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ABSTRACT. We analyze the interior transmission problem in a locally per-
turbed infinite periodic domain, considering the case where the perturbation in-
tersects the periodic background. An equivalent formulation as coupled quasi-
periodic problems is obtained by applying the Floquet-Bloch transform. We
perform a discretization with respect to the Floquet-Bloch variable and prove
the well-posedness of the semi-discretized problem. We then establish some a
priori estimates under regularity assumptions that allow us to prove the con-
vergence of the discrete sequence to the solution of the problem.

1. Introduction. The inverse scattering problem for an unbounded periodic medium
with and without defects has received increasing attention in recent years due to
its relevance in various applied fields such as mechanics, chemistry, optics, antenna
arrays, etc. [3, 15, 17, 19]. In particular, many researchers have studied the ap-
plication of sampling methods for imaging such media [1, 16, 11, 21, 9, 8, 2]. The
theoretical justification for this type of algorithm for inhomogeneous media is gener-
ally based on the well-posedness of a so-called Interior Transmission Problem (ITP).
This problem has been extensively studied in the literature for the case of bounded
domains, and we refer for example to [4, 6, 5, 20, 13]. The ITP for the case of un-
bounded periodic domains without defects can always be reduced to a one-period
cell, which leads back to the study of the problem in a bounded domain. However,
the case of perturbed periodic media (not assuming that the perturbation is also
periodic as in [10]) is more difficult, since one is forced to study the solvability of the
problem in the whole unbounded domain. More precisely, the difficulty arises when
the perturbation intersects the periodic background. In fact, for the case where the
intersection is empty, one can decouple the problem into two different problems, one
associated with the periodic domain and the other with the compact perturbation.
Consequently, the study in this case can also be derived from results on ITP for
bounded domains, this case was considered in [2].

We present in this paper a study for the ITP problem when this intersection is
not empty. In this case, one can not use the Fredholm alternative in the classical
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way considered in the literature. It is also not possible to follow the methods in [15]
for the solvability of the direct problem to deal with this type of problems.

The approach we propose to solve this problem in this case is as follows. First,
we apply the Floquet-Bloch transformation to the problem and rewrite it as an
equivalent coupled quasi-periodic problem w.r.t. the Floquet-Bloch variable. This
explains why we first consider the well-posedness for the quasi-periodic ITP prob-
lems before considering our perturbed case. Some uniform estimates with respect
to the Floquet-Bloch variable are proved for these problems, as they are needed for
the subsequent analysis. Next, we discretize the original ITP problem with respect
to the Floquet-Bloch variable and prove that the resulting semi-discretized prob-
lem is uniquely solvable. We then establish the convergence of the semi-discretized
solution as the discretization step goes to zero. This step requires some a priori
estimates under certain regularity assumptions on the data (with respect to the
Floquet-Bloch variable). These assumptions are compatible with the use of the
linear sampling method for imaging in half-space media with Dirichlet boundary
conditions, as we will explain. Our analysis assumes that the refractive index has a
positive imaginary part. This allows us to avoid the existence of guided modes and
to easily establish the uniqueness of the solutions. The removal of this technical
assumption is one of the desired perspectives of this work.

The paper is structured as follows. In the first section, we motivate our work
by presenting the direct scattering problem of interest. In Section 2, we formulate
the interior transmission problem and reformulate it as a coupled quasi-periodic
interior transmission problem. In Section 3, we prove the well-posedness of the
quasi-periodic interior transmission problem. Section 4 is dedicated to the analysis
of the locally perturbed interior transmission problem as explained above.

2. The scattering problem that motivates the interior transmission prob-
lem. In this section, we present the forward scattering problem for infinite periodic
layers with defects, which has motivated us to consider the study of the interior
transmission problem that will be considered later. Consider the upper half space
UY := R x Ry C R%. We denote by k the real-valued positive wavenumber and
by n € L>=(U") the refractive index satisfying n = n, outside a bounded domain
D, with n, € L>®(U°) a refractive index 27-periodic with respect to the first co-
ordinate. Throughout this paper, a 2m-periodic function refers to a function that
is periodic with respect to the first variable x1, with period 2x. It is also assumed
that n and n, have non-negative imaginary parts.
Let R > 0 and assume that there exists a periodic domain DP such that D? C QF
where QF := R x [0, R] and such that n, = 1 outside DP. Additionally, we assume
that D C QF N DP where QF := [0, 27] x [0, R] as shown in Figure 1. Consider an
incident field v € L?(D). The direct scattering problem is formulated as: seek the
scattered field w € H2 (QF) N HL(QF) satisfying

Aw + E*nw = k*(1 — n)v in UY, ]

w=0 on I, (1)

and the angular spectrum representation

]- ; ; 2 2 ~
w(z) = E /Re”f“m(“*mw(g,]%)df, for z9 > R, (2)
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with I'? := Rx {0} and @(-, R) is the Fourier transform of w|pr defined as @ (¢, R) =
\/% Jre ™ w(2y, R)day .

.
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FIGURE 1. Sketch of a periodic domain DP with embedded defect D

Assumption 2.1. Assume that the set {Sm(n,) > 0} contains a non-empty open
set O.

The well-posedness of this problem has been studied in [15, 12] under the assumption
2.1 and we recall the corresponding result below. Our analysis for the interior
transmission problem will also use this assumption. We should mention that the
direct problem has also been studied under the weaker assumption Im(n,) > 0 in
[14]. However, our analysis for the interior transmission problem does not cover this
case.

Theorem 2.2. Assume that assumption 2.1 holds and that Sm(n) > 0 and let
v € L%(DP). Then there exists a unique solution w € HZ _(QF) N HY(QF) to the
problem (1)-(2) such that

w1 @ry < cllvllz2@ny,

where ¢ > 0 is a constant independent of v.

This result proves that the solution is only in H'(Q%). In fact, we can prove
that the solution is in H?(2%), which will justify the solution space for the interior
transmission problem.

Theorem 2.3. Under the same assumptions as in theorem 2.2, the solution w of
the problem (1)-(2) belongs to H?(Q®) for all R > 0 and there ervists a constant
¢ > 0 independent of v such that

w2 ry < cllvllz2@ny,

The proof of this theorem is given in the appendix. The interior transmission
problem that we consider in the following section is motivated by the inverse problem
of recovering DP from measurements of the scattered field on I'F associated with
point source incident fields. This inverse problem has been considered in [2] in the
case where D does not intersect D?. In this case, the interior transmission problems
that arise are classical ones that have already been treated in the literature [4]. In
order to extend the analysis in [2] to the case where D is included in DP, one
should consider a different type of interior transmission problem, namely a locally
perturbed periodic interior transmission problem posed on the unbounded layer DP.
We formulate this problem in the following section.

8n
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3. Formulation of the interior transmission problems. The locally perturbed
interior transmission problem is formulated as follows: search for (u,v) € L?(DP) x
L?(DP) such that (u —v) € H?(DP) satisfies

Au+Ek?nu=0 in DP,
Av+k2v=0 in DP,

U—v = on ODP \ T, (3)
Buv) — y on ODP \ T?,
u=v=0 on I'Y,

for some boundary data (p, 1) € H3/2(0DP \ %) x H/?(9DP \ I'°). The variable
u plays the role of a total field w 4+ v and v plays the role of the incident field in

(1)-(2).
Note that the well-posedness of (3) will be shown for data (¢, ) which has more
regularity with respect to the Floquet-Bloch variables (see theorems 5.11 and 5.12).
The regularity assumptions in these theorems are compatible with the use of sam-
pling methods, as indicated in Remark 5.13.

In order to analyse this problem, we will apply the Floquet-Bloch transform with
respect to the first coordinate, which leads to coupled quasi-periodic transmission
problems. We will introduce the necessary tools for this in the following.

Definition 3.1. For £ € R, we say that a regular function v is £-quasi-periodic of
period 2 if it satisfies

u(xy + 21, v2) = 2™ u(xy,x0) Vi EZ and (z1,29) € R% (4)

In what follows, we do not indicate the quasi-periodicity length since it is fixed to
27. Moreover, we introduce for a real valued m > 1 the following functional spaces

HQ"(QR) = {u e H.(QR); wis é-quasi-periodic with period 27},
Lg (QF) = {u € L} (2F); wis é&-quasi-periodic with period 27},
He(Qf) = {ulop; w e H(QM)}.
We similarly define the spaces HZ(DP), LZ(DP) and H}(Dg) where Dfj := DP N Qg

in a similar way.

Definition 3.2. For a regular function ¢ € C§°(U) we define the one dimensional
Floquet-Bloch transform as

T 21, 32) = Z¢($1 +2mj,xp)e” P, e 1:=1[0,1], (x1,22) €U (5)
JEL

Let m be a non-negative integer. It is known (see for example [18, 15]) that J
is an isomorphism between H™(DP) and L*(I, H{*(Dg))
L*(1, H{"(Dg)) = {u € L*(I x D); /IHU(E, Wiz gy < 00} (6)

We also have the identity

(u,v) gm(Dry = /I(JU(&')ajv(fa'))Hg"r(Dg)dé (7)
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The inverse of J coincides with its L? adjoint and, for example, for any u € L?(DP)
we have

u(z) = /Iju(f,x)df for a.e o € Db. (8)

For fixed £ € I, the £-quasi-periodic interior transmission problem can be formulated
as: search for (ug,ve) € LF(DP) x LF(DP) such that (ug — ve) € HZ(DP) satisfies

Aug + k*nyue =0 in DY,
Avg + k?ve =0 in DY),

ug — Vg = e on 9D, (9)
78(1%;115) = e on dDF,
ug = U§ =0 on FO,

for given (p¢, e) € H§/2(8D”) X H£1/2(8D”)7 where
oD} == 0DF\ (T° U {z1 = 0} U {z1 =2n}).
The analysis of this problem is done under the following assumption:
Assumption 3.3. We assume that
Re(np(z)) —1>a>0 or 1—Re(ny(zr))>a>0,

for almost every z € DP and for some a > 0. Moreover, we assume that Sm(n,) > 0
and {Sm(n,) > 0} contains a non empty open set O.

Under the previous assumption one can equivalently rewrite problem (9) as: Seek
wg =ug —vg € Hg (DP) satisfying

(A + k) 7= (Awd + k*nywd) =0 in Df,
0

wg = ¢ and a;:f = e on 5‘D§, (10)
wg =0 on T?,
171np (Aw? + K*npwd) =0 on I0,
We set
- 1o} .
HZ(DE) = {we € HE(DP) Jwe = % =0 on 9D? and we =0on T°}.

We remark that we — \/||Aw§|\%2(Dg) + Hw5||2L2(Dg) defines an equivalent norm on
f]g (DF). Let 6 € Hg(D”) be a lifting function satisfying 6 = ¢ and % = 1)¢ on
ODF, 0 =0 on I and

10l mr2(pz) < cllleell gsr2onp) + Vel 12 o02))s

for some ¢ > 0.

4. Well-posedness of the quasi-periodic interior transmission problems.
The analysis of the problem (3) uses results related to the &-quasi-periodic interior
transmission problem (9), which we will establish in this section. The existence and
uniqueness of solutions follow the classical variational approach as in [4]. We also
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need a bound on the solutions which are uniform with respect to the Floquet-Bloch
variable £. This is the main theorem of this section. Define the sesquilinear form

1 S

ag(we, wg) = / ﬁ(Awg + knywe) (Awg + k2wy)da. (11)
Df 'p —

Then the variational formulation equivalent to (10) can be written as Search we :=

wg — 0 € Hg (DP) such that

1
ag(we, wg) = —/

Dp Mp —

(A + k> npbe) (Aw; + k*w})dz, (12)
for all wg € 1{[52 (DP). We observe that

L: wé—>

e (Ab: + k2’n,p0§)(AU}/£ + k?wg)dz,
» Np

is a bounded antilinear function on Hg (DP). Using the Riesz representation the-
orem, we consider f¢ € fIg(Dp) such that L(w;) = (fe,wg)m2(pry for all wi €
fIg(Dg) and

||f£||H2(Dg) < 61”05HH2(D§) < <||$0£||H3/2(3Dg) + HT/’&HHW(aDg)) )

where ¢;, ¢y are two positive constants independent of £. So the problem (12) is
equivalent to

A5w5 = f£ in Hg(Dg), (13)
where Ag : [, g(Dp ) — H 52 (DP) is the operator defined by the Riesz representation
Theorem as

(Agwe, wp) rz(ppy = ag(we,wy) YV we,w; € HZ (D), (14)

Theorem 4.1. Assume that Assumption 3.3 holds. Then the operator Ag¢ is in-
vertible.

Proof. We first prove that A¢ is a Fredholm operator of index zero. Let us define
by the Riesz representation the following two operators A¢ o, A1 @ H, 52 (DP) —
f{g (DP) satisfying

(AE,Ow&wé)Hz(Dg) = /

Dgnpfl

1
(Aé,lw&wé)H?(Dg) = /

Dgnpf].

(Angwé + wgwié) dx, (15)

(k’zAwgwié + anpngwé + (k*n, — 1)w5u7£)dx.
(16)
‘We observe that

Re(Ag 0w, )i og) = a0 (I18wel3a g, + w320y )

with ag = - 171 in the case n, . > 1 and a9 := ﬁ in the case 0 < nP* < 1,
py*
where
Np s 1= 1515 Re(np) and nP* :=sup Re(n,). (17)
Dp

This implies by the Lax-Milgram Theorem that A¢ o is invertible. On the other
hand, using the compact embedding of Hg(Dg) into LE(DS), one observes that
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Ag 1 is compact operator. This proves that A is a Fredholm operator of index
zero. To conclude, we prove the injectivity of this operator. Assume that
Fr2
(Agwe, we)gz(ppy = 0 for all wg € Hg (DF).
This implies using the definition of (14) that

1
0 = ag(we, we) = /

D(T;np—l

|Aw5+k2w5\2—k2/ |Vw5|2dm+k4/ lwe [2d.
Dg Dg

Taking the imaginary part we get

1
/ Sm ( > |Awe + k*we|*dx = 0, (18)
DP np -1
0
and therefore Awg + k?we = 0 in O. Set
1 2 1 2

We then have ug = 0 in O. From the equation
(A +k?) (

we conclude that (ug,ve) € LZ(Dg) x L(Dg) satisfy

np — 1) (Awg + k*nywe) = 0, (19)

{Au§ + k*npue =0 in Df, (20)

Ave + k*ve =0 in Df.
The unique continuation principle implies that ug = 0 in Df. So we have Awg +
k;2w5 = 0 in Df and we = 8—“5 = 0 on DP, which also implies by the unique
continuation principle that wetha = 0 in Df. This proves the injectivity of the
operator A¢ and ends the proof. O

We now proceed to prove a uniform bound on Agl with respect to the Floquet-
Bloch variable €.

Theorem 4.2. Assume that Assumption 3.3 holds. There exists a constant v > 0
independent of € € I such that

A < . (21)
Proof. For given £ € I we consider the bijective operator Z : ﬁﬁQ(DS) — fIg(Dg )
defined by
Te(vg) (w1, 29) = e vy(w1,20), for ae. (21,72) € DE,

where quQ(Dg) is defined the same as ﬁg(Dg) for € = 0. Clearly, || Z¢|| < 4 and
Iz < 4. ~ ~
We then define A¢ 3 : H7 (Df) — HF(Dg) by

(Ae g, vh) pr(pry = ag(Ze(vg), e (v})) = (AeZe(vy), Ze (v))) mra(pry Y vy, € HY (D).
(22)

Thus, Ag y = Zf A¢Ze, where I} : f{g (Df) — ﬁf(Dg) is the adjoint of Z¢. From
the definition of Z¢ we deduce that the operator Ay is also invertible and we have
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||A§_1H < 16HA€_§|| Consequently, it is sufficient to prove the uniform bound (21)
on the operator A¢ 3. We have

AT (vg) = e (—|¢]Pvy + 20V vy + Avg) .
Therefore,

(As,nUmUé)H?(Dg) = ag(vn7vé) 4 vﬁ7v§ c fIﬂQ(Dg), (23)

1 , _ _
ag(vﬁ,vg) = /D — (Avy + 2i€V vy + (KPny, — |€])vg) (Avé + 2i€Vv, + (k* — |§\2)Ug> dz.
o P
We observe that for £,& € T
o8 (v, o) — a, (v, o) | <C (I€1" = [60]*] + 1€ = &1+ 11€7] = |8l + 1€ = &)
X ||Uu||H§(Dg)||U§HH§(D5), VY vy, v} € HF (D), (24)

with C a positive constant that depends on k%, n,, ., nP* (defined in (17)) and does
not depends on £ and &;. Therefore,

| Ae s — Ago 4]l <10C|E — &ol-

Now, let & € I, and set n¢, = Then for | — &| < g, /(10C)

1
2l AL
[Ae s — Agoll < gy,

and ||.A;)17u(¢4§,ﬁ — Ag, 1)l < 1. As a result, using a Laurent expansion,
I+ Ag s (Aes — Ago, )71 < 2.

Consequently, observing that A¢y = A¢, 4(I + Aa}%u(Ag,ﬁ — Ag, 1)) we deduce that

A ;I <20 AL Y IE = ol < e,
Since I is a compact set, there exists a finite set J C I for which I = |J {¢ €

&o€J

I; 1€ — &l < ne, }. Therefore, for all £ € I we have

1Azl < 2sup A =, V€T,

Eo€J

which ends the proof. O

5. Analysis of the locally perturbed interior transmission problem. We
now proceed to the main purpose of this paper, which is the analysis of the interior
transmission problem formulated in (3). This analysis will be carried out under the
following assumption:

Assumption 5.1. We assume that there exists a > 0 such that
Re(n(x)) —1>a>0 or 1—Re(n(x))>a>0 forae xe DP,

and n = n, outside D. We also we assume that Sm(n) > 0.



We set

n, :=inf Ne(n) and n* :=sup Re(n).
Dp Dp

Under this assumption, one can equivalently rewrite (3) as: search for wg := u—v €
H?(DP) which satisfies

(A + k) = (Awo + k*nwg) =0 in DP,

dw
wy = ¢ and G2 =1 on 8(1))1” \ 9, (25)
wo =0 on I'Y,
= (Awy + k*nwo) =0 on I'°.
We introduce the functional space
~ 0
HZ(DP) := {wo € H*(DP) Jwo = % =0 on 9D?\T° and wy=0on T},
v

equipped with the H?(DP) norm. Let # € H?(DP) be a lifting function satisfying
0 =¢and 9% = on 9DP \ T and 6 = 0 on I'” and define the sesquilinear form

1 -
a(w,w') := /D — (Aw + E*nw)(Aw’ + k2w')dz. (26)

Then the variational formulation equivalent to (25) can be written as: seek w :=
wo — 0 € HZ(DP) such that

a(w,w’) = f(Aw' + k2w')dx, (27)
Dp

for all w' € HZ(DP) with
1
= —— (A0 + k°nb). 28
f= (A0 + Kn0) (28)
First we give the result on the uniqueness of the solutions, which follows from the
assumptions on the imaginary parts of n and n,.

Lemma 5.2. Under the assumptions 3.3 and 5.1, the problem (27) has at most
one solution.

Proof. The uniqueness of the solutions to problem (27) can be shown by following
the same steps as the uniqueness result for problem (9) given by Theorem 4.1. O

To show the existence of solutions we will rely on the rewriting of (27) using the
Floquet-Bloch transform. Setting

a(w,w') := / (ﬁ(Aw + k2nyw) + k2(n_n1p)w> (Aw’ + k?w')dz, (29)
b n-
with 7 := (ﬁ — np171) we can decompose the sesquilinear form a(w,w’) as

a(w,w") = alw,w’) + / (Aw + k*n,w) (Aw’ + k2w')dz. (30)

pr Np —1
For w € L2(I,fI€2(D8)) and W' € L3(I, f{g(Dg)) we define

1 .
a(w, w') = /I/D — (Adg + k*npie) (A + k*ig)dadé + a(w,w')  (31)
6 r T

wz/}u?(f,-)d{ and w’:/lﬁ/(g,-)df.
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Using properties (7) and (8), the fact that for all ¢ € H'(DP)

(T p)
Ga:j ’

J(npp) =npJ(p), and J (ax > forall 0<j <2,
J

and if ¢ is compactly supported in D} then
T()(z,&) = ¢(z) fora.e z € Df,
one can easily deduce that
a(w,w') = a(Jw, Jw'), YV w,w € H(DP). (32)
In the following, we will use the short notation @ := Jw and we := w(&, ). From
(32) we deduce that the variational formulation (27) is equivalent to: Search for
W e L*(I, HE(Df)) such that
a(w,w') = / fe(Ai + ki) )dads V' € L*(I, HE (D). (33)
1JDP

To simplify the exposition, we will study the variational problem

a(,w") / / fepdzds V' € L*(I, HZ(DE)), (34)
for f € L2(I x D?), which is equivalent to the variational formulation, w € H2(DP).
a(w,w') = fw'dz Y w' € HY(DP). (35)

Dpr

The case of the right hand side as in (33) can be treated in the same way and does
not change the result on the well posedness of the problem. Let us remark that
by Lemma 5.2, we already have the uniqueness of the solution to problem (35) in
HE (D7),

5.1. Semi-discretized interior transmission problem. To prove the existence
of a solution to problem (34) we first prove the existence of a solution for to a
semi-discretized version of this problem. We then construct a convergent sequence
that provides a solution to problem (34).

Let N be the number of discretization points with respect to the Floquet-Bloch
variable. We consider a uniform partition of I into sub-domains I; := [{;,&;41] for
0<j<N-—-1with¢; = i. We define the discrete space

XN(Dp) = {WN = (’wgo,"' ,ﬁ}gN); ng € FI?J(DSJ) fOI‘j = 0,-” ,N—l and ’lﬂgN :lz}go},

A N_l A
equipped with the norm ||WN||§(N(D5) =% Zo ||1Z;§j||%,2(Dg). For Wy := (g, -+ , ey ) €
J:

XN (DF) we denote by
L N-
=5 > e
=0

Then a discretized version of (34) is given as follows: search W := (wg,, - - ,Wey ) €
XN(DF) such that

—1 AT L 1eT k*(n—n,) ————
(Adbe, 2npe ) (AW 290 T A ) AW’ 2.7
NE /Dpnp—l We; + k npie; ) ( wE + k2w )dx+/D p— wy (Awly + k2wl )dz
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N-1
1 A
—|—/ A(Awy + k*nywn) (Awly + k2wl )de = — E / fe Wl dx, (36)
5 szo r 5377 €5

for all Wi = (i, 1, ) € XN (DF), where

07

wy =X(Wy) and  wh = Z(Wp).

With the short notation for the sesquilinear form

a(w,w’) = / <ﬁ(Aw + k*ny,w) + kQ(nnlp)w> (Aw' + k2w')dx, (37)
b n—
problem (36) can be synthetically written as
[N [N .
o e, (i, ) + alww wh) = > /D fe, 0 da. (38)
j=0 7=0 0

Here, fgj can be seen as pointwise values of f at & = ¢;, for sufficiently regular f .

5.2. Well posedness of the discretized problem. We begin by proving the
uniqueness of solutions to problem (36). Assume that fgj:O for j=0,...,N—1.

We proceed in two steps: first we prove that wy = 0 and second we deduce that
we; = 0. Let us denote by

N-1
DY = | {Df +2mjes},
§=0
where (e1,ez) is the canonical basis of R2. Let Wy = (tg,, - - ,0ey) € XN (D).

Obviously, the functions g, extended by §;-quasi-periodicity in e; direction are in
flﬁz(va) for 5 =0,---,N —1, where I:[f(Dﬁ,) is the subspace of H?, (DP) of 2w N-
periodic functions in the e; direction. We will make extensive use of the following
identity (which follows from the expression of &)

N-1
S emli=) = N§J', forall 0<j,j' <N —1 (39)
=0

where 65:/ is the Kronecker symbol. For example, for w¢, € Lg( DP) and 1, €
L7, (DP) we have

N—-1
N T . i2m0(¢;—E,1) N T o 5’ N A
/Dp W, we,, dx = E e IT% /Dp g, we , dv = N&; /Dp g, we , dz.  (40)

N £=0 0 0
Similarly for we € HZ(DP) and g € HZ (DP) we have
(e, W) pr2(pr) = N7 (g, ber) 2 (pr)- (41)
In particular, this proves that H 52 (DP) and H 52_/ (DP) are two orthogonal subspaces
of HF(DY;). More precisely, we have the following decomposition of H} (DY,).

Lemma 5.3. We have the following orthogonal decomposition

N—1
HE (DY) = €D HE (Dp).
§=0
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Proof. From the previous discussion we obviously have
N-1 .
a2 (pr) c HZ (D).
j=0
To prove the inverse inclusion we first consider the following space
Sy(DYy) ==A{w e fIﬁQ(Dﬁ,)/ dist(supp(w), dDE) > 6, for some ¢ > 0}.

This set is dense in f[f(Dﬁ,) We consider @ € Sy(D%;) which we extend by zero
outside DX/, giving a function @& € HZ(QF), with QF := [0,27N] x [0, R]. Using
Fourier series we have that w can be expanded as

N-1
W(zy,22) = Zan(xg)eiml, (42)
n=0
with a,(x2) is defined by

27N
an(e) =5 [ il m)e
n\42) — o o w(ry1,T2)€ x1.

Let 0 < 7 < N — 1, then for all n € Z, there exists a unique ¢ € Z such that
n = j+ N{. Hence w can be written as

N-1
w = E :wEw
j=0

N—1 .
with e, = 3 ajyne(z2)e’UHNO™1 which belongs to ng (QF) since for m € Z we
=0

have
ciUHNO (1 +2mm) _ ji&jm i(j+NE)

Furthermore, @ € HZ(DY,) then b vanishes at I'’. Therefore, a,(0) = 0 and ¢, = 0
on IV,

Let us now define a cut-off function x € C“(Ri) 2m-periodic in the ey direction
such that y = 1 inside supp(w) and x = 0 outside DY;. Therefore

N-1
W= xtb =Y xibg,,
=0
- N—-1 _
where X, € ng(Dg). Consequently Sy(DR,) ¢ D ng (DF) which implies that
=0

N—1 _ .

P H §2j (D) is dense in HZ(DY;). Moreover, since the orthogonal sum is a closed
3=0

subset of HﬁQ (D%;) then we deduce the equality of the two spaces. O

Lemma 5.4. Let Wy = (tbg,, - ,Wey_,) € XN (DP) be a solution of the problem
(36) and let wy = S(Wy). Then wy € ﬁE(D?V) and

1 —_— _ .
/ — (Awy + E*nwy) (Aw’ + k2w’ )dx = fyvw'de, V' € Hf(Dﬁ[),
D% DY
(43)

) 1 N-1
with fN =W Z fgj.
7=0
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Proof. Multiplying (36) by N and using (40) we get

—Z/ - 1(Aw5] + k2 npe, )(Aw5 + k2w )dx—i—Na(wmwN)
DR, Tp —

1 '« e
= N;o /D . fey g da. (44)

On the other hand, using again (40) we deduce that for j # j' we have

1
/D —— (A, + knpie, ) (A, + ki, )dz = 0, (45)
5
/Dp fgj’lf)gj/dx =0. (46)
N
~ N-1
Let w' € H?(Dp ). From the Lemma 5.3 we can decompose it as w’ = Y w; €
7=0

N-1

@ 52 (DP). Using (45) and (46) we deduce from (44) that

| N2 1 | N

— / (Atde, + k2 npie. ) (Aw' + k2w')dz + a(wy,w') = — / fe,w’

N Jppmy—10 0% ; N << |
7=0 7=0 N

which gives (43) using the definition of X(Wy). O

Lemma 5.5. Under the assumptions 3.3 and 5.1, the problem (36) has at most
one solution.

Proof. Let Wy = (g, ,ey) € XN(DB) be a solution of the homogeneous
problem (36). Then, by Lemma 5.4, wy satisfies the 2r N periodic problem (43).
Using the uniqueness result for quasi-periodic interior transmission problems given
in Theorem 4.1 (replacing n, by n and the periodicity 27 by 2rN) we deduce that
wy = 0. Consequently, taking uﬁéj =0 for j # ¢ in (36) we get

1 -
A k> A k2 dr =
/ij n, — 1( We, + npwéf)( wg + wgl) 0,

for all 1y, € H é (DF). Thus, we, = 0 by uniqueness of solutions to quasi-periodic
interior transmission problems (Theorem 4.1). O

Lemma 5.6. Under the assumptions 3.3 and 5.1, the problem (36) has a solution
Wy € XN(DP).

Proof. From the well-posedness of the 2w N-periodic problem (after rescaling the
periodicity length given e.g. by Theorem 4.1) we consider wy € I:If (D%;) which
satisfies (43). Let 0 < j < N — 1. Using Theorem 4.1 we define the solution
e, € 1':152J (DF) satisfying

ag, (e, , W, ) = /DP fgju?iéjdx —a(wy, ;) for all wy, € I:IEQJ (DF). (47)
0
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Therefore
e 1N e
I Zagj e, We,) = NZ /Dp fgjwéjdx -~ a(wn, W) (48)
j= 0 7=0
Let us define
| Nl LN
D R N .
j:O
Then using (45) and (46) we deduce that (48) implies
] Nl )
— Z / — (Dabg, + k2nyie, ) (Aw' + k2w')de = —a(wy, w') + v fe,w'da
DP np — DP
j=0 N
Therefore wy € Hﬁ2 (DY) and satisfies
1 - _
/ (Awy + E*npin) (Aw’ + k2w')dz = —a(wy,w') + fnw'de,
pr, My — 1 D%,
(49)

for all w' € HE(D?V) Note that wy also satisfies (49). Consequently, form
the uniqueness of solutions to 2w N-periodic interior transmission problems (un-
der the assumption 3.3) we deduce that wy = wy. Finally, if we set WN =
(eg, -+ »Wey) € XN(DP), we have wy = S(Wy) and Wy satisfies problem
(36). O

5.3. Convergence analysis. In order to construct a solution to the interior trans-
mission problem (35) we shall prove that the function wy constructed in the proof
above locally converges to a solution of problem (35) as N — oo. Let M > 0 and
0 < a < 1 be given. We prove the convergence for the right hand sides f € Fy,
where

Far = {f € L*(D); Jf € CY°(I,L*(D)) and
17 ") = THE Mz < MIE €1, V&, € T}

For f € Fir we use the short notation fg = J(f)(&,"). Consider Wy = (g, ey ) €
XN(DP) as the solution of the problem (36) associated with fe and set wy :=
S(Wa).

Let us introduce the continuous and piecewise affine function with respect to the £
variable

wé\’ = Neigxl (wfjeiigjxl (€j+1 - f) + w§j+167iﬁj+1z1 (g - fj))v (50)
for € € [¢;,€j41[ and j =0,..., N — 1. We then define
Wy ::/mgdg. (51)
I

This function satisfies

N-—
41 4
HwNHm(Dp) —/ ||w€||L2(Dp £< §NZ_;) ‘wfg”L?(D” = g”wNHQLz(DfV)a (52)
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and
1 —1
. . 16 1 N 16
”wN”%{?(DP) :/0 Hwév\\%mpg)df < ?NZ HWEJ'H?p(Dg) = gHU/NH%p(D;;y
(53)
We also have for £ € [£;,&;11]
0 172 py = e, 1720y (€ = €i41)% + e [ 72pr) (€ = &)
=2 (&1 = (€ — &), 2 op e 12 o) ) -
Therefore,
N—1 ¢
3 1 §it1 5 1
lonl3aom = 3 O /é 108 Bacopydé 2 5lenlEamy)  (54)
=0 7&

In fact, we shall prove that the sequence (wy) converges to the solution of problem
(35) as N — oo. The following lemma proves that the local limit of the two
sequences (wy) and (wy) is the same.

Lemma 5.7. Fiz Ny € N and consider N > Ny. Then there exists a constant
C(Ny) > 0 which depends only on Ny such that

N1 1/2

3 NEC(No) [ 1~ .
lwn =N |2z, ) < W Nz e, || L2 (D)
=0

Proof. Taking the difference between wy and wy. We have
N-1

. 1 . Si+1 e
WN —WN = Z (ngj _ngjﬂ/g g€ S+1) (¢ — &) deE

Jj=0 J
Ei+1
—l—ngj /
E.

N—-1
1 11 1 —imy
=2 (Nwsj Nig; <Nm+x%(1—€ N ))

R 1 1 1 iaq

Since e, = ﬁ)EN then we have

eim1 (=) (¢ gj+1)> dg,

wy — by = Zw5] { N ((1 e p(1—eF ))] _ ;N_l%g]v(ml),

with

HN(Jcl) =

. 2:15\%2 (1 —cos(%)) forz #0, (55)
0

We observe that 0y (z1) have the following asymptotic form as N tends to infinity

« 2N2 1 /z1\2 1 /z1\4% 1 :E% 1
on(a) =1- =% [2 (&) — 2 (%) +O(Nﬁﬂ 12N2+‘9<N4)
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for 1 < Ny. Thus
1/2

y NGC(No) .
lwn — wN||L2(D ) > 12N3 Z ||w§J||L2 pp) < W N;) ||w§jHL2(Dg)

which ends the proof. O

The following lemma proves equicontinuity of the sequence u?év of L?(D¥) with
respect to the & variable.

Lemma 5.8. Let Ny € N. For all € > 0 there exists n > 0 such that for |E—¢&'| <n
we have

||7]Jév - ngLz(D'g) <e fO’f’ all N > NO. (56)
Proof. For 0 < 7,7/ < N — 1, we define
R IS
€55 = N(ng ng )-
We need first to prove some estimation on the L?-norm of e; ;. In order to do so,
we let ! € HZ(DP) and set g = et ¢ ng(Dp). Then, replacing e, and

g, respectively by ng e85 and ! e 1% in (72) we get

1 awﬂ
/Dg n, 1 N 2i8j 5 +( — &Py, (57)

oL QWY o
x | Awt + 2z§ja— + (k2n, — |&2)0f ) dx
x

+/D ( (Awy + k*nywy) +k2(_nlp)w1v>

A B!

#
(@ + 20, 5 + (20, — g2y ) e
81‘1
= fngx,
pr

with fgj = e‘izlg-ffgj.

Taking the difference between the equations (57) satisfied for £; and &; respectively,
we get

1 1
N Dg np — 1

. 86' i’
<A6j,j/ + 21@#35 + (K*ny, — |€j/|2)6j,j/>

X (Awﬂ’ + 2i&; aaA ! + (k% - gj/|2)ﬁ;ti’>dx
(& = &) (apa (0 %) + apa(df, i) + @ (wy, i) + da(wn, o)
= /D U~ T yod (58)

with apﬁl(ng L) and ap,g(ng L") are the sesquilinear forms defined by

-4

, 1 ow;.
AN e Pt
it o) = [ T <zz o <|£,/|+|£J|>w§j>
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A 4+ 24 M k2 — €12t d
x (A 205 o (k2 = Jg2)a ) da,

N
~ ~ 1 ~ . 811] j ~
ap o (f ") = / <Aw§j + 2i&y 8;1 (k*ny, — |§j’|2)w2j>

Dgnp—].

< (250 = ey + g bt o

and a1 (wy, '), dz(wy, ) are defined by

it o) = [ (@ -+ ) + 120y )

. owt
<esin (555 — (1| + ey )

2(11)1\[7 Au/) ::[ ( (A’LUN-i-k‘ ﬂpr)+k2
D

y (eizl&_j/ _ eiailfj) (Awﬁ/ _|_ 225] aa (lfQ — |§]/2)wﬁ/)d$

Setting &, = e™&’¢e; € HZ (DP) and choosing w' = e™"%"4) for some
~ J J
g, € ng., (DP) we deduce that
J J

ag, (6e, v p,) = — (apa (0, 6%) + ap o (6], %) + @ (wn, @) + Ga(wy, 0¥ )

+N/ fg —fg,)de.
DE J J

Therefore, using Theorem 4.2 we conclude that

; 59
/szg))’ (59)

with 41 > 0 is a constant independent from &;; and V.
Now, we first prove (56) in the case when £,& € [€;,§;41[, i.e. 7 = j. From (50)
we have

leey oy < (18 ooy + o sy + V| 7

wl —af) = Ne’@“w5 (&1 — &) + Ne™if (6 —¢&)) (60)
— Ne' ™t (g4 — &) — N} (€ - &),
where
wg 1= e 1%, and wg = e bt (61)
J J+1
Denoting

O, 1 (&) =0} N(&41 — &) + b N(E—§&),
we observe that (60) can be given as

wév - 1I)£, - ( o ei£/w1)95j+1(£) + N(f f )(wé TR wg ) (62)

Observing that [N (&;41—¢)| < 1, and [N (§—¢§;)| < 1 we deduce that ||0¢,, (§) | z2(pr)
is bounded, and then from the continuity of the exponential function we deduce the
existence of a constant C' > 0 such that

(€7t — €'Y, (€)||r2(pry < Cl€ — €.
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On the other hand, since £ — f¢ is a a-Holderian function, then from (59) we
deduce that the second term of of the right hand side of (62) satisfies

1
IN( = €)@, — af )l < O'NIE— €& — 1% = C'NIE— €55
<Cle—¢ Nt

where C” is a positive constant Since ¢ and ¢’ are both in [¢;, &1, then [{—¢'| < &

which implies that N1~ and therefore

S e |1 «
IN(¢ = &)@, — )l < C'l¢ — €|
This implies that
ng — W || < Cl\f - 5/‘04'
We now consider the case where £ and £’ are not in the same interval, i.e. 7 # j'.

‘We have

0 — = (@ — A ) = (@ — €T ) + (i

Ei+1

— e xlng, ).
(63)
On the other hand we observe that
o — eS| = e (@f N(g - )+, (N(E- &) - 1))

= (ngN(fj+1 - 5) + wf‘ﬂ (N<§ - gﬂ) N N(§j+1 B €j)))

= IN(E = &) (] —Wf). (64)
In the same way we have then that
ol — el = ENNE g E, | k).
This implies that (63) can be given as
B — bl = SN - ), )+ CSINGE — gl, | k)
+o(E e e - adf ). (65)

Since £ and £ are in the same interval, then |£ — §j+1| <|¢—¢|and |¢ — fj/+1| <
|¢ — €|, which implies that

lad — @]l = Nl¢ — lllaf,,, — of lzon + NIE —&llit |~k lzon)

(66)

f i’ 41

+ (€7 — €€ | oy + |0, — @ [l12(De).
Let us first assume that |§ — &'| < %, then & = &;41. In this case we have
I — @ || < C(NJg =€ x €01 — &1 + 1€ — €[ x [ — &%), (67)
<O (JE-gINTT g —gINTT).
< g
with C’ is a positive constant.
For the case when [¢ — ¢’| > 4, from (65) observing that [N (¢ — &;)| < 1 we have

1o — @ | < C" (€11 = &% + &1 — &1 + €541 — €1%) (68)

<c” ( +1E-¢ |0‘> < 3C"|¢ - ¢~ (69)
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This ends the proof. O

Lemma 5.9. Assume that Assumptions 3.3 and 5.1 hold. Let f € Fp; and wy as
N—1

defined previously. Set fn = % > fe;- There exists a constant C > 0 independent
j=0

from f and N (that may depend on M ) such that
lwnllz2pzy < ClfNllLzz,)- (70)
Proof. We prove this Lemma using a contradiction argument. Suppose that for all

C € N, there exists f € Fj; which depends on C and there exists N which also
depends on C such that

lwnllzzpz) = Cllfnllz2p)-
The sequence N can be chosen to be monotonically increasing with respect to
C. By indexing C with respect to N, replacing fn and wy by

b _JN
Y Tonllozon

N , the contradiction statement can be equivalently formulated as: there

lwnllzpe

exists a monotonically increasing sequence N such that
||fN||L2(D%) — 0 as N — oo, (71)

and |lwn || z2(pry = 1 where wy is the solution of problem (43) associated with fy.
Taking w’ = wy in (43) we obtain

1 _
/ —— |Awy|?dx = —/ (K2 Awnwy + k*nwy Awy + k*njwy|?)dx +/ fnwoydz.
prn—1 D%, DY,
Therefore
ol Awn (3, < (K0 + Dllwon 2o | Aww | 2oz,
k2 w2, + 18 oz llonlla g, )
with 7o := =5 in the case n. > 1 and 4 := ;= in the case n* < 1. This

inequality yields in particular that Awy is uniformly bounded with respect to N in
L2(DX%;). This implies for instance that wy is uniformly bounded in H?(D) (using
classical elliptic regularity results). Recall that

ag, (e, , W, ) = /D” fgj@dx —a(wy, ;) for all wy, € I:[a (Dh). (72)
0
Using Lemma 4.2 we deduce that

e, lar2m) < € (Nl gz )+l e, l2ep) ) -

for some constant C' independent from N. Therefore

N-1 N—-1

1 . 1 -

Nznwij”%i?(Dg)g 2C? ”wN”ip(f))"i_NzHf5j||2L?(Dg) : (73)
J=0 j=0

Using (53) we conclude that 1wy is bounded in H?(DP) and wyy is uniformly bounded
in H 2(va). Consequently, up to subsequence, we can assume that wy weakly
converges in H?(DP) and its limit is the same as a consequence of Lemma 5.7. Let
us denote this limit by w € H?(DP). Let Ny € N be a fixed parameter. By Lemma
5.7 we can also assume (up to changing the subsequence) that wy weakly converges
to w in H2(DX, ).
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Now, consider ¢ € C®(DR, UT?), which we extend by zero in DY, and by 2rN

periodicity in the z; direction. This extension gives us a test function in I;Tnz(D]pV)
which we can use in (43) and get

J,

Going to the limit as N goes to infinity in (74) shows that w € f{z(Df\,o) satisfies

7 (Awy + k*nwy)(Ap + k2p)dz = / Inedz. (74)
P - DP
No No

]' AN~ L L2 oo
/Dp — (Aw+ K*nw)(Ap + k2p)de = 0, Ve € C°(DR, UT?). (75)

Since Ny can be chosen arbitrarily large, the last equality holds for all ¢ € C$°(DPU
I'%) and by denseness argument for all ¢ € H?(DP). Then (75) shows that w
is a solution of the homogeneous interior transmission problem (27) and by the
uniqueness result of Lemma 5.2, w = 0.

To obtain a contradiction, we will prove that the sequence wy strongly converges to
w in L?(DP) which is equivalent to proving that & — wéV is strongly convergent in
L3(I, L*(D%)). From Lemma 5.8 we have that £ — uﬁév is uniformly equicontinuous
on I with value in L?(D%) for all N > Ny. Then, using the Ascoli Theorem, one
can extract a subsequence, which we still denote by wév which strongly converges
to we = 0 in L?(1, L?(DY)). This contradicts HwNH%z(Dp) > 1 by (54). O

Theorem 5.10. Assume that the assumptions 3.5 and 5.1 hold and let f € Fpy.
Then problem (35) has a unique solution w € HZ(DP). Furthermore, there exists a
constant C' (M) independent of f such that

[wllg2(pry < C(M)||fl|L2(D2)-

Proof. Let wy and wy be the sequences introduced above. From Lemma 5.9 we
deduce that wy is bounded in L?(DX;). From (52) we deduce that wy is bounded
in L2(DP). The same reasoning as in the proof of Lemma 5.9 allows us to conclude
that (up to a subsequence) wy and Wy locally converge in L*(DP) to a same limit
w in HZ(DP) which satisfies (35). Furthermore, using the same arguments that lead
to (73), Lemmas 5.9, and (53) we infer the existence of a constant C'(M) such that

N[ 2(pry < CM)| fnllL2(2)- (76)

This shows in particular that we can choose the subsequence wy which is weakly
convergent to w in H?(DP) and going to the limit in the inequality leads to (76)
since ||wHH2(Dp) < 1iminf||’lDN||L2(Dp) and

N-1
1 N R
||fN||%2(Dg) = ﬁz I fe; |2 (pry — /IHngm(Dg)df = [[fllz2(pr)s
7=0

as IV goes to infinity. This ends the proof. O

As explained earlier, the study of problem (33) follows the same lines as problem
(34). The only minor difference is in the treatment of the right-hand side of the
equation (57) which contains an additional term depending on §; but this has no
effect on the subsequent conclusions of Lemma 5.9. This leads to the following
Theorem on the well-posedness of the interior transmission problem (3).
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Theorem 5.11. Assume that the assumptions 3.3 and 5.1 hold and that M > 0
is a given constant. Suppose also that the boundary data ¢ and 1) are respectively
the trace and the normal trace on dDP \ T° of some function 6 € HZ(DP) such
that f = 25 (A0 + k?nb) € Far. Then the problem (25) has a unique solution
wo € H2(DP) satisfying

lwollzr2(pry < C(M) (ll@ll 32 @apevroy + 191l zr1/2(0p0\ o)) 5
with a constant C(M) independent of ¢ and .

In the proof of the previous theorems, the Holder regularity assumptions on the
right hand side f with respect to the Floquet-Bloch variable can be replaced by H'!
regularity. In this case, the arguments are simpler, since one can directly apply the
Rellich compact embedding theorem. More precisely, for given M > 0 we define

Fu = A{f € L*(D?); Jf € H'(I,L*(DY)) et |7 fl 1,22 (ogy) < M-

Then, using similar arguments as in the proof of Lemma 5.8, one can prove that the
sequence Wy is bounded in H'(I x DE). We also refer to [12, Chapter 5, Lemma
54] for a written proof of this case. This allows us to simplify the compactness
arguments used in Lemma 5.8 by replacing Ascoli’s theorem with Rellich’s compact
embedding theorem. Thus, the results of theorems 5.10 and 5.11 still hold if we
replace Fj; with F M- In the following, we give the result similar to Theorem 5.11.

Theorem 5.12. Assume that the assumptions 3.3 and 5.1 hold and that M > 0
is a given constant. Suppose further that the boundary data ¢ and 1 are the trace
and the normal trace, respectively, on 9D \ T° of some function 6 € HZ(DP) such
that f := L (A0 + k*nf) € Fu. Then the problem (25) has a unique solution
wo € H?(DP) which satisfies

||w0||H2(DP) <C(M) (||<P||H3/2(8DP\F0) + ||¢HH1/2(8DP\F0)) )
with a constant C(M) independent of ¢ and 1.

The following remark indicates how theorems 5.11 and 5.12 can be applied in the
justification of the linear sampling method [2].

Remark 5.13. For the theoretical justification of the linear sampling method, we

use the existence of solutions to (25) with the right hand sides ¢ and v of the form

o(+, z)
v

for z € D where ®(-,2) is the fundamental solution of the half-space Dirichlet
problem given by

p=®(,2) and o=

n 0D. (77)

7

@(,Z) 4

1 1
HV (k] - —2)) = B (k] - =)
where H(gl) is the Hankel function and z := (z1,22), 2’ := (21,—22) and 25 > 0.
One can use as a lifting function 8 = ®x, where x is a cutoff function equal to zero

in one neighborhood of z and one outside another neighborhood, both contained in
DP. The Floquet-Bloch transform of ® is given by ®.(z,&) := (T ®(-, 2))(§, x)

A ) (64 i) (1 —
ba(,€) 1= =D NG (05, 20,6), 2 < s, (78)
JEZ
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with
—iy/k2—|€+]]? 22 i/ k2—|6+7|22
. ix/k2— P2 (& — €
ej(x27227£) =e' I+ [Pe B) D)
VE =€+

(79)

®, can be decomposed as

(iz,l(aj»g) = Z ei(f+j)(x1_21)0§(ja 1'2722)
[71<k+1

and
‘i&,z(:&ﬁ) - Z ei(5+j)(’”1_zl)9§(j, T, 7).
[F]>k+1

Then one can prove that &, ; € C%*(I, L2(QR)) for a < 1, while &, , € H'(I, L*(QF))
and then obtain by symmetry with respect to x and z that @271 € CO%(I,L2(QF))
for a < % and <i>z,2 € HY(I,L2(QF)).

Since A = —k2x®+YAP+2Vx VO +PAy we deduce with the same arguments
as in the theorem 2.3 that § € HZ(DP?) and from Af+k?nf = —k>x® +2Vy -V +
SAY+k2nx® we deduce that f = ﬁ(AG—H&m‘)) can be decomposed as f = f1+f2
with f1 € Fyr and fo € F for some given M > 0.

Then one can apply Theorems 5.11 and 5.12 and deduce the existence of solutions
to the interior transmission problem (25) with ¢ and 4 given by (77).

Appendix A.
Proof of Theorem 2.3. We consider
(1, m5) = w(xy, T2) for x9 > 0,
L2 = —w(wy, —x2) in z9 <0.
Then 4 is continuous on I and satisfies the first equation in (1) in QF := R x

[~ R, R]. Let us define the cut-off function in the x;-direction x € C*°(U") such that
X(z1) =1 for z; < 0 and x(x1) = 0 for z; > 1, and we consider Y € C*°(U") the
cut-off truncation function on the xs-direction such that Y(z2) = 1 as |z2| < R/2
and X(z2) = 0 as |z2| > R. Moreover, for N € N we define

N (z1,72) = XN (21)X(72),

with
| x(z1 - N) for z1 > 0,
xn(21) == { (=21 — N)  forz; <O0.

Let us denote by
Q% .— [-R/2,R/2] x [-N,N], and QF :=[-R,R]x[-N —1,N +1].
Since ¢y = in QX% then for 1 < 4,5 < 2 we have

’ 0% 92 (dnd)

axiaxj
Observing that ¢yw € Hg(ﬁﬁ), we conclude from (80) that
H 0w
5&61-8:10]- LQ(Qﬁ/z)

<
L2(Qy/?)

80
LQ(Qﬁ/Z) 83018% ( )

D*(pnw)
8:102-83;]-

L2(QF)

< AN D) 2 ar) -
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Furthermore, we have A(¢pnw) = dNAW + 2V oy - VI + ulAdy, therefore
O*w
8xi8xj

< H‘j)NHLoo(ﬁ}I\%,) ‘|A1D||L2(§§) +2 ||V¢N||Loo(§g) ||VU~)||L2(§~25)

(81)

L2(QR/?)

180N e ity 12 g -
On the other hand, since X is independent from N and
||XNHL°O(§113) S ||X||Loc(§11\%,)v ”vXNHLoc(QII\%,) § ||VXHLOO(§§), and ||AXN||L00(§113) § HAX||LOO(S~21}3)7

we deduce that ||¢N||Loc(§f§)’ HV¢N||L(X,(§§) and ||A¢N|‘Loo(ﬁg) are bounded with
a constant independent from N. Therefore from (81) we obtain

0w
Hax i L

< C (1A% aag) + IVl am) + 1@l 2@ ) s (52)

£2( R/z)
with C is a positive constant independent from N, and since we have that the solu-
tion @ € H*(QF) and Aw € L2(QF), then we deduce from (82) that ‘

ox; z] L2(QR/2)
is bounded independently from N. Therefore
H O*w B H 0*w
N—>oo 0x;0x; L2(QR/?) 0x;0x; L2(0R/2)
by Lebesgue’s dominated convergence theorem. This implies that ‘ Dwes || 2 @mrey
illL

is also bounded with a constant independent from N for all 1 < 4,5 < 2 which gives
that w € H?(QF/?).
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