities, they
relied on the simplifying assumption that muscle activation can
be directly assimilated to stimulation output, which avoided
the need to model complex excitation-contraction dynamics,
despite the fact that some have employed fiber recruitment
curves as a proxy to model the relationship between elec-
trical stimulation and the neuromuscular system [6], [7], [9],
[10]. Consequently, the phenomenological approach behind the
muscle activation models commonly employed in FES-driven
simulations still lacks physiological realism.

From a physiological perspective, a variety of models have
been advanced to explain the interaction between electrical
stimulation and muscle force dynamics [12]. The muscle
model proposed by Ding et al. [13]–[15] describes how
electrical pulses trigger muscle activation by modeling the
formation of the calcium-troponin complex, which initiates
cross-bridge cycling - the actin-myosin interaction leading to
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force generation. Compared to alternative models, it has fewer
parameters that require identification (see [16], [17]), which
reduces the complexity associated with its implementation. It
was validated with individuals with SCI [18], [19] and was
suggested to be the most accurate model to predict muscle
force outputs from both trained and untrained paralyzed limbs
[20]. It accurately predicted force under non-isometric [21],
[22], and fatigued conditions [23]–[25]. This model has been
investigated in optimal control problems to track a reference
force, focusing on the optimized stimulation frequency to
achieve a desired force and the maximization of the final force
response [26], [27]. In [28], Ding et al. model was used in
dynamic optimization problems to investigate the effects of an
optimal sequence of stimulation pulses required to maintain a
desired isometric contraction while minimizing muscle fatigue.
Their results suggested that muscle fatigue was lower using
an optimized-frequency pulse train rather than a constant-
frequency one while producing equivalent force-time integrals.

Although they demonstrated the possibility to optimize
the force control of a single physiological muscle model
through FES efficiently, these investigations were not account-
ing for the musculoskeletal dynamics, making it impossible
to conclude on the possibility of using such a physiological
muscle model in a biomechanical task prediction. Furthermore,
these investigations present two limiting factors related to the
activation dynamics: i) the original formulation of the model
includes a summation that increases in size as the stimulation
duration extends and ii) it is computed with respect to a
stimulation train of predefined and constant length. These char-
acteristics hinder the efficient implementation of optimization-
based motion predictions with FES-driven musculoskeletal
models. This is mainly due to the nature of direct transcription
methods, which are necessary to transform continuous tra-
jectory optimization problems into generic discrete nonlinear
programs (NLP’s), such as direct collocation or multiple
shooting [29]. Limitation i) which results in a change in the
summation size at each shooting node, would necessitate to
systematically work with multiphase problems, degrading the
computational performances of the approach. Limitation ii)
implies that it is not possible to let the numerical solver turn
the stimulation on and off at arbitrary instants, as required in
complex motions. Instead, this original formulation restricts
optimization sequences to really simple scenarios in which the
muscle stimulation is always turned on and for a predefined
duration.

With the aim of making the predictive capabilities of Ding et
al. model compatible with optimized FES-driven motions, we
noticed that the effects of past electrical pulses are negligible
as a result of the exponential decay present in the activation
dynamics formulation, notably in the summation effect asso-
ciated with the rate-limiting steps leading to the formation
of the Ca2+-troponin complex. Hence, we hypothesized that
a limited subset of successive pulses would be sufficient for
the calculation of the resulting evoked-muscle force and thus
simplifying the formulation and the solving of the OCP.

That being said, a key contribution of this paper is the
reformulation of Ding et al. model to make it compatible
with gradient-based optimization and, in particular, numerical

optimal estimation/control problems. We also evaluate the
impact of this approximation on computational performance,
including the time to convergence and the number of non-
linear programming iterations needed to solve the problem.
Experimental data from isometric evoked contractions of the
quadriceps muscles for different knee extension angles are col-
lected from individuals with SCI to identify model parameters
and compare with the prediction of knee torque in simulation.
Finally, we demonstrate the feasibility of implementing tra-
jectory optimization with our adapted FES-activated muscle
model to optimize the knee joint trajectory using numerical
optimal control1.

This preliminary evaluation using a complete musculoskele-
tal optimization-based motion prediction, including the formu-
lation of trajectory optimization problems, is a requisite step
in the process of further investigating the potential of using
this physiological muscle model in real-time applications, in
which model-based optimization of the control laws represents
a promising way for achieving more versatile movements in
response to electrical stimulation.

II. METHODS

The workflow depicted in Fig. 1 offers a comprehensive
overview of the methodological framework, which will be
elaborated in greater detail subsequently.

A. Muscle-force model

The physiological-based muscle model proposed in [13]
consists of two coupled differential equations. They relate the
dynamics of the rate-limiting step that leads to the formation
of the Ca2+-troponin complex (cN ; unitless) to the force
development as a response to n consecutive electrical pulses
delivered before time t.

This study presents a novel dynamic formulation that cap-
tures the temporal influence of a finite number of pulses p
moving in time — a feature crucial for its integration with
numerical optimal control and estimation problems — marking
a distinct advancement over earlier models. We define n(t) =
⌊t/T ⌋ to represent the largest integer n, such that n ≤ t/T ,
where T represents a constant pulse period. Therefore, the
activation dynamics is approximated by:

dcN
dt

=
1

τc

n(t)∑
i

αiRi exp

(
− t− ti

τc

)
− cN (t)

τc
, (1)

where i = max(1, n(t) − p) is within the truncated or
window-sized train of pulses containing the history of the last
p ∈ N∗ pulses. The states on, off of each pulse is represented
by αi = {0, 1} at the time of the ith pulse, where ti = iT .
The parameter Ri accounts for the nonlinear summation of
the cN transient upon the time response τc(ms) - a constant
controlling the rise and decay of cN -, which is given by:

Ri =

{
1 if i = 1,

1 + (R0 − 1) exp(− t−ti
τc

) if i > 1,
(2)

1https://github.com/pyomeca/bioptim
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Fig. 1. Workflow representation of the methodology proposed. The muscle
model is adapted for numerical optimal control, where key parameters are
identified using knee torque data from SCI subjects across multiple knee
angles. Then, the model is validated by predicting knee torque and applied to
optimize FES-driven tasks. The respective sections are indicated accordingly.

where R0 (unitless) represents the magnitude of enhance-
ment in cN [14]. The evolution of Ca2+-troponin complex
cN is related to the instantaneous force F (N) through the
Michaelis–Menten functions defined by:

m1(t) =
cN (t)

Km + cN (t)
, (3a)

m2(t) =
1

τ1 + τ2m1(t)
, (3b)

where Km is the sensitivity parameter of strongly bound cross-
bridges to cN , τ1(ms) is the time constant of force decline
in the absence of strongly bound cross-bridges and τ2(ms)
is the time constant of force decline due to friction between
actin and myosin [30]. These functions are part of the muscle
force dynamics:

Ḟ = m1(t)A(pd, θ)−m2(t)F (t), (4)

where F represents the mechanical force derived from a linear
spring, a damper, and a motor in series [14]. The force output

F (t) is ultimately parameterized by one function (A) and five
parameters (τ1, τ2, τc, Km, and R0).

Finally, we assumed that muscle force could be influenced
by modulating A as a function of the stimulation pulse
duration as in [19] and by the knee angle as in [30]:

A(pd, θ) = a(θ)(1− exp(−(pd− pd0)/pdt)), (5)

where a(θ) represents a force scaling factor accounting for
muscle length, thus depending on the knee joint angle θ. The
parameter pd(µs) refers to pulse duration, pd0(µs) represents
the threshold offset that characterizes the muscle sensibility
to the pulse intensity and pdt(µs) describes how the scaling
parameter varies with the increasing of pulse duration [19].

B. Data Analysis of the truncation method
In (1), the existing exponential term causes the effect of

each pulse to decrease over time. In this case, the number of
previous pulses (in relation to the actual time) that actually
have an effect on the instantaneous activation dynamics could
be defined by approximating the model. To define the window
size (parameter p related to (1)) that would be suitable for the
simulations proposed in this work, we quantitatively evaluated
the truncated method with window sizes ranging from 1 to 15
on a random pulse train for stimulation frequencies ranging
from 25 to 100 Hz in 5 Hz steps. To this end, we used the
analytical solution for the transient behavior of cN presented in
[13] to calculate the root mean square error (RMSE) between
the different window sizes (1-15) and a window of size 20,
which provided equivalent results to the original model while
being compatible with our optimal control framework. The
average values of the parameters τ1, τ2 and Km from [19]
were used in the calculation. Fig. 2 illustrates the resulting
approximation of (1) using the different sizes for p for a
random pulse train for a frequency of 40 Hz.
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Fig. 2. Effects of the different window sizes (p = 1 to 15) on the
approximated response of cN for a 40 Hz stimulation frequency.

C. Biomechanical model
We adapted an existing lower limb model2 to a 1-degree-

of-freedom (DOF) model using the OsimToBiomod library

2https://simtk.org/projects/cycling sim
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converter3 (Fig. 3). The biomechanical model was simplified
to have one right leg with four muscles (rectus femoris, vastus
lateralis, vastus medialis and vastus intermedius) to simulate
the quadriceps femoris muscle under isometric electric-evoked
contractions. The model also defines the constraints concern-
ing joint range of motion and muscle characteristics and was
used in both the parameter identification procedures (Section
II-F) and FES-induced tasks (Section II-G).

Fig. 3. Biomechanical model of the right lower limb. The blue markers should
be superimposed on the knee extension task: marker #1 is the target to be
reached by marker #2. The green marker (#3) is a contact point used to lock
the limb during isometric contractions.

D. Experimental Data

We used experimental data from a previous study of our
team [31] to identify the model parameters and to validate
this identification on the prediction of knee-joint torques. Mea-
surements were obtained during isometric evoked contractions
of the quadriceps femoris muscles from the two legs of three
male participants with SCI (42.4 ± 6.9 years and body mass
index of 26.6 ± 2.9). The study protocol received approval
from the Ethics and Research Committee of the Faculty of
Ceilandia at the University of Brası́lia, Brası́lia, Brazil (CAAE:
09303218.6.0000.8093, Ethical Approval number 3.632.981).
All procedures were performed in accordance with the eth-
ical standards of the 1964 Declaration of Helsinki and its
later amendments. Written consent was obtained from each
participant. Measurements were conducted using an isoki-
netic dynamometer (Biodex Medical Systems, NY, United
States). The movement patterns to control the dynamometer
and data acquisition are detailed in [31]. Stimulation pulses
were delivered to participants using the FESBox 4 stimulator
(BerkelBike B.V., Netherlands).

To identify the model’s parameters in this work (see Section
II-F), we used the experimental data from the following

3https://github.com/pyomeca/osim to biomod

procedures: maximal evoked contractions (MEC), and torque
to knee extension angle relationships (here, referred to as LEN
due to its relationship with muscle length). In all scenarios, the
stimulator delivered symmetric, rectangular, biphasic pulses
with a phase-width of 400 µs, and constant frequency trains
(CFT) at 40 Hz. The MEC measurements accounted for three
short (500 ms) isometric contractions at a knee angle of 90°
with a stimulation amplitude of 120 mA. Between consecutive
contractions, a resting period of 1 min was included to allow
for full recovery of the neuromuscular system. The LEN
setup accounted for two short (500 ms) isometric contractions
for each angles, ranging from 70° to 170° in 10° steps.
Contractions were performed every 30 seconds to allow the
muscles to rest between them. The stimulation intensity was
adjusted to produce a peak-torque of approximately 40% of
the MEC at the lowest knee angle (i.e. 70° knee extension
angle). In the following, we considered a full knee extension
to be reached at 180◦ whereas lower values indicate a knee
flexion to keep the same formalism as in [31].

We used data from the conventional configuration (CONV)
described in [31], where two electrodes of same size (68×125
mm, bipolar stimulation) were placed proximal and distally
on the quadriceps muscle. Each testing session was divided
into two parts and performed for both the left and right legs
individually during the same session.

E. Trajectory Optimization Formalism

Whether to identify the model parameters (estimation) or
to control the model in simulation (control), we used the
numerical trajectory optimization framework implemented in
[32], a Python framework for biomechanical optimal control
that handles musculoskeletal models. The problems were
solved using IPOPT with exact Hessian [33], and CasADi for
algorithmic differentiation [34]. For a system whose dynamics
is governed by an ordinary differential equation of the form
ẋ = f(x,u), with x and u the state and control vectors, a
generic trajectory optimization problem can be written as:

min
x(t),u(t),p

= J(x(t),u(t),p) (6a)

s.t. ∀t, ẋ = f(x(t),u(t),p) (6b)
∀t, g(x(t),u(t)) ≤ 0 (6c)

x(0) = x0 (6d)

with J the cost function, p a vector of model parameters and
x0 the initial state. The inequality constraints are gathered in
function g. To be numerically tractable, this continuous-time
optimization problem is transcribed into a finite-dimensional
nonlinear program using the multiple shooting approach im-
plemented in [32]. The goal is to find the control input
u(t), the states x(t), and the parameters p minimizing the
cost function defined for each phase while satisfying the
dynamic and boundary constraints introduced in (6). In the
following, the control input u(t) corresponds to the pulse
duration (pd(t)); the states x(t) includes cN(t) and force
F(t) for each muscle, the knee joint position q(t) and velocity
q̇(t), and the history of each pulse, represented by αi(t) in (1),
which is implemented as a vector of size 6, based on the results
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obtained from the truncation method analysis (see Section III),
whose dynamics was implemented as α̇i = (αi − αi−1)/T ,
resulting in zero variation when the alpha states remain
unchanged, and −1/T or +1/T when the state is deactivated
or activated, respectively, within a pulse period.

F. Model Development

The force model for non-fatigued muscles is described
with one function A(pd, θ) and five parameters: R0, τc, τ1,
τ2, and Km [19]. In (5), we defined A as a function of θ in a
similar approach as presented in [30], and as function of pulse
duration pd(t) and parameters pd0, pdt as presented in [19].
However, these last two were not considered in the parameter
identification processes, and the average values presented in
[19] were used in this work. The parameters R0 and τc are
fixed at 5 and 11 ms, respectively, as suggested in [19] for the
quadriceps femoris muscles of individuals with SCI. Thus,
only three parameters and one function remain to be identified
for each subject and leg: τ1, τ2, Km and a(θ). Finally, the
following steps were used to identify the model’s parameters
and obtain predicted torques. The OCP was discretized using
40 shooting nodes per second (one stimulation pulse per
node with time in-between nodes corresponding to the pulse
period) with a 5-step RK4 integration in-between.

Step 1: Identification of τ1, τ2, and Km.
For each subject and each leg, we used experimental torques
measured in the MEC and LEN setups at respectively [90◦] and
[70◦, 90◦, 120◦, 140◦, 170◦] as input data to our identification
problem (Section II-D). We gathered the five torque trajecto-
ries containing the first evoked contraction of each previously
described configuration in an experimental torque vector τexp.
An optimal estimation problem was formulated to track these
experimental torque data by optimizing τ1, τ2, Km and A
(4), while satisfying the system’s dynamics. Consequently, a
problem of the form of (6) was solved with the following
equation as a transcription of (6a):

min
x(t),u(t),

p=[τ1, τ2, Km, A]

1

N

N−1∑
k=0

(τpred
k (A, τ1, τ2,Km)− τ exp

k )2

(7)
where τ pred is the torque trajectory predicted by the model,
τ exp is the measured torque trajectory and N is the total
number of shooting nodes. As the values of τ1, τ2, and Km are
not dependent on θ, the identified values for these parameters
are kept fixed in the following steps.

Given the structure of τ exp, the problem implementation
was multi-phase, with discontinuous phase transitions to let
the model switch from one knee position to another within
the same optimization problem (i.e., each phase of the prob-
lem represented a distinct knee angle). To enforce isometric
contractions during the optimization, the tibia was locked by
a non-accelerating contact point at each knee position (Fig. 3,
green circle #3). We defined pdmax = 800µs (same as pulse
duration during experiments) and pd(t) to be dependent on
the experimental setup (i.e., MEC or LEN) when stimulation

was on, or 0 otherwise. For instance, pd(t) = 800µs for MEC
setup and, for LEN, the value was defined to be a percentage of
pdmax necessary to reproduce the measured torque ratio at 90◦

between LEN and MEC configurations for each subject/leg.
The control bounds were set according to the stimulation state
(i.e., on or off ) of the experimental data.

Step 2: Determination of the a(θ) polynomial.
We considered τ1, τ2, and Km to be not dependent on θ
and these parameters were fixed at the values previously
identified. In this step, we defined a to be an optimization
parameter and used five contractions from the LEN dataset
at θ = [70◦, 90◦, 120◦, 140◦, 170◦] to identify a(θ). This
time however, five separate optimal estimation problems were
solved for the various knee angles, the joint locking being sim-
ulated by a contact point. For each θ value, the problems were
formulated to track the experimental torque data by optimizing
a, while satisfying the system’s dynamics. Consequently, a
problem of the form of (6) was solved with the following
equation as a transcription of (6a):

min
x(t),u(t),p=âθ

Jθ =
1

N

N−1∑
k=0

(τpredk (âθ)− τexpk )2, (8)

with θ = [70◦, 90◦, 120◦, 140◦, 170◦] and âθ the optimized
value of a at angle θ. Finally, âθ values were fit within
a fourth-degree polynomial using a least squares fitting
(numpy.polyfit) with Python (v3.10.13) to determine an
analytical expression for a(θ).

Step 3: Prediction of torque and force responses.
A validation step was then implemented, consisting in a
series of simulations with the previously identified model’s
parameters to evaluate its accuracy to reproduced the isometric
evoked-contraction of the LEN dataset (from 70◦ to 170◦ in
10◦ steps). It should be noted that among the eleven knee
angles used in this validation step, only five were used in
the identification phase (steps 1 and 2), in which the first
series of evoked contractions from the LEN dataset was
used. The obtained torque trajectories were then compared
to the experimental ones from the second series of evoked
contraction of the LEN dataset (Section II-D). In this sense, the
data used for the identification process are different from those
used for prediction. A linear regression was used to determine
how well the model predicted the torque-time integrals (TTIs)
for each subject by knee angle (see Fig. 7). A perfectly
accurate model would have both a slope and the coefficient of
determination R2 of one. The RMSE between the experimental
and the predicted torque across all participants and legs are
presented with respect to the different knee angles (see Fig.
6). The R2 and the RMSE values for both legs of participant
1 were also calculated and reported.

G. FES-driven tasks examples

To demonstrate the ability of the adapted physiological
muscle model to be used in trajectory optimization problems,
we developed a multi-phase optimization problem aiming to
achieve six different isometric torque targets at the knee joint
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Fig. 4. Measured and predicted torques for both legs of subject 1. RMSE (•) and R2 (••) are shown for each knee angle.

during the first six phases followed by a knee extension task
to superimpose the target (Fig. 3, #1) and shank (Fig. 3, #2)
markers. Each phase’s objective function is further developed
in equations (9) and (10), respectively. For synthesizing the
optimal stimulation pattern, pulse duration was optimized as
a piecewise constant control variable within 86 − 800µs at a
constant frequency of 40 Hz. In (5), the values of pd0 and pdt
were considered as the average values presented by [19].

The OCP is therefore subject to multibody dynamics driven
by the FES dynamics (1)-(5), as well as path constraints in the
domains of u and x that include the pulse duration and joint
kinematics within their physiological ranges of motion. The
OCP was discretized using 40 shooting nodes per phase with
a 5-step RK4 integration in-between. Each of the two phases
of the problem are detailed separately as follows.
FES-Driven Torque Production Task:
In the first six phases, the objective is to perform isometric
contractions with the knee locked at 90◦ by a contact force
(marker 3, Fig. 3) to produce target torques from 5.0 to
30.0 Nm in 5.0 Nm steps. An optimal control problem was
formulated to reach the desired torque by optimizing pd
(5), while satisfying the system’s dynamics. Consequently, a
problem of the form of (6) was solved with the following
equation as a transcription of (6a):

min
x(t),u(t)

N−1∑
k=0

[
ω1(τ

sim
k − τ targetk )2 + ω2 pd2k

+ ω3 F 2
k + ω4 q2k + ω5 q̇2k

]
,

(9)

where ω1=1e4, ω2=0.1, ω3=0.1, ω4=1e3 and ω5=1e3.

FES-Driven Knee Extension Task:
Following the first six phases, the goal here is to superimpose
a limb marker (Fig. 3, marker #1) with a target one (Fig. 3,
marker #2) using the biomechanical model of the leg previ-
ously described. An optimal control problem was formulated
to minimize the distance error between two markers (i.e.,
superimpose) and the control input pd (5) while satisfying

the system’s dynamics. The marker one (msim ∈ R3) was
fixed in the limb system of coordinates and the second one
(mtarget ∈ R3) fixed in the scene and corresponding to the
target marker. A problem of the form of (6) was solved with
the following equation as a transcription of (6a):

min
x(t),u(t)

N−1∑
k=0

[
ω1(m

sim
k −mtarget

k )2 + ω2 pd2k

+ ω3 F 2
k + ω4 q2k + ω5 q̇2k

]
,

(10)

ω1=1e5, ω2=0.1, ω3=0.1, ω4=1e3 and ω5=1e3.

H. Computational performance analysis

Finally, from the results obtained in Section II-B and
considering low error obtained on the approximation of cN
dynamics at 40 Hz, we arbitrarily chose nine window sizes (4
to 10, 15 and 20) to report their influence on the computational
performance in the two proposed FES-driven tasks: knee
extension and torque production. At this time, the evaluation of
the performance of these two tasks is carried out separately, in
a one-phase only OCP for each, and we defined a target torque
of 20 Nm for the latter. The number of iterations and the time
to convergence were computed for each of the FES-driven
tasks. The RMSE error associated with the approximation of
the cN dynamics when compared to a 20-size window is also
evaluated.

III. RESULTS

We modified the model presented in [19] and identified its
parameters using experimental data collected from isometric
muscle contractions of the quadriceps muscles in individu-
als with spinal cord injury at different knee angles. First,
it was necessary to define the window size appropriate to
the truncation proposed in the reformulation of the muscle
activation dynamics of the model. Fig. 5 shows the error
represented as log10(RMSE) associated with the cN behavior
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TABLE I
COMPUTATIONAL PERFORMANCE ANALYSIS ON TORQUE PRODUCTION AND KNEE EXTENSION TASKS. THE EFFECT OF DIFFERENT WINDOW SIZES (4 TO
10, 15 AND 20) ON THE NUMBER OF NLP ITERATIONS, TIME TO CONVERGENCE, AND cN RMSE ERROR WHEN COMPARED TO A 20-SIZE WINDOW ARE

SHOWN.

Torque Production 4 5 6 7 8 9 10 15 20
NLP iterations 126 128 119 96 109 112 121 166 117
Convergence time [s] 12.87 17.84 28.94 26.4 33.23 39.61 45.23 102.52 96.02
cN approx. error 17.01e− 5 14.79e− 6 1.23e− 06 9.92e− 08 7.57e− 09 5.49e− 10 3.76e− 11 0.0 −

Knee Extension Task 4 5 6 7 8 9 10 15 20
NLP iterations 285 219 218 228 262 268 251 284 375
Convergence time [s] 26.14 24.14 48.76 56.46 72.27 87.43 92.06 173.34 339.33
cN approx. error 12.63e− 5 11.82e− 6 1.05e− 06 8.92e− 08 7.07e− 09 5.26e− 10 3.67e− 11 3.11e− 14 −
Tests were conducted on a Intel® Core™ i5-12600H @ 4.5G Hz × 16

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Window Size

10
0

94
89

84
78

73
68

62
57

52
46

41
36

30
25

20
Fr

eq
ue

nc
y 

[H
z]

0.225 0.006 -0.264 -0.561 -0.877 -1.204 -1.541 -1.884 -2.233 -2.586 -2.943 -3.303 -3.667 -4.039 -4.413

0.175 -0.064 -0.355 -0.674 -1.011 -1.361 -1.719 -2.084 -2.454 -2.830 -3.210 -3.592 -3.978 -4.372 -4.767

0.124 -0.135 -0.448 -0.791 -1.151 -1.525 -1.908 -2.298 -2.693 -3.093 -3.497 -3.904 -4.314 -4.733 -5.153

0.070 -0.213 -0.551 -0.920 -1.309 -1.710 -2.120 -2.538 -2.961 -3.389 -3.821 -4.256 -4.693 -5.139 -5.588

0.009 -0.300 -0.668 -1.067 -1.486 -1.919 -2.361 -2.811 -3.265 -3.725 -4.188 -4.655 -5.125 -5.603 -6.083

-0.058 -0.398 -0.799 -1.234 -1.689 -2.157 -2.635 -3.120 -3.611 -4.107 -4.607 -5.110 -5.616 -6.129 -6.646

-0.133 -0.509 -0.951 -1.426 -1.922 -2.431 -2.951 -3.478 -4.011 -4.549 -5.090 -5.636 -6.184 -6.740 -7.298

-0.217 -0.636 -1.125 -1.648 -2.193 -2.752 -3.320 -3.896 -4.478 -5.064 -5.655 -6.249 -6.846 -7.452 -8.060

-0.313 -0.785 -1.329 -1.909 -2.511 -3.127 -3.753 -4.388 -5.028 -5.674 -6.323 -6.976 -7.631 -8.294 -8.960

-0.423 -0.957 -1.569 -2.218 -2.890 -3.576 -4.273 -4.978 -5.688 -6.404 -7.123 -7.846 -8.572 -9.306 -10.042

-0.551 -1.165 -1.860 -2.595 -3.351 -4.123 -4.905 -5.696 -6.494 -7.297 -8.103 -8.912 -9.724 -10.544 -11.368

-0.703 -1.418 -2.219 -3.061 -3.926 -4.806 -5.698 -6.597 -7.503 -8.414 -9.329 -10.248 -11.169 -12.099 -13.032

-0.885 -1.733 -2.672 -3.653 -4.658 -5.680 -6.712 -7.753 -8.800 -9.852 -10.909 -11.969 -13.031 -14.103 -15.177

-1.112 -2.141 -3.268 -4.438 -5.633 -6.844 -8.067 -9.298 -10.536 -11.778 -13.025 -14.276 -15.531 -16.776 -18.239

-1.406 -2.698 -4.092 -5.531 -6.997 -8.479 -9.973 -11.475 -12.983 -14.496 -16.017 -17.665 -19.271 -20.831 -22.400

-1.819 -3.516 -5.323 -7.176 -9.055 -10.951 -12.860 -14.777 -16.685 -18.822 -20.786 -22.759 -24.724 -26.714 -28.684

25

20

15

10

5

0

Fig. 5. Error evaluation of the approximation of cN dynamics. Window sizes
from 1 to 15 were compared to a 20-window-size for different frequency
values. The values are reported as log10(RMSE).

when comparing it to a simulation of a 20-size window used
in a random stimulation train. For the stimulation frequency
used in the experiments (40 Hz), the error associated with a
window-size of 6 was of the order of 1e− 5.

Then, using this window size in the model parameter
identification process, we obtained the averaged values for
τ1 = 0.1194 ms, τ2 = 0.1462 ms, Km = 0.8 and a(θ)
polynomial coefficients [651.9537, 1734.5855, 1136.0953, -
325.5792, 216.7115]. The fitting of torque at different knee
extension angles for both legs of the first subject is presented
in Fig. 4 with the respective values of RMSE and R2. These
results are complemented by Fig. 6, in which the torque
RMSE for all subjects is sorted by knee angles. In addition,
a comparison of TTIs between experimental and predicted
torques and its associated trend line can be seen in Fig. 7.
The results show a slope of 1.03, R2=0.98 and RMSE=0.43
Nm. An overall RMSE of less than 1.0534 Nm was achieved
compared to the experimental data.

Window sizes of 4 to 10, 15 and 20 were used during
FES-driven tasks to evaluate their impact on computational
performances. Table I shows the number of NLP iterations, the
time to convergence in IPOPT, and the RMSE error associated
with the cN approximation compared to a 20-window size for
each task separately. Considering the order of error achieved
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for all subjects (and each leg) at each knee angle tested.

by a 6-size window (p = 6) (order of 1e-6) and the time to
convergence, we considered this size suitable to be used in the
model development. With this approximation being compared
against p = 20, the adapted model with p = 6 reduces the
convergence time by up to 30.14% and 14.37% during the
torque production and knee extension tasks, respectively. The
absolute number of NLP iterations was considerably reduced
in the latter (by 58.13%) but no improvement was observed
in torque production with respect to this indicator. Another
important aspect to consider is the time per iteration, which
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Fig. 8. Biomechanical tasks outcomes: the optimized knee torque and the
distance between markers from a multi-phase problem. In the first six phases,
the goal is to reach torque targets varying from 5.0 to 30.0 Nm in 5.0 Nm steps
as a result of the isometric contraction of the quadriceps muscle (continuous
line). In the last phase, the leg is allowed to move freely and the goal is
to minimize the distance between target and limb markers by optimizing the
leg position (dashed line). The transition between phases are indicated in the
vertical lines. Optimized pulse duration is presented in a background gradient
scale, with the normalized value indicated.

was considerably reduced in both tasks.
Finally, Fig. 8 presents the optimized knee torque and

distance between markers over time in the proposed multi-
phase problem. The optimized pulse duration is presented
in a background gradient scale, with the normalized value
indicated. In the first six phases, the target torques varying
from 5.0 Nm to 30.0 Nm in 5.0 Nm steps are successfully
reached and then controlled during this period except from
the 6th phase, where the pulse duration was saturated and the
model was not able to achieve the proposed torque. It is worth
noting that the distance between the target and limb markers
(markers 1 and 2 in Fig. 3) remains the same throughout this
period as a result of isometric contraction of the quadriceps
muscle. In the last phase, the leg is allowed to move freely
aiming to align the two markers and the final distance between
them is reduced to 1.81 mm.

IV. DISCUSSION

In this study, we adapted an existing mathematical model
able to predict skeletal muscular force in response to elec-
trical stimulation [13]–[15] making it compliant with optimal
control/estimation problems. The original formulation of the
activation dynamics relied on the summation of a fixed number
of exponentially decaying responses to stimulation pulses
within a predefined stimulation period. We hypothesized the
effects of past electrical pulses on the activation dynamics
could be neglected in the course of time without degrading
the model’s ability to predict muscle force. In this sense, by
restricting the summation to a limited number of terms (or
pulse responses) within a moving window preceding time t,
the model could approximate non-fixed stimulation periods.

To evaluate this approach, we assessed the impact of
using different window sizes (4–10, 15, and 20 terms) on
the activation dynamics computation error and computational
performance. We observed that adequate window sizes can
result in low approximation errors while reducing the time to
convergence and the number of NLP iterations to solve OCP
as demonstrated in Table I. Consequently, an evaluation was
performed to determine the efficacy of the model in predicting
muscle force.

To identify the parameters of the model and predict the
knee torques, we used experimental torque data from iso-
metric contractions of the quadriceps muscles of individuals
with SCI at different knee angles. Similarly to the parabolic
approach presented in [30], we implemented a fourth-order
fitting polynomial (α(θ)) to capture the influence of the force-
length relationship associated with the knee extension angle
on the resulting joint torque. The identified model was able
to successfully estimate the peak torque at the different knee
positions as there was no pulse duration control at this point
(pulse duration was constant during knee-torque prediction)
and the polynomial-dependency to α(θ) was supposed to
capture the different peak torques at this point. For visual
inspection, Fig. 4 shows how well our model fits the ex-
perimental torques at various angles, in accordance with the
results presented in [31]. Although no significant differences
were indicated, the abrupt drop in torque observed during
experimental measurements (especially when higher peak-
torques are achieved) contributed to greater values of RMSE.
These results are complemented with Fig. 6, in which the
torque RMSE for all subjects is sorted by knee angle, and
with the TTI evaluation shown in Fig. 7. Despite the fact
that we do not directly assess muscle force, but rather the
actual torque produced, our findings suggest a better precision
compared to what was found in [30]. These results support
our initial hypothesis that the reduced window sizes did not
degrade the ability of the model to predict muscle forces while
being compatible with simulations that require more complex
stimulation patterns.

We then demonstrated the feasibility of using our adapted
model by formulating trajectory optimization problems to
simulate two biomechanical tasks including knee extension
and torque production tasks using numerical optimal control.
For that, in addition to the influence of α(θ), our model
was adapted to account for the effect of pulse duration as a
control input as suggested in [19]. Note that it could be further
extended to include pulse amplitude, which is frequently used
in control strategies for FES [35], by adapting the activation
dynamics formulation (1), as already demonstrated to be
possible [36]. As illustrated in Fig. 8, in the initial six phases of
a multi-phase problem, the objective of attaining different knee
torques resulting from isometric contraction of the quadriceps
muscle was not only accomplished but remained controlled
throughout the duration of the phases, with the exception of
the final one, wherein the maximum isometric forces achieved
by the muscle model was not sufficient to attain the expected
target torque of 30.0 Nm. In the last phase, we defined
the objective of minimizing the distance between the two
markers by optimizing the position of the leg as a result of
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the muscle contractions, which resulted in a final distance of
1.81 mm. Although we did not validate FES-driven motions
experimentally, our model demonstrated potential to be used
in simulation and its compatibility with trajectory optimization
problems.

A limitation of this work is that we did not identify the
values of pd0 and pdt as in [19] to be used in the FES-driven
tasks examples. These parameters characterize how sensitive
the muscle is to the stimulation intensity. To achieve that,
it would be necessary to evaluate stimulation with different
pulse duration values, which was not taken into account in
our experiments with subjects with SCI. Moreover, while
the present study encompasses isometric and knee extension
movements, the proposed model addresses neither the force-
velocity relationship nor the fatigue effects within the model.
In contrast, previous studies have incorporated the essential
formulation to facilitate the estimation of dynamic movements
as in [21], [22], and muscle fatigue under both isometric
and non-isometric conditions [23]–[25]. Furthermore, although
the biomechanical model incorporated four muscles, specific
functions, such as maintaining balanced activation between
the medio-lateral muscles, which is crucial to reducing the
risk of joint injury, were not evaluated in the simulation.
Finally, the FES-driven tasks presented in this work were not
experimentally validated.

However, this preliminary evaluation employing a compre-
hensive musculoskeletal optimization-based motion prediction
methodology, including the formulation of trajectory optimiza-
tion problems, is a crucial step in the process of using physio-
logical model-based control laws with embedded systems ap-
plications for real-time control, supporting the development of
our proposed model to improve the FES-stimulation strategies.
Also, the formulations obtained from studies conducted in non-
isometric scenarios and incorporating muscle fatigue [25] can
be leveraged to enhance the efficacy of our adapted model in
simulating complex activities. Moreover, we can expect large
improvements in computational performance by switching our
approach to include real-time iteration algorithms such as
the one implemented in ACADOS [37], thanks to which it
was proven that real-time optimization of musculoskeletal
simulations was feasible [38], [39]. Furthermore, we could
take advantage of its ease of implementation and use approx-
imation methods, such as the finite-dimensional approxima-
tion presented in [40], to investigate trajectory optimization
in real-time applications. Although no details regarding its
implementation in real-system were given, their methodology
may facilitate the implementation of the model in FES-systems
and, if associate with our adaptations, trajectory optimization
could be further investigated.

Subsequent works will endeavor to enhance the model to
account for muscle fatigue and the force-velocity relationships
of muscle contractions, in addition to exploring the potential
applications for real-time use. This improvement will enable
our methodology to better understand the efficiency of FES-
driven activities for people with SCI, such as in FES-assisted
cycling or walking.

V. CONCLUSION

In this study, we adapted a physiological muscle model
that is capable of predicting muscle force in response to
electrical stimulation to make it compatible with gradient-
based optimization. We demonstrated the potential of using
this model with an optimal control framework to predict and
control biomechanical tasks in simulation while maintaining
the phenomenological approach behind muscle contractions.
Our research contributes to the field by incorporating phys-
iological knowledge of FES-stimulated muscle contractions
in combination with musculoskeletal dynamics and numerical
optimal control. Although not being a final solution, this is
a fundamental step to improve the realism of simulations
and to advance current abilities in devising optimal functional
electrical stimulation protocols for complex movement tasks
in real-world applications.
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