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An integro-ODE-PDE model for Covid-19

pandemic with vaccination and loss of immunity:

well-posedness, RBF-FD numerical scheme and

simulation

Robin Vaudry∗, Candy Sonveaux†, Didier Georges‡and Clémentine Prieur§

Abstract

During an epidemic, the way individuals spread the infection can vary
depending on the number of days they have been infected. Vaccination is
a key factor in the control of the transmission of the pathogen. We pro-
pose a SIR-like model to simulate the propagation of a virus in a closed
population. The model presents a continuous structure in age of infec-
tivity and in age of immunity. By using a fixed point theorem, we then
prove the well-posedness of the model and properties of its solution. Then
we present the radial basis function-generated finite difference (RBF-FD)
method we use to numerically solve our problem. Finally, numerical sim-
ulations are explored to witness the impact of the parameter values in the
model.
Key words: SIR-like models, RBF-FD, well-posedness.

1 Introduction

The health crisis caused by the COVID-19 pandemic showed once again the
need to model the propagation of epidemics. Compartmental models remain
the dominant tool for meeting this need. The best-known compartmental model
to date is the SIR model introduced by Kermack and McKendrick in 1927 in
Kermack and McKendrick (1927). At each time, the population is divided
into three categories: S for Susceptible, I for Infectious individuals, and R for
Removed individuals who cannot infect nor get infected anymore.

The equations governing the model are a system of ODE-PDE equations:

dS
dt (t) = −S(t)

∫∞
0
β(α′)I(t, α′)dα′

∂I
∂t (t, α) +

∂I
∂α (t, α) = −γ(α)I(t, α)

dR
dt (t) =

∫∞
0
γ(α′)I(t, α′)dα′

I(t, 0) = S(t)
∫∞
0
β(α′)I(t, α′)dα′
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The variable α here refers to the age of infection of the individuals. In other
words, I(t, α) is the proportion of individuals that has been infected for a time
α. The function β is called the transmission rate and depicts how fast the
epidemic spreads in the population. The function γ is called recovery rate and
describes how fast individuals of compartment I recover from the infection.

A variety of epidemiological models has been derived since 1927. In par-
ticular, models with an age of infection structure have been studied in Chen
et al. (2013), Liu et al. (2015), Chekroun and Kuniya (2020), Magal and Mc-
Cluskey (2013), McCluskey (2012), Dietz and Schenzle (1985) and more recently
in Richard et al. (2021). Other studies focused on the immunity loss process,
as in Bhattacharya and Adler (2012), Li et al. (2010), Duan et al. (2014), Bar-
barossa et al. (2018b). Epidemiologists have also been interested in the impact
of vaccination on classical compartmental models, as in Shulgin et al. (1998), Za-
man et al. (2008), Chauhan et al. (2014), Okuwa et al. (2021). Lastly, models
that combine vaccination and waning immunity have also been studied, un-
der the name of immuno-epidemiological models, as in Heffernan and Keeling
(2009), Barbarossa and Röst (2015), Barbarossa et al. (2018a), Ehrhardt et al.
(2019).

In this paper, we propose a comprehensive model adapted to a regional scale
to track individuals who are susceptible, exposed, infected, hospitalized, vacci-
nated, recovered or died, taking into account the age of infection for infected
individuals and the loss of immunity for the recovered and vaccinated ones, in a
vaccination strategy context. After presenting our SEIRHVD model, we will fo-
cus on two key aspects: the analysis of its well-posedness, and a cost-effective nu-
merical method based on the approximation of the differential operators in ages
using the radial basis function-generated finite difference (RBF-FD) method
Fornberg and Flyer (2015) for generating COVID-19 pandemic evolution sce-
narios. Some simulation results from the model will complete the presentation,
showing the impact of the parameter selection. At this stage, it is important
to emphasise that the scientific approach we are proposing is generic and could
be interesting for epidemics other than Covid-19, as well as other fields of ap-
plication involving complex, potentially non-linear dynamics in a heterogeneous
environment.

The paper is organized as follows: in Section 2, we present the SEHIRVD
model. Section 3 is devoted to the extensive statement and proof of the well-
posedness of the model. In section 4, the numerical scheme is exposed. Some
numerical simulations are presented and analyzed in Section 5. Finally, we draw
some conclusions and perspectives in Section 6.

2 SEHIRVD model

Our main aim is to include in our model vaccination and loss of immunity
for both recovered or vaccinated individuals. The transmission rate and the
recovery rate depends on the age of infectivity α as in Kermack and McKendrick
(1927), whereas the loss of immunity depends on the age of immunity α̃. We
also include a specific compartment for hospitalized individuals, as the hospital
maximal capacity is one key factor in pandemic control. The scheme of the
compartmental model built in this paper is presented in Figure 1 below. It is
composed with 7 compartments described hereafter:
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- S: Susceptible. S represents individuals that are not infectious but can get
infected by contact with an infectious individual.
- E: Exposed. These individuals are infected but not infectious yet. This is a
transitory compartment between S and I.
- I: Infectious. Infectious individuals are infected individuals that can transmit
the pathogen to the S individuals. They can present symptoms or not.
- R: Recovered. This compartment receives individuals that got cured from the
disease, are still immune and have not been vaccinated since they last recovered.
- H: Hospitalized. This depicts hospitalized individuals that have mild or severe
symptoms.
- D: Deceased. This compartment represents the individuals that died due to
the infection to the pathogen.
- V : Vaccinated. In this compartment, individuals have been vaccinated and
still hold an immunity against infection.

Figure 1: Compartmental model developped

Our model is still driven by an ODE-PDE system of coupled equations: for
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T > 0, t ∈]0, T ], α > 0, α̃ > 0,

dS

dt
(t) = −S(t)

(∫ ∞

0

β(t, α′)I(t, α′)dα′
)
+

(∫ ∞

0

(σR(α̃
′)R(t, α̃′) + σV (α̃

′)V (t, α̃′))dα̃′
)
− θ(t)S(t)

dE

dt
(t) = S(t)

(∫ ∞

0

β(t, α′)I(t, α′)dα′
)
− δE(t)

dH

dt
(t) =

∫ ∞

0

γI(α
′)τHI(t, α

′)dα′ − γHH(t)

∂I

∂t
(t, α) +

∂I

∂α
(t, α) = −γI(α)I(t, α)− θ(t)τAI(t, α)

∂R

∂t
(t, α̃) +

∂R

∂α̃
(t, α̃) = −θR(t, α̃)R(t, α̃)− σR(α̃)R(t, α̃)

∂V

∂t
(t, α̃) +

∂V

∂α̃
(t, α̃) = −σV (α̃)V (t, α̃)

dD

dt
(t) = γHτDH(t)

I(t, 0) = δE(t)

R(t, 0) =

∫ ∞

0

(1− τH)γI(α
′)I(t, α′)dα′ + (1− τD)γHH(t)

V (t, 0) =

∫ ∞

0

θ(t)τAI(t, α
′)dα′ +

∫ ∞

0

θR(t, α
′)R(t, α̃′)dα̃′ + θ(t)S(t)

(1)
with the constraint that

S(0)+E(0)+H(0)+

∫ ∞

0

I(0, α′)dα′+

∫ ∞

0

R(0, α̃′)dα̃′+

∫ ∞

0

V (0, α̃′)dα̃′+D(0) = 1.

(2)
We will state later in Section 3.3 (see Theorem 4) that the system described by
equations in 1 preserves mass at all times, that is (2) is not only true at time t = 0
but for any t ≥ 0. For simplicity, we assume in this work that the population
is closed. With this assumption we neglect births and deaths unrelated to the
pathogen, as far as the fact that presymptomatic and asymptomatic cases can
spread the disease between populations through travel. Such an assumption may
be reasonable if the evolution of the system is studied within a short observation
time interval. Let us now provide more details on the parameters involved in
(1):

• β(t, α) is the transmission rate of the model, which may depend on time
to model, e.g., evolution of sanitary measures;

• θ(t) represents the vaccination rate of individuals in S and asymptomatic
individuals in I, θR(t, α̃) represents the vaccination rate of individuals in
R;

• σR(α̃) and σV (α̃) depict the progressive immunity loss in compartments
R and V ;

• δ is the incubation rate;

• γI and γH are the transition rates in I and H;

• τA is the proportion of infectious individuals that are asymptomatic;
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• τH is the proportion of infected individuals that require hospitalization;

• τD is the proportion of hospitalized individuals that die due to their symp-
toms.

In the following, we assume that all these parameters are non-negative and
bounded by 1. We plot in Figure 1 the state transition diagram completed with
parameters involved in each transition between two states in the model.

Figure 2: Compartmental model with its parameters

To conclude this section, note that the number of compartments in our model
has been chosen as a compromise between a very sophisticated model, probably
closer to the reality, and a sparse model that can still be used for inference and
control of the epidemics. The model we propose could benefit from a structure
in age of individuals and a geographical structure. E.g., a spatial model with an
age structure (age of individuals) would lead to an integro-ODE-PDE model in
dimension 6 (t, α, α̃, a, x, y, with a the age of individuals and (x, y) the spatial
coordinates).

3 Well-posedness and bounds of the system

This section is devoted to the statement and proof of the well-posedness of the
system described by (1). We first state in Theorem 1 existence and unicity of the
solution. Then we state in Theorem 3 that the solution depends continuously on
the initial and boundary conditions. Finally, we state in Theorem 4 that, under
boundedness and regularity assumptions on the initial and boundary conditions,
the solution of (1) is bounded between 0 and 1. The proof of these results is a
generalization of the proof of analogous results for the coupled PDE-ODE model
in Batool and Bajcinca (2021) to coupled ODE-PIDE (partial integro-differential
equation) models. The main ingredient of the proof consists in decoupling the
equations of System (1) by replacing the variables intervening in the integral
terms by any continuous functions. It leads to a new system of independent non-
autonomous ordinary differential equations described in (3), whose solutions
are explicitly known. This defines an operator (see Definition 4) whose fixed
points are the solutions of the initial coupled model. Note that the study of
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well-posedness relies on a good choice of solution space (see Definition 2) for
which existence and uniqueness can be obtained. For convenience, the chosen
functional space on which the operator is defined requires little regularity (L1),
but with explicit bounds. Before stating the results, we introduce some useful
notation and definitions.

Definition 1 (Space of initial and boundary conditions). The space Ξ of initial
and boundary conditions is defined by:

Ξ =
{
ξ = (S0, E0, H0, fI , fR, fV , hI , hR, hV ) such that S0, E0, H0 ∈ [0, 1];

fI , fR, fV ∈ C1(R+,R+);hI , hR, hV ∈ C1([0, T ],R+) with

hI(0) = fI(0), hR(0) = fR(0), hV (0) = fV (0);

S0 + E0 +H0 +

∫ ∞

0

fI(α
′)dα′ +

∫ ∞

0

fR(α̃
′)dα̃′ + fV (α̃

′)dα̃′ ∈ [0, 1]

}
endowed with the following norm:

||ξ||Ξ =|S0|+ |E0|+ |H0|+ ||fI ||1 + ||fR||1 + ||fV ||1 + ||hI ||∞ + ||hR||∞ + ||hV ||∞

with |.| the absolute value, ||.||1 the L1-norm and ||.||∞ the L∞-norm.

The notation used for the components of ξ are to be linked with the com-
partments of the model. S0, E0, H0 refer to the initial conditions for S,E and
H while fI , fR, fV refer to the initial conditions for I,R, V and hI , hR, hV refer
to the boundary conditions on I,R, V .

In Definition 2 below, we define the state space for any time T ′ ∈ (0, T ] as
we then prove the well-posedness on [0, nT ′] for all n = 1, 2, ..., T

T ′ by induction.

Definition 2 (State space). For any T ′ ∈ (0, T ], let XT ′ =
(
L1([0, T ′])

)3 ×(
L1([0, T ′]× R+)

)3
. For any ξ ∈ Ξ, let Y ξ

T ′ ⊆ XT ′ defined as the set of func-
tions (y1, y2, y3, y4, y5, y6) ∈ XT ′ such that:

- y1, y2, y3 ∈ L1([0, T ′]) with 0 ≤ y1(t) ≤ S̄(t, ξ), 0 ≤ y2(t) ≤ Ē(t, ξ), 0 ≤
y3(t) ≤ H̄(t, ξ) almost everywhere, S̄ and Ē real-valued functions defined on
[0, T ]× Ξ by

S̄(t, ξ) = S0 + (||fR||1 + ||fV ||1)t+
||hR||∞ + ||hV ||∞

2
t2,

Ē(t, ξ) = E0 + S0||fI ||1t+
(
S0||hI ||∞

2
+

||fR||1 + ||fV ||1
2

||fI ||1
)
t2

+
( ||hR||∞ + ||hV ||∞

6
||fI ||1 +

||fR||1 + ||fV ||1
3

||hI ||∞
)
t3

+
||hR||∞ + ||hV ||∞

8
||hI ||∞t4,

H̄(t, ξ) = H0 + ||fI ||1t+
||hI ||∞

2
t2;
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- y4, y5, y6 ∈ L1([0, T ′]×R+) with 0 ≤
∫∞
0
y4(t, α

′)dα′ ≤ Ī(t, ξ), 0 ≤
∫∞
0
y5(t, α̃

′)dα̃′ ≤
R̄(t, ξ), 0 ≤

∫∞
0
y6(t, α̃

′)dα̃′ ≤ V̄ (t, ξ) almost everywhere, Ī, R̄ and V̄ real-valued
functions defined on [0, T ]× Ξ by

Ī(t, ξ) = ||fI ||1+||hI ||∞t, R̄(t, ξ) = ||fR||1+||hR||∞t, V̄ (t, ξ) = ||fV ||1+||hV ||∞t.

For x = (x1, x2, x3, x4, x5, x6) ∈ XT ′ , the norm of x is defined as ||x||XT ′ =∫ T ′

0
||x||t dt with for any t ∈ [0, T ′]:

||x||t := |x1(t)|+ |x2(t)|+ |x3(t)|+
∫ ∞

0

|x4(t, α′)|dα′ +

∫ ∞

0

|x5(t, α̃′)|dα̃′ +

∫ ∞

0

|x6(t, α̃′)|dα̃′.

Then we have the following result whose proof is postponed to Appendix A.

Lemma 1. For any ξ ∈ Ξ, for any T ′ ∈ (0, T ], (Y ξ
T ′ , ||.||XT ′ ) is a non-empty

complete metric space.

3.1 Uniqueness of solution

Theorem 1 below states the existence and the uniqueness of the solution to (1).

Theorem 1. Let ξ ∈ Ξ. There exists a unique solution, y ∈ Y ξ
T of the coupled

system described by (1) on [0, T ].

The rest of the section is devoted to the proof of Theorem 1. Following
the proof in Batool and Bajcinca (2021), we introduce a decoupled ODE-PIDE
system built from the original coupled system defined in (1).

Definition 3 (Decoupled system). Let ȳ1, ȳ2, ȳ3 ∈ C0([0, T ]) and ȳ4, ȳ5, ȳ6 ∈
C0([0, T ]× R+). We define a decoupled ODE-PIDE system as:

dS

dt
(t) = −S(t)

(∫ ∞

0

β(t, α′)ȳ4(t, α
′)dα′ + θ(t)

)
+

∫ ∞

0

(σR(α̃
′)ȳ5(t, α̃

′) + σV (α̃
′)ȳ6(t, α̃

′))dα̃′

dE

dt
(t) = ȳ1(t)

(∫ ∞

0

β(t, α′)ȳ4(t, α
′)dα′

)
− δE(t)

dH

dt
(t) =

∫ ∞

0

γI(α
′)τH ȳ4(t, α

′)dα′ − γHH(t)

∂I

∂t
(t, α) +

∂I

∂α
(t, α) = −γI(α)I(t, α)− θ(t)τAI(t, α)

∂R

∂t
(t, α̃) +

∂R

∂α̃
(t, α̃) = −θR(t, α̃)R(t, α̃)− σR(α̃)R(t, α̃)

∂V

∂t
(t, α̃) +

∂V

∂α̃
(t, α̃) = −σV (α̃)V (t, α̃)

I(t, 0) = δȳ2(t) =: kI(t)

R(t, 0) =

∫ ∞

0

γI(α
′)(1− τH)ȳ4(t, α

′)dα′ + γH(1− τD)ȳ3(t) =: kR(t)

V (t, 0) =

∫ ∞

0

θ(t)τAȳ4(t, α
′)dα′ +

∫ ∞

0

θR(t, α̃
′)ȳ5(t, α̃

′)dα̃′ + θ(t)ȳ1(t) =: kV (t)

(3)
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and initial conditions:{
S(0) = S0, E(0) = E0, H(0) = H0

I(0, α) = fI(α), R(0, α̃) = fR(α̃), V (0, α̃) = fV (α̃)

where S0, E0, H0 ∈ [0, 1] and fI , fR, fV ∈ C0(R+) non-negative functions so

that S0 +E0 +H0 +

∫ ∞

0

fI(α
′)dα′ +

∫ ∞

0

fR(α̃
′) + fV (α̃

′)dα̃′ ∈ [0, 1], and with

fI(0) = kI(0), fR(0) = kR(0), fV (0) = kV (0).

Note that the structure of this system is similar to the one of the original
coupled system described in (1), except that each equation can be solved inde-
pendently from the others. The decoupled system of equations defined in (3)
can be solved easily. The first three equations are linear ODEs of order 1 whose
solution is straightforward. The last three ones are linear PDEs of order 1 in
time and order 1 in α (or α̃) and can be solved individually using the method of
characteristics. Finally, solving these equations we get that the unique continu-
ous solution of the decoupled system described in (3) is given by Solξ(ȳ), where

Solξ is the solution operator on the state space Y ξ
T (see Definition 4 below).

Definition 4 (Solution operator). For ξ = (S0, E0, H0, fI , fR, fV , hI , hR, hV ) ∈
Ξ and any T ′ ∈ (0, T ], we define the solution operator Solξ : Y ξ

T ′ → XT ′

as Solξ(y) = (Sξ[y], Eξ[y], Hξ[y], Iξ[y], Rξ[y], V ξ[y]) with, for almost every t ∈
[0, T ′], α ∈ R+, α̃ ∈ R+,

Sξ[y](t) = exp

(
−
∫ t

0
F (τ)dτ

)(
S0 +

∫ t

0
exp

(∫ τ

0
F (τ ′)dτ ′

)
G(τ)dτ

)
,

Eξ[y](t) = e−δt

(∫ t

0
eδτy1(τ)

(∫∞
0
β(τ, α′)y4(τ, α

′)dα′
)
dτ + E0

)
,

Hξ[y](t) = e−γHt

(∫ t

0
eγHτ

(∫∞
0
γI(α

′)τHy4(τ, α
′)dα′

)
dτ +H0

)
,

Iξ[y](t, α) =


fI(α− t) exp

(
−

∫ t

0

γI(ũ+ α− t) + τAθ(ũ)dũ

)
if t ≤ α,

hI(t− α) exp

(
−

∫ α

0

γI(ũ) + τAθ(ũ+ t− α)dũ

)
if t > α,

Rξ[y](t, α̃) =


fR(α̃− t) exp

(
−

∫ t

0

θR(ũ+ α̃− t, ũ) + σR(ũ+ α̃− t)dũ

)
if t ≤ α̃,

hR(t− α̃) exp

(
−

∫ α̃

0

θR(ũ, ũ+ t− α̃) + σR(ũ)dũ

)
if t > α̃,

V ξ[y](t, α̃) =


fV (α̃− t) exp

(
−

∫ t

0

σV (ũ+ α̃− t)dũ

)
if t ≤ α̃,

hV (t− α̃) exp

(
−

∫ α̃

0

σV (ũ)dũ

)
if t > α̃,

where

 F : R+ → R+

t 7→ θ(t) +

∫ ∞

0

β(t, α′)y4(t, α
′)dα′ and

 G : R+ → R+

t 7→
∫ ∞

0

(σR(α̃
′)y5(t, α̃

′) + σV (α̃
′)y6(t, α̃

′))dα̃′.

Let us now state Proposition 2 which provides the relation between the
unique continuous solution to the coupled system described in (1) with the exis-
tence of a fixed point for Solξ. We first recall that for y = (y1, y2, y3, y4, y5, y6) ∈
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Y ξ
T ′ , if there exists z ∈ Y ξ

T ′ such that z − y = 0 almost everywhere and z is a
continuous function, then z is called a continuous representative of y and is
denoted by ȳ.

Proposition 2. Let T ′ ∈ (0, T ] and y = (y1, y2, y3, y4, y5, y6) ∈ Y ξ
T ′ with a

continuous representative ȳ = (ȳ1, ȳ2, ȳ3, ȳ4, ȳ5, ȳ6). Then y is a fixed point of

Solξ on Y ξ
T ′ if and only if ȳ solves the coupled system (1) on [0, T ′].

Proof of Proposition 2. The proof is decomposed in two steps.

- First, let y a fixed point of Solξ then Solξ[y] = y almost everywhere. There-

fore, the continuous representative of Solξ[y], denoted by Solξ[y], is equal to ȳ.

Now, from the expression of Solξ[y], we have that Solξ[ȳ] = Solξ[y]. Therefore
ȳ = Solξ[ȳ], thus ȳ is the unique continuous solution of the decoupled system
defined by (3). Therefore, ȳ is also solution to the coupled system defined by (1).

- Let now ȳ solves the coupled system, then in particular ȳ solves the decoupled
system. This solution is the unique solution of the decoupled system and is thus
equal to Solξ[ȳ] which is, as already mentioned in the first step, equal to the
continuous representative of Solξ[y]. As ȳ is also the continuous representative
of y, we get Solξ[y] = y almost everywhere, that is y is a fixed point of Solξ.

Let T ′ ∈ (0, T ] and ξ ∈ Ξ. In order to prove Theorem 3, we first state

in Lemmas 2 and 3 that the solution operator Solξ : Y ξ
T ′ → Y ξ

T ′ is Lipschitz
continuous, with a Lipschitz constant tending to zero with T ′.

Lemma 2. Let T ′ ∈ (0, T ] and ξ ∈ Ξ. Then, for any y ∈ Y ξ
T ′ , Sol

ξ
(
Y ξ
T ′

)
⊆ Y ξ

T ′ .

Lemma 3. Let ξ ∈ Ξ and T ′ ∈ [0, T ]. There exists a non-negative constant

CSol(ξ) such that for any y1, y2 ∈ Y ξ
T ′ and for almost every t ∈ [0, T ′],

||Solξ[y1]− Solξ[y2]||XT ′ ≤ T ′CSol(ξ)||y1 − y2||XT ′ .

The proof of Lemma 2 is postponed to Appendix C, while the one of Lemma
3 is postponed to Appendix B.

Sketch of proof for Theorem 1. We only provide here a sketch of the proof as
the complete proof is postponed to Appendix B. First, for any 0 < T ′ ≤ T , we
consider the solution operator Solξ : Y ξ

T ′ → Y ξ
T ′ . We know from Proposition 2

that a fixed-point of this operator is solution of the coupled system defined by
(1) on [0, T ′]. From Lemma 3, there exists 0 < T ′ ≤ T such that the solution

operator Solξ : Y ξ
T ′ → Y ξ

T ′ is a contraction. Therefore, by Banach fixed-point
theorem, it has a unique fixed point that is the solution of the coupled system
defined by (1) on [0, T ′]. Note that it is always possible to choose T ′ such that
T

T ′ = N ∈ N∗. Then we prove by induction the existence and unicity of a

solution on each interval [0, nT ′], for n ≤ N . Finally, for n = N , Theorem 1 is
proved.
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3.2 Continuity of the solution

This section is devoted to the statement of the continuity of the solution to (1)
with respect to the initial and boundary conditions.

Theorem 3. Let ξa ∈ Ξ and ya the corresponding solution to (1) on [0, T ].
Then, for any η > 0, there exists a constant C(ξa, η) such that for any ξb with
yb the corresponding solution to (1), ||ξa − ξb||Ξ < η entails:

||ya − yb||XT
≤ C(ξa, η)||ξa − ξb||Ξ.

The proof of Theorem 3 is postponed to Appendix D. It is obtained as a
byproduct of the proof of Theorem 1.

3.3 Biological properties of the solution

This section is devoted to the statement that the solution to (1) has a biological
meaning, in the sense that its components are non-negative and bounded by 1
(since they represent proportions of a population).

Theorem 4. Assume that S0, E0, H0, D0 ∈ [0, 1], fI , fR, fV ∈ C1(R+,R+),
hI , hR, hV ∈ C1([0, T ],R+) with

S0 + E0 +H0 +D0 +

∫ ∞

0

fI(α
′)dα′ +

∫ ∞

0

fR(α̃
′) + fV (α̃

′)dα̃′ = 1 (4)

and 0 ≤ fI , fR, fV , hI , hR, hV ≤ 1. (5)

Assume that there exists Ψ1,Ψ2 two integrable functions on R+ such that, for
any t ∈ [0, T ], α, α̃ ≥ T ,

|fI(α− t)|, |f ′I(α− t)| ≤ Ψ1(α), (6)

|fR(α̃− t)|, |f ′R(α̃− t)|, |fV (α̃− t)|, |f ′V (α̃− t)| ≤ Ψ2(α̃). (7)

Let (S,E,H, I,R, V,D) be the unique solution to the coupled system described by
(1) with initial and boundary conditions ξ = (S0, E0, H0, fI , fR, fV , hI , hR, hV ).
Then, for any t ∈ [0, T ],

S(t)+E(t)+H(t)+

∫ ∞

0

I(t, α′)dα′+

∫ ∞

0

R(t, α̃′)dα̃′+

∫ ∞

0

V (t, α̃′)dα̃′+D(t) = 1,

(8)

0 ≤ S(t), E(t), H(t),

∫ ∞

0

I(t, α′)dα′,

∫ ∞

0

R(t, α̃′)dα̃′,

∫ ∞

0

V (t, α̃′)dα̃′, D(t) ≤ 1,

(9)
and for any α, α̃ ≥ 0 , 0 ≤ I(t, α), R(t, α̃), V (t, α̃) ≤ 1. (10)

We will now discuss the initial and boundary conditions required for Theo-
rem 4. Conditions (4) and (5) ensure that, at the initial time, the sum of the
proportions of all health states is equal to one. Conditions (6) and (7) are more
technical. They ensure mass conservation over time. The complete proof of
Theorem 4 is given in Appendix E. We only provide here a sketch of the proof.
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Sketch of the proof for Theorem 4. We note first that for t = 0, Equation (8)
reduces to Equation (4). Then, we prove that the derivative with respect to
time of the sum of the proportions in all the compartments is equal to 0. This is
obtained through the equations in (1) and the ability to permute the derivative
with respect to time and the integral over the age operators. This second point
is proved in Lemma 6 stated and proven in Appendix E.

4 Numerical scheme

In this section, we present the numerical scheme we propose to solve the coupled
system described by (1). It consists in a method of lines based on a radial
basis function-generated finite difference (RBF-FD) method to compute the
differential operators in age α and α̃. The RBF-FD method is an original
approach to solve PDEs numerically. It is presented and developed in Fornberg
and Flyer (2015), Flyer et al. (2016). This approach is particularly interesting
because it enables high precision to be achieved even at low resolution. It is a
meshless finite difference method that generates sparse differentiation matrices.
In contrast to other traditional methods, such as the finite difference method,
the finite element method or the method of characteristics, the RBF-FD method
is easy to generalize to dimensions significantly greater than 1, making it easy to
introduce additional spatial variables and operators in our model (such as age or
geographical location of individuals in a domain with complex boundaries). The
obtained system of nonlinear differential equations is then discretized in time
using a partially implicit Euler scheme of order 1. Section 4.1 is devoted to the
presentation of the RBF-FD method. Section 4.2 focuses on the computation
of the integrals that appear in the equations of the model. Finally we provide
in Section 4.3 the equations driving the numerical scheme we propose for our
model.

4.1 RBF-FD method

In this section, we explain how we discretize the PDEs in (1). The main reason
we use RBF-FD approximation here is that we have in mind future general-
ization to spatialized epidemiological models. Indeed, RBF-FD approximations
generalize classical grid-based finite differences, replacing mesh generation by
scattered node generation, increasing by the way the geometric flexibility of the
discretizations and making it easier to carry out local refinement in critical ar-
eas. In order to illustrate the approach, we focus on the hyperbolic equation on
I given by:

∂I

∂t
(t, α) +

∂I

∂α
(t, α) = −γI(α)I(t, α)− θ(t)τAI(t, α),

I(t, 0) = δE(t)

for t ∈ [0, T ] and α ≥ 0. The same method can be applied for the equations on R
and V . In our study, the differentiation operator in time ∂/∂t is approximated
by an Euler scheme. So we only discuss in this section the approximation of the
operator ∂/∂α as well as the Dirichlet boundary condition on the edge of the
domain.
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First, we introduce a truncation age αmax > 0. We then propose a dis-
cretization of the age of disease α on the bounded interval Jb = [0, αmax]. We
will discuss later the choice of the sequence of Nα + 1 discretized ages {αi}Na

i=0.
The method consists in approximating the linear operator ∂/∂α at a point α∗
in the domain Jb by a linear combination of the function values, {fk}nk=1 at
the nearest n << Nα node locations {αℓ}ℓ∈Λ(α∗); this group of nodes composes
the stencil, denoted by Sn(α∗) = {αℓ}ℓ∈Λ(α∗). In other words, we seek weights
{wℓ}ℓ∈Λ(α∗) such that:

Lf |α=α∗ :=
∂f

∂α
|α=α∗ ≈

∑
ℓ∈Λ(α∗)

wℓfℓ,

with n and wℓ being known as the stencil size and differentiation weights, re-
spectively. To calculate wℓ, we enforce that this linear combination of function
values is exact for the interpolant function f̃ of the form

f̃(α) =
∑

ℓ∈Λ(α∗)

λℓψ(||α− αℓ||) +
m∑
j=0

γjα
j , (11)

with ψ : r ∈ R+ 7→ ϕ(r) = r3 the polyharmonic spline and with the constraints∑
ℓ∈Λ(α∗)

λℓα
j
ℓ = 0, for j = 0, . . . ,m. Note that polynomials help in improving

accuracy Flyer et al. (2016). By interpolant we mean that f̃(αℓ) = f(αℓ) = fℓ
for ℓ ∈ Λ(α∗). For sake of clarity, we assume (without loss of generality) in the
following that Λ(α∗) = {1, . . . , n}. The weights are obtained by solving the
following linear system (see, e.g., Fornberg and Flyer (2015)):

HT



w1

...
wn

wn+1

wn+2

...
wn+m


:=



A

 1 α1 · · · αm
1

...
...

...
1 αn · · · αm

n


1 · · · 1
α1 · · · αn

...
...

αm
1 · · · αm

n

 0





w1

...
wn

wn+1

wn+2

...
wn+m



=



Lψ (∥α− α1∥) |α=α∗
...

Lψ (∥α− αn∥) |α=α∗

L1 |α=α∗

Lα |α=α∗
...

Lαm |α=α∗


with

A =


ψ (∥α1 − α1∥) ψ (∥α1 − α2∥) · · · ψ (∥α1 − αn∥)
ψ (∥α2 − α1∥) ψ (∥α2 − α2∥) · · · ψ (∥α2 − αn∥)

...
...

...
ψ (∥αn − α1∥) ψ (∥αn − α2∥) · · · ψ (∥αn − αn∥)

 ·
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This system has been proven to be invertible, that is matrix H invertible,
as soon as m+ 1 ≤ n (see, e.g., De Marchi (2013)). In the following, we choose
f(·) := I(t, ·) and m = 0. We then get the following approximation:

∂I

∂α
(t, α∗) = (Lψ (∥α− α1∥) |α=α∗ , · · · , Lψ (∥α− αn∥) |α=α∗ , L1 |α=α∗ ) H

−1 (f1, · · · , fn, 0)T

= (w1, · · · , wn) (I(t, α1), · · · , I(t, αn))
T
.

By concatenating the above system for α∗ = αi, 0 ≤ i ≤ Nα, we obtain a
(Nα + 1)× (Nα + 1) matrix Mα such that:

∂I

∂α
(t) =MαI(t)

with I(t) := (I(t, 0), I(t, α1), . . . , I(t, αNα
))

T
=:

(
Ibound(t),

(
Iint(t)

)T)
. Then

we introduce matrices M1,α and M2,α defined by:

M1,α =

(
Mα[i, j]

)
1≤i,j≤Nα

, M2,α =

(
Mα[i, 0]

)
1≤i≤Nα

.

The system discretized in age corresponding to the PDE on I can then be
written as an ODE:

dIint

dt
(t) = −M1,αI

int(t)− δE(t)M2,α + FI(t, I
int(t))

Ibound(t) = δE(t)

wih FI(t, I
int(t)) =

 −(γ(α1) + τAθ(t))I(t, α1)
...

−(γ(αNα) + τAθ(t))I(t, αNα)

 ·

Similarly, we build the matrix Mα̃ for the approximation of the differential

operator
∂

∂α̃
on the nodes (α̃i)

Nα̃
i=0 and the corresponding submatrices M1,α̃ and

M2,α̃.

4.2 QMC computation of the integrals

In this section, we explain how the integrals in (1) are computed using a Quasi-
Monte Carlo sampling (QMC). In order to illustrate the approach, we focus on
the computation of the integral∫ ∞

0

β(t, α′)I(t, α′)dα′.

We first truncate the integral on the bounded interval Jb = [0, αmax] as for the
discretization of the age operators. For an integral defined on the d-dimensional
unit hypercube [0, 1]d, QMC numerical integration consists in evaluating the
intergand on the n first terms of a low discrepancy sequence of points over
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[0, 1]d and then in approximating the integral by computing the empirical mean
of integrand evaluations. For the n first terms of a low discrepancy sequence
over [0, 1]d, {xi}ni=1, the well known Koksma-Hlawka inequality provides:∣∣∣∣ 1n

n∑
i=1

f(xi)−
∫
[0,1]d

f(x)dx

∣∣∣∣ ≤ D∗
n × VHK(f),

where f : [0, 1]d → R, D∗
n is the so-called star discrepancy, VHK(f) is the total

variation of f in the sense of Hardy and Krause (see, e.g., Kuipers and Niederre-
iter (2012)). In the following, we only compute one-dimensional integrals (with

respect to α or α̃). Integrals are computed with a Sobol’ sequence {xi}Nα

i=0 on

[0, 1], for which we know that D∗
n = O

(
logNα

Nα

)
(see, e.g., Lemieux (2009)). We

then transform this sequence into {αi}Nα

i=0 = {αmaxxi}Nα

i=0 on [0, αmax]. Finally,

QMC approximation of

∫ ∞

0

β(t, α′)I(t, α′)dα′ is given by:

αmax

Nα + 1

Nα∑
i=0

β(t, αi)I(t, αi).

It is worth noticing that the same sequence {αi}Nα

i=0 = {αmaxxi}Nα

i=0 is used
for the RBF-FD approximation of the age operators, which avoids additional
changes of coordinates between the variables used for the age operators and the
integrals.

4.3 Resulting recursive equations

Based on the approximations of the age operators and the integrals, we will now
consider two different treatments of the compartimental equations, distinguish-
ing between variables in age-distributed equations (I, R and V ) and those in
ordinary differential equations (S, E, H and D).

For the variables structured in age, we choose to implement a semi-explicit
Euler scheme. We start from the following system obtained in Section 4.1:

dIint

dt
(t) = −M1,αI

int(t)− δE(t)M2,α + FI(t, I
int(t))

Ibound(t) = δE(t).

We then discretize time interval [0, T ]. More precisely, for N ∈ N∗, we introduce

∆t =
T

N
and define, for 0 ≤ n ≤ N − 1, tn = n ×∆t. We then implement the

following scheme:
Îintn+1 − Îintn

∆t
= −M1,αÎ

int
n+1 − δEnM2,α + FI(tn, Î

int
n )

Iboundn+1 = δEn+1

(12)

where Îintn is the approximation of Iint(tn), En the one of E(tn) and I
bound
n the

one of Ibound(tn). This method is semi-implicit in the sense that the implici-
tation only concerns the approximate age operator, i.e., the term M1,αÎ

int
n+1 is
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computed at time step n+1, while the other factors are computed at time step
n. By reorganizing the terms in (12) and by taking ∆t so that Id +∆tM1,α is
non-singular (Id being the Nα ×Nα identity matrix), we get:

Îintn+1 = (Id + ∆tM1,α)
−1

[
Îintn −∆tδEnM2,α +∆tFI(tn, Î

int
n )

]
.

The same method is used for R̂ and V̂ .
An implicit scheme for hyperbolic equations in ages is used to overcome the

numerical instability risks of finite-difference-based schemes (of which the RBF-
FD method is a part) when an explicit time integration scheme is used, here
requiring sufficiently small time steps. For hyperbolic equations, the authors in
Fornberg and Lehto (2011) propose using a hyperviscosity stabilization approach
consisting of adding a perturbation term defined by a power of the Laplace
operator. We have not adopted this approach, which adds complexity to the
RBF-FD method, and have taken advantage of the fact that, given the linear
nature of hyperbolic equations, it is always possible to have an explicit form of an
implicit scheme guaranteeing unconditional stability of the numerical scheme,
even for large time steps. The explicit Euler scheme with daily time step is
classically used in the epidemiological literature for numerical resolution of SIR
models. It poses no stability or accuracy problems with such a time step, and
consequently there is no need to use higher-order schemes. Thanks to the use of
an implicit scheme for the hyperbolic equations, we have also observed that using
a daily time step for the numerical resolution of our model provides sufficient
accuracy.

For the state variables that are not structured in age (E,H and D), we
implement a classical explicit Euler method. For example, for the compartment
D, we have:

Dn+1 = Dn +∆t τDγHHn.

In order to simplify the notation, we define the following quantities:

Intn(β, I) =
αmax

Nα + 1

Nα∑
i=0

β(tn, αi)În[i] Intn(θR, R) =
α̃max

Nα̃ + 1

Nα̃∑
i=0

θR(tn, α̃i)R̂n[i]

Intn(σR, R) =
α̃max

Nα̃ + 1

Nα̃∑
i=0

σR(tn, α̃i)R̂n[i] Intn(I) =
αmax

Nα + 1

Nα∑
i=0

În[i]

Intn(σV , V ) =
α̃max

Nα̃ + 1

Nα̃∑
i=0

σV (tn, α̃i)V̂n[i] Intn(R) =
α̃max

Nα̃ + 1

Nα̃∑
i=0

R̂n[i]

Intn(γI , I) =
αmax

Nα + 1

Nα∑
i=0

γI(αi)În[i] Intn(V ) =
α̃max

Nα̃ + 1

Nα̃∑
i=0

V̂n[i]

Intn(θ, I) =
αmax

Nα + 1

Nα∑
i=0

θ(tn)τAÎn[i]

where În, R̂n et V̂n are respectively the approximations of I(tn), R(tn) and
V (tn).

It is worth noticing that the RBF-FD scheme does not necessarily guarantees
that the conservation of population mass (8) holds at each time step n. In order
to overcome this issue, we choose to eliminate the compartimental equation of
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Sn and to express Sn as Sn = 1−En −Hn −Dn − Intn(I)− Intn(R)− Intn(V ).
Such an elimination of a compartimental equation in SIR-type system is classical
in the literature; see, for instance, Kendal (1956) for an early reference.

It follows that the time discretization of system (1) is given by the following
system of recursive equations:

En+1 = En +∆t

[
SnIntn(β, I)− δEn

]
Hn+1 = Hn +∆t

[
τHIntn(γI , I)− γHHn

]
Dn+1 = Dn +∆t γHτDHn

Îintn+1 = [Id + ∆tM1,α]
−1[În −∆tδEnM2,α +∆tFI(tn, Î

int
n )]

R̂int
n+1 = [Id + ∆tM1,α̃]

−1

[
R̂int

n −∆t

((
(1− τH)Intn(γI , I) + γH(1− τD)Hn

)
M2,α̃ + FR(tn, R̂

int
n )

)]
V̂ int
n+1 = [Id + ∆tM1,α̃]

−1

[
V̂ int
n −∆t

((
τAIntn(θ, I) + Intn(θR, R) + θ(tn)Sn

)
M2,α̃ + FR(tn, R̂

int
n )

)]
Sn+1 = 1− En+1 −Hn+1 −Dn+1 − Intn+1(I)− Intn+1(R)− Intn+1(V )

(13)
where

FI(tn, Î
int
n ) =

 −(γ(α0) + τAθ(t))Î
int
n (α0)

...

−(γ(αNα) + τAθ(tn))Î
int
n (αNα)

 ,

FR(tn, R̂
int
n ) =

 −(σR(α̃0) + θR(tn, α̃0))R(tn, α̃0)
...

−(σR(α̃Nα̃) + θR(tn, α̃Nα̃))R(tn, α̃Nα̃)

 ,

and

FR(tn, R̂
int
n ) =

 −σV (α̃0)V (tn, α̃0)
...

−σV (α̃Nα̃)V (tn, α̃Nα̃)

 .

5 Numerical simulations

In this section, we illustrate the effectiveness of the proposed model and nu-
merical scheme with a simulation based on a set of realistic parameters and the
population of Isère department in France. Table 1 presents the scalar parame-
ters. Their values are found in the literature. Table 2 displays the functional
parameters involved in the description of the model.

γI , σR and σV are defined as sigmoid functions with an inflection age corre-
sponding to the average residence time in the compartment (17 days for infection
and 180 days for loss of immunity). In our simulations, α 7→ β(α) does not de-
pend on time and corresponds to βm in (Richard et al., 2021, Eq. (9) and Fig.
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Table 1: Scalar parameters of the model

Variable Value Reference

δ
1

4.5
Calba et al. (2021)

γH
1

14.5
Boëlle et al. (2020)

τA
20

100
Byambasuren et al. (2020)

τH
9

100
Oliver et al. (2022)

τD
8

1000
Estimated value in accordance with data.gouv.fr

Table 2: Function parameters of the model

Variable Expression (values are in days)

β(t, α) see (Richard et al., 2021, Eq. (9) and Fig. 2.A) and Equation (14)

γI(α)
1

1 + e−(α−17)

σR(α̃)
1

1 + e−(α̃−180)

σV (α̃)
1

1 + e−(α̃−180)

θ(t) from DataVaccin-COVID (Isère department, France)

θR(t, α̃) θ(t)× 1

1 + e−(α̃−21)

2.A):

β : α 7−→


0.2× 3

5.65
× (

α

5.65
)2 × e

−

(
α

6.5

)3

for α ≤ 5.2,

0.2×
(
1

2

)(α−5.2)

× 3

5.65
× (

α

5.65
)2 × e

−

(
α

6.5

)3

for α > 5.2.

(14)
The expression of β makes use of the Weibull distribution as proposed in Richard
et al. (2021), since it appears to best fit the infection transmission timing. β also
reflects that individuals do not isolate before symptoms (here when α ≤ 5.2),
and that isolation is stronger when symptoms are more severe.

The vaccination inputs θ(t) and θR(t, α̃) are obtained with vaccination data
available on the website DataVaccin-COVID for the Isère Department in France.
Figures 3 and 4 show the transmission rate β and the vaccination rate θ.

We now present our choice of initial conditions at time t = t0 = 0. Let

17

https://www.data.gouv.fr/fr/pages/donnees_covid/
https://datavaccin-covid.ameli.fr/explore/?exclude.theme=Datavisualisation&sort=modified
https://datavaccin-covid.ameli.fr/explore/?exclude.theme=Datavisualisation&sort=modified


Figure 3: Disease transmission rate β as a function of disease age α.

Figure 4: Vaccination rate of S and I asymptomatic individuals as a function
of time.

S0, E0, H0, I(t = 0, α̃), R(t = 0, α̃), V (t = 0, α̃), D0 be the initial conditions of
our model. We wish these quantities:
i) to correspond to an epidemiological reality: for all α, α̃ > 0,

0 ≤ S0, E0, H0, I(t = 0, α), R(t = 0, α̃), V (t = 0, α̃), D0 ≤ 1;
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ii) to be compatible with boundary conditions:

I(t = 0, α = 0) = δE0,

R(t = 0, α̃ = 0) =

∫ ∞

0

(1− τH)γI(α
′)I(t = 0, α′)dα′ + (1− τD)γHH0,

V (t = 0, α̃ = 0) =

∫ ∞

0

θ(0)τAI(t = 0, α′)dα′ +

∫ ∞

0

θR(0, α
′)R(t = 0, α̃′)dα̃′ + θ(0)S0;

iii) to satisfy the population conservation constraint at t = 0.
In the simulation, we choose to work with zero vaccination terms in the

initial state, which corresponds to the start of the epidemic. Thus, we have

θ(0) = 0 and ∀ α̃ > 0 , θR(0, α̃) = 0.

We also choose an initial population such that H0 = D0 = 0 et 0 ≤ S0, E0 ≤
1. Hence, constraint ii) gives us for V :

V (t = 0, α̃ = 0) = 0.

Next, we select the initial condition of the infectious individuals:

I(t = 0, α) = δE0e
−α.

This expression satisfies conditions i) and ii). In addition, an exponential de-
crease in the number of infected individuals with age α is consistent with epi-
demiological observations.

Condition ii) on R and the sigmoidal expression of γI then give us:

R(t = 0, α̃ = 0) = δE0(1− τH)

∫ ∞

0

0.5e−α′

1 + e−0.5(α′−10)
dα′

= 0.5× δE0(1− τH)e−10

∫ ∞

−10

e−u

1 + e−εu
du,

with

e−10

∫ ∞

−10

e−u

1 + e−εu
du ≤ e−10

∫ ∞

−10

e−udu ≤ e−10e10 ≤ 1.

It follows that 0 ≤ R(t = 0, α̃ = 0) ≤ 1.
We then choose for the expressions of R(t = 0, α̃) and V (t = 0, α̃) for all

α̃ ≥ 0:

R(t = 0, α̃) = R(t = 0, α̃ = 0)e−κα̃ with κ > 0 and V (t = 0, α̃) = 0.

These expressions satisfy conditions i) and ii). We now seek to determine
whether there exists κ > 0 such that condition iii) is also verified. We have:∫ ∞

0

I(t = 0, α′)dα′ = δE0,∫ ∞

0

R(t = 0, α̃′)dα̃′ =
1

κ
δE0(1− τH)

∫ ∞

0

γI(α
′)e−α′

dα′,∫ ∞

0

V (t = 0, α̃′)dα̃′ = 0.
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Table 3: Simulation parameters

Variables Values (time and ages are in days)

(Nα, Nα̃) (512, 512)

(αmax, α̃max) (50, 400)

(N,∆t) (540, 1)

(S0, E0, H0, D0) (0.95, 0.05, 0, 0)

We then have:

S0 + E0 +H0 +

∫ ∞

0

I(t = 0, α′)dα′ +

∫ ∞

0

R(t = 0, α̃′)dα̃′ +

∫ ∞

0

V (t = 0, α̃′)dα̃′ +D0

= S0 + E0 +

∫ ∞

0

I(t = 0, α′)dα′ +

∫ ∞

0

R(t = 0, α̃′)dα̃′

= S0 + E0 + δE0 +
1

κ
δE0(1− τH)

∫ ∞

0

γI(α
′)e−α′

dα′

= S0 + (1 + δ)E0 +
1

κ
δE0(1− τH)

∫ ∞

0

γI(α
′)e−α′

dα′.

We therefore choose S0 ∈]0, 1[ and E0 ∈]0, 1[ such that

S0 + (δ + 1)E0 < 1.

To ensure condition iii), we then select κ > 0 as

κ =

δE0(1− τH)

∫ ∞

0

γI(α
′)e−α′

dα′

1− S0 − (δ + 1)E0
,

so that

S0 + E0 +H0 +

∫ ∞

0

I(t = 0, α′)dα′ +

∫ ∞

0

R(t = 0, α̃′)dα̃′ +

∫ ∞

0

V (t = 0, α̃′)dα̃′ +D0

= S0 + (1 + δ)E0 +
1

κ
δE0(1− τH)

∫ ∞

0

γI(α
′)e−α′

dα′ = 1.

Table 3 provides parameter values used for the simulation. The simulations
are computed on a time horizon of 540 days (18 months). Simulation results
are plotted in Figures 5 to 9. In Figures 5 and 6, we have plotted I : t 7→∫ ∞

0

I(t, α′)dα′, R : t 7→
∫ ∞

0

R(t, α̃′)dα̃′ and V : t 7→
∫ ∞

0

V (t, α̃′)dα̃′. Figure

6 zooms on the initial transient of state variables H, I, R and D. Figures 8,
7, and 9 focus on the initial transient in time and age of the variables I(t, α),
R(t, α̃) and V (t, α̃), respectively.

With our choice of vaccination rates and model parameter values, we observe
one and only one infection peak, followed by a non-zero proportion of individ-
uals conserving their immunity over time. The vaccination of individuals in R
contributes to the slow decrease of the number of individuals in R from day 40
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to day 220, before this number reaches 0. We can check that the simulation
satisfies the conservation of the population mass at any time step, as required.

To demonstrate the value of the SEHIRVD model distributed in ages of in-
fectivity and immunity, we simulated its non-distributed version, in the same

simulation conditions and with β = 0.073, γI =
1

17
, σR = σV =

1

180
and

θR(t) =
1

21
θ(t), while the other parameters were kept unchanged. The value

of β has been chosen so that the maximum of the peak of infected individu-
als is the same in the non-distributed model as in the age-structured model.
Here, the values of γI , σR and σV haven been chosen to ensure consistency
between asymptotic solution of the non-distributed model and the integral of
the solution of the age-distributed system. Figure 10 shows the dynamics of the
non-distributed model. Compared to Figure 5, some notable differences can be
observed, in particular a slower flattening of the trajectories of I(t) and R(t) in
the non-distributed case.

Figure 5: Simulation of the SEHIRDV model distributed in ages of infectivity
and immunity. Here, I,R, V denote the integral of the I(t, α), R(t, α̃), V (t, α̃)
in ages, respectively.

It is interesting to note that the simulation in Python (including the compu-
tations of RBF-FD operators) takes less than 2 seconds on an Intel core-I7 com-
puter without use of GPU parallelization, demonstrating the cost-effectiveness
of the numerical scheme we propose in this paper, despite the complexity of the
model.

6 Conclusions and perspectives

In this paper, we propose a compartmental model to simulate the spread of the
SARS-CoV-2. The model is illustrated in Isère department, France. Our model
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Figure 6: Simulation of the SEHIRDV model. Only H, the integral of I in α,
the integral of R in α̃ et D are shown.

is structured in age of infection α and age of immunity α̃. The equations that
drive the model form a system of PDE-ODEs with integrals in source terms
and boundary conditions. We proved that, under realistic assumptions, the sys-
tem is well-posed: there is a unique solution to the system of equations and
this solution depends continuously on the initial conditions of the problem. To
solve numerically these equations, we propose a simulation scheme based on the
RBF-FD method, that is an effective alternative to the classical finite difference
schemes to discretize linear differential operators. In order to compute the inte-
gral terms, we use a Quasi-Monte Carlo quadrature scheme. A this stage, we do
not pretend to be able to predict the spread of SARS-CoV-2 in Isère. In fact,
the main goal of this work is to explore and propose a methodology to model,
analyze and simulate structured compartmental models in epidemiology. It is
important to emphasise that the scientific approach we have proposed in this
paper is generic and could be interesting for epidemics other than Covid-19, by
introducing information about the distribution of the infected and immunized
individuals. We are convinced that this approach can be generalized to any
epidemic where the pathogen is spread by contact between individuals. In this
paper, the model presented is structured in age of disease α and age of immunity
α̃. Other structures can also be considered. The age of the individuals a is an
interesting factor that can be added to the model in order to display the differ-
ence in the interactions between individuals and in the response of the immune
system with respect to the age. Moreover, the addition of the spatial variable x
depicting the geographical location of individuals in a given area would allow the
model to emphasize on the movement of individuals and on where the contacts
leading to infection occur, thanks to the introduction of diffusion operators as
proposed in Oliver et al. (2022). This work can also be continued by considering
the observation of system parameters and states. Hospitalization and mortality
data are available at the scale of Isère for this purpose. Finally, this model

22



Figure 7: I(t, α) in 2D. Warmer colors correspond to higher individual densities.

can be used for optimal control of vaccination. The vaccination laws θ(t) and
θR(t, α̃) could be computed so that the H or I compartments respect health
resource constraints. For instance, the H compartment should not exceed the
maximal capacity of the hospitals in a given area. An important conclusion
of our work is that the prediction of the spread of an epidemic differs depend-
ing on whether the model used incorporates age structure. Therefore, it seems
important to take this structure into account when designing a control strategy.

A Completeness of (Y ξ
T ′, ||.||XT ′)

Proof of Lemma 1. We first note that Y ξ
T ′ is a non-empty space as 0 ∈ Y ξ

T ′ , and
that (XT ′ , ||.||XT ′ ) is a Banach space as a product of Banach spaces. Thus, to

prove that (Y ξ
T ′ , ||.||XT ′ ) is a Banach space, it suffices to prove that Y ξ

T ′ is a
closed subset of XT ′ . Let L1

+ the subset of functions in (L1([0, T ′]))6 almost

everywhere positive. We will prove that Y ξ
T ′ = Γ−1

1 (L1
+)∩Γ−1

2 (L1
+) with Γ1 and

Γ2 continuous functions on XT ′ . Then, as L1
+ is a closed subset of (L1([0, T ′]))6,

it entails that Y ξ
T ′ is a closed subset in XT ′ . Define Γ1 as:

Γ1 :

 XT ′ → (L1([0, T ′]))6

(x1, x2, x3, x4, x5, x6) 7→
(
x1, x2, x3,

∫ ∞

0

x4(., α
′)dα′,

∫ ∞

0

x5(., α̃
′)dα̃′,

∫ ∞

0

x6(., α̃
′)dα̃′

)
.
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Figure 8: R(t, α) in 2D. Warmer colors correspond to higher individual densities.

For x = (x1, x2, x3, x4, x5, x6), y = (y1, y2, y3, y4, y5, y6) ∈ XT ′ :

||Γ1(x)− Γ1(y)||L1 =
∫ T ′

0
(|x1 − y1|(t) + |x2 − y2|(t) + |x3 − y3|) (t)dt

+
∫ T ′

0

(∣∣∣∣ ∫∞
0

(x4(., α
′)− y4(., α

′)) dα′
∣∣∣∣+∣∣∣∣ ∫∞

0
(x5(., α̃

′)− y5(., α̃
′)) dα̃′

∣∣∣∣) (t)dt

+
∫ T ′

0

(∣∣∣∣ ∫∞
0

(x6(., α̃
′)− y6(., α̃

′)) dα̃′
∣∣∣∣) (t)dt

≤ ||x− y||X′
T
,

so that Γ1 is Lipschitz continuous. The same holds true for Γ2 defined as:

Γ2 :


XT ′ → (L1([0, T ′]))6

x 7→
(
S̄(., ξ)− x1, Ē(., ξ)− x2, H̄(., ξ)− x3,

Ī(., ξ)−
∫ ∞

0

x4(., α
′)dα′, R̄(., ξ)−

∫ ∞

0

x5(., α̃
′)dα̃′, V̄ (., ξ)−

∫ ∞

0

x6(., α̃
′)dα̃′

)
.

It concludes the proof of Lemma 1.

B Proof of Theorem 1

The aim of this section is to complete the proof of Theorem 1. The first step
consists in proving Lemma 3 stated in Section 3.1. The proof of Lemma 3 relies
on two intermediate lemmas stated hereafter.

Lemma 4. Let ξa ∈ Ξ and η > 0. There exists a non-negative constant K(ξa, η)
such that for all ξb ∈ Ξ with ||ξa−ξb||Ξ < η, for all t ∈ [0, T ], and for i ∈ {a, b}:

S̄(ξi, t), Ē(ξi, t), H̄(ξi, t), Ī(ξi, t), R̄(ξi, t), V̄ (ξi, t) ≤ K(ξa, η).
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Figure 9: V (t, α) in 2D. Warmer colors correspond to higher individual densities.

The proof of Lemma 4 is postponed to Appendix C.

Lemma 5 (Proposition 3.16 in Blandfort (2015)). Let T ′ ∈ (0, T ]. Let ξa ∈
Ξ, η > 0, u and v non-negative functions on [0, T ′]×XT ′ ×Ξ and z0 a function
on Ξ. For t ∈ [0, T ′], x ∈ XT ′ , ξ ∈ Ξ, we define:

Z(t, x, ξ) := exp

(
−
∫ t

0

u(τ, x, ξ)dτ

)(
z0(ξ)+

∫ t

0

exp

(∫ τ

0

u(τ ′, x, ξ)dτ ′
)
v(τ, x, ξ)dτ

)
.

We assume that for any ya ∈ Y ξa

T ′ , there exist two non-negative constants
C(ξa, η) and C ′(ξa, η) such that we have, for any ξb ∈ Ξ with ||ξa − ξb||Ξ < η,

any yb ∈ Y ξb

T ′ and any t ∈ [0, T ′]:

u(t, ya, ξa), u(t, yb, ξb), v(t, ya, ξa), v(t, yb, ξb) ≤ C(ξa, η),

|u(t, ya, ξa)− u(t, yb, ξb)| ≤ C ′(ξa, η)||ya − yb||t,
|v(t, ya, ξa)− v(t, ya, ξa)| ≤ C ′(ξa, η)||ya − yb||t.

Then, for any ya ∈ Y ξa

T ′ , there exists a non-negative constant C̃(ξa, η) such that

we have, for any ξb ∈ Ξ with ||ξa − ξb||Ξ < η, any yb ∈ Y ξb

T ′ and any t ∈ [0, T ′]:

|Z(t, ya, ξa)− Z(t, yb, ξb)| ≤ C̃(ξa, η)

(
|z0(ξa)− z0(ξ

b)|+
∫ t

0

||ya − yb||τdτ
)
.

We now use Lemmas 4 and 5 to prove Propositions 5 and 6 below.

Proposition 5. Let T ′ ∈ (0, T ]. Let ξa ∈ Ξ, η > 0. There exist non-negative
constants CS(ξ

a, η), CE(ξ
a, η), CH(ξa, η) such that we have, for any ξb ∈ Ξ
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Figure 10: Simulation of the SEHIRVD model without ages.

with ||ξa − ξb||Ξ < η, any ya ∈ Y ξa

T ′ , any yb ∈ Y ξb

T ′ and for almost all t ∈ [0, T ′]:

|Sξa [ya](t)− Sξb [yb](t)| ≤ CS(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
,

|Eξa [ya](t)− Eξb [yb](t)| ≤ CE(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
,

|Hξa [ya](t)−Hξb [yb](t)| ≤ CH(ξa, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
.

Proposition 6. Let T ′ ∈ (0, T ]. Let ξa ∈ Ξ, η > 0. There exist non-negative
constants CI(ξ

a, η), CR(ξ
a, η), CV (ξ

a, η) such that we have, for any ξb ∈ Ξ with

||ξa − ξb||Ξ < η, any ya ∈ Y ξa

T ′ , any yb ∈ Y ξb

T ′ and for almost all t ∈ [0, T ′]:∫ ∞

0

|Iξ
a

[ya](t, α′)− Iξ
b

[yb](t, α′)|dα′ ≤ CI(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
,∫ ∞

0

|Rξa [ya](t, α̃′)−Rξb [yb](t, α̃′)|dα̃′ ≤ CR(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
,∫ ∞

0

|V ξa [ya](t, α̃′)− V ξb [yb](t, α̃′)|dα̃′ ≤ CV (ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
.

Proof of Proposition 5. We only prove the inequality on S, as the inequalities
on H and E can be proven similarly. For t ∈ [0, T ′], x ∈ XT ′ , ξ ∈ Ξ, we define:

uS(t, x, ξ) = θ(t) +

∫ ∞

0

β(t, α′)x4(t, α
′)dα′

vS(t, x, ξ) =

∫ ∞

0

(σR(α̃
′)x5(t, α̃

′) + σV (α̃
′)x6(t, α̃

′)) dα̃′

zS0 (ξ) = S0.
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It is obvious that uS and vS are non-negative functions. Let now consider ξb ∈ Ξ

with ||ξa − ξb||Ξ < η and ya ∈ Y ξa

T ′ , yb ∈ Y ξb

T ′ . Then, for i ∈ {a, b}:

uS(t, yi, ξi) = θ(t) +

∫ ∞

0

β(t, α′)yi4(t, α
′)dα′

≤ 1 +

∫ ∞

0

yi4(t, α
′)dα′ ≤ 1 + Ī(ξi, t) ≤ 1 +K(ξa, η) by Lemma 4,

vS(t, yi, ξi) =

∫ ∞

0

(
σR(α̃

′)yi5(t, α̃
′) + σV (α̃

′)yi6(t, α̃
′)
)
dα̃′

≤
∫ ∞

0

(
yi5(t, α̃

′) + yi6(t, α̃
′)
)
dα̃′ ≤ R̄(ξi, t) + V̄ (ξi, t) ≤ 2K(ξa, η) by Lemma 4.

Therefore, with C(ξa, η) = 2max {1,K(ξa, η)}, it follows that uS(t, yi, ξi), vS(t, yi, ξi) ≤
C(ξa, η). We also have:

|uS(t, ya, ξa)− uS(t, yb, ξb)| =
∣∣∣∣ ∫ ∞

0

β(t, α′)(ya4 (t, α
′)− yb4(t, α

′))dα′
∣∣∣∣

≤
∫ ∞

0

|ya4 (t, α′)− yb4(t, α
′)|dα′ ≤ ||ya − yb||t,

|vS(t, ya, ξa)− vS(t, yb, ξb)| =
∣∣∣∣ ∫ ∞

0

σR(α̃
′)(ya5 (t, α̃

′)− yb5(t, α̃
′))dα̃′ +

∫ ∞

0

σV (α̃
′)(ya6 (t, α̃

′)− yb6(t, α̃
′))dα̃′

∣∣∣∣
≤

∫ ∞

0

|ya5 (t, α̃′)− yb5(t, α̃
′)|dα̃′ +

∫ ∞

0

|ya6 (t, α̃′)− yb6(t, α̃
′)|dα̃′ ≤ 2||ya − yb||t.

Therefore we have, with C ′(ξa, η) = 2,

|uS(t, ya, ξa)− uS(t, yb, ξb)|, |vS(t, ya, ξa)− vS(t, yb, ξb)| ≤ C ′(ξa, η)||ya − yb||t.

We finally obtain the inequality stated on S by applying Lemma 5.

Proof of Proposition 6. We only prove the inequality on I, as the inequalities
on R and V can be proven similarly. Let ξb ∈ Ξ with ||ξa − ξb||Ξ < η and

ya ∈ Y ξa

T ′ , yb ∈ Y ξb

T ′ . Then, for almost all t ∈ [0, T ′]:∫ ∞

0

∣∣∣Iξa [ya]− Iξ
b

[yb]
∣∣∣ (t, α′)dα′ =

∫ t

0

∣∣∣Iξa [ya]− Iξ
b

[yb]
∣∣∣ (t, α′)dα′ +

∫ ∞

t

∣∣∣Iξa [ya]− Iξ
b

[yb]
∣∣∣ (t, α′)dα′

=: I1 + I2.

• For I1, Definition 4 implies that

I1 =

∫ t

0

|haI − hbI |(t− α′) exp

(
−
∫ α′

0

γI(ũ) + τAθ(ũ+ t− α′)dũ

)
dα′

≤
∫ t

0

|haI − hbI |(t− α′)dα′ ≤ T ||haI − hbI ||∞ ≤ T ||ξa − ξb||Ξ.

• For I2, Definition 4 implies that

I2 =

∫ ∞

t

|faI − f bI |(t− α′) exp

(
−

∫ α′

0

γI(ũ+ α′ − t) + τAθ(ũ)dũ

)
dα′

≤
∫ t

0

|faI − f bI |(t− α′)dα′ ≤ ||faI − f bI ||1 ≤ ||ξa − ξb||Ξ.
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Therefore, by chosing CI(ξ
a, η) = T ′ +1, we prove the inequality on I stated in

Proposition 6.

Then, from Propositions 5 and 6 we prove Proposition 7 and Corollary 8
below.

Proposition 7. Let T ′ ∈ (0, T ]. Let ξa ∈ Ξ, η > 0. There exists a non-negative

constant CSol(ξ
a, η) such that for any ξb ∈ Ξ with ||ξa−ξb||Ξ < η, any ya ∈ Y ξa

T ′ ,

any yb ∈ Y ξb

T ′ and for almost all t ∈ [0, T ′]:

||Solξ
a

[ya]− Solξ
b

[yb]||t ≤ CSol(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
.

Proof of Proposition 7. This result directly follows from the definition of ||.||t
(see Definition 2), Proposition 5 and Proposition 6.

Corollary 8. Let T ′ ∈ (0, T ]. Let ξa ∈ Ξ, η > 0. There exists a non-negative

constant CSol(ξ
a, η) such that for any ξb ∈ Ξ with ||ξa−ξb||Ξ < η, any ya ∈ Y ξa

T ′ ,

any yb ∈ Y ξb

T ′ and for almost all t ∈ [0, T ′]:

||Solξ
a

[ya]− Solξ
b

[yb]||X′
T
≤ T ′CSol(ξ

a, η)

(
||ξa − ξb||Ξ + ||ya − yb||X′

T

)
.

Proof of Corollary 8. From Proposition 7 and by definition of ∥ · ∥XT ′ we have,

for any ξb ∈ Ξ with ||ξa − ξb||Ξ < η, any ya ∈ Y ξa

T ′ , any yb ∈ Y ξb

T ′ and for almost
all t ∈ [0, T ′]:

||Solξ
a

[ya]− Solξ
b

[yb]||X′
T
=

∫ T ′

0

||Solξ
a

[ya]− Solξ
b

[yb]||tdt

≤
∫ T ′

0

CSol(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)
dt

≤
∫ T ′

0

CSol(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ T ′

0

||ya − yb||τdτ
)
dt

≤ T ′CSol(ξ
a, η)

(
||ξa − ξb||Ξ + ||ya − yb||X′

T

)
.

Proof of Lemma 3. Lemma 3 directly follows from Corollary 8 with ξb = ξa.

Proof of Theorem 1. As already mentioned in Section 3, we first consider, for
any 0 < T ′ ≤ T , the solution operator Solξ : Y ξ

T ′ → Y ξ
T ′ . We know from

Proposition 2 that a fixed-point of this operator is solution of the coupled system
defined by (1) on [0, T ′]. From Lemma 3, there exists 0 < T ′ ≤ T such that the

solution operator Solξ : Y ξ
T ′ → Y ξ

T ′ is a contraction. Therefore, by Banach fixed-
point theorem, it has a unique fixed point that is the solution of the coupled
system defined by (1) on [0, T ′]. Note that it is always possible to choose T ′

such that
T

T ′ = N ∈ N∗. It remains now to prove by induction the existence

and unicity of a solution on each interval [0, nT ′], for n ≤ N so that finally, for
n = N , Theorem 1 is proved.
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• Initialization step (n = 1): Already proven, using Proposition 2.

• Induction step: Assume that the unique solution yn = (yn1 , y
n
2 , y

n
3 , y

n
4 , y

n
5 , y

n
6 ) ∈

Y ξ
nT ′ of the coupled system on [0, nT ′] is built for n ∈ N with 1 ≤ n ≤ N−1.

Now, the goal is to build the unique solution yn+1 ∈ Y ξ
(n+1)T ′ of the cou-

pled system on [0, (n + 1)T ′]. In order to do so, we define Ỹ ξ
(n+1)T ′ ⊆

Y ξ
(n+1)T ′ as the set of functions y ∈ Y ξ

(n+1)T ′ such that for almost all t ∈
[0, nT ′], (y1, y2, y3, y4, y5, y6) (t) = (yn1 , y

n
2 , y

n
3 , y

n
4 , y

n
5 , y

n
6 ) (t). Note that

(Y ξ
(n+1)T ′ , ||.||X(n+1)T ′ ) is a non-empty complete metric space as (n+1)T ′ ≤

T . Moreover, Ỹ ξ
(n+1)T ′ is a closed subset of (Y ξ

(n+1)T ′ , ||.||X(n+1)T ′ ). There-

fore (Ỹ ξ
(n+1)T ′ , ||.||X(n+1)T ′ ) is also a non-empty complete metric space.

Moreover, Solξ : Ỹ ξ
(n+1)T ′ → Ỹ ξ

(n+1)T ′ . Indeed, if y ∈ Ỹ ξ
(n+1)T ′ , then

Solξ[y] ∈ Y ξ
(n+1)T ′ thanks to the definition of the bounds in Definition 2,

and as for almost all t ∈ [0, nT ′], Solξ[y](t) = Solξ[yn](t) = yn(t). It re-

mains now to prove that Solξ is a contraction on (Ỹ ξ
(n+1)T ′ , ||.||X(n+1)T ′ ).

Consider f, g ∈ Ỹ ξ
(n+1)T ′ , by definition of Ỹ ξ

(n+1)T ′ and by Proposition 7
we get:

||Solξ[f ]− Solξ[g]||X(n+1)T ′ =

∫ (n+1)T ′

0

||Solξ[f ]− Solξ[g]||tdt

=

∫ (n+1)T ′

nT ′
||Solξ[f ]− Solξ[g]||tdt

≤
∫ (n+1)T ′

nT ′
CSol(ξ, η)

∫ t

0

||f − g||τdτdt

≤
∫ (n+1)T ′

nT ′
CSol(ξ, η)

∫ (n+1)T ′

0

||f − g||τdτdt

≤ T ′CSol(ξ, η)

∫ (n+1)T ′

0

||f − g||τdτ.

Finally, ||Solξ[f ] − Solξ[g]||X(n+1)T ′ ≤ T ′CSol(ξ, η)||f − g||X(n+1)T ′ . Since

T ′CSol(ξ, η) < 1 it follows that Solξ is a contraction on (Ỹ ξ
(n+1)T ′ , ||.||X(n+1)T ′ ).

Using Banach fixed-point theorem, this implies that Solξ has a unique
fixed point yn+1 on Ỹ ξ

(n+1)T ′ . Remark that yn+1 is also a fixed-point of

Solξ on Y ξ
(n+1)T ′ as Ỹ ξ

(n+1)T ′ ⊆ Y ξ
(n+1)T ′ . Thus, from Proposition 2, the

continuous representative of yn+1 is a solution to the coupled system de-
scribed by (1) on [0, (n + 1)T ′]. It remains to prove that it is the unique
solution to the coupled system described by (1) on [0, (n+1)T ′]. Suppose

xn+1 ∈ Y ξ
(n+1)T ′ is another solution of the coupled system on [0, (n+1)T ′].

Then, by Proposition 2, xn+1 is a fixed point of Solξ on [0, (n + 1)T ′]
thus also on [0, nT ′]. Thus, by induction hypothesis, xn+1 = yn almost

everywhere in [0, nT ′]. Therefore, xn+1 ∈ Ỹ ξ
(n+1)T ′ and is a fixed-point

of Solξ. By uniqueness of the fixed point of Solξ on Ỹ ξ
(n+1)T ′ , we have

xn+1 = yn+1. Thus the coupled system described by (1) has a unique
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solution yn+1 ∈ Y ξ
(n+1)T ′ on [0, (n + 1)T ′]. This concludes the induction

step.

C Proof of intermediate lemmas

Proof of Lemma 2. Let T ′ ∈ (0, T ] and ξ ∈ Ξ. We have to prove that for any

y ∈ Y ξ
T ′ ,

Sξ[y](t) ∈ [0, S̄(ξ, t)] , Eξ[y](t) ∈ [0, Ē(ξ, t)] , Hξ[y](t) ∈ [0, H̄(ξ, t)], (15)∫ ∞

0

Iξ[y](t, α′)dα′ ∈ [0, Ī(ξ, t)] ,

∫ ∞

0

Rξ[y](t, α̃′)dα̃′ ∈ [0, R̄(ξ, t)] (16)

and

∫ ∞

0

V ξ[y](t, α̃′)dα̃′ ∈ [0, V̄ (ξ, t)], (17)

with S̄(ξ, t), Ē(ξ, t), H̄(ξ, t), Ī(ξ, t), R̄(ξ, t) and V̄ (ξ, t) given in Definition 2.
From Definition 4 and from the definition of Ξ, all the components of the solution
operator are non-negative functions. For the upper-bounds, we first prove (16)
and (17). We have, for almost all t ∈ [0, T ′]:∫ ∞

0

Iξ[y](t, α′)dα′ =

∫ t

0

Iξ[y](t, α′)dα′ +

∫ ∞

t

Iξ[y](t, α′)dα′

=

∫ t

0

hI(t− α′) exp

(
−
∫ α′

0

γI(ũ) + τAθ(ũ+ t− α′)dũ

)
dα′

+

∫ ∞

t

fI(α
′ − t) exp

(
−

∫ t

0

γI(ũ+ α′ − t) + τAθ(ũ)dũ

)
dα′

≤
∫ t

0

hI(t− α′)dα′ +

∫ ∞

t

fI(α
′ − t)dα′

≤ ||hI ||∞t+ ||fI ||1 = Ī(ξ, t).

Similarly we can prove:∫ ∞

0

Rξ[y](t, α̃′)dα̃′ ≤ ||hR||∞t+ ||fR||1 = R̄(ξ, t),∫ ∞

0

V ξ[y](t, α̃′)dα̃′ ≤ ||hV ||∞t+ ||fV ||1 = V̄ (ξ, t).

Let us now prove the upper-bound in (15). We have:

Sξ[y](t) = exp

(
−
∫ t

0

F (τ)dτ

)(
S0 +

∫ t

0

exp

(∫ τ

0

F (τ ′)dτ ′
)
G(τ)dτ

)
with

G(τ) =

∫ ∞

0

(σR(α̃
′)y5(τ, α̃

′) + σV (α̃
′)y6(τ, α̃

′))dα̃′

≤
∫ ∞

0

(y5(τ, α̃
′) + y6(τ, α̃

′))dα̃′ ≤ R̄(ξ, τ) + V̄ (ξ, τ)
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as 0 ≤ σR, σV ≤ 1. Also, F (τ) = θ(τ) +
∫∞
0
β(τ, α′)y4(τ, α

′)dα′ ≥ 0. We
therefore have

Sξ[y](t) ≤ exp

(
−
∫ t

0

F (τ)dτ

)(
S0 +

∫ t

0

exp

(∫ τ

0

F (τ ′)dτ ′
)(

R̄(ξ, τ) + V̄ (ξ, τ)

)
dτ

)
≤ S0 exp

(
−
∫ t

0

F (τ)dτ

)
+

∫ t

0

exp

(
−

∫ t

τ

F (τ ′)dτ ′
)(

R̄(ξ, τ) + V̄ (ξ, τ)

)
dτ

)
≤ S0 +

∫ t

0

(
R̄(ξ, τ) + V̄ (ξ, τ)

)
dτ

≤ S0 +

∫ t

0

((
||fR||1 + ||fV ||1

)
+

(
||hR||∞ + ||hV ||∞

)
τ

)
dτ

≤ S0 + (||fR||1 + ||fV ||1)t+
||hR||∞ + ||hV ||∞

2
t2 = S̄(ξ, t)

Similar computations lead to:

Eξ[y](t) = e−δt

(
E0 +

∫ t

0

eδτy1(τ)

(∫ ∞

0

β(τ, α′)y4(τ, α
′)dα′

)
dτ

)
.

Thus, as 0 ≤ β ≤ 1:

Eξ[y](t) ≤ e−δt

(
E0 +

∫ t

0

eδτy1(τ)

(∫ ∞

0

y4(τ, α
′)dα′

)
dτ

)
≤ e−δt

(
E0 +

∫ t

0

eδτ S̄(ξ, τ)Ī(ξ, τ)dτ

)
≤ e−δtE0+

(∫ t

0

e−δ(t−τ)S̄(ξ, τ)Ī(ξ, τ)dτ

)
≤ E0+

(∫ t

0

S̄(ξ, τ)Ī(ξ, τ)dτ

)
≤ E0 +

∫ t

0

(
S0 + (||fR||1 + ||fV ||1)τ +

||hR||∞ + ||hV ||∞
2

τ2
)(

||fI ||1 + ||hI ||∞τ
)
dτ

≤ E0 +

∫ t

0

(
S0||fI ||1+

(
S0||hI ||∞ + (||fR||1 + ||fV ||1)||fI ||1

)
τ

+

(
||hR||∞ + ||hV ||∞

2
||fI ||1 + (||fR||1 + ||fV ||1)||hI ||∞

)
τ2+

(
||hR||∞ + ||hV ||∞

2
||hI ||∞

)
τ3
)
dτ

≤ E0 + S0||fI ||1t+
(
S0||hI ||∞

2
+

||fR||1 + ||fV ||1
2

||fI ||1
)
t2

+

(
||hR||∞ + ||hV ||∞

6
||fI ||1 +

||fR||1 + ||fV ||1
3

||hI ||∞
)
t3+

(
||hR||∞ + ||hV ||∞

8

)
||hI ||∞t4

= Ē(ξ, t).

Finally, we write Hξ[y](t) as:

Hξ[y](t) = e−γHt

(
H0 +

∫ t

0

eγHτ

(∫ ∞

0

γI(α
′)τHy4(τ, α

′)dα′
)
dτ

)
.
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Thus, as 0 ≤ γI , τH ≤ 1:

Hξ[y](t) ≤ e−γHt

(
H0 +

∫ t

0

eγHτ

(∫ ∞

0

y4(τ, α
′)dα′

)
dτ

)
≤ e−γHtH0+

(∫ t

0

e−γH(t−τ)

(∫ ∞

0

y4(τ, α
′)dα′

)
dτ

)
≤ H0+

(∫ t

0

(∫ ∞

0

y4(τ, α
′)dα′

)
dτ

)
≤ H0 +

∫ t

0

Ī(ξ, τ)dτ ≤ H0 +

∫ t

0

(
||fI ||1 + ||hI ||∞τ

)
dτ

≤ H0 + ||fI ||1t+
||hI ||∞

2
t2 = H̄(ξ, t).

Proof of Lemma 4. We only make the proof for S̄ and Ī, as the proof for Ē and
H̄ is similar to the one for S̄ and the proof for R̄ and V̄ is similar to the one for
Ī. Let ξb ∈ Ξ such that ||ξa − ξb||Ξ < η and let t ∈ [0, T ]. We have:

S̄(ξa, t) = Sa
0 + (||faR||1 + ||faV ||1)t+

||haR||∞ + ||haV ||∞
2

t2

≤ Sa
0 + (||faR||1 + ||faV ||1)T +

||haR||∞ + ||haV ||∞
2

T 2 := Ka
S(ξ

a, η).

Also, using the triangle inequality:

S̄(ξb, t) = Sb
0 + (||f bR||1 + ||f bV ||1)t+

||hbR||∞ + ||hbV ||∞
2

t2

≤ Sb
0 − Sa

0 + (||f bR − faR||1 + ||f bV − faV ||1)t+
||hbR − haR||∞ + ||hbV − haR||∞

2
t2 + Sa

0

+ (||faR||1 + ||faV ||1)t+
||haR||∞ + ||haV ||∞

2
t2

≤ η + ηT + ηT 2 +Ka
S(ξ

a, η) := Kb
S(ξ

a, η).

This constant Kb
S(ξ

a, η) does not depend on the choice of ξb. Similarly:

Ī(ξa, t) = ||faI ||1 + ||haI ||∞t
≤ ||faI ||1 + ||haI ||∞T := Ka

I (ξ
a, η).

Using the triangle inequality, we have:

Ī(ξb, t) = ||f bI ||1 + ||hbI ||∞t
≤ ||f bI − faI ||1 + ||hbI − haI ||∞t+ ||faI ||1 + ||haI ||∞t
≤ η + ηT +Ka

I (ξ
a, η) := Kb

I (ξ
a, η).

Therefore, by defining K(ξa, η) as the maximum of the Ki
Z(ξ

a, η) over all Z ∈
{S,E,H, I,R, V } and i ∈ {a, b}, the result follows.
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D Proof of the continuity of the solution

Proof of Theorem 3. Proposition 2 implies that ya is a fixed point of Solξ
a

and

yb is a fixed point of Solξ
b

. Therefore, for t ∈ [0, T ],

||ya − yb||t = ||Solξ
a

[ya]− Solξ
b

[yb]||t.

Then, by Proposition 7,

||ya − yb||t ≤ CSol(ξ
a, η)

(
||ξa − ξb||Ξ +

∫ t

0

||ya − yb||τdτ
)

≤ CSol(ξ
a, η)||ξa − ξb||Ξ +

∫ t

0

CSol(ξ
a, η)||ya − yb||τdτ.

Then, by using Gronwall’s inequality with f(t) = CSol(ξ
a, η)||ξa − ξb||Ξ and

g(t) = CSol(ξ
a, η), we obtain:

||ya − yb||t ≤ CSol(ξ
a, η)||ξa − ξb||Ξ

+

∫ t

0

CSol(ξ
a, η)||ξa − ξb||ΞCSol(ξ

a, η) exp

(∫ t

τ

CSol(ξ
a, η)dτ ′

)
dτ

≤ CSol(ξ
a, η)||ξa − ξb||Ξ +

∫ t

0

(CSol(ξ
a, η))2||ξa − ξb||Ξ exp(TCSol(ξ

a, η))dτ

≤ (CSol(ξ
a, η) + T (CSol(ξ

a, η))2 exp(TCSol(ξ
a, η)))||ξa − ξb||Ξ.

Finally,

||ya − yb||XT
=

∫ T

0

||ya − yb||tdt ≤ C(ξa, η)||ξa − ξb||Ξ

with C(ξa, η) given by

T (CSol(ξ
a, η) + T (CSol(ξ

a, η))2 exp(TCSol(ξ
a, η))).

This implies that the solution of the coupled system described by (1) on [0, T ]
depends continuously on the initial and boundary conditions.

E Proof of biological bounds for the solution

In order to prove Theorem 4, we need to permute the derivative and the integral
operators. As stated in Lemma 6 below, this is the case under some appropriate
assumptions.

Lemma 6. Suppose that Assumptions (4) to (7) of Theorem 4 hold true. Then,

d

dt

(∫ ∞

0

I(., α′)dα′
)
(t) =

(∫ ∞

0

∂I

∂t
(t, α′)dα′

)
,

d

dt

(∫ ∞

0

R(., α̃′)dα̃′
)
(t) =

(∫ ∞

0

∂R

∂t
(t, α̃′)dα̃′

)
,

d

dt

(∫ ∞

0

V (., α̃′)dα̃′
)
(t) =

(∫ ∞

0

∂V

∂t
(t, α̃′)dα̃′

)
.
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Let us now give the proof of Theorem 4.

Proof of Theorem 4. For t = 0, the result is directly given by (4) and the other
assumptions. As mentioned in the proof of Lemma 6, I(t, .) is integrable on
[t,∞]. In particular, this means that I(t,+∞) := lim

α→∞
I(t, α) exists and is

equal to 0. Using the same methodology, one can prove that for all t ∈ [0, T ],
R(t,+∞) := lim

α̃→∞
R(t, α̃) and V (t,+∞) := lim

α̃→∞
V (t, α̃) exist and are both

equal to 0. Let now t ∈ [0, T ] and compute:

D =:
d

dt

(
S + E +H +

∫ ∞

0

I(., α′)dα′ +

∫ ∞

0

R(., α̃′)dα̃′ +

∫ ∞

0

V (., α̃′)dα̃′ +D

)
(t)

=
dS

dt
(t) +

dE

dt
(t) +

dH

dt
(t) +

d

dt

(∫ ∞

0

I(., α′)dα′
)
(t)

+
d

dt

(∫ ∞

0

R(., α̃′)dα̃′
)
(t) +

d

dt

(∫ ∞

0

V (., α̃′)dα̃′
)
(t) +

dD

dt
(t).

By Lemma 6, this is equivalent to:

D =
dS

dt
(t) +

dE

dt
(t) +

dH

dt
(t) +

∫ ∞

0

∂I

∂t
(t, α′)dα′ +

∫ ∞

0

∂R

∂t
(t, α̃′)dα̃′ +

∫ ∞

0

∂V

∂t
(t, α̃′)dα̃′

+
dD

dt
(t).

(18)

Yet, using the PDE controlling I in the system described by (1), we get:∫ ∞

0

∂I

∂t
(t, α′)dα′ =

∫ ∞

0

− ∂I

∂α
(t, α′)− (γI(α

′) + θ(t)τA)I(t, α
′)dα′

= −
∫ ∞

0

∂I

∂α
(t, α′)−

∫ ∞

0

(γI(α
′) + θ(t)τA)I(t, α

′)dα′

= I(t, 0)− I(t,+∞)−
∫ ∞

0

(γI(α
′) + θ(t)τA)I(t, α

′)dα′.

Finally ∫ ∞

0

∂I

∂t
(t, α′)dα′ = δE(t)−

∫ ∞

0

(γI(α
′) + θ(t)τA)I(t, α

′)dα′. (19)

Similarly, we can write:∫ ∞

0

∂R

∂t
(t, α̃′)dα̃′ =

∫ ∞

0

γI(α
′)(1− τH)I(t, α′)dα′ + γH(1− τD)H(t)

−
∫ ∞

0

(θR(t, α̃
′) + σR(α̃))R(t, α̃

′)dα̃′, (20)∫ ∞

0

∂V

∂t
(t, α̃′)dα̃′ =

∫ ∞

0

θ(t)τAI(t, α
′)dα′ +

∫ ∞

0

θR(t, α̃
′)R(t, α̃′)dα̃′ + θ(t)S(t)

−
∫ ∞

0

σV (α̃
′)V (t, α̃′)dα̃′. (21)

We now use (19), (20) and (21) to rewrite the right hand side in (18) and obtain
D = 0. Therefore, as (8) is satisfied for t = 0, it is also satisfied for all t ∈ [0, T ].
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The quantities S,E,H, I,R and V are non-negative from Definition 4. More-

over, from the equation onD in (1), it follows thatD(t) = D0+

∫ t

0

γHτDH(ũ)dũ,

so it is also non-negative. Finally, the upper-bound in Inequality (9) is deduced
from (8). It remains to prove (10). From Definition 4, we have that for all
t ∈ [0, T ], for all α, α̃ ≥ 0

I(t, α) ≤ max {fI(α− t), hI(t− α)} ≤ 1.

Similarly

R(t, α̃) ≤ max {fR(α̃− t), hR(t− α̃)} ≤ 1 and V (t, α̃) ≤ max {fV (α̃− t), hV (t− α̃)} ≤ 1.

This completes the proof.

Proof of Lemma 6. We only prove the first equality since the other two can
be proven similarly. The proof uses a corollary of the Lebesgue’s dominated
convergence theorem.

• For all t ∈ [0, T ], α 7→ I(t, α) is Lebesgue-integrable on R+. Indeed, for
t ∈ [0, T ], we have from Definition 4:

I(t, α) =


fI(α− t) exp

(
−
∫ t

0

γI(ũ+ α− t) + τAθ(ũ)dũ

)
if t ≤ α,

hI(t− α) exp

(
−
∫ α

0

γI(ũ) + τAθ(ũ+ t− α)dũ

)
if t > α.

Therefore if t ∈ [0, T ] and α > t, the previous expression gives

|I(t, α)| =
∣∣∣∣fI(α− t) exp

(
−

∫ t

0

γI(ũ+ α− t) + τAθ(ũ)dũ

)∣∣∣∣
≤ fI(α− t).

Then ∫ ∞

t

|I(t, α′)|dα′ =

∫ ∞

t

I(t, α′)dα′ ≤
∫ ∞

t

fI(α
′ − t)dα′ ≤ 1.

by Assumption (4).

• For all α ∈ R+, t 7→ I(t, α) is differentiable on [0, T ] as I ∈ C1([0, T ]×R+).

• Now, we have to define a Lebesgue-integrable function ϕ : R+ → R+ such
that for all t ∈ [0, T ], α ∈ R+,∣∣∣∣∂I∂t (t, α)

∣∣∣∣ ≤ ϕ(α).

As I ∈ C1([0, T ] × R+),
∂I

∂t
is continuous on the compact set [0, T ]2 ⊆

[0, T ]× R+. Therefore there exists M ∈ R+ so that for all (t, α) ∈ [0, T ]2∣∣∣∣∂I∂t (t, α)
∣∣∣∣ ≤M.
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Now, consider t ∈ [0, T ], α ∈]T,+∞[. Then

I(t, α) = fI(α− t) exp

(
−

∫ t

0

γI(ũ+ α− t) + τAθ(ũ)dũ

)
and therefore

∂I

∂t
(t, α) =− f ′I(α− t) exp

(
−

∫ t

0

γI(ũ+ α− t) + τAθ(ũ)dũ

)
+ fI(α− t)(−τAθ(t))− γI(α− t))× exp

(
−
∫ t

0

γI(ũ+ α− t) + τAθ(ũ)dũ

)
.

Thus, for t ∈ [0, T ], α ∈]T,+∞[,∣∣∣∣∂I∂t (t, α)
∣∣∣∣ ≤∣∣∣∣f ′I(α− t)

∣∣∣∣+ |fI(α− t)|(τAθ(t) + γI(α− t))

≤
∣∣∣∣f ′I(α− t)

∣∣∣∣+ 2|fI(α− t)| ≤ 3Ψ1(α).

We define ϕ : R+ → R+ as:

ϕ(α) =

{
M if α ≤ T,

3Ψ1(α) if α > T.

The first equality in Lemma 6 thus follows from a corollary of the Lebesgue’s
dominated convergence theorem.
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